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Abstract. We study the model checking problem for logics whose se-
mantics are defined using transitive Kripke models. We show that the
model checking problem is P-complete for the intuitionistic logic KC. In-
terestingly, for its modal companion S4.2 we also obtain P-completeness
even if we consider formulas with one variable only. This result is opti-
mal since model checking for S4 without variables is NC1-complete. The
strongest variable free modal logic with P-complete model checking prob-
lem is K4. On the other hand, for KC formulas with one variable only
we obtain much lower complexity, namely LOGDCFL as an upper bound.

1 Introduction

We investigate the complexity of the model checking problem for intuitionistic
propositional logics and for its modal companions. Intuitionistic propositional
logic IPC (see e.g. [1]) is the part of classical propositional logic that goes with-
out the use of the excluded middle a ∨ ¬a. We will use its semantical definition
by Kripke models with a partially ordered set of states and a monotone valu-
ation function. A straightforward upper bound follows from the Gödel-Tarski
translation (see e.g. [2, p.96]) that embeds intuitionistic logic into the modal
logic S4. Since the model checking problem—given a formula and a model, does
the model satisfy the formula (or does the formula evaluate to “true” under the
model)?—for modal logic is in P [3], we obtain the same as an upper bound for
the problem in intuitionistic logic. For classical propositional logic, the model
checking problem can be solved in logarithmic space [4] and even better in alter-
nating logtime [5]. Since the models for classical logic can be seen as a special case
of Kripke models with one state only, we cannot expect such a low complexity
for intuitionistic logic, where the models may consist of many states.

More generally, we will consider the classical propositional logic PC, the intu-
itionistic logics LC (Gödel-Dummet logic, see [6]), KC (Jankov’s logic, see [6]),
IPC, and BPL (Visser’s basic propositional logic [7]), and their respective modal
companions S5, S4.3, S4.2, S4, and K4 (see e.g. [2] for an overview). Remind
that PC ⊃ LC ⊃ KC ⊃ IPC ⊃ BPL.

Our first hardness result (Theorem 2) is the P-hardness of the model checking
problem for the superintuitionistic (or intermediate) logic KC. This hardness
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Fig. 1. Summary of results: the structure of the logics and the complexity of the model
checking problem. Lower and upper bounds for the uncircled logics follow from their
neighbourhoods, but non-trivial bounds are unknown.

result consequently also holds for IPC and BPL and their companions S4.2, S4,
and K4. Hence, the well-known upper bound [3] turns out to be the lower bound.

Since the expressivity of intuitionistic logics seems to be much lower than
that of their modal companions, it is somewhat surprising that all these logics
have P-hard model checking problems. In fact, the satisfiability problem for
S4.2 up to K4 are PSPACE-complete [8,9], whereas the satisfiability problem for
intuitionistic logic has the same complexity as that for classical logic—both are
NP-complete. We can point out some differences for the model checking problem
that can be seen as a result of the greater expressivity of modal logics. This
difference appears if we consider formulas with one variable only or without any
variables. In Theorem 3 we show that the model checking problem remains P-
hard for S4.2, even if we consider formulas with one variable only. For K4 we
show P-hardness, even if we consider formulas without variables (Theorem 4).
These results are in contrast to the recent result in [10] showing that the model
checking problem for IPC with one variable only is AC1-complete. For KC with
one variable only we will show that the complexity of model checking is even
lower, namely in LOGDCFL (Theorem 7). Regarding the number of variables
for S4.2 resp. S4, Theorem 3 is optimal. We show that model checking for the
variable free fragment of S4 is NC1-complete (Theorem 8).
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Figure 1 summarizes our results. There, PC denotes classical propositional
logic, and subscript 1 or 0 (e.g. S4.21) denotes the fragment with one variable
only resp. without variables.

Technically, our hardness results use a reduction from the alternating graph
accessibility problem Agap, being one of the standard P-complete problems
[11,12]. It can straightforwardly be logspace reduced to the model checking prob-
lem for propositional modal logic by taking the alternating graph as the frame
of a Kripke model (with an empty valuation function) and a formula essentially
consisting of a sequence of � and � operators that simulates the search through
the graph. This straightforward approach does not work anymore when we want
to reduce to Kripke models with transitive frames—like for the modal logic S4 or
intuitionistic propositional logic. On the one hand, making an alternating graph
transitive, destroys essential properties it has, and on the other hand, a logspace
reduction does not have enough computational power to calculate the transitive
closure of a directed graph.

