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Abstract. This paper is concerned with a subclass of finite state trans-
ducers, called strict prefix deterministic finite state transducers (SPDFST ’s
for short), and studies a problem of identifying the subclass in the limit
from positive data. After providing some properties of languages accepted
bySPDFST’s,we show that the class of SPDFST’s is polynomial time iden-
tifiable in the limit from positive data in the sense of Yokomori.

1 Introduction

A reasonable definition for polynomial time identifiability in the limit [3] from
positive data has been proposed by Yokomori [4]. He has also proved that a
class of languages accepted by strictly deterministic automata (SDA’s for short)
[4] and a class of very simple languages [5] are polynomial time identifiable in
the limit from positive data. As for a class of transducers, Oncina et al. [2] have
proved that a class of onward subsequential transducers (OST’s for short), which
is a proper subclass of finite state transducers, is polynomial time identifiable in
the limit from positive data.

The present paper deals with a subclass of finite state transducers called strict
prefix deterministic finite state transducers (SPDFST ’s for short), and discusses
the identification problem of the class of SPDFST’s. The class of SDA’s forms a
proper subclass of associated automatawith SPDFST’s. Moreover, the class of lan-
guages accepted by SPDFST’s is incomparable to the class of languages accepted
by OST’s. After providing some properties of languages accepted by SPDFST’s,
we show that the class of SPDFST’s is polynomial time identifiable in the limit
from positive data in the sense of Yokomori [4]. The main result in this paper pro-
vides another interesting instance of a class of transducers which is polynomial
time identifiable in the limit. This identifiability is proved by giving an exact char-
acteristic sample of polynomial size for a language accepted by an SPDFST.

2 Basic Definitions and Notation

An alphabet Σ is a finite set of symbols. We denote by Σ∗ the set of all finite-
length strings over Σ . The string of length 0 (the empty string) is denoted by
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ε. Let Σ+ = Σ∗ − {ε}. We denote by |w| the length of a string w and by |S|
the cardinality of a set S. A language over Σ is any subset L of Σ∗. For a string
w ∈ Σ+, first(w) denotes the first symbol of w. For w ∈ Σ∗, alph(w) denotes the
set of symbols appearing in w. For w ∈ Σ∗ and its prefix x ∈ Σ∗, x−1w denotes
the string y ∈ Σ∗ such that w = xy. For S ⊆ Σ∗, lcp(S) denotes the longest
common prefix of all strings in S.

Let Σ be any alphabet and suppose that Σ is totally ordered by some binary
relation ≺. Let x = a1 · · · ar, y = b1 · · · bs, where r, s ≥ 0, ai ∈ Σ for 1 ≤ i ≤ r,
and bi ∈ Σ for 1 ≤ i ≤ s. We write that x ≺ y if (i) |x| < |y|, or (ii) |x| = |y|
and there exists k ≥ 1 so that ai = bi for 1 ≤ i < k and ak ≺ bk. The relation
x � y means that x ≺ y or x = y.

3 Strict Prefix Deterministic Finite State Transducers

A finite state or rational transducer (FST for short) is defined as a 6-tuple T =
(Q,Σ ,Δ, δ, q0, F ), where Q is a finite set of states, Σ is an input alphabet, Δ
is an output alphabet, δ is a finite subset of Q × Σ∗ × Δ∗ × Q whose elements
are called transitions or edges, q0 is the initial state, and F (⊆ Q) is a set of
final states [1][2]. A finite automaton M = (Q,Σ , δ′, q0, F ), where δ′ ⊆ Q ×
Σ∗ × Q and (p, x, y, q) ∈ δ implies that (p, x, q) ∈ δ′, is called an associated
automaton with an FST T . A path in an FST T is a sequence of transitions π =
(p0, x1, y1, p1)(p1, x2, y2, p2) · · · (pn−1, xn, yn, pn), where pi ∈ Q for 0 ≤ i ≤ n,
and xi ∈ Σ∗, yi ∈ Δ∗ for 1 ≤ i ≤ n. When the intermediate states involved in a
path are insignificant, a path is written as π = (p0, x1x2 · · ·xn, y1y2 · · · yn, pn).
For p, q ∈ Q, ΠT (p, q) denotes the set of all paths from p to q. By convention,
we let (p, ε, ε, p) ∈ ΠT (p, p) for any p ∈ Q. We extend this notation by setting
ΠT (p, Q′) = ∪q∈Q′ ΠT (p, q) for any Q′ ⊆ Q. A path π from p to q is successful
iff p = q0 and q ∈ F . Thus, the set of all successful paths is ΠT (q0, F ). Here,
for a state p ∈ Q, it is said to be reachable if ΠT (q0, p) 	= ∅, and it is said to be
live if ΠT (p, F ) 	= ∅. For an FST T , the language accepted by T is defined to be
L(T ) = {(x, y) ∈ Σ∗ × Δ∗ | (q0, x, y, q) ∈ ΠT (q0, F )}.
Definition 1. Let T = (Q,Σ ,Δ, δ, q0, F ) be an FST. Then, T is a strict prefix
deterministic finite state transducer (SPDFST) iff T satisfies the following con-
ditions: (1) δ ⊆ Q ×Σ+ ×Δ+ × Q. (2) For any (p, x1, y1, q1), (p, x2, y2, q2) ∈ δ,
if first(x1) = first(x2), then x1 = x2, y1 = y2 and q1 = q2 (determinism condi-
tion). (3) For any (p, x1, y1, q1), (p, x2, y2, q2) ∈ δ, if first(x1) 	= first(x2), then
first(y1) 	= first(y2). (4) For any (p1, x1, y1, q1), (p2, x2, y2, q2) ∈ δ with p1 	= p2

