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Abstract. We consider the Minimum Vertex Cover problem in in-
tersection graphs of axis-parallel rectangles on the plane. We present
two algorithms: The first is an EPTAS for non-crossing rectangle fam-
ilies, rectangle families R where R1 \ R2 is connected for every pair of
rectangles R1, R2 ∈ R. This algorithm extends to intersection graphs
of pseudo-disks. The second algorithm achieves a factor of (1.5 + ε) in
general rectangle families, for any fixed ε > 0, and works also for the
weighted variant of the problem. Both algorithms exploit the plane prop-
erties of axis-parallel rectangles.

1 Introduction

In this paper we are concerned with the Minimum Rectangle Vertex Cover
problem: Given a set R = {R1, . . . , Rn} of (weighted) axis-parallel rectangles in
the plane, find a minimum size (weight) subset of rectangles in R whose re-
moval leaves the remaining rectangles in R pairwise disjoint, i.e. no pair of
remaining rectangles share a common point. This problem is a special case of
the classical Minimum Vertex Cover problem, which asks to find a mini-
mum weight subset of vertices in a given graph, whose removal leaves the graph
without edges. When the input graph is a rectangle graph, an intersection graph
of axis parallel rectangles in the plane, and the rectangle representation of the
input graph is given alongside the input, Minimum Vertex Cover becomes
Minimum Rectangle Vertex Cover.

Minimum Vertex Cover is one of the most extensively studied combinato-
rial problems in computer science, a study dating back to König’s classical early
1930s result [1], and probably even prior to that. Karp proved that the prob-
lem is NP-complete in his famous list of fundamental NP-complete problems [2],
while Garey and Johnson extensively used Minimum Vertex Cover as an in-
termediate problem in many of their early NP-completeness reductions [3]. Since
then, Minimum Vertex Cover played a pivoting role in the development of
both approximation algorithms [4,5], and the theory of parameterized complex-
ity [6], the two main disciplines for coping with the widespread phenomena of
NP-hardness.
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From the perspective of approximation algorithms, Minimum Vertex
Cover has many polynomial-time algorithms achieving an approximation ratio
of 2 [7,8,9,10], the first of these given in Nemhauser and Trotter’s fundamen-
tal paper [10]. Moreover, the problem is known to be approximable in within
2− lg lg n

2 lg n [11,12], within 2− ln ln n
ln n (1−o(1)) [13] and even within 2−Θ( 1√

log n
) [14].

On the other hand, it is also known that Minimum Vertex Cover is inap-
proximable within a factor of 1.36, unless P=NP [15]. There are however many
natural special-case graph classes for which one can improve on this barrier. For
instance, in the class of interval graphs, which can be thought of as one dimen-
sional analogs of rectangle graphs, Minimum Vertex Cover is polynomial-time
solvable [16]. In planar graphs, the problem is known to admit a polynomial-time
approximation scheme (PTAS) [17,18,19], and even an efficient PTAS (EPTAS)
due to Baker’s seminal framework for NP-hard planar graph problems [20].

The dual problem of Minimum Rectangle Vertex Cover is the Maxi-
mum Rectangle Independent Set problem: Given a family of axis-parallel
rectangles in the plane, find a maximum size (or weight) subset of pairwise
disjoint rectangles. This problem has been extensively studied in the computa-
tional geometry community, and has several applications in data mining [21,22],
automated label placement [23,24,25], and in network resource allocation with
advance reservation for line topologies [21,26], which also apply to Minimum
Vertex Cover in rectangle graphs (see below). Fowler et al. [27] showed
that Maximum Independent Set in rectangle graphs is NP-hard, implying
the NP-hardness of Minimum Vertex Cover in rectangle graphs. Asano [28]
showed that Maximum Independent Set and Minimum Vertex Cover re-
main NP-hard even in intersection graphs of unit squares. There have been
several O(lg n) approximation algorithms independently suggested for this prob-
lem [23,29,30,22]. Lewin-Eitan et al. [26] devised a 4q-approximation algorithm
for the problem, where q is the size of the maximum clique in the input graph.
Recently, Chalermsook and Chuzhoy [21] were able to break the lg n approxi-
mation barrier by devising a sophisticated O(lg lg n) randomized approximation
algorithm. A simpler O(lg n/ lg lg n)-approximation algorithm was given in [31].
There are also many special cases in which Maximum Rectangle Indepen-
dent Set admits a polynomial-approximation scheme (PTAS) [23,29,32,33].

