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Abstract. A ternary Permutation-CSP is specified by a subset II of
the symmetric group Ss. An instance of such a problem consists of a set
of variables V' and a multiset of constraints, which are ordered triples
of distinct variables of V. The objective is to find a linear ordering «
of V' that maximizes the number of triples whose rearrangement (under
a) follows a permutation in IT. We prove that all ternary Permutation-
CSPs parameterized above average have kernels with quadratic numbers
of variables.

1 Introduction

Parameterized complexity theory is a multivariate framework for a refined analy-
sis of hard (NP-hard) problems. A parameterized problem is a subset L C X* x N
over a finite alphabet X. L is fized-parameter tractable if the membership of an
instance (I, k) in X* x N can be decided in time f(k) - |I|°()) where f is a com-
putable function of the parameter k only [QII0/26]. (We would like f(k) to grow
as slowly as possible.)

Given a pair L, L' of parameterized problems, a bikernelization from L to L' is
a polynomial-time algorithm that maps an instance (x, k) to an instance (z’, k')
(the bikernel) such that (i) (z,k) € L if and only if («/, k") € L', (ii) k' < h(k),
and (iil) |2'| < g(k) for some functions h and g. The function g(k) is called the
size of the bikernel. A kernelization of a parameterized problem L is simply a
bikernelization from L to itself, i.e., a kernel is a bikernel when L = L.

The notion of a bikernelization was introduced by Alon et al. [I], who observed
that a decidable parameterized problem L is fixed-parameter tractable if and
only if it admits a bikernelization to a decidable parameterized problem L’. Not
every fixed-parameter tractable problem has a kernel of polynomial size unless
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coNP C NP/poly [2I8]; low degree polynomial size kernels are of main interest
due to applications [15].

For maximization problems whose lower bound on the solution value is a
monotonically increasing unbounded function of the instance size, the standard
parameterization by solution value is trivially fixed-parameter tractable. Maha-
jan and Raman [24] were the first to recognize both practical and theoretical im-
portance of parameterizing maximization problems differently: above tight lower
bounds. They considered MAX SAT with the tight lower bound m/2, where m
is the number of clauses, and the problem is to decide whether we can satisfy at
least m/2 + k clauses, where k is the parameter. Mahajan and Raman proved
that this parameterization of MAX SAT is fixed-parameter tractable by obtain-
ing a kernel with O(k) variables. Despite clear importance of parameterizations
above tight lower bounds, until recently only a few sporadic non-trivial results
on the topic were obtained [I720[2T24128].

Massive interest in parameterizations above tight lower bound came with the
paper of Mahajan et al. [25], who stated several questions on fixed-parameter
tractability of maximization problems parameterized above tight lower bounds,
some of which are still open. Several of those questions were answered by newly-
developed methods [II7I8I8II9], using algebraic, probabilistic and harmonic
analysis tools. In particular, an advanced probabilistic approach allowed Gutin
et al. [I8] to prove the existence of a quadratic kernel for the parameterized BE-
TWEENNESS ABOVE AVERAGE (BETWEENNESS-AA) problem, thus, answering
an open question of Benny Chor [26].

BETWEENNESS is just one representative of a rich family of ternary Permu-
tation Constant Satisfaction Problems (CSPs). A ternary Permutation-CSP is
specified by a subset IT of the symmetric group Ss. An instance of such a problem
consists of a set of variables V' and a multiset of constraints, which are ordered
triples of distinct variables of V. The objective is to find a linear ordering o of V'
that maximizes the number of triples whose rearrangement (under «) follows a
permutation in II. Important special cases are BETWEENNESS [BIT2/T827] and
CIRCULAR ORDERING [ITJT3], which find applications in circuit design and com-
putational biology [6127], and in qualitative spatial reasoning [23], respectively.

