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Abstract. We present a problem of factor analysis of three-way binary
data. Such data is described by a 3-dimensional binary matrix I , describ-
ing a relationship between objects, attributes, and conditions. The aim
is to decompose I into three binary matrices, an object-factor matrix A,
an attribute-factor matrix B, and a condition-factor matrix C, with a
small number of factors. The difference from the various decomposition-
based methods of analysis of three-way data consists in the composition
operator and the constraint on A, B, and C to be binary. We present a
theoretical analysis of the decompositions and show that optimal factors
for such decompositions are provided by triadic concepts developed in
formal concept analysis. Moreover, we present an illustrative example,
propose a greedy algorithm for computing the decompositions.

1 Introduction

1.1 Problem Description

Recently, there has been a growing interest in methods for analysis of three-way
and generally N -way data that are based on various matrix decompositions. [10]
provides an up-to-date survey with 244 references, see also [5]. An N -way data
is represented by an N -dimensional matrix, called also N -dimensional array, or
N -dimensional tensor. 2-dimensional matrices are the ordinary matrices whose
entries are indexed by two indices (rows and column), N -dimensional matrices
have N -indices. Decompositions of N -dimensional matrices go back as far as to
1920s and have been studied in psychometrics since the 1940s [10].

We are concerned with decompositions of three-way binary data, i.e. data
represented by a 3-dimensional matrix which is denoted by I in this paper and
whose entries, denoted Iijt, are either 0 or 1. The matrix entries are interpreted
as follows (clearly, other interpretations are possible):

Iijt =
{

1 if object i has attribute j under condition t,
0 if object i does not have attribute j under condition t. (1)
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For example (cf. Section 3), objects correspond to students, attributes to student
qualities, and conditions to courses passed by the students.

Our aim is to decompose I in a way similar to the one employed in Boolean
factor analysis, see e.g. [3,7]. Recall that in Boolean factor analysis, a decompo-
sition I = A ◦B, defined by Iij = maxk

l=1 Ail ·Blj , of an object-attribute binary
matrix I is sought into an object-factor matrix A and a factor-attribute matrix
B, with k (number of factors) as small as possible. ◦ is the well-known Boolean
matrix multiplication. In our scenario, the goal is to decompose a 3-dimensional
binary matrix I into a product ◦(A, B, C) of three binary matrices, an object-
factor matrix A, an attribute-factor matrix B, and a condition-factor matrix C
with the number of factors as small as possible. The operator ◦(·, ·, ·), defined in
Section 2, is a 3-dimensional analogue of Boolean matrix multiplication.

As a main contribution of this paper, we show that optimal decompositions
(those with the least number of factors) are attained by using so-called triadic
concepts [13,17] as factors. In Sections 3 and 4, we present a detailed illustrative
example, basic complexity considerations, and a greedy approximation algorithm
to compute the decompositions. Section 5 presents issues for future work. Due
to lack of space, proofs are omitted.

1.2 Related Work

Decompositions of (2-dimensional) matrices and the related methods of data
analysis, such as factor analysis (FA), principal component analysis (PCA), in-
dependent component analysis (ICA), singular value decomposition (SVD), and
others have been studied for a long time. Recently, there has been a growing
interest in two topics. On one hand, there is a growing interest in the methods
for decomposition of N -dimensional matrices, see [5] and in particular [10] for a
survey. The reason behind is that N -way data naturally appear in many fields
including psychometrics, chemometrics, signal processing, computer vision, neu-
roscience, numerical analysis, and others. On the other hand, there is an interest
in the methods for decomposition of data which is constrained in some way.
An example is the nonnegative matrix factorization [12]. Such constraints can
be seen as semantic constraints which help us interpret the results of decom-
positions. Particularly relevant to our paper is the work on decompositions of
binary data. Several methods, including modifications of the methods designed
originally for real-valued data, have been developed, see [16] for an overview. A
particular role among them have the methods which decompose a binary matrix
into a Boolean product of binary matrices, see e.g. [3,7,14]. Namely, as reported
in [14], Boolean matrix decompositions can be interpreted in a straightforward
way. The present paper can be seen as an extension of [3] in which we de-
scribed optimal decompositions of binary matrices, provided theoretical results
on various aspects of Boolean decompositions, and an efficient approximation
algorithm. In this paper, we seek to extend these results to three-way data. Such
an extension is not obvious because several useful properties from the case of
two-way data (such as a simple duality due to Galois connection induced by the
input matrix) are no more available in the case of three-way data.
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2 Decomposition and Factors

