7. An Assignment Problem

7.1 Introduction
Given positive numbers ¢(i, j), ¢,j < N, the assignment problem is to find

min Y e(i,0(i)) (7.1)

i<N

where o ranges over all permutations of {1,..., N}. In words, if ¢(i, j) rep-
resents the cost of assigning job j to worker i, we want to minimize the total
cost when exactly one job is assigned to each worker.
We shall be interested in the random version of the problem, where the
numbers ¢(7, j) are independent and uniformly distributed over [0, 1].
Mézard and Parisi [103], [104] studied (7.1) by introducing a suitable
Hamiltonian, and conjectured that

71.2

J\;gnoo E ngniSN c(i,o(i)) = - (7.2)
This was proved by D. Aldous [2]. Aldous takes advantage of a feature of

the present model, that makes it rather special among the various models we

studied: the existence of a “limiting object” (which he discovered [1]).

In a related direction, G. Parisi conjectured the following remarkable
identity. If the r.v.s ¢(i,j) are independent exponential i.e. they satisfy
P(e(i,j) > x) = e * for > 0, then we have

1

1
EmLTian(i,o(i)):1+2—2+~~+m. (7.3)
i<N

The link with (7.2) is that it can be shown that if the r.v.s ¢(4,j) are
ii.d., and their common distribution has a density f on RT with respect
to Lebesgue measure, then if f is continuous in a neighborhood of 0, the
limit in (7.2) depends only on f(0). (The intuition for this is simply that all
the numbers ¢(i,0(4)) relevant in the computation of the minimum in (7.2)
should be very small for large N, so that only the part of the distribution of
¢(i,7) close to 0 matters.) Thus it makes no difference to assume that c(i, j)
is uniform over [0, 1] or is exponential of mean 1.
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Vast generalizations of Parisi’s conjecture have been recently proved [109],
[96]. Yet the disordered system introduced by Mézard and Parisi remains of
interest. This model is obviously akin to the other models we consider; yet it
is rather different. In the author’s opinion, this model demonstrates well the
far-reaching nature of the ideas underlying the theory of mean field models
for spin glasses.

It is a great technical challenge to prove rigorously anything at all concern-
ing the original model of Mézard and Parisi. This challenge has yet to be met.
We will consider a slightly different model, that turns out to be easier, but
still of considerable interest. In this model, we consider two integers M, N,
M > N. We consider independent r.v.s (c(4,J))i<n,j<m that are uniform
over [0, 1]. The configuration space is the set X'y ps of all one-to-one maps o
from {1,...,N} to {1,..., M}. On this space we consider the Hamiltonian

Hy (o) = BN cli,ofi)), (7.4)

i<N

where ( is a parameter. The reader observes that there is no minus sign in
this formula, that is, the Boltzmann factor is

exp (—BN > eli, a(i))) .

i<N

Given a number « > 0, we will study the system for N — oo, M = [ N(1+a)],
and our results will hold for 5 < B(«a), where, unfortunately, lim,—,o G(«) = 0.
The original model of Mézard and Parisi is the case M = N, i.e. « = 0. A
step towards understanding this model would be the following.

Research Problem 7.1.1. (Level 2) Extend the results of the present chap-
ter to the case 8 < By where [y is independent of «.

Even in the domain § < () our results are in a sense weaker than those
of the previous chapters. We do not study the model for given large values
of N and M, but only in the limit N — oo and M/N — «, and we do not
obtain a rate for several of the convergence results.

One of the challenges of the present situation is that it is not obvious
how to formulate the correct questions. We expect (under our condition that
0 is small) that “the spins at two different sites are nearly independent”.
Here this should mean that when iy # i3, under Gibbs’ measure the variables
o+ o(i1) and o — o(iy) are nearly independent. But how could one quantify
this phenomenon in a way suitable for a proof by induction?

We consider the partition function

INm = ZQXP(—HN,M(U)) ; (7.5)
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where the summation is over all possible values of o in X'y 5. Throughout
the chapter we write

a(iaj) = exp(—ﬂNc(i,j)) ) (76)
so that
Zya =Y [] ali, o) .
o <N
The cavity method will require removing elements from {1,..., N} and

{1,...,M}. Givenaset AC {1,...,N} and aset B C {1,..., M} such that
N —card A < M — card B, we write

Znm(4;B) = [[ati,a()) .

The product is taken over ¢ € {1,...,N}\A and the sum is taken over
the one-to-one maps o from {1,...,N}\A to {1,..., M}\B. Thus Zy m =
Znm(0;0). When A = {iy,is,...} and B = {j1, jo, ...} we write

ZNyM(A, B) = ZN7M(7;1,Z.2, e ;jl,jQ, . ) .
Rather than working directly with Gibbs’ measure, we will prove that

Znm(g)  Znm(055) Znom(i30)
Znyv Znwm Znyv

(7.7)

It should be obvious that this is a very strong property, and that it deals with
independence. One can also get convinced that it deals with Gibbs’ measure
by observing that

G{oi) = 3}) = ali, j) 22l S)

ZNM
We consider the quantities

un,m(j) = ZNM—M, wn,m(8) = Zy.m(i0) .

7.8
29y (7.8)

ZNMm

These quantities occur in the right-hand side of (7.7). The number uy,az(j)
is the Gibbs probability that j does not belong to the image of {1,...,N}
under the map o. In particular we have 0 < uy a(j) < 1. (On the other
hand we only know that wy ar(2) > 0.)

Having understood that these quantities are important, we would like
to know something about the family (un,a(5))j<m (or (wn,a(?))i<n). An
optimistic thought is that this family looks like an i.i.d. sequence drawn out
of a certain distribution, that we would like to describe, probably as a fixed
point of a certain operator. Analyzing the problem, it is not very difficult to
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guess what the operator should be; the unpleasant surprise is that it does
not seem obvious that this operator has a fixed point, and this contributes
significantly to the difficulty of the problem. In order to state our main result,
let us describe this operator. Of course, the motivation behind this definition
will become clear only gradually.

Consider a standard Poisson point process on RT (that is, its intensity
measure is Lebesgue’s measure) and denote by (&;);>1 an increasing enumer-
ation of the points it produces. Consider a probability measure  on R*, and
iid. r.v.s (Y;);>1 distributed according to 1, which are independent of the
r.v.s &;. We define

1
Aln) = E(Epl Y; exp (=3¢ /(1 + a))> (7

1
Bln) = E(l Y E-exp(—ﬁ&)) ’ (7.10)

where of course £(X) is the law of the r.v. X. The dependence on 8 and «
is kept implicit.

Theorem 7.1.2. Given o > 0, there exists f(a) > 0 such that for < B(«)
there exists a unique pair p,v where p is a probability measure on [0,1] and
v is a probability measure on RT such that

[atnte) = 5o s n=BOY: v =AG) (7.11)
Moreover if M = |[N(1+ )|, we have
= A}gnoo Luym(M)); v= A}gnoo L(wna(N)) . (7.12)

Research Problem 7.1.3. (Level 2) Find a direct proof of the existence of
the pair (u,v) as in (7.11).

One intrinsic difficulty is that there exists such a pair for each value of «
(not too small); so one cannot expect that the operator Bo A is a contraction
for a certain distance. The way we will prove (7.11) is by showing that a
cluster point of the sequence (L(un,n(M)),L(wn,a(N))) is a solution of
these equations.

While it is not entirely obvious what are the relevant questions one should
ask about the system, the following shows that the objects of Theorem 7.1.2
are of central importance.