In contrast to the vast amount of research devoted to Maximum Rectangle
Independent Set there has been surprisingly very little focus on the Mini-
mum Rectangle Vertex Cover problem. Nevertheless, some of the results for
Maximum Rectangle Independent Set carry through to Minimum Rect-
angle Vertex Cover. For instance, the result of Fowler et al. [27] implies
that Minimum Rectangle Vertex Cover is NP-hard. Also, by applying
the Nemhauser and Trotter Theorem (see Section 2) as a preprocessing step,
any PTAS for Maximum Rectangle Independent Set can be converted
into a PTAS for Minimum Rectangle Vertex Cover. Thus, the results
in [23] imply that Minimum Rectangle Vertex Cover has a PTAS when
all rectangles have equal height, while [32] gives a PTAS when all rectangles are
squares. Erlebach et al. [33] gave an explicit PTAS for Minimum Rectangle
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Vertex Cover in bounded aspect-ratio rectangle families (without using the
Nemhauser and Trotter procedure), and an EPTAS for Minimum Rectangle
Vertex Cover in unit squares and squares is implied by [34] and [35], respec-
tively. Finally, we mention the work by Chan and Har-Peled [31] who devised a
PTAS for Maximum Independent Set in families of pseudo-disks, which are
families of regions on the plane such that the boundaries of every pair of regions
intersect at most twice. This result implies a PTAS for Minimum Rectangle
Vertex Cover in non-crossing rectangle families.

Related work. Minimum Vertex Cover and its dual counterpart Maximum
Independent Set have been previously studied in many geometric intersection
graphs other than rectangle graphs. Gavril [16] gave a polynomial-time algorithm
for both of these problem in chordal graphs, intersection graphs of subgraphs
of a tree. Apostolico et al. [36] gave a polynomial-time algorithm for these two
problems in intersection graphs of chords on a circle, which were later improved
by Cenek and Stuart [37], while Golumbic and Hammer [38] gave a polynomial-
time algorithm for intersection graphs of arcs on a circle which was later improved
in [39]. A good survey of many generalizations of these results can be found
in [40,41]. Hochbaum and Maass, and later Chleb́ık and Chleb́ıková, considered
intersection graphs of d-dimensional boxes in R

d [42,43], while Erlebach et al. [33]
considered intersection graphs of general fat objects in the plane. In [44,45],
approximation algorithms were suggested for Maximum Independent Set and
Minimum Vertex Cover in the class of multiple-interval graphs.

Applications and motivation. Automated label placement is a central prob-
lem in geographic information systems which has been extensively studied in
various settings [23,24,25]. The basic problem is to place labels around points in
a geographic maps, where the labels are often assumed to be rectangles [23] which
are allowed to be positioned at specific places adjacent to their corresponding
points in the map. The usual criterion for a legal placement is that all rectangles
are pairwise disjoint. Subject to this constraint, a natural optimization criteria
is to minimize the number of labels to be removed so as the remaining labels
form a legal placement. This is exactly Minimum Rectangle Vertex Cover.

Minimum Rectangle Vertex Cover can also be used to model shared-
resource scheduling scenarios where requests are given in advance to the system.
Consider the typical critical-section scheduling problem occurring in all modern
operating system: A set of programs request access to a shared resource in mem-
ory for read/write purposes. The goal of the operating system is to serve as many
requests as possible, so long as no two programs access the same memory entries
simultaneously, to avoid obvious data-consistency hazards. In a simplified vari-
ant of this problem, one can assume that all programs have a single request to
fixed array of registers in memory, and this request occurs during a fixed interval
of their running time. If these requests are known beforehand, the problem of
minimizing the number of programs not to be served can naturally be modeled
as Minimum Rectangle Vertex Cover by using the x-axis to measure the
shared memory array, and the y-axis to measure program execution-time.
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Results and techniques. In this paper we present two approximation algo-
rithms for the Minimum Rectangle Vertex Cover problem. For a pair of
rectangles R1 and R2 in our input set of rectangles R, we say that R1 and
R2 cross if they intersect, but neither rectangle contains a corner of the other
rectangle. This is equivalent to requiring that R1 \ R2 is connected for every
R1, R2 ∈ R. (We assume w.l.o.g. that the rectangles are in general position.)
We say that R is non-crossing if there is no pair of crossing rectangles in R.
Our first algorithm is an EPTAS for Minimum Rectangle Vertex Cover in
non-crossing rectangle families:

