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Abstract. A novel homogeneous integration strategy of an interval type-2 fuzzy 
inference system (IT2FIS) with Takagi-Sugeno-Kang reasoning (TSK IT2FIS) is 
presented. This TSK IT2FIS is represented as an adaptive neural network (NN) 
with hybrid learning (IT2FNN:BP+RLS) in order to automatically generate an 
interval type-2 fuzzy logic system (TSK IT2FLS). Consequent parameters are 
updated with recursive least-square (RLS) algorithm; antecedent parameters with 
back-propagation (BP) algorithm. Mackey-Glass chaotic time series forecasting 
results are presented (τ=17, 30, 100) with different signal noise ratio (SNR). 
Soundness for uncertainty, adaptability and learning and generalization 
capabilities is shown using 10-fold Cross Validation, Akaike Information Criteria 
(AIC) and F-Test. 

1   Introduction 

System’s modeling is considered one of the most important problems in science. 
Models are abstractions of reality that can be applied to improve our 
understanding of real world phenomena. Finding functional relations between 
variables that intervene in phenomena is a problem that arises in several areas like 
economy, engineering, biology, sociology and medicine. Approximation of 
unknown functions from experimental data, e.g. time series prediction, is 
particularly important. In this case a sequence of time sample sets is used to 
predict the system’s behavior in short and long-term. Several types of uncertainty 
are originated by improper data, bad modeling or wrong interpretations given to 
models. Also, the nature of phenomena might generate fluctuating data or 
variables, given thus uncertain data. Human mistakes and bad equipment 
calibration can generate incorrect data [1, 2,6]. Imprecision is the cause of 
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language granularity. Vagueness is considered a new imperfect information 
cathegory. Inconsistence is originated by data redundancy that generate conflict or 
contradictions. Uncertainty levels vary depending on context. This uncertainty can 
be caused by noise in data [3,4,47,48]. Type-1 (T1FLS) and interval type-2 
(IT2FLS) fuzzy logic systems, combined with techniques like neural networks 
have shown their ability to solve different kinds of problems like control [10-12, 
14, 15, 16, 27, 32, 42, 44], prediction [12, 17, 20], signal and images processing 
[12, 13, 18, 28, 29], industrial processes [21, 22], etc. In many cases, success was 
achieved due to adding human expert knowledge. There is consensus between 
researchers that more intelligent systems can be developed by hybrid soft 
computing methodologies [41,45]. Type-1 Fuzzy Neural Network (T1FNN) [9, 
40, 41] and Interval Type-2 Fuzzy Neural Network (IT2FNN) [22-26]; type-1 [31, 
33, 35, 36, 38] and type-2 [32] fuzzy evolutionary systems are typical hybrid 
systems in softcomputing. These systems combine T1FLS generalized reasoning 
methods [30, 41, 42, 44, 45] and IT2FLS [19-21] with neural networks learning 
capabilities [41, 43, 46, 49] and evolutionary algorithms [34, 37, 39, 43], 
respectively. In this paper, four main architecures (IT2FNN-0, IT2FNN-1, 
IT2FNN-2 and IT2FNN-3) for integrating a first order TSK IT2FIS, with real 
consequents (A2C0) and interval consequents (A2C1), are proposed. Integration 
strategies for process elements of TSK IT2FIS are analised for each architecture 
(fuzzification, knowledge base, type reduction and defuzzification). 

2   Interval Type-2 Fuzzy Neural Network (IT2FNN) 

An IT2FNN combines an TSK IT2FIS and an adaptive neural network in order to 
take advantage of characteristics of each model. Adaptive networks [40,41] 
provide a theoretical frame that unifies almost all kinds of neural networks with 
learning capabilities, and their fundamental properties are a key element for 
understanding other paradigms. 