Theorem 7.1.4. Given «, for 8 < f(a) we have

1
A}im NElogZN,M =—(1 —|—o¢)/log:z:d,u(3:) - /logxdy(:z:) . (7.13)



7.2 Overview of the Proof 401

7.2 Overview of the Proof

In this section we try to describe the overall strategy. The following funda-
mental identities are proved in Lemma 7.3.4 below

1
1+ ey alk, M) wy -1 (k)
_ 1
B ZegM a(N, &) un—1,m(€)

Observe that in the right-hand side of (7.14) the r.v.s a(k, M) are independent
of the numbers wy ar—1(k), and similarly in (7.15). We shall prove that

UN7M<M)

(7.14)

wN,M(N)

(7.15)

U}N’M(k) ~ ’LUN’Mfl(k) >~ U)N’M,Q(k) . (716)

This fact is not easy. It is intimately connected to equation (7.7), and is
rigorously established in Theorem 7.4.7 below.
Once we have (7.16) we see from (7.14) that

1

U M) ~ , 7.7

N,]W( ) 1+ZkSN a(k:,M) wN,M—Z(k) ( )
and by symmetry between M and M — 1 that
1

UN7M(M - 1) (718)

o 1+Zk§Na(k,M— 1) wN,M,g(k) ’

As a consequence, given the numbers wy a—2(k), the r.v.s un p (M) and
un,p (M — 1) are nearly independent. Their common law depends only on

the empirical measure
1
N Z 5wN,A1—2(i) )
i<N

which, by (7.16), is nearly

1
N =% > Bumar i) - (7.19)
i<N

We consider an independent sequence of r.v.s (Xj)r>1 uniformly dis-
tributed on [0, 1], independent of all the other sources of randomness, and
we set

a(k) = exp(—SNX}) . (7.20)

The reason this sequence is of fundamental importance for the present model
is that, given j, the sequence (a(k,j))r of r.v.s has the same distribution
as the sequence (a(k))r, and, given 7, this is also the case of the sequence

(a(i, k))g-
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Consider the random measure fiy on [0, 1] given by

An = £a<1 + Y e al(kz)wN,M(k)> 7

where £, denotes the law in the randomness of the variables a(k), when all
the other sources of randomness are fixed.

Thus, given the numbers wy ar(k), the r.v.s uy (M) and uy pr (M —1)
are nearly independent with common law iy . By symmetry this is true for
each pair of r.v.s un p(j) and un, a (k).

Therefore we expect that the empirical measure

1
MN = M Z 5U‘N‘1u(j)

Jj<M

is nearly 1.

Since iy is a continuous function of vy, it follows that if vy is concen-
trated (in the sense that it is nearly non-random), then such is the case of
Iin, that is nearly concentrated around its mean p/y, and therefore py itself
is concentrated around py.

We can argue similarly that if uy is concentrated around py, then vy
must be concentrated around a certain measure vy that can be calculated
from ppn. The hard part of the proof is to get quantitative estimates showing
that if g is sufficiently small, then these cross-referential statements can be
combined to show that both uy and vy are concentrated around p'y and
vy respectively. Now, the way py is obtained from v}, means in the limit
that pfy ~ B(v)). Similarly, vj ~ A(p)y). Also, py = L(unp(M)) and
vy = Llwn,pm(N)), so p = limy L(un,p(M)) and v = limy L(wn,p(N))
satisfy p = B(v) and v = A(p).

7.3 The Cavity Method

We first collect some simple facts.

Lemma 7.3.1. Ifi ¢ A, we have
Znm(A;B) = ali,0) Zy (AU {i}; BU{(}). (7.21)
(¢B
If j ¢ B, we have
Zn(A;B) = Zy (A BULGY + Y alk,§) Zy m(AU{E}; BU{j}) .

k¢ A
(7.22)
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Proof. One replaces each occurrence of Zy p(+;-) by its value and one checks
that the same terms occur in the left-hand and right-hand sides. O

The following deserves no proof.
Lemma 7.3.2. If M ¢ B, we have
ZN,M(A; BU {M}) = ZN_’Mfl(A; B) . (723)
If N ¢ A, we have
ZN’M(AU{N};B) :ZN,L]\/[(A; B) . (724)
In (7.24), and in similar situations below, we make the convention that
Zn—1,0(;+) is considered for a parameter 3’ such that 5/(N — 1) = GN.
The following is also obvious from the definitions, yet it is fundamental.

Lemma 7.3.3. We have

" Zym(0:0) = (M — N)Zyu (7.25)
<M
and thus
> unu(@)=M-N. (7.26)
<M

To prove (7.26) we can also observe that uy ps(€) is the Gibbs probability
that ¢ does not belong to the image under o of {1,---, N}, so that the left-
hand side of (7.26) is the expected number of integers that do not belong to
this image, i.e. M — N. In particular (7.26) implies by symmetry between the
values of £ that Euy p (M) = (M — N)/M ~ /(1 + ), so that any cluster
point g of the sequence L(upn (M) satisfies [zdu(z) = a/(1 + ).

Lemma 7.3.4. We have

ZN,M-1 1
A= 2y, _ 7.27
un,m (M) ZN.m L+ 3 <y alk, M) wy a—1(k) (720
T 1
wy ar(N) = N-1,M _ (7.28)

I Yo 0N O un 1 (0)

Proof. We use (7.22) with A = B =0 and j = M to obtain

Zno = Zn (0 M)+ > alk, M) Zyar(k; M) .
k<N

Using (7.23) with A =0 or A = {k} and B = () we get
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ZINM = ZNyv—1+ Z a(k, M) Zy n—1(k; 0)
k<N

= ZN,]V[—l (1 + Z a(k, M) wN,M_l(k)) . (7.29)

k<N

This proves (7.27). The proof of (7.28) is similar, using now (7.21) and (7.24).
U

It will be essential to consider the following quantity, where ¢ < N:

 INmZn-1(i0)—Z 650 Znr—
Loy () = 2200 Znit 1(50) — Zn e (350) Zn v 1 (7.30)

Zim
The idea is that (7.7) used for j = M implies that ELy 5/(i)? is small.
(This expectation does not depend on i.) Conversely, if ELy 5(i)? is small
this implies (7.7) for j = M and hence for all values of j by symmetry.
We will also use the quantity

Ryar(j) = ZN.M ZN7M—1(®§];2— Zny(03) Znv—1 (731)
N.M
It is good to notice that |Ry ar(7)| < 2. This follows from (7.23) and the fact
that the quantity Zn ar(A, B) decreases as B increases.
The reason for introducing the quantity Ry, a(j) is that it occurs natu-
rally when one tries to express Lz n(7) as a function of a smaller system (as
the next lemma shows).

Lemma 7.3.5. We have
Deenr—1 oN,O) Ry—1,0(€) — a(N, M) un—1,m(M)?
- (Soans a(N, £) un—1,0(0))”
Zkgz\/ a(k, M) Ly,n-1(k)
(1+ Spen alk, M) wy a1 (k)
Proof. Using the definition (7.31) of Ry a(j) with j = M — 1, we have
Znm ZIN—1(0; M —1) — Zn (03 M — 1) Zn vi—1 .

2
ZN,M

Ly m(N)=

(7.32)

Ry m(M —1) = — (7.33)

RN7M(M — 1) =

(7.34)

As in (7.29), but using now (7.22) with B = {M — 1} and j = M we obtain:
Inu(0; M —1) = Zy a1 (0; M — 1)

+ > alk, M) Zy a1 (ks M —1) . (7.35)
k<N

Using this and (7.29) in the numerator of (7.34), and (7.29) in the denomina-
tor, and gathering the terms yields (7.33). The proof of (7.32) is similar. O

We end this section by a technical but essential fact.
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Lemma 7.3.6. We have
> Byw(i) = —un (M) +unar(M)>? . (7.36)

Proof. From (7.25) we have

Z Znm(0;5) = (M=N)Znv—ZNu(0; M) = (M~N) Zy v—Zn v-1,
J<M-1

and changing M into M — 1 in (7.25) we get

> Znaa(0,5)=(M—1=N)Znn 1.

j<M—-1

These two relations imply (7.36) in a straightforward manner. (]

7.4 Decoupling

In this section, we prove (7.7) and, more precisely, the following.

