Chapter 10.
Semi-Free Profinite Groups

We have already pointed out that a profinite group G of an infinite rank m is
free of rank m if (and only if) G is projective and every finite split embedding
problem for G with a nontrivial kernel has m solutions (Proposition 9.4.7).
Dropping the condition on G to be projective leads to the notion of a “quasi-
free profinite group” (Section 10.6).

A somewhat stronger condition is that of a “semi-free profinite group”.
We say that G is semi-free if every finite split embedding problem for G
with a nontrivial kernel has m independent solutions (Definition 10.1.5). The
advantage of the latter notion on the former one is that the known conditions
on a closed subgroup of a free profinite group of rank m to be free of rank m
go over to semi-free groups. Indeed, even the method of proof that applies
twisted wreath products goes over from free profinite groups to semi-free
profinite groups (Section 10.3). Thus, every open subgroup of a semi-free
group G is semi-free (Lemma 10.4.1), every normal closed subgroup N of
G with G/N Abelian is semi-free, every proper open subgroup of a closed
normal subgroup of G is semi-free, and in general every closed subgroup M
of G that is “contained in a diamond” is semi-free (Theorem 10.5.3).

An application of the diamond theorem to function fields of one variable
over PAC fields appears in the next chapter.

10.1 Independent Subgroups

We introduce a group theoretic counterpart of “linear disjointness of fields”.

Definition 10.1.1: Independent subgroups. Let F be a profinite group.
(a) Open subgroups My, ..., M, of F are F-independent, if

n n

(F: (M) =[](F: ;).

=1 i=1

(b) A family M of open subgroups of F is F-independent if M,..., M,
are F-independent, for all distinct M, ..., M, € M. O

Remark 10.1.2:

(a) Let F be a profinite group, u the normalized Haar measure of F', and
My, ..., M, open subgroups of F. Then My, ..., M,, are F-independent
if and only if Mi,..., M, are p-independent, that is p(_, M;) =
[T, w(M;) [FrJ08, Lemma 18.3.7].

(b) Suppose in the notation of (a) that Miy,..., M, are normal. Then
My, ..., M, are F-independent if and only if F/ (., M; =[], F/M,.
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(c) Let Li,...,L, be finite separable extensions of a field K. Then
Gal(Ly),...,Gal(L,) are Gal(K)-independent if and only if Lq,..., L,
are linearly disjoint over K [FrJ08, Lemma 18.5.1]. O

The following basic rules for F-independency of open subgroups of a
profinite group F' can be deduced from the corresponding properties of linear
disjointness [FrJ08, Section 2.5], using a realization of F as a Galois group of
a Galois extension [FrJ08, Cor. 1.3.4]. We give here direct proofs.

LEMMA 10.1.3: Let My, ..., M, be open subgroups of a profinite group F.

Then:

(a) (F ey My) < TTS, (F 2 M),

(b) My, My are F-independent if and only if (M : My N Ms) = (F : My).

(¢) Suppose My <« F. Then M, My are F-independent if and only if F =
M M,.

(d) Let My < Ny < F. Then M, My are F-independent if and only if
Ny, My are F-independent and My, Ny N My are Np-independent (the
tower property).

(e) My,...,M, are F-independent if and only if Mi,...,M,_1 are
F-independent and ﬂ:.:ll M;, M,, are F-independent.

(f) Suppose M; < N; < F fori=1,...,n. If My, ..., M, are F-independent,
then so are Ny,...,Ny.

Proof of (a): The map F/(;_, M; — [[;—, F/M; of quotient spaces defined

by f(iey M; — (fM, ..., fM,) is injective, hence (a) is true.

Proof of (b): The statement follows from the identity (F': My)(M; : My N

M2) = (F : My ﬂMg).

Proof of (¢): The assumption M7 <F implies that (Ms : MiNMsy) = (M1 Ms :
M) < (F : My). Now we apply (b) with the indices 1 and 2 exchanged to
conclude (c).

Proof of (d): First assume that Ny, My are F-independent and M, N1 N My
are Np-independent. Then, by (b),

(1)
(Nl : N1 ﬂMg) = (F : Mz) and (Nl : M1 ﬂMg) = (Nl : Ml)(Nl : N1 mMg).