2.1 Decomposition

Consider an n × m × p binary matrix I with entries Iijt. We are interested in
decompositions of I into three binary matrices, an n× k object-factor matrix A
with entries Aik, an m× k attribute-factor matrix B with entries Bjk, an p× k
condition-factor matrix A with entries Ctk, with respect to a ternary composition
◦ defined by

◦(A, B, C)ijt =
k

max
l=1

Ail · Bjl · Ctl. (2)

We look for I = ◦(A, B, C) with the smallest number k of factors.

Remark 1. (1) For p = 1, the problem becomes the problem of decomposition of
a binary matrix into a Boolean product of binary matrices.

(2) Due to lack of space, we do not include observations on the various ways
of possible compositions of 3- and lower-dimensional binary matrices. For real-
valued matrices, see [10].

2.2 Factors for Decomposition

We are going to show the role of so-called triadic concepts for the decompositions.
Triadic concepts were introduced in formal concept analysis (FCA). We provide
the preliminaries and refer to [8] (ordinary, or dyadic, FCA) and [13,17] (triadic
FCA) for more information. Note that in FCA, one works with relations rather
than binary matrices. Since the distinction between relations and binary matrices
is only a formal one, we use I to denote both, an n×m× p binary matrix and a
ternary relation between sets X , Y , and Z, with |X | = n, |Y | = m, and |Z| = p.
The correspondence is: Iijt = 1 (matrix) iff 〈xi, yj , zt〉 ∈ I (relation).

Preliminaries from Dyadic and Triadic FCA. A formal context (or dyadic con-
text) is a triplet 〈X, Y, I〉 where X and Y are non-empty sets and I is a binary
relation between X and Y , i.e. I ⊆ X × Y . X and Y are interpreted as the sets
of objects and attributes, respectively; I is interpreted as the incidence relation
(“to have relation”). That is, 〈x, y〉 ∈ I is interpreted as: object x has attribute
y. A formal context K = 〈X, Y, I〉 induces a pair of operators ↑ : 2X → 2Y and
↓ : 2Y → 2X defined for C ⊆ X and D ⊆ Y by

C↑ = {y ∈ Y | for each x ∈ C : 〈x, y〉 ∈ I},
D↓ = {x ∈ X | for each y ∈ D : 〈x, y〉 ∈ I}.

These operators, called concept-forming operators, form a Galois connection [8]
between X and Y . Usually, there is no danger of misunderstanding and both ↑

and ↓ may be denoted by the same symbol, e.g. one uses C′ and D′ instead of
C↑ and D↓. A formal concept (or dyadic concept) of 〈X, Y, I〉 is a pair 〈C, D〉
consisting of sets C ⊆ X and D ⊆ Y such that C↑ = D and D↓ = C; C and D
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are called the extent and intent of 〈C, D〉. The collection of all formal concepts
of 〈X, Y, I〉 is denoted by B(X, Y, I) and is called the concept lattice of 〈X, Y, I〉.
That is,

B(X, Y, I) = {〈C, D〉 |C↑ = D, D↓ = C}.

A concept lattice equipped with a partial order corresponding to a subconcept-
superconcept hierarchy is indeed a complete lattice [8]. A formal context may
be visualized by a binary matrix: rows and columns correspond to objects and
attributes; an entry corresponding to x ∈ X and y ∈ Y equals 1 iff 〈x, y〉 ∈ I.
Formal concepts of 〈X, Y, I〉 are just maximal rectangular areas in the corre-
sponding binary matrix which are full of 1s [8].