Theorem 1. Given any ε > 0, Minimum Rectangle Vertex Cover in non-
crossing rectangle families can be approximated within (1+ε) in 2poly(1/ε)·poly(n)
time.

We mention that Minimum Rectangle Vertex Cover in non-crossing rect-
angle families is NP-hard according to [28]. Theorem 1 generalizes the PTAS
result of Agarwal et al. [23] and Chan [32] for squares and equal height rectan-
gles, and it also handles several families of rectangles which cannot be handled by
the PTAS of Erlebach et al. [33]. In terms of time complexity, our algorithm dra-
matically improves on all these algorithms, and also on the algorithm of Chan
and Har-Peled [31], since all there algorithms have running-times of the form
npoly(1/ε). Furthermore, our algorithm easily extends to intersection graphs of
pseudo-disks, which is the class of graphs considered in [31].

The novelty behind the algorithm in Theorem 1 lies in its usage of the ar-
rangement graph [46] of the input set of rectangles R. This graph is defined by
considering all intersection points occurring on boundary of rectangles as ver-
tices, and the boundary curves connecting them as edges. By its definition, the
arrangement graph of a rectangle family is planar and 4-regular, and thus has
a very convenient structure. However, there is no immediate way to translate
approximate vertex-covers in the arrangement graph AR of R, to vertex covers
in the corresponding rectangle graph GR. Nevertheless, we show that we can
translate tree-decompositions in AR to tree-decompositions in GR of roughly
the same width, and this allows with some technical effort to simulate Baker’s
algorithm [20]. We believe that the arrangement graph can be a useful tool in
other intersection-graph problems.

The second algorithm we present in this paper applies to general rectangle
families and can handle also weights. This algorithm exploits the observation
that the rectangles of a triangle-free rectangle graph can be partitioned into two
classes, where no pair of rectangles cross in each class. This, in combination with
Theorem 1 and the fact that we can clean all triangles from our input graph at
cost of a 1.5 factor to the approximation guarantee, gives us Theorem 2 below
for the unweighted case. For the weighted case, we use the additional observation
that triangle-free non-crossing rectangle graphs are planar, and so we can use
Baker’s algorithm [20] directly.

Theorem 2. Given any ε > 0, Minimum Rectangle Vertex Cover can be
approximated within a factor of 1.5 + ε in 2poly(1/ε) · poly(n) time.
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Fig. 1. Possible intersections between two rectangles R1 and R2

Overview. The remainder of the paper is organized as follows. Section 2 con-
tains notation and terminology and a short explanation about the Nemhauser-
Trotter reduction [10]. Our EPTAS for Minimum Rectangle Vertex Cover
in non-crossing rectangle families is given in Section 3, and our (1.5 + ε)-
approximation algorithm for Minimum Rectangle Vertex Cover is given
in Section 4. Several proofs are omitted due to space limitations.

2 Preliminaries

We denote our input set of axis-parallel rectangles in the plane by R =
{R1, . . . , Rn}. We assume that each rectangle R is specified by two intervals
R = (X, Y ), where X is the projection of R on the x-axis, and Y is the pro-
jection of R on the y-axis. We assume w.l.o.g. that R is in general position,
i.e. that all intervals in the specification of R have different endpoints. The
boundary of a rectangle R is the set of all points with minimum and maximum
x-coordinate values, and minimum and maximum y-coordinate values. Two rect-
angles R1 = (X1, Y1) and R2 = (X2, Y2) intersect, denoted R1 ∩ R2 �= ∅, if they
share a common point, i.e. if X1∩X2 �= ∅ and Y1∩Y2 �= ∅. Two non-intersecting
rectangles are said to be disjoint. There are three possible types of intersections
between two rectangles R1 and R2:

1. Containment intersection: R1 contains R2. In this case R1 contains all cor-
ners of R2, and the boundaries of R1 and R2 do not intersect (Fig. 1a).