Hence,

(F . M1 ﬂMg) = (F : Nl)(Nl : M1 ﬁMg)
== (F : Nl)(Nl : Ml)(Nl : N1 ﬂMg) = (F : Ml)(F : ]\42)7

so My, My are F-independent.
Conversely, suppose (F : My N Ms) = (F : My)(F : Ms). Then, by (a),

(F : Ml)(F : MQ) = (F : Ml mMg) = (F : Nl)(Nl : Ml n MQ)
S (F : Nl)(Nl : Ml)(Nl : N1 mMg) S (F : Ml)(F : Mg)
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Hence, (N7 : My N M) = (N1 : My)(N1 : Ni N Ms), so by definition,
My, N1 N My are Ni-independent. Also, (N : Ny N M) = (F : M), so by
(b), N1, My are F-independent.

Proof of (e): First we suppose My,...,M,_1 are F-independent and
Ny ' M;, M, are F-independent. Then, by (b),

(F:MyN---NM,)
:(FZMlﬂ-“ﬁMn,l)(Mlﬁ-'-ﬂMn,lZMlﬂ“'mMn)
=(F:M) - (F: My_1)(F:M,),

so My,..., M, are F-independent.
Conversely, suppose My, ..., M, are F-independent. Then, by (a),

n n n—1 n—1

[[(F: M) = F: (M) < (F: () Mi)(F = M) < [[(F: My)-(F: M,),

i=1 i=1 i=1 i=1

hence (F : (1, My) = (F : (/= M;)(F : M,,), as desired.

Proof of (f): By definition, M, ..., M,_1 are F-independent. Hence, by an
induction hypothesis, Ny,...,N,_1 are F-independent. By the tower prop-
erty (d), Ny, ﬂ;:ll M; are F-independent. Hence, by (d) again, N, ()i 'N;
are F-independent. It follows from (e) that Ny,..., N, are F- mdependent.
O

LEMMA 10.1.4: Let M = (M, | o < A) be a transfinite sequence of open

normal subgroups of a profinite group F. Suppose M. (.. Mo = F for
each Kk < A\. Then M is F-independent.
Proof: Let a3 < -+ < a, be ordinal numbers smaller than A\. By as-

Mg, M, are F-independent. Hence, by Lemma 10.1.3(d),
Ny ! M,,, M,, are F-independent. By an induction hypothesis on n,

sumption, (.4,

My,,.... M., |

are F-independent.  Hence, by Lemma 10.1.3(e), M,,,...,M,, are
F-independent. Consequently, M is F-independent. O

Definition 10.1.5: Semi-free profinite group. Solutions of an embedding
problem

(2) (p: F— A, a: B— A)

of a profinite group F' are independent if their kernels are Ker(y)-indepe-
ndent.

Note that if the kernel of (2) is trivial, then « is an isomorphism and
Y = a~! oy is a solution. In this case, if for each i in a set I we set
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1; = 1, then Ker(¢;) = Ker(y), so {Ker(1;) | i € I} are Ker(¢)-independent.
Therefore, {t; | i € I} is a set of independent solutions of (2).

A profinite group F' of infinite rank m is semi-free if every finite split
embedding problem for F' with a nontrivial kernel has m independent solu-
tions. U

Remark 10.1.6: Let M be a profinite group and m an infinite cardinal num-
ber. Suppose each finite split embedding problem with a nontrivial kernel
of M has m independent solutions. In particular, if G is a nontrivial finite
group, then the embedding problem (M — 1, G — 1) has m independent
solutions. Thus, M has m independent open normal subgroups M; with
M/M; = G. In particular rank(M) > m [FrJ08, Lemma 17.1.2]. Tt follows
that if in addition, rank(M) < m, then rank(M) = m and M is semi-free. O

LEMMA 10.1.7: Let F be a profinite group and M an infinite family of
pairwise F-independent normal open subgroups of F. Then M contains an
F-independent subfamily M of cardinality card(M).

Proof: By Zorn’s lemma, M has a maximal F-independent subfamily M.
We prove that card(Mg) = card(M).

Otherwise, card(My) < card(M). Let M; be the family of all finite
intersections of elements of M. If M is finite, then so is My. If My is
infinite, then card(M;) = card(My). In both cases, card(M;) < card(M).

Next we denote the family of all subgroups of F' that contain a group
belonging to M; by My. Again, if Mj is finite, then so is My. If M; is
infinite, then card(Msy) = card(Mj). In both cases, card(Ms) < card(M).

By Lemma 10.1.3(d), each open proper subgroup of F' contains at most
one group M € M. Hence, there exists M € M not contained in any proper
subgroup of F' that belongs to Ms. We claim that the family MU {M} is
F-independent.

