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Abstract. We develop a property testing algorithm with query complex-
ity Õ(δ−5dε−5D log6 Δ

√
n) that tests whether a directed geometric graph

G = (P, E) with maximum degree D and vertex set P ⊆ {1, . . . , Δ}d (for
constant d) is a Euclidean (1 + δ)-spanner. Such a property testing al-
gorithm accepts every (1 + δ)-spanner and rejects with high constant
probability every graph that is ε-far from this property, i. e., every graph
that differs in more than ε|P | edges from every (1 + δ)-spanner.

1 Introduction

Property testing is the computational task of deciding whether a given object
has a predetermined property Π or is far away from every object with property
Π . Thus, property testing can be viewed as a relaxation of a standard decision
problem. The main goal of property testing is to develop randomized algorithms
that perform this relaxed decision task by only looking at a small part of the
input object, i.e. we want to develop algorithms whose running time is sublin-
ear in the object’s description size. Property testing has been introduced by
Rubinfeld and Sudan [34] and the study of combinatorial properties has been
initiated by Goldreich, Goldwasser, and Ron [26]. Since then, property testing
algorithms have been developed for properties of functions [25,24,10], properties
of distributions [8,7], algebraic properties [11,34,29], graph and hypergraph prop-
erties [26,3,16,9], and geometric properties which we continue to study in this
paper. Previous work on geometric property testing includes testing algorithms
for convexity of polygons [21], convexity [33], geometric properties of point sets
(for example convex position), the Euclidean minimum spanning tree [18,17,19],
and clusterability of point sets [1,17]. The area of sublinear time algorithms is
closely related to property testing; geometric properties studied in this field in-
clude polyhedron intersection and point location in planar convex subdivisions
with bounded face size [13] and approximation algorithms for the weight of the
Euclidean minimum spanning tree [15] and metric minimum spanning trees [20].

Euclidean spanners. In this paper, we consider Euclidean spanners. A weighted
directed geometric graph G = (P, E) is a directed graph whose vertex set is a set
of points in the Euclidean space R

d and whose edge weights (lengths) are given
by the Euclidean distance of the vertices. Throughout this paper, we will assume
that d is constant. A geometric graph is called a (Euclidean) (1+δ)-spanner, if for
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every pair of vertices p and q the shortest path distance dG(p, q) in G is at most
(1+δ)·‖p−q‖2. Euclidean spanners are a fundamental geometric graph structure
as they can be used to approximately solve many geometric proximity problems.
Many different constructions of Euclidean spanners are known. For constant δ,
Euclidian (1 + δ)-spanners with a linear number of edges can for example be
constructed by using so-called Θ-graphs [14,28] or structures based on the well-
separated pair decomposition [12,31]. Techniques to construct spanners with
bounded degree are also known [5]. For more details we refer to the book [31].
We investigate the question whether a given graph is a Euclidean spanner. The
related question of computing the stretch factor (1 + δ) of a given graph has
recently been studied in [4,22,30]. Additionally, Ahn et al. [2] discuss the problem
to find an edge whose removal leads to the smallest possible increase in the stretch
factor, and Farshi et al. [23] consider the question which edge should be added to
receive the best decrease in the stretch factor (both articles consider very special
cases only).

Our contribution We develop a property testing algorithm that distinguishes
spanners from geometric graphs that are very different from being a spanner.
The distance of a given graph to a spanner is measured by the amount of edges
that have to be inserted to establish the spanner property, and graphs with a high
distance to every spanner are called ε-far (where ‘high’ is defined depending on
the parameter ε). A property tester is a sublinear randomized algorithm that has
to reject every ε-far graph with high probability. We develop a property tester
with one-sided error, i. e., every spanner is always accepted (where in the general
case, this must only happen with high probability). The analysis of our algorithm
assumes that the vertices of the input graph lie on a d-dimensional discrete
grid {1, . . . , Δ}d. The query complexity and running time of our algorithm is
Õ(δ−5dε−5D log6 Δ

√
n), so it depends logarithmically on the range of possible

coordinates. It is open whether this influence or the exponential dependence on
the dimension can be avoided.