Theorem 7.4.1. Given o > 0, there exists f(a) > 0 such that if 5§ < B(«)
and M = |[N(1+ «)], then for BN >1

K(a)

ELnm(N)? < (7.37)
’ N
s _ K(o)
ERN (M —1)° < N (7.38)
The method of proof consists of using Lemma 7.3.5 to relate ERy p (M —
1)2 with ELN7M_1(N)2 and ELN’]\/[(]V)2 with ERN—I,M(M — 1)2, and to it-
erate these relations. In the right-hand sides of (7.32) and (7.33), we will first
take expectation in the quantities a(N,¢) and a(k, M), that are probabilisti-
cally independent of the other quantities (an essential fact). Our first task is
to learn how to do this.
We recall the random sequence a(k) = exp(—8NX}) of (7.20), where
(X)) are i.i.d., uniform over [0,1], and independent of the other sources of
randomness. The following lemma is obvious.

Lemma 7.4.2. We have

Ea(k)? (1 — exp(—ApN)) (7.39)

Lemma 7.4.3. Consider numbers (x)k<n. Then we have

E(Z a(k)xk>2 < (%%N + 25%) > ap. (7.40)

k<N k<N
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Proof. Using (7.39) we have

2
E(Z a(k) xk) = Z ri Ea(k)* + Zxk xz¢Ea(k) Ea(?)

E<N E<N k€
1
< 25w 2 % S ol
26N
k<N k#E

Now, the Cauchy-Schwarz inequality implies:

> N
D lawl e < 5 (Zm) <5 D O
=, k<N k<N

Corollary 7.4.4. If 3 <1 we have
1
ERnm(M — 1) < 7 ELna—1(N)*.

Proof. From (7.33) we have

Ry (M —1)? < (Z a(k, M) LN,Mlug)) .

k<N

The sequence (a(k,M))p<ny has the same distribution as the sequence
(a(k))r<n, so that taking expectation first in this sequence and using (7.40)
we get, assuming without loss of generality that g <1,

1

2
ERnvm(M —1)? < 62N > ELnara( =5 ELna—1(N)
k<N
by symmetry between the values of k. (I

This is very crude because in (7.33) the denominator is not of order 1, but
seems to be typically much larger. In order however to prove this, we need to
know that a proportion of the numbers (wy ar—1(k))k<n are large. We will
prove that this is indeed the case if 8 < B(«), but we do not know it yet. To
improve on the present approach it seems that we would need to have this
information now. We could not overcome this technical difficulty, that seems
related to Research Problem 7.1.1.

We next turn to the task of taking expectation in (7.32). The rela-
tion (7.26) is crucial here. Since 0 < uy m(¢) < 1 and M — N ~ Na,
this relation implies that at least a constant proportion of the numbers
(w(®))e<ar = (un,m(€))e<nr is not small. To understand what happens, con-
sider an independent sequence X, uniformly distributed over [0, 1] and note
that if we reorder the numbers (NX/)s<as by increasing order, they look like
the sequence (&;/(1 + «)) (where (§;);>1 is an enumeration of the points of
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a Poisson point process on R*). The sum Y,y a(¢)u(¢) then looks like the
sum >,y exp(—B&/(1+ a))u(o(¢)) where o is a random permutation, and
it is easy to get convinced that typically it cannot be too small. The precise
technical result we need is as follows.

Proposition 7.4.5. Consider numbers 0 < u(f),u' (¢) < 1, for £ < M. As-
sume that Y, u(l) > 4 and Y, u'(0) > 4. Consider b with Nb <
Yovep w(l) and No <>, v/ (£). Then if BN > 1 and if 3 < b/40, for any
numbers (y(£))e<rr we have

(Z€<M a(l)y (5))2 - LBZ 1 , 2
(ZZ<M a(f)u(f )) (Ce<m a(ﬂ)u’(f))2 - (N Z u )>

L3?
+ BN y(g)z ) (7.41)
<M

where a(f) = exp(—BNX,) and L denotes a universal constant.

As will be apparent later, an essential feature is that the second term of this
bound has a coefficient 3 (rather than 3?).

Corollary 7.4.6. If 5 < a/80, BN > 1, M > |[N(1+ )], M < 3N, we

have
L33

K
ELN,M(N) < a—ERN 1 M(M 1)2 + ﬂ .

(7.42)

Proof. For ¢ < M, let u(¢) = un—_1,m(¢), and a(¥) = ( ). For < M —1

let y(¢) = Rn—1,m(¢), and let y(M) = —un_1,m(M)?. By (7.32) we have
s (Cecara®y(0)?
Ly u(N)? = =4 :
o (Ceenr altyu()’

We check first that >,  u(f) > 4. Then (7.26) implies

S u(f) =M~ (N-1)> [N(1+a)] - N = |Na],

<M

and if 8 < /80 and BN > 1, then Na > 80 and this is certainly > 4. Also

1 Na «

if Nao > 2 and in particular if NG > 1 and 8 < «//80. We then have 8 < b/40.
Taking expectation in the r.v.s a(f), we can now use (7.41) with v’ (¢) = u(¥)
to obtain



408 7. An Assignment Problem

2 2 3
ELx VP < 20 (5 S u0) 4y S, @y
<M <M

where E, denotes expectation in the r.v.s a(¢) only. By (7.36) we have

> y(@‘ = luy—1,m(M)| < 1

<M

and y(M)? = un_1p(M)* < 1. Thus (7.43) implies

K L3
EoLnam(N)? < ;]a) +a6ﬂN > y)?. (7.44)
I<M—-1

To prove (7.42) we simply take expectation in (7.44), using that M < 3N
and observing that Ey(¢)?> = ERy_1 (M —1)% for £ < M — 1. a

Proof of Theorem 7.4.1. To avoid trivial complications, we assume « < 1.
Let us fix N, let us assume M = |[N(1+ «)], and, for k < N let us define

V(k) =ERN_parx(M—k—1)%.

In this definition we assume that the values of Zy_j »; that are relevant
for the computation of Ry_x a—x have been computed with the parameter
B replaced by the value 8’ such that /(N — k) = BN. We observe that
M-k=|Nl+a) -k > |(N-k(Q+a) and M —k < 3(N — k).
Combining Corollaries 7.4.6 and 7.4.4, implies that if /(N — k) = N > 1
and 3’ < /80 we have
Lp K(a)
Vk) < —=V(k+1)+ ——=. 7.45
< Dy + L (7.45)
Let us assume that k& < N/2, so that b’ < 2b. Then (7.45) holds whenever
B < «/160. Thus if L3/a® <1/2, k < N/2 and BN > 1, we obtain

1 K(a)
< Z i s
V(k) < 2V(k—kl)—i— N
Combining these relations yields
_ K(a) _ K(a)
< 9k < 9—k+2
V(0) <27%V(k) + N <2 + N

since V (k) < 4. Taking k ~ log N proves (7.38), and (7.37) follows by (7.42).
O

Theorem 7.4.7. Under the conditions of Theorem 7.4.1, for j < M — 1,
1 < N —1 we have
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E (uw a0() — uw i (7)) < 2L (7.46)
E (uwar() — - e()” < o) (7.47)
E (wn (i) — wnnr—1 (i) < K](Va) (7.48)
E (wxar(i) — wvoo ()" < ) (7.49)

=

Proof. The proofs are similar, so we prove only (7.
M — 1. Using (7.29) and (7.35) we get

6). We can assume j =

Znm(0; M —1)
INM
_ INM-2 1+ p<n alk, M) wn ar—2(k)
L+ ey alk, M)wn ar—1(k) )

UN’M(M — 1) =

ZNM—1
We observe the identity

. N M- , .
Lvu (i) = 520 (w1 (6) = w(9)

)

which is obvious from (7.30). Using this identity for M — 1 rather than M,
we obtain

UN7M(M — 1) — ’LLN,M_l(M — 1)
_ ZNM-2 <1 + 2 p<n alk, N)wn v—2(k) B 1)

L4+ h<n alk, N)wn ar—1(k)
_ Zng a(k, N) Ly,nm-1(k)
1+ ZkSN a(k, N) U}N,M_l(k‘) '

Thus (7.47) follows from (7.37) and Lemma 7.4.3. O

ZNM—-1

We turn to the proof of Proposition 7.4.5, which occupies the rest of this
section. It relies on the following probabilistic estimate.

