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Abstract. In this paper, we consider the prize-collecting edge dominat-
ing set problem, which is a generalization of the edge dominating set
problem. In the prize-collecting edge dominating set problem, we are
not forced to dominate all edges, but we need to pay penalties for edges
which are not dominated. It is known that this problem is NP-hard, and
Parekh presented a 8

3
-approximation algorithm. To the best of our knowl-

edge, no polynomial-time solvable case is known for this problem. In this
paper, we show that the prize-collecting edge dominating set problem in
trees can be solved in polynomial time.

1 Introduction

Throughout this paper, we denote by Z+ and R+ the sets of nonnegative integers
and nonnegative real numbers, respectively. Given a function or a vector f on a
ground set U , we use the notation f(X) =

∑
e∈X f(e) for each X ⊆ U .

Let G = (V, E) be an undirected graph with a vertex set V and an edge set
E. In this paper, we regard an edge as a set of exactly two vertices. For each
X ⊆ V , we denote by δ(X) be the set of e ∈ E such that e ∩ X �= ∅. For each
v ∈ V , we use the notation δ(v) instead of δ({v}). We say that F ⊆ E dominates
e ∈ E if e ∈ δ(f) for some f ∈ F . We call F ⊆ E an edge dominating set of
G if F dominates all the edges of E. The edge dominating set problem asks for
finding an edge dominating set of G with minimum cardinality. This problem is
one of fundamental covering problems such as the vertex cover problem.

Yannakakis and Gavril [1] proved that the edge dominating set problem is
NP-hard in a graph which is planar or bipartite of maximum degree 3. Gotthilf,
Lewenstein and Rainshmidt [2] presented a (2−c log n

n )-approximation algorithm
which is based on the local search technique, where c is an arbitrary constant
and n is the number of vertices. As a special case, several classes of graph in
which this problem can be solved in polynomial time are known, e.g., trees [3].

In the weighted edge dominating set problem, we are given a weight function
w : E → R+, and this problem asks for finding an edge dominating set of G
with minimum weight, where the weight of F ⊆ E is defined by w(F ). Fujito
and Nagamochi [4] and Parekh [5] independently presented a 2-approximation
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algorithm for this problem. As a special case, Berger and Parekh [6] gave a
polynomial-time algorithm for this problem in trees.

In this paper, we consider the prize-collecting edge dominating set problem,
which is a generalization of the weighted edge dominating set problem. Recall
that in the edge dominating set problem we have to dominate all edges. However,
in the prize-collecting edge dominating set problem we are not forced to dominate
all edges, but we need to pay penalties for edges which are not dominated.
More formally, the prize-collecting edge dominating set problem is defined as
follows. We are given a graph G = (V, E), a weight function w : E → R+ and a
penalty function π : E → R+. The cost of F ⊆ E is defined by w(F ) + π(F ′),
where F ′ denotes the set of the edges of E which are not dominated by F .
The prize-collecting edge dominating set problem asks for finding a subset of E
with minimum cost. Prize-collecting type variants of combinatorial optimization
problems have been extensively studied (for example, see [7,8]).

For the prize-collecting edge dominating set problem, Parekh [9] gave a 8
3 -

approximation algorithm. To the best of our knowledge, no polynomial-time
solvable case is known for this problem. In this paper, we show that the prize-
collecting edge dominating set problem in trees can be solved in polynomial
time. Our algorithm is based on the algorithm of Berger and Parekh [6] for the
weighted edge dominating set problem in trees, but we should emphasize that
the extension is non-trivial.

The rest of this paper is organized as follows. Section 2 gives our algorithm for
the prize-collecting edge dominating set problem in trees. In Section 3, we show
the correctness of our algorithm. In Section 4, we consider the time complexity of
our algorithm. In Section 5, we consider the total dual integrality of a polyhedron
related to our problem and some generalization.