To prove the claim we consider My, ..., M, € Mg. Then, My,..., M,
are F-independent. Moreover, M\, M; € M,. Hence, by the choice
of M we have M (\_, M; = F. By Lemma 10.1.3(c), M,;_, M; are F-
independent. Therefore, by Lemma 10.1.3(e), M, ..., M, M are F-indepen-
dent. This completes the proof of the claim of the preceding paragraph and
gives the desired contradiction to the maximality of M. O

Taking into account Remark 10.1.6, Lemma 10.1.7 yields the following
result:

COROLLARY 10.1.8: Let m be an infinite cardinal number and F' a profinite
group of rank at most m. Then F' is semi-free of rank m if and only if
every finite split embedding problem with a nontrivial kernel has m pairwise
independent solutions.

Definition 10.1.9: Weight. Let M be a closed subgroup of a profinite group
F. We define the weight of the quotient space F//M as 1 if M is open and
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as the cardinality of the set of all open subgroups of F' that contain M if
(F:M)=

Let m be an infinite cardinal number. If L = [;.; L;, L; is a closed
subgroup of F, weight(F/L;) < m for each i € I, and card(I) < m, then
weight(F/L) < m [FrJ08, Lemma 25.2.1(b)].

If N is a closed subgroup of a closed subgroup M of F', and weight(F/M),

weight(M/N) < m, then weight(F/N) < m [FrJ08, Lemma 25.2.1(d)]. O

Definition 10.1.10: Small quotient spaces. Let M be a closed subgroup of a
profinite group F. We denote the set of all open subgroups of F' that contain
M by Open(F/M). We say that the quotient space F/M is small if for each
positive integer n, the set Open(F /M) has only finitely many groups of index
at most n. In particular if M < F, then the quotient group F/M is small in
the sense of [FrJO8, p. 329].

Note that if M’ is a closed subgroup of M and F/M’ is small, then so is
F/M. In particular, if M'<F and F/M’ is finitely generated, then F/M’ is a
small group [FrJ08, Lemma 16.10.2], so F//M is also a small quotient space.

Let M = N,cr M7 be the normal core of M in F. If F/M is finitely
generated, then by the preceding paragraph, F/M is small. If in addition N
is an open normal subgroup of M, then there is an open normal subgroup L
of F such that LN M < N N M. Since F//(L N M) embeds into F/L x F/M
and the latter group is finitely generated, F/(L N M) is small, so F/N is
small. ([

LEMMA 10.1.11: Let F' be a profinite group, M a closed subgroup of F', and

& an F-independent infinite family of open normal subgroups of F. If

(a) weight(F/M) < card(€), or

(b) F/M is small and there exists a positive integer n such that (F : E) <n
for each F € &,

then there exists E € £ such that EM = F.

Proof: Every proper open subgroup Fy of F' contains at most one group of £.
In Case (a), card(Open(F/M)) < card(£). Hence, there exists E € £ which
is contained in no proper open subgroup of F' that contains M. Therefore,
EM =F.

In Case (b), (F : EM) < (F : E) < n, so ounly finitely many E € £
satisfy EM < F'. Since £ is infinite, there exists £ € £ with EM = F. [

LEMMA 10.1.12: Let F be a profinite group, M an open normal subgroup,
and & an infinite F-independent family of open normal subgroups of F.
Then, for each n there exist Eq,...,E, € & such that FEy,...,E,, M are
F-independent.

Proof: We assume inductively that F,...,E, 1 € £ and F,...,E,_1, M
are F-independent. Then M’ = E1N--- E,_1 N M is an open subgroup of F'.
By Lemma 10.1.11, there exists E,, € £ with E,M’ = F. Hence, by Lemma
10.1.3, E4, ..., E,, M are F-independent. This concludes the induction. [
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We conclude this section with two results that line the notion of a “semi-
free profinite group” to that of a “free profinite group”.

ProproOSITION 10.1.13: Let F be a free profinite group of infinite rank m.
Then every finite embedding problem (2) for F with a nontrivial kernel has
m independent solutions. In particular, F' is semi-free.

Proof:  Let A < m be an ordinal number and assume {7,| K < A} are
independent solutions of (2). We prove the existence of a solution v, such that
the set of solutions {7, | k < A} of (2) is independent. Applying transfinite
induction and Lemma 10.1.4, this will give m independent solutions of (2).

