Chapter 11.
Function Fields of One Variable
over PAC Fields

We prove that if K is an ample field of cardinality m and FE is a function
field of one variable over K, then Gal(FE) is semi-free of rank m (Theorem
11.7.1). It follows from Theorem 10.5.4 that if F' is a finite extension of F, or
an Abelian extension of F, or a proper finite extension of a Galois extension
of E, or F is “contained in a diamond” over E, then Gal(F) is semi-free.

We apply the latter results to the case where K is PAC and E = K(z),
where x is an indeterminate. We construct a K-radical extension F' of E
in a diamond over F and conclude that F' is Hilbertian and Gal(F') is semi-
free and projective (Theorem 11.7.6), so Gal(F) is free. In particular, if K
contains all roots of unity of order not divisible by char(K), then Gal(E),
is free of rank equal to card(K) (Theorem 11.7.6).

11.1 Henselian Fields

We give a sufficient condition for the absolute Galois group of a Henselian
field (M,v) to be projective. Our proof is valuation theoretic and starts
almost from the basic definitions. In particular, we do not use the connection
between projectivity and the vanishing of the Brauer groups.

Let p be a prime number and A an Abelian group. We say that A is
p’-divisible, if for each a € A and every positive integer n with p { n there
exists b € A such that a = nb. Note that if p = 0, then “p’-divisible” is the
same as “divisible”.

LEMMA 11.1.1: Let p be0 or a prime number, B a torsion free Abelian group,
and A a p'-divisible subgroup of finite index. Then B is also p’-divisible.

Proof: First suppose that p =0 and let m = (B : A). Then, for each b € B
and a positive integer n there exists a € A such that mb = mna. Since B is
torsion free, b = na. Thus, B is divisible.

Now suppose p is a prime number, let mp* = (B : A), with p { m and
k >0, and consider b € B. Then mp*b € A. Hence, for each positive integer
n with p { n there exists a € A with mp*b = mna. Thus, p¥b = na. Since
p 1 n, there exist x,y € Z such that zp* +yn = 1. It follows from 2p*b = xna
that b = n(za + yb), as claimed. O

COROLLARY 11.1.2: Let L/K be an algebraic extension, v a valuation of L,
and p = 0 or p is a prime number. Suppose that v(K*) is p’-divisible. Then
v(L*) is p'-divisible.

Proof: Let x € L* and n a positive integer with p f n. Then v(K(x)*)
is a torsion free Abelian group and v(K ™) is a subgroup of index at most
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[L : K]. Since v(K*) is p/-divisible, Lemma 11.1.1 gives y € K(x)* such
that v(z) = nv(y). It follows that v(L*) is p’-divisible. O

Given a Henselian valued field (M, v), we use v also for its unique exten-
sion to Ms. We use a bar to denote the residue with respect to v of objects
associated with M, let Oys be the valuation ring of M, and let I'y; = v(M ™)
be the value group of M.

PROPOSITION 11.1.3: Let (M,v) be a Henselian valued field. Suppose p =
char(M) = char(M), Gal(M) is projective, and I'p; is p’-divisible. Then
Gal(M) is projective.

Proof: We denote the inertia field of M by M,. It is determined by its
absolute Galois group: Gal(M,) = {o € Gal(M)| v(cx —x) > 0 for all x €
M, with v(xz) > 0}. The map o — & of Gal(M) into Gal(M) such that
7% = oz for each x € Oy, is a well defined epimorphism [Efr06, Thm. 16.1.1]
whose kernel is Gal(M,,). It therefore defines an isomorphism

(1) Gal(M, /M) = Gal(I1).

CLAIM A: M, is separably closed. Let g € M,[X] be a monic irreducible
separable polynomial of degree n > 1. Then there exists a monic polynomial
f € O, [X] of degree n such that f = g. We observe that f is also irreducible
and separable. Moreover, if f(X) =[] (X —a;) with 21, ..., 2, € Mj, then
g(X) =1, (X — 7). Given 1 < 4,j < n there exists ¢ € Gal(M,) such
that ox; = x;. By definition, ; = ox; = 0%; = Z;. Since g is separable,
i =74, s0n=1. We conclude that M, is separably closed.

Cram B: Each [-Sylow group of Gal(M,,) with | # p is trivial. Indeed, let
L be the fixed field of an [-Sylow group of Gal(M,) in M. If | = 2, then
G=-1€L.Ifl+#2, then [L(¢) : L]|l — 1 and [L(¢) : L] is a power of I, so
¢ eL.

Assume that Gal(L) # 1. By the theory of finite I-groups, L has a cyclic
extension L’ of degree [. By the preceding paragraph and Kummer theory,
there exists a € L such that L’ = L(/a). By Corollary 11.1.2, there exists
b € L* such that lv(b) = v(a). Then ¢ = 5 satisfies v(c) = 0. By Claim
A, L is separably closed. Therefore, ¢ has an lth root in L. By Hensel’s
lemma, ¢ has an [th root in L. It follows that a has an lth-root in L. This
contradiction implies that L = M, as claimed.

Having proved Claim B, we consider again a prime number [ # p and let
G| be an I-Sylow subgroup of Gal(M). By the claim, G;NGal(M,,) = 1, hence
the map res: Gal(M) — Gal(M,, /M) maps G; isomorphically onto an [-Sylow
subgroup of Gal(M,/M). By (1), G, is isomorphic to an {-Sylow subgroup of
Gal(M). Since the latter group is projective, so is Gy, i.e. cd;(Gal(M)) < 1
[Ser79, p. 58, Cor. 2].

Finally, if p # 0, then cd,(Gal(M)) <1 [Ser79, p. 75, Prop. 3], because
then char(M) = p. It follows that cd(Gal(M)) <1 [Ser79, p. 58, Cor. 2]. O
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11.2 Brauer Groups of Henselian Fields

We establish a short exact sequence for the Brauer group of a finite unramified
extension of a Henselian field. That sequence will be used in the proof of
Lemma 11.5.1.

