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Abstract. We study a wide generalization of two classical problems, the
Huffman Tree and Alphabetic Tree Problem. We assume that the cost
caused by the ith leaf is fi(di), where di is its depth in the tree under
consideration, and fi : N0 → R

+
0 is an arbitrary function. All solution

methods known for the classical cases fail to compute the optimum here.
For the generalized Alphabetic Tree Problem, we give a dynamic pro-

gramming algorithm solving it in time O(n4), using space O(n3). Fur-
thermore, we show that the runtime can be reduced to O(n3) if the cost
functions are nondecreasing and convex. The improved algorithm can
also be used in the setting where the cost functions are nondecreasing
and the objective function is the maximum leaf cost.

We also prove that the Huffman Tree Problem in its full generality is
inapproximable unless P=NP, no matter if the objective function is the
sum of leaf costs or their maximum. For the latter problem, we show that
the case where the cost functions are nondecreasing admits a polynomial
time algorithm.

1 Introduction

Computing minimum cost binary trees is a classical combinatorial problem hav-
ing applications in various areas of informatics. Given a set {�1, , . . . , �n} of leaves
having weights {w1, . . . , wn}, the famous Huffman Tree Problem describes the
task to compute a binary tree T with leaf set {�1, , . . . , �n}, such that the weighted
total distance between the tree root and a leaf is minimized. The Alphabetic Tree
Problem differs from the Huffman Problem by the additional constraint that the
left-to-right order of the leaves in the solution tree must be exactly �1, , . . . �n.
The objective function of both versions is given as

n∑

i=1

wi · dist(root(T ), �i) .
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In the above model it is assumed that the access cost of a leaf is proportional
to its depth in the tree. In this work we investigate a generalized problem: we
assume that the cost of leaf �i having distance di from the root is determined by
fi(di), where fi : N0 → R

+
0 is an arbitrary function. Instances of our generalized

problem are determined by the n cost functions f1, . . . , fn, one for each leaf. The
corresponding optimization problems can be formulated as follows.

General Cost Huffman Tree Problem, GHT. Given n arbitrary func-
tions f1, . . . , fn : N0 → R

+
0 , the objective of GHT is to determine a binary

tree T having n leaves and a bijection g : {1, . . . , n} → leaves(T ) such that∑n
i=1 fi(depth(g(i), T )) is minimized, where depth(g(i), T ) is the distance

between the root of T and the leaf g(i).
General Cost Alphabetic Tree Problem, GAT. Given n arbitrary
functions f1, . . . , fn : N0 → R

+
0 , the objective of GAT is to determine a

binary tree T whose leaves in left-to-right order are �1, . . . , �n, such that∑n
i=1 fi(depth(�i, T )) is minimized.

We also investigate problems max-GHT and max-GAT, where the objective
function is maxn

i=1 fi(depth(g(i), T )) and maxn
i=1 fi(depth(�i, T )), respectively.

Related Work. The Huffman Tree Problem is named after D. A. Huffman [1],
who gave an algorithm solving it in time O(n log n), which is the fastest possible.
For the Alphabetic Tree Problem, the first polynomial time algorithm was a dy-
namic programming approach having a runtime of O(n3), proposed by Gilbert
and Moore [2]. Knuth [3] identified a property of optimal alphabetic trees that
admits a speedup of the DP algorithm. The resulting runtime is O(n2). The
O(n log n) time method discovered by Hu and Tucker [4] uses a bottom-up ap-
proach which resembles the Huffman-Algorithm.

Up to today it is unknown whether the Alphabetic Tree Problem can be solved
in time o(n log n). However, for certain classes of special weight assignments,
linear time algorithms were given [7,8], and for certain classes of algorithms
Θ(n log n) was shown to be a lower bound for the runtime [7]. Flajolet and
Prodinger [6] gave an asymptotic estimate of the number of feasible solutions to
the Alphabetic Tree Problem.

