
Hölder Norms and a Hierarchy Theorem for

Parameterized Classes of CCG
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Abstract. We develop a framework based on Hölder norms that allows
us to easily transfer learnability results. This idea is concretized by ap-
plying it to Classical Categorial Grammars (CCG).

1 Introduction

The question to present new, potentially interesting language classes that can be
learnt in certain scenarios has been always in the focus of Grammatical Inference.
To the knowledge of the authors, no systematic way to design or define new
learnable language classes, starting out from known learnability results, is known,
possibly apart from the results exhibited in [1, 2, 3] where it is shown how formal
language results can be used to transfer learnability results by using a kind
of preprocessing reduction. We will here show another way of such a transfer,
namely by using elementary mathematical properties of Hilbert spaces. This
works in particular for learning from text, also known as learning from positive
data, a setting where such transfer results have been hitherto unknown.

One way of obtaining learnable classes of grammars is by imposing bounds
on their descriptive complexity. This approach has been applied in the past to
the Classical Categorial Grammar (CCG) formalism [4, 5] resulting in, among
others, the learnable class of k-valued grammars, the grammars of which assign
at most k categorial types to any single symbol in the (fixed) alphabet.1 Us-
ing ideas exhibited in [6], we might first associate to any categorial grammar G
over an n-letter alphabet {a1, . . . , an} an n-dimensional vector v(G), where the
ith component counts that number of categorial types associated to ai. From
this viewpoint, a categorial grammar G is k-valued iff the maximum norm (also
known as L∞ norm) of v(G) is bounded by k. We will therefore term the corre-
sponding class k-max-valued in what follows. This association of G to a normed
Hilbert space poses a natural mathematical question: How do formal language
(hierarchy) and learnability results transfer when changing the norm?

1 For reasons of space, we are not giving definitions of CCG here, but refer to the
given references. In particular, range(G) denotes the types occurring in the CCG G
and Pr is the set of primitive types.
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2 k-Sum-Valued CCG

We first study the sum norm: a categorial grammar G is k-sum-valued iff the
sum norm (also known as L1 norm) of v(G) is bounded by k.

For a crisp notation, let Gk−max-val(Σ), Lk−max-val(Σ), and FLk−max-val(Σ) de-
note that class of k-max-valued grammars, their languages and functor-argument
structure languages, respectively; sometimes, the basic alphabet Σ is made ex-
plicit. Similarly, the notations Gk−sum-val(Σ), Lk−sum-val(Σ), and FLk−sum-val(Σ)
are understood.

Kanazawa showed that both the hierarchiesLk−max-val(Σ) andFLk−max-val(Σ)
have finite elasticity, hence entailing text learnability.

Theorem 1. Fix some finite alphabet Σ. Families from both the hierarchies
Lk−sum-val(Σ) and FLk−sum-val(Σ) have finite elasticity.

Proof. The maximum number of types that can be assigned to any symbol
in a k-max-valued grammar is k. Thus, Gk−sum-val(Σ) ⊂ Gk−max-val(Σ), and
Lk−sum-val(Σ) ⊆ Lk−max-val(Σ).

Since Lk−max-val is known to have finite elasticity for every k, every subclass,
including Lk−sum-val, has finite elasticity (for every k), and is thus learnable.

An analogous argument can be given for FLk−sum-val. ��
This yields the easy corollary:

Corollary 2. Fix some finite alphabet Σ. Both families from the hierarchies
Lk−sum-val(Σ) and FLk−sum-val(Σ) are identifiable in the limit.

For the maximum norm, a hierarchy theorem was proved in [4], i.e., for any
k ≥ 1, Lk−max-val � L(k+1)−max-val. Such a result also holds for the k-sum-val
grammars, as we will now demonstrate.

Theorem 3. For any k ≥ 1, Lk−sum-val � L(k+1)−sum-val.

Proof. This proof parallels Theorem 5.5 as presented in Section 8.1.1 of [4]: By
definition, Gk−sum-val ⊂ G(k+1)−sum-val, which immediately implies Lk−sum-val ⊆
L(k+1)−sum-val. It remains to show that L(k+1)−sum-val − Lk−sum-val �= ∅.