Again, when (M, v) is a Henselian field, we denote its valuation ring by
Oy, the maximal ideal of Oy by myy, the group of units of M by Uy, the
value group of (M, v) by I'js, and use a bar to denote reduction modulo my,

PROPOSITION 11.2.1: Let (M,v) be a Henselian valued field and (N,v) a
finite Galois extension with a trivial inertia group. Set G = Gal(N/M). Then
the G-module 1+my is G-cohomologically trivial, that is H (G,1+my) =0
for all positive integers i.

Proof: By Subsection 9.3.13, it suffices to prove the following equalities:

(1+my) = normpy,p (1 +my)

(1)
ZHG, 1 +my) = BY(G,1+my).

Since the right hand sides of (1) are contained in the left hand sides, it suffices

to prove only the other inclusions. This is done in two parts.

PART A: Proof that (1 + my)® < normy (1 + my). Note that (1 +
my )% = 1+mys. Thus, we have to prove that 1+my; < normy, (1 +my).

Since Go(N/M) = 1, (1) of Section 11.1 implies that the map o — &
is an isomorphism Gal(N/M) = Gal(N/M). By the normal basis theorem
there exists € Oy such that {6Z| 0 € G} is a basis of N/M [Lan93,
p. 312 for the case where M is infinite and Jac64, p. 61 for M finite]. Then
the elements oz, 0 € G, are linearly independent over M, so they form a
basis of N/M. If tracen,ns(z) = 0, then tracey,y;(ox) = 0 for each o € G,
so tracen/n(y) = 0 for all y € N. This contradiction to the fact that
tracen/ar: N — M is a nonzero M-linear function [Lan93, p. 286, Thm. 5.2]
proves that a = tracey,y(z) # 0. Dividing z by a, we may assume that
tracen/ar(z) = 1.

Now let n = [N : M] = |G| and consider y € mj; and the polynomial

f(Z)=—y+Z+axZ%+ -+ ap, 12" + norm s (z)Z"

with ai, =) 7' --- 27, where o ranges over all injections from {1,...,k}
into G. In particular, f € Op[Z]. For each z € Oy we have

normy,/pr(1 + 22) = H (1+272)
oceG

=1+ tracen,n ()2 + a9z + - ap_12" "+ norm /s (2)2"

=1+4z+az®+ -+ +ay—12""" + normy,n(2)2",

so f(z) = normpy/p (1 4+22) — 1 —y.
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Since y € my;, we have
f(y) =aoy? + -+ an_1y" ' + norm y,(2)y" = 0 mod m3,
and
f'(y) = 1+2a0y +- - ~—|—(n—l)an_ly"72—}—n-normN/M(x)ynfl =1 mod m3,.
The Henselianity of (M,v) gives a z € my, with f(z) = 0, that is
normy/p (1 4+ z2) =1 +y,

as desired.

PART B: Z'(G,1+my) < BY(G,1+my). Consider a 1-cocycle
ac ZYHG,1+my).

Then a € Z(G, N*). Since H'(G,N*) = 1 (Hilbert’s theorem 90, Subsec-
tion 9.3.17), there exists b € N* such that a, = (o0 — 1)b for each o € G.
Since v(N*) = v(M>), there exists b’ € M* with v(b') = v(b). Then ¢ = &
satisfies v(c) = 0 and a, = (0 — 1)c for each 0 € G. Since a, € 1 + my,
we have 1 = (& — 1), hence 6¢ = ¢ for all ¢ € G. Therefore, ¢ € M, so
there exists ¢ € Op; with ¢ = & The element d = < isin 1 + my and
satisfies a, = (0 — 1)d for all o € G. This means that a € BY(G,1 +my), as

contended. O

Proposition 11.2.1 has a series of consequences expressed in the following
lemmas.

LEMMA 11.2.2: Let M, N, and G be as in Proposition 11.2.1. Then, for each
positive integer i there is a natural isomorphism, H (G,Uyx) = H' (G, N*).

Proof: The short exact sequence 1 — 1 +my — Uy — N* — 1 of G-
modules, in which Uy — N* is the reduction map, induces a natural long
exact sequence

HY (G,1+my) — H(G,Uy) — H(G,N*) — HTYG,1 +my)

(Subsection 9.3.4). The first and the fourth terms of that sequence are trivial
by Proposition 11.2.1. Hence the second and the third terms of that sequence
are naturally isomorphic. O

LEMMA 11.2.3: Let M, N, v, and G be as in Proposition 11.2.1. Then for
each positive integer i there is a natural short exact sequence

1 — H(G,N)) — H(G,N*) " H"(G,Ty) — 0.
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In particular, for i = 2 the following short sequence is exact:

0 — Br(N,/M,) — Br(N/M) — H*(G,Tp) — 0

Proof: The short exact sequence 1 — Uy — N* Ty —0 gives rise to a
long exact sequence

(2) L HY(G, Uy — HY(G,N*) -5 HY (G, Ty) -2 - -

By Lemma 11.2.2, we may replace H'(G,Uy) by H*(G, N*). Since N/M is
unramified, T'y = T'p;. Hence, (2) simplifies to a long exact sequence

(3) S (G NY) = HY(G,N®) =5 HY (G, Tay) -

of cohomology groups. We have to prove that each of the homomorphisms
0 is the zero map. This is equivalent to proving that the map v in (3) is
surjective for each i > 0.

To this end we consider a finitely generated subgroup A of I'j;. Since
')y is torsion free, A is free. Lifting free generators of A to elements of M*
gives generators of a subgroup B of M* that v maps isomorphically onto A.
Since G acts trivially both on M and on I'ys, v|p is a G-isomorphism.

N* $FN

o

M X L>FM

P

B——=A
Ignoring the second row and taking cohomology gives a commutative diagram

H(G,N*) —— H(G,Ty)

| !