Efforts to solve the Alphabetic Tree Problem with non-linear costs were made
by Hu et al. in [9]. The authors identified a class of cost functions where the
Hu-Tucker Algorithm is applicable, including power summations of the type
cost(T ) = wit

di for any t ≥ 1. Baer [15] recently showed that for t < 1 neither
the Hu-Tucker algorithm nor the approach of Knuth leads to optimal solutions,
and he proposes to use the O(n3) algorithm by Gilbert and Moore instead.

Another direction of generalization is to impose additional constraints on the
structure of the output tree. The Alphabetic Tree Problem can be interpreted
as the task to determine an optimal binary search strategy for a totally ordered
set. A considerable number of papers about search in partially ordered sets have
been published, see e.g. [10,12,16]. In the even more general Binary Identification
Problem, the input is a number of subsets S1, . . . , Sm of leaves, and the goal is
to compute a minimum cost search strategy using queries of the type “is leaf �i

in set Sj or not?”. Recent results from this area can be found in e.g. [11,13,14].
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Our Results. We contribute a number of insights concerning the General Cost
Alphabetic Tree (GAT) and Huffman Tree Problem (GHT), including the ver-
sions where the maximum leaf cost has to be minimized instead of the sum.

In Section 2 we show that an extension of the Gilbert-Moore Algorithm solves
GAT in time O(n4) and space O(n3), regardless of the cost functions. We then
define two properties of cost functions, subtree optimality and structural con-
tinuity. Both properties admit a speedup of the algorithm by the factor of n.
The speedups are independent from each other, so problem instances whose cost
functions satisfy both properties admit a O(n2) time optimal algorithm, which
happens to be exactly the method proposed by Knuth [3].

We prove that if the cost functions are nondecreasing and convex, then the
property of structural continuity is satisfied. Therefore, this case of the Alpha-
betic Tree Problem can be solved in time O(n3). Furthermore, we show that for
max-GAT instances to satisfy structural continuity it even suffices that the cost
functions are nondecreasing. These results can be found in Section 3.

In Section 4 we address the Huffman Tree Problem. We show for both GHT
and max-GHT that it is NP-hard to decide whether an instance admits a cost
zero solution. This means that those problems are much harder than their Al-
phabetic Tree counterparts: they are inapproximable unless P=NP. As a positive
result, we show that max-GHT admits a polynomial time algorithm if the cost
functions are nondecreasing. The computational tractability of standard GHT
with nondecreasing cost functions remains an open problem.

2 Dynamic Programming Algorithm for GAT

This section begins with a recapitulation of the Gilbert-Moore algorithm for
the classical Alphabetic Tree Problem. We believe that the property of subtree
optimality can be well understood in the context of that algorithm, because
this property is essentially required for its correctness. Subsequently, we give an
extended algorithm which solves GAT without requiring subtree optimality. The
runtime and space requirements of that algorithm are however by a factor of n
higher. We then introduce the property of structural continuity and show how
it helps to make the algorithm more time-efficient again.

The Gilbert-Moore Algorithm and Subtree Optimality. The algorithm
by Gilbert and Moore employs a dynamic programming approach to solve the
classical problem with fi(x) = wix for i = 1, . . . , n. Subproblems are determined
by two integer parameters (l, r) with 1 ≤ l ≤ r ≤ n. A subproblem (l, r) asks
about an optimal alphabetic tree for fl, . . . , fr. The value c̃(l, r) of an optimal
solution to that subproblem is calculated recursively as minl≤i<r(c̃(l, i) + c̃(i +
1, r)), and the optimal search tree is obtained by making the optimal solution
tree to (l, j) and (j + 1, r) the left and right subtree of the root, respectively,
where j is the value of i for which the minimum is reached in the above formula.
In the basic case of l = r, the optimal tree only consists of one leaf.