In this paper, we prove that all ternary Permutation-CSPs have kernels with
quadratic numbers of variables, when parameterized above average (AA), which
is a tight lower bound. This result is obtained by first reducing all the problems
to just one, LINEAR ORDERING-A A, then showing that LINEAR ORDERING-
A A has a kernel with quadratic numbers of variables and constraints and, thus,
concluding that there is a bikernel with a quadratic number of variables from
each of the problems AA to LINEAR ORDERING-AA. Using the last result,
we prove that there are bikernels with a quadratic number of variables from
all ternary Permutation-CSPs to most ternary Permutation-CSPs. This implies
the existence of kernels with a quadratic number of variables for most ternary
Permutation-CSPs. The remaining ternary Permutation-CSPs are proved to be
equivalent to ACYCLIC SUBDIGRAPH-AA (a binary Permutation-CSP defined in
Section M) and since ACYCLIC SUBDIGRAPH-AA, as shown in [19], has a kernel
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with a quadratic number of variables, the remaining ternary Permutation-CSPs
have a kernel with a quadratic number of variables.

The most difficult part of this set of arguments is the proof that LINEAR
ORDERING-A A has a kernel with quadratic numbers of variables and constraints.
We can show that if we want to prove this in a similar way as for Betweenness-A A
(that is, eliminate all instances of Linear Ordering-AA whose optimal solution
coincides with the lower bound) we need an infinite number of reduction rules.
See [16] for further details. So, determining fixed-parameter tractability of LiN-
EAR ORDERING-AA turns out to be much harder than for BETWEENNESS-AA.
Fortunately, we found a nontrivial way of reducing LINEAR ORDERING-AA to a
combination of BETWEENNESS-A A and ACYCLIC SUBDIGRAPH-AA. Using fur-
ther probabilistic and deterministic arguments for the mixed problem, we prove
that LINEAR ORDERING-A A has a kernel with quadratic numbers of variables
and constraints.

The rest of the paper is organized as follows. In Section 2] we define and discuss
ternary Permutation-CSPs; we also reduce all nontrival ternary Permutation-
CSPs AA to LINEAR ORDERING-AA. In Section Bl we describe probabilistic
and harmonic analysis tools used in the paper. In Section Ml we obtain some
results on BETWEENNESS-AA and ACYCLIC SUBDIGRAPH-AA needed in the
following section, where we prove that LINEAR ORDERING-A A has a quadratic
kernel. In Section [l we also prove our main result, Theorem [ that all ternary
Permutation-CSPs parameterized above average have kernels with a quadratic
number of variables. Due to the space limit, many proofs are omitted; they can
be found in [16].

2 Permutation CSPs Parameterized above Average

Let V be a set of n variables. A linear ordering of V is a bijection a : V' —
[n], where [n] = {1,2,...,n}. The symmetric group on three elements is Sz =
{(123), (132), (213),(231), (312), (321)}. A constraint set over V is a multiset C
of constraints, which are permutations of three distinct elements of V. For each
subset I C Ss and a linear ordering « of V| a constraint (v1,ve,v3) € C is
II-satisfied by « if there is a permutation m € IT such that a(vy(1)) < (vr(2)) <
a(vgs)). If IT is fixed, we will simply say that (vi,ve,vs) € C is satisfied by a.

For each subset II C 83, the problem II-CSP is to decide whether for a
given pair (V,C) of variables and constraints there is a linear ordering « of V'
that IT-satisfies all constraints in C. A complete dichotomy of the IT-CSP prob-
lems with respect to their computational complexity was given by Guttmann
and Maucher [22]. For that, they reduced 21931 = 64 problems by two types of
symmetry. First, two problems differing just by a consistent renaming of the
elements of their permutations are of the same complexity. Second, two prob-
lems differing just by reversing their permutations are of the same complexity.
The symmetric reductions leave 13 problems I7,-CSP, i = 0,1,...,12, whose
time complexity is polynomial for IT;; = ) and II;2 = S3 and was otherwise
established by Guttmann and Maucher [22], see Table [II
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Table 1. Ternary Permutation-CSPs (after symmetry considerations)

Complexity to

I C S3 Common Problem Name  Saisfy All Constraints
Iy = {(123)} LINEAR ORDERING polynomial
T, = {(123), (132)} polynomial
I7, = {(123), (213), (231)} polynomial
75 = {(132), (231), (312), (321)} polynomial
7, = {(123), (231)} NP-complete
IIs = {(123), (321)} BETWEENNESS NP-complete
IIs = {(123), (132), (231)} NP-complete
II; = {(123), (231), (312) } CIRCULAR ORDERING NP-complete
IIs = 83\ {(123),(231)} NP-complete
IIy = S\ {(123), (321)} NON-BETWEENNESS NP-complete
I =83\ {(123)} NP-complete

The maximization version of I1;-CSP is the problem MAX-IT;-CSP of finding
a linear ordering « of V' that II;-satisfies a maximum number of constraints in
C. Clearly, for ¢ = 4,...,10 the problem MAX-II;-CSP is NP-hard. In [16] we
prove that MAX-1I;-CSP is NP-hard also for i = 0,1, 2, 3.