Let Ln = {ai | 1 ≤ i ≤ n}, and Ln = {Ln | n ∈ N+}. Note that Ln is an
infinite ascending chain, so, since Lk−sum-val has finite elasticity (Theorem 1),
Ln �⊆ Lk−sum-val for any fixed k. Thus, for every k, there is an n such that
Ln �∈ Lk−sum-val. We will show that for the least such n, Ln ∈ L(k+1)−sum-val.
Let Gn−1 be a k-sum-valued grammar such that L(Gn−1) = Ln−1. There must
exist a type A ∈ range(Gn−1) − Pr such that A is not a proper subtype of any
type in range(Gn−1). Let B = (. . . (t/ A)/ . . .)/A

︸ ︷︷ ︸

n

, and let Gn = Gn−1∪{〈a, B〉}.

The reader can verify that L(Gn) = Ln. ��
From this proof, it immediately follows that:

Theorem 4. For any k ≥ 1, FLk−sum-val � FL(k+1)−sum-val.
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3 Hölder Norms

The bounds defining the k-max-valued and k-sum-valued classes are special cases
of Hölder norms. These are of the form ‖ x ‖p= p

√∑n
i=1 |xi|p for x ∈ Rn and

p ≥ 1. For p = 1, this is the sum bound, for p → ∞ this is the maximum bound,
and for p = 2 we obviously obtain the Euclidian distance bound.

Proposition 5 (Folklore).

1. ‖ x ‖∞≤‖ x ‖p for any p ≥ 1.
2. For 1-dimensional spaces, ‖ x ‖∞=‖ x ‖p for any p ≥ 1.

Thus, natural questions present themselves: Do learnability and hierarchy the-
orems hold for every class of CCGs defined in terms of Hölder norms? More
specifically, let GH(k,p)(Σ) collect those grammars G over the alphabet Σ which
satisfy ‖ v(G) ‖p≤ k. Accordingly, the notations LH(k,p)(Σ) and FLH(k,p)(Σ)
are understood. By definition, we have:

Lemma 6. For every k, p ≥ 1, GH(k,p) ⊆ GH(k+1,p).

Proposition 5 (1) entails, completely analogous to Theorem 1:

Theorem 7. Fix some finite alphabet Σ and some p ≥ 1. Families from both
the hierarchies LH(k,p)(Σ) and FLH(k,p)(Σ) have finite elasticity.

Theorem 8. For every k, p ≥ 1, LH(k,p)(Σ) � LH(k+1,p)(Σ).

Proof. From Lemma 6, it immediately follows that LH(k,p) ⊆ LH(k+1,p). Since
the strictness (for the case p = 1) was shown in Theorem 3 by a unary example,
based on the finite elasticity of that class, Proposition 5 (2), together with The-
orem 7 yield the claim. ��
From this proof, it immediately follows that:

Theorem 9. For every k, p ≥ 1, FLH(k,p)(Σ) � FLH(k+1,p)(Σ).

More generally, if Lk now denotes any language class that has finite elasticity
and whose definition is obtained by restricting the L∞ norm of some vector
v(G) associated to some grammar G for L ∈ Lk, then, for any p ≥ 1, Lk,p is
a hierarchy with finite elasticity, as well, where Lk,p collects all languages that
can be described by grammars G with ‖ G ‖p≤ k.

4 Further Extensions and Questions

We have indicated a quite general framework that allows us to transfer learn-
ability results within the scenario of identification in the limit. We exemplified
this with results on classical categorial grammars. In passing, the interplay be-
tween learnability and formal languages allowed us to prove a hierarchy theorem
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based on previously shown learnability results (which seems to be a new way of
argumentation).

Our reasoning was based on the notion of finite elasticity. Can such arguments
be extended to similar notions like finite thickness? Can we find other interest-
ing special instances of our approach? The learning algorithms underlying this
framework are not very efficient in general (although they are in the special case
of CCG). So, is there a good way of transferring efficient learnability?

To give a better known example: We might associate to any nondeterministic
n-state automaton A an n-dimensional vector v(A), indicating in component i
the amount of lookahead needed to disambiguate any nondeterminism in state si.
Then, a deterministic automaton A is k-reversible [7] iff its reversal Ar satisfies:
‖ v(Ar) ‖∞≤ k.2 From the viewpoint exhibited in this paper, it appears natural
to study the learnability of classes of regular languages defined by the restriction
‖ v(Ar) ‖p≤ k for any p ≥ 1.

In general terms, we believe that there are further quite interesting connec-
tions between the areas of Grammatical Inference and that of Descriptional
Complexity that deserve further studies.
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