There are O(n2) different subproblems, and each of them requires computa-
tion time O(n), so the overall runtime is O(n3), while the space requirements
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are O(n2). The algorithm successively merges optimal alphabetic trees for subse-
quences of cost functions into optimal trees for larger subsequences. The reason
why this works out is because an optimal tree for f1, . . . , fn is always the com-
bination of optimal trees for f1, . . . , fi and fi+1, . . . , fn, for some i ∈ {1, . . . , n}.
This property is called subtree optimality. Note that by induction it follows that
for any internal node v in an optimal alphabetic tree, the subtree under v is an
optimal alphabetic tree for the sequence of leaves that are descendants of v.

Algorithm for GAT. A simple counterexample (see full paper) shows that
GAT is not subtree-optimal in general, i.e. the left and right subtree under the
root of an optimal alphabetic tree are not necessarily optimal alphabetic trees.

For some problem instance (f1, . . . , fn), assume that i is such that the leaves
�1, . . . , �i and the leaves �i+1, . . . , �n are in the left and right subtree T1 and T2

under the root of an optimal alphabetic tree T , respectively. We have that

cost(T ) =
∑

1≤j≤i

fj(depth(�j , T )) +
∑

i<j≤n

fj(depth(�j , T ))

=
∑

1≤j≤i

fj(depth(�j , T1) + 1) +
∑

i<j≤n

fj(depth(�j , T2) + 1) .

The optimality of T implies that the structure of say T1 must be such that the
term

∑
1≤j≤i fi(depth(�i, T1) + 1) is minimized. This differs from the optimiza-

tion term for problem instance (f1, . . . , fi) only by the offset of 1 that is added
to each depth value. By the same argument, the two subtrees under the root of
T1 are optimal alphabetic trees with respect to the cost function where an offset
of 2 is added to the depth values before applying the fjs, and so on.

This offset is added as an additional parameter to the description of subprob-
lems, so subproblem (l, r, k) is to determine an alphabetic tree T ′ having leaves
�l, . . . , �r so as to minimize

∑r
i=l fi(depth(�i, T

′) + k). It can also be interpreted
as the task to compute a tree T ′ which minimizes the sum of access costs under
the assumption that the root of T ′ is appended to a path of length k.

The cost c̃ of an optimal solution to a subproblem is calculated as

c̃(l, r, k) =
{

fr(k) if l = r
minr−1

i=l {c̃(l, i, k + 1) + c̃(i + 1, r, k + 1)} otherwise .
(1)

The original problem instance I is given as subproblem (1, n, 0). Each time
a new subproblem with k incremented by one is generated, the difference be-
tween l and r decreases by at least one, which implies that k never grows larger
than n. Consequently, we have no more than O(n3) different subproblems. Each
subproblem requires an effort of O(n), so the runtime of this algorithm is O(n4).

Structural Continuity. The property of structural continuity was proven by
Knuth [3] to hold for the classical Alphabetic Tree Problem. It roughly states that
the root of an optimal alphabetic tree can only move left when the interval under
consideration is extended to the left. For making this more precise, recall that
the root of an alphabetic tree divides the sequence of leaves into a left and a right
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subsequence, �1, . . . , �i and �i+1, . . . , �n. We say that i is the position of the root.
Now assume that i is the position of the root of an optimal tree for subsequence
�l, . . . , �r. Then the property of structural continuity guarantees that there is
an optimal alphabetic tree for subsequence �l−1, . . . , �r where the root is at a
position smaller than or equal to i. Symmetrically, for �l, . . . , �r+1, there is an
optimal solution where the index of the root’s position is not smaller than i.

Structural continuity yields an improved algorithm for the GAT problem. This
algorithm computes optimal solutions to the subproblems in the following order:
For a = 0, . . . , n − 1, for k = 0, . . . , n, compute the solutions to all subproblems
(l, r, k) with r − l = a. It is not hard to see that this order of computation
guarantees that each solution to a subproblem is computed before it is needed
during the computation of another subproblem’s optimal solution.