Now observe that given a variable set V' and a constraint multiset C over V,
for a random linear ordering v of V', the probability of a constraint in C being
II-satisfied by a equals “gl . Hence, the expected number of satisfied constraints
from C is ‘167‘ |C|, and thus there is a linear ordering a of V satisfying at least ‘167‘ IC]|
constraints (and this bound is tight). A derandomization argument leads to ML
approximation algorithms for the problems MAX-11;-CSP [5]. No better constant
factor approximation is possible assuming the Unique Games Conjecture [5].

We study the parameterization of MAX-II;-CSP above tight lower bound:

I1-ABOVE AVERAGE (IT-AA)

Input: A finite set V of variables, a multiset C of ordered triples of distinct
variables from V' and an integer k > 0.

Parameter: k.

Question: Is there a linear ordering o of V' such that at least “gl IC| + k con-
straints of C are IT-satisfied by a?

For example, choose IT = {(123),(321)} for BETWEENNESS-AA. IIp-AA is
called the LINEAR ORDERING-A A problem.

Let IT be a subset of S3. Clearly, if IT is the empty set or equal to S3 then the
corresponding problem I7-AA can be solved in polynomial time. The following
simple result allows us to study the I7-A A problems using ITo-AA.

Proposition 1. Let I be a subset of Ss such that II ¢ {0,Ss}. There is a
polynomial time transformation f from I1-AA to IIy-AA such that an instance
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(V,C, k) of II-AA is a “yes”-instance if and only if (V,Co, k) = f(V,C,k) is a
“yes”-instance of Ily-AA.

Proof. From an instance (V,C, k) of II-AA, construct an instance (V, Cy, k) of ITy-
AA as follows. For each triple (vy,v2,v3) € C, add |II| triples (vr(1), Vr(2), Vr(3))s
w € Il, to Cy.

Observe that a triple (v1,va,v3) € C is II-satisfied if and only if exactly one of
the triples (v (1), Ur(2); Ur(3)), ™ € II, is Ilp-satisfied. Thus, “gl |C|+k constraints
from C are IT-satisfied if and only if the same number of constraints from Cy are
ITp-satisfied. It remains to observe that “gl ICl+k = }[Col + K as |Co| = |IT| - [C|.

d

For a variable set V', a constraint multiset C over V and a linear ordering a of
V', the a-deviation of (V,C) is the number dev(V,C, a) of constraints of C that
are [I-satisfied by o minus ‘167‘ IC|. The mazimum deviation of (V,C), denoted
dev(V,C), is the maximum of dev(V,C, «) over all linear orderings « of V. Now
the problem II-AA can be reformulated as the problem of deciding whether
dev(V,C) > k.

3 Probabilistic and Harmonic Analysis Tools

We build on the probabilistic Strictly Above Expectation method by Gutin et
al. [T9] to prove non-trivial lower bounds on the minimum fraction of satisfiable
constraints in instances belonging to a restricted subclass. For such an instance
with parameter k, we introduce a random variable X such that the instance is
a “yes”-instance if and only if X takes with positive probability a value greater
than or equal to k. If X happens to be a symmetric random variable with finite
second moment then P(X > /E[X?2]) > 0; it hence suffices to prove E[X?] =
h(k) for some monotonically increasing unbounded function h. (Here, P(-) and
E[-] denote probability and expectation, respectively.) If X is not symmetric then
the following lemma can be used instead.

Lemma 1 (Alon et al. [I]). Let X be a real random variable and suppose
that its first, second and forth moments satisfy E[X] = 0, E[X?] = 0% > 0 and
E[X4] < co?, respectively, for some constant c. Then P(X > 2?/6) > 0.

We combine this result with the following result from harmonic analysis.

Lemma 2 (Hypercontractive Inequality [4J14]). Let f = f(x1,...,z,) be
a polynomial of degree r in n variables x1, ...z, with domain {—1,1}. Define
a random variable X by choosing a vector (e1,...,€,) € {—1,1}" uniformly at
random and setting X = f(e1,...,€,). Then E[X?] < 9"E[X?]2.