or q1 	= q2, it holds that first(x1) 	= first(x2) or first(y1) 	= first(y2) (i.e., the
uniqueness of labels). If T satisfies the conditions (3) and (4), we say that T has
the strict prefix property.

An SPDFST T = (Q,Σ ,Δ, δ, q0, F ) is said to be in canonical form if, for any
p ∈ Q, p is reachable and live, and for any p ∈ Q − {q0}, it holds that p ∈ F
or |{(p, x, y, q) ∈ δ | x ∈ Σ+, y ∈ Δ+, q ∈ Q}| ≥ 2. For any SPDFST T ′, there
exists an SPDFST T in canonical form such that L(T ) = L(T ′), and we can
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construct an algorithm that outputs such T . Hereafter, we are concerned with
SPDFST’s in canonical form.

The following lemmas are derived from Definition 1.

Lemma 1. Let T = (Q, Σ , Δ, δ, q0, F ) be an SPDFST, and let p, p′, q, q′ ∈ Q,
x, x′ ∈ Σ+, and y, y′ ∈ Δ+. Then, the followings hold. (1) If (p, x, y, q) ∈
ΠT (p, q) and (p, x, y′, q′) ∈ ΠT (p, q′), then y = y′ and q = q′. (2) If (p, x, y, q) ∈
ΠT (p, q) and (p′, x, y, q′) ∈ ΠT (p′, q′), then p = p′ and q = q′. (3) For some
π = (p, x, y, q) ∈ ΠT (p, q) and π′ = (p, x′, y′, q′) ∈ ΠT (p, q′), if first(x) =
first(x′) and first(y) = first(y′), then π can be divided into (p, xc, yc, r) and
(r, xc

−1x, yc
−1y, q), and π′ can be divided into (p, xc, yc, r) and (r, xc

−1x′, yc
−1y′,

q′), where xc = lcp({x, x′}), yc = lcp({y, y′}), and r ∈ Q.

Lemma 2. Let T = (Q, Σ , Δ, δ, q0, F ) be an SPDFST and let (x, y), (x1, y1),
(x2, y2) ∈ L(T ). Then, for each a, a1, a2 ∈ Σ (a1 	= a2), b, b1, b2 ∈ Δ (b1 	= b2),
the followings hold. (1) If x = ax′′ and y = by′′ for some x′′ ∈ Σ∗, y′′ ∈ Δ∗, then
there exists a transition (q0, u, v, p) ∈ δ such that first(u) = a and first(v) = b for
some p ∈ Q. (2) If x1 = x′a1x

′′
1 , x2 = x′a2x

′′
2 , y1 = y′b1y

′′
1 and y2 = y′b2y

′′
2 for

some x′, x′′
1 , x′′

2 ∈ Σ∗, y′, y′′
1 , y′′

2 ∈ Δ∗, then there exist p, q1, q2 ∈ Q, u1, u2 ∈ Σ+,
and v1, v2 ∈ Δ+ such that (p, u1, v1, q1), (p, u2, v2, q2) ∈ δ with first(u1) = a1,
first(u2) = a2, first(v1) = b1 and first(v2) = b2. (3) If x2 = x1ax′′

2 and y2 = y1by
′′
2

for some x′′
2 ∈ Σ∗, y′′

2 ∈ Δ∗, then there exist p ∈ F , q ∈ Q, u ∈ Σ+, and v ∈ Δ+

such that (p, u, v, q) ∈ δ with first(u) = a and first(v) = b.