HY(G,B) —— H'(G, A)

in which the lower arrow v is an isomorphism. In particular, each element of
Hi(G, A) lies in the image of v. Since H*(G,T'y) is the inductive limit of all
of the groups H'(G, A) (Subsection 9.3.10), the upper arrow of the preceding
diagram is surjective. O
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11.3 Local-Global Theorems for Brauer Groups

We establish a commutative diagram for the Brauer group of a generalized
function field of one variable over a field K relating it to the product of the
Brauer groups of the Henselizations.

Remark 11.3.1: Let K be a perfect field and F' a generalized function field of
one variable over K, that is a regular extension of K of transcendence degree
1. We denote the set of all equivalence classes of valuations of F' that are
trivial on K by P(F/K). We choose a representative vy, in each p € P(F/K)
and a Henselian closure F, of F at v,. Then the residue fields F}, of both F
and F, are the same and so are the value groups I',. We extend the residue

map of F, to a place = — Z of F, onto K U {oo} that fixes the elements of
K. Then the map ¢ — & defined by 5% = &7 is an epimorphism of Gal(F})
onto Gal(F}). In particular, 5z = ox for each o € Gal(F},) and every z € K,
that is the map ¢ — & is the restriction map. It follows that Fj, N K = Fp.
Moreover, if o € Gal(F,), then % = Z for all # € F, with 7 € K if and only
if o € Gal(F,K). Thus, Gal(F,K) is the inertia group of the extension of p
to Fy and the restriction map Gal(F,K/F,) — Gal(F,) is an isomorphism.
(|

LEMMA 11.3.2: Let F' be a generalized function field of one variable over a
field K and let p be a prime number. Suppose for each function field E of
one variable over K in F' the map

(1) res: Br(E)pe — [ Br(By)p=
PEF(E/K)

is injective and its image lies in €D, cp 1) Br(Ep)p. Then the map

(2) res: Br(F)pe — H Br(Fy)pee
pEP(F/K)

is injective.
Proof: Given an algebraic extension of fields £ C E’, we denote the restric-

tion map Br(E),=~ — Br(E’)y~ by resk,. Now we consider a function field
E of one variable over K in F, let p € P(E/K), and let x € Br(Ey)p~. Sup-

pose resf:: (x) = 0 for each q € P(F/K) over p. Let £ be the set of all finite

extensions of F in F. We prove there exists E’ € £ such that resgz (x) =0
for each q € P(E’/K) lying over p.

To this end we recall that for each £’ € £ the set of prime divisors of
E'/K that lie over p bijectively corresponds to the set of all E,-isomorphisms
of E'E, into E. If ¢’ is such an isomorphism and q is the corresponding
prime divisor of E'/K, we choose o'(E'E,) as the Henselian closure Eq, of
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E’ at q’. This choice ensures that if E” is a finite extension of E’ in F' and
q” is a prime divisor of E”/K that lies over q', then Ej, C EY),.

Now assume E has no extension E’ as in the first paragraph of the proof.
Then for each E’ € £ the finite set Q(E’) of all prime divisors q € P(E'/K)
lying over p such that resg‘f (z) # 0 is nonempty. If E” is a finite extension

q
of E/ in F, then restriction of divisors maps Q(E”) into Q(E’). Since the
inverse limit of nonempty finite sets is nonempty [FrJ08, Cor. 1.1.4], there

exists a set Q = {qp € Q(E’)| E’ € £} such that qp is the restriction of
qgr for all E' E" € £ With E' C E”. The set Q determines an element g of

P(F/K) such that resF " (z) # 0, in contrast to the assumption made in the
first paragraph of the proof
CraM: The map (2) is injective. Otherwise, there exists z € Br(F), such
that z # 0 and res?q (z) = 0 for every q € P(F/K). Since F' is the union

of function fields E of one variable over K and Br(F),e is the direct limit
of the groups Br(E),~ (Subsections 9.3.10 and 9.3.18), there exist such a
field E and an element z € Br(E)y~ with x # 0 and resk(z) = 2. By our
assumption on the image of the map (1), resgp (x) = 0 for all but finitely

many p € P(E/K). We denote the exceptional set by P. For each p € P
let , = resgp (). Then resf:: (xp) = resfj:q (2) = 0 for each q € P(F/K)
lying over p. By what we have proved above, E has a finite extension F(p)
in F' such that resg*zp)q(xp) = 0 for each q € P(E(p)/K) lying over p. Let
E"=],ep E(p). Then E’ is a finite extension of E in F and res‘g{1 (x) =0 for
each p € P and every q € P(E’/K) lying over p. It follows from the definition
of P that resgél () = 0 for each p € P(E/K) and every q € P(E'/K) lying
over p. Finally, let y = res%, (z). Then res (y) = z # 0, so y # 0. On the
other hand, Jresgg1 (y) =0 for all ¢ € P(E’/K). This contradicts the injectivity
of the map (1). O

LEMMA 11.3.3: In the notation of Remark 11.3.1 and with P = P(F/K)
there is a natural commutative diagram

(3)
Br(F) H2(Gal(K), (FK)*) —> H*(Gal(K), (FK)* /K*)
\Lres ilre , J/
(R,

[Mpcr Br(Fp) —£ T1, o H2(Gal(Fy), (Fy K)*) Ln T, cp H2(Gal(Fy), T)

w

where (3 and (3 are isomorphisms.

Proof:  The inflation-restriction sequence for Brauer groups (Subsection
9.3.18) applied to Gal(F') and Gal(FK) is

(4) )

1 — H(Gal(FK/F),(FK)*) 2% H2(Gal(F), FX) 2% H2(Gal(FK), FX).
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Since F'/K is regular, the map res: Gal(FK /F) — Gal(K) is an isomorphism.
By Proposition 9.4.6(b), cd(Gal(FK)) < 1, so H?(Gal(FK), FX) = 1 (Sub-
section 9.3.18). Thus, inf in (4) is an isomorphism. We denote its inverse by
B to get the left upper map in Diagram (3). The homomorphism v in (3) is
induced by the quotient map (FK)* — (FK)*/K*.