2. Corner intersection: R1 contains one or two corners of R2. In this case the
boundaries of R1 and R2 intersect exactly twice (Fig. 1b).

3. Crossing intersection: the intersection of R1 and R2 does not involve any cor-
ners. In this case, the boundaries of R1 and R2 intersect four times (Fig. 1c).

Given a graph G, we use V (G) and E(G) to denote its vertex set and edge
set, respectively. For a given vertex-subset V ⊆ V (G), we let G[V ] denote the
subgraph of G induced by V , i.e. the subgraph with vertex-set V and edge-set
{{u, v} ∈ E(G) : u, v ∈ V }. We write G − V to denote the induced subgraph
G[V (G) \ V ]. We will also be considering vertex-weighted graphs, i.e. graphs G
equipped with a weight-function w : V (G) → Q. A vertex cover of G is a subset
of vertices C ⊆ V (G) such that {u, v} ∩ C �= ∅ for any edge {u, v} ∈ E(G). For
a non-negative real α ∈ R

≥0, an α-approximate vertex cover of G is a vertex
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cover C with |C| ≤ α · opt (or w(C) ≤ α · opt in the weighted case), where
opt is the size (weight) of a minimum vertex cover of G. The intersection graph
GR corresponding to our input set of rectangles R is the graph with vertex-set
V (GR) = R, and edge-set E(GR) = {{R1, R2} : R1 ∩ R2 �= ∅}.

We will be using an important tool due to Nemhauser and Trotter [10] that
allows us to focus on graphs whose entire vertex-set already constitutes a good
approximate vertex-cover:

Theorem 3 (Nemhauser&Trotter [10]). There is a polynomial-time algo-
rithm that given a vertex-weighted graph G, computes a vertex set V ⊆ V (G) such
that: (i) V is a 2-approximate vertex-cover of G[V ], and (ii) any α-approximate
vertex cover of G[V ] can be converted in polynomial-time to an α-approximate
vertex cover of G.

Finally, we will be using the notion of treewidth and tree-decomposition of
graphs, introduced in the form below by Robertson and Seymour [47].

Definition 1 (Treewidth [47]). A tree decomposition of a graph G is a pair
(T ,X ), where X ⊆ 2V (G) is a family of vertex subsets of G, and T is a tree
over X , satisfying the following conditions: (i)

⋃
X∈X G[X ] = G, and (ii) Xv =

{X ∈ X : v ∈ X} is connected in T for all v ∈ V (G). The width of T is
maxX∈X |X | − 1. The treewidth of G, denoted tw(G), is the minimum width
over all tree decompositions of G.

3 An EPTAS for Non-crossing Rectangle Graphs

In this section we present an EPTAS for Minimum Rectangle Vertex Cover
in unweighted non-crossing rectangle families. This algorithm extends to inter-
section graphs of pseudo-disks.

Let R denote our input set of unweighted non-crossing rectangles. The first
step of our algorithm is to clean R from containment intersections and pairwise
intersecting subsets of size greater than some constant q ≥ 2 to be chosen later.
This can be done using standard techniques, and allows us to gain substantial
structure at a small cost to the approximation factor of our algorithm.

Lemma 1. Suppose that Minimum Rectangle Vertex Cover in corner-
intersecting rectangle families with no q + 1 pairwise intersecting rectangles can
be approximated within a factor of α. Then Minimum Rectangle Vertex
Cover in non-crossing rectangle families can be approximated within a factor
of max{α, 1 + 1/q} in polynomial-time.

Due to Lemma 1, we can henceforth assume that R contains only corner inter-
sections, and that the maximum clique in GR is of size at most q. We also apply
the Nemhauser&Trotter algorithm (Theorem 3) on GR after applying Lemma 1,
and so we assume that R is a 2-approximate vertex cover of GR.

The main idea of algorithm is as follows. We will construct the so-called
arrangement graph AR of R which is build by considering all intersection points
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(a) Rectangle Set. (b) The joints. (c) Resulting arrangement graph.