This paper is organized as follows. In Section 2 we introduce the notations for
the logics under consideration, and we show P-completeness of a graph accessi-
bility problem for a special case of alternating graphs that will be used for our
P-hardness proofs. In Section 3 we give P-hardness proofs for the model checking
problem for KC, S4.21, and K40. The upper bounds are presented in Section 4.
The resulting completeness results and conclusions are drawn in Section 5.

2 Preliminaries

Kripke Models. We will consider different propositional logics whose formulas
base on a countable set PROP of propositional variables (resp. atoms). A Kripke
model is a triple M = (U,R, ξ), where U is a nonempty and finite set of states,
R is a binary relation on U , and ξ : PROP → P(U) is a function — the valuation
function. Informally spoken, for any variable it assigns the set of states in which
this variable is satisfied. (U,R) can also be seen as a directed graph—it is called
a frame in this context.

Modal Propositional Logic. The language ML of modal logic is the set of
all formulas of the form
ϕ ::= ⊥ | p | ϕ→ ϕ | �ϕ ,
where p ∈ PROP. As usual, we use the abbreviations ¬ϕ := ϕ → ⊥, � := ¬⊥,
ϕ ∨ ψ := (¬ϕ) → ψ, ϕ ∧ ψ := ¬(ϕ→ ¬ψ), and �ϕ := ¬�¬ϕ.

The semantics is defined via Kripke models. Given a model M = (U,R, ξ)
and a state s ∈ U , the satisfaction relation for modal logics |=M is defined as
follows.

M, s 	|=M ⊥
M, s |=M p iff s ∈ ξ(p), p ∈ PROP,
M, s |=M ϕ→ ψ iff M, s 	|=M ϕ or M, s |=M ψ,

M, s |=M �ϕ iff ∃t ∈ U : sRt and M, t |=M ϕ.
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A formula ϕ is satisfied by model M in state s iff M, s |=M ϕ. If it is satisfied
by M in every state s of M, then we write M |=M ϕ.

The modal logic defined in this way is called K (after Saul Kripke) and it
is the weakest normal modal logic. We will consider the stronger modal logics
K4, S4, S4.2, S4.3, and S5. The formulas in all these logics are the same as for
ML. Since we are interested in formula evaluation, we use the semantics defined
by Kripke models. They will be defined by properties of the frame (i.e. graph)
(U,R) that is part of the model. A frame (U,R) is reflexive, if xRx for all x ∈ U ,
and it is transitive, if for all a, b, c ∈ U , it follows from aRb and bRc that aRc.
A reflexive and transitive frame is called a preorder. If a preorder (U,R) has the
additional property that for all a, b ∈ U there exists a c ∈ U with aRc and bRc,
then (U,R) is called a directed preorder. If for all a, b ∈ U holds aRb or bRa,
then (U,R) is called a linear preorder.

The semantics of several modal logics can be defined by restricting the class of
Kripke frames under consideration. The semantics of K4 is defined by transitive
frames. This means, that a formula α is a theorem of K4 if and only if M |=M α
for all models M whose frame is transitive. The semantics of S4 is defined by
preorders, of S4.2 by directed preorders, of S4.3 by linear preorders, and of S5
by equivalence relations (symmetric preorders). For any logic L, let Li denote
its fragment with i variables only. The fragment L0 has no variables but the
constant ⊥ only.

Intuitionistic Propositional Logic. The languageIPC of intuitionistic propo-
sitional logic is the same as that of propositional logic PC, i.e. it is the set of all
formulas of the form

ϕ ::= ⊥ | p | ϕ ∧ ϕ | ϕ ∨ ϕ | ϕ→ ϕ ,

where p ∈ PROP. As usual, we use the abbreviations ¬ϕ := ϕ → ⊥ and � :=
¬⊥. Because of the semantics of intuitionistic logic, one cannot express ∧ or ∨
using → and ⊥.

The semantics is defined via Kripke models M = (U,R, ξ) that fulfill certain
restrictions. Firstly, R is a preorder on U , and secondly, the valuation function
ξ : PROP → P(U) is monotone in the sense that for every p ∈ PROP, a, b ∈ U :
if a ∈ ξ(p) and aRb, then b ∈ ξ(p). We will call such models intuitionistic.

Given an intuitionistic model M = (U,�, ξ) and a state s ∈ U , the satisfaction
relation for intuitionistic logics |=I is defined as follows.