An IT2FNN is characterized by a directed graph G = (V ,E) , where fan-in zero 
input nodes and fan-out zero output nodes. Each node n ∈ V  represents a 
processing unit with an associated static function fn , and each edge e ∈ E  
indicates causal relation between connected nodes. Node set V is divided into two 
separate subsets, V = (A∪ N). Nodes n ∈ A  are called adaptive and their 
outputs depend not only on their inputs, but also on internal modifiable parameters 

{ξ1
n ,ξ2

n ,...} internal to n ∈ A . On the other hand, nodes n ∈ N  whose 
functions depend only on inputs are called non adaptive. In general, when 
representing IT2FNN graphically, rectangles are used to represent adaptive nodes 
and circles to represent non-adaptive nodes. Output values of pair nodes (green 
color) and odd nodes (blue color) represent uncertainty intervals (Fig. 1–6). In this 
kind of interval type-2 neurofuzzy adaptive networks, nodes represent processing 
units called neurons, which can be classified into crisp and fuzzy neurons. In 
IT2FNN, type-1 fuzzy neuron model (T1FN) proposed by Hirota and Pedrycz [7, 
8] is extended into an interval type-1 fuzzy neuron (IT1FN) and interval type-2 
fuzzy neuron (IT2FN). 
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Fig. 1. Interval Type-1 Fuzzy Neuron (IT1FN) 

 

 
Fig. 2. Interval Type-2 Fuzzy Neuron (IT2FN) 

 
IT2FNN-0 architecture has 7 layers. Layer 1 has adaptive nodes for fuzzifying 

inputs; layer 2 has non-adaptive nodes with interval fuzzy values. Layer 3 (rules) has 
non-adaptive nodes for generating firing strength of TSK IT2FIS rules. Layer 4, 
lower and upper values of rules firing strength are normalized. Adaptive nodes in 
layer 5 (consequent) are connected to layer 0 for generating rules consequents. Non-
adaptive nodes in layer 6 evaluate values from left-right interval. Non-adaptive node 
in layer 7 (defuzzification) evaluates average of interval left-right values. 
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Fig. 3. IT2FNN-0 Architecture 

 
IT2FNN-1 architecture has 5 layers, consists of adaptive nodes with equivalent 

function to lower-upper membership in fuzzification layer (layer 1). Non-adaptive 
nodes in rules layer (layer 2) interconnect with fuzzification layer (layer 1) in 
order to generate TSK IT2FIS rules antecedents. Adaptive nodes in consequent 
layer (layer 3) are connected to input layer (layer 0) to generate rules consequents. 
Non-adaptive nodes in type-reduction layer (layer 4) evaluate left-right values 
with Karnik and Mendel (KM)[19-21] algorithm. Non-adaptive node in 
defuzzification layer (layer 5) average left-right values. 

 

 
 

Fig. 4. IT2FNN-1 Architecture 
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In IT2FNN-2 case, consists on 6 layers, uses IT2FN for fuzzifying inputs 
(layers 1-2). Non-adaptive nodes in rules layer (layer 3) interconnect with lower-
upper linguistic values layer (layer 2) to generate TSK IT2FIS rules antecedents. 
Non-adaptive nodes in consequents layer (layer 4) are connected with input layer 
(layer 0) to generate rules consequents. Non-adaptive nodes in type-reduction 
layer (layer 5) evaluate left-right values with KM algorithm. Non-adaptive node in 
defuzzification layer (layer 6) averages left-right values. 

 

 
 

Fig. 5. IT2FNN-2 Architecture 

 
IT2FNN-3 architecture has 8 layers, uses IT2FN for fuzzifying inputs (layers  

1-2). Non-adaptive nodes in rules layer (layer 3) interconnect with lower-upper 
linguistic values layer (layer 2) to generate TSK IT2FIS rules antecedents. 
Adaptive nodes in layer 4 adapt left-right firing strenght, biasing rules lower-upper 
trigger forces with synaptic weights between layers 3-4. Layer 5’s non-adaptive 
nodes normalize rules lower-upper firing strenght. Non-adaptive nodes I 
consequent layer (layer 6) interconnect with input layer (layer 0) to generate rules 
consequents. Non-adaptive nodes in type-reduction layer (layer 7) evaluate left-
right values adding lower-upper product of lower-upper triggering forces 
normalized by rules consequent left-right values. Node in defuzzification layer is 
adaptive and its output ˆ y  is defined as biased average of left-right values and 
parameter γ . Parameter γ  (0.5 by default) adjusts uncertainty interval defined by 

left-right values [ ˆ y l , ˆ y r]. 
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Fig. 6. IT2FNN-3 Architecture 