From the definition of SDA’s [4, p.159, Definition 5], we can show that the
class of SDA’s is a proper subclass of associated automata with SPDFST’s.
Moreover, from the definition of OST’s [2, p.450], we can show that the class of
languages accepted by OST’s is incomparable to the class of languages accepted
by SPDFST’s.

4 Identifying SPDFST’s

Let T = (Q,Σ ,Δ, δ, q0, F ) be any SPDFST in canonical form. A finite subset
R ⊆ Σ∗ × Δ∗ of L(T ) is called a characteristic sample of L(T ) if L(T ) is the
smallest language accepted by an SPDFST containing R, i.e., if for any SPDFST
T ′, R ⊆ L(T ′) implies that L(T ) ⊆ L(T ′).

For each p ∈ Q, define pre(p) as the shortest input string x ∈ Σ∗ from q0 to
p, i.e., (q0, x, y, p) ∈ ΠT (q0, p) and x � x′ for any x′ such that (q0, x

′, y′, p) ∈
ΠT (q0, p). Moreover, for each p ∈ Q and q ∈ F , define post(p, q) (∈ Σ∗) as the
shortest input string from p to q. Then, define RI(T ) = {pre(p) · post(p, q) | p ∈
Q, q ∈ F} ∪ {pre(p) · x · post(r, q) | p ∈ Q, (p, x, y, r) ∈ δ, q ∈ F} ∪ {pre(p) · x1 ·
x2 ·post(s, q) | p ∈ Q, (p, x1, y1, r), (r, x2, y2, s) ∈ δ, q ∈ F} and R(T ) = {(x, y) ∈
Σ∗ × Δ∗ | x ∈ RI(T ), (q0, x, y, q) ∈ ΠT (q0, F )}. R(T ) is called a representative
sample of T . Note that the cardinality |R(T )| of a representative sample is at
most |Q|2 (|Σ |2 + |Σ | + 1), that is, |R(T )| is polynomial with respect to the
description length of T . We can prove that R(T ) is a characteristic sample of
L(T ).
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Let T∗ be a target SPDFST. The idenitification algorithm IA is given in the
following.

Input: a positive presentation (x1, y1), (x2, y2), . . . of L(T∗) for T∗
Output: a sequence of SPDFST’s T1, T2, . . .
Procedure IA
begin

initialize i = 0; q0 := p[ε]; h(p[ε]) := ε;
let T0 = ({p[ε]}, ∅, ∅, ∅, q0, ∅) be the initial SPDFST;
repeat (forever)

let Ti = (Qi,Σi,Δi, δi, q0, Fi) be the current conjecture;
i := i + 1; read the next positive example (xi, yi);
if (xi, yi) ∈ L(Ti−1) then output Ti = Ti−1 as the i-th conjecture
else

Qi := Qi−1; Σi := Σi−1; Δi := Δi−1; δi := δi−1; Fi := Fi−1;
if xi = ε and yi = ε then

Fi := Fi ∪ {p[ε]};
output Ti = (Qi,Σi,Δi, δi, q0, Fi) as the i-th conjecture

else /* the case where xi 	= ε and yi 	= ε */
Qi := Qi ∪ {p[xi]}; Σi := Σi ∪ alph(xi); Δi := Δi ∪ alph(yi);
Fi := Fi ∪ {p[xi]}; h(p[xi]) := xi;
Ti := CONSTRUCT(Qi,Σi,Δi, δi ∪ {(p[ε], xi, yi, p[xi])}, q0, Fi);
output Ti as the i-th conjecture fi fi

until (false)
end

Here, the function CONSTRUCT(Q,Σ ,Δ, δ, q0, F ) merges states in Q so that it
satisfies Lemma 1 (2) and divides a transition in δ into two transitions so that
it satisfies Lemma 1 (3) repeatedly, and outputs the updated SPDFST.

By using Lemmas 1 and 2 and analyzing the behavior of the identification
algorithm IA in the similar way as in [4], we have the following conclusion.

Theorem 1. The class of SPDFST’s is polynomial time identifiable in the limit
from positive data in the sense of Yokomori [4].
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