M, s 	|=I ⊥
M, s |=I p iff s ∈ ξ(p), p ∈ PROP,
M, s |=I ϕ ∧ ψ iff M, s |=I ϕ and M, s |=I ψ,

M, s |=I ϕ ∨ ψ iff M, s |=I ϕ or M, s |=I ψ,

M, s |=I ϕ→ ψ iff ∀n � s : if M, n |=I ϕ then M, n |=I ψ

An important property of intuitionistic logic is the monotonicity property: if
M, s |=I ϕ then ∀n � s holds M, n |=I ϕ, for all formulas ϕ.
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int. logic modal companion frame properties

BPL K4 transitive
IPC S4 preorder
KC S4.2 directed preorder
LC S4.3 linear preorder
PC S5 equivalence relation

Fig. 2. Intuitionistic logics, their modal companions, and the common frame properties

A formula ϕ is satisfied by an intuitionistic model M in state s iff M, s |=I ϕ.
Intuitionistic propositional logic IPC is the set of IPC-formulas that are satisfied
by every intuitionistic model.

Notice that IPC is a proper subset of the tautologies in classical propositional
logic PC.1 The superintuitionistic (or intermediate) logics KC and LC are also
subsets of the tautologies in classical propositional logic, but proper supersets of
IPC. Syntactically, KC results from adding the weak law of the excluded third
¬a ∨ ¬¬a to IPC. Its semantics is defined by Kripke frames that are directed
preorders—similar as for S4.2. LC (also called Gödel-Dummett logic) results
syntactically from adding (a → b) ∨ (b → a) to IPC. Its semantics is defined
by Kripke frames that are linear preorders–similar as for S4.3. The logic BPL
is Visser’s basic propositional logic [7]. Its semantics is defined by transitive
(not necessarily reflexive) Kripke models with monotone valuation functions.
Hence it holds that BPL ⊆ IPC. Finally, the classical propositional logic PC
can syntactically be seen as IPC plus the law of the excluded third a ∨ ¬a. Its
semantics is defined by Kripke frames that are equivalence relations–similar as
for S5. Notice that in a Kripke frame being an equivalence relation and having
a monotone valuation function, all equivalent states satisfy exactly the same
formulas. Therefore, evaluating a formula ϕ in a state w in such a model is the
same as evaluating ϕ in the classical propositional sense under the assignment
in which exactly those variables p with w ∈ ξ(p) are set to true.

The Gödel-Tarski translation (see e.g. [2, p.96]) maps any IPC-formula α to
a modal formula by inserting a � before every implication and every atom. For a
formula α, let αGT be its Gödel-Tarski translation. The goal of this translation is
to preserve validity. I.e., α is a theorem for IPC (resp. BPL, KC, LC, PC) iff αGT

is a theorem for S4 (resp. K4, S4.2, S4.3, S5). Therefore, S4 (resp. K4, S4.2, S4.3,
S5) is called a modal companion of IPC (resp. BPL, KC, LC, PC). Figure 2 gives
an overview about the intuitionistic logics and their modal companions used
here. The Gödel-Tarski translation also preserves satisfaction in the different
logics.

Lemma 1. Let α be a formula from IPC, and an intuitionistic M with state
s. Then M, s |=I α if and only if M, s |=M αGT .

1 The satisfiable formulas in intuitionistic logic are the same as in classical proposi-
tional logic.
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Model Checking Problems. This paper examines the model checking prob-
lems L-Mc for logics L whose formulas are evaluated on Kripke models with
different properties.

Problem: L-Mc

Input: 〈ϕ,M, s〉, where ϕ is an L-formula, M = (U,R, ξ) is a
Kripke model for L, and s ∈ U is a state

Question: Is ϕ satisfied by M in state s ?

We assume that formulas and Kripke models are encoded in a straightforward
way. This means, a formula is given as a text, and the graph (U,R) of a Kripke
model is given by its adjacency matrix that takes |U |2 bits. Therefore, only finite
Kripke models can be considered.

Notice that all instances 〈ϕ,M, s〉 of IPC-Mc have a graph (U,R) contained
in M that is a preorder. Instances without this property can be assumed to be
rejected. The same holds for S4-Mc and S41-Mc. Accordingly, KC-Mc, S4.2-Mc,
and S4.21-Mc (resp. LC-Mc and S4.3-Mc) have instances only where the graph
underlying the model is a directed preorder (resp. linear preorder). Since we only
consider finite models, every directed preorder must have a maximal element.
Therefore, it can be easily decided whether the model has the order property
under consideration.