3   Mackey-Glass Forecasting Chaotic Time Series 

In this chapter, results from simulations using ANFIS, IT2FNN-0, IT2FNN-1, 
IT2FNN2 and IT2FNN3 are presented for forecasting Mackey-Glass chaotic time 
series [50] with τ =17, 30, 100 and different signal noise ratio values, SNR(dB) = 
0, 10, 20, 30 as uncertainty source. Levenberg-Marquardt hybrid method is used 
for adapting IT2FNN models parameters. Proposed IT2FNN architectures are 
validated using 10-fold cross-validation [53, 54] considering sum square error 
(SSE) or root mean square error (RMSE) in training or test phase; Akaike 
information criteria (AIC) and F test [51, 52]. Cross-validation procedure 
evaluation is done using Matlab’s crossvalind function. Noise is added by 
Matlab’s awgn function. Also, AIC and F test are evaluated using statistical 
Matlab’s Toolbox. In Mackey-Glass chaotic time series, 1200 data sets where 
generated with initial conditions x(0)=1.2 and τ= 17, 30 and 100 using Runge-
Kutta 4th order method and several uniform noise added. An input-output vector 
was taken with format: [x(t-18), x(t-12), x(t-6), x(t); x(t+6)]. For identifying 
ANFIS [40, 41] and IT2FNN models, an IT2FNN model with 4 inputs and one 
output is used with Mackey-Glass chaotic time series using: 16 rules, 2 
igaussmtype2 IT2MF for each input, 50 epochs, 500 training data and 500 test 
data with 10-fold cross-validation. Tables 1-9 and figures 7-12 show RMSE (TRN 
and CHK) with 10-fold cross validation and the number of points ( ς ) out of 
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uncertainty interval ˜ Y (x) ∈ [ ˆ y l (x), ˆ y r (x)] results between IT2FNN models and 
ANFIS. It can be seen that IT2FNN architectures forecast better than Mackey-
Glass chaotic time series when noise is present. 

 
Table 1. RMSE (TRN/CHK) and ς  values determined in models ANFIS and IT2FNN 
with 10-fold cross-validation for forecasting Mackey-Glass chaotic time series with τ =17 
 

SNR(dB) 0 10 20 30 free 
TRN 0.2643 0.0902 0.0316 0.0110 0.0020 
CHK 0.2917 0.0989 0.0345 0.0118 0.0021 

 
ANFIS 

ς  NA NA NA NA NA 

TRN 0.2357 0.0776 0.0289 0.0088 0.0017 
CHK 0.2576 0.0837 0.0327 0.0107 0.0019 

 
IT2FNN-0 

ς  28 23 17 13 7 

TRN 0.2089 0.0672 0.0268 0.0056 0.0016 
CHK 0.2334 0.0875 0.0318 0.0078 0.0018 

 
IT2FNN-1 

ς  25 19 15 11 6 

TRN 0.1883 0.0540 0.0189 0.0066 0.0014 
CHK 0.1947 0.0592 0.0207 0.0071 0.0015 

 
IT2FNN-2 

ς  24 18 14 10 4 

TRN 0.1558 0.0427 0.0134 0.0041 0.0011 
CHK 0.1632 0.0549 0.0148 0.0043 0.0013 

 
IT2FNN-3 

ς  20 15 11 8 3 

 

 

Fig. 7. RMSE (TRN) values determined in models ANFIS and IT2FNN with 10-fold cross-
validation for forecasting Mackey-Glass chaotic time series with τ =17 
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Fig. 8. RMSE (CHK) values determined in models ANFIS and IT2FNN with 10-fold cross-
validation for forecastingMackey-Glass chaotic time series with τ =17 

 
Table 2. Akaike Information Criteria (AIC) of TRN/CHK and ς  values determined in 
models ANFIS and IT2FNN with 10-fold cross-validation for forecasting Mackey-Glass 
chaotic time series with τ =17 
 

SNR(dB) 0 10 20 30 free 
TRN 1968.63 893.58 -155.29 -1210.56 -2915.30 
CHK 2067.27 985.66 -67.49 -1140.35 -2866.51 