2 Preliminaries

Let G = (P, E) be a directed geometric graph with point set P := {p1, . . . , pn} ⊆
R

d, d constant, and edge set E ⊆ P × P . We will assume that the algorithm is
given the number of vertices n, but it does not know the positions of the points
in P . It may query the position of the i-th vertex in O(1) time for any index i,
1 ≤ i ≤ n. The graph structure is stored in the adjacency list model for general
(sparse) graphs proposed in [32]. In this model, it is possible to query the degree
deg(pi) of the i-th vertex in O(1) time by specifying the index i, 1 ≤ i ≤ n and
one can obtain the j-th edge incident to the i-th vertex in O(1) time for any
1 ≤ i ≤ n and 1 ≤ j ≤ deg(i). The maximum degree of a vertex in G is denoted
by D. The query complexity of a property testing algorithm is the number of
queries of coordinates, degrees and neighbors that it needs to accomplish its
task.
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We use [p, q〉 to denote a directed edge from p to q and denote the shortest
path distance from p to q by dG(p, q), i. e., dG(p, p) = 0, dG(p, q) = ‖p−q‖2 for all
p, q ∈ P with [p, q〉 ∈ E and dG(p, q) := minpaths Q from p to q

∑
[p′,q′〉∈Q dG(p′, q′)

for all other pairs of points. A directed geometric graph is a (1 + δ)-spanner if
it provides a (1 + δ-approximation of the Euclidean distances between all pairs
of points as stated in the following definition. Note that we restrict to (1 + δ)-
spanners with 0 < δ < 1.

Definition 1. Let 0 < δ < 1 be given. A directed geometric graph G is called a
(1+δ)-spanner, if dG(p, q) ≤ (1+δ)||q−p||2 for all pairs of points [p, q〉 ∈ P ×P
with p �= q.

The definition of property testers depends on the definition of ε-farness. We
define that a graph is ε-far from being a spanner if one has to add, delete or
modify more than εn edges of the graph to get a spanner. This is slightly different
from the definition in [32] where ε|E| is used instead of εn.

Definition 2. Let G = (P, E) be a directed geometric graph and let 0 < ε < 1
and 0 < δ < 1 be given. G is ε-far from a directed geometric graph G′ = (P, E′)
if |E\E′∪E′\E| > εn. G is ε-far from having the property to be a (1+δ)-spanner
if it is ε-far from every (1 + δ)-spanner.

We say that an algorithm A is a property tester with one-sided error for the
property of being a (1 + δ)-spanner if it returns

– true with a probability of 1 if G is a (1 + δ)-spanner
– false with probability at least 2/3 if G is ε-far from being a (1 + δ)-spanner

when given input |V |, ε and δ and access to a directed geometric graph G =
(P, E) as described above.

3 The Algorithm

Our algorithm for testing geometric spanners depends on two parameters s and
s′ that are specified at the end of this paragraph. It has access to a directed
geometric graph in the way described above. First, the algorithm samples a set
of s vertices q1, . . . , qs uniformly at random. Then it independently performs
a shortest path computation starting at each vertex qi. Dijkstra’s algorithm is
used until s′ vertices have been reached (in the current iteration). We denote
this traversal as Dijkstra traversal. After all Dijkstra traversals are finished, the
algorithm checks whether a certificate that the graph is not a spanner was found.
Let Wi be the maximum graph distance reached during the Dijkstra traversal
started at qi. Then we know that all points within graph distance Wi were
reached. Thus, if a point lying within distance Wi/(1+ δ) of qi was sampled but
not reached, then the graph is rejected because in order to satisfy the spanner
property for such a point, there has to be a path that is completely included in
the searched part of the graph. Thus, the graph cannot be a spanner. If no such
point is found for any qi then the graph is accepted. We consider two versions
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of our algorithm. For the analysis in Section 4 we set s′ := Õ(δ−2dε−1), for the
general case discussed in Section 5 we set s′ := Õ(δ−4dε−3 log6 Δ), where the
points are assumed to come from the discrete d-dimensional space {1, . . . , Δ}d.
In both cases, the parameter s is set such that s := Õ(δ−dε−2√n).