Fig. 2. A set R of corner intersecting rectangles and its arrangement graph AR

occurring on boundaries of rectangles as vertices, and the boundary curves con-
necting them as edges. By this construction, AR is a planar graph, and as such,
it has very specific structure. The most tempting approach is to use Baker’s EP-
TAS for Minimum Vertex Cover in planar graphs on AR, and to convert the
(1 + ε)-approximate vertex-cover of AR to a (1 + ε′)-approximate vertex-cover
of GR. Unfortunately, this attempt fails, since the natural transformation from
vertices of AR to rectangles of GR produces the entire set of rectangles R on any
vertex-cover of AR. We therefore take an alternative route. The basic idea is to
mimic Baker’s algorithm by using the observation that tree-decompositions of
AR correspond to tree-decompositions of GR of roughly the same width. Thus,
instead of applying Baker’s algorithm on AR as a black-box, we can simulate its
steps directly on GR. Using then an extension of Baker’s analysis, we can show
that this approach indeed gives us our the desired (1 + ε) approximation factor.

3.1 The Arrangement Graph

In this section we present several properties of arrangement graphs [46] of rect-
angle families. An intersection of two rectangle boundaries is called a joint. The
arrangement graph AR of a rectangle family R is the multi-graph that is defined
as follows: The vertex set of AR is the set of joints. The edge set of AR consists
of the rectangle boundary fragments, namely {u, v} is an edge in AR if and only
if u and v are two joints located on the boundary of some rectangle such that
no other joint is located on the boundary between them. It is not difficult to see
that the arrangement graph defined as above is in fact planar and 4-regular (see
example in Fig. 2).

For a given subset of joints J ⊆ V (AR), the set of rectangles that is induced
by J is defined by R(J) = {R ∈ R : ∃j ∈ J s.t. j is on the boundary of R}.
The following lemma is immediate from the fact that R is in general position.

Lemma 2. |R(J)| ≤ 2|J | for any set of joints J ⊆ V (AR).

The following lemma states that the number of joints is AR is linear in |R|.
Lemma 3. |V (AR)| ≤ 4q · |R|.

3.2 Baker’s Algorithm

Our algorithm for Minimum Rectangle Vertex Cover in non-crossing
rectangle families simulates Baker’s classical algorithm for Minimum Vertex
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Cover in planar graphs [20] on the arrangement graph AR of R. The main
idea behind Baker’s approach is the observation that given a planar graph G
and any positive integer k, one can partition the vertex-set of G into k classes
such that deleting each the vertices in class results in subgraph of treewidth at
most 3k (see Lemma 4 below). Combining this observation along with the well-
known algorithm for Minimum Vertex Cover in bounded treewidth graphs
(see e.g. [48]), gives an EPTAS for Minimum Vertex Cover in planar graphs.

Lemma 4 (Baker [20]). Given a planar graph G and an integer k, one can
partition in polynomial-time V (G) into k subsets V1, . . . , Vk such that tw(G −
Vi) ≤ 3k for all i, 1 ≤ i ≤ k.

In order to properly simulate Baker’s approach onMinimumRectangleVertex
Cover wewill needa slightlymore general framework. Inparticular, ouralgorithm
will not necessarily produce a partition of the vertex-set ofGR. Also, our algorithm
will produce vertex-sets whose deletion results in a subgraph of GR with treewidth
slightlymore than 3k. Nevertheless, it is not difficult to show that a slight relaxation
of these two requirements does not alter Baker’s analysis too much:

Lemma 5. Let G be a graph with n vertices, and let c1 and c2 be two fixed
positive integers. Suppose that there is a polynomial-time algorithm that, given
G and a positive integer k, produces vertex-sets U1, . . . , Uk with the following
properties: (1)

⋃
i Ui = V (G); (2)

∑
i |Ui| ≤ c1 · n; and (3) tw(G − Ui) ≤ c2 · k

for every i. Then one can compute a vertex cover of G within a factor of (1 + ε)
in 2poly(1/ε) · poly(n) time, for any given ε > 0.

3.3 Our Algorithm

We are now in position to describe our EPTAS. The key lemma we need is
Lemma 6 below that allows us to convert tree-decompositions of AR to a tree-
decompositions of GR of approximately the same width.

Lemma 6. tw(GR) ≤ 2 · tw(AR) + 1.