 
ANFIS 

ς  NA NA NA NA NA 

TRN 1872.11 761.12 -226.61 -1415.70 -3059.82 
CHK 1960.96 836.79 -103.08 -1220.21 -2948.60 

 
IT2FNN-0 

ς  28 23 17 13 7 

TRN 1911.40 777.22 -142.05 -1707.68 -2960.45 
CHK 2022.30 1041.19 29.02 -1376.33 -2842.66 

 
IT2FNN-1 

ς  25 19 15 11 6 

TRN 1807.59 558.53 -491.29 -1543.38 -3093.98 
CHK 1841.01 650.47 -400.32 -1470.36 -3024.99 

 
IT2FNN-2 

ς  24 18 14 10 4 

TRN 1618.12 323.75 -835.20 -2019.46 -3335.14 
CHK 1664.53 575.06 -735.82 -1971.84 -3168.09 

 
IT2FNN-3 

ς  20 15 11 8 3 

 
Shaded cells in Table 2 show, based on AIC, that architecture IT2FNN-3 

(TRN/CHK) forecasts better Mackey-Glass chaotic series with τ =17 than ANFIS. 
In Table 3 it is shown that there is no significant improvement in architectures 
IT2FNN-1 (CHK) at SNR=10, 20 and noise-free compared with ANFIS. 
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Table 3. Statistic F (TRN/CHK) and ς  values determined in models ANFIS and IT2FNN 
with 10-fold cross-validation for forecasting Mackey-Glass chaotic time series with τ =17 
 

SNR(dB) 0 10 20 30 free 
TRN 11.2972 15.4097 8.5838 24.6875 16.8570 
CHK 12.3887 17.3879 4.9648 9.4877 9.7261 ANFIS/IT2FNN-0 

F0.95(9,395) = 1.9036 ς  28 23 17 13 7 

TRN 2.1262 2.8374 1.3814 10.1169 1.9909 
CHK 1.9890 0.9823 0.6265 4.5609 1.2781 ANFIS/IT2FNN-1 

F0.95(89,315) = 1.3070 ς  25 19 15 11 6 

TRN 3.4336 6.3359 6.3547 6.2921 3.6838 
CHK 4.4051 6.3387 6.2921 6.2368 3.3978 ANFIS/IT2FNN-2 

F0.95(89,315) = 1.3070 ς  24 18 14 10 4 

TRN 6.6461 12.2542 16.1434 21.9371 8.1609 
CHK 7.7678 7.9467 15.6932 23.1138 5.6964 ANFIS/IT2FNN-3 

F0.95(89,315) = 1.3070 ς  20 15 11 8 3 

 

Table 4. RMSE (TRN/CHK) and ς  values determined in models ANFIS and IT2FNN 
with 10-fold cross-validation for forecasting Mackey-Glass chaotic time series with τ =30 

 
SNR(dB) 0 10 20 30 free 

TRN 0.3416 0.1582 0.0876 0.0635 0.0585 
CHK 0.3800 0.1714 0.0943 0.0672 0.0619 

 
ANFIS 

ς  NA NA NA NA NA 

TRN 0.2543 0.1278 0.0633 0.0512 0.0444 
CHK 0.2722 0.1385 0.0719 0.0555 0.0467 

 
IT2FNN-0 

ς  36 29 25 19 9 

TRN 0.2097 0.1123 0.0517 0.0413 0.0326 
CHK 0.2605 0.1203 0.0611 0.0429 0.0359 

 
IT2FNN-1 

ς  33 27 22 17 8 

TRN 0.1719 0.0812 0.0415 0.0301 0.0297 
CHK 0.1801 0.0892 0.0447 0.0318 0.0289 

 
IT2FNN-2 

ς  30 26 20 16 6 

TRN 0.1521 0.0733 0.0338 0.0249 0.0212 
CHK 0.1708 0.0773 0.0419 0.0302 0.0241 

 
IT2FNN-3 

ς  27 23 18 8 5 

 

Shaded cells in Table 5 show, based on AIC, that architecture IT2FNN-3 
(TRN/CHK) forecasts better Mackey-Glass chaotic series with τ =30 than ANFIS. 
In Table 6 it is shown that there is a significant improvement in all architectures 
IT2FNN (TRN/CHK) model for all SNR values with respect to ANFIS. 
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Fig. 9. RMSE (TRN) values determined in models ANFIS and IT2FNN with 10-fold cross-
validation for forecasting Mackey-Glass chaotic time series with τ =30 