4 Facts on the Betweenness and Acyclic Subdigraph
Problems

Let u, v, w be variables. We denote a betweenness constraint “v is between u and
w” by (v,{u,w}), and call a 3-set S of betweenness constraints over {u,v,w}
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complete if S = {(u,{v,w}), (v, {u,w}), (w,{u,v})}. Since every linear order-
ing of {u,v,w} satisfies exactly one constraint in S, we obtain the following
reduction.

Lemma 3. Let (V,B) be an instance of BETWEENNESS and let o be a linear
ordering of V. Let B’ be the set of constraints obtained from B by deleting all
complete subsets. Then dev(V, B, «a) = dev(V, B, o).

An instance of BETWEENNESS without complete subsets of constraints is called
reduced.

Let (V,B) be an instance of BETWEENNESS, with B = {By,..., B}, and let
¢ be a fixed function from V to {0,1,2,3}. A linear ordering a of V is called
¢-compatible if for each pair u,v € V with a(u) < a(v) it holds ¢(u) < ¢(v). For
a random ¢-compatible linear ordering 7 of V', define a binary random variable
yp that takes value one if and only if B, € B is satisfied by 7 (if B, is falsified
by 7, then y, = 0). Let Y, = E[y,] — 1/3 for each p € [m], and let Y = " | V).

Now let ¢ be a random function from V to {0,1,2,3}. Then Y, Y1,...,Y,, are
random variables. For a constraint B, = (v, {u,w}), the distribution of Y, as
it is given in Table @l implies that E[Y,] = 0. Thus, by linearity of expectation,
E[Y] = 0.

Table 2. Distribution of Y, for constraint B, = (v, {u, w})

H{o(u), p(v), p(w)} Relation Value of Y, Prob.
1 $(u) = ¢(v) = p(w) 0 1/16
2 ¢(v) # d(u) = g(w) —-1/3  3/16
2 ¢(v) € {p(u), p(w)} 1/6  6/16
3 ¢(v) is between ¢(u) and ¢(w) 2/3 2/16
3 ¢(v) is not between ¢(u) and ¢p(w) —1/3  4/16

The following lemma was proved by Gutin et al. [I8] for BETWEENNESS in
which B is a set, not a multiset, but a simple modification of its proof gives us
the following (see [16] for details):

Lemma 4. For a reduced instance (V,B) of BETWEENNESS, E[Y?] > Jlm.

In the ACYCLIC SUBDIGRAPH problem we are given a directed multigraph D =
(U, A), with parallel arcs allowed, and ask for a linear ordering 7 of V' which
maximizes the number of satisfied arcs, where an arc (u,v) € A is satisfied by
7 if m(u) < w(v). If 7 is a uniformly-at-random linear ordering of V' then the
probability of an arc of D being satisfied is 1/2. Thus, there is a linear ordering 7
of V' in which the number of satisfied arcs is at least |A|/2. We therefore define,
for a digraph D = (U, A) and a linear ordering m of U, the w-deviation of D
as the number of arcs satisfied by 7 minus |A|/2, and denote it by dev(V, A, 7).
In the AcycLIC SUBDIGRAPH-AA problem we are given a directed multigraph
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D = (U, A) and asked to decide whether there is a linear ordering 7 of U with
w-deviation at least k, where k is a parameter.

As every linear ordering of U satisfies exactly one of two mutually opposite
arcs (u,v) and (v,u), we obtain the following reduction.

Lemma 5. Let D = (U, A) be a directed multigraph and let 7w be a linear or-
dering of V.. Let A’ be the set of arcs obtained from A by deleting all pairs of
mutually opposite arcs. Then dev(V, A7) = dev(V, A’ 7).

A directed multigraph without mutually opposite arcs is called reduced.

Let D = (U, A) be a directed multigraph with A = {a1,...,a,,} as multiset
of arcs, and let ¢ be a fixed function from U to {0,1,2,3}. For a random ¢-
compatible linear ordering 7 of U, define a binary random variable z,, that takes
value one if and only if a), is satisfied by 7. Let X,, = E[z,] —1/2 for each p € [m]
and let X = 377" | X),.