Let E = Ker(p). Since a oy, = ¢, we have Ker(y,) < E, so M =
N.<x Ker(y:) < E. Since card(A) < m and the Ker(v,)’s are open in F,
weight(F/M) < m (Definition 10.1.9). Set A = F/M and let ¢: F — A be
the quotient map. Then there exists an epimorphism @: A — A such that
@ o = . This gives rise to a commutative diagram

F

lsa
B—=4
|
B—=A

in which the square is cartesian. By [FrJ08, Lemma 25.1.3], every finite
embedding problem for F' has m solutions. Hence, by [FrJ08, Lemma 25.1.5],
there exists an epimorphism 4: F' — B such that & 04 = ¢. Thus, v = 304
satisfies & oy = ¢, that is v is a solution of (2).

Let D = Ker(y) and N = Ker(§). Then DN M = N, because if
z € DN M, then 3(5(z)) = ~(z) = 1 and &(3(z)) = @¢(x) = 1, hence

A(x) =1,80 x € N.
e
Py
|

B—2-

@

F
E
M

< <——

Di
v

Ni
Then E/D = Ker(a) and M/N = Ker(&). By [FrJ08, Lemma 22.2.5],
Ker(a) = Ker(&). Hence, (E : D) = (M : N). Therefore, by Lemma

10.1.3(b), D, M are E-independent. Consequently, 7 is independent of the
set of solutions {v, | kK < A}. O
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The converse of Proposition 10.1.13 is a reformulation of Proposition
9.4.7.

ProprosITION 10.1.14: Let F be a projective semi-free profinite group of
infinite rank m. Then F' is a free profinite group.

10.2 Fiber Products

Fiber products of pairs of profinite groups are introduced in [FrJ08, Sec. 13.7].
Here we consider fiber products of finitely many profinite groups and use them
in the next section to construct wreath products.

Definition 10.2.1: Fiber products. For each 1 < i < n let a;: H; — G be
an epimorphism of profinite groups. The fiber product [[. H; = H; x¢
-+« Xq H, with respect to the «;’s is the group

II Hi={,....h) € [T Hil ar(hy) = = an(hn)}.
i=1

For each g € G we can choose h; € H; with «;(h;) = g. Hence, the projection
pr;: [[g Hi — Hj on the jth coordinate is surjective. It follows that the
homomorphism o™ = ajopr;: [[gHi — G is independent of j and is
surjective.

If all of the H;’s are the same group H and all of the «;’s are the same
map «a, we also write Hp for []. H;.

Note that the fiber product is associative in the following sense: There is
a natural isomorphism [[ H; = (Hi Xg - Xg Hm) Xg (Hmt1 Xa - - xXg Hy)
for each 1 <m < n. O

Example 10.2.2: Let G, Aq,..., A, be profinite groups. Suppose G acts on
each A;. Let a;: G x A; — G be the projection on the first coordinate,
i=1,...,n. Then [[,(G x A;) consists of all n-tuples (cay,...,0a,) with
o€ Ganda; € A;, i =1,...,n. For each j, the image of such an n-tuple
under a; o pr; is 0. On the other hand, G acts on [T Ai componentwise
and the projection G x [[ 4; — G on the first coordinate maps an element
o(ay,...,an) of G x [[ 4; onto 0. We may therefore identify G x [] A; with
[1o(G % A;) and the projection on the first coordinate with a(™).

In particular, if all of the A;’s are the same group A, we have (Gx A)% =
G x A" and o(™: (G x A)% — G is the projection on the first coordinate. [J

A key property of fiber products, in our setting, is that weak solutions
¥; of embedding problems (¢: F — G, a;: H; — G), i = 1,...,n, give
rise to a canonical weak solution, 1 = []!_; ¢;, of the embedding problem
(p: F — G, a™: T[4 H; — G). The homomorphism : F — [[, H; is
defined by ¢(z) = (¥1(x),...,¢¥n(z)). In particular, taking FF = G and
¢ = id, we find that if all of the a;’s split, so does (™).
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In the case where all of the H;’s are the same group H and all of the
«;’s are the same map «, we prove that independency of solutions ¥, ..., ¥,
of embedding problems is equivalent to a solution of the corresponding em-
bedding problem onto H.

LEMMA 10.2.3: Let £ = (p: F — G, a: H — G) be a finite embedding
problem of a profinite group F' and 1, ...,v, weak solutions of £. Then
Y1, ..., are independent solutions if and only if the weak solution ¢: F —
H{. of the embedding problem &, = (¢: F — G, a: H}: — G) defined by
() = (Y1(x),. .., ¥n(x)) is a solution of that problem, that is Y(F) = HE.