A triadic context is a quadruple 〈X1, X2, X3, I〉 where X1, X2, and X3 are non-
empty sets (interpreted as the sets of objects, attributes, and conditions, respec-
tively), and I is a ternary relation between X1, X2, and X3. I is interpreted as the
incidence relation (“to have-under relation”). That is, 〈x, y, z〉 ∈ I is interpreted
as: object x has attribute y under condition z. For convenience, a triadic context
is denoted by 〈X1, X2, X3, I〉. A triadic context K = 〈X1, X2, X3, I〉 induces the
following dyadic contexts: K(1) = 〈X1, X2×X3, I

(1)〉, K(2) = 〈X2, X1×X3, I
(2)〉,

K(3) = 〈X3, X1×X2, I
(3)〉, with the binary relations I(1), I(2), and I(3) defined by

〈x1, 〈x2, x3〉〉∈I(1) iff 〈x2, 〈x1, x3〉〉∈I(2) iff 〈x3, 〈x1, x2〉〉∈I(3) iff 〈x1, x2, x3〉 ∈ I.

for every x1 ∈ X1, x2 ∈ X2, x3 ∈ X3. The concept-forming operators induced
by K(i) are denoted by (i). That is, for C ⊆ X1 and D ⊆ X2 × X3, we have

C(1) = {〈x2, x3〉 ∈ X2 × X3 | for each x1 ∈ C : 〈x1, x2, x3〉 ∈ I},
D(1) = {x1 ∈ X1 | for each 〈x2, x3〉 ∈ D : 〈x1, x2, x3〉 ∈ I},

and similarly for (2) and (3). A triadic concept of 〈X1, X2, X3, I〉 is a triplet
〈D1, D2, D3〉 of D1 ⊆ X1, D2 ⊆ X2, and D3 ⊆ X3, such that for every {i, j, k} =
{1, 2, 3} with j < k we have Di = (Dj × Dk)(i); D1, D2, and D3 are called
the extent, intent, and modus of 〈D1, D2, D3〉. The set of all triadic concepts of
〈X1, X2, X3, I〉 is denoted by T (X1, X2, X3, I) and is called the concept trilattice
of 〈X1, X2, X3, I〉; the reader is referred to [17] to details on the notion of a
trilattice and for the trilattice structure on T (X1, X2, X3, I).

Triadic concepts can be represented by particular 3-dimensional binary ma-
trices, namely cuboidal matrices. Formally, J is a cuboidal matrix (shortly, a
cuboid) if there exist an n × 1 binary vector A, an m × 1 binary vector B, and
a p × 1 binary vector C, such that J = ◦(A, B, C).

The following theorem explains the role of cuboids for decompositions (2).

Theorem 1. I = ◦(A, B, C) for an n× k matrix A, m× k matrix B, and p× k
matrix C, if and only if is a max-superposition of k cuboids J1, . . . , Jk, i.e.

I = J1 max · · ·maxJk.

For each l = 1, . . . , k, Jl = ◦(A l, B l, C l), i.e. each Jl is the product of the l-th
columns of A, B, and C.
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As a result, to decompose I using a small number of factors, one needs to find
a small number of cuboids in I which are full of 1s and cover all the entries of I
with 1s.

We say that a cuboid J is contained in I if Jijt ≤ Iijt for all i, j, t. As the
following theorem shows, triadic concepts of I correspond to maximal cuboids
contained in I.

Theorem 2. 〈D1, D2, D3〉 is a triadic concept of I if and only if J = ◦(c(D1),
c(D2), c(D3)) is a maximal cuboid contained in I (i.e., any other cuboid which
is contained in I is also contained in J). Here, c(Di) denotes the characteristic
vector of Di, i.e. c(Di)(x) = 1 iff x ∈ Di.

We are going to use triadic concepts of I for decompositions of I the following
way. For a set

F = {〈D11, D12, D13〉, . . . , 〈Dk1, Dk2, Dk3〉}

of triadic concepts of I, we denote by AF the n × k matrix in which the
l-th column consists of the characteristic vector c(Dl1) of the extent Dl1 of
〈Dl1, Dl2, Dl3〉, BF the m × k matrix in which the l-th column consists of the
characteristic vector c(Dl2) of the intent Dl2 of 〈Dl1, Dl2, Dl3〉, CF the p × k
matrix in which the l-th column consists of the characteristic vector c(Dl3) of
the modus Dl3 of 〈Dl1, Dl2, Dl3〉. That is,

(AF )il =
{

1 if i ∈ (Dl1),
0 if i 	∈ (Dl1),

(BF )jl =
{

1 if j ∈ (Dl2),
0 if j 	∈ (Dl2),

(CF )tl =
{

1 if t ∈ (Dl3),
0 if t 	∈ (Dl3).