Now let ¢ be a random function from U to {0,1,2,3}. Then X, X1,..., X,
are random variables. For an arc (u,v), the distribution of X, as it is given in
Table Bl implies that E[X,] = 0. Thus, by linearity of expectation, E[X] = 0.

Table 3. Distribution of X,, for an arc (u,v)

Relation between ¢(u) and ¢(v) Value of X, Prob.

P(u) = ¢(v) 0 1/4
#(u) < ¢(v) 1/2 3/8
P(u) > ¢(v) —-1/2 3/8

We have the following analogue of Lemma [ proved in [16].

Lemma 6. For reduced directed multigraphs D it holds that E[X?] > J,m.

The following theorem was proved in [19].

Theorem 1. ACYCLIC SUBDIGRAPH-AA has a kernel with a quadratic number
of vertices and arcs.

5 Kernels for IT-A A Problems

We start from the following key construction of this paper. With an instance
(V,C) of LINEAR ORDERING, we associate an instance (V,5) of BETWEENNESS
and two instances (V,A’) and (V, A”) of AcycLIC SUBDIGRAPH as follows: If
Cp = (u,v,w) € C, then B, = (v,{u,w}) € B, aj, = (v,v) € A, and a; =
(v,w) € A”. The following lemma is proved in [16].

Lemma 7. Let (V,C, k) be an instance of LINEAR ORDERING-AA and let o be
a linear ordering of V. Then

1
dev(V,C,a) = 5 [dev(V, A", o) +dev(V, A", o) + dev(V, B, a)] .
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Let (V,C, k) be an instance of LINEAR ORDERING-A A, and let ¢ be a function
from V to {0,1,2,3}. For a random ¢-compatible linear ordering 7 of V', define
a binary random variable z, that takes value one if and only if C,, is satisfied by
7. Let Z, = E[2,)] — 1/6 for each p € [m], and let Z = 37" | Z,,.

Lemma 8. If Z > k then (V,C,k) is a “yes”-instance of LINEAR ORDERING-
AA.

Proof. By linearity of expectation, Z > k implies E[Y_"" | 2,] > m/6+k. Thus, if
Z > k then there is a ¢-compatible permutation = that satisfies at least m/6 + k
constraints. g

Fix a function ¢ : V — {0,1,2,3} and assign variables Y}, X, X/, respec-
tively, to the three instances of BETWEENNESS and ACYCLIC SUBDIGRAPH
above.

Lemma 9. For each p € [m], we have Z, = } [X] + X/ +Y,,].

Proof. Let Cp = (u,v,w) € C. Table @l shows the values of X, XV, Z, for
some relations between ¢(u), ¢(v) and ¢(w). The values of X, X, and Y}, can
be computed using Tables 2 and [ In all cases of Table @it holds Z, = é(XI’) +
X)) +Y,). Thus, Z, = ;[X, + X] +Y,] for each possible relation between ¢(u),
o(v) and ¢(w). O
Let X =37 [X, 4+ X,/],let Y = 3" | ¥}, and let ¢ be a random function from
V to {0,1,2,3}. Then X, X!, ..., X\ X!\ ..., X" Y\ Y, ... Y Z, 20, ..., Zom
are random variables. From E[X'] = E[X"] = E[Y] = 0 it follows that E[Z] = 0.

Table 4. Values of X, X}, Y}, Z,

Relation between ¢(u), ¢(v) and ¢p(w) X, X, Y, Z,

d(u) = ¢(v) = d(w) 0 0 0 0
P(v) < p(u) = p(w) -1/2 1/2 -1/3-1/6
d(v) > p(u) = d(w) 1/2 -1/2-1/3-1/6
B(v) = ¢(u) < ¢p(w) 0 1/2 1/6 1/3
o(v) = ¢(u) > p(w) 0 -1/21/6 -1/6
d(u) < ¢(v) = d(w) 1/2 0 1/6 1/3
d(u) > ¢(v) = ¢(w) -1/2 0 1/6 -1/6
P(u) < ¢(v) < ¢p(w) 1/2 1/2 2/3 5/6
P(u) < p(w) < ¢(v) 1/2 -1/2-1/3-1/6
d(v) < d(u) < p(w) -1/2 1/2 -1/3-1/6
P(v) < gp(w) < P(u) -1/2 1/2 -1/3-1/6
P(w) < (u) < ¢(v) 1/2 -1/2-1/3-1/6
P(w) < ¢(v) < d(u) -1/2-1/2 2/3 -1/6
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We will be able to use LemmaRlin the proof of Lemmal[l2 due to the following:

Lemma 10. The random variable Z can be expressed as a polynomial of degree
6 in independent uniformly distributed random variables with values —1 and 1.

