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Abstract. We prove that any planar graph on n vertices has less than
O(5.2852n) spanning trees. Under the restriction that the planar graph is
3-connected and contains no triangle and no quadrilateral the number of
its spanning trees is less than O(2.7156n). As a consequence of the latter
the grid size needed to realize a 3d polytope with integer coordinates
can be bounded by O(147.7n). Our observations imply improved upper
bounds for related quantities: the number of cycle-free graphs in a planar
graph is bounded by O(6.4884n), the number of plane spanning trees on
a set of n points in the plane is bounded by O(158.6n), and the number
of plane cycle-free graphs on a set of n points in the plane is bounded
by O(194.7n).

1 Introduction

The number of spanning trees of a connected graph, also considered as the
complexity of the graph, is an important graph invariant. Its importance largely
stems from Kirchhoff’s seminal matrix tree theorem: The number of spanning
trees equals the absolute value of any cofactor of the Laplacian matrix of the
graph. Furthermore, this number is the order of the Jacobian group of the graph,
also known as critical group, or as sandpile model in theoretical physics [2,3].
This group can be represented as a chip firing game on the graph; in this context
the number of spanning trees counts the number of the stable and recurrent
configurations [4].

Our motivation to study the number of spanning trees of planar graphs comes
from an application of Kirchhoff’s matrix tree theorem. Instead of computing
the number of spanning trees with Kirchhoff’s theorem one can use bounds on
the number of spanning trees to obtain bounds for the cofactors of the Laplacian
matrix. These cofactors appear in various settings. For example, Tutte’s famous
spring embedding is computed by solving a linear system that is based on the
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Laplacian matrix [19,20]. As a consequence of Cramer’s rule the cofactor of
the Laplacian matrix is the denominator of all coordinates in the embedding.
Therefore, by multiplying with the number of spanning trees, we can scale to
an integer embedding. This idea finds applications in the grid embedding of 3d
polytopes [13,14]. Before we describe this application in more detail, we introduce
some notation.

Let Gn be the set of all planar graphs with n vertices. For a graph G ∈ Gn

we denote the number of its (labeled) spanning trees with t(G). For every Gn let
T (n) be the maximal number of spanning trees a graph in this class can have,
that is T (n) = maxG∈Gn{t(G)}. We study the growth rate of the function T (n).
Since it seems intractable to obtain an exact formula for T (n), we aim at finding
a value α such that T (n) ≤ αn for n large enough. Notice that the graph that
realizes the maximum T (n) has to be a triangulation. Hence, it suffices to look
at the subclass of all planar triangulations with n vertices instead of considering
all graphs in Gn.

Furthermore, we are interested in the maximal number of spanning trees for
planar graphs with special facial structure. In particular, we want to bound

T4(n)= max
G∈Gn

{t(G)|G is 3-connected and contains no triangle},
T5(n)= max

G∈Gn

{t(G)|G is 3-connected and contains no triangle or quadrilateral}.

Notice that if a graph is planar and 3-connected its facial structure is uniquely
determined [21]. Let αn

4 be an upper bound on T4(n) and αn
5 be an upper bound

on T5(n). We refer to the problem of bounding α as the general problem, and to
the problems of bounding α4 and α5 as restricted problems.

For embedding 3d polytopes the necessary grid size (ignoring polynomial fac-
tors) can be expressed in terms of α, α4 and α5. In this scenario we are dealing
with 3-connected planar graphs since G is the graph of a 3d polytope [17]. If the
graph G contains a triangle the grid size is in O(α2n), if G contains a quadri-
lateral the grid size is in O(α4

3n). Due to Euler’s formula every (3-connected)
planar graph contains a pentagon – in this case the grid size in O(α5

5n). As a
consequence better bounds on α, α4 and α5 directly imply a better bound on
the grid size needed to realize a polytope with integer coordinates.

Richter-Gebert used a bound on T (n) to bound the size of the grid embedding
of a 3d polytope [14]. By applying Hadamard’s inequality he showed that the
cofactors of the Laplacian matrix of a planar graph are less than 6.5n. This
bound can by easily improved to 6n by noticing that the Laplacian matrix is
positive semi-definite, which allows the application of the stronger version of
Hadamard’s inequality [9, page 477]. Both bounds do not rely on the planarity
of G, but on the fact that the sum of the vertex degrees of G is below 6n. Ribó
and Rote improved Richter-Gebert’s analysis and showed that 5.0295n ≤ T (n) ≤
5.3̄n [12,15]. The lower bound is realized on a wrapped up triangular grid and
was obtained by the transfer-matrix method. For the upper bound they count
the number of the spanning trees on the dual graph. This number coincides with
the number of spanning trees in the original planar graph. Since the number
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of spanning trees is maximized by a triangulation, the dual graph is 3-regular.
Applying a result of McKay [11], which bounds the number of spanning trees
on k-regular graphs, yields the bound of 5.3̄n. Interestingly, this bound is not
directly related to the planarity of the graph. Therefore, Ribó and Rote tried
to improve the bound using the outgoing edge approach. The approach involves
choosing a partial orientation of the graph and estimating the probability of a
cycle. To handle dependencies between cycles, Ribó and Rote tried (1) selecting
an independent subset of cycles, and (2) using Suen’s inequality [18]. However,
they could only prove an upper bound of 5.5202n for T (n), and they showed
that their approach is not suitable to break the bound of 5.3̄n. For the restricted
problems they obtained the bounds T4(n) ≤ 3.529n and T5(n) ≤ 2.847n.

Bounds for the number of spanning trees of general graphs are often expressed
in terms of the vertex degree sequence of the graph. However, the main difficulty
in obtaining good values for α lies in the fact that we do not know the degree
sequence of the graph in advance. Therefore, these bounds are not directly ap-
plicable. If we would assume that almost every vertex degree is 6, which is true
for the best known lower bound example presented in [12], the bound of Grone
and Merris [8] gives an upper bound for T (n) of (n/(n − 1))n−16n−1/n, whose
asymptotic growth equals the growth rate obtained by Hadamard’s inequality.
To apply the more involved bound of Lyons [10] one has to know the proba-
bilities that a simple random walk returns to its start vertex after k steps (for
every start vertex). Even under the assumption that every vertex has degree
6, it is difficult to express the return probabilities in terms of k to obtain an
improvement over 6n.

Spanning trees are not the only interesting substructures that can be counted
in planar graphs. Aichholzer et al. [1] list the known upper bounds for other sub-
graphs contained in a triangulation: Hamiltonian cycles, cycles, perfect match-
ings, connected graphs and so on. The bounds for Hamiltonian cycles and cycles
have been recently improved [5].

Overview. In Section 2 we bound the number of spanning trees by the num-
ber of outdegree-one graphs, i.e., the number of directed graphs obtained by
picking for each vertex one outgoing edge. Cycle-free outdegree-one graphs corre-
spond to spanning trees. Therefore we next bound the probability that a random
outdegree-one graph has a cycle. For this we analyze the dependencies between
cycles. In contrast to Ribó and Rote who showed how to avoid the dependencies
in the analysis, we instead make use of the dependencies. Since our method might
also find application in analyzing similar dependency structures, we phrase our
probabilistic lemma in a more general setting in Section 2.1. More specifically,
we develop a framework to analyze a series of events for which dependent events
are mutually exclusive. In Section 2.2 we apply this framework to bound the
probability of the occurrence of a cycle. From this we derive in Sections 2.3
and 2.4 a linear program whose objective function bounds (the logarithm of)
the number of spanning trees. This linear program has infinitely many variables,
and we instead consider the dual program with infinitely many constraints.



On the Number of Spanning Trees a Planar Graph Can Have 113

Results. We improve the upper bounds for the number of spanning trees of
planar graphs by showing: α ≤ 5.2852, α4 ≤ 3.4162, and α5 ≤ 2.7156. As a
consequence the grid size needed to realize a 3d polytope with integer coordinates
can now be bounded by O(147.7n) instead of O(188n). For grid embeddings of
simplicial 3d polytopes our results yield a small improvement to O(27.94n) over
the old bound of O(28.4̄n).

The maximal number of cycle-free graphs in a triangulation is another inter-
esting quantity. Aichholzer et al. [1] obtained an upper bound of 6.75n for this
number. We show in this paper that the improved bound for T (n) yields an
improved upper bound of O(6.4948n).

Multiplying α with the number of maximal number of triangulations a point
set can have, gives an upper bound for the number of plane spanning trees
on a point set. Using 30n as an upper bound for the number of triangulations
of a point set (obtained by Sharir and Sheffer [16]) yields an upper bound of
O(158.6n) for the number of plane spanning trees on a point set. By the same con-
struction the number of plane cycle-free graphs can be improved to O(194.7n).
To our knowledge both bounds are the currently best known bounds.

2 Refined Outgoing Edge Approach

Our results are obtained by the outgoing edge approach and its refinements.
For this we consider each edge vw of G as a pair of directed arcs v → w and
w → v. Let v1 be a designated vertex of G, and let v2, . . . vn be the remaining
vertices. A directed graph is called outdegree-one, if v1 has no outgoing edge,
and every remaining vertex is incident to exactly one outgoing edge. A spanning
tree can be oriented as outdegree-one graphs by directing its edges towards v1.
This interpretation associates every spanning tree with exactly one outdegree-
one graph. As a consequence the number of outdegree-one graphs contained in
G exceeds t(G).

We can obtain all outdegree-one graphs by selecting for every vertex (except
v1) an edge as its outgoing edge. Let S be such a selection. We denote with di

the degree of the vertex vi. For every vertex vi we have di choices how to select
its outgoing edge. This gives us in total

∏n
i=2 di different outdegree-one graphs

in G. Due to Euler’s formula the average vertex degree is less than 6, and hence
we have less than 6n outdegree-one graphs of G by the geometric-arithmetic
mean inequality. Thus, the outgoing edge approach gives the same bound as the
strong Hadamard inequality by a very simple argument.

Outdegree-one graphs without cycles are exactly the (oriented) spanning trees
of G. To improve the bound of 6n we try to remove all graphs with cycles from
our counting scheme. Let us now consider a random selection S that picks the
outgoing edge for every vertex uniformly at random. This implies that also the
selected outdegree-one graph will be picked uniformly at random. Let Pnc be the
probability that the random graph selected by S contains no cycle. The exact
number of spanning trees for any (not necessary planar) graph G is given by
t(G) = (

∏n
i=2 di) Pnc.
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2.1 The Dependencies of Cycles in a Random Outdegree-One
Graph

Assume that the t cycles contained in G are enumerated in some order. Notice
that in an outdegree-one graph every cycle has to be directed. We consider the
two orientations of a cycle with more than two vertices as one cycle. Let Ci be
the event that the i-th cycle occurs and let Cc

i be the event that the i-th cycle
does not occur in a random outdegree-one graph. For events Ci, Cj we denote
that they are dependent by Ci ↔ Cj and that they are independent by Ci �↔ Cj .
We say that cycles are dependent (independent) if the corresponding events are
dependent (independent).

Two cycles are independent if and only if they do not share a vertex. In turn,
cycles that share a vertex are not only dependent but mutually exclusive, i.e.,
they cannot occur both in an outdegree-one graph, since this would result in a
vertex with two outgoing edges. This gives us the following two properties of
the events Ci. We say events E1, . . . , El have mutually exclusive dependencies if
Ei ↔ Ej implies Pr[Ei ∩ Ej ] = 0. We say that events E1, . . . , El have union-
closed independencies if Ei �↔ Ei1 , . . . , Ei �↔ Eik

implies Ei �↔ (Ei1 ∪ . . .∪Eik
).

It is easy to see that the events Ci have mutually exclusive dependencies and
union-closed independencies.

Lemma 1. If events E1, . . . , El have mutually exclusive dependencies and union-
closed independencies then for 1 < k < l

Pr[
l⋂

j=k

Ec
j |

k−1⋂

i=1

Ec
i ] ≤

l∏

j=k

⎛

⎜
⎜
⎜
⎜
⎝

1 − Pr[Ej ]
∏

1≤i<k:
Ei↔Ej

Pr[Ec
i ]
√ ∏

k≤i≤l:
Ei↔Ej

Pr[Ec
i ]

⎞

⎟
⎟
⎟
⎟
⎠

.

The proof of the lemma can be found in the full version of the paper.

2.2 Bounding the Probability of the Appearance of Cycles

Before estimating the probability Pnc in terms of the vertex degrees, we intro-
duce some notation. A cycle of length k is called a k-cycle. The k-extension of
a cycle is the union of a cycle with all its dependent k-cycles. We say that the
degree of a cycle is the ordered sequence of the degrees of its vertices. Let Cabc a
3 cycle spanned by va, vb, vc, and let the degree of Cabc be (da, db, dc) = (i, j, k).
We denote the degrees of the vertices adjacent to va that are not part of Cabc by
the sequence A. In the same fashion we denote the degrees of the vertices around
vb by B and the around vc by C. The ordering in A, B, C respects the counter
clockwise ordering of the vertices around va, vb, vc in a planar embedding. Since
G is planar and 3-connected the ordering of the sequences is uniquely determined
up to a global reflection [21]. Notice that a vertex might occur in two different
sequences. We call the tuple (i, j, k, A, B, C), the signature of the 2-extension
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i = 5

j = 6

a1 = b5

a2

a3

a4

b1

b2

b3b4

i = 5

j = 6

a1 = c5

a2

a3 = b1

b2

b3

k = 7b4 = c1

c2 c3 c4

(5, 6, (a1, . . . a4), (b1, . . . b5)) (5, 6, 7, (a1, . . . a3), (b1, . . . b4), (c1, . . . c5))

Fig. 1. Convention for naming the signatures of 2-extensions of 2-cycles (on the left)
and 3-cycles (on the right)

of Cabc. Similarly, we define the signature of a 2-extension of a 2-cycle Cab by
the tuple (i, j, A, B). The naming convention is depicted in Figure 1.

We can express Pnc as Pr[
⋂t

j=1 Cc
i ]. Our goal is to apply Lemma 1 to bound

this probability. As a first step we discuss how to express the number of spanning
trees t(G) in the case that the different signatures of G are known. Instead of
t(G) we bound its logarithm, i.e.,

log t(G) =
n∑

i=2

log di + log Pr[
t⋂

j=1

Cc
i ]. (1)

The probability that an event Ci occurs can be expressed in terms of vertex
degrees. In particular,

Pr[Ci] = 1/(dadb) the i-th cycle is a 2-cycle on the vertices vavb,
Pr[Cj ] = 2/

∏
a : va∈Z da the j-th cycle is at least a 3-cycle on the set Z.

The way we proceed depends on whether we are addressing the general prob-
lem (i.e., we want to bound α) or one of the restricted problems (i.e., we want
to bound α4 or α5). In the latter case we limit our analysis to 2-cycles only. In
the general case we consider all cycles of length 2 and cycles of length 3 that are
triangles in G.

We start with the general problem. Assume that all cycles C are enumerated
such that the first t3 cycles are the triangles in G, and the last t2 cycles are the
2-cycles of G. In total we consider t := t2 + t3 cycles. All remaining cycles are
ignored. Discarding the larger cycles gives an upper bound on Pnc and is there-
fore applicable. We apply Lemma 1 with k = 1 and l = t3 to bound Pr[

⋂t3
j=1 Cc

j ],
which is the probability that no 3-cycle occurs. To take also the 2-cycles into
account we consider the probability that no 2-cycle occurs under the condition
that no triangle occurred as 3-cycle, which is Pr[

⋂t
j=t3+1 Cc

j |
⋂t3

j=1 Cc
j ]. Notice
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that this probability has the form stated in Lemma 1 for l = t and k = t3 + 1.
Thus, we can bound log Pr[

⋂t
j=1 Cc

j ] from above by

t3∑

j=1

log

(

1− Pr[Cj ]√ ∏

1≤i≤t3:
Ci↔Cj

Pr[Cc
i ]

)

+
t∑

j=t3+1

log

(

1− Pr[Cj ]
∏

1≤i<t3+1:
Ci↔Cj

Pr[Cc
i ]
√ ∏

t3<i≤t:
Ci↔Cj

Pr[Cc
i ]

)

.

(2)
Equation (2) is a sum over cycles. Each summand in this sum depends only on the
signature of the 2-extension of such cycle. Hence, we can group the summands in
(2) with identical signatures. We denote the number of 2-extensions of 2-cycles
with signature (i, j, A, B) by the variable fij(A, B). Similarly, the number of 2-
extensions of 3-cycles with signature (i, j, k, A, B, C) is denoted by fijk(A, B, C).
In order to simplify matters, we refer to fij(A, B) and fijk(A, B, C) simply as
fij and fijk, or as f variables.

For better readability we introduce the following notations (X is used as a
placeholder for A, B, or C, and x as a placeholder for a, b, or c):

P2(r, X) :=
∏

1≤p≤r−1

(

1 − 1
rxp

)

, P3(r, X) :=
∏

1≤p≤r−2

(

1 − 2
rxpxp+1

)

,

Pij(A, B) := 1 − 1

ijP3(i, A)P3(j, B)
(
1 − 2

ija1

)(
1 − 2

ijb1

)√
P2(i, A)P2(j, B)

,

Pijk(A, B, C) := 1− 2

ijk

√

P3(i, A)P3(j, B)P3(k, C)
(
1− 2

ika1

)(
1− 2

ijb1

)(
1− 2

jkc1

) .

We rephrase (2) as

log Pr[
t⋂

j=1

Cc
j ] ≤

∑

i,j,k,A,B,C

fijk(A, B, C) log Pijk(A, B, C) +
∑

i,j,A,B

fij(A, B) log Pij(A, B).

(3)

The sums in the last expression (and following similar sums) range over all
feasible signatures. Let us now consider the restricted problems. Both restricted
problems are easier to analyze than the general problem, since we consider only
2-cycles. To bound Pr[

⋂t2
j=1 Cc

j ] we apply Lemma 1 with k = 1 and l = t2.
Following the presentation of the general problem we define

P̂ij(A, B) := 1 − 1
ij
√

P2(i, A)P2(j, B)
,

and obtain for the restricted problems

log Pr[
t2⋂

j=1

Cc
j ] ≤

∑

i,j,A,B

fij(A, B) log P̂ij(A, B). (4)
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2.3 A Charging Scheme for the Vertex Degrees

If we insert the bounds (3) or (4) into equation (1) we obtain an upper bound for
t(G) in terms of the signatures of G. However, we would like to express the first
part of equation (1), which is D :=

∑n
i=1 log di, also in terms of the f variables.

For convenience we include log d1 in the sum for D, which is applicable since we
are looking for an upper bound.

Let us first discuss the general problem. We split D into four parts: Di := μiD
for i = 1, . . . , 4, with

∑4
i=1 μi = 1. The parameters μi will be fixed later. We

express D1 and D2 by the fij variables and D3 and D4 by the fijk variables.
Every vertex va contributes μ1 log da to D1. On the other hand, every vertex va

is part of da 2-cycles. We charge the total amount of μ1 log da uniformly to these
2-cycles. Thus, every 2-cycle incident to va gets μ1 log da/da from va. In a similar
fashion we charge D2 to the 2-extension of 2-cycles. Let vavb be an edge in G and
let vr �= vb be a vertex adjacent to va. Distributing μ2 log dr uniformly, assigns
every 2-extension with “endpoint” vr the fraction of μ2 log dr/(dr(da − 1)) from
vr. For D3 and D4 we argue analogously. We can therefore express D by

D1 =μ1

∑

i,j,A,B

fij(A, B)
( log i

i
+

log j

j

)
,

D2 =μ2

∑

i,j,A,B

fij(A, B)
( ∑

ar∈A

log ar

ar(i − 1)
+
∑

br∈B

log br

br(j − 1)

)
,

D3 =μ3

∑

i,j,k,A,B,C

fijk(A, B, C)
( log i

i
+

log j

j
+

log k

k

)
,

D4 =μ4

∑

i,j,k,A,B,C

fijk(A, B, C)
( ∑

ar∈A

log ar

ar(i − 1)
+
∑

br∈B

log br

br(j − 1)
+
∑

cr∈C

log cr

cr(k − 1)

)
.

(5)

We can now express log Pnc as sum over all signatures. This sum can be subdi-
vided into one part that contains the fij variables and one part that contains
the fijk variables. The part that considers the 2-cycles is given by

D1 + D2 +
∑

i,j,A,B

fij(A, B) log Pij(A, B), (G2)

and the part that considers the 3-cycles is given by

D3 + D4 +
∑

i,j,k,A,B,C

fijk(A, B, C) log Pijk(A, B, C). (G3)

For the restricted problems we only have 2-cycles. Using bound (4) and setting
μ3 = μ4 = 0, we can bound the number of spanning trees by

D1 + D2 +
∑

i,j,A,B

fij(A, B) log P̂ij(A, B). (R2)
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2.4 Finding Constraints

In this section we construct necessary conditions for the f variables that have
to hold for planar graphs with n vertices. We reuse the ideas from the charging
scheme in Section 2.3. Instead of giving every vertex log di to distribute, we
assign to every vertex an amount of 1. This gives us a total of n units. Following
the construction of the equations of (5) we obtain

∑

i,j,A,B

fij(A, B)
(1

i
+

1
j

)
= n, (A2)

∑

i,j,k,A,B,C

fijk(A, B, C)
(1

i
+

1
j

+
1
k

)
= n, (A3)

∑

i,j,A,B

fij(A, B)
( ∑

ar∈A

1
ar(i − 1)

+
∑

br∈B

1
br(j − 1)

)
= n, (B2)

∑

i,j,k,A,B,C

fijk(A, B, C)
(∑

ar∈A

1
ar(i − 1)

+
∑

br∈B

1
br(j − 1)

+
∑

cr∈C

1
cr(k − 1)

)
= n. (B3)

Another set of constraints is given by the number of 2-cycles and 3-cycles a
planar graph can have, which is related to the number of edges and faces of
G. Every 2-cycle is counted by some fij variable, hence the sum over all fij

equals the number of edges, which we name m. Since we consider only 3-cycles
of triangles, the sum of the fijk variables equals the number of triangles, which
for a planar graph is at most 2n. We obtain

∑

i,j,A,B

fij(A, B) ≤ m, (C2)

∑

i,j,k,A,B,C

fijk(A, B, C) ≤ 2n. (C3)

For the general case we have m ≤ 3n, for the restricted case where quadrilaterals
are allowed we have m ≤ 2n, and for the remaining case we have m ≤ 5n/3. All
these bounds can be obtained by a simple double counting argument using Eu-
ler’s formula. As trivial condition we restrict the f variables to be non-negative.

The constraints so far might be fulfilled by a signatures that does not come
from a planar graph. In particular, the degree sequence of the graph induced by
the cycles might be unrelated to the degree sequence of the graph induced by
the 2-extensions. To overcome this ambiguity we consider the number of edges
with vertex degree i at one vertex and degree j at the other. Let this number be
nij . Clearly, we have that nij =

∑
A,B fij(A, B), where the sum ranges about all

feasible sequences A, B. On the other hand, nij can be counted by its appearances
in the 2-extensions of 2-cycles. Every edge with degree (i, j) will show up in
(i−1)+(j−1) 2-extensions. Let χi(X) denote the number of appearances of i in
the sequence X . We can express ((i−1)+(j−1))nij as

∑
k,A,B fik(A, B)χj(A)+∑

k,A,B fkj(A, B)χi(B). This leads us to a new constraint of the form
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(i + j − 2)
∑

A,B

fij(A, B) =
∑

k,A,B

fik(A, B)χj(A) +
∑

k,A,B

fkj(A, B)χi(B). (Eij)

In the case where the smallest face of the graph is a pentagon, we were able
to improve the solution of the linear program by adding the constraint (E33).
Other constraints of the form (Eij) gave no improvement.

The solutions for the linear programs are included in the full version of this
paper. We conclude with the main theorem.

Theorem 1. Let G be a planar graph with n vertices. The number of spanning
trees of G is at most O(5.28515n). If G is 3-connected and contains no triangle,
then the number of its spanning trees is bounded by O(3.41619n). If G is 3-
connected and contains no triangle and no quadrilateral, then the number of its
spanning trees is bounded by O(2.71567n).

3 Further Bounds and Future Work

The results of Theorem 1 improve several related upper bounds. Using the ob-
servations by Ribó et al. [13] we obtain the following bounds for grid embeddings
of 3d polytopes.

Corollary 1. Let G be the graph of a 3-polytope P with n vertices. P admits a
realization as combinatorial equivalent polytope with integer coordinates and

1. no coordinate larger than O(147.7n),
2. no coordinate larger than O(39.9n), if G contains a quadrilateral,
3. no coordinate larger than O(28.4n), if G contains a triangle.

The number F (n) of cycle-free graphs in a planar graph with n vertices is
bounded by the number of selections of at most n− 1 edges from the graphs [1].
Thus, F (n) ≤∑n−1

k=0

(
3n−6

k

)
. For 0 ≤ q ≤ 1/2 we have that

∑�qm�
i=0

(
m
qm

)
< 2H(q)m,

where H(q) := − log(q)q − log(1 − q)(1−q) is the binary entropy (see for exam-
ple [7, page 427]). This shows that, F (n) < 6.75n by setting m = 3n and q = 1/3.

We give a better bound based on the bound for the number of spanning trees.
We first bound the number F (n, k) of forests in Gn with k edges. On one hand,
the above argument yields an upper bound of F (n, k) ≤ f1(k) :=

(
3n−6

k

)
. On the

other hand, every forest with k edges can be constructed by selecting k edges
from a spanning tree of Gn. This gives as alternative bound F (n, k) ≤ f2(k) =:(
n−1

k

)
T (n). Now, the number of cycle-free graphs is bounded by

F (n) =
n−1∑

k=0

F (n, k) ≤ n max
0≤k<n

F (n, k) ≤ n max
0≤q<1

min(f1(qn), f2(qn)).

We use
(

n
qn

) ≤ 2nH(q) as upper bound for the binomial coefficients (see for
example [6, page 1097]) to obtain

f1(qn) < f̂1(qn) := 23nH(q/3) and f2(qn) < f̂2(qn) := T (n)2nH(q).
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The computed maximal value for the minimum of f̂1 and f̂2 is realized at qn =
0.94741 n. This yields a bound of n ·6.4948n for the number of cycle-free graphs.
For the computation of these values we used numerical methods. Observe that
f̂1(qn) realizes 6.4948n at a larger value q than f̂2(qn). The correctness of the
numerical computations follows from the monotonicity of f̂1 and f̂2 in (n/2, n].
For the number of plane spanning trees and cycle-free graphs on a planar point
set, we obtain improved upper bounds by multiplying our bounds with the bound
of O(30n) on the maximum number of triangulations on a planar point set [16].

Theorem 2. The number of cycle-free graphs in a planar graph with n vertices
is bounded by n ·6.4948n. The number of plane spanning trees on n planar points
is in O(158.6n), the number of cycle-free graphs in O(194.7n).

We expect better bounds for the number of cycle-free graphs in a planar graph
from a more direct application of the outgoing edge approach. By adding a new
vertex that is linked to a subset of the other vertices, every cycle-free graph can
be turned into a spanning tree of the augmented graph. Without excluding any
cycles we get a bound of 7n. Under the assumption that almost every vertex
has degree 6, the refined outgoing edge method would yield a bound of 6.5027n

when excluding 2-cycles and of 6.4244 when excluding 2 and 3-cycles. So far we
were not able to check all constraints of the corresponding linear programs.

We finish our presentation with a discussion on how one could improve our
results further. Since we consider only 2-cycles and 3-cycles from triangles, one
would obtain a better bound for Pnc by taking also larger cycles into account.
We do not expect to win anything by considering 3-cycles that are not triangles,
because in the lower bound example (the wrapped up triangular grid) all 3-
cycles are triangles. The analysis using larger cycles is more complicated and
needs an extensive case distinction. Furthermore, we expect that there would be
too many cases left for the brute force check. From our perspective, the following
refinement seems tractable: Beside the 2-cycles, and 3-cycles on triangles, we also
analyze 4-cycles that belong to two triangles sharing an edge (the diagonal).
The 4-cycles can be analyzed by extending the events Ci for the 2-cycles to
the following event: the i-th 2-cycle occurs, or the corresponding 4-cycle, whose
diagonal is associated with the i-th cycle occurs. Assuming that the solution of
the corresponding linear program is given by having almost every vertex degree
6, this would lead to α = 5.25603. Since the resulting linear program is more
complicated, the verification of the dual solutions is tedious.

Notice that Lemma 1 uses two enumerations of the events Ci to avoid the
influence of the ordering. An elaborated enumeration scheme of the events Ci

might give better bounds. Furthermore, we could consider “extension of exten-
sions” to analyze larger locally connected pieces of the graph at once. This results
in a powerful but very complicated incarnation of the outgoing edge approach.

The reader might think, that additional constraints in the linear programs
might improve the outcome of our analysis. However, we expect that the solutions
of the dual programs give the correct distribution of signatures. In particular, the
solutions the dual programs match the candidates for the lower bound examples
that were presented in [12].
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17. Steinitz, E.: Encyclopädie der mathematischen Wissenschaften. In: Polyeder und
Raumteilungen, pp. 1–139 (1922)

18. Suen, S.: A correlation inequality and a poisson limit theorem for nonoverlapping
balanced subgraphs of a random graph. Random Struct. Algorithms 1(2), 231–242
(1990)

19. Tutte, W.T.: Convex representations of graphs. Proceedings London Mathematical
Society 10(38), 304–320 (1960)

20. Tutte, W.T.: How to draw a graph. Proceedings London Mathematical Soci-
ety 13(52), 743–768 (1963)

21. Whitney, H.: A set of topological invariants for graphs. Amer. J. Math. 55, 235–321
(1933)


	On the Number of Spanning Trees a Planar Graph Can Have
	Introduction
	Refined Outgoing Edge Approach
	The Dependencies of Cycles in a Random Outdegree-One Graph
	Bounding the Probability of the Appearance of Cycles
	A Charging Scheme for the Vertex Degrees
	Finding Constraints

	Further Bounds and Future Work
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