Lemma 7.4.8. Consider numbers 0 < u(f) <1, andletb= N"13",_, u(f).
Then if BN > 1 and 3 < b/20 we have for k < 8 that -

—k A
E(Z a(e)u(£)> < Lbii , (7.50)

<M

where a(f) is as in (7.20).



410 7. An Assignment Problem

There is of course nothing magic about the number 8, this result is true for
any other number (with a different condition on 3). As the proof is tedious,
it is postponed to the end of this section.

Proof of Proposition 7.4.5. First we reduce to the case u(f) = u'(¢) by
using that 2cc’ < ¢ + ¢/2 for

c= <Z a(e)u(z)> - . d = (Z a(ﬁ)u’(é)) - .

L<M <M
Next, let a(¢) = a(¢) — Ea(¢) = a(¢) — Ea(1), so that
> atyt) = e (X w(0) + Y atw(o
<M <M <M
and since Ea(1) < 1/(8N),

(S atow0) < 2 (5 Su0) +2( X aowo)

(<M <M <M

Using (7.50) for k = 4, it suffices to prove that

(X r<nr a(O)y(0)) 2 Lﬁg
E Py
(X pcaral®u(0)’ =N e;M

Expending the square in the numerator of the left-hand side, we see that it
equals I + II, where

/ a(t')?
I= (¢)’E - (7.52)
zgf‘wy (ZegM a(@“(f))

(7.51)

a(l1)a(ls)
M= y(t)y(L)E i
0140, (ZegM a(ﬂ)u(é))
To bound the terms of I, let us set Sy =37, a(€)u(f), so
S0\ 2 S (P12
a(f) . S Ea(si) — Ea(él)QES%
(Xecar alO)u(0)) g v
by independence. Now since >, ,, u(f) > 4 and u(¢') < 1, we have
PGS SRIGESS (753)
£ <M

so using (7.50) for M — 1 rather than M and 3b/4 rather than b we get
ES,* < LB*/b%; since Ea(¢')? < Ea(¢')? < 1/BN, we have proved that, using
that b <1 in the second inequality
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L3 o LB 2
ISWZy(@ Swzy(@ :
<M <M
To control the term II, let us set
S(ly,la) = > a(b)u(l)
001,02

and
U= a(fl)u(ﬁl) + CL((Q)U(EQ) >0.

Thus 2,y a(O)u(l) = S(€1,£2) +U. Since U > 0, a Taylor expansion yields

1 1 4U R

(ZegM a(g)u(f))él - (S(fr,£2))* S0y, £2) + S(ly,02)0

(7.54)

where |R| < 15U2. Since S(¢1, £2) is independent of a(¢1) and a(fs), and since
Ea(41)a(l2)U = 0, multiplying (7.54) by a(¢1)a(¢2) and taking expectation
we get

a(t)a(ls) < glalat)a(ty) U
(X<t a(€)u(£))4 B S(ly,£2)°

— I5E(Ja(6))a(£2)|U?)E =

S(t1, )5

Since U2 < 2(a(f1)? + a(f>)?) and |a(f)] < 1, independence implies
E(la(f1)a(l2)|U?) < 4E(la(1)||a(fa)]a(f2)?) < 4E(|a(f1)])Ea(f2) .

Now, Ea(f)? < 1/(26N) and E|a(¢)] < 2Ea(¢) < 2/(BN). Therefore we have

L
(BN)?

We also have that ES(¢1,£2)~5 < LB®/b5 by (7.50) (used for k = 6 and M —2
rather than M, and proceeding as in (7.53)). Thus

I 0 5 ()] < o (3 (o)

E(la(er)a(t2)|U?) <

2ET <M
Lp
= ﬁ Z y(€)2 )
<M
and we conclude using that g < 1. a

The following prepares the proof of Lemma 7.4.8.
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Lemma 7.4.9. If 6N > 1 and A > 1 we have

Eexp(—XAa(1)) <exp ( ;5}3) .

Proof. Assume first A < exp 8N, so that log A < BN and

P(Aa(1) > 1) =P(expBNX; <A\) =P (X1 <
Thus, since exp(—z) < 1/2 for z > 1, we have

Eexp(—XAa(1)) <1-— %P()\a(l) >1)

Consider next the case A > exp BN. Observe first that the function 6(z)
x/logx increases for x > e so that 6(\) > 6(expBN), i.e. A/log(A
(exp BN)/BN, that is Aexp(—BN) > log A/BN. Now, since a(1) > exp(

we have

Eexp(—Xa(1)) < Eexp(—Aexp(—f8N)) < exp( ﬂ?\f)\)

Proof of Lemma 7.4.8. We use the inequality (A.8):
P(Y <t) < (exp A\t)Eexp(—AY)

for Y =3%,. 5 a(f)u(f) and any A > 0. We have

Eexp(—\Y) = Eexp( A Z ) = H Eexp(—Auga(l)) .

<M <M

Since u(¢) < 1, Hélder’s inequality implies

Eexp(—Auga(f)) < (Eexp(—Aa(0)))"” = (Eexp(~Aa(1)))

Therefore, assuming A > 1, and using Lemma 7.4.9 in the second line,

Eexp(—AY) < (E eXp(_)\a(l)))Zng u(f)

conl (350025

<M

blog A
=exp| — Qﬁ y

)
—BN)

u(f)

>

(7.55)

(7.56)
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using that ON = 37, ,, u(¢). Thus from (7.55) we get

b b A
P<Y < %) < exp <—% (log)\ - ?t)) . (7.57)

For t < 1, taking A = e/t, and since then log A — At/e =loge/t — 1 = —logt,

we get
Py < i < 19728
2e(3

Therefore whenever ¢ > 1, the r.v. X = 1/Y satisfies

P(X > Qtlfﬁ) < b2 (7.58)

Now we use (A.33) with F(x) = z* to get, making a change of variable
in the second line,

EX* :/ ktFIP(X > t)de
0

B 2eﬁ ko poo b—1 266t
() [ ire(x= 2

We bound P(X > 2eft/b) by 1 for ¢ < 1 and using (7.58) for ¢t > 1 to get

e (2e8) YT )_ @)k k-
EX g(b) <1+k/1 ¢ Hldr) = (= (1+b/(2ﬁ)_k),

from which (7.50) follows since k < 8 and b/(23) > 10. m]

Exercise 7.4.10. Prove that for a r.v. Y > 0 one has the formula

Ey—t— ! |/ th=1E exp(—tY)dt ,
*JO

(k=1

and use it to obtain the previous bound on EX* = EY = directly from (7.56).

7.5 Empirical Measures

Throughout the rest of this section, we assume the conditions of Theorem
7.4.1, that is, BN > 1, M = |[N(1 + o) ] and 5 < f(a).

Let us pursue our intuition that the sequence (un ar(j))j<ar looks like it
is i.i.d. drawn out of a certain distribution. How do we find this distribution?
The obvious candidate is the empirical measure
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1
N =57 D Bunnii) - (7.59)
J<M
We will also consider 1
VN = N Z 6wN,M(i) : (76())
i<N

We recall the sequence a(k) = exp(—OBNX}), where (X}) are i.i.d., uni-
form over [0, 1] and independent of the other sources of randomness. Consider
the random measure iy on [0, 1] given by

. 1
By = £a<1 + Y hen a,(k‘)’LUN,M(k)> 7

where £, denotes the law in the randomness of the variables a(k) with all
the other sources of randomness fixed. Thus, for a continuous function f on
[0, 1] we have

[ sams =Eus (1 S al<k>wN,M<k>) |

where E, denotes expectation in the r.v.s a(k) only. Consider the (non-
random) measure uy = Efiy, so that

/fd/JIN = Ef(1 + Y hen al(k)wN,M(k‘)> .