We reason about the behavior of the algorithm during some fixed assignment
of a and k. Denote the choice of i in Equation 1 as i[l, r, k]. For j = 1, . . . , n− a,
the optimal solution to (j, j+a, k) is computed. Structural continuity implies that
i[j, j+a−1, k] ≤ i[j, j+a, k] ≤ i[j +1, j+a, k]. The values of i[j, j+a−1, k] and
i[j + 1, j + a, k] have already been determined due to the order of computation.
There are only i[j +1, j+a, k]− i[j, j+a−1, k]+1 possible values for i[j, j+a, k]
to be considered by the algorithm. Summing them up for i[j, j + a, k], j =
1, . . . , n−a, results in a telescope sum which evaluates to O(n). There are O(n2)
different configurations of a and k, so the improved runtime is O(n3).

If both subset optimality and structural continuity holds, the Gilbert-Moore
algorithm can modified in a similar manner to obtain runtime O(n2), details
can be found in [3]. The resource requirements of the dynamic programming
approach are visualized in Figure 1.

3 Cost Functions Satisfying Structural Continuity

In this section we prove that structural continuity is satisfied by GAT instances
whose cost functions are nondecreasing and convex. We also show that nonde-
creasing cost functions lead to structural continuity in the case of max-GAT.

Theorem 1. Let (f1, . . . , fn) be an instance of GAT where the cost functions
are nondecreasing and convex, i.e. 0 ≤ fi(x) − fi(x − 1) ≤ fi(x + 1) − fi(x) for
each i = 1, . . . , n and x ≥ 1. Then the instance satisfies structural continuity.

For proving the theorem, we use an alternative characterization of the GAT
problem. Imagine the infinite binary tree T , where every node is an internal
one. Given the functions f1, . . . , fn, we seek to find a minimum cost injective
assignment g from the index set {1, . . . , n} to nodes of T , under the restriction
that any downward path in T encounters at most one of these n indices. Fur-
thermore, the assignment has to be alphabetical, i.e. for any two indices i < j,
g(i) and g(j) must have a common ancestor w such that g(i) is in the left and
g(j) is in the right subtree under w. The objective function to be minimized is∑n

i=1 fi(depth(g(i), T )).
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n2, n2

arbirtrary fi n4, n3

n3, n3

n3, n2

structural continuity

subtree optimality

Fig. 1. Runtime and space requirements of the DP approach for GAT

As the fis are nondecreasing, it is not hard to verify that there always ex-
ists an optimal solution where any infinite downward path starting at the root
of T contains a node some index is assigned to. Assignments satisfying that
property are called regular. When g is regular, then, by turning the n nodes
in g({1, . . . , n}) into leaves, one obtains a finite tree that has n nodes and is a
solution to the GAT instance. Conversely, any solution for the GAT problem can
be interpreted as a regular assignment g having the same cost.

The subproblems considered by the dynamic programming approach also have
a natural interpretation in terms of T . Subproblem (l, r, k) describes the task
to find a minimum cost regular assignment of the index set {l, . . . , r} to T
under the same restrictions as above, but with each fi replaced with f+k

i , where
f+k

i (d) := fi(d + k).
Theorem 1 claims that the root of the optimal tree never has to move right

when the interval under consideration is extended to the left. In that proposition,
the sequence of functions is interpreted to be fixed, while the tree structure is
flexible and adapts to the subproblem under consideration. However, from the
point of view just introduced, the tree T is fixed and the assignment g of the
index set to nodes in T is the flexible part. In this context, Theorem 1 claims
that indices never move left when the interval is extended to the left.

To make our statements more formal, we need to introduce some more no-
tation. Let i be an index that is assigned to a node of T by g. Assume that g
is modified. We say that i moves upwards/downwards, if its new position is an
ancestor/descendant of its old position. We further say that i moves left/right,
when its new position is left/right of its old position, where a node u is defined
to be left (right) of node v, when there exists a node w in T such that u is in
the left (right) and v is in the right (left) subtree under w. Any movement of i
is either an upward, downward, left, or right movement. The proposition we are
going to show is actually more general than Theorem 1. The complete proof of
the following lemma will appear in the full version of this paper.