Proof: Let E = Ker(p), M; = Ker(¢;), and M = (\;_, M;. Then (F :
M;) < |H|, M =ZXer(y), and (F: M) < |HE|. By definition,

HE ={(h1,....hq) € H"| a(h1) = --- = a(h,)} = [ (a7 (9))",
e

so [Hz| = |G|(HEh)"

Now we assume that 1, ..., 1, are independent solutions of £ and prove
that ¢ is a solution of &£,. Since aopr; oth = aoth; = ¢, it suffices to prove
that (F) = H{. Indeed, ¢;(F) = H and (E : M) =[], (E : M;), hence

n

WG(F)| = (F: M) = (F: E)(B: M) = (F: B) [[(B: M)

= e [ G — 16l = e

i=1

Consequently, (F) = H}.
Conversely, suppose 1) is a solution of &,. Then by Lemma 10.1.3(a),

[HE| = [(F)| = (F: E)(E: M) < (F: E)[[(E: M)

<
_

" (F M)
=(F:F <
hence (E : M) = [[;—,(E : M;) and (F : M;) = |H| for each i. This means
that 1, ...,%, are independent solutions of £. O

PrOPOSITION 10.2.4: If every finite split embedding problem of a profinite
group F is solvable, then every finite split embedding problem with a non-
trivial kernel has R independent solutions. In particular, if rank(F) = R,
then F' is semi-free.

Proof: We consider a finite split embedding problem
E=(p: F =G, a: H— Q).
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By induction we suppose 1,...,%, are independent solutions of £. By
Lemma 10.2.3, the map ¢: F — HJ defined by ¢(z) = (¢1(z), ..., ¥n(x)) is
a solution of the embedding problem &, = (¢: F' — G, m: H — G), where
7 = a0 pr; is independent of j.

Let 7': Hi™ — H be the projection on the (n 4 1)th coordinate and
o' Hg;+1 — H(, the projection on the first n-coordinates. Then we observe
that the rectangle in diagram (1) is cartesian (Definition 10.2.1). Since «
split, so does o’ (comments preceding Lemma 10.2.3). By assumption, there

exists an epimorphism : F' — HA! such that of o ¢’ = 1.

(1) F

’ \\
j}/ J{%‘\\
HH e
I )
« «
P

H3L>G

Thus, aon’ o)) =moa’ o)) = woh = . It follows that 1)’ is a solution
of the embedding problem &,41 = (p: F — G, aopr;: HXT' — G) for
each 1 < i < n+ 1. By Lemma 10.2.3, &,;1 has independent solutions
Y, .. by, such that ¥ (x) = (Y] (x),..., ¢, (x)) for each x € F. Since
o/ o)) =1, we have ¢ (z) = ;(z) for i =1,...,n and every © € F. We set
g1 = 1, to conclude that 41, ..., 19y, ¥, 41 are independent solutions of
&, as desired. O

10.3 Twisted Wreath Products

Following the works [Har99a] and [Har99b], twisted wreath products have
been introduced in [FrJ08, Section 13.7] in order to prove the diamond the-
orem for Hilbertian fields [FrJ08, Thm. 13.8.3] and the diamond theorem for
free profinite groups [FrJ08, Thm. 25.4.3]. Here we consider those products
once more in order to generalize the latter theorem to a diamond theorem
for semi-free profinite groups.

Definition 10.3.1: Twisted wreath product. Let A and G be finite groups
and G a subgroup of GG. Suppose Gy acts on A from the right and let
Indg0 (A) be the set of all functions f: G — A such that f(o1) = f(o)7 for

all o0 € G and 7 € Gy. We make Indg0 (A) a group by the rule (fg)(o) =
f(o)g(o) and let G acts on Indg0 (A) by f9(p) = f(op) for all o, p € G. This

gives rise to the semidirect product G x Indg0 (A) that we call the twisted
wreath product of G and A over G and denote by Gwrg, A. In particular,
the mapof—oforoceGand f € Indgo (4) is a split epimorphism onto G

with kernel Indg, (A).
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The map mp: Indg0 (A) — A defined by mo(f) = f(1) is an epimorphism.
It commutes with the action of Gj. Indeed, for f € Indg0 (A) and 7 € Gy
we have wo(f7) = f7(1) = f(7) = f(1)™ = mo(f)". Thus, 7y extend to an
epimorphism 7: Gg X IndgO (A) — Go x A defined by 7(rf) = 7f(1) giving
rise to the following commutative diagram of short exact sequences:

1 — Indg, (A) Gwrg, A G 1

|

1——>Ind§, (A) — Go x Ind§, (A) —= G —=1
Go

|

1 A Gol><A

1

We call myp and 7 the Shapiro maps of Indg0 (A) and Gp x IndgO (A), re-
spectively.