Proof. Let (T ,X ) is a tree-decomposition of AR whose width it tw(AR). Now
let X ′ = {R(X) : X ∈ X}, and let T ′ be a tree over X ′ with an edge
{R(X1),R(X2)} for every edge {X1, X2} in T . We show that (T ′,X ′) is a tree-
decomposition of GR, namely that (T ′,X ′) satisfies all requirements of Defini-
tion 1. First, observe that any rectangle has at least two corresponding joints
since we assume there are no isolated rectangles in R. Furthermore, if two rect-
angles intersect, then there is a joint j ∈ V (AR) that corresponds to both these
rectangles. Hence, for every edge {R1, R2} ∈ E(GR), there is at least one node
in X ′ which contains both R1 and R2. Thus,

⋃
X∈X ′ GR[X ] = GR.

Now suppose there is some rectangle R which is contained in two nodes R(X1)
and R(X2) of T ′. Then R has two joints j1 and j2 with j1 ∈ X1 and j2 ∈ X2. By
construction, there is a path j1, i1, . . . , ir, j2 connecting j1 to j2 in AR, where
i1, . . . , ir are all joints of R. Since (T ,X ) is a proper tree decomposition of AR, it
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follows that there is a path X1, Y1, . . . , Yr′ , X2 connecting X1 and X2 in T , with
Yi ∩ {j1, i1, . . . , ir, j2} �= ∅ for each i, 1 ≤ i ≤ s. Thus, each node in the path
R(X1),R(Y1), . . . ,R(Ys),R(X2) connecting R(X1) and R(X2) in T ′ contains
R, and since R, R(X1), and R(X2) were chosen arbitrarily, this shows that for
each R ∈ R: {R(X) ∈ X ′ : R ∈ X} is connected in T ′. Thus, both requirements
of Definition 1 are fulfilled by (T ′,X ′).

Finally, observe that due to Lemma 2, maxX′∈X ′ |X ′| ≤ 2 maxX∈X |X |. It
follows that the width of (T ′,X ′) is at most 2tw(AR) + 1, and we are done. ��

Our algorithm consists of the following steps:

1. Set q = 
1/ε� and k = 
8q/ε� =
⌈
8/ε2

⌉
.

2. Apply Lemma 1 so that R does not have any containment intersections and
no pairwise intersecting subsets of rectangles of size greater than q.

3. Apply the Nemhauser&Trotter Theorem on GR, and let R′ ⊆ R denote the
resulting subset of rectangles.

4. Construct the arrangement graph AR′ corresponding to R′, and partition
AR′ into k subsets V1, . . . , Vk using Lemma 4.

5. Use Lemma 5 on GR′ with Ui = R′(Vi), for every i.

Observe that the arrangement graph of R′ \Ui is a subgraph of AR′ −Vi. Hence,
according to Lemmas 2, 3 and 6 above, U1, . . . , Uk satisfy the three conditions of
Lemma 5. Thus the above algorithm outputs a (1+ ε)-approximate vertex-cover
of GR in 2poly(1/ε) · poly(n) time. This proves Theorem 1.

Finally, we mention that our EPTAS can be modified to deal with intersection
graphs of pseudo-disks. Specifically, in Step 2, instead of removing cliques, we
remove point cliques, namely subsets of pseudo-disks Q such that

⋂
R∈Q R �= ∅.

This is sufficient, since the number of joints in the arrangement graph AD of a
set D of pseudo-disks, where no point is contained in more than q pseudo-disks,
is O(q · |D|) [49].

4 General Rectangle Graphs

In this section we present an algorithm for Minimum Rectangle Vertex
Cover in general rectangle families. Our algorithm achieves an approximation
factor of 1.5 + ε, for any given ε > 0, in time 2poly(1/ε) · poly(n), and works also
for the weighted variant of the problem.

We begin with the unweighted case, and with the following lemma which relies
on an observation already made by Lewin-Eytan et al. [26]. A rectangle family
is said to be triangle-free if there are no three pairwise intersecting rectangles in
the family.

Lemma 7. Any triangle-free rectangle family can be partitioned into two non-
crossing subsets in polynomial time.