Lemma 1. Let g be the assignment corresponding to an optimal solution to
(l, r, k). Then there is a regular optimal solution g′ to (l − 1, r, k) such that for
any index i = l, . . . , r, it either holds that g′(i) = g(i), g′(i) is right of g(i), or
g′(i) is a descendant of g(i).
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Proof (sketched). Assume for contradiction that there is some index i moving
upwards or left, no matter which optimal regular solution g′ is chosen. Let i the
minimum index with that behavior in some optimal solution g′.

If i = l, a contradiction is caused by the fact that i is assigned to the leftmost
path of T by g, but g′ must assign index i − 1 to a node on this path.

If i > l, first consider the case that index i moves upwards. We split the
transformation from g into g′ into the transformation from g|{l, . . . , i − 1} into
g′|{l − 1, . . . , i − 1}, and the transformation from g|{i, . . . , r} into g′|{i, . . . , r}.
The further transformation only changes the positions of indices < i, and the
latter only affects indices ≥ i. As index i − 1 moves neither left nor upwards,
these two transformations take place in non-overlapping parts of T and can
therefore be performed independently of each others. Only the transformation
from g|{i, . . . , r} into g′|{i, . . . , r} causes indices to move left or downwards, and
from the optimality of g and g′ we conclude that the solution obtained from g
by only performing the first transformation is as good as g′.

For analyzing the case where i moves left, observe that i − 1 can only move
downwards in order to make room for i. We define an alternative solution h′ for
(l−1, r, k). Solution h′ is constructed starting from g′, by changing the positions
of the indices i, . . . , r to the positions they are assigned to by g. After that, we
can move index i − 1 a certain number of steps upwards. We then show that
h′ is optimal for (l − 1, r, k), although no index moves down or left during the
transformation from g into h′. �

Proof (of Theorem 1). Let i be the position of the root in an alphabetic tree
T for subproblem (l, r, k). The corresponding function g assigns indices l, . . . , i
to the left subtree under the root of T , and indices i + 1, . . . , r are assigned to
the right subtree. Conversely, the position of the root of T is exactly the largest
index being assigned to the left subtree under the root of T .

So when during the transformation from g to g′ no index moves left, no
index larger than i can move into the left subtree under the root of T , and this
means that the root of the alphabetic tree T ′ corresponding to g′ cannot have a
greater position than the root of T . Using this argumentation, Theorem 1 follows
immediately from Lemma 1. �

Theorem 2. Let (f1, . . . , fn) be an instance of max-GAT where the cost func-
tions are nondecreasing, i.e. fi(x) ≥ fi(x − 1) for each i = 1, . . . , n and x > 1.
Then the instance satisfies structural continuity.

This theorem is much simpler to prove than Theorem 1. The argumentation is
based on a simple observation about the cost c̃(l, r, k) of the optimal solution
to subproblem (l, r, k). The correctness of the following lemma is established by
the fact that any solution to (l−1, r, k) can easily be transformed into a cheaper
solution to (l, r, k) when the cost functions are nondecreasing.

Lemma 2. For any instance of max-GAT with nondecreasing cost functions and
any subproblem (l, r, k) of it, it holds that c̃(l, r, k) ≤ c̃(l− 1, r, k) and c̃(l, r, k) ≤
c̃(l, r + 1, k).
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Proof (of Theorem 2). Let i be the position of the root in an optimal solution
T to subproblem (l, r, k). For some j > i, let T ′ be an optimal solution to
subproblem (l − 1, r, k) with the root’s position at j. We show that the tree T ′′,
which is defined as the best solution to (l− 1, r, k) having the root at position i,
is not more expensive than T ′. The cost of T ′′ is given as cost(T ′′) = max{c̃(l−
1, i, k + 1), c̃(i + 1, r, k + 1)}.