If B is a normal subgroup of A invariant under Gy, then the action
of Gy on A induces an action on A/B and the quotient map A — A/B
gives rise to epimorphisms Gy x A — Gy x A/B, IndgO (A) — IndgO (A/B),
Go X Inng(A) — Gy X Inng(A/B), and Gwrg,A — Gwrg,A/B. The
second and the third maps commute with 7. O

Remark 10.3.2: Distributive law for twisted wreath products. Let G be a
finite group, Gy a subgroup, and Ai,..., A, finite groups. Suppose Gg
acts on each A;. Then Indg0 (IT4:) = HInng A; and [[,(Gwrg,A4;) =
Gwrg, [[ Ai, where Gy acts on [ 4; componentwise.

Indeed, each element of Inng(H A;) can be identified as an n-tuple
(f1,..., fn) with f; € Indg0 A;. A combination of this observation with Ex-
ample 10.2.2 gives [[(Gwrg, A;) = Gwrg, [[ Ai. Explicitly, each element of
[1(Gwrg, A;i) has the form (o f1,...,0f,), where 0 € G and f; € Inng(Ai),
i = 1,...,n. We identify that element with the element o(f1,..., fn) of
Gwrg, [[ Ai- O

The next technical lemma induces finite split embedding problems for
a closed subgroup M of a profinite group F' to finite split embedding prob-
lems for F. Under an additional assumption, independent solutions of the
problems of F' yield independent solutions of the problems of M.

LEMMA 10.3.3: Let F' be a profinite group, M a closed subgroup and
gl(A) = (‘LL M — Gl, Qq: G1 X A— Gl)

a finite split embedding problem for M. Let Fy be an open subgroup of F,
D and L open normal subgroups of F'; and N a closed normal subgroup of



10.3 Twisted Wreath Products 217

F' as in the following diagram:

M Iy MD—F

Ker(u)

MnD—FKND——D

N—MnNL L

Set G = F/L, Gy = Fy/L, and let p: F — G and o: Fy — Gy be the

quotient maps.

(a) There exists an epimorphism @1: Gy = Fy/L — G1 = M /Ker(u) such
that = @1 o |p (after identifying M/M N L with ML/L).

(b) Let p: Go x A — G1 x A be the extension of @1 by ida. Consider the
finite split embedding problem

E(A) = (¢: F — G, B: Gwrg,A — G),

where G acts on A via @1 and (3 is the projection on the first coordinate.
Let m: G x IndgO (A) — Gy x A be the Shapiro map.
For a positive integer n we assume that
(*) no finite split embedding problem £(A) = (¢: F/N — G, 3: Gwrg, A —
@), where A is a nontrivial quotient of A" and ¢: F/N — F/L = G is
the quotient map, has a solution.
Finally, let 1,...,%, be independent solutions of £(A). Then v; =
pomo|a, i =1,...,n, are independent solutions of £1(A).

Proof:  Since M N D < Ker(u), the map p: M — G; extends to an epimor-
phism p': MD — Gy by p/(md) = pu(m). In particular, g/ is trivial on L, so
w1 = i'|p, decomposes as 1 = @1 © @g, where @ is an epimorphism from
G(] onto Gl.

G

Go G

Since o = ¢|F,, we have that u = @1 o ¢|pr. This proves (a).
The proof of (b) breaks up into three parts.
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PART A: The maps v; are weak solutions of £1(A). For each 1 < i < n
we note that B(y;(M)) = (M) < ¢(Fy) = Go, so ¥;(M) < 371(Gy) =
Gy X Indgo (A). Therefore, v; is well defined and the following diagram where

o is the restriction of 5 to Go X Indg0 (A) and 7 is the Shapiro map of
Indg0 (A) is commutative:

(1) M

elm

1 — Ind§, (A) — Go x Indg (4) ——= Gy

"l |

1 A Go X A 20
| wl/
1 A Gyx A—2 Gy 1

Thus, a1 o v; = pu, so v; is a weak solution of & (A). It suffices to prove that
v; is surjective and vy, ..., V, are independent.