For each p € P we replace I’ and K in the preceding argument by F, and
Fp, respectively, and use that Fj /Fp is a regular extension (Remark 11.3.1) to
produce an isomorphism fy: Br(F,) — H?(Gal(F,), (F, K)*) that commutes
with the restriction map. Then we define 3" as the product of all the §,’s.

Similarly, for each p € P, the quotient map (FPK')X — (pr()x/f(X
yields a homomorphism

Ypr H?(Gal(Fy), (pr()x) — H*(Gal(Fy), (Fpk)x/f(x)-

The valuation v, extended to F, K maps (F,K)* onto the valuation group
I'y and vanish on K*. So it defines a homomorphism

vy H(Gal(Fy), (FyK)* /) — H?(Cal(Fy). Ty).

We let o/ = HpelP’ Yp ©Vp- Finally, noting that FK = prﬂ the third vertical
arrow in (3) is just J[,cp 7y o res. O

11.4 Picard Groups

Let F' be a function field of one variable over a perfect field K. Thus, F/K
is a finitely generated regular extension of transcendence degree 1. Let P =
P(F/K) be the set of prime divisors of F/K (Remark 11.3.1). Using the
notation of Remark 5.8.1, we recall that each a € Div(F/K) has a unique
representations as a = Zp cp Up(@)p, with integers v, (a), all but finitely many
are 0. In particular, div(f) = > ,cpvp(f)p for each f € F*. Thus, the map
a+— (vy(a))pep is a natural isomorphism,

(1) Div(F/K) = DT,

peP

The map div: F* — Div(F/K) is a homomorphism with Ker(div) =
K* [Deu73, p. 25]. The Picard group of F/K is the cokernel of div,
also called the group of divisor classes of F/K, that is, Pic(F/K) =
Div(F/K)/div(EF™). Since div(F*) = F*/K*, we get the following natural
short exact sequence:
(2) 1— /K" 2 Div(F/K) — Pic(F/K) — 0.

Recall that the group of divisors of degree 0, Divy(F/K), contains
div(F*) (Remark 5.8.1(a)). Hence, Pico(F/K) = Divo(F/K)/div(F*) is
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a subgroup of Pic(F/K) and (2) yields the following natural short exact
sequence:

(3) 1 — F*/K* % Divg(F/K) — Pico(F/K) — 0.

Analogous convention and rules hold for the function field FK/K. Here we
write P =P(FK/K).

LEMMA 11.4.1: There is a natural isomorphism

Div(FK/K) = P In dga}F) )
peP

of Gal(K')-modules.

Proof: Consider a prime divisor p € P and a prime divisor 9§ € P lying over p.
We identify Gal(FK/K) with Gal(K) via restriction. For each o € Gal(K)
the prime divisor 0P is the equivalence class of the valuation veq of FK
defined by veq(z) = vp(oc~'z). When o ranges over Gal(K), the divisor

0B ranges over all extensions of p to FK. By Remark 11.3.1, the stabilizer
of P under this action is Gal(F},). Hence, Pg), I'a = D, cs oy, where S

is a subset of Gal(K) satisfying Gal(K) = J,cs Gal(F})o. Note that for
ecach Q € P lying over p the value group I'n is Z, so we may identify it
with T'p. It follows from Subsection 9.3.12 that Pg, I'a = B, cslop =

Gal( . T T\~
D,esp =Ind,, F))(F ). Consequently, Div(FK/K) = @,cp Dq)pI'a =

Dper In ngiE?) (T'p), as claimed.

LEMMA 11.4.2: Let G be a profinite group acting trivially on a discrete
torsion free Abelian group A. Then H'(G, A) = Hom(G, A) =0

Proof: The left equality follows from the definition of H' (Subsection 9.3.2).
Each element of Hom(G, A) is a continuous homomorphism f: G — A. Its

image is a compact subgroup, so must be finite. Since A is torsion free,
f(G) = 0. Therefore, Hom(G, A) = 0. O

LEMMA 11.4.3: Let F' be a function field of one variable over a perfect field
K. Then there is a natural exact sequence
0 — H'(Gal(K),Pic(FK/K)) — H*(Gal(K), (FK)* /K*)
(4) -~ @ H*Gal(F,),I,) — H*(Gal(K),Pic(FK /K))
pEP(F/K)
— H3(Gal(K), (FK)*/K*).

Proof:  As above we set P = P(F'/ K) and start from the short exact sequence
for FK /K analogous to (2):

1 — (FK)*/K* S Div(FK /K) — Pic(FK/K) — 0.
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It induces a long exact sequence:

HY(Gal(K),Div(FK/K)) — H (Gal(K), Pic(FK /K))
(5) — H%*(Gal(K),(FK)*/K*) — H*(Gal(K), Div(FK /K))
— H?*(Gal(K),Pic(FK/K)) — H*(Gal(K), (FK)*/K*).

By Lemma 11.4.1 and by Shapiro’s Lemma (Subsection 9.3.12), we have for
1 = 1,2 natural isomorphism

H(Gal(K), Div(FK /K)) = @) H'(Gal(K), IndS:} =) (T,))

Gal(Fy)
peP
= @Hi(Gal(Fp), Ip),
pep

where the action of Gal(F},) on Ty is trivial. Since T'y is a torsion free discrete
Abelian group, H'(Gal(K),div(FK/K)) = 0 (Lemma 11.4.2). Collecting
this information into (5) gives the exact sequence (4). O

LEMMA 11.4.4: Let F be a function field of one variable over a perfect field
K and let p be a prime number. Then:
(a) The natural map

HY(Gal(K), Pico(FK /K)) — H'(Gal(K), Pic(FK /K))

is surjective.
(b) If F/K has a prime divisor of degree 1, then

H'(Gal(K), Pico(FK/K))p = 0

for each i > cd,(Gal(K)) and
(c) there is a natural isomorphism

H'(Gal(K),Pic(FK/K))p~ = H ™ (Gal(K),Q/Z)

for each i > max(1, cd,(Gal(K))).