Let us first assume that the maximum in the formula for cost(T ′′) is defined
by the first term, i.e. c̃(l − 1, i, k + 1) ≥ c̃(i + 1, r, k + 1). Multiple application of
Lemma 2 gives

c̃(l − 1, j, k + 1) ≥ c̃(l − 1, i, k + 1) ≥ c̃(i + 1, r, k + 1) ≥ c̃(j + 1, r, k + 1) ,

and this implies that cost(T ′) = max{c̃(l − 1, j, k + 1), c̃(j + 1, r, k + 1)} is not
smaller than cost(T ′′).

Now we assume that the second term establishes the maximum, i.e. c̃(l −
1, i, k+1) ≤ c̃(i+1, r, k+1). By Lemma 2, c̃(l, i, k+1) ≤ c̃(i+1, r, k+1), which
means that c̃(i+1, r, k+1) is the maximum in the cost term for T as well. In other
words, cost(T ) = cost(T ′′). Lemma 2 states that no solution to (l − 1, r, k + 1),
including T ′, can be cheaper than T . Therefore, T ′′ is optimal. �

4 Huffman Tree Problem

In this section we address the General Cost Huffman Tree Problem (GHT). In the
classical linear cost model, this problem can be reduced to the Alphabetic Tree
Problem by sorting the nodes by weight. A simple counterexample (to appear in
the full paper) demonstrates that this reduction does not work correctly in the
case of general costs, even if the cost functions are monotonic and convex. We
show that GHT in its full generality is inapproximable unless P=NP, which holds
for both GHT and max-GHT. Subsequently, we prove that the latter problem
admits a polynomial time algorithm if the cost functions are nonincreasing.

Complexity of GHT. The computational complexity of sum-GHT and max-
GHT will both be settled by one reduction from the 3-Set Cover Problem, which
is well-known to be NP-hard [5].

Exact Cover by 3-Sets, X3C. Given some set C with |C| = 3k, k ∈ N,
and a collection D of 3 element subsets of C, the problem X3C is to decide
whether there is a sub-collection D′ ⊆ D, such that each element of C occurs
in exactly one member of D′.

Let (C, D) be an instance of X3C with |D| = m and |C| = n. In the following,
we show how to construct an equivalent instance I of GHT. We consider the
solution tree for instance I to be partitioned into m layers, each consisting of
three levels. In order to simplify notation, let liq = 3(i − 1) + q denote the qth
level of the ith layer for i = 1, . . . , m and q = 1, 2, 3. The tree root level 0 is not
considered to be in one of the layers.
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In instance I there are three different types of cost functions. First, there are
functions f i

2 and f i
3 for i = 1, . . . , m. For i < m, f i

q is defined as f i
q(l

i
q) = 0 and

f i
q(x) = 1 for any x �= liq. The mth pair is defined as fm

2 (x) = fm
3 (x) = 0 for

x = lm2 , and fm
2 (x) = fm

3 (x) = 1 otherwise. Note that there are no functions f i
1.

Second, we introduce m − k functions g1, . . . , gm−k. Those functions are all
identical, for t = 1, . . . , m − k they are defined as gt(li1) = 0 for i = 1, . . . , m,
and gt(x) = 1 for all other values of x.

Finally, I contains n different functions h1, . . . , hn, one for each element of
C = {c1, . . . , cn}. Let D = {D1, . . . , Dm}. For each i = 1, . . . , m, select one
element di ∈ Di arbitrarily. Now, for j = 1, . . . , n, define

hj(x) =

⎧
⎨

⎩

0 if x = li2 for some i with cj = di

0 if x = li3for some i with cj ∈ Di \ {di}
1 otherwise .

Lemma 3. There is a solution to instance I having cost 0 if and only if instance
(C, D) admits an exact cover.