The maximum degree of a vertex in the graph influences the running time
and query complexity of the Dijkstra traversals, because to perform such a com-
putation one needs to collect information about all neighbors of the already
searched vertices. If the maximum degree is constant, this is, of course, possible
in constant time for each vertex.

UniformTester(n, G, δ, ε)
Sample s points q1, . . . , qs from P without replacement
for i← 1 to s

Perform a Dijkstra traversal in G from qi until
s′ nodes have been visited

Let R be the set of vertices visited and let W = maxq∈R dG(qi, q)
forall sample points qj such that ‖qi − qj‖2 < 1

1+δ ·W
if qj /∈ R or dG(qi, qj) ≥ (1 + δ)‖qi − qj‖2

return false
return true

Note that this algorithm only tests small neighborhoods of certain points. At
first glance it seems unlikely that the spanner property can be tested by local
investigations. Consider a path whose vertices are placed on the boundary of
an ellipsoid. Then δ can be chosen in a way such that the spanner property
is satisfied for all pairs of points except the one with highest distance. This
means that the violation cannot be found by sampling only parts of the path.
Surprisingly, when distinguishing spanners and graphs that are ε-far from being
a spanner, the situation is different: A graph that locally satisfies the spanner
property can be transformed into a spanner by adding only a few edges. We
show that a geometric graph cannot be ε-far from being a spanner if it does only
contain ‘global’ violations of the spanner property.

4 Testing Graphs with Uniformly Spread Vertices

In this section we show that for input graphs of a certain kind the algorithm
UniformTester is a property tester with one-sided error, i. e., it accepts every
spanner with probability one and rejects every graph far from being a spanner
with high probability. The first property holds as the algorithm only rejects a
graph if it has found a pair of points that violates the spanner property, so it
remains to show the high rejection probability. The special case that we assume
is that the points of G are uniformly spread over the plane in the following
sense.
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Definition 3. Let G be a directed geometric graph with n points and let nu be
a value depending on n (and 1/δ and 1/ε). We say that G is uniformly nu-
distributed on grid H if there exists a d-dimensional grid H with a width of
S = d

√
n/nu cells in each dimension such that every cell of H contains O(nu)

points of G and such that H completely contains G. We denote the cells of H as
base cells and their side length by w0.

Now let G be a uniformly nu-distributed graph on grid H . We say that a pair
of points (p, q) is a violating pair if dG(p, q) > (1 + δ)||p − q||2. If G does not
contain a violating pair, then it is a spanner, and if G is ε-far from being a
spanner, there have to be at least εn violating pairs (otherwise adding less than
εn edges would establish the spanner property). For our algorithm, we need that
(some of) these violating pairs can be found by exploring small neighborhoods
of certain points. For this purpose we show that if the spanner property holds
for all ‘close’ pairs of points in G, then it can be established for distant pairs
of points by inserting no more than εn/2 edges into G. This means that if G is
ε-far from being a spanner, there have to be at least εn/2 ‘close’ pairs of points
violating the spanner property. To realize this, we use exponential grids that
are constructed in a similar manner as in [27] where they are used to compute
coresets for clustering problems. The basic idea behind this is to connect clouds
of points with a small number of edges which is somewhat similar to the use of
well-seperated pair decompositions for spanner constructions [12,31]. However,
our focus lies on connecting ’distant’ points with few edges and not on computing
a complete spanner.

For our exponential grid it is convenient to triple the side length of the boxes,
so we wish to deal with powers of three and for simplicity assume that the side
length S is a power of three.

Definition 4. Let G be a uniformly nu-distributed graph on grid H and let c
be a cell of H. We set iδ := min{i | 3i ≥ (8

√
d/δ), i ∈ N} and define Bc,i for

i ≥ 0 as the cube that is centered at the center of c and has side length 3i+iδ ·w0.
Let p ∈ P . We denote the cell of H containing p by c(p). Then we define the
geometric neighborhood Γ (p) of p as set of all points that are contained in the
area inside Bc(p),0. A point q ∈ P is a neighbor of p if q ∈ Γ (p). Additionally we
define the extended geometric neighborhood Γ e(p) of p as the set of all points
that are contained in the area inside Bc(p),1 (note that Γ (p) ⊆ Γ e(p)).