If I = ◦(AF , BF , CF), F can be seen as a set of factors which fully explain the
data. In such a case, we call the triadic concepts from F factor concepts. Given
I, our aim is to find a small set F of factor concepts.

Using triadic concepts of I as factors is intuitively appealing because triadic
concepts are simple models of human concepts according to traditional logic ap-
proach [13]. In fact, factors are often called “(hidden) concepts” in the ordinary
factor analysis. In addition, the extents, intents, and modi of the concepts, i.e.
columns of AF , BF , and CF , have a straightforward interpretation: they repre-
sent the objects, attributes, and conditions to which the factor concept applies
(see Section 3 for particular examples).

The next result says that triadic concepts of I are universal factors.

Theorem 3 (universality). For every I there is F ⊆ T (X, Y, I) such that
I = ◦(AF , BF , CF).

The following theorem may be considered the main result. It says that, as far as
exact decompositions of I are concerned, triadic concepts are optimal factors in
that they provide us with decompositions of I with the least number k of factors.

Theorem 4 (optimality). If I = ◦(A, B, C) for n×k, m×k, and p×k binary
matrices A, B, and C, there exists a set F ⊆ T (X, Y, I) of triadic concepts of I
with |F| ≤ k such that for the n × |F|, m × |F|, and p × |F| matrices AF , BF ,
and CF we have I = ◦(AF , BF , CF).
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F1: “theoretical skills” F2: “practical skills” F3: “self-confidence”

Fig. 1. Geometric meaning of factors as maximal cuboids

This means that when looking for decompositions of I, one can restrict the search
to the set of triadic concepts instead of the set of all possible decompositions.

3 Illustrative Example

In this section, we present an illustrative example of factorization. We consider
input data containing information about students and their performance in vari-
ous courses. Such data is frequently obtained from student evaluation and recom-
mendation systems that are used during the process of admission to universities.
Factor analysis of this type of data can help reveal important factors describing
skills of students under various conditions.

Our model data in represented by a triadic context 〈X, Y, Z, I〉 where X =
{a, b, . . . , h} is a set of students (objects); Y = {co, cr, di, fo, in, mo} is a set of
student qualities (attributes): communicative, creative, diligent, focused, inde-
pendent, motivated; and Z = {AL, CA, CI, DA, NE} is a set of courses passed by
the students (conditions): algorithms, calculus, circuits, databases, and network-
ing. The fact that x is related with y under z is interpreted so that “student x
showed quality y in course z”. We consider I given by the following table:

AL CA CI DA NE

co cr d
i

fo in m
o

co cr d
i

fo in m
o

co cr d
i

fo in m
o

co cr d
i

fo in m
o

co cr d
i

fo in m
o

a 1 1 1 1 1 1 0 0 1 1 0 1 1 1 0 0 1 1 0 0 1 1 0 1 1 1 0 0 1 1
b 1 1 0 0 1 1 0 0 0 0 0 0 1 1 0 0 1 1 1 1 0 0 0 0 1 1 0 0 1 1
c 1 1 1 1 0 1 0 0 1 1 0 1 1 1 0 0 0 0 1 1 1 1 0 1 1 1 0 0 0 0
d 1 1 1 1 1 1 0 0 1 1 0 1 1 1 0 0 1 1 0 0 1 1 0 1 1 1 0 0 1 1
e 1 1 0 0 1 1 0 0 0 0 0 0 1 1 0 0 1 1 1 1 0 0 0 0 1 1 0 0 1 1
f 1 1 1 1 1 1 0 0 1 1 0 1 1 1 0 0 1 1 1 1 1 1 0 1 1 1 0 0 1 1
g 1 1 0 0 1 1 0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 1 1 0 0 1 1
h 0 0 1 1 0 1 0 0 1 1 0 1 0 0 0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 0