Proof. “⇒” Assume that there is a solution T to instance I having cost 0.
Then the leaf associated with function f i

q must be on level liq for q = 1, 2
and i = 1, . . . , m − 1, and the leaves associated with fm

2 and fm
3 must be on

level lm2 . Because of the leaves on level lm2 , there must be a downward path
v1
1 , v

1
2 , v1

3 , v
2
1 , . . . , v

m
2 starting in the root v1

1 of T , such that vi
q is on level liq − 1,

and vm
2 is the parent of the leaves associated with fm

2 and fm
3 .

We can assume that in T , for 1 ≤ i ≤ m − 1, the internal nodes vi
2 and

vi
3 are the parents of the leaves associated with f i

2 and f i
3, respectively. If this

property does not hold, then the tree T can be modified in order to satisfy it:
simply interchange children between vi

t and the parent of the leaf associated
with f i

t appropriately. This does not change the level of any leaf, so the cost of
T remains zero.

Now consider the subtrees T1, . . . , Tm, where Ti is defined as the subtree under
vi
1 which does not contain vi

2. The set of leaves associated with the the g-type
and h-type functions is exactly the set of leaves being in those subtrees. For
0 ≤ i ≤ m, the unique hj with cj = di is the only function besides f i

2 which
evaluates to 0 for input li2. Furthermore, only the g-type functions evaluate to 0
for input li1. Therefore, if some Ti does not contain any g-type leaf, then it has
at least three leaves which are associated with h-type functions.

As there are only m − k functions of type g, k of the m subtrees Ti must
contain at least three h-type leaves. As the total number of h-type leaves is
n = 3k, each of those subtrees must contain exactly three of them.

Let Ti be such a subtree. Function hj with cj = di is the only function besides
f i
2 which evaluates to 0 for input li2, and hj′ , hj′′ with {cj′ , cj′′} = Di\{di} are the

only two functions besides f i
3 evaluating to 0 for input li3. Ti must contain exactly

those three functions, because otherwise it would have more than three leaves.
As the number of subtrees Ti of this kind is m, and each h-type function can

only occur in one of them, the corresponding selection of Dis must be an exact
cover of U .
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“⇐” If D′ ⊂ D is an exact cover, then one can construct a zero cost solution
tree T from it which has the structure just described. �

We have given a reduction showing that it is NP-hard to decide whether a GHT
instance admits a zero cost solution. This establishes the following theorem.

Theorem 3. GHT and max-GHT are inapproximable unless P=NP.

Max-GHT with Monotonic Costs. We give a polynomial time algorithm for
the version of GHT where the cost functions are monotonic and the objective is
to minimize the maximum cost caused by a leaf.

Let (f1, . . . , fn) be an instance of max-GHT. The cost of any solution is fully
characterized by the level assignment function d : {1, . . . , n} → {0, . . . , n}, which
assigns the tree level of the corresponding leaves to indices of the cost functions
(note that no leaf can have a depth greater than n). Given d, the cost of the
corresponding tree can be calculated as cost(d) = maxi fi(d(i)).

Our approach is to compute an optimal level assignment function and then
derive an optimal tree from it. Given d, let d̄ : j �→ |{d(i) = j}| be the function
which assigns to each tree level the number of leaves assigned to it by d.

Lemma 4. A function d : {1, . . . , n} → {0, . . . , n} is the level assignment func-
tion of a binary tree having n leaves, if and only if

n∑

k=0

d̄(k)2n+1−k = 2n+1 . (2)

Furthermore, for any level assignment function satisfying that equation, a cor-
responding binary tree can be computed in polynomial time.

Proof. “⇒”: Let d be the level function of a binary tree T having leaves �1, . . . , �n.
For i = 1, . . . , n, replace �i with a full binary tree having depth

(n + 1) − depth(�i, T ) = (n + 1) − d(i) .