 

 

Fig. 10. RMSE (CHK) values determined in models ANFIS and IT2FNN with 10-fold 
cross-validation for forecasting Mackey-Glass chaotic time series with τ =30 
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Table 5. Akaike Information Criteria (AIC) of TRN/CHK and ς  values determined in 
models ANFIS and IT2FNN with 10-fold cross-validation for forecasting Mackey-Glass 
chaotic time series with τ =30 
 

SNR(dB) 0 10 20 30 free 
TRN 2225.19 1455.41 864.33 542.59 460.58 
CHK 2331.72 1535.55 938.03 599.22 517.07 

 
ANFIS 

ς  NA NA NA NA NA 

TRN 1948.06 1260.02 557.43 345.29 202.79 
CHK 2016.09 1340.42 684.83 425.93 253.29 

 
IT2FNN-0 

ς  36 29 25 19 9 

TRN 1915.23 1290.72 515.01 290.41 53.86 
CHK 2132.15 1359.54 682.06 328.42 150.29 

 
IT2FNN-1 

ς  33 27 22 17 8 

TRN 1716.46 966.46 295.24 25.93 39.30 
CHK 1763.06 1060.43 369.52 29.02 66.61 

 
IT2FNN-2 

ς  30 26 20 16 6 

TRN 1594.09 864.11 90.01 -215.58 -376.45 
CHK 1710.04 917.24 308.83 -22.61 -248.24 

 
IT2FNN-3 

ς  27 23 18 8 5 

 
Table 6. Statistic F (TRN/CHK) and ς  values determined in models ANFIS and IT2FNN 
with 10-fold cross-validation for forecasting Mackey-Glass chaotic time series with τ =30 
 

SNR(dB) 0 10 20 30 free 
TRN 35.3061 23.3632 40.1645 23.6202 32.3015 
CHK 41.6464 23.3277 31.6065 20.4550 33.2196 ANFIS/IT2FNN-0 

F0.95(9,395) = 1.9036 ς  36 29 25 19 9 

TRN 5.8527 3.4845 6.6219 4.8276 7.8578 
CHK 3.9920 3.6454 4.8913 5.1452 6.9830 ANFIS/IT2FNN-1 

F0.95(89,315) = 1.3070 ς  33 27 22 17 8 

TRN 10.4374 9.8952 12.2307 12.2126 10.1922 
CHK 12.2172 9.5288 12.2124 12.2661 12.6977 ANFIS/IT2FNN-2 

F0.95(89,315) = 1.3070 ς  30 26 20 16 6 

TRN 14.3131 12.9471 20.2343 19.4788 23.4108 
CHK 13.9798 13.8620 14.3880 13.9852 19.8096 ANFIS/IT2FNN-3 

F0.95(89,315) = 1.3070 ς  27 23 18 8 5 
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Table 7. RMSE (TRN/CHK) and ς  values determined in models ANFIS and IT2FNN 
with 10-fold cross-validation for forecasting Mackey-Glass chaotic time series with τ =100 
 

SNR(dB) 0 10 20 30 free 
TRN 0.4253 0.1839 0.1035 0.0706 0.0617 
CHK 0.4677 0.2035 0.1227 0.0758 0.0669 

 
ANFIS 

ς  NA NA NA NA NA 

TRN 0.3017 0.1445 0.0828 0.0563 0.0415 
CHK 0.3322 0.1497 0.0898 0.0681 0.0483 

 
IT2FNN-0 

ς  50 42 38 29 13 

TRN 0.2258 0.1133 0.0687 0.0406 0.0307 
CHK 0.2976 0.1235 0.0779 0.0473 0.0397 

 
IT2FNN-1 

ς  48 40 36 27 11 

TRN 0.1751 0.0724 0.0412 0.0313 0.0189 
CHK 0.1899 0.0783 0.0570 0.0398 0.0296 

 
IT2FNN-2 

ς  46 38 34 24 8 

TRN 0.1311 0.0527 0.0258 0.0179 0.0155 
CHK 0.1377 0.0554 0.0311 0.0212 0.0133 

 
IT2FNN-3 

ς  39 31 28 19 6 

 