Proof of (a): The definition of the Picard groups gives rise to a short exact
sequence

(6) 0 — Pico(FK/K) — Pic(FK/K) %47 — 0

of Gal(K)-modules. We consider a segment of the corresponding long exact
sequence of cohomology groups:

HY(Gal(K), Pico(FK/K)) — HY(Gal(K), Pic(FK /K)) — H (Gal(K), 7Z).
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Since Gal(K) acts trivially on Z, Lemma 11.4.2 implies that H!(Gal(K),Z) =
0, hence (a) is true.

Proof of (b): Let J be the Jacobian variety of F//K. By Subsection 6.3.1,
J(K) is a divisible Abelian group. Hence, multiplication by p™ gives a short
exact sequence:

0— J(K)p — J(K) 2= J(K) — 0,
which in turn gives for each positive integer i a long exact sequence

(7) Hi(Gal(K),J(f()pn)HHi(Gal( ), J(K))
2 H(Gal(K), J(K ))
— H(Gal(K), J(K)yn).

If ¢ > cd,(Gal(K)), then both the first and the last groups in (7) are zero.

Therefore multiplication with p™ is an automorphism of H*(Gal(K),J (K)).
In particular, H*(Gal(K), J(K))p= = 0. Finally, by Subsection 6.3.2,

Pico(FK/K) = J(K)
as Gal(K)-modules. Consequently, H'(Gal(K),Pico(FK/K))p~ = 0, as
claimed.

Proof of (c): For each i > 0 the short exact sequence (6) induces an exact
sequence

H'(Gal(K), Picy(FK /K)) — H'(Gal(K), Pic(FK /K))
(8) — H'(Gal(K),Z)
— H™*Y(Gal(K), Picg(FK /K)).

By Subsection 9.3.10, the p-primary part

H'(Gal(K), Pico(FK/K))pe — H(Gal(K), Pic(FK/K))p~
— H'(CGal(K),Z)p
— H'"™(Gal(K), Picg(FK /K)) e

of (8) is also exact. By (b), the first and the last groups in the latter sequence
are zero if ¢ > cd,(Gal(K)). In addition, by Lemma 9.3.11, there is a natural
isomorphism H*(Gal(K),Z) = H*"'(Gal(K),Q/Z) if i > 2. Hence, there is
a natural isomorphism as in (c) if ¢ > max(1, cd,(Gal(K))). O
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11.5 Fields of Cohomological Dimension at most 1

We analyze the exact sequence of Lemma 11.4.3 in the case where
cd(Gal(K)) < 1 and prove a local-global principle for Brauer groups of gen-
eralized function fields of one variable over perfect PAC fields.

LEMMA 11.5.1: Let F' be a generalized function field over a perfect field K
with cd(Gal(K)) < 1. Then:
(a) The natural homomorphism

v: H*(Gal(K), (FK)*) — H*(Gal(K), (FK)*/K*)

induced by the quotient map (FK)* — (FK)*/K* is an isomorphism.
(b) HY(Gal(K), (FK)*/K*) =0 fori > 3.
(¢) For each p € P(F/K), the valuation map
H*(Gal(F,), (F, K)*) — H*(Gal(F,),T})
is an isomorphism.

Proof: The short exact sequence
1— KX — (FK)* - (FK)*/K* -1
of Gal(K)-modules gives rise to an exact sequence

H*(Gal(K),K*) — H*(Gal(K), (FK)*)

1
o — H?*(Gal(K), (FK)*/K*) — H3(Gal(K), K*)
of cohomology groups. Since cd(Gal(K)) < 1, we have H?(Gal(K), K*)
Br(K) = 0 (Subsection 9.3.18) and H?3(Gal(K),K*) = 0 for each i > 3
(Subsection 9.3.15). Thus, (a) follows from (1). Moreover, (b) holds.
Finally, let p € P(¥/K) and apply Lemma 11.2.3 for F}, prﬂ and vy
rather than to M, N, and v. Recall that we have identified Gal(F, K /F,) with
Gal(F,) (Remark 11.3.1). Hence, that lemma gives a short exact sequence

0 — Br(F,) — H?*(Gal(F,), (F,K)*) — H*(Gal(F,),T}) — 0.

Now we use that Gal(F}) as a closed subgroup of Gal(K) has cohomological
dimension at most 1 to deduce that Br(F,) = 0 and conclude the proof of
(c). O

LEMMA 11.5.2: Let F' be a generalized function field over a perfect field K
with cd(K) < 1. Then there is a natural commutative square

Br(F) H?(Gal(K), (FK)* JK*)

- |

[loeer/r) Br(Fp) —= Il ep(r i) H (Gal(Fy), Ty)
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where the horizontal arrows are isomorphisms.