Observe that Lemma 7 is already enough, along with the results in Section 3, to
obtain our desired 1.5 + ε approximation factor. The algorithm proceeds in the
following six steps, given a rectangle family R and ε > 0:
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1. Apply Lemma 1 to obtain a triangle-free rectangle family R′ ⊆ R.
2. Apply the Nemhauser&Trotter algorithm to obtain a subset R′′ ⊆ R′ which

is a 2-approximate vertex-cover of GR′′ .
3. Use Lemma 7 to obtain a partitioning {R1,R2} of R′′, where both R1 and

R2 are non-crossing.
4. Compute an ε-approximate vertex-cover C1 of GR1 and an ε-approximate

vertex-cover C2 of GR2 using the EPTAS of Section 3.
5. Use the best of the two vertex-covers R1 ∪ C2 and R2 ∪ C1 for GR′′ , along

with the Nemhauser&Trotter Theorem to compute a vertex-cover of GR′ .
6. Add the removed rectangles as required by Lemma 1 to obtain a vertex-cover

for GR.

The fact that this algorithm outputs a vertex-cover which is a factor of 1.5 + ε
off the optimum follows from a similar analysis used in Lemma 5. Clearly, both
R1 ∪ C2 and R2 ∪ C1 are vertex covers for GR′′ . Furthermore, letting opt,
opt1, and opt2 denote the size of the minimum vertex-covers of GR′′ , GR1 ,
and GR2 respectively, we get: |R1 ∪C2|+ |R2 ∪C1| ≤ |R|+ (1 + ε)opt1 + (1 +
ε)opt2 ≤ 2opt+ (1 + ε)opt = (3 + ε)opt. Thus, the minimum of both R1 ∪C2

and R2 ∪ C1 gives a (1.5 + ε)-approximate vertex-cover for GR′′ . Applying the
Nemhauser&Trotter Theorem along with Lemma 1 shows that the algorithm
above outputs a (1.5 + ε)-approximate vertex-cover for GR.

For the weighted variant of the problem, we observe that all steps of the
algorithm above, apart from Step 4, can be applied also in the weighted case.
For the first step we use a weighted version of Lemma 1, which can be obtained
by a standard application of the local-ratio technique [11] (see e.g. [45]). All
other steps have immediate weighted counterparts. To replace Step 4, we use
the following observation that the intersection graph of any triangle-free non-
crossing rectangle family is planar:

Lemma 8. If R is triangle-free and non-crossing, then GR is planar.

Thus, according to Lemma 8 above, we can apply Baker’s algorithm for Min-
imum Vertex Cover in planar graphs instead of our EPTAS in step 4 of
the algorithm above. Indeed, Baker’s algorithm can also handle weights. Thus,
by the same analysis given above, we get a 1.5 + ε for the weighted variant of
Minimum Rectangle Vertex Cover. We mention also that Lemma 8 above
can also be used to obtain a 1.5-approximation algorithm for the weighted variant
of Minimum Rectangle Vertex Cover in non-crossing rectangle families.
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44. Bar-Yehuda, R., Halldórsson, M.M., Naor, J., Shachnai, H., Shapira, I.: Scheduling
split intervals. SIAM J. Comput. 36(1), 1–15 (2006)

45. Butman, A., Hermelin, D., Lewenstein, M., Rawitz, D.: Optimization problems in
multiple-interval graphs. In: 18th annual ACM-SIAM SODA, pp. 268–277 (2007)

46. Agarwal, P.K., Sharir, M.: Arrangements and their applications. In: Handbook of
Computational Geometry, pp. 49–119 (1998)

47. Robertson, N., Seymour, P.D.: Graph minors. II. Algorithmic aspects of tree-width.
J. Algorithm 7, 309–322 (1986)

48. Niedermeier, R.: Invitation to Fixed-Parameter Algorithms. Oxford University
Press, Oxford (2006)

49. Sharir, M., Agarwal, P.K.: Davenport-Schinzel Sequences and Their Geometric
Applications. Cambridge University Press, Cambridge (1995)


	Minimum Vertex Cover in Rectangle Graphs
	Introduction
	Preliminaries
	An EPTAS for Non-crossing Rectangle Graphs
	The Arrangement Graph
	Baker's Algorithm
	Our Algorithm

	General Rectangle Graphs
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