In this section we shall show that uy ~ p/y, and that, similarly, vy ~ v}

where )
[ s =es (zKMa(f)uN,M(é)) '

In the next section we shall make precise the intuition that “v}, determines
py” and “ufy determines v},” to conclude the proof of Theorem 7.1.2.
It is helpful to consider an appropriate distance for probability measures.

Given two probability measures u, v on R, we consider the quantity

Ap,v) =infE(X —Y)?,

where the infimum is over the pairs (X,Y") of r.v.s such that X has law
p and Y has law v. The quantity AY?(u,v) is a distance. This statement
is not obvious, but is proved in Section A.11, where the reader may find
more information. This distance is called Wasserstein’s distance between
and v. It is of course related to the transportation-cost distance considered in
Chapter 6, but is more convenient here. Let us observe that since E(X —Y)? >
(EX — EY)? we have

( / rdp(z) — / xdy(x)>2 < A(uv) . (7.61)
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Theorem 7.5.1. The conditions of Theorem 7.4.1 imply

I\}im EA(un,ply) =0; lim EA(vy,vy)=0. (7.62)

N—oo

We first collect some simple facts about A.

Lemma 7.5.2. We have

A (% Z Oz s Z 53,1) mf = Z(a;z — Yo)? (7.63)

i<N 1<N 2<N
where the infimum is over all permutations o of {1,...,N}.

We will use this lemma when x; = wy (i), and almost surely any two of
these points are distinct. For this reason, we will give the proof only in the
(easier) case where any two of the points x; (resp. y;) are distinct.

Proof. The inequality < should be obvious. To prove the converse inequality,
we observe that if X has law N~!' Y7,y 6, and Y has law N=' 35\ 4y,

then
E(X = > P(X=uz,Y =y;)(@: —y;)°
i, <N

We observe that the bistochastic matrices are exactly the matrices a;; =
NP(X = x;,Y = y;). Thus the left-hand side of (7.63) is

1, )
Nmf,z aij(zi —y;)*
1,j<N

where the infimum is over all bistochastic matrices (a;;). The infimum is at-
tained at an extreme point, and it is a classical result (“Birkhoff’s theorem”)
that this extreme point is a permutation matrix. [l

Lemma 7.5.3. Given numbers w(k),w’ (k) > 0 we have

£ 1 B 1 ’
L+ peyalb)wk) 1437,y alk)w (k)
o O (w(k) —w'(k)) . (7.64)

Consequently

( (1+zk<Na >w<k>)"<1+zk<;a<k>wf<k>)>
LN ; (k)2 . (7.65)
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Proof. We use Lemma 7.4.3 together with the inequality

(s~ s aww)
L+ ey alb)w(k) 14305 alk)w' (k)
2
< (Z a(k)(w(k) —w’(k))) . 0

k<N

The following fact is crucial.
Lemma 7.5.4. For any continuous function f we have
Jin € (Fuwar0) = [ famy ) (Ftwaror - 1) - [ famy) =o.
(7.66)

Proof. Recalling the numbers a(k, ¢) of (7.6), let us consider

1
14 > oken alk, M)wn pr—2(k) -

Using (7.27), (7.64) and (7.48) (with M — 1 instead of M) we obtain

u

E(UN,M(M) - u)2 S % .

Exchanging the roles of M and M — 1 shows that if

1
T 1+ Yoy alk, M — Dwy a2 (k)

/
u

we have
E(UN,M(M — 1) — UI)Q = E(UN,M(M) — ’LL)2 S

2=

Therefore to prove (7.66) it suffices to prove that

Jim E (f(u) -/ fdﬁN) (f(u’) -/ fdﬁzv) —0.  (7.67)

Now by definition of @, we have

e () [ am ) (500 = [ fam) = () = Fl) () - 1)

where
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and where a(k) = exp(—BNX}) and o/(k) = exp(—BNX],) are independent
of all the other r.v.s involved. Let

1 .
1+ <y alk)wn,v—2(k)

Using again (7.64) and (7.48) we get

1
a L+ 3 cp @ (R)wn -2 (k)

U =

K K
E(uy —up)? < N E(u) —ub)? < N
Therefore, to prove (7.67) it suffices to show that

lim E(f(u) = f(u2))(f () — f(u5)) = 0.

N —o0

Let us denote by E, expectation only in the r.v.s a(k),d’(k),a(k, M) and
a(k, M — 1), which are probabilistically independent of the r.v.s wy pr—2(k).
Then, by independence,

Ea(f(u) = f(u2))(f () = f(u3)) = (Eaf(w) — Baf(u2))(Eaf(u') — Eaf(u3)).

This is 0 because E, f(u) = Eo f(u2), as is obvious from the definitions. O

Corollary 7.5.5. For any continuous function f we have

2
J\}iinocE< / Fduy — / fdﬁN> =0. (7.68)

[ aun =55 3 Flunan(©)

<M

Proof. We have

so that, expanding the square and by symmetry

() (s )

M—-1
+—7F (f un, v (M /fdMN> < (un (M —1)) — /fdﬁzv> :
We conclude with Lemma 7.5.4. O

It is explained in Section A.11 why Wasserstein distance defines the weak
topology on the set of probability measures on a compact space. Using (A.73)
we see that (7.68) implies the following.

Corollary 7.5.6. We have

A}im EA(un,Biy) =0. (7.69)
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Lemma 7.5.7. Consider an independent copy iy of the random measure
Iin- Then, recalling that uy = Efiy, we have

Proof. Let C be the class of pairs f, g of continuous functions such that
V$>y7 f({l?) ( ) (Z'—y)27

so that by the duality formula (A.74) and since ply = Efiy = Efin,

(f.9)€C

<E sup
(f.9)eC

(
EA(fiy, 1) = E sup (/ fdpy +E gd/m)
(/ fdiy + gduzv) =EA(fiy, iin) ,

using Jensen’s inequality. a
Lemma 7.5.8. Consider an independent copy vy of the random measure vy
defined in (7.60). Then we have
. 2 ~
EA(fiy, in) < @EA(VN,VN) :

Proof. Let vy = N7'30, _n 0wy (k) Where (wy 5 (k))k<n is an inde-
pendent copy of the family (wn as(k))k<n. By Lemma 7.5.2 we can find a
permutation o with

LS~ (ww e () — wi a0 () = Alw, o)
N

k<N

and by Lemma 7.5.3 we get
~ 2 ~
Afy, fin) < @A(VNWN) (7.71)

where

o~

= 5“(1 + Y pen aulc)wrv,M(a(k») B Ea(l + e J(k)ww(@) '

Taking expectation in (7.71) concludes the proof, since iy is an independent
copy of fin. O

Let us observe the inequality

Ap, p2) < 2(A(p1, p3) + Alps, p2)) (7.72)

which is a consequence of the fact that A'/2 is a distance.
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Proposition 7.5.9. We have
4
limsup EA(pn, py) < —5 limsup EA(vy, vy) - (7.73)
N —oo 6 N—o00

Consequently, if p denotes an independent copy of the random measure pn,
we have

: N 16 ., ~
h]{fnjip EA(un, uy) < ?h]{[nj;lop EA(vy,vy) - (7.74)

Proof. Inequality (7.72) implies

A(pn, ply) < 2A(un, Tiy) + 240N, py) -
Therefore (7.69) yields

lim sup EA(un, py) < 2limsup EA(ziy, ply) -

N—oo N—o0

By (7.70) and Lemma 7.5.8 this proves (7.73). To prove (7.74) we simply use
(7.72) to write that

Apn, py) < 2A(un, ply) + 24y, 1)

and we note that EA(u!y, u3) = EA(un, ty)- O

At this point we have done half of the work required to prove Theorem 7.5.1.
The other half is as follows.