Notations. Let G = (V, E) be a tree, and we specify an arbitrary vertex of G as
a root. For each v ∈ V , the depth of v is the number of the edges contained in
the (unique) path from the root to v (denoted by d(v)), and the parent of v is
the (unique) vertex u ∈ V such that d(u) = d(v) − 1 and {u, v} ∈ E. For each
v ∈ V , let pv and ev be the parent of v and the edge {v, pv}, respectively. We
say that v ∈ V is a child of pv. For each v ∈ V , we denote by gv the parent of
pv.

2 Algorithm

In this section, we present an algorithm for the prize-collecting edge dominating
set problem in trees. More precisely, we give an algorithm for a more general
problem, called the prize-collecting b-edge dominating set problem. In this prob-
lem, we are given a graph G = (V, E), a weight function w : E → R+, a penalty
function π : E → R+ and a demand function b : E → {0, 1}. The cost of F ⊆ E
is defined by w(F ) + π(F ), where F is the set of e ∈ E such that b(e) = 1 and
e is not dominated by F . If b(e) = 1 for all e ∈ E, the prize-collecting b-edge
dominating set problem is equivalent to the prize-collecting edge dominating set
problem.
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In the sequel, let G be a tree with a root. For each v ∈ V , let δ1(v) be
the set of e ∈ δ(v) such that b(e) = 1, let δc(v) be the set of e ∈ E between
v and its children, and let δc

1(v) (resp., δc
0(v)) be the set of e ∈ δc(v) such

that b(e) = 1 (resp., b(e) = 0). We denote by M the set of v ∈ V such that
d(v) = maxu∈V d(u), and let M1 be the set of v ∈ M such that b(ev) = 1.

Our algorithm is recursively defined according to the number of vertices v ∈ V
such that d(v) > 1. For the base case, we consider the case where there exists
no v ∈ V such that d(v) > 1, i.e., G is a star. Let E1 be the set of e ∈ E such
that b(e) = 1. If mine∈E w(e) ≤ π(E1), the algorithm outputs a minimizer of
mine∈E w(e). Otherwise, the algorithm outputs ∅.

From here we consider the case where there exists v ∈ V such that d(v) > 1.
We divide this case into the following subcases.

Case A : M1 �= ∅.
Case A1 : There exists v ∈ M1 such that b(epv) = 0.
Case A2 : There exists v ∈ M1 such that b(epv) = 1 and

min
e∈δ(pv)

w(e) ≤
∑

e∈δc
1(pv)

π(e). (1)

Case A3 : For all v ∈ M1 such that b(epv) = 1, (1) does not hold.
Case B : M1 = ∅.

In the rest of this section, we give the detail of our algorithm for each case.
Given a subgraph G′ = (V ′, E′) of G, a weight function w′ : E′ → R+ and
a demand function b′ : E′ → {0, 1}, an instance I ′ = (G′, w′, b′) is the prize-
collecting b′-edge dominating set problem in G′ with w′ and the restriction of
π on E′. Namely, the original problem is an instance I = (G, w, b). Let AI be
the output of our algorithm for the instance I. (We adopt this notation for any
instance I ′, i.e., we denote by AI ′ the output of our algorithm to I ′.)

2.1 Case A1

In this subsection, we give an algorithm for Case A1. Let v ∈ M1 be a vertex
such that b(epv) = 0. We define α by

α = min
(

min
e∈δ(pv)

w(e),
∑

e∈δc
1(pv)

π(e)
)
.

Let G′ = (V ′, E′) be the graph obtained from G by removing the children of pv
and the edges of δc(pv). We define a weight function w′ on E′ by

w′(e) =
{

w(e) − α, if e = epv,
w(e), otherwise.

We define a demand function b′ on E′ by b′(e) = b(e) for all edges of E′. Let I ′ be
an instance (G′, w′, b′). If epv ∈ AI ′, our algorithm outputs AI ′, i.e., AI = AI ′.
If epv /∈ AI ′ and

min
e∈δ(pv)

w(e) ≤
∑

e∈δc
1(pv)

π(e), (2)
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the algorithm outputs AI ′ ∪ {e∗}, where e∗ is a minimizer of the left-hand side
of (2). If epv /∈ AI ′ and (2) does not hold, our algorithm outputs AI ′.