 
 

Fig. 11. RMSE (TRN) values determined in models ANFIS and IT2FNN with 10-fold 
cross-validation for forecasting Mackey-Glass chaotic time series with τ =100 
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Fig. 12. RMSE (CHK) values determined in models ANFIS and IT2FNN with 10-fold 
cross-validation for forecasting Mackey-Glass chaotic time series with τ =100 
 
 

Table 8. Akaike Information Criteria (AIC) of TRN/CHK and ς  values determined in 
models ANFIS and IT2FNN with 10-fold cross-validation for forecasting Mackey-Glass 
chaotic time series with τ =100 

 
SNR(dB) 0 10 20 30 free 

TRN 2444.34 1605.94 1031.12 648.58 513.83 
CHK 2539.38 1707.21 1201.29 719.65 594.75 

 
ANFIS 

ς  NA NA NA NA NA 

TRN 2118.98 1382.83 825.98 440.24 135.24 
CHK 2215.29 1418.18 907.13 630.53 286.98 

 
IT2FNN-0 

ς  50 42 38 29 13 

TRN 1989.20 1299.59 799.30 273.32 -6.19 
CHK 2265.30 1385.79 924.97 426.06 250.90 

 
IT2FNN-1 

ς  48 40 36 27 11 

TRN 1734.91 851.76 287.99 13.17 -491.29 
CHK 1816.05 930.10 612.60 253.42 -42.68 

 
IT2FNN-2 

ς  46 38 34 24 8 

TRN 1445.51 534.16 -180.08 -545.65 -689.61 
CHK 1494.63 584.13 6.76 -376.45 -842.69 

 
IT2FNN-3 

ς  39 31 28 19 6 
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Table 9. Statistic F (TRN/CHK) and ς  values determined in models ANFIS and IT2FNN 
with 10-fold cross-validation for forecasting Mackey-Glass chaotic time series with τ =100 

 
SNR(dB) 0 10 20 30 free 

TRN 43.3268 27.1968 24.6875 25.1267 53.1238 
CHK 43.1053 37.2147 38.0502 10.4860 40.3112 ANFIS/IT2FNN-0 

F0.95(9,395) = 1.9036 ς  50 42 38 29 13 

TRN 9.0170 5.7851 4.4939 7.1630 10.7567 
CHK 5.2022 6.0705 5.2415 5.5501 6.5113 ANFIS/IT2FNN-1 

F0.95(89,315) = 1.3070 ς  48 40 36 27 11 

TRN 17.3411 19.2960 18.7967 14.4677 34.1803 
CHK 17.9294 20.3677 12.8613 9.2985 14.5403 ANFIS/IT2FNN-2 

F0.95(89,315) = 1.3070 ς  46 38 34 24 8 

TRN 33.7089 39.5592 53.4196 51.5191 52.5432 
CHK 37.2914 44.2169 51.5527 41.7074 86.0115 ANFIS/IT2FNN-3 

F0.95(89,315) = 1.3070 ς  39 31 28 19 6 

 
Shaded cells in Table 8 show, based on AIC, that architecture IT2FNN-3 

(TRN/CHK) forecasts better Mackey-Glass chaotic series with τ =100 than 
ANFIS. In Table 9 it is shown that there is significant improvement in 
architectures IT2FNN-1 (CHK) model for all SNR values with respect to ANFIS. 

4   Conclusions 

This paper models interval type-2 fuzzy neural networks (IT2FNN) architectures 
for forecasting Mackey-Glass chaotic time series. Combining neural networks and 
interval type-2 fuzzy logic systems improves learning, uncertainty handle and 
discovery, which are desirable characteristics for intelligent processing of 
imperfect information. Results show higher efficiency due to better representation 
capability and scalability. Mackey-Glass results analyzed with cross-validation, 
AIC and F tests, show that IT2FNN is a generalization of autoregressive models in 
times series case. 

Cross validation, AIC and F test contrast analysis with statistical models show 
that IT2FNN models have better results under high uncertainty or same results 
under low uncertainty as ANFIS models. 
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