Proposition 7.5.10. We have

L33
limsup EA(vy, vy) < ié limsup EA(un, pu) (7.75)
N—oo A" N—oo
and
. o LB ~
limsup EA(vy, vy) < —5 limsup EA(un, ) - (7.76)
N —o0 « N —o0

It is essential there to have a coefficient 3% rather than 32. Combining (7.76)
and (7.74) shows that

. ~ B ~
limsup EA(vy, vy) < 5 limsup EA(un, 1)

N—oo N—o0
L33 1
< a—iﬁ—g hfvnffop EA(vn,vy) ,
so that if 16L3/a® < 1 then
limsup EA(vy, vy) = limsup EA(un, py) =0

N—o00 N—o0

and (7.73) and (7.75) prove Theorem 7.5.1.
The proof of Proposition 7.5.10 is similar to the proof of Proposition 7.5.9,

using (7.41) rather than (7.40). Let us first explain the occurrence of the all
important factor 3% in (7.76).
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Lemma 7.5.11. Consider numbers u(€),u' (€) > 0 for £ < M and assume
that 7, ppu(l) =32 p v/ (€) > Naj2. Then we have

2
1 1 L33 / ,
- <ZL’<M a(Ou(t) de<m a(f)u’(f)) = oSN [SM(U(@ —wor

Consequently we have

1 1 L33 O (2
4 <£<Z£<M a(f)U@))’E(ZKM a(ﬁ)u’(ﬂ))) = aSN EgM( () —u'(6)" .

(7.78)
Proof. We write
(i~ i)
S ren @0u(l) Xy W' (0)
o (S —w@)a(0)®
T (Ceen u0a(0)* (e w(Dalt)”
and we use (7.41) with y(¢) = u(¢) — u'(¢), so that 3=, ,, y(¢) = 0. O

Consider the random measure 7y on RT given by

UN = ﬁa(EKN a(;)uN,M(£)> ’

so that v}y = EVx. We denote by Uy an independent copy of 7x. We recall
that ©% denotes an independent copy of py.

Lemma 7.5.12. We have

o LG ~
EA@N,vN) < —5BA(uN, 1Y) -

Proof. TLet py = M~"3, 5 0ux (1), Where (uy pr(€))e<y is an inde-
pendent copy of the family (un ar(€))e<ar- By Lemma 7.5.2 we can find a
permutation o with

% > (una(l) - uar(0(0)” = Alun, 1) -
<M

The essential point now is that (7.26) yields

> unam(t) = uya(o0)) =M —N>aN/2,

<M <M
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so that we can use Lemma 7.5.11 to get
. L3 ~
A@n,vn) < 5 Alpn, 1y) (7.79)

where

1
ﬁN:£a<

Se<m a<£>ug,M<o—<e>>> =t (ZESM aé)u;,M(e)) '

Taking expectation in (7.79) concludes the proof, since Dy is an independent
copy of Uy. O

The rest of the arguments in the proof of Proposition 7.5.10 is very sim-
ilar to the arguments of Proposition 7.5.9. One extra difficulty is that the
distributions vy (etc.) no longer have compact support. This is bypassed by
a truncation argument. Indeed, it follows from (7.28) and (7.50) that

ijlV,JVI(i) < K(a) .

If b > 0 is a truncation level, the quantities wy ar5(4) = min(wy,ar (%), b)
satisfy
K(a)

b2

E(wn,n (1) — wn a,(i))? < E(wRi s (1) Ly a (i)>0}) <
If we define vy, = N~! ZigN Swn ar.s (i), then

A(vnp,vN) < % Z(wN,zw(i) —wn ap())?

i<N

so that

K(a)
b2

and using such a uniformity, rather than (7.75) it suffices to prove for each b

the corresponding result when in the left-hand side “everything is truncated

at level b”. More specifically, defining v, by

/fdij’b =& (min <b’ de<m G(E)UN,M(E))> 7

one proves that

EA(vnp, vN) <

(7.80)

L 3
limsup EA(vn 5, vy ) < iﬁlimsup EA(un, 1)
N—oo ’ « N—oo

and one uses that (7.80) implies

K
limsup EA(vy, vy) < limsup EA(vnp, V) + ﬂ
N—oo N—oo ’ ’ b2

The details are straightforward.
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7.6 Operators

The definition of the operators A and B given in (7.9) and (7.10) is pretty,
but it does not reflect the property we need. The fundamental property of
the operator A is that if the measure M ! Zzg a1 Ou(ey approaches the mea-

sure p, the law of (3, ), aN(E)u(E))_l approaches A(p), where an(¢) =
exp(—NBX,), M/N ~ 1+ «, and where of course the r.v.s (Xy)r>1 are
i.i.d. uniform over [0, 1]. Since the description of A given in (7.9) will not be
needed, its (non-trivial) equivalence with the definition we will give below in
Proposition 7.6.2 will be left to the reader.

In order to prove the existence of the operator A, we must prove that if
two measures

1 1
M Z 5u(g) and M Z 5u/(g)

<M L<M’

both approach p, and if M/N ~ M’/N’ then

(smmmm) = sravovm)
ZegM an(Ou(l)) ZegM/ an'(O)u'(£) ) -
This technical fact is contained in the following estimate.

Proposition 7.6.1. Consider a number o > 0. Consider integers M, N,
M, N with N < M < 2N, N' < M’ < 2N’ and numbers 0 < u(¢) <1 for
< M, numbers 0 < u'(£) <1 for £ < M'. Let

1 1
n=57 2 0w =55 D dw -
<M <M/

Assume that [xdn(z) > a/4 and [xdn'(x) > a/4. Assume that BN >
1,B6N" > 1 and f < «/80. Then, with an(f) = exp(—SNXy) as above, we
have

N (‘: (sovarmm) sz GL,(@U/(@D
1 1 M M )

< K(a) (— +—+|=
+ 2 Ay + 22 ([ wtnte) - | fcdn’(w))2 L @8

N N "IN N

Let us state an important consequence.

Proposition 7.6.2. Given a number o > 0 there exists a number $(a) > 0
with the following property. If 5 < B(a) and if p is a probability measure on
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[0, 1] with [ xzdu(z) > o /4, there exists a unique probability measure A(u) on
R* with the following property. Consider numbers 0 < u(f) <1 for{ < M,

and set .
=7 > buq -
<M

Then

A (A(u)’£<2g<Malzv(€)u(f)>> < K(a) (% + % —(1+a) )

4 Z_ﬂf (/xdu(az) - /xdn($)>2

L 3
T a—iA(u,n) . (7.82)

Moreover, if yi' is another probability measure and if [xdp/(z) > a/4, we
have

2 2 3
A0, 460 < 25 ( [aanta) = [ad@)) + 25 Aty (153)

A little bit of measure-theoretic technique is required again here, because
we are dealing with probability measures that are not supported by a compact
interval. In the forthcoming lemma, there is really nothing specific about the
power 4.

Lemma 7.6.3. Given a number C, consider the set D(C) of probability mea-
sures 0 on RY that satisfy [, z*df(x) < C. Then D(C) is a compact metric
space for the distance A.

Proof. The proof uses a truncation argument similar to the one given at
the end of the proof of Proposition 7.5.10. Given a number b > 0 and a
probability measure @ in D(C) we define the truncation ° as the image of
0 under the map z +— min(z,b). In words, all the mass that 6 gives to the
half-line [b, oo[ is pushed to the point b. Then we have

A, 0%) < /0 " (& — min(x, b)2d0(z) < /b T 2d0() < b% L (784

Consider now a sequence (0,,)n>1 in D(C). We want to prove that it has a
subsequence that converges for the distance A. Since for each b the set of
probability measures on the interval [0, b] is compact for the distance A (as is
explained in Section A.11), we assume, by taking a subsequence if necessary,
that for each integer m the sequence (6)'),>1 converges for A to a certain
probability measure \,,. Next we show that there exists a probability measure
A in D(C) such that A, = A™ for each m. This is simply because if m’ <m
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then X" = A, (the “pieces fit together”) and because JoSatdAn(z) < C
for each m. Now, for each m we have lim,,_,o, A(87", \™) = 0, and (7.84) and
the triangle inequality imply that lim, . A(6,, ) = 0. O
Proof of Proposition 7.6.2. The basic idea is to define A(u) “as the limit”
of the law A of (3, aN(E)u(Z))_l as M3, 00wy — 1y MN —
00, M/N — (1 + «). We note that by (7.50) used for k¥ = 8, whenever
S pen u(f) > aN/8, (and 8 < B(a)) we have [ 2*dA(z) < L. Thus, recalling
the notation of Lemma 7.6.3, we have A € D(L), a compact set, and therefore
the family of these measures has a cluster point A(u), and (7.82) holds by
continuity. Moreover (7.83) is a consequence of (7.82) and continuity (and
shows that the cluster point A(u) is in fact unique). O

We recall the probability measures un, v, Vi, )y of Section 7.5.