PART B: The map v. We use Remark 10.3.2 to identify Ind (A") with
Indg0 (A)", and Gwrg, A™ with (Gwrg,A)¢, and denote the corresponding

Shapiro maps by 7T(()n) and 7™, By Lemma 10.2.3, ¥1, ..., %, define a solu-
tion ¢ of the embedding problem

E(A™) = (¢: F — G, ™: Gwrg, A" — Q),

where 8(") = pr; o3 for each 1 < j < n. Replacing A in (1) by A", we get a
commutative diagram
(2) M

Ylm l
elm

n)
1 — Indg (A") — Gy x Indg, (A") —— Gy

Tré)n) ﬂ—(n) l
(n)

1 An Go w A" -0

| wi/
al®
ATL

(n)

where (™ oy, and aﬁ”) are the projections on the first factor, and p™ is
the extension of @ by idan. Identifying G1 x A” with (G; x A)g (Example
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10.2.2), we first observe that the combined map v = p(™ o (™ o]y, satisfies
V=11 X - X Uy,

Indeed, by Remark 10.3.2, for each x € M there are o9 € Gy and
fiyeoos o € Indg (A) such that

(V1(2), - ¥n(@)) = (@) = 00(f1, -, fu) = (00f1, -, 00 fn)-

Hence,

v(z) = p™ (7 () = p" (7™ (00(f1,- - )
P (o0 (fi(1), ..., fu(1)))
= ¢1(00)(f1(1),- .-, fal1)) = (plo
= (p(m(00f1)),- .-, p(m(00fn))) =
= (@), ..., va(2)),

o0f1(1)),-..,ploofn(1))
(p(m(y ( ))),---’ﬂ(ﬂ(%(ﬂ?))))

as claimed.

In order to prove that vy,...,v, are surjective and independent, it suf-
fices to prove that v is surjective (Lemma 10.2.3). Since agn)(l/(M)) =
w(M) = Gy, it suffices to prove that A™ < v(M). This will follow once

we prove that 7(") (¢(N)) = A™.

PART C: A proof that 7™ (¢)(N)) = A™. Since N < L = Ker(ip), we have
¢(N) = 1. In addition, N < F, so ¢(N) < Indg_(A") and ¢(N) 2 Gwrg, A"™.
Hence, 9(N) is a normal G-invariant subgroup of Inng(A"). Thus, B =

7" (1(N)) is a normal Gy-invariant subgroup of A”. Therefore, G acts on
A™/B. This gives a commutative diagram of two short exact sequences

F
]
©
c B
1 ——Indg (A") ——— Gwrg, A" G 1

g |

1 Hlndgo(A"/B) — Gwrg,(A"/B) . G—1

in which Ag and A are defined by the quotient map A™ — A™/B.
Now ¢(N) < (r(™)~Y(B) = {f € Ind§ (A")| f(1) € B} and, as men-
tioned above, ¥(N) is a G-invariant subgroup of Indg0 (A™). Hence,

N) < (){f € Indg, (A")| f(1) € B}”

ceG

= (" {f € md§ (A")| f(o) € B} = Ker()).

ceG



220 Chapter 10. Semi-Free Profinite Groups

It follows that X o ¢ defines an epimorphism t: F/N — Gwrg,(A™/B) that
solves embedding problem £(A) with A = A™/B. By assumption, this cannot
happen, unless B = A", as claimed. O

As a corollary to Lemma 10.3.3 we prove a sufficient condition for a
closed subgroup of a semi-free profinite group to be semi-free.

PrOPOSITION 10.3.4: Let F' be a semi-free profinite group of infinite rank

m and let M be a closed subgroup of F. Suppose for every open normal

subgroup D of F' and for every finite group A there exists

(a) an open subgroup Fy, an open normal subgroup L, and a closed normal
subgroup N of F' such that

(b) M <Fy, L<FonND,and N <MnNL; and

(¢) no finite split embedding problem

(p: F/N = F/L, F/LWI‘FO/LA — F/L),

where A is a nontrivial quotient of A%, ¢ is the quotient map, and « is
the projection on the first factor, is solvable.

Then M is semi-free of rank m.

Proof: By [FrJ08, Cor. 17.1.4], rank(M) < rank(F) = m. Thus, by Corol-
lary 10.1.8, it suffices to prove that every finite split embedding problem
E1(A) = (u: M — Gq, a1: G1 X A — G7) has m pairwise independent
solutions.

To this end we choose a proper open normal subgroup D of F' with
M N D < Ker(u). By assumption there exist subgroups Fy, L, and N as in
(a) such that (b) and (c) hold. As in Lemma 10.3.3 we consider the finite split
embedding problem £(A) = (¢: F — G, a: Gwrg,A — G), where G = F/L,
Go = Fu/L, ¢ is the quotient map, and « is the projection on the first factor.