By this transformation, we obtain the full binary tree Tn+1 having depth n + 1.
For i = 1, . . . , n, the tree replacing �i has 2(n+1)−d(i) leaves. The claim follows
from the fact that Tn+1 has 2n+1 leaves.

“⇐”: From the level function d we construct a tree T level by level, keeping
track of the total number v(j) of nodes (internal nodes and leaves) on each level
j. Our construction will maintain the invariant

j−1∑

k=0

d̄(k)2n+1−k + v(j)2n+1−j = 2n+1 .

If n = 1, then it must hold that f(1) = 0, so we can simply place the only leaf
at the root of T . Otherwise, we place an internal node at the root of T at level
0. In both cases, the above invariant is established with respect to j = 0.
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For 1 ≤ j ≤ n, assume that we have already created level 0, . . . , j − 1 of T and
have established

j−2∑

k=0

d̄(k)2n+1−k + v(j − 1)2n+1−(j−1) = 2n+1 .

We have v(j − 1) − d(j − 1) internal nodes at level j − 1, so the total number
of nodes on level j is v(j) = 2v(j − 1) − 2d(j − 1)). This implies v(j)2n+1−j =
v(j − 1)2n+1−(j−1) − d(j − 1)2n+1−(j−1), so

j−1∑

k=0

d̄(k)2n+1−k + v(j)2n+1−j =
j−2∑

k=0

d̄(k)2n+1−k + v(j − 1)2n+1−(j−1) = 2n+1 ,

which establishes the invariant with respect to j. For showing that level j of the
tree can be constructed, we need to prove that d̄(j) ≤ v(j). This can be shown
using the invariant: 2n+1−jv(j) =

2n+1 −
j−1∑

k=0

d̄(k)2n+1−k ≥ 2n+1 −

⎛

⎝
j−1∑

k=0

d̄(k)2n+1−k +
n∑

k=j+1

d̄(k)2n+1−k

⎞

⎠

= 2n+1−j d̄(j), where both equalities are implied by Equation 2.
When j is the largest index with d̄(j) > 0, the above formula gives v(j) = d(j),

so any node on the deepest level of T is a leaf. Thus, T is a feasible binary tree
with n leaves. The construction of T clearly takes only polynomial time. �

Lemma 4 reduces max-GHT to the search for a minimum cost assignment d
satisfying Equation 2. We further simplify this task by relaxing the Equation to
an Inequation. The proof of the following lemma is deferred to the full paper.

Lemma 5. Let d : {1, . . . , n} → {0, . . . , n} be a function satisfying

n∑

k=0

d̄(k)2n+1−k ≤ 2n+1 . (3)

Then there is a feasible level assignment function d′ with d′(x) ≤ d(x) for 1 ≤
x ≤ n. Furthermore, d′ can be determined from d in polynomial time.

Theorem 4. The version of max-GHT where all cost functions are monotonic
can be solved in polynomial time.

Proof. We have reduced max-GHT to the problem of determining a minimum
cost assignment d satisfying Inequation 3. This problem can be solved using
binary search to determine the minimum cost of any feasible d. The search is
performed over the set of all n2 function values of f1, . . . , fn, because the cost
of any solution for our problem instance is one of those function values.

In each iteration of binary search, guess a value c for cost(d). Recall that we
have assumed the cost functions to be monotonic. So, for i = 1, . . . , n, there is
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some xi such that fi(x) ≤ c for x ≤ xi and fi(x) > c otherwise. Assign d(i) = xi

for i = 1, . . . , n and check Inequation 3. If it is satisfied, then there is a solution
tree to our problem instance having cost equal or less than c, which is computable
in polynomial time, due to Lemma 5 and 4. Conversely, if Inequation 3 is not
satisfied, then there is no solution tree to the instance having cost c or less.
This is because the level function d′ of such a tree could be obtained from d by
decreasing the function values of a certain set of indices, and changing d in that
manner can only further increase the left side of Inequation 3. �
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