2.2 Case A2

In this subsection, we give an algorithm for Case A2. Let v ∈ M1 be a vertex
such that b(epv) = 1 and (1) holds. Let G′ = (V ′, E′) be the graph obtained from
G by removing the children of pv and the edges of δc(pv). We define a weight
function w′ on E′ by

w′(e) =

{
w(e) − min

e∈δ(pv)
w(e), if e = epv,

w(e), otherwise.

We define a demand function b′ on E′ by b′(epv) = 0 and b′(e) = b(e) for the other
edges of E′. Let I ′ be an instance (G′, w′, b′). If epv ∈ AI ′, our algorithm outputs
AI ′. Otherwise, the algorithm outputs AI ′∪{e∗}, where e∗ is a minimizer of the
left-hand side of (1).

2.3 Case A3

In this subsection, we give an algorithm for Case A3. Let v ∈ M1 be a vertex
such that b(epv) = 1 and (1) does not hold. We define β and γ by

β = min
{

min
e∈δ(pv)

w(e),
∑

e∈δ1(pv)

π(e)
}
−

∑

e∈δc
1(pv)

π(e),

γ = min
(

min
e∈δ(gv)\{epv}

w(e), β
)
.

Let G′ = (V ′, E′) be the graph obtained from G by removing the children of pv
and the edges of δc(pv). We define a weight function w′ on E′ by

w′(e) =

⎧
⎪⎪⎨

⎪⎪⎩

w(e) −
(
γ +

∑

e∈δc
1(pv)

π(e)
)
, if e = epv,

w(e) − γ, if e ∈ δ(gv) \ {epv},
w(e), otherwise.

We define a demand function b′ on E′ by b′(epv) = 0 and b′(e) = b(e) for the
other edges of E′. Let I ′ be an instance (G′, w′, b′). If AI ′ contains an edge of
δ(gv), our algorithm outputs AI ′. From here, we consider the case where AI ′

does not contain an edge of δ(gv). If

min
e∈δ(gv)\{epv}

w(e) ≤ β, (3)

our algorithm outputs AI ′ ∪ {e∗1}, where e∗1 is a minimizer of the left-hand side
of (3). If (3) does not hold and

min
e∈δ(pv)

w(e) ≤
∑

e∈δ1(pv)

π(e), (4)



The Prize-Collecting Edge Dominating Set Problem in Trees 469

our algorithm outputs AI ′ ∪ {e∗2}, where e∗2 is a minimizer of the left-hand side
of (4). If (3) and (4) do not hold, our algorithm outputs AI ′.

2.4 Case B

In this subsection, we give an algorithm for Case B. Let v be a vertex of M .
Without loss of generality we can assume that b(epv) = 1. Otherwise, we can
remove edges of δc(pv). We define η by

η = min
(

min
e∈δ(epv)

w(e), π(epv)
)

Let G′ = (V ′, E′) be the graph obtained from G by removing the children of pv
and the edges of δc(pv). We define a weight function w′ on E′ by

w′(e) =
{

w(e) − η, if e ∈ δ(gv),
w(e), otherwise.

We define a demand function b′ on E′ by b′(epv) = 0 and b′(e) = b(e) for the
other edges of E′. Let I ′ be an instance (G′, w′, b′). If AI ′ contain an edge of
δ(gv), our algorithm outputs AI ′. If AI ′ does not contain an edge of δ(gv) and

min
e∈δ(epv)

w(e) ≤ π(epv), (5)

our algorithm outputs AI ′ ∪ {e∗}, where e∗ is a minimizer of the left-hand side
of (5). If AI ′ does not contains an edge of δ(epv) and (5) does not hold, our
algorithm outputs AI ′.

3 Correctness

In this section, we prove the correctness of the algorithm presented in Section 2.
The integer programming formulation IP(I) of an instance I = (G, w, b) can be
described as follows.

IP(I)

∣
∣
∣
∣
∣
∣
∣

min 〈w, x〉 + 〈π, y〉
s.t. x(δ(e)) + y(e) ≥ b(e) (∀e ∈ E)

x, y ∈ Z
E
+,

where let 〈f, g〉 be the inner product of f and g for vectors f and g on the same
ground set. The dual problem Dual(I) of the linear programming relaxation of
IP(I) can be described as follows.