To construct the exponential grid Hc around c, we define wi = 3i−1 ·w0, cover
Bc,i for i ≥ 1 with [(3i+iδ · w0)/3i−1 · w0]d = (3iδ+1)d cubes of side length wi

and include a cube into Hc if it is not contained in a smaller box Bc,j, j < i but
has a non-empty intersection with H (i. e., we cut off cubes that lie aside of G).
Note that Hc does not contain cells lying within Bc,0.

Observe that the number of cells of H that lie in Γ (p) is at most (3iδ )d <
(3 · 8√d/δ)d = O(1/δd) for all c in H (it may be less if c lies close to the margin
of H). Likewise, the number of cells of H that lie in Γ e(p) is O(1/δd). For the
number of cubes in all exponential grids we state the following. Due to space
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limitations, the proof of this statement and of the other statements in this section
are omitted.

Observation 1. The value nu can be chosen such that nu = O(δ−dε−1 log δn)
and such that for every nu-distributed graph on grid H the total number of cubes
in all exponential grids Hc for all c ∈ H is less than εn/2.

Now we use the structure defined by H to insert εn/2 edges into G that ensure
that any two points p, q ∈ P with q /∈ Γ (p) are connected by a path of length
dG′(p, q) ≤ (1 + δ)||p − q||2 if this is already true for all pairs consisting of a
point and one of its neighbors. This works because the exponential grid grows
in such a manner that an arbitrary connection between a cell c and a cell in
the exponential grid Hc always suffices to establish the spanner property for all
points in these cells, if applied recursively.

Lemma 1. Let G be a uniformly nu-distributed graph on grid H which satisfies
dG(p, q) ≤ (1+δ)||p−q||2 for all pairs consisting of a point p ∈ P and a neighbor
q ∈ Γ (p) of p. Then G is εn/2-close to being a spanner.

Lemma 1 implies that our algorithm only has to test whether there are at least
εn/2 violating pairs consisting of a point p ∈ P and a neighbor q ∈ Γ (p) of p.
The next Lemma gives an upper bound on the number of points that have to
be explored for a given p to find all neighbors q′ of p such that p and q′ do not
form a violating pair, i. e., for all neighbors q of p that are not found during such
a search, p and q form a violating pair. This is basically due to the definition of
the neighborhoods.

Lemma 2. Let G be a uniformly nu-distributed graph on grid H and let p ∈ P be
a point. It suffices to explore O(δ−dnu) points of G to find all neighbors q ∈ Γ (p)
with dG(p, q) ≤ (1 + δ)||p− q||2.
Lemma 2 states how many points in the neighborhood have to be explored for
each sampled point to test whether a point belongs to a sampled violating pair.
Finally we have to ensure that the algorithm samples enough points to get both
points of at least one violating pair with high probability.

Lemma 3. Let G = (P, E) be a directed geometric graph. Assume that it holds
that every point p ∈ P has at most ρ neighbors and that every point q ∈ P
is neighbor of at most ρ points. Let there be εn/2 pairs of a point p and a
neighbor q ∈ Γ (p) such that p and q form a violating pair. Then there is an
s = O(ρ · √n · ε−1) such that the probability that s points sampled uniformly at
random contain both points of one of these violating pairs is at least 5/6.

The proof of Lemma 3 is a standard analysis similar to the birthday problem.
Now we combine the statements to get the main result of this section. Insert-

ing the value of nu given in Observation 1 into Lemma 2 shows that exploring
O (

δ−d · 1
ε · log(δn) · δ−d

)
= Õ(δ−2dε−1) points suffices to ensure that the algo-

rithm only rejects if it has indeed found a violating pair. By Lemma 3 we gain
that sampling O(δ−dε−2 log δn

√
n) = Õ(δ−dε−2√n) points is sufficient to find
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both points of a violating pair with high probability. Combining both facts we
get that algorithm UniformTester is a property tester as defined in Section 2
and that it has a query complexity of Õ (

δ−3dε−3D
√

n
)
. When implemented

using adequate data structures, the query complexity and running time of the
algorithm only differs by logarithmic factors.