Complexity. We assume familiarity with the standard notions of complexity
theory as, e. g., defined in [13]. In particular, we will show results for the classes
LOGDCFL and P. The notion of reducibility we use is the logspace many-one re-
duction ≤log

m . The Gödel-Tarski translation can be seen as a reduction between
the model checking problems for intuitionistic logics and their modal compan-
ions, namely BPL-Mc ≤log

m K4-Mc, IPC-Mc ≤log
m S4-Mc, KC-Mc ≤log

m S4.2-Mc,
LC-Mc ≤log

m S4.3-Mc, and PC-Mc ≤log
m S5-Mc. The respective reducibilities also

hold for the model checking problems for formulas with any restricted number
of variables.

LOGDCFL is the class of sets that are ≤log
m -reducible to deterministic context-

free languages. It is also characterized as sets decidable by deterministic Turing
machine in polynomial-time and logarithmic space with additional use of a stack.
The inclusion structure of the classes under consideration is as follows.

NC1 ⊆ L ⊆ LOGDCFL ⊆ AC1 ⊆ P

L denotes logspace, the formula value problem for propositional logic is complete
for NC1 (= alternating logarithmic time) [5], and the model checking problem for
IPC1 is complete for AC1 (= alternating logspace with logarithmically bounded
number of alternations) [10].

P-complete problems. Chandra, Kozen, and Stockmeyer [11] have shown that
the Alternating Graph Accessibility Problem Agap is P-complete. In [12] it is
mentioned that P-completeness also holds for a bipartite version.

An alternating graph G = (V,E) is a bipartite directed graph where V =
V∃ ∪ V∀ are the partitions of V . Nodes in V∃ are called existential nodes, and
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nodes in V∀ are called universal nodes. The property apathG(x, y) for nodes
x, y ∈ V is defined as follows.

1) apathG(x, x) holds for all x ∈ V
2a) for x ∈ V∃: apathG(x, y) iff ∃z ∈ V∀ : (x, z) ∈ E and apathG(z, y)
2b) for x ∈ V∀: apathG(x, y) iff ∀z ∈ V∃ : if (x, z) ∈ E then apathG(z, y)

The problem Agap consists of directed bipartite graphs G and nodes s, t that
satisfy the property apathG(s, t). Notice that in bipartite graphs existential and
universal nodes are strictly alternating.

Problem: Agap

Input: 〈G, s, t〉, where G is a directed bipartite graph
Question: does apathG(s, t) hold?

Theorem 1. [11,12] Agap is P-complete under ≤log
m -reductions.

For our purposes, we need an even more restricted variant of Agap. We claim
that the graph is sliced. An alternating slice graph G = (V,E) is a directed bipar-
tite acyclic graph with a bipartitioning V = V∃ ∪ V∀, and a further partitioning
V = V1∪V2∪· · ·∪Vm (m slices, Vi∩Vj = ∅ if i 	= j) where V∃ =

⋃

i≤m,i odd

Vi and

V∀ =
⋃

i≤m,i even

Vi, such that E ⊆ ⋃

i=1,2,...,m−1

Vi × Vi+1 — i.e. all edges go from

slice Vi to slice Vi+1 (for i = 1, 2, . . . ,m− 1). Finally, we claim that all nodes in
a slice graph excepted those in the last slice Vm have outdegree > 0.

Problem: AsAgap

Input: 〈G, s, t〉, where G = (V∃ ∪ V∀, E) is a slice graph with slices
V1, . . . , Vm, and s ∈ V1 ∩ V∃, t ∈ Vm ∩ V∀

Question: does apathG(s, t) hold?

It is not hard to see that this version of the alternating graph accessibility
problem remains P-complete.

Lemma 2. AsAgap is P-complete under ≤log
m -reductions.

Sketch of Proof. AsAgap is in P, since it is a special case of Agap, that is
known to be in P, and since instances 〈G, s, t〉 where G is not a slice graph or
s 	∈ V1 ∩ V∃ or t 	∈ Vm ∩ V∀ can easily be identified.

In order to show P-hardness of AsAgap, it suffices to find a reduction
Agap ≤log

m AsAgap. For an instance 〈G, s, t〉 of Agap where G has n nodes
it is straightforward to construct an instance 〈Gn, s

′, t′〉 of AsAgap using the
considerations from above. If 〈Gn, s

′, t′〉 ∈ AsAgap, then there exists a tree
being a subgraph of Gn, that witnesses this fact. This tree can directly be trans-
formed to a witness for 〈G, s, t〉 ∈ Agap. If 〈G, s, t〉 ∈ Agap, this is also be
witnessed by a (finite) tree T that can be seen to consist of copies of nodes and
edges of G. This tree can be trimmed in a way that on every path from the root
to a leaf, every node appears at most once. Hence T induces a tree that witnesses
〈Gn, s