Dual(I)

∣
∣
∣
∣
∣
∣
∣
∣
∣

max 〈b, z〉
s.t. z(e) ≤ π(e) (∀e ∈ E)

z(δ(e)) ≤ w(e) (∀e ∈ E)
z ∈ R

E
+.

By the weak duality theorem [10], a feasible solution z to Dual(I) such that
w(AI) + π(AI) ≤ 〈b, z〉, AI is optimal to an instance I. Hence, in order to show
the correctness, it suffices to prove the following lemma.
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Lemma 1. Given an instance I = (G, w, b), there exists a feasible solution z to
Dual(I) such that w(AI) + π(AI) ≤ 〈b, z〉.
In the sequel, we show Lemma 1 for each case by induction on the number of
v ∈ V such that d(v) > 1. For an instance I, we denote by c(I) the cost of a
solution which our algorithm outputs, i.e., c(I) = w(AI) + π(AI).

3.1 The Star Case

In this subsection, we consider the case where G is a star. We first consider
the case of mine∈E w(e) ≤ π(E1). We arbitrarily name the edges of E1 as
e1, . . . , em, where m = |E1|. Since mine∈E w(e) ≤ π(E1), there exists the in-
dex l ∈ {1, . . . , m} such that

l−1∑

i=1

π(ei) < min
e∈E

w(e) ≤
l∑

i=1

π(ei).

We define z ∈ R
E
+ as follows. Set z(ei) = π(ei) for all i ∈ {1, . . . , l − 1}, and

z(el) = min
e∈E

w(e) −
l−1∑

i=1

π(ei).

Set z(e) = 0 for the other edges e. By the definition, z(e) ≤ π(e) and z(δ(e)) =
minf∈E w(f) ≤ w(e) for all e ∈ E. Hence, z is feasible for Dual(I). Furthermore,
c(I) = mine∈E w(e) and 〈b, z〉 = mine∈E w(e) clearly holds.

Next we consider the case of mine∈E w(e) > π(E1). In this case, set z(e) =
π(e) for all e ∈ E1 and z(e) = 0 for the other edges e. By the definition,
z(e) ≤ π(e) for all e ∈ E. Since mine∈E w(e) > π(E1), z(δ(e)) = π(E1) < w(e)
for all e ∈ E. Hence, z is feasible to Dual(I). Furthermore, c(I) = π(E1) and
〈b, z〉 = π(E1) clearly holds. This completes the proof.

3.2 Case A1

By the induction hypothesis, there exists a feasible solution z′ to Dual(I ′) such
that c(I ′) ≤ 〈b′, z′〉. We define z ∈ R

E
+ as follows. For each e ∈ δc

1(pv), define
z(e) so that z(e) ≤ π(e) and

∑

f∈δc
1(pv)

z(f) = α.

By the definition α, we can do this in the same manner for the star case. For
each e ∈ δc

0(pv), set z(e) = 0. For the other edges e of E′, define z(e) = z′(e).
Now we consider the feasibility of z. By the definition, z(e) ≤ π(e) for all

e ∈ δc(pv). Hence, by the induction hypothesis, z(e) ≤ π(e) for all e ∈ E. Next
we consider the second condition. Here it should note that we can assume that
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z′(epv) = 0 since b′(epv) = 0 holds. Since z(epv) = 0 holds by z(epv) = z′(epv),
z(δ(e)) = α ≤ w(e) for each e ∈ δc(pv). By the definition of w′,

z(δ(epv)) = z′(δ(gv)) + α ≤ w(epv).

For the other edges, the condition is satisfied by the induction hypothesis, which
implies the feasibility of z.

Finally, we show that c(I) ≤ 〈b, z〉. In every case, c(I)− c(I ′) ≤ α and 〈b, z〉−
〈b′, z′〉 = α. This completes the proof.