Proof: By Lemma 11.5.1, the maps v and 7’ of Lemma 11.3.3 are isomor-
phisms. Hence, so are the maps o3 and 7’0o’ of the latter lemma. Therefore,
the diagram of Lemma 11.3.3 shrinks to the diagram of our lemma. (|

LEMMA 11.5.3: Let F be a function field of one variable over a perfect field
K. Suppose F/K has a prime divisor of degree 1 and cd(Gal(K)) < 1. Then
there exists a natural exact sequence

0 — H'(Gal(K),Pic(FK/K)) — Br(F)
= P Br(R)
PEP(F/K)
— Hom(Gal(K),Q/Z) — 0
Proof: We apply Lemma 11.5.2 to replace

H?(Gal(K), (FK)*/K*) and €D H*(Gal(F}),Ty)
PEP(F/K)

in the exact sequence of Lemma 11.4.3 by Br(F) and @, cp(r,x) Br(Fp),

respectively. Since cd(Gal(K)) < 1 and each cohomology group of positive
degree is the sum of its primary parts, Lemma 11.4.4(c) implies that

H?*(Gal(K),Pic(FK/K)) = H'(Gal(K),Q/Z) = Hom(Gal(K), Q/Z).
By Lemma 11.5.1(b), H3(Gal(K), (FK)*/K*) = 0. Consequently, the exact
sequence of Lemma 11.4.3 becomes the sequence of our lemma. U

LEMMA 11.5.4: Let F be a function field of one variable over a perfect PAC
field K. Then there is a natural exact sequence

0—Br(F)=> € Br(F,) — Hom(Gal(K),Q/Z) — 0
peP(F/K)

Proof: Let J be the Jacobian variety of F//K. Since K is PAC,
HY(Gal(K), J(K)) = 0.

(Subsection 6.3.3). By Subsection 6.3.2, Pico(FK/K) = J(K) as Gal(K)-
modules. Hence,

HY(Gal(K), Pico(FK/K)) = 0.
Therefore, by Lemma 11.4.4(a), H'(Gal(K), Pic(FK/K)) = 0. Consequen-
tly, the exact sequence of Lemma 11.5.3 shortens to the exact sequence of
the present lemma. O

Using lemma 11.3.2, we extract the following result for generalized func-
tion fields from Lemma 11.5.4:



246 Chapter 11. Function Fields of One Variable over PAC Fields

ProproOSITION 11.5.5 (Efrat): Let F' be a generalized function field of one
variable over a perfect PAC field K. Then the restriction map

res: Br(F) — H Br(Fy)
pEP(F/K)
is injective
COROLLARY 11.5.6: Let F' be a generalized function field of one variable over

a perfect PAC field K. Suppose Gal(F}) is projective for each p € P(F/K).
Then Gal(F) is projective.

Proof:  For each p € P(F/K) the group Gal(F,) is projective, hence
cd(Gal(Fy)) < 1 (Subsection 9.3.16). Since K is perfect, Br(F,) = 0 (Sub-
section 9.3.18). Therefore, by Proposition 11.5.5, Br(F) = 0.

The same conclusion holds for every finite separable extension F’ of F,
because the algebraic closure of K in F’ is perfect and PAC [FrJ08, Corol-
lary 11.2.5] and closed subgroups of projective groups are projective [FrJO08,
Prop. 22.4.7]. By Subsection 9.3.18, Gal(F) is projective. O

11.6 Radical Extensions

We call an algebraic extension F'/E of fields of characteristic p radical if for
each a € E and every positive integer n with p { n there exists z,,, € F such
that i, = a and F' = E(%a,n)ack, ptn- The following conjecture is a variant
of a conjecture of Bogomolov-Positselski [BoP05, Conjecture 1.1]:

CONJECTURE 11.6.1: Let E be an extension of a field K with
trans.deg(E/K) = 1 and F an algebraic extension of E. Suppose F con-
tains a radical algebraic extension of E. Then Gal(F) is projective.

We prove Conjecture 11.6.1 in the special case where K is PAC. It turns
out that in this case it suffices to adjoin much less radicals to £ than de-
manded by the definition of the radical extension.

Definition 11.6.2: K-radical extensions. Let E//K be a function field of one
variable and F' an algebraic extension of F. In the notation of Remark 11.3.1
we say that F//E is a K-radical extension if for each p € P(E/K) and for
each positive integer n with char(K) { n there exists an element z,, € F
such that SC €L, Up( pn ) =1,and F = K(l’p n)peP(E/K) char(K)n-

In partlcular 1f F/Eis a radlcal extension, then F'/F is also a K-radical
extension. t

Definition 11.6.3: Let K be a field of characteristic p and F' an extension of
K of transcendence degree 1. We say that F' has p’-divisible K-functional
valuation groups if the value group of F' at each valuation trivial on K is
p’-divisible.

Note that in that case each algebraic extension F’ of F also has p'-
divisible K-functional valuation groups (Remark 11.1.2). O
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LEMMA 11.6.4: Let p be either O or a prime number and let I" be an additive
subgroup of Q. Suppose % € T for each positive integer n with p{n. Then
I is p’-divisible.

Proof:  We consider v € I'. If p = 0, we write v = 7, with a € Z and b € N.

: Y 4. L
Given n € N, we have > =a- = €T.

pr>0,wewrite’y:bp%, where a € Z, b € N, k € Z, and p 1 a,b.
Let n € Nwith ptn. If k <0, then 2 =ap™®- L €. If k > 0, we may

n

choose x,y € Z such that zp* + ynb = 1. Then I = n;pk = W =

ax - % + by - ﬁ €I, as claimed. O

LEMMA 11.6.5: Let E/K be a function field of one variable of characteristic
p and F a K-radical extension of E. Then F has a p’-divisible K-functional
valuation groups.

Proof: Let p € P(E/K) and consider a valuation w of F' extending wv,.
Thus, w(y) = vp(y) for each y € E. Since F is an algebraic extension of
E the value group I' of w is contained in @. On the other hand, for each
p € P(E/K) and each n not divisible by p there is xp n € F such that
L= 1y, (zpn) = w(zpn) €. By Lemma 11.6.4, T is p’-divisible. O

n

PROPOSITION 11.6.6: Let K be a PAC field of characteristic p, F' an exten-
sion of K of transcendence degree 1 with p’-divisible K-functional valuation
groups. Then Gal(F) is projective.

Proof: By assumption, the value group of each valuation of F/K is p'-
divisible. Hence, so is the value group of each valuation of every algebraic
extension I’ of F', therefore also of each Henselian closure of F”.

By Ax-Roquette, each algebraic extension of a PAC field is again PAC
[FrJo8, Cor. 11.2.5]. Hence, we may first replace K by Kins and F by F Kij,g
to assume that K is perfect. Then, we may replace K by F N K to assume
that F' is a generalized function field of one variable over K.