Proposition 7.6.4. We have

th AWn, A(py)) =0. (7.85)
Proof. First we recall that by (7.26) we have
M -N _«
/a:d,uN Z un, v ( 7 > 5

£<M

for M = |N(1 + «)| and N large. Since Theorem 7.5.1 asserts that
EA(uy, pn) — 0, (7.61) implies that

E (/ dpn (z) — /xd/,/N(:U)>2 0

and thus [adp)y(z) > «a/4 for N large. Therefore we can use (7.82) for
=y and n = py to get (using (7.61) again)

/ 1
A (A(HN)7 La <ZZ<M an (0)un,n(0) ))

2 3
< KJE] a) +L (i i ) Apy, pn) - (7.86)

The expectation of the right-hand side goes to zero as N — oo by Theorem
7.5.1. Since by definition

1
Uy = E£a< > ,
N ZESM an (O)un,m(f)
taking expectation in (7.86) and using Jensen’s inequality as in (7.70) com-

pletes the proof. |

Proposition 7.6.4 is of course only half of the work because we also have
to define the operators B. These operators B have the following defining

property.
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Proposition 7.6.5. To each probability measure v on Rt we can attach
a probability measure B(v) on [0,1] with the following property. Consider
numbers w(k) > 0 for k < N, and let

n= % > Guth) -
k<N
Then
A (B(y),c<1 . ZkSNlaN(k)w(k))> . % n éA(y, m.  (7.87)
Moreover I
A(B(v),B(V)) < @A(V, V) (7.88)
Proof. Similar, but simpler than the proof of Proposition 7.6.2. a

Proposition 7.6.6. We have

A}im Ay, B(vy)) =0. (7.89)
Proof. Similar (but simpler) than the proof of (7.85). O

Proof of Theorem 7.1.2. It follows from the definition of v}, and (7.50)
that [x*dvj(z) < L, so that, recalling the set D(L) of Lemma 7.6.3, we
have vy, € D(L). Since gy lives on [0, 1], we can find a subsequence of the
sequence (uhy, V) that converges for A to a pair (u,v). Using (7.85) and
(7.89) we see that this pair satisfies the relations (7.11):

/ wda(e) = 755 = B, v = Al (7.90)

The equations (7.90) have a unique solution. Indeed, if (u',2’) is another
solution (7.83) implies

L33
A(v,V) < FA(M/’ 1)

and by (7.88) we have

| e~

Al ) < = A, )

@

so that s
Ap, p') < gﬂ(u, w')

and A(u, ') = 0 if L3/a® < 1. Let us stress the miracle here. The condition
(7.26) forces the relation [ zdu(z) = a/(1+ ), and this neutralizes the first
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term on the right-hand side of (7.83). This term is otherwise devastating,
because the coefficient L3%/a* does not compensate the coefficient L/3?% of
(7.88).

Since the pair (g, ) of (7.90) is unique, we have in fact that g = lim p/y,
v = limv). On the other hand, by definition of uy we have Euy =
L(un (M), so Jensen’s inequality implies as in (7.70) that

A(L(un v (M), ply) < EA(un, i)

so limy oo L{un,p(M)) = p by (7.62). Similarly limy e L(wn pm(N)) = v.
O

We turn to the proof of Proposition 7.6.1. Let us start by a simple obser-
vation.

Proposition 7.6.7. The bound (7.81) holds when M = M’.

Proof. Without loss of generality we assume that N’ < N. Let S =
decnpr an(Ou(l) and S =37,y an (£)u'(€). Then

Al L 1 L L <E 1 1 ZZEMSH_H (7.91)
< (5> <S’)> (S S’) 52572

where
(X ecnrlan(0) = an (O)u'(0)*
I=2E ST ;
0o e aN<?2<;/<f> — ()"

We observe since N’ < N that a/y(£) > an(£), so that

S'> 8% = an(Ou'(0),

<M

and

(e an(@)u(t) - w'(0)°

S525~2 '
To bound this quantity we will use the estimate (7.41). The relations
Jxdn(z) > a/4 and [ady(z) > «/4 mean that D, ,, u(l) > aM/4 >
aN/4and Y, u'(0) > aM/4 > aN/4. Thus in (7.41) we can take b = /4.
This estimate then yields

II<2E

H<Z—€2<ﬁ)2(/xdn(a§)—/xdn'( >2+L—ﬂ3—z 0))?.

<M
(7.92)
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We can assume from Lemma 7.5.2 that we have reordered the terms u'(¢) so
that M~15, ., (u(f) — ' (€))? < A(n,n’'), and then the bound (7.92) is as
desired, since M < 2N.

To control the term I, we first note that 0 < an+(¢) — anx(¢) < 1 since
N’ ' < Njand ), (an/(€) —an(€))u(f) < M since 0 < u/(€) < 1. Therefore

an'(f) —an(¢)
<M

We control this term with the same method that we used to control the term
(7.52). Namely, we define Sy = >, _, an(¢)u({') and Sj similarly, and we
write, using independence and the Cauchy-Schwarz inequality that

an'(f) —an(f) an'(f) —an(f)
e SFT grgp

< E(an(0) — an(0)) (E S%) v (E S%) "

Using (7.50), and since >, u(f) > Na/4—1 > Na/8 because N3 > 1 and

8 < /80, we get
1\ /2
(E —4> < K(a)B?,
Sy

and similarly for S). Using (7.39) for p = 1, we obtain

E(an:(6) — an(0)) < %(Ni - %) |

The result follows. O

The main difficulty in the proof of Proposition 7.6.1 is to find how to relate
the different values M and M’. Given a sequence (u(f))s<p and an integer
M, consider the sequence (u™(€))s<nrn that is obtained by repeating each
term u(¢) exactly M’ times.

Proposition 7.6.8. We have

A <E<ZE<M alzv(é)u(f)>7ﬁ(ze<MM, aiM/ o £)>> < % . (7.93)

Proof of Proposition 7.6.1. The meaning of (7.93) is that within a small
error (as in (7.81)) we can replace M by MM’ and N by NM’. Similarly, we
replace M’ by MM’ and N’ by N'M, so we have reduced the proof to the
case M = M’ of Proposition 7.6.7 (using that A2 is a distance). O

The proof of Proposition 7.6.8 relies on the following.
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Lemma 7.6.9. Consider independent r.v.s Xy, X, uniform over [0, 1]. Con-
sider an integer R > 1, a number v > 2 and the r.v.s

a=exp(—X); a = exp(—7RX,)
<R

Then we can find a pair of r.v.s (Y,Y') such that Y has the same law as the
r.v. a and Y’ has the same law as the r.v. a’ with
L

L
ElY —-Y'| < o EY -Y')’< . (7.94)

)

Proof of Proposition 7.6.8. We use Lemma 7.6.9 for v = 6N, R = M’.
Consider independent copies (Yz, Y/) of the pair (Y,Y”). It should be obvious
from the definition of the sequence u™(¢) that S’ := 3, ,, Y/u(f) equals
Y renrar anae (Ou™ (€) in distribution. Writing S = Y-, Yeu(?), the left-
hand side of (7.93) is -

(o3 () (3 2y - Btz

(e Ve~ Y1)

<E

= 52472
We expand the square, and we use (7.94) for v = SN and one more time
the method used to control (7.52) to find that this is < K(«)/N. O

Proof of Lemma 7.6.9. Given any two r.v.s a,a’ > 0, there is a canonical
way to construct a coupling of them. Consider the function Y on [0, 1] given
by

Y(z)=inf{t; Pla>t) <z} .