′, t′〉 ∈ AsAgap. ��
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3 Lower Bounds

We now give hardness results for the model checking problem. The P-hardness
proofs use logspace reductions from the P-hard problem AsAgap (Lemma 2).
The slice graph is transformed to a frame to be used in an instance of the
model checking problem. Since the semantics of the logics under consideration
are defined by Kripke models with frames that are transitive (and reflexive), we
need to produce frames that are transitive (and reflexive). The straightforward
way would be to take the transitive closure of a slice graph. But we cannot
compute the transitive closure of a directed graph in logspace. Fortunately, slice
graphs can easily be made transitive by adding all edges that “jump” from a
node to a node that is at least two slices higher. Clearly, the resulting graph
is not anymore a slice graph, but it is a transitive supergraph of the transitive
closure of the slice graph. We then will use the valuation function in order to let
us rediscover in which slice a state is.

s

t

s

t

Fig. 3. A slice graph and its pseudo-transitive closure

Definition 1. LetV≥i :=
⋃

j=i,i+1,...,m Vj , and V≤i :=
⋃

j=1,2,...,i Vj . The pseudo-
transitive closure of a slice graph G = (V,E) with V = V1 ∪ . . . ∪ Vm is the graph
G′ = (V,E′) where

E′ := E ∪
⋃

i=1,2,...,m−2

Vi × V≥i+2 .

The reflexive and pseudo-transitive closure of G is the graph G′′ = (V,E′′) where

E′′ := E′ ∪ V × V.

An example for a slice graph and its pseudo-transitive closure is shown in
Figure 3.

Theorem 2. KC-Mc—i.e. the model checking problem for KC—is P-hard.
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∃ V1 s

∀ V2

∃ V3

∀ V4 t

∀ slice 2: a1, a2

∃ slice 1: a1

∃ slice 3: a1, a2, a3

t slice 4: a1, a2, a3, a4

Fig. 4. A slice graph G, and the model MG as constructed in the proof of
Theorem 2. Pseudo-transitive edges are drawn dashed, and reflexive edges are not
drawn for simplicity.

Sketch of Proof. We show AsAgap ≤log
m KC-Mc. The P-hardness of KC-Mc

then follows from Lemma 2.
For simplicity, we informally sketch the ideas for the reduction AsAgap ≤log

m

IPC-Mc. Given an AsAgap instance 〈G, s, t〉 where G has m slices, let (U,R) be
its reflexive and pseudo-transitive closure. The valuation function ξ is defined for
variables t, a1, . . . , am as follows. t holds exactly in the state t of the graph (ξ(t) =
{t}), and the variables a1, . . . , ai hold in slice i (for i = 1, 2, . . . ,m) (ξ(ai) = V≥i)
This yields the Kripke model MG = (U,R, ξ). Figure 4 shows a slice graph G
with m = 4 slices and Kripke model MG = (U,R, ξ) that is transformed from it.
The fat lines indicate that apathG(s, t) holds. The graph (U,R) is the reflexive
and pseudo-transitive closure of G. The blue lines in Figure 4 are the pseudo-
transitive edges, the reflexive edges are not depicted. The valuation function
ξ is defined so that variable t holds exactly in the state t of the graph, and
additionally the variables a1, . . . , ai hold in slice i (for i = 1, 2, . . . ,m).

The formulas ψ1, . . . , ψm, ψm+1 are inductively defined as follows.

1. ψm+1 := t, and
2. ψj := ψj+1 → aj+1 for all j = m,m− 1, . . . , 1.

Notice that ψi = (· · · ((t → am+1) → am) → · · · → ai+2) → ai+1 . Therefore, ψi

is satisfied in all slices where ai+1 is satisfied, i.e. the slices V≥i+1. In slice Vi,
ψi and ψi+1 behave like the mutual complement. Say that a state v is good, if
apathG(v, t) holds, and otherwise it is bad. It turns out, that the good and the
bad states can be distuingished using the formulas ψi as follows.

Claim. For all i = 1, 2, . . . ,m and all w ∈ Vi holds:

1. if i is odd: apathG(w, t) iff MG, w 	|=I ψi+1, and
2. if i is even: apathG(w, t) iff MG, w 	|=I ψi.

For our example, this means the following.



The Complexity of Model Checking for Intuitionistic Logics 155

slice(s): in every good state holds: in every bad state holds:
4,3: 	|=I t→ a5 |=I t→ a5

3,2: |=I (t→ a5) → a4 	|=I (t → a5) → a4

2,1: 	|=I ((t→ a5) → a4) → a3 |=I ((t → a5) → a4) → a3

1: |=I (((t→ a5) → a4) → a3) → a2 	|=I . . .