Now we consider a prime divisor p of F//K and its Henselization F.
The residue field Fp is an algebraic extension of K, so Fp is PAC. Hence,
by [FrJ08, Thm. 11.6.2], Gal(F}) is projective. It follows from Proposition
11.1.3 that Gal(F}) is projective. By Corollary 11.5.6, Gal(F') is projective.
a

COROLLARY 11.6.7: Let K be a PAC field, E a function field of one variable
over K, and F an algebraic extension of a K-radical extension of E. Then
Gal(F) is projective.

Proof: Let p = char(K). By Lemma 11.6.5 and Definition 11.6.3, F has
a p/-divisible K-functional valuation groups. Hence, by Proposition 11.6.6,
Gal(F) is projective. O
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11.7 Semi-Free Absolute Galois Groups

The chapter culminates with its main new result. We construct for each PAC
field K of cardinality m an algebraic extension F' of K (z) in Kcyel(2)ap such

that F' is Hilbertian and Gal(F) = F),,. If K contains all roots of unity, then
Gal(K ()ap) = Fn. The latter result, can be considered as an analog of a
well known conjecture of Shafarevich saying that Gal(Q,p,) = F,.

First of all we apply the main result of Chapter 8 to the absolute Galois
group of a function field of one variable over an ample field.

THEOREM 11.7.1: Let E be a function field of one variable over an ample
field K of cardinality m. Then Gal(E) is semi-free of rank m.

Proof:  We choose a separating transcendence element « for /K. Since K is
ample, m is infinite and m = card(K(z)) = card(F). Hence,
rank(Gal(K (z))) < m. By Proposition 8.6.3, each finite split embedding
problem for Gal(K (x)) with a nontrivial kernel has m linearly disjoint solu-
tions. Thus, Gal(K (z)) is semi-free of rank m (Remark 10.1.6). Since Gal(F)
is an open subgroup of Gal(K(x)), Gal(E) is semi-free of rank m (Lemma
10.4.1). O

The combination of Theorems 10.5.8 and 11.7.1 gives the following result:

THEOREM 11.7.2: Let K be an ample field with rank(Gal(K)) = m, F a

function field of one variable over K, and F' a separable algebraic extension

of E. Then Gal(F) is a semi-free profinite group of rank m in each of the

following cases:

(a) [F: E] < 0.

(b) weight(F/FE) < m.

(¢) F/E is small.

(d) F is contained in an E-diamond.

(e) F is a proper finite extension of an extension Ey of E and Fy Is contained
in a Galois extension N of E that does not contain F.

(f) F is a proper finite extension of a Galois extension of E.
(g) F/E is Abelian.

The next construction will allow us to move from a function field F' of
one variable to infinite extensions of F' that are not too large.

LEMMA 11.7.3: Let E be a function field of one variable over a field K, F
a finite extension of E, and p a prime divisor of E/K tamely and totally
ramified in F. Then F is a regular extension of K.

Proof: The extension F/E is separable, because p is tamely and totally
ramified in F. Since E/K is separable, also F/K is separable.

It remains to prove that K is algebraically closed in F'. Thus, it suffices
to prove that FF N EL = FE for each finite extension L of K. Indeed, let Lg
be the maximal separable extension of K in L. Then p is unramified in ELy.
Hence, FNELy = E and each extension p’ of p to E'Lg is tamely and totally
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ramified in F'Lg. Since EL/FELy is purely inseparable, p’ is either unramified
or wildly ramified in FL. Therefore, FLy N EL = ELy. Consequently,
FNEL=E. O

Given a field F and a prime number p, we write E ) for the maximal
Abelian extension of E of degree prime to p.

Construction 11.7.4: Special K-radical extensions. Let K be a field of char-
acteristic p and infinite cardinality m. Let x be a variable and set £ = K(x).
We denote the set of all monic irreducible polynomials of K[z] by F. Let
F =Ji_, Fi be a partition of F such that card(F;) = F =mfori=1,...,r
For each ¢ we choose a wellordering F; = (fi,a)a<m- Then, for each o < m
and every positive integer n with p { n we choose a root (fi.a -+ fra)'/™ in

E, such that if n = dd’, then ((f1,q - fr)a)l/")d = (fra - fra)/?. Then
we consider the separable algebraic field extension

FO - E((fl,oc e fr,a)l/n)a<m7l))m

of E and call Fy a special K-radical extension of E. Note that FoKcycl
is an Abelian extension of Kcyc(z) of degree not divisible by p. Hence,

Fo € Keya(z)®).
In the special case where » = 1, the presentation of F{ is simplified to
Fo = BE(fY™) s, pn- O

LEMMA 11.7.5: Let K, x, E, and Fy be as in Construction 11.7.4. Then:

(a) Fy/E is a K-radical extension (Definition 11.6.2).

(b) Fy/K is regular, thus Fy/K is a generalized function field of one variable.

(c) Every extension F of Fy in Kcycl(x)g;)
hence F is Hilbertian.

(d) If K contains no primitive root of order | for some prime number | #
char(K), then Fy/E is not Galois.

is contained in an E-diamond,

Proofof (a): For each prime divisor p # P, o of K(z)/K there exist (unique)
1 <j <rand a < m such that v,(f; o) = 1. Since the F;’s are disjoint,
vp(fia) = 0if i # j. For pfn,let 2y = (fra: - fra)/" Then z,, € F,
zy, € E, and vp(z},) = 1. Next, for p = p, o we set p’ = p, o and
Tpn = Ty 1n Then xy, € Fo, vy, € E, and vy(zy,) = 1. Finally, by
construction, Fpy is the field obtained from E by adjoining all z, , where
p € P(E/K) and p { n. Thus, Fy is a K-radical extension of E.