Proof. Consider Cp = (u,v,w) € C. Let € = —1if ¢(u) = 0 or 1 and €} =1,
otherwise. Let €§ = —1 if ¢(u) = 0 or 2 and €§ = 1, otherwise. Similarly, we
can define €7,¢€5, €, €5. Now €j'ey can be seen as a binary representation of a
number from the set {0,1,2,3} and e}eyelelel’ey can be viewed as a binary
representation of a number from the set {0,1,...,63}, where —1 plays the role
of 0. Then we can write Z, as the polynomial

63
DD Wy (e + e (e8 + ) (€] + i) (e + ) (el + e (e + ),
q=0

1
64

where ¢7c57¢]%cy9¢ ey is the binary representation of ¢, s, is the number of
digits equal —1 in this representation, and W, equals the value of Z, for the
case when the binary representations of ¢(u), ¢(v) and ¢(w) are c;%cy?, cj%cy?
and ¢}’%cy?, respectively. The actual values for Z, for each case are given in the
proof of Lemma [ The above polynomial is of degree 6. It remains to recall that

Z =30 2y O

Let us consider the following natural transformation of our key construction
introduced in the beginning of this section. Let (V;C) be an instance of LIN-
EAR ORDERING and (V,B), (V, A") and (V, A”) be the associated instances of
BETWEENNESS and ACYCLIC SUBDIGRAPH. Let b be the number of pairs of mu-
tually opposite arcs in the directed multigraph D = (V, A’UA") that are deleted
by our reduction rule, and let » = 2(m — b). Let ¢ be the number of complete
3-sets of constraints in B whose deletion from B eliminates all complete 3-sets
of constraints in B and let s = m — 3t.

Lemma 11. We have E[Z?] > i1, (r + ).

Proof. Let A = AU A" = {a1,...,a2m} and D = (V, A). Fix a function
¢ : V—{0,1,2,3}. For a random ¢-compatible linear ordering 7 of V, define
a binary random variable z; that takes value one if and only if a; is satisfied
by m. Analogously, define a binary random variable y; that takes value one if
and only if B; is satisfied by 7. Let X; = E[z;] — 1/2 for all i = 1,...,2m, let
Y; =E[y;]—1/3forallj =1,...,mand let X = 22231 X;, Y =3"" Y. Recall
that b is the number of deleted pairs of mutually opposite arcs from D, and t is
the number of complete 3-sets deleted from B. Assume, without loss of generality,

that the remaining arcs are a1, . .., a, and the remaining betweenness constraints
are By,...,Bs. Then X = 32" X, =S X,V =37, V; =57, ¥; and, by
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Lemma[l Z = X +Y/2. Now let ¢ be a random function from V to {0,1,2,3}.
We have the following:

E[Z%] = E[X? + XY +Y?/4 = E[ X} + E[Y?]/4+E (ZX) Zs:Yj

=E[X?] +E[Y?]/4+ Z Z E[X;Y;].

We will show that E[X;Y;] = 0 for any pair (¢,5). Let ¢' : V—{0,1,2,3}
be defined as ¢'(z) = 3 — ¢(x) for all x. Let X;(¢) be the value of X; when
considering ¢-compatible orderings and define X;(¢'), Y;(¢) and Y;(¢') analo-
gously. From Table 2] we note that Y; ((]5) Yi(¢'), and from Table [3 we note
that X;(¢) = —X;(¢'). From E[X,Y;] = >4 Xi(#)Y;(¢) it follows that

/
2E[X,Y;] |vw ZX 4|V| Z d)+ Xi(¢)Y;(4')] = 0.
Therefore, E[Z?] = E[X?] + E[Y?]/4. It follows from Lemmas A and [@ that
E[X?] > r/32 and E[Y?] > L s. We conclude that E[Z?] > i1 (r + s). a

Lemma 12. There is a constant ¢ > 0 such that if v + s > ck?, then (V,C, k)
is a “yes”-instance of LINEAR ORDERING-AA.