Since 〈G, s, t〉 ∈ AsAgap iff s is a good state, it now follows that 〈G, s, t〉 ∈
AsAgap if and only if MG, s |=I ψ1, i.e. 〈ψ1,MG, s〉 ∈ IPC-Mc. By the sim-
plicity of the construction it follows that AsAgap ≤log

m IPC-Mc.
In order to make this reduction work for KC-Mc, we add an additional top-

state, to which every state is related and in which every variable is satisfied. ��
It follows immediately from Lemma 1 that the model checking problem for S4.2—
the modal companion of KC—is P-hard, too. In fact, we can improve the result
and obtain P-hardness for the model checking problem for S41—i.e. the fragment
of S4 with formulas with one variable only. This result is optimal in the sense
that the model checking problem for S40 is easy to solve. A formula without
any variables is either satisfied by every model w.r.t. S4, or it is satisfied by no
model. This is because �� (resp. ��) is satisfied by every state in every model,
and �⊥ (resp. �⊥) is satisfied by no state in every model. Essentially, the modal
operators can be ingnored and the remaining formula can be evaluated like a
classical propositional formula—this problem is in NC1 [5].

Theorem 3. S4.21-Mc is P-hard—i.e. the model checking problem for S4.2 is
P-hard, even if we consider modal formulas with one variable only.

Sketch of Proof. We show that AsAgap ≤log
m S4.21-Mc. Since AsAgap is P-

hard (Lemma 2), the P-hardness of S4.21-Mc follows. For space reasons, we
informally sketch the ideas for the reduction AsAgap ≤log

m S4.21-Mc below.
Let 〈G, s, t〉 be an instance of AsAgap with a slice graph G with m slices

(m even). First, we define the valuation function so that a holds in all nodes in
all even slices. In order to be able to distinguish the goal node t from the other
nodes, t gets a successor t′, and t′ is the only node in the new m + 1st slice.
Finally, we add a slice Vm+2 with some nodes between which we also have edges.
For all nodes in the other slices we add edges to all nodes in Vm+2. By the choice
of edges in Vm+2 there is now a node h that is the top node of this construction.
We chose the valuation ξ for the nodes in Vm+2 in a way that a certain formula
γ′ is satisfied in all states in Vm+2, and in all other states it is not satisfied. For
the remaining slices V1, . . . , Vm+1 it holds that Vi ⊆ ξ(a) iff i is odd. Using this
alternation of slices that satisfy a and that satisfy ¬a, we can estimate the slice
to which a state belongs as follows using the inductively defined formulas δi (for
i = 1, 2, . . . ,m).

1. δm := �(a ∧ ¬γ′)
2. for odd i, 1 ≤ i < m: δi := �(¬a ∧ δi+1)

for even i, 1 ≤ i < m: δi := �(a ∧ δi+1)

For x ∈ V≤m we now have that MG, x |=M δi iff x ∈ V≤i.
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The goal state t is the only state in Vm that satisfies a ∧ �(¬a ∧ γ′). Using
the δi formulas to verify an upper bound for the slice of a state, we can now
simulate the alternating graph accessibility problem by the following formulas.

1. λm := a ∧ �(¬a ∧ ¬γ′)
2. for odd i < m: λi := ¬a ∧ �(δi+1 ∧ λi+1)

for even i < m: λi := a ∧ �(δi+1 → λi+1)

It follows that 〈G, s, t〉 ∈ AsAgap iff MG, s |=M λ1, i.e. 〈λ1,MG, s〉 ∈ S4.21-Mc.
Since the construction of MG and λ1 from G can be computed in logarithmic
space, it follows that AsAgap ≤log

m S4.21-Mc. ��

The reduction in the proof of Theorem 3 is not suitable for intuitionistic logics,
since the constructed Kripke model lacks the monotonicity property of the vari-
ables. Moreover, in that proof we make extensive use of negation, that would
have a very different meaning in intuitionistic logics.

In Theorem 4 we show P-hardness of the model checking problem for the
modal logic K4, even if we consider formulas without any variables.

Theorem 4. K40-Mc is P-hard.

Sketch of Proof. The P-hardness of the model checking problem for the modal
logic K40 can easily be obtained using the P-hardness of AsAgap from Lemma 2.
The reduction from AsAgap to K4-Mc works as follows. Let 〈G, s, t〉 be an
instance of AsAgap where G is a slice graph with m slices. Define MG =
(U,R, ξ) as follows.