3.3 Case A2

By the induction hypothesis, there exists a feasible solution z′ to Dual(I ′) such
that c(I ′) ≤ 〈b′, z′〉. We define z ∈ R

E
+ as follows. For each e ∈ δc

1(pv), define
z(e) so that z(e) ≤ π(e) and

∑

f∈δc
1(pv)

z(f) = min
f∈δ(pv)

w(f).

Since (1) holds, we can do this in the same manner for the star case. For each
e ∈ δc

0(pv), set z(e) = 0. For the other edges e of E′, define z(e) = z′(e).
Now we consider the feasibility of z. By the definition, z(e) ≤ π(e) for all

e ∈ δc(pv). Hence, by the induction hypothesis, z(e) ≤ π(e) for all e ∈ E.
Next we consider the second condition. We can assume that z′(epv) = 0 since
b′(epv) = 0 holds. Since z(epv) = 0 holds by z(epv) = z′(epv),

z(δ(e)) =
∑

f∈δc
1(pv)

z(f) = min
f∈δ(pv)

w(f) ≤ w(e)

for each e ∈ δc(pv). By the definition of w′,

z(δ(epv)) = z′(δ(gv)) + min
e∈δ(pv)

w(e) ≤ w(epv).

For the other edges, the condition is satisfied by the induction hypothesis, which
implies the feasibility of z.

Finally, we show that c(I) ≤ 〈b, z〉. In both cases,

c(I) − c(I ′) ≤ min
e∈δ(pv)

w(e), 〈b, z〉 − 〈b′, z′〉 = min
e∈δ(pv)

w(e).

This completes the proof.

3.4 Case A3

By the induction hypothesis, there exists a feasible solution z′ to Dual(I ′) such
that c(I ′) ≤ 〈b′, z′〉. We define z ∈ R

E
+ by

z(e) =

⎧
⎪⎪⎨

⎪⎪⎩

π(e), if e ∈ δc
1(v),

0, if e ∈ δc
0(v),

γ, if e = epv,
z′(e), otherwise.
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First we consider the feasibility of z. By the definition, z(e) ≤ π(e) for all
e ∈ δc(pv). By the definition of γ, z(epv) = γ ≤ π(epv) holds. Hence, by the
induction hypothesis, z(e) ≤ π(e) for all e ∈ E. Next we consider the second
condition. For each e ∈ δc(pv).

z(δ(e)) = γ +
∑

e∈δc
1(pv)

π(e) ≤ min
f∈δ(pv)

w(f) ≤ w(e). (6)

Furthermore, by the definition of w′,

z(δ(epv)) = z′(δ(gv)) + γ +
∑

e∈δc
1(pv)

π(e) ≤ w(epv). (7)

For each e ∈ δ(gv) \ {epv},

z(δ(e)) = z′(δ(e)) + γ ≤ w(e) (8)

Notice that in (6)-(8) the first equation follows from that we can assume z′(epv) =
0 since b′(epv) = 0. For the other edges, the condition is satisfied by the induction
hypothesis, which implies the feasibility of z.

Next we show that c(I) ≤ 〈b, z〉. For this, we first show that we can assume
that AI ′ contains at most one edge of δ(gv). Suppose that AI ′ contains more
than one edge of δ(gv). In this case, AI ′ contains at least one edge e of δc(gv).
When e is incident to a leaf, c(I ′) does not increase by removing e from AI ′. If
e is not incident to a leaf, c(I ′) does not increase removing e from AI ′ since (2)
does not hold. Hence, by the optimality of AI ′, we can assume that AI ′ contains
at most one edge of δ(gv). By this fact, in every case c(I) − c(I ′) is at most

γ +
∑

e∈δc
1(pv)

π(e), (9)

by z′(epv) = 0 and 〈b, z〉 − 〈b′, z′〉 is equal to (9). This completes the proof.

3.5 Case B

By the induction hypothesis, there exists a feasible solution z′ to Dual(I ′) such
that c(I ′) ≤ 〈b′, z′〉. We define z ∈ R

E
+ as follows.

z(e) =

⎧
⎨

⎩

0, if e ∈ δc(v),
η, if e = epv,
z′(e), otherwise.