By assumption, £(A) has a family ¥ of independent solutions of cardi-
nality m. In particular, every pair of solutions in W is independent. For each
¥ € ¥ we consider the map v = pomot|y: M — Gy X A, where 7w and p
are as in (1). Note that Assumption (c¢) of our lemma implies Assumption
(*) of Lemma 10.3.3 with n = 2. Hence, by Lemma 10.3.3 in the case n = 2,
{pomot)|p| ¥ € ¥} is a pairwise independent set of m well defined solutions
of £1(A), as desired. O

10.4 Closed Subgroups of Semi-free Profinite Groups

We prove in this section that the property of a profinite group F to be semi-
free is inherited to each closed subgroup M which does not lie too deep in
F. By that we mean that either the cardinality of all open subgroups of
F that contain M is less than rank(F') or for each positive integer n there
are only finitely many open subgroups that contain M. In particular, each
open subgroup of F' is semi-free. The proof of the latter statement uses the
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machinery of twisted wreath products developed in the preceding section.
The proof of the two major statements is then reduced to the statement
about open subgroups.

LEMMA 10.4.1: Let M be an open subgroup of a semi-free profinite group
F of rank m. Then M is semi-free of rank m.

Proof: Let D be an open normal subgroup of F'. We choose an open normal
subgroup L of F' with L < M N D and set Fy = M and N = L. Then for
each nontrivial finite group A on which Fy/L acts, the finite split embed-
ding problem (F/N — F/L, F/Lwrg, ;A — F/L) has no solution because
|F/Lwrp, Al > |F/N|. It follows from Proposition 10.3.4 that M is semi-
free of rank m. O

LEMMA 10.4.2: Let M be a closed subgroup of a semi-free profinite group
F of infinite rank m. Suppose weight(F/M) < m. Then M is semi-free of
rank m.

Proof: Let &y = (ut M — G, a: H — G) be a finite split embedding
problem with a nontrivial kernel. We use transfinite induction to construct
for each A < m a solution ¥ of &y such that the set {in| A < m} of
solutions is independent.

Let My = Ker(p) and consider an ordinal number A < m. Inductively
suppose we have constructed an independent family {¢,; | £ < A} of solutions
of Eyr. Then {Ker(y,)| & < A} is an M;-independent family of open sub-
groups of M;. By Definition 10.1.9, N = [, ., Ker(z) is a closed normal
subgroup of M and weight(M/N) < m, hence weight(F/N) < m.

By [FrJ08, Lemma 1.2.5(c)], p extends to an epimorphism ¢: E — G
for some open subgroup F of F' containing M. In particular, F; = Ker(y)
satisfies F1 N M = M;. By Lemma 10.4.1, F is semi-free of rank m. Hence,
the finite split embedding problem &g = (¢: E — G, o1 H — G) has an
independent family ¥ of solutions of cardinality m. Thus, {Ker(y))| ¢ € ¥}
is an E1-independent family of open normal subgroups of E;. Since E is open
in F', we have weight(FE; /N) = weight(E/N) < m. Hence by Lemma 10.1.11,
there exists ¢ € ¥ such that Ker(¢))N = Fj. Let ¢ = ¢|y. By Lemma
10.1.3(d), Ker(yp»)N = M;. Hence, 1 is a solution of £y independent of
{t« | & < A}. This concludes the transfinite induction and proves, by Lemma
10.1.4, that {¢) | A < m} is an independent set of solutions of £yy. O

LEMMA 10.4.3: Let M be a closed subgroup of a semi-free profinite group
F of an infinite rank m. Suppose F/M is small. Then M is semi-free of rank
m.

Proof:  Since weight(F /M) < Ny, the case where m > Nq is a special case of
Lemma 10.4.2. Thus, we have only to prove the lemma under the additional
assumption that m = Ng.

By Proposition 10.2.4, it suffices to prove that every finite split embed-
ding problem with a nontrivial kernel for M is solvable. Let Eyy = (u: M —
G, a: H — @) be such an embedding problem.
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Let M; = Ker(p). By [FrJ08, Lemma 1.2.5(c)], u extends to an epi-
morphism ¢: E — G for some open subgroup E of F' containing M. In
particular, F1 = Ker(¢p) is an open normal subgroup of E with E;NM = M,
and ElM =F.

By Lemma 10.4.1, E is semi-free of rank Wy. Hence, the finite split
embedding problem &g = (¢: E — G, a: H — @) has an infinite independent
family U of solutions. Thus, K = {Ker(¢))| ¢ € ¥} is an Ej-independent
family of open subgroups of £; and each of them is normal in E. In particular,
by Lemma 10.1.3, each proper open subgroup of F; contains at most one
group belonging to IC.

Let K € K. Then (KM : KMy) = (M : My) