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Abstract. Recently, there has been a growing interest in constructive
reinterpretations of description logics. This has been motivated by the
need to model in the DLs setting problems that have a consolidate tra-
dition in constructive logics. In this paper we introduce a constructive
description logic for the language of ALC based on the Kripke semantics
for Intuitionistic Logic. Moreover we give a tableau calculus and we show
that it is sound, complete and terminating.

1 Introduction

Nowadays Description Logics (DLs) are the most prominent formalism for
Knowledge Representation. Their success depends on the one side on their “nat-
ural” classical semantics and their expressivity and on the other side on the
decidability and efficiency of the reasoning problems. However, in recent years
there has been a growing interest in different interpretations of DLs allowing
one to model knowledge domains and problems that can hardly be treated in
the context of a classical semantics. Among these, we recall some proposals to-
wards a constructive approach to DLs: paraconsistent versions of DLs [14], dif-
ferent interpretations of negation [12], the introduction of semantics supporting
a computational reading of proofs [3,4,8] and the characterization of incomplete
information and typing systems for data streams [13].

As pointed out in [13], in general a constructive reading of DLs is useful in do-
mains with possibly dynamic and incomplete knowledge. This view is supported
by the model theoretical features of constructive semantics which allows the rep-
resentation of stages of information and truth evidence. Following this line, in
this paper we introduce the constructive description logic KALC. This logic is
based on the same language of ALC and relies on a Kripke-style semantics which
consists in a reformulation in the DLs setting of the Kripke semantics for first-
order Intuitionistic Logic. A Kripke model can be considered as a set of worlds,
representing states of knowledge, partially ordered by their information content.
This permits to express partial and incomplete states of knowledge which can
increase in time in the context of the Open World Assumption. We exemplify
this in Section 2 by means of an example inspired by [13]. The main difference
between our semantics and the one of [13] is that our refinement relation con-
cerns a whole state of knowledge and not a single individual. This provides a
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semantics which seems a “natural” generalization of the classical semantics for
ALC. Reasoning problems for DLs in our setting are formulated as in ALC but
have a constructive meaning. Indeed, as we prove in Section 2, KALC meets the
disjunction property: if the assertion c : C � D (c belongs to concept C � D)
holds in KALC, then either c : C or c : D is true in KALC. In particular, the
classically valid assertion c : C � ¬C is not true in KALC. This is considered an
essential feature of every constructive system. We show that reasoning problems
for KALC are decidable by introducing a tableau calculus TK for KALC. To con-
clude, we notice that our semantics can be viewed as a refinement of iALC [6],
which corresponds to a direct translation of semantics of Intuitionistic first order
logics in the language of ALC.

In the following section we first introduce the syntax and semantics of KALC,
discussing its relations with classical semantics and the disjunction property. In
Section 3 we introduce the calculus TK and we prove its soundness with respect
to KALC semantics: completeness and termination are presented in Section 4.
We conclude in Section 5 by considering possible directions for future work.

2 Syntax and Semantics

We begin by introducing the language L of KALC which essentially coincides
with the one of ALC [7]. It is based on the following denumerable sets: the set
NI of individual names, the set NC of atomic concept names, the set NR of role
names. Concepts C,D and formulas H are defined as follows:

C, D ::= ⊥ | A | C � D | C � D | C → D | ∃R.C | ∀R.C

H ::= (c, d) : R | c : C | C � D

where c, d ∈ NI, A ∈ NC and R ∈ NR. As usual in constructive logics, we write ¬C
as an abbreviation for C → ⊥. Given N ⊆ NI, we denote with LN the language
only containing individual names from N . A (classical) model M for LN is a
pair (DM, ·M), where DM is a finite non-empty set (the domain of M) and ·M
is a valuation map such that: for every c ∈ N , cM ∈ DM; for every A ∈ NC,
AM ⊆ DM; ⊥M is the empty set; for every R ∈ NR, RM ⊆ DM×DM. A Kripke
model for LN is a quadruple K = 〈P,≤, ρ, ι〉, where:

– (P,≤) is a finite poset with minimum element ρ; P is the set of worlds of K,
ρ the root of K.

– ι is a function associating with every world α a model (Dα, ·α) for LN such
that, for every α ≤ β, the following holds:

(K1) Dα ⊆ Dβ ;
(K2) for every c ∈ N , cβ = cα;
(K3) for every A ∈ NC, Aα ⊆ Aβ ;
(K4) for every R ∈ NR, Rα ⊆ Rβ .

Worlds of K represent states of knowledge that can be updated or refined by the
relation ≤; conditions (K1)–(K4) settle that the knowledge is monotonic. Given
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K = 〈P,≤, ρ, ι〉 and α ∈ P , we denote with Lα the language obtained by adding
to the individual names of LN every element d ∈ Dα and setting dα = d. Note
that, by Condition (K1), α ≤ β implies Lα ⊆ Lβ . Let α be a world of K and H
a formula of Lα; we inductively define the forcing relation α � H as follows:

– α � c : A, where A ∈ NC or A = ⊥, iff cα ∈ Aα;
– α � (c, d) : R where R ∈ NR, iff (cα, dα) ∈ Rα;
– α � c : C � D iff α � c : C and α � c : D;
– α � c : C � D iff α � c : C or α � c : D;
– α � c : C → D iff, for every β ≥ α, β � c : C implies β � c : D;
– α � c : ∃R.C iff there is d ∈ Dα such that α � (c, d) : R and α � d : C;
– α � c : ∀R.C iff, for every β ≥ α and d ∈ Dβ , β � (c, d) : R implies β � d : C;
– α � C � D iff, for every β ≥ α and c ∈ Dβ , β � c : C implies β � c : D.

We remark that, differently from ALC, the logical connectives are not interde-
finable; e.g., C → D is not equivalent to ¬C � D. As for negation, being ¬C an
abbreviation for C → ⊥, we get α � c : ¬C iff for every β ≥ α, β � c : C.

By conditions (K1)–(K4) the forcing relation satisfies the monotonicity prop-
erty: if α � H then β � H for every β ≥ α. A final world φ of K is a maximal
element of (P,≤). Note that φ �� H implies φ � ¬H . As a consequence, in φ any
formula c : C � ¬C is valid, as in classical models for ALC, hence a final world
represents a state of complete knowledge.

We now introduce the notion of KALC-logical consequence, denoted by |=,
which allows us to represent in KALC the usual inference problems for DLs. Let
F be a set of formulas; by α � F we mean that α � H for every H ∈ F . Given
a formula H , the relation F |= H holds iff:

– for every K = 〈P,≤, ρ, ι〉 and α ∈ P , if α � F then α � H .

By the above discussion, it follows that if F |= H then H is a logical conse-
quence of F as understood in ALC. Thus, KALC-logical consequence refines the
corresponding notion for ALC.

In our setting, an ABox A is a set of assertions of the kind (c, d) : R and c : C,
a TBox T is a set of inclusions of the form C � D. The inference problems for
KALC are formulated as in ALC, using the |= relation. To exemplify:

– Concept satisfiability. C is satisfiable w.r.t. (A, T ) iff A∪T ∪{q : C} �|= c : ⊥,
with q not occurring in A.

– Instance checking. c : C is entailed by (A, T ) iff A ∪ T |= c : C.
– Subsumption. D subsumes C w.r.t. (A, T ) iff A ∪ T |= C � D.

In the next example we show how our semantics allows us to represent partial
and incomplete information and supports constructive reasoning.

Example 1 (Auditing). We reconsider the auditing example of [13]. Let us sup-
pose to have a knowledge base defined by the following ABox A (CW stands for
“Credit Worthy”):
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Fig. 1. The model K

a:Company d:Company (a,b):hasCustomer (c,d):hasCustomer

b:Company b:Insolvent (a,c):hasCustomer a:D → CW

c:Company d:¬Insolvent (b,c):hasCustomer

where D is the concept ∃hasCustomer.(Insolvent � ∃hasCustomer.¬Insolvent)

The formula a : D → CW states that if the company a has an insolvent customer
solv which in turn can rely on at least one non-insolvent customer unsolv, then a
can be trusted as CW (here and in Fig. 1 I abbreviates Insolvent). In ALC the
assertion a:CW is entailed by A. To prove this, let M be any model of A. We first
show that a : D holds in M. Since tertium non datur classically holds, in M the
customer c is either insolvent or not insolvent. Let us consider the worlds φ2 and
φ1 in Fig. 1 representing the two possibilities; in both cases, we can find out the
clients solv and unsolv required by D: solv = c and unsolv = d in the former case,
solv = b and unsolv = c in the latter. Since a : D → CW holds in M, it follows
that a : CW holds in M. Thus, in ALC the company a is trusted as CW though we
have not any knowledge about the identity of the customers solv and unsolv.

On the contrary, in KALC the information in A does not enable to assert that
a is CW. The point is that we have not enough knowledge on c, thus neither “c is
insolvent” nor “c is not insolvent” can be asserted (indeed, in a future world c
might become insolvent). This can be formalized in KALC semantics as follows.
Let N = {a, b, c, d} and let us consider the Kripke model K = 〈P,≤, ρ, ι〉 for
LN in Fig. 1, consisting of the root ρ, two final worlds φ1 and φ2 such that:

– for every α ∈ P , Dα = N and, for every z ∈ N , zα = z;
– atomic concepts and roles are interpreted as follows:

World Company Insolvent CW hasCustomer

ρ N {b} ∅ { (a, b), (a, c), (b, c), (c, d) }
φ1 N {b} {a} { (a, b), (a, c), (b, c), (c, d) }
φ2 N { b, c } {a} { (a, b), (a, c), (b, c), (c, d) }

Since φ1 �� c : Insolvent (actually, φ1 � c : ¬Insolvent) and φ2 � c :
Insolvent, we have that ρ �� c : Insolvent and ρ �� c : ¬Insolvent, hence



A Decidable Constructive Description Logic 55

ρ �� c : Insolvent � ¬Insolvent. Note that, b and c are the only individuals
such that (a, b) ∈ hasCustomerρ, b ∈ Insolventρ and (b, c) ∈ hasCustomerρ,
but ρ �� c : ¬Insolvent. Thus ρ �� a : D. Since φ1 � a : CW and φ2 � a : CW,
we have ρ � a : D → CW. To sum up, ρ � A and ρ �� a : CW; we conclude that
a : CW is not a KALC-logical consequence of A. Observe that the final worlds
correspond to the two possible ways of acquiring a complete knowledge about
the insolvency of c: clearly, in the final worlds a must be CW. �

We conclude the discussion on Kripke semantics by remarking that KALC satis-
fies the Disjunction Property (DP):

– |= c : C1 � C2 implies |= c : C1 or |= c : C2.

As an immediate consequence, the classically valid assertion c : C � ¬C is not
valid in KALC. The proof of (DP) exploits the standard technique of gluing
models: given two Kripke models 〈Pj ,≤j, ρj , ιj〉 (j = 1, 2) such that ρj ��j c : Cj ,
one can build a model 〈P,≤, ρ, ι〉, with ρ �∈ P1 ∪ P2, such that the immediate
successors of ρ are ρ1 and ρ2. It follows that ρ �� c : C1 �C2. Handling with care
the same technique, we can prove (DP) in a more general form:

– FH |= c : C1 � C2 implies FH |= c : C1 or FH |= c : C2

with FH a set of Harrop Formulas (occurrences of � and ∃ are only allowed in
the left-hand scope of → or �).

In this paper we only consider the reasoning problems over acyclic TBoxes T
according to the standard definition:

1. T only contains inclusions A � C, with A an atomic concept.
2. Let us say that the atomic concept A directly uses A′ in T iff, for some

A � C ∈ T , A′ is a subformula of C and let uses be the transitive closure of
the “directly uses” relation. Then, no concept occurring in T uses itself.

3 The Tableau Calculus TK

The tableau calculus TK works on signed formulas W = S(H), with H a formula
and S a sign in {T,F,Ts}. Formally:

W ::= T((c, d) : R) | F(c : C) | T(c : C) | Ts(c : C) | T(C � D)

Given a Kripke model K = 〈P,≤, ρ, ι〉, a world α ∈ P and a signed formula W ,
α realizes W in K, and we write K, α � W , iff:

– W = T(H) and α � H .
– W = F(H) and α � H .
– W = Ts(H) and, for every β ∈ P such that α < β, β � H .

The signs T and F have the usual meaning [9], whereas Ts refers to the successors
of a world. Let Δ be a set of signed formulas and let

Δs = {T(H) | T(H) ∈ Δ } ∪ {T(H) | Ts(H) ∈ Δ }
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Δ,T(c : C � D)

Δ,T(c : C),T(c : D)
T�

Δ,F(c : C � D)

Δ,F(c : C) | Δ,F(c : D)
F�

Δ,T(c : C � D)

Δ,T(c : C) | Δ,T(c : D)
T�

Δ,F(c : C � D)

Δ,F(c : C),F(c : D)
F�

Δ,F(c : C → D)

Δ,T(c : C),F(c : D) | Δs,T(c : C),F(c : D)
F→

Δ,T(c : C → D)

Δ,T(c : D) | Δ, F(c : C),Ts(c : D) | Δs,F(c : C),Ts(c : D)
T→

Δ,T(c : A),T(A � C)

Δ,T(c : A),T(A � C), T(c : C)
T�

Δ,T(c : ∃R.C)

Δ,T((c, q) : R),T(q : C)
T∃∗

Δ,T((c, d) : R),F(c : ∃R.C)

Δ, T((c, d) : R),F(c : ∃R.C),F(d : C)
F∃

Δ,T((c, d) : R),T(c : ∀R.C)

Δ,T((c, d) : R),T(c : ∀R.C),T(d : C)
T∀

Δ,F(c : ∀R.C)

Δ,T((c, q) : R),F(q : C) | Δs,T((c, q) : R),F(q : C)
F∀∗

∗q does not occur in the premise

Fig. 2. Rules of TK

Then, K, α�Δ implies K, β�Δs for every β > α (K, α�Δ means K, α�W for
every W ∈ Δ). We also note that K, α�Ts(c : ⊥) iff α is final. We say that Δ is
realizable if K, α�Δ for some K and α. Given a set of formulas F and a sign S,
S(F) denotes the set of signed formulas S(H) such that H ∈ F . The relations
among realizability, KALC-logical consequence and ALC-logical consequence are
stated by the following theorem, which can be easily proved:

Theorem 1. Let F be a set of formulas and q an individual name not in F .

(i) F |= c : C iff the set T(F) ∪ {F(c : C)} is not realizable.
(ii) F |= C � D iff the set T(F) ∪ {F(q : C → D)} is not realizable.
(iii) H is an ALC-logical consequence of F iff T(F)∪{Ts(c : ⊥),F(H)} is not

realizable.
(iv) c : C is an ALC-logical consequence of F iff F |= c : ¬¬C. ��

The rules of the tableau calculus TK are shown in Fig. 2. In the rules we write
Δ, W as a shorthand for Δ∪{W}; moreover, if Δ, W is the premise of a rule, we
assume W �∈ Δ. Every rule applies to a set of signed formulas, but only acts on
the signed formula W explicitly indicated in the premise. The consequence of a
rule consists of one or more sets of signed formulas separated by the symbol ’|’.

In the rules T∃ and F∀, q is a fresh individual name. Formulas of the kind
F(c : ∃R.C), T(c : ∀R.C) and T(A � C) must be duplicated in rule applica-
tion to guarantee the completeness; we call them dup-formulas. Note that in the
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intuitionistic case the treatment of T →-rule is problematic and requires dupli-
cations [1]; in TK duplications are avoided by the introduction of the sign Ts. A
set Δ clashes iff {F(c : C),T(c : C)} ⊆ Δ or T(c : ⊥) ∈ Δ. Clearly, a clashing
set is not realizable. A proof table for Δ is a finite tree τ with Δ as root and
such that all the children of a node Δ′ of τ are the sets in the consequence of a
rule applied to Δ′. If all the leaves of τ clash, τ is a closed proof table for Δ and
we say that Δ is provable (in TK); Δ is consistent iff Δ is not provable.

Before proving soundness and completeness we give an example of a proof.

Example 2. Let H = C � ¬C. Since c : H is valid in ALC, by Theorem 1
c : ¬¬H is valid in KALC. We show a proof of c : ¬¬H (recall that ¬D =
D → ⊥). The proof is displayed according to the standard notation [9]. In
the proof we underline the clashing formulas, we denote with X a clashing set
and we label with an integer the formulas treated by the rules when needed.

F(c : ¬¬H)
F→

T(c : ¬H),F(c : ⊥)
T→

T(c : ⊥),F(c : ⊥) | F(c : H)1,Ts(c : ⊥),F(c : ⊥) | F(c : H)2,Ts(c : ⊥)
F�1,F�2

X | F(c : C),F(c : ¬C)3,Ts(c : ⊥),F(c : ⊥) | Δ = F(c : C),F(c : ¬C)4,Ts(c : ⊥)
F→3

X | F(c : C),T(c : C),Ts(c : ⊥),F(c : ⊥) | T(c : C),F(c : ⊥),T(c : ⊥) | Δ
F→4

X | X | X | F(c : C),T(c : C),F(c : ⊥),Ts(c : ⊥) | T(c : C),F(c : ⊥),T(c : ⊥)

Note that, if Ts(c : ⊥) ∈ Δ, then Δs clashes. Thus, in applying one of the rules
F →, T → and F∀ to Δ, we can drop out the rightmost set in the conclusion
and a proof table for Δ,Ts(c : ⊥) resembles an ALC proof table. �

Soundness. The following is the main lemma to prove the soundness of TK.

Lemma 1. Let Δ be a set of signed formulas, K = 〈P,≤, ρ, ι〉 a Kripke model
such that K, α �Δ, with α ∈ P , and r a rule of TK applicable to Δ. Then, there
is a set Δ′ in the consequence of r and β ∈ P such that K, β � Δ′.

Proof. We only discuss the case of rule T →. Let W = T(c : C → D) and
let us assume K, α � Δ, W . If K, α � T(c : D), the assertion holds. Otherwise,
K, α � F(c : C); being K finite, there exists β ≥ α such that K, β � F(c : C)
and K, β � Ts(c : C), which implies K, β � Ts(c : D). If β = α then K, β � Δ,
otherwise K, β � Δs, and the assertion is proved. ��

By the previous lemma we get:

Theorem 2 (Soundness). Let Δ be a set of signed formulas. If Δ is realizable,
then Δ is consistent. ��

4 Completeness and Termination

In this section we prove the completeness of TK and we provide a decision pro-
cedure for KALC based on TK. Let Δ be a set of signed formulas; we say that Δ
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is acyclic iff the set of A � C such that T(A � C) ∈ Δ is an acyclic TBox. Note
that, according to Theorem 1, to solve the inference problems w.r.t. an acyclic
TBox is equivalent to decide the realizability of an acyclic set. We show that,
given a finite acyclic consistent set Δ, we can build in finite time a countermodel
for Δ, i.e. a Kripke model K = 〈P,≤, ρ, ι〉 such that K, ρ �Δ. Our construction
is inspired to the standard technique used for ALC [2] based on graph expansion.
A labelled graph G refers to a world α of the countermodel K under construc-
tion: the nodes of G form the domain Dα of α, while the labelled arcs (c, d, R)
of G define the interpretation of R in α. Each node c is associated with a finite
set of signed formulas S(c : C), representing the formulas that must be realized
in α. To get this, we repeatedly apply the following transformation rules on G:

1. Firstly, we apply to G expansion rules as in the standard construction of a
downward saturated set. We call expanded graph the graph Exp(G) obtained
at the end of this step; Exp(G) completely describes a world α of K.

2. Let Ge be an expanded graph describing a world α. We give rules to compute
the successor graphs G′ of Ge so that the graphs Exp(G′) will be all the
immediate successors of α in K.

We need some care to guarantee the termination. We partition the formulas
associated with a node in primary and secondary formulas. Roughly speaking,
primary formulas drive the graph construction. At every step a primary formula
or a TBox axiom is selected and the graph is expanded according to the chosen
formula. The formulas already considered are collected in the set of secondary
formulas. Dup-formulas require an ad-hoc treatment to avoid infinite loops: for
every dup-formula we store the individual names already considered in the ex-
pansion procedure. The TBox formulas can be seen as “global constraints” on
G and are not affected by the transformation rules, thus we take them apart.

Formally, we consider labelled graphs G = 〈N , E , Pf, Sf, Tb, Df〉 where:

– N is the set of nodes, with N a finite subset of NI.
– E is the set of labelled edges (c, d, R), with c, d ∈ N and R ∈ NR.
– Pf and Sf are functions associating with every node c a finite set of signed

formulas S(c : C), called the primary and secondary formulas of c respectively.
– Tb has the form T(T ), with T a finite acyclic TBox.
– Df is a function mapping a dup-formula to a finite set of nodes.

The sets Form(G) and Form∗(G) are defined as:

Form(G) =
⋃

c∈N Pf(c) ∪ {T((c, d) : R) | (c, d, R) ∈ E } ∪ Tb

Form∗(G) = Form(G) ∪
⋃

c∈N Sf(c)

Assumptions on G. In the following we assume that at any step of the counter-
model construction a graph G satisfies the following properties (G1) and (G2):

(G1) Form(G) is consistent.
(G2) The following closure properties hold:
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– If T(c : C � D) ∈ Sf(c), then {T(c : C),T(c : D)} ⊆ Form∗(G).
– If F(c : C �D) ∈ Sf(c), then F(c : C) ∈ Form∗(G) or F(c : D) ∈ Form∗(G).
– If T(c : C �D) ∈ Sf(c), then T(c : C) ∈ Form∗(G) or T(c : D) ∈ Form∗(G).
– If F(c : C � D) ∈ Sf(c), then {F(c : C),F(c : D)} ⊆ Form∗(G).
– If T(c : C → D) ∈ Sf(c), then T(c : D) ∈ Form∗(G) or {F(c : C),Ts(c :

D)} ⊆ Form∗(G).
– If F(c : C → D) ∈ Sf(c), then {T(c : C),F(c : D)} ∈ Form∗(G).
– If T(c : ∃R.C) ∈ Sf(c), then there is (c, q, R) ∈ E s.t. T(q : C) ∈ Form∗(G).
– If W = F(c : ∃R.C) ∈ Pf(c) and d ∈ Df(W ), then F(d : C) ∈ Form∗(G).
– If W = T(c : ∀R.C) ∈ Pf(c) and d ∈ Df(W ), then T(d : C) ∈ Form∗(G).
– If F(c : ∀R.C) ∈ Sf(c), then there is (c, q, R) ∈ E s.t. F(q : C) ∈ Form∗(G).
– If W = T(A � C) ∈ Tb and c ∈ Df(W ) and T(c : A) ∈ Pf(c), then

T(c : C) ∈ Form∗(G).

The starting graph GΔ. The countermodel construction for Δ starts with the
graph GΔ = 〈NΔ, EΔ, PfΔ, SfΔ, Tb, DfΔ〉, where NΔ is the set of individual
names occurring in Δ, EΔ is the set of (c, d, R) such that T((c, d) : R) ∈ Δ,
PfΔ(c) is the set of S(c : A) ∈ Δ, SfΔ and DfΔ maps any element to the
empty set, Tb is the set of T(A � C) ∈ Δ. One can easily check that GΔ

satisfies (G1) and (G2).

Expansion of a graph G. Let G = 〈N , E ,Pf,Sf,Tb,Df〉 be a finite graph and
W ∈ Form(G). Expansion rules are defined in Fig. 3. Given W , the correspond-
ing expansion rule transforms G in a new graph G′ = 〈N ′, E ′,Pf′,Sf′,Tb,Df′〉.
In the rules, SW denotes the sign of W . We only indicate the components of the
graph that are actually modified; if an element E of G is not mentioned, it is
understood that the corresponding element E′ of G′ coincides with E. In some
cases rules have no effect (for instance, in the case W = F(c : C → D) when the
if condition does not hold).

We repeatedly apply expansion rules to G until no rule is applicable. Let
Exp(G) denote the expanded graph Ge = 〈Ne, Ee,Pfe,Sfe,Tb,Dfe〉 obtained at
the end of the expansion step; Mod(Ge) is the model (Dα, ·α) for LNe representing
the world α such that:

– Dα = Ne and, for every c ∈ Ne, cα = c;
– for every A ∈ NC, Aα is the set of c such that T(c : A) ∈ Pfe(c);
– for every R ∈ NR, Rα is the set of pairs (c, d) such that (c, d, R) ∈ Ee.

The following properties are crucial to prove the finiteness of Exp(G).

(P1) For every c ∈ Ne, the set of R-successors of c in Ge is finite.
(P2) Let c0 ∈ Ne \ N , let σ = c0, c1, . . . be an R-chain of nodes of Ge, namely:

(ck, ck+1, R) ∈ Ee for every k ≥ 0. Let A be a concept name and B(σ, A)
the set of c in σ such that T(c : A) ∈ Pfe(c). Then, B(σ, A) is finite.

We only give a sketch of the proof. As for (P1), d is an R-successor of c in Ge

iff (c, d, R) ∈ E or d has been generated by a formula W = T(c : ∃R.C) or
W = F(c : ∀R.C). In the former case the assertion follows by finiteness of G. In
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Formula Expansion rule

W = T(c : C � D)
W = F(c : C � D)

Pf′(c) = (Pf(c) \ {W}) ∪ {SW (c : C), SW (c : D) }
Sf′(c) = Sf(c) ∪ {W}

W = F(c : C � D)
W = T(c : C � D)

If (Δ \ {W}) ∪ {SW (c : C) } is consistent, then
Pf′(c) = (Pf(c) \ {W}) ∪ {SW (c : C) }

else Pf′(c) = (Pf(c) \ {W}) ∪ {SW (c : D) }
Sf′(c) = Sf(c) ∪ {W}

W = F(c : C → D) If (Δ \ {W}) ∪ {T(c : C), F(c : D) } is consistent then
Pf′(c) = (Pf(c) \ {W}) ∪ {T(c : C),F(c : D) }
Sf′(c) = Sf(c) ∪ {W}

W = T(c : C → D) If (Δ \ {W}) ∪ {T(c : D)} is consistent then
Pf′(c) = (Pf(c) \ {W}) ∪ {T(c : D) }
Sf′(c) = Sf(c) ∪ {W}

else if (Δ \ {W}) ∪ {F(c : C),Ts(c : D)} is consistent then
Pf′(c) = (Pf(c) \ {W}) ∪ {F(c : C),Ts(c : D) }
Sf′(c) = Sf(c) ∪ {W}

W = T(A � C) Let c ∈ N \ Df(W )
If T(c : A) ∈ Pf(c) then

Pf′(c) = Pf(c) ∪ {T(c : C) }
Df′(W ) = Df(W ) ∪ {c}

W = T(c : ∃R.C) Let q 
∈ N .
N ′ = N ∪ {q} E ′ = E ∪ { (c, q, R) }
Pf′(c) = Pf(c) \ {W} Pf′(q) = {T(q : C) }
Sf′(c) = Sf(c) ∪ {W} Sf′(q) = ∅

W = F(c : ∃R.C)
W = T(c : ∀R.C)

Let d ∈ N such that (c, d, R) ∈ E and d 
∈ Df(W )
Pf′(d) = Pf(d) ∪ {SW (d : C) }
Df′(W ) = Df(W ) ∪ {d}

W = F(c : ∀R.C) Let q 
∈ N
If (Δ \ {W}) ∪ {T((c, q) : R),F(q : C) } is consistent
N ′ = N ∪ {q} E ′ = E ∪ { (c, q, R) }
Pf′(c) = Pf(c) \ {W} Pf′(q) = {F(q : C) }
Sf′(c) = Sf(c) ∪ {W} Sf′(q) = ∅

SW denotes the sign of W

Fig. 3. Expansion rules

the latter two cases, W must be a subformula of a formula in Form∗(G), and
only finitely many such W exist.

Let Tb = T(T ) and let ≺ be the “uses” relation induced by the TBox T .
We prove (P2) by induction on ≺ (recall that T is finite and acyclic, hence ≺
is well-founded). If A is minimal w.r.t. ≺ then, for every T(A′ � C) ∈ Tb, A
is not a subformula of C. Thus, c ∈ B(σ, A) iff T(c : A) has been generated
by some formula in Pfe(c0) or Sfe(c0), and this implies that B(σ, A) is finite.
Suppose that A is not minimal. If B(σ, A) is infinite, there must exist a formula
W = T(A′ � C) ∈ Tb such that A is a subformula of C and the rule T �
has been applied infinitely many times on W . It follows that B(σ, A′) is infinite.
Since A′ ≺ A, this contradicts the induction hypothesis.
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Formula Successor graph

W = F(c : C → D)
W = T(c : C → D)

N ′ = N E ′ = E Df′ = Dfs

Pf′(c) = (Pf(c))s ∪RW Pf′(d) = (Pf(d))s for every d 
= c
Sf′(c) = (Sf(c))s ∪ {W} Sf′(d) = (Sf(d))s for every d 
= c

where RF(c:C→D) = {T(c : C),F(c : D)}
and RT(c:C→D) = {F(c : C),Ts(c : D)}

W = F(c : ∀R.C) Let q 
∈ N .
N ′ = N ∪ {q} E ′ = E ∪ { (c, q, R) } Df′ = Dfs

Pf′(q) = {F(q : C) } Pf′(d) = (Pf(d))s for every d ∈ N
Sf′(c) = (Sf(c))s ∪ {W} Sf′(q) = ∅
Sf′(e) = (Sf(e))s for every e ∈ N \ {c}

Dfs(Z) = Df(Z) if Z = T(H), otherwise Dfs(Z) = ∅

Fig. 4. Successor graphs

By (P2) it follows that Ge does not contain infinite R-chains starting from a
node c0 ∈ Ne \ N . We conclude:

Lemma 2. Exp(G) is finite. ��

Successor of an expanded graph G. Let W be a formula of Form(G). The suc-
cessor graph of G generated by W is the graph G′ = 〈N ′, E ′,Pf′,Sf′,Tb,Df′〉
defined according to the form of W as specified in Fig. 4.

Countermodel construction. Let Δ be a finite acyclic consistent set of signed
formulas. The countermodel K(Δ) = 〈P,≤, ρ, ι〉 for Δ is built as follows.

– The root ρ coincides with Mod(Exp(GΔ)), where GΔ is the starting graph.
– Let α = Mod(Gα) be a world of K(Δ) and let G1,. . . , Gm be all the suc-

cessors of Gα. Then, the immediate successors of α in K(Δ) are the models
Mod(Exp(G1)), . . . , Mod(Exp(Gm)).

– ≤ is the reflexive and transitive closure of the immediate successor relation.

The termination of the countermodel construction procedure is guaranteed by
the following property.

(T) Let G′ be obtained by applying to G one of the rules of Fig. 3 and 4 defined
by W . Then, one of the following facts holds (|W | denotes the size of W ):
(1) Form(G′) is obtained by replacing W with one or more formulas W ′

such that |W ′| < |W |, possibly substituting Ts with T and discharging
the F-formulas.

(2) If W is a dup-formula, Form(G′) = Form(G)∪{W ′}, with |W ′| < |W |,
and Df(W ) ⊂ Df′(W ).

By Lemma 2 the sets Df(W ) can not increase indefinitely, thus we cannot apply
the transformation rules infinitely many times.

We now state the main results of this section.
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Lemma 3. Let Δ be a finite acyclic consistent set of signed formulas.

(i) The model K(Δ) is finite.
(ii) Let α = Mod(Gα) be a world of K(Δ). Then, K(Δ), α � Form∗(Gα).
(iii) K(Δ), ρ � Δ.

Proof. Point (i) follows by Property (T). To prove (ii), one has to show that
W ∈ Form∗(Gα) implies K(Δ), α � W ; the proof is by induction on W , using
(G1) and (G2). Point (iii) follows by (ii), being Δ ⊆ Form(GΔ) ⊆ Form∗(Gρ).

��
By the previous lemma and by the Soundness Theorem we conclude:

Theorem 3 (Completeness). Let Δ be a finite acyclic set of signed formulas.
Then, Δ is realizable iff Δ is consistent. ��
The countermodel construction procedure can be used to decide the realizability
of an acyclic Δ. Indeed, one tries to build K(Δ) by applying the transformation
rules in all possible ways; by Property (T), the search space is finite. If all the
attempts fail, yielding a clashing set Pf(c), Δ is not consistent (Lemma 3), hence
it is not realizable (Theorem 3). In this case, the failed branches correspond to
the branches of a closed proof table for Δ.

5 Related Works and Conclusions

The logic KALC we have introduced is strongly connected with the constructive
DL presented in [5], let us call KALC′. Indeed, a Kripke model K = 〈P ≤, ρ, ι〉
for KALC′ is a KALC model where P can be infinite and, for every α ∈ P , there
is a final element φ ∈ P such that α ≤ φ. The restriction to finite models is
crucial to prove the decidability of KALC (whereas KALC′ is semidecidable).
Clearly, KALC′ ⊆ KALC. If, as we conjecture, KALC ⊆ KALC′, we can conclude
that KALC = KALC′ has the finite model property.

It is well-known that DLs have multi-modal logic counterparts [2]; likewise,
intuitionistic DLs are related to intuitionistic multi-modal logics [10,15], via the
standard translation between the involved languages. It is easy to prove that the
multi-modal version of Fischer-Servi logic FS [10] is contained in KALC. On the
other hand FS �= KALC, since the formula H = c : ∀R.¬¬A→¬¬∀R.A belongs
to KALC, while the corresponding formula �¬¬A→¬¬�A does not belong to
FS (see the countermodel in [15]). We remark that H belongs to KALC′ as well,
due to the fact that KALC′ models have final elements.

As for the comparison with other approaches, we notice that our notion of
refinement (induced by the partial order relation of Kripke models) concerns
the whole state of knowledge. So it is closer to the usual Kripke interpretation
than those given in [13,14], which concern single individuals. Note that in [13]
the knowledge about roles is not monotonic. We plan to investigate the relation
between KALC and the constructive description logic BCDL [8], which exploits
a different semantics. Finally, we aim to extend the decision procedure to treat
general TBoxes and transitive and inverse role relations by introducing loop-
checking mechanisms, such as blocking and its variants [11].
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