Theorem 1. The algorithm UniformTester is a property tester for the prop-
erty of being a (1 + δ)-spanner under the assumption that the input graphs are
uniformly nu-distributed on grid H with nu = O(δ−dε−1 log δn) chosen as in
Observation 1. It has a query complexity and running time of Õ (

δ−3dε−3D
√

n
)
.

5 Testing Graphs with Vertices Placed on a Discrete
Grid

From now on, we assume that the vertices of G are coming from the discrete d-
dimensional space {1, . . . , Δ}d. We show that under this assumption after adapt-
ing the number of vertices to explore for each sampled point the above algorithm
is a property tester for the property of G being a (1 + δ)-spanner with a query
complexity of Õ(δ−5dε−5D log6 Δ

√
n). As above, we state that the algorithm

only rejects the input if it finds a witness not satisfying the (1 + δ)-spanner
property. This ensures that an input graph cannot be rejected if it is a (1 + δ)-
spanner. Thus, it remains to show that for all input graphs that are ε-far from
being (1 + δ)-spanners we find such a witness with high probability. The proof
idea is based on the previous proof, but in this case instead of a grid, H will be
defined as a (d-dimensional) quadtree partitioning, satisfying that no leaf cell of
the quadtree exceeds a certain number of vertices; i. e., we build the quadtree by
starting with a bounding box including all points and partitioning each box into
2d subboxes, if it contains more than s points for some s ∈ O (

poly(log Δ, 1
ε , 1

δ )
)

recursively.
Similar to the uniform case, we construct an exponential grid around every

leaf box c of H and insert an edge from c to every cell of its exponential grid.
By bounding the depth of H , we can bound the number of leaf boxes in H
and thus show that the number of edges we insert in this way does not exceed
εn/4. The difference to the uniform case is that the neighborhood of a leaf box
c may contain many smaller leaf boxes and thus arbitrarily many points of P .
A neighborhood whose number of points exceeds a certain amount cannot be
completely explored by our algorithm; this means, that for the proof we have
to ensure that one can fix any violation of the spanner property occuring in
such neighbourhoods by inserting at most εn/4 edges in total. We show that
there are only few such neighborhoods, which implies that we can establish the
(1 + δ)-spanner property for these cells by inserting few edges.

We define the exponential grid around a leaf box of H similarly to Section 4:

Definition 5. Let G = (P, E) be a directed geometric graph whose points come
from the d-dimensional grid T ={1, . . . , Δ}d and let H be a d-dimensional
quadtree of the points of G, satisfying that no leaf box of H contains more than
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s = (3iδ )d·2d+3·log2 2Δ
ε log 2 = O( log2 Δ

δdε ) points of G. For p ∈ P , we denote the leaf box
of H that contains p by c(p). Let c be a leaf box of H. We define w(c) as the
side length of c and Bc,i for i ≥ 0 as the cube that is centered at the center of c
and has side length 3i+iδ ·w(c). We call the points that are contained in the area
inside Bc,0 its geometric neighborhood Γ (c) ⊆ P and for two points p, q ∈ P we
call p geometric neighbor of q if p lies in the geometric neighborhood of q.

Define wi(c) = 3i−1 ·w(c), i > 0. To construct the exponential grid Hc around
c, cover Bc,i for i ≥ 1 with [(3i+iδ · w(c))/3i ·w(c)]d = (3iδ )d cubes of side length
wi(c) and include a cube into Hc if it is not contained in a smaller box Bc,j , j < i
but it is contained in H.

Note that since δ < 1, the extended neighborhood Γ̂ (c) := Bc,1 ∩ P of c contains
all points which can be part of a path from a point p ∈ c to a point q ∈ Γ (c)
having a length of at most (1 + δ)||p− q||2.
Definition 6. We call a leaf box c ∈ H samplable if Γ̂ (c) contains at most
k := 2d+3·3d(2iδ+1)s log2 Δ

ε = O( log4 Δ
δ3dε2

) cells c1, . . . ck with w(ci) < w(c).