Proof of (b): Every finite extension E’ of F in Fy is contained in a field

E _E(fl/nla"wf:/nr)»

where f1, ..., f, are distinct elements of F and nq, ..., n, are positive integers

not divisible by p. Inductively assume E,_; = E(fl/"l, . :171”‘1) is a
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regular extension of K. For ¢ = 1,...,7, let v; be the valuation of E/K
satisfying v;(f;) = 1. Then v;(f;) = 0 for i # j. By [FrJ08, Example
2.3.8], v, is unramified in F,_;. Let w be an extension of v, to E,_;. Then
w(f,) = 1, so again by [FrJ08, Example 2.3.8], w tamely and totally ramifies
in E.. By Lemma 11.7.3, E,/K is regular. Consequently, Fy is a regular
extension of K.

Proof of (¢): Let Nj be the field obtained from E by adjoining all roots of
unity ¢, and all roots z'/" with p t n. Let N3 be the field obtained from E by
adjoining all ¢,, and all roots f%/" with f € F~{z} and p { n. Then both N;

and No are Galois extensions of E and Ny Ny = Kcycl(m)g;), so F C NiNs.
Moreover, p, i is ramified in Fy but unramified in Ny, so ' € N;. Similarly,
pzo is ramified in Fy but unramified in No, so Fy € Na, hence F' Z Ns.
Thus, F is contained in a diamond over E. By [FrJ08, Thm. 13.4.2], FE is
Hilbertian. Hence, by Haran’s diamond theorem [FrJ08, Thm. 13.8.3], F' is
Hilbertian.

Proof of (d): Now we assume that (; ¢ K for some prime number [ # p.
Then, by (b), ¢ ¢ Fo. Let f = fi.0--- fro- Then f1/! € Fy. If Fy/E is Galois,
then also ¢, f'/! € Fy, hence ¢; € Fy. It follows from this contradiction that
Fj is not a Galois extension of E. O

THEOREM 11.7.6: Let K be a PAC field of characteristic p and cardinality
m and let Fy be a special K-radical extension of E = K(z) (Construction
11.7.4). Then:

(a) Every extension F' of Fy in Kcycl(x)gi) is Hilbertian and Gal(F) = E,,.

(b) If K contains no primitive root of order | for some prime number | # p,
then Fy/E is not Galois.

(¢) If K contains all roots of unity, then E,, is a Hilbertian field with
Gal(E.p) & F,.

Proof: By Lemma 11.7.5(a), Fp is indeed a K-radical extension of E. Let
F be as in (a). By Lemma 11.7.5(c), F' is contained in an E-diamond, in
particular F' is Hilbertian. By Theorem 11.7.1, Gal(E) is semi-free of rank m.
Hence, by Theorem 11.7.2(d), Gal(F) is semi-free of rank m. By Corollary
11.6.7, Gal(F) is projective. Hence, by Proposition 10.1.14, Gal(F) is free of
rank m as claimed in (a).

Statement (b) is a special case of Lemma 11.7.5(d). To prove (c) note
that since Fy is generated by radicals of elements of E and all roots of unity
of order prime to p are contained in E, we have Fy C E,,. In particular,
E,p, is an Abelian extension of F'. Since F' is Hilbertian, so is E,p, [FrJ08,
Thm. 16.11.3]. Since Gal(F) is isomorphic to F,, so is Gal(E,p,) [FrJ08,
Cor. 25.4.8]. O

Remark 11.7.7:  Note that Theorem 11.7.6(c) follows already from the results
of David Harbater quoted in the second paragraph of Section 10.6. Indeed
according to those results, if K is a PAC field that contains all roots of unity,
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then Gal(K (z)) is quasi-free of rank m, hense so is Gal(K (x)ap). In addition,
by Corollary 11.6.7, Gal(K ()ap) is projective. Hence, by Proposition 9.4.7,
Cal(K (x)an) = Fin.

The condition that K contains all roots of unity of order not divisible
by char(K) is necessary for Theorem 11.7.6(c) to hold. In fact given an odd
prime number [, we have examples of Hilbertian PAC fields K that contain all
roots of unity of order not divisible by n with ¢; ¢ K such that Gal(K (x)ap)
is not projective. In particular Gal(K (x)ap) is not free. We will publish those
examples elsewhere. O

Example 11.7.8: Starting from a PAC field K of cardinality m, Theorem
11.7.6 gives an extension F of K (x) in K (2)ap such that Gal(F) = F,,, and F
is Hilbertian. It is however not clear to us whether F' is ample. We suspect
it is not.

However, [GeJO1, Thm. 2.6] gives an example of a Hilbertian field F
with Gal(F) = F, (in particular, Gal(F) is projective), but F is nonample.
O

Notes

Proposition 11.1.3 about the projectivity of Gal(M) for a Henselian field
M under appropriate assumptions on the residue field and the value group
reproduces [JaP09, Lemma 1.3].

The results about the cohomology of local Galois groups appearing in
Section 11.2 are taken from [Pop88, §2].

Sections 11.3, 11.4, and 11.5 are a work out of part of Efrat’s work
[Efr01]. The main result of [Efr01] we use is Proposition 11.5.5.

Lemma 11.3.2 is a special case of a more general lemma on a local-
global principle for the Brauer group of a field that is a directed union of
fields satisfying a local-global principle for their Brauer groups (see [Pop88,
Lemma 4.4], or [Efr01, Lemma 3.3]).

Proposition 11.6.6 is [JaP09, Lemma 1.4].

One of the main results of the chapter is Theorem 11.7.1. It also appears
as [BHH10, Thm. 7.2]. The proof of the latter theorem is an adjustment of
the proof of [HaS05, Thm. 4.3] about quasi-freeness.

We note that [BHH10, Section 8] gives an account of Construction 11.7.4
and of Theorem 11.7.6 with a reference to our book. That work also refers
to Theorem 11.7.1 (see [BHHO08, comment following the proof of Thm. 7.2]).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