– (U,R′) is the pseudo-transitive closure of G.
– R := R′ ∪ {(v, v) | for every vertex v 	= t in the top slice Vm of G}.

Informally spoken, the model MG is the pseudo-transitive closure of G and every
state in the last slice except the state t has an edge to itself. We define ϕG as
follows.

– αi := � . . .��⊥ with m− i �s for i ∈ {2, . . . ,m− 1}.
– ϕm−1 := ��⊥

for odd i, m− 1 > i ≥ 1: ϕi := �(αi+1 ∧ ϕi+1)
for even i, m > i > 1: ϕi := �(αi+1 → ϕi+1)

– ϕG := ϕ1

Notice that �⊥ is satisfied only in t because t is the only state without any
successor. The subformula αi is satisfied in state w, if there is a path in G from
w to t with m − i vertices. For this reason M, w |=M αi implies w ∈ V≤i.
With a straightforward induction it can be shown that for all w ∈ V≤i holds:
MG, w |=M ϕi iff apathG(w, t). Hence it follows that 〈G, s, t〉 ∈ AsAgap iff
MG, s |=M ϕG. ��
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4 Upper Bounds

We give upper bounds for the complexity of the model checking problem for the
logics under consideration. For S4, the model checking problem is in P [3]. By
the properties of the Gödel-Tarski embedding of IPC into S4 (Lemma 1), the
same upper bound follows immediately for IPC. The same holds for the more
common fragments BPL and K4.

Theorem 5. [3] The model checking problem for K4 and for BPL is in P.

Consequently, the model checking problems for the superintuitionistic logics and
their modal companions can also be solved in polynomial time. We now consider
logics for which this goes even better.

Theorem 6. The model checking problem for LC is in LOGDCFL.

Proof. The idea is as follows. Let M = (U,�, ξ) be an LC-model. This means
that ξ is monotone and (U,�) is a total preorder. For simplicity of notation we
assume that U = {1, 2, . . . , n} and � orders these states in the intuitive way,
namely 1 � 2 � 3 � . . . � n. Because of the monotonicity of intuitionistic logic,
for every formula α there exists an iα ∈ {1, 2, . . . , n, n + 1} such that α is not
satisfied in states 1, 2, . . . , iα − 1 and α is satisfied in states iα, iα + 1, . . . , n. If
iα = n + 1, then α is not satisfied in states 1, 2, . . . , n. We define a function g
that maps formulas to this value. This function can inductively be defined as
follows.

(1) g(⊥) = n+ 1
(2) for atoms α = a: g(a) = min

({i | i ∈ ξ(a)} ∪ {n+ 1})

(3) for α = β ∧ γ: g(β ∧ γ) = max(g(β), g(γ))
(4) for α = β ∨ γ: g(β ∨ γ) = min(g(β), g(γ))

(5) for α = β → γ: g(β → γ) =

{
g(γ), if g(β) < g(γ)
1, otherwise

In order to decide M, 1 |=I α we calculate g(α) and decide whether this value
equals 1. The calculation of g(α) can be done by a depth first search through the
formula that we consider here as a tree. The “leaves” of this tree are variables
resp. ⊥. The g-values of these leaves can easily be computed in logarithmic space
by inspecting the valuation function ξ. Every internal node of this tree represents
a subformula of α. The g-value of each of these nodes can be computed using
the g-values of its sons as described by the inductive definition of g above.
Altogether, this search can be performed deterministically in polynomial time
within logarithmic space and an additional stack. This shows that the model
checking problem for LC is in LOGDCFL. ��
The model checking problem for KC1 can be reduced to that of LC1, and by The-
orem 6 it also has LOGDCFL as upper bound. The reduction relies on algebraic
properties of KC1 according to [14,15] and is left out here for space reasons.
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Theorem 7. The model checking problem for KC1 is in LOGDCFL.

We obtain the same upper bound for S5-Mc.

Proposition 1. The model checking problem for S5 is in LOGDCFL.

Sketch of Proof. Let 〈ϕ,M, s〉 be an instance of S5-Mc for M = (U,R, ξ). Then
R is a total relation on U . Therefore, every subformula of ϕ that begins with a
modal operator (i.e. a subformula of the form �α or �α) is either satisfied in
all states of U or in no state of U . Now, ϕ can be evaluated as follows. First,
evaluate the subformulas �α and �α, where α is a propositional formula without
any modal operators. In order to do this, check whether α is satisfied in every
resp. in one state of U . This can be done in logspace. Replace these evaluated
subformulas in ϕ by the propositional constants according to their satisfaction
and evaluate the resulting formula. This must be repeated until one obtained
a propositional formula that can straightforwardly be evaluated in the actual
state.