We start the analysis by bounding the total number of cells in the exponential
grids around the leaf boxes by εn

4 . The depth of the quadtree defining H is
bounded by log Δ, since the grid T has a side length of Δ and the smallest
possible box has one of d

√
s. Since a box must contain at least s + 1 vertices to

be split into subboxes, the overall number of leaf boxes is at most 2dn log Δ
s . This

leads to the following Lemma:

Lemma 4. The following statements hold:

– The number of cells in all exponential grids around leaf boxes of H does not
exceed εn/8.

– There are at most εn
8·3diδ s2 cells that are not samplable.

Proof. The first statement follows by bounding the maximum number of cells
in each of the exponential grids and multiplying with the above bound on the
number of quadtree leaf boxes. For the second statement consider an arbitrary
leaf box c. What is the number of larger leaf boxes c′ such that c is contained
in Γ̂ (c′)? For each possible size of c′ – there are at most log Δ possible sizes –
due to the number of equal-sized boxes contained in an extended neighbourhood
there are at most (3iδ+1)d log Δ such leaf boxes. Since there are at most 2dn log Δ

s

leaf boxes, the total number of is-contained -relations is at most 2d·3d(iδ+1)n log2 Δ
s .

Thus, there are at most

2d · 3d(iδ+1)n log2 Δ

sk
=

εn

8 · 3diδs2

cells that are not samplable. 
�
Lemma 5. Let G be ε-far from being a (1 + δ)-spanner. Then there are at least
εn/2 violating pairs of points in the geometric neighborhoods of samplable leaf
boxes of H.
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Proof. Assume that there are less than εn/2 violating points in the geometric
neighborhoods of samplable leaf boxes of H . Then we can insert edges into G as
follows:

– Insert edges from every leaf box c ∈ H to all cells of its exponential grid and
vice versa; let E1 be the set of these edges. Due to Lemma 4 it holds that
|E1| < εn/4.

– For every leaf box c ∈ H that is not samplable, insert edges [p, q〉 and [q, p〉
for all p ∈ c, q ∈ Γ (c)\({p}∪Xc), where Xc = {ĉ ∈ H : ĉ∩Γ (c) �= ∅∧w(ĉ) <
w(c)}, i. e., excluding those points of Γ (c) that lie in leaf boxes of H that
are smaller than c. Let E2 be the set of these edges. Due to Lemma 4 there
are at most εn

8·3diδ s2 leaf boxes that we treat in this way. Since we insert at
most 2 · 3diδs2 edges for each of them, we insert in total at most εn/4 edges.

– Insert edges between all violating pairs of nodes in geometric neighborhoods
of leaf boxes c ∈ H that are samplable; let E3 be the set of these edges. Due
to our assumption, |E3| ≤ εn/2.

Let G′ = (P, E ∪E1 ∪E2 ∪E3) be the resulting graph. We have inserted at most
εn edges into G to obtain G′.

Claim. G′ is a (1 + δ)-spanner.

Proof. Let p, q ∈ P be arbitrary points. We show dG′(p, q) ≤ (1 + δ)||p − q||2
by induction over π = ||p − q||2 (note that since all points of G′ lie on a Δd-
grid, the number of possible distances is finite). At first let ||p − q||2 = m :=
minp′,q′∈P ||p′ − q′||2. Since this is the smallest possible distance, it holds p ∈
Γ (c(q)) and q ∈ Γ (c(p)). We consider the following cases:

1. c(p) is samplable. Since the insertion of E3 ensures that there are no violating
pairs of points inside Γ (c(p)), we have dG′(p, q) ≤ (1 + δ)||p− q||2.

2. c(p) is not samplable and w(c(p)) ≤ w(c(q)). Since [p, q〉 ∈ E2, it holds
dG′(p, q) ≤ (1 + δ)||p− q||2.

3. c(p) is not samplable and w(c(p)) > w(c(q)). We consider two subcases:
(a) c(q) is samplable. Thus, the insertion of E3 ensures that there are no

violating pairs of points inside Γ (c(p)), ensuring that dG′(p, q) ≤ (1 +
δ)||p− q||2.