Proof. By Lemmas[I0land[2 we have E[Z%] < 9(E[Z?])2. As E[Z] = 0, it follows
from Lemma [ that P ( \/21E£[)§ ]) > 0. By Lemma [[I] E[Z?] > ), (r + s).

11
Hence, P Z > \/302729(3T+S)) > 0. Therefore if r + s > ck?, where ¢ = 4-95 .

3072/11, then by Lemma[§ (V,C, k) is a “yes”-instance of LINEAR ORDERING-
AA. a

After we have deleted mutually opposite arcs from D and complete 3-sets of
constraints from B we may assume, by Lemma [[2] that D has an arc multiset
A={as,...,a,} left, with r = O(k?), and B now contains s = O(k?) constraints
By,...,Bs. By Lemma [ dev(V,C) = max,[(dev(V, A, n) + dev(V, B, 7))/2],
where the maximum is taken over all linear orderings 7 of V.

We now create a new instance (V’,C’, k) of LINEAR ORDERING-A A as follows.
Let w be a new variable not in V. For every a; = (u;,v;) add the constraints
(w,uiyv;), (ui,w,v;) and (ug,v;,w) to C'. For every B; = (a4, {bi,c;}) add the
constraints (b;, a;,¢;) and (¢, a4,b;) to C'. Let V' be the set of variables that
appear in some constraint in C’. Then (V',C’) is an instance of LINEAR OR-
DERING with O(k?) variables and constraints. Now the number of constraints
in C’ satisfied by any linear ordering @ of V' equals the number of arcs in D
satisfied by « plus the number of constraints in B satisfied by «. As the average
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number of constraints satisfied in (V/,C’) equals (3r + 2s)/6 = r/2 + s/3, it
follows that dev(V,C) = max,[(dev(V, A, 1) + dev(V, B, 7)) /2] = dev(V',C")/2.
Hence, (V’/,C’, k) is a kernel of LINEAR ORDERING-AA with O(k?) variables
and constraints. We have established the following theorem.

Theorem 2. LINEAR ORDERING-AA has a kernel with O(k?) variables and
constraints.

Using Proposition [l and Theorem [l we prove the following in [16].

Theorem 3. There is a bikernel with O(k*) variables from II;-AA to I1;-AA
for each pair (i,7) such that 0 <i <10 and 0 < j <10 but j & {2,7}.

Using Theorems [Tl and Bl we prove the following in [16].

Theorem 4. All ternary Permutation-CSPs parameterized above average have
kernels with O(k?) variables.

Acknowledgements. The authors thank Mark Jones for carefully reading the
paper and finding several minor mistakes that we have corrected.

References

1. Alon, N., Gutin, G., Kim, E.J., Szeider, S., Yeo, A.: Solving MAX-r-SAT above a
tight lower bound. Tech. Report arXiv:0907.4573,
http://arxiv.org/abs/0907.4573|; A preliminary version was published in Proc.
SODA, pp. 511-517 (2010)

2. Bodlaender, H.L., Downey, R.G., Fellows, M.R., Hermelin, D.: On problems with-
out polynomial kernels. J. Comput. Syst. Sci. 75(8), 423-434 (2009)

3. Bodlaender, H.L., Thomassé, S., Yeo, A.: Kernel bounds for disjoint cycles and
disjoint paths. In: Fiat, A., Sanders, P. (eds.) ESA 2009. LNCS, vol. 5757, pp.
635-646. Springer, Heidelberg (2009)

4. Bonami, A.: Etude des coefficients de Fourier des fonctions de LP(G). Ann. Inst.
Fourier 20(2), 335-402 (1970)

5. Charikar, M., Guruswami, V., Manokaran, R.: Every permutation CSP of arity 3
is approximation resistant. In: Proc. of CCC 2009, pp. 62-73 (2009)

6. Chor, B., Sudan, M.: A geometric approach to betweenness. STAM J. Discrete
Mathematics 11(4), 511-523 (1998)

7. Crowston, R., Gutin, G., Jones, M.: Note on Max Lin-2 above average. Inform.
Proc. Lett. 110, 451-454 (2010)

8. Crowston, R., Gutin, G., Jones, M., Kim, E.J., Ruzsa, 1.Z.: Systems of linear
equations over F2 and problems parameterized above average. To appear in Proc.
SWAT 2010 (2010)