The rows of the table correspond to students, the columns correspond to
attributes under the various conditions (courses). The triadic context 〈X, Y, Z, I〉
contains 14 triadic concepts:
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D1 = 〈∅, {co, cr, di, fo, in, mo}, {AL, CA, CI, DA, NE}〉,
D2 = 〈{f}, {co, cr, mo}, {AL, CI, DA, NE}〉,
D3 = 〈{c, f}, {co, cr, di, fo, mo}, {AL, DA}〉,
D4 = 〈{b, c, e, f}, {co, cr}, {AL, CI, DA, NE}〉,
D5 = 〈{a, d, f}, {mo}, {AL, CA, CI, DA, NE}〉,
D6 = 〈{a, d, f}, {co, cr, di, fo, in, mo}, {AL}〉,
D7 = 〈{a, c, d, f}, {co, cr, di, fo, mo}, {AL}〉,
D8 = 〈{a, c, d, f, h}, {di, fo, mo}, {AL, CA, DA}〉,
D9 = 〈{a, b, d, e, f, g}, {co, cr, in, mo}, {AL, CI, NE}〉,

D10 = 〈{a, b, c, d, e, f, g}, {co, cr}, {AL, CI, NE}〉,
D11 = 〈{a, b, c, d, e, f, g}, {co, cr, mo}, {AL}〉,
D12 = 〈{a, b, c, d, e, f, g, h}, ∅, {AL, CA, CI, DA, NE}〉,
D13 = 〈{a, b, c, d, e, f, g, h}, {mo}, {AL}〉,
D14 = 〈{a, b, c, d, e, f, g, h}, {co, cr, di, fo, in, mo}, ∅〉.

Following the observations from Section 2, it suffices to take F = {D1, . . . , D14}
as the set of factor concepts which then yields a factorization of I into an 8× 14
object-factor matrix AF , a 6 × 14 attribute-factor matrix BF , and a 5 × 14
conditions-factor matrix CF . However, there exists a smaller set F of factor
concepts consisting of

F1 = D8 = 〈{a, c, d, f, h}, {di, fo, mo}, {AL, CA, DA}〉,
F2 = D4 = 〈{b, c, e, f}, {co, cr}, {AL, CI, DA, NE}〉,
F3 = D9 = 〈{a, b, d, e, f, g}, {co, cr, in, mo}, {AL, CI, NE}〉.

If we fix the order of objects, attributes, and conditions in sets X , Y , and Z,
respectively, we can uniquely represent subsets of object, attributes, and con-
ditions by characteristic vectors. For instance, we let a < b < · · · < h, i.e., a
has index 1, b has index 2, etc. Similarly, we assume co < cr < · · · < mo and
AL < CA < · · · < NE. As a consequence, extents, intents, and modi of F1, F2, F3

can be represented by characteristic vectors as follows:

F1 = 〈10110101, 001101, 11010〉, F2 = 〈01101100, 110000, 10111〉,
F3 = 〈11011110, 110011, 10101〉.

Using F = {F1, F2, F3}, we obtain the following 8 × 3 object-factor matrix AF ,
6 × 3 attribute-factor matrix BF , and 5 × 3 conditions-factor matrix CF :

AF =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 1
0 1 1
1 1 0
1 0 1
0 1 1
1 1 1
0 0 1
1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, BF =

⎛
⎜⎜⎜⎝

0 1 1
0 1 1
1 0 0
1 0 0
0 0 1
1 0 1

⎞
⎟⎟⎟⎠, CF =

⎛
⎜⎜⎝

1 1 1
1 0 0
0 1 1
1 1 0
0 1 1

⎞
⎟⎟⎠.
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One can check that I = ◦(AF , BF , CF ), i.e., I decomposes into three (two-
dimensional) matrices using three factors. Note that the meaning of the factors
can be seen from the extents, intents, and modi of the factor concepts. For in-
stance, F1 applies to students a, c, d, f, h who are diligent, focused, and motivated
in algorithms, calculus, and databases. This suggests that F1 can be interpreted
as “having good background in theory / formal methods”. In addition, F2 ap-
plies to students who are communicative and creative in algorithms, circuits,
databases, and networking. This may indicate interests and skills in “practical
subjects”. Finally, F3 can be interpreted as a factor close to “self-confidence”
because it is manifestated by being communicative, creative, independent, and
motivated. As a result, by finding the factors set F = {F1, F2, F3}, we have ex-
plained the structure of the input data set I using three factors which describe
the abilities of student applicants in terms of their skills in various subjects.