(b) c(q) is not samplable. In this case, it holds [p, q〉 ∈ E2 and therefore
dG′(p, q) ≤ (1 + δ)||p− q||2.

For the inductive step let ||p − q||2 = π; the induction hypothesis is that
dG′(p′, q′) ≤ (1 + δ)||p′ − q′||2 holds for all p′, q′ ∈ P such that ||p′ − q′||2 < π.
We consider the following cases:

1. p ∈ Γ (c(q)) and q ∈ Γ (c(p)). This case follows analogously to the case
||p− q||2 = m.

2. p /∈ Γ (c(q)), but q ∈ Γ (c(p)).
(a) c(p) is samplable. In this case the insertion of E3 ensures that dG′(p, q) ≤

(1 + δ)||p− q||2.
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(b) c(p) is not samplable. If w(c(p)) ≤ w(c(q)), then [p, q〉 ∈ E2. If w(c(p)) >
w(c(q)), then p lies in a cell c ∈ Hc(q) since it is not contained in Γ (c(q)).
Therefore E1 contains an edge [r1, r2〉, where r1 ∈ c(q) and r2 ∈ c. Due
to the construction of Hc(q), it holds ||r2 − p||2 < ||p − q||2 = π and
||r1 − q||2 < ||p − q||2 = π. Thus, by applying the induction hypothesis
we get dG′(r2, p) ≤ (1 + δ)||r2 − p||2 and dG′(r1, q) ≤ (1 + δ)||r1 − q||2.
Then dG′(p, q) ≤ (1 + δ)||p− q||2 can be proved as in Lemma 1.

3. q /∈ Γ (c(p)). This case is analogous to the case that w(c(p)) < w(c(q)) in
2(b) except that we consider Hc(p) instead of Hc(q). 
�

We finish the proof of Lemma 5 by stating that Claim 5 is a contradiction to
the assumption that G is ε-far from being a (1 + δ)-spanner. 
�
Now reconsider our Algorithm. The largest number of points that can be con-
tained in the extended neighborhood of some samplable leaf box c ∈ H is
(k + (3iδ+1)d)s = Õ(δ−4dε−3 log6 Δ). By setting the number of vertices to ex-
plore by a Dijkstra traversal to this number, we can ensure that the extended
geometric neighborhood of any sample point pi is completely explored, if c(pi) is
samplable. Since there are at least εn/2 violating pairs of points in such neigh-
borhoods, we can apply Lemma 3 and state the following theorem.

Theorem 2. Let G = (P, E) be a geometric graph with P ⊆ {1, . . . , Δ}d. Then
there is a property testing algorithm with query complexity and running time
Õ(δ−5dε−5D log6 Δ

√
n) that accepts G, if G is a (1 + δ)-spanner and rejects G

with probability at least 2/3, if G is ε-far from being a (1 + δ)-spanner.

6 A Lower Bound for Testing Spanners

We give a sketch of the proof of a lower bound of Ω(n
1
3 ) for the number of

queries of property testing algorithms with one-sided error. Our main idea is
that it is not possible to distinguish between a line of 2k subsequent points
and two coinciding lines of k subsequent points with only one-sided error and
o(n

1
3 ) queries. By permutating the vertices, one can define two classes of graphs

such that a tester with one-sided error cannot decide to which of the classes a
randomly chosen graph belongs. But all graphs of the first type are 1-spanners,
and all graphs of the second type are not spanners (regardless of the stretch
factor) as the two lines are not connected at all. They are also ε-far from being a
spanner as there are k pairs of points with zero distance that have to be connected
individually. The following Theorem states the result. Its proof is similiar to the
proof of Theorem 4.2 in [6].

Theorem 3. Any property tester for the property of being a (1+δ)-spanner with
one-sided error has a query complexity of Ω(n

1
3 ).

Note that the construction can be modified such that there are no coinciding
points by randomly moving the positions of the points to the left or to the right
for the first type of graphs and moving one point of each pair of coinciding points
to the left and the other to the right for the second type of graphs.
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