The law of Y under Lebesgue’s measure is the law of a. Indeed the definition
of Y(z) shows that

Pla>y)>z=Y(x)>y
Pa>y)<z=Y(x) <y,

so that if A denotes Lebesgue measure, we have A({Y(z) > y}) = P(a >
y). Moreover “the graph of Y is basically obtained from the graph of the
function ¢ — P(a > t) by making a symmetry around the diagonal”. Define
Y’ similarly. The pair (Y,Y”) is the pair we look for, although it will require
some work to prove this. First we note that

EY Y| = /0 V(@) - Y'(2)|dz

This is the area between the graphs of Y of Y/, and also the area between
the graphs of the functions ¢ — P(a > t) and ¢t — P(a’ > t) because these
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two areas are exchanged by symmetry around the diagonal (except maybe
for their boundary). Therefore

ElY —Y'| = / |P(a >t) —P(a’ >t)|dt .
0

The rest of the proof consists in elementary (and very tedious) estimates of
this quantity when a and a’ are as in Lemma 7.6.9. For ¢t < 1 we have

1 1 1 1
Pla>t) =P(exp(—yX) > t) = P(X < —log —) = min (1, — log —) ,
vy t 0% t
and similarly

P(exp(—yRX/,) > t) = min (1, ’VLR log 1) .

Since a’ > t as soon as one of the summands exp(—yRX;) exceeds ¢, inde-
pendence implies

Pl >t)>1~—(1—min 1ilo1 R'—w(t)
Since (1 — x)f > 1 — Rx for x > 0, we have
1 1 1 1
Y(t) < Rmin (1, ’Y_R log z) = min <R, ; log ;) ,
and since ¥(¢) < 1, we have in fact

1

¥ (t) < min <1, % log t) =Pla>1).

We note that

R?z?

Rge_Rxgl—Rm—&— 5 -

z>0=(1-2x)

Using this for

this yields that

and

Since
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1 1 1
min(l —log — ><Rx§—log¥,
gl

we have proved that

1
0<Pa>1) <3 ( log - ) (7.95)
For a real number y we write y* = max(y,0), so that |y| = —y + 2y*. We
use this relation for y = P(a > ¢ ) P(a’ > t), so that since P(a’ > t) > 9 (t)
we obtain

Yy < (Pla>1t)—4(t)" =Pla>1t)—(t),

and
[Pla>t)—P(a >t)|<P(d >t)—Pla>t)+2(P(a>t)— (). (7.96)
Since a < 1, for ¢t > 1 we then have
IPla>t)—P(a >t)|=P(a >t)=P(a’ >t)—Pla>1t). (7.97)

Using (7.96) for t <1 and (7.97) for ¢ > 1 we obtain, using (7.95) in the
second inequality,

/oo P(a>t) — P(d’ > )] dt < 2 /I(P(a > 1) — () dt
0 0

00 0o
+/ a>tdt—/ Pa>t
0 0

L
< —2—|—Ea’—Ea.
Y

Finally we use that by (7.39) we have |Ea — Ea’| < L/~2, and this concludes
the proof that E|Y — Y’| < L/~
We turn to the control of E(Y — Y’)2. First, we observe that

E(Y —Y’)? < 2E(Y — min(Y”,2))? 4 2E(min(Y”,2) — Y')? .
Now, since Y < 1, we have

E(Y — min(Y”,2))? = E(min(Y, 2) — min(Y”, 2))?
< 2E|min(Y,2) — min(Y’, 2)|

L
<2BY -V <
Y
The r.v. A=Y’ —min(Y’, 2) satisfies

A>0=>A=Y" -2,
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so that if ¢ > 0 we have P(A > ¢) = P(Y’ > ¢ + 2). Since Y’ and o’ have the
same distribution, it holds:

E(min(Y’,2) —Y')? = EA? = 2/ tP(Y' > t+2)dt
0
:2/ tP(a’ >t +2)dt .
0

To estimate P(a’ > t), we write, for A > 0

P(a' > t) < exp(—At)EexpAd

= exp(—At) (E exp(Aexp(—y RX)))R

and, using (7.39) in the second inequality, and a power expansion of e to
obtain the third inequality, we get

AP
Eexp(Aexp(—yR X)) = Z — Eexp(—yRp X)

p>0 ©

AP et
<1+ <14 —
;p!mR YR

< 5)\
eX[) —
- )4 R

6)‘
P(a' >t) <exp (7 - /\t) :

so that

Taking A\ = logy > 0, we get
Pla' >t) < Lyt

so that since v > 2 we obtain

3 - O

e L
/ tPa >t+2)dt < —
0 Y

Research Problem 7.6.10. (Level 2) Is it true that given an integer n,

there exists a constant K («,n), and independent r.v.s Uy,...,U, of law pu
with K )
a,n

E ) —U;)? < LREA 7.98

;(UN,M(Z) ) s — (7.98)

Proof of Theorem 7.1.2. We will stay somewhat informal in this proof.
We write Ay, = Elog Zn ar, so that
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7
An,m — An,pm—1 = Elog 7 NM - —Elogun pr(M — 1)
N, M—1

ZN.Mm

AN,M — AN—I,M = Elog 7 = —ElOgUJN,M(N) .

N—1,M
By Theorem 7.1.2, these quantities have limits — [logz dp () and — [ logz
dv (x) respectively. (To obtain the required tightness, we observe that from
(7.27), (7.28) and Markov’s inequality we have P(uy p (M — 1) < t) < Kt
and P(wy p(N) < t) < Kt.) Setting M(R) = |R(1 + «) |, we write

Av v — A =1+11,
where

I= Y Apumr —Ar-1.m(R)
2<R<M

II= Z Ar—1,M((R) — AR—1,M(R-1) -
2<R<M

For large R we have
Arm(r) — AR—1,M(R) ~ */logl’dy(x) ,

and since M(R) —2 < M(R —1) < M(R) — 1, we also have

Ap_1.m(R) — Ar—1,M(rR—1) =~ —(M(R) — M(R — 1)) /10gl’d#(if/) .

The result follows. O

A direction that should be pursued is the detailed study of Gibbs’ mea-
sure; the principal difficulty might be to discover fruitful formulations. If G
denotes Gibbs’ measure, we should note the relation

. . 2 (] . . .
G{o(i) = 31) = ali. ) 22D ey (). (7.99)
N, M
Also, if i1 # i3 and j; # ja, we have
Zn (i, 025 J1, J2)
) Z * (
N, M

G({o(ir) = ji; o(i2) = j2}) = alir, i2)a(j1, j2 7.100)

One can generalize (7.7) to show that

Zn,m (i1, 025 51, J2)
ZN.M

~ wn,p (81w, (t2)un a(J1)un, a (J2)

so comparing (7.99) and (7.100) we get
G({o(ir) = jr; o(iz) = j2}) = G({o(ir) = 1 })G({o(i2) = j2}) -

The problem however to find a nice formulation is that the previous relation
holds for most values of j; and jo simply because both sides are nearly zero!
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7.7 Notes and Comments

A recent paper [169] suggests that it could be of interest to investigate the
following model. The configuration space consists of all pairs (A, o) where
A is a subset of {1,..., N}, and where o is a one to one map from A to
{1,...,N}. The Hamiltonian is then given by

Hy((A,0)) = —CcardA + BN Y _ c(i,0(i)), (7.101)
i€A

where C' is a constant and c(4, j) are as previously. The idea of the Hamil-
tonian is that the term —CcardA favors the pairs (A, o) for which cardA is
large. It seems likely that, given C, results of the same nature as those we
proved can be obtained for this model when 8 < [(C), but that it will be
difficult to prove the existence of a number §y such than these results hold
for B < By, independently of the value of C', and even more difficult to prove
that (as the results of [169] seem to indicate) they will hold for any value of
C and of S.
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