First we consider the feasibility of z. By the definition of η, z(epv) = η ≤ π(epv)
holds. Hence, by the induction hypothesis, z(e) ≤ π(e) for all e ∈ E. Next we
consider the second condition. For each e ∈ δc(pv), z(δ(e)) = η ≤ w(e). By the
definition of w′,

z(δ(e)) = z′(δ(e)) + η ≤ w(e)
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for each e ∈ δ(gv) \ {epv}. The first equation follows from that we can assume
z′(epv) = 0 since b′(epv) = 0 holds. Furthermore, by the definition of w′,

z(δ(epv)) = z′(δ(gv)) + η ≤ w(epv).

For the other edges, the condition is satisfied by the induction hypothesis, which
implies the feasibility of z.

Next we show that c(I) ≤ 〈b, z〉. For this, we first show that we can assume
that AI ′ contains at most one edge of δ(gv). Suppose that AI ′ contains more than
one edge of δ(gv). In this case, AI ′ contains at least one edge e of δc(gv). Since
b(ev) = 0 for all v ∈ M , c(I ′) does not increase by removing e from AI ′. Hence,
by the optimality of AI ′, we can assume that AI ′ contains at most one edge of
δ(gv). By this fact, in the both cases c(I) − c(I ′) ≤ η and 〈b, z〉 − 〈b′, z′〉 = η.
This completes the proof.

4 Time Complexity

In this section, we consider the time complexity of our algorithm. Our algorithm,
called Algorithm PEDS, can be described as follows.

Algorithm PEDS

1. Compute d(v) for all v ∈ V , and set l = maxv∈V d(v).
2. If l > 1, remove all the vertices v ∈ V such that d(v) = l, and change the

weight function and the demand function in the manner describe in Section 2,
whiling keeping the followings in mind.
(a) We give priority to vertices for which the conditions of Case A1, Case A2,

Case A3 and Case B in this order.
(b) When we remove a vertex for which the conditions of Case A3, some

vertices may become to satisfy the conditions of Case A2, i.e., (1). In
this case, we remove these vertices before other vertices for which the
conditions of Case A3.

(c) After removing all the vertices v ∈ V such that d(v) = l, update l = l−1.
3. Notice that in this step the input graph becomes a star. Hence, compute

an optimal solution to the star, and construction an optimal solution to the
original problem.

Theorem 1. Given a tree G = (V, E), a weight function w : E → R+, a penalty
function π : E → R+ and a demand function b : E → {0, 1}, Algorithm PEDS
can solve the prize-collecting b-edge dominating set problem in O(|V |2) time.

Proof. Since the correctness of our algorithm is proved in the previous section,
we consider the time complexity. Clearly, we can complete Step 1 in O(|V |) time.
Also Step 3 can be done in O(|V |) time by storing the order in which vertices
are removed. Hence, the time required to complete Step 2 is dominating factor
of our algorithm. Although the problem is that we have to check some vertex
become to satisfy the conditions of Case A2, we can do this in constant time by
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storing a difference of the both sides of (1). Hence, we can do Step 4 in O(|Vl|2)
time for each l, where Vl is the set of v ∈ V such that d(v) = l. This completes
the proof. ��
Here we give a bad example for which our algorithm requires Ω(|V |2) time.
A vertex set V consists of a root r and vertices X = {x1, . . . , xk} and Y =
{y1, . . . , yk}. An edge set E consists of {r, xi} and {xi, yi} for all i ∈ {1, . . . , k}.
For all e ∈ E, we define b(e) = 1, and w(e) = +∞ and π(e) = 1. Then, whenever
we remove a vertex of Y , we have to update the weights of all the edges of δ(r).
Hence, our algorithm requires Ω(|V |2) time for this instance.

5 Total Dual Integrality and Generalization

In this section, we consider the total dual integrality of a polytope related to our
problem and some generalization.