This process can be implemented using a top down search through the formula,
during which propositional formulas have to be evaluated in the states of U . The
whole process then takes polynomial time, logarithmic space, and uses a stack
for the top down search. This shows that S5-Mc can be solved in LOGDCFL. ��
In Theorem 8 we show NC1-completeness of the model checking problem for the
modal logic S4, even if we consider formulas without any variables. We sketch a
proof for the upperbound. The NC1-hardness follows immediately from [5].

Theorem 8. The model checking problem for S40 is NC1-complete.

Sketch of Proof. Notice that the S4 frames are reflexive and transitive. It is not
possible to distinguish differents states in a reflexive and transitive frame with
a variable free formula. Hence S40 contains exactly all variable free formulas
that can be satisfied by a reflexive and transitive Kripke model. For an S40-Mc
instance 〈M, ϕ〉 it suffices to check whether ϕ ∈ S40. Because we can not distin-
guish differents states, modal operators can be ignored. We define the operator
free version ϕof of the S40 formula ϕ as follows.

– pof = p for p ∈ {⊥,�}
– (α→ β)of = αof → βof

– (�α)of = αof

It holds for an arbitrary M that 〈M, ϕ〉 ∈ S40-Mc iff ϕof evaluates to true.
Hence from [5] follows directly that S40-Mc is NC1-complete. ��

5 Conclusion

The upper and lower bounds from the last sections (Theorems 2, 3, 4, and 5)
combine to the following completeness results.
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Theorem 9. The following problems are P-complete.

1. K40-Mc—i.e. the model checking problems for K4 and formulas without vari-
ables.

2. K41-Mc, S41-Mc, S4.21-Mc—i.e. the model checking problems for K4, S4
resp. S4.2 and formulas with one variable only.

3. KC-Mc, IPC-Mc, BPL-Mc, S4.2-Mc, S4-Mc, K4-Mc—i.e. the model check-
ing problems for KC, IPC, BPL, S4.2, S4, and K4.

The one variable fragment IPC1 of IPC is already deeply studied (see [16]).
Recently it was shown that model checking for IPC1 is AC1-complete [10]. Our P-
hardness proof of model checking for IPC uses an arbitrary number of variables.
Rybakov [17] has shown that the tautology problem for the two variable fragment
IPC2 of IPC is already PSPACE-complete. This indicates that it is interesting to
study whether model checking for IPC2 is already P-complete.

O’Connor [18] gives a tautology-preserving translation from IPC formulas to
those with two variables only. It is an open problem, whether such a translation
to IPC1 exists. From Theorem 2 and Proposition 7 follows, that we can exclude
this for model checking for KC.

Theorem 10. KC-Mc 	≤log
m KC1-Mc, unless P ⊆ LOGDCFL.

The Gödel-Tarski translation from intuitionistic logic into S4 and the PSPACE-
hardness of the tautology problem for IPC brought up the question for a “trans-
lation” from S4 into intuitionistic logic. In fact, this translation is expressed in
terms of a reduction in [19]. Our results on the P-hardness of the model check-
ing problem for S4.2 for formulas with one variable only (Theorem 3) and the
contrasting LOGDCFL upper bound for KC1 (Proposition 7) shows that those
translations cannot omit the use of additional variables (unless P ⊆ LOGDCFL).

Theorem 11. S4.21-Mc 	≤log
m KC1-Mc, unless P ⊆ LOGDCFL.

At all, the LOGDCFL upper bounds for the model checking for LC, KC1, and
S5 are not really satisfactory. A LOGDCFL computation (polynomial time and
logarithmic space with an additional stack) allows to explore a formula in a top
down manner. This seems to be a very natural way to evaluate a formula. It
is very surprising, that for classical propositional logic the stack is not needed
[4,5]. We conjecture that this is also possible for S5, and Proposition 1 could
accordingly be improved. For KC1, one can conclude from [14,15] that there are
only 7 equivalence classes of formulas, and only 3 types of models–all states of
the model satisfy a, no state satisfies a, resp. all others. The third type is the type
that makes the difference to classical propositional logic. Nevertheless, we expect
that the LOGDCFL upper bound for KC1 (Proposition 7) can be improved.

Notice that the logics KC1 and LC1 are the same. In [15] it is shown that
S4.31—their modal companion—has infinitely many equivalence classes of for-
mulas. Therefore it seems possible to find a lower bound for model checking for
S4.31 that is above the upper bound for KC1 and LC1.
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