Let us recall that the factor concepts F = {F1, F2, F3} can be seen as maximal
cuboids in I. Indeed, I itself can be depicted as three-dimensional box where the
axes correspond to students, their qualities, and courses. Figure 1 shows the three
factors depicted as cuboids. White and black circlets in Figure 1 correspond to
elements in I. Namely, a circlet is present on the intersection of x ∈ X , y ∈ Y ,
and z ∈ Z in the diagram iff 〈x, y, z〉 ∈ I. Furthermore, the circlet is black iff
〈x, y, z〉 ∈ I belongs to the factor Fi which is iff x belongs to the extent of Fi, y
belongs to the intent of Fi, and z belongs to the modus of Fi.

4 Algorithm

We now outline an algorithm for computing the matrix decompositions described
in Section 2. Since the problem of finding a minimal decomposition of 〈X, Y, Z, I〉
is reduced to a problem of finding a minimal subset F ⊆ T (X, Y, Z, I) of formal
concepts which cover the whole set I, we can reduce the problem of finding a
matrix decomposition to the set-covering problem. The universe U that should
be covered corresponds to I ⊆ X × Y × Z. The family S of subsets of the uni-
verse U that is used for finding a cover is, in fact, the set of all triadic concepts
T (X, Y, Z, I). More precisely, S = {A × B × C | 〈A, B, C〉 ∈ T (X, Y, Z, I)}. In
this setting, we are looking for C ⊆ S as small as possible such that

⋃
C = U .

Thus, finding factor concepts is indeed an instance of the set-covering prob-
lem. The set covering optimization problem is NP-hard and the corresponding
decision problem is NP-complete. However, there exists an efficient greedy ap-
proximation algorithm for the set covering optimization problem which achieves
an approximation ratio ≤ ln(|U|) + 1, see [6].

Algorithm 1, implementing the above-mentioned greedy approach in our set-
ting, computes a set of factor concepts by first computing the set of all triadic
concepts which are stored in S, see lines 1–8, and then iteratively selecting for-
mal concepts from S, maximizing their overlap with the remaining tuples in U ,
see lines 9–17. Notice that the triadic concepts are computed by a reduction to
the dyadic case [9]. In line 2, we iterate over all concepts in B

(
X, Y × Z, IX

)



Factorizing Three-Way Binary Data with Triadic Formal Concepts 479

Algorithm 1. ComputeFactors(X , Y , Z, I)
/* compute a set S of all triadic concepts */

set S to ∅;1

foreach 〈A, J〉 ∈ B(
X, Y × Z, IX

)
do2

foreach 〈B, C〉 ∈ B(Y, Z, J) do3

if A = (B × C)(X) then4

add 〈A,B, C〉 to S ;5

end6

end7

end8

/* compute a set F of factor concepts */

set F to ∅;9

set U to I ;10

while U �= ∅ do11

select 〈A, B, C〉 ∈ S which maximizes |U ∩ (A × B × C)|;12

add 〈A, B, C〉 to F ;13

set U to U \ (A × B × C);14

remove 〈A, B, C〉 from S ;15

end16

return F17

where IX = {〈x, 〈y, z〉〉 | 〈x, y, z〉 ∈ I}, cf. K(1) in Section 2. In line 3, we iterate
over all concepts in B(Y, Z, J) where J was obtained as an intent in the previous
line. The condition in line 4 is needed to check whether A is maximal, i.e.,
whether 〈A, B, C〉 is a triadic concept. Notice that [9] computes triadic concepts
by an analogous reduction which utilizes two nested NextClosure algorithms,
however, arbitrary algorithm for computing dyadic formal concepts can do the
job (e.g., CbO, Lindig’s algorithm), see [11] for a survey and comparison.

We have observed by experiments that Algorithm 1 computes nearly optimal
sets of factor concepts in terms of their sizes. Because of the limited scope of the
paper, we postpone detailed performance evaluation of the algorithm to a full
version of the paper.

5 Further Issues

Future work will include the following topics: Algorithms and experiments (we
proposed a greedy algorithm, based on the idea from our [3]; the algorithm
need not compute all triadic concepts, instead it computes good factor con-
cepts one by one directly from the data, resulting in a high speed-up; a paper is
in preparation); approximate factorization (decompositions for which ◦(A, B, C)
approximately equals I); complexity and approximability of the problem of find-
ing decompositions; extension to ordinal data (see [1,2,4] for the case of two-way
data).
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