5.1 Total Dual Integrality of a Related Polyhedron

In our algorithm, we have an integral dual optimal solution if a weight and a
penalty of each edge are integral. Hence, we can obtain the following polyhedral
result. Let A be a p × q-matrix in which every entry is rational, and let b be a
p-dimensional rational vector. Then, a system Ax ≥ b for x ∈ R

q
+ is called total

dual integral when for each l ∈ Z
q the dual problem of minimizing 〈l, x〉 over

Ax ≥ b has an integer optimal solution if the dual problem has a feasible solution
and the optimal objective value of the dual problem is finite. It is known [11]
that if a system Ax ≥ b for x ∈ R

p
+ is total dual integral and b ∈ Z

p, every
vertex of the polyhedron which is determined by a system Ax ≥ b has integer
coordinates.

Theorem 2. Given a tree G = (V, E) and a demand function b : E → {0, 1}, a
system {x(δ(e)) + y(e) ≥ b(e) | e ∈ E} for x, y ∈ R

E
+ is total dual integral.

Proof. For a weight function w : E → Z+ and a penalty function π : E → Z+, it
follows from the proof of the correctness of our algorithm that Dual(I) has an
integral optimal solution, where I is an instance (G, w, b). For a weight function
w and a penalty function π such that there exists e ∈ E such that w(e) < 0 or
π(e) < 0, Dual(I) has no solution. This completes the proof. ��

5.2 Generalization

Here we consider a generalization of the prize collecting b-edge dominating set
problem. It is natural to generalize an image of a demand function b from {0, 1}
to Z+. More precisely, the generalized prize-collecting b-edge dominating set prob-
lem is defined as follows. We are given a graph G = (V, E), a weight function
w : E → R+, a penalty function π : E → R+ and a demand function b : E → Z+.
The cost of a vector x ∈ Z

E
+ is defined by 〈w, x〉 + 〈π, x〉, where x ∈ R

E
+ is
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defined max{0, b(e)− x(δ(e))} for each e ∈ E. Notice that the integer program-
ming formulation of this problem is also IP(I). Although it is open whether the
generalized prize-collecting b-edge dominating set problem in trees can be solved
in polynomial time, by using the theory of total unimodular we can show that
this problem in a path G can be solved in polynomial time. A matrix A is called
totally unimodular when if every square submatrix has determinant 0,±1. The
following theorem is known (see also [10, Corollary 19.2a]).

Theorem 3 (Hoffman and Kruskal [12]). Let A be a totally unimodular
p × q-matrix. Then, for each b ∈ Z

p, every extreme point of the polyhedron
determined by a system Ax ≥ b for x ∈ R+ has integer coordinates.

We define the edge-edge adjacency matrix AG of G as follows. Letting |E| = m
and E = {e1, . . . , em}, AG is an m × m-matrix whose entry corresponding to
a i-th row and a j-th column is defined by 1 if ei ∩ ej �= ∅, and 0 otherwise.
By Theorem 3, if [AG, Δ] is totally unimodular, the generalized prize-collecting
b-edge dominating set problem can be solved in polynomial time by solving
the linear programming relaxation of IP(I), where Δ is an identity matrix and
[AG, Δ] is a matrix obtained by combining AG and Δ. If G is a path, we can
prove this by using the following theorems.

Theorem 4 (Schrijver [10, Example 7 in p.279]). If every entry of a matrix
A is 0 or 1 and each row of A has its 1’s consecutively, A is totally unimodular.

Theorem 5 (Ghoulia-Houri [13]). A matrix A is totally unimodular if and
only if each collection R of rows of A can be partitioned into classes R1 and R2

such that the sum of the rows in R1 minus the sum of the rows in R2 is a vector
with entries 0,±1 only.

If G is a path, it follows from Theorem 4 that AG is totally unimodular, and
then each collection R of rows of AG can be partitioned into classes R1 and R2

satisfying the condition in Theorem 5. It is clear that for the classes R1 and R2,
Δ satisfies the condition in Theorem 5. Hence, it follows from Theorem 5 that
[AG, Δ] is totally unimodular, which implies the polynomial-time solvability of
the generalized prize-collecting b-edge dominating set problem in paths.

Theorem 6. The generalized prize-collecting b-edge dominating set problem in
paths can be solved in polynomial time.
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