9. Downey, R.G., Fellows, M.R.: Parameterized Complexity. Springer, Heidelberg
(1999)

10. Flum, J., Grohe, M.: Parameterized Complexity Theory. Springer, Heidelberg
(2006)

11. Galil, Z., Megiddo, N.: Cyclic ordering is NP-complete. Theor. Comput. Sci. 5(2),
179-182 (1977)


http://arxiv.org/abs/0907.4573

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

All Ternary Permutation Constraint Satisfaction Problems 337

Goerdt, A.: On random betweenness constraints. In: Gebala, M. (ed.) FCT 2009.
LNCS, vol. 5699, pp. 157-168. Springer, Heidelberg (2009)

Goerdt, A.: On random ordering constraints. In: Frid, A., Morozov, A., Ry-
balchenko, A., Wagner, K.W. (eds.) CSR 2009. LNCS, vol. 5675, pp. 105-116.
Springer, Heidelberg (2009)

Gross, L.: Logarithmic Sobolev inequalities. Amer. J. Math. 97, 1061-1083 (1975)
Guo, J., Niedermeier, R.: Invitation to data reduction and problem kernelization.
ACM SIGACT News 38, 31-45 (2007)

Gutin, G., van Iersel, L., Mnich, M., Yeo, A.: All Ternary Permutation Constraint
Satisfaction Problems Parameterized Above Average Have Kernels with Quadratic
Number of Variables. Technical Report arXiv:1004.1956v2 [cs.DS]

Gutin, G., Kim, E.J., Lampis, M., Mitsou, V.: Vertex Cover Problem Parameterized
Above and Below Tight Bounds. Theory Comput. Syst. (in press)

Gutin, G., Kim, E.J., Mnich, M., Yeo, A.: Betweenness Parameterized Above Tight
Lower Bound. J. Comput. Sys. Sci. (in press)

Gutin, G., Kim, E.J., Szeider, S., Yeo, A.: A probabilistic approach to problems
parameterized above or below tight bounds. J. Comput. Sys. Sci. (in press); A
preliminary version is in Proc. IWPEC 2009. LNCS. 5917, pp. 234-245 (2009)
Gutin, G., Rafiey, A., Szeider, S., Yeo, A.: The linear arrangement problem pa-
rameterized above guaranteed value. Theory Comput. Syst. 41, 521-538 (2007)
Gutin, G., Szeider, S., Yeo, A.: Fixed-parameter complexity of minimum profile
problems. Algorithmica 52(2), 133-152 (2008)

Guttmann, W., Maucher, M.: Variations on an ordering theme with constraints.
In: Navarro, G., Bertossi, L., Kohayakwa, Y. (eds.) Proc. 4th IFIP International
Conference on Theoretical Computer Science-TCS 2006, pp. 77-90. Springer, Hei-
delberg (2006)

Isli, A., Cohn, A.G.: A new approach to cyclic ordering of 2D orientations using
ternary relation algebras. Artificial Intelligence 122(1-2), 137-187 (2000)
Mahajan, M., Raman, V.: Parameterizing above guaranteed values: MaxSat and
MaxCut. J. Algorithms 31(2), 335-354 (1999)

Mahajan, M., Raman, V., Sikdar, S.: Parameterizing above or below guaranteed
values. J. Comput. Syst. Sci. 75(2), 137-153 (2009)

Niedermeier, R.: Invitation to fixed-parameter algorithms. Oxford Univ. Press,
Oxford (2006)

Opatrny, J.: Total ordering problem. SIAM J. Comput. 8(1), 111-114 (1979)
Villanger, Y., Heggernes, P., Paul, C., Telle, J.A.: Interval completion is fixed
parameter tractable. SIAM J. Comput. 38(5), 2007-2020 (2009)



	All Ternary Permutation Constraint Satisfaction Problems Parameterized above Average Have Kernels with Quadratic Numbers of Variables
	Introduction
	Permutation CSPs Parameterized above Average
	Probabilistic and Harmonic Analysis Tools
	Facts on the Betweenness and Acyclic Subdigraph Problems
	Kernels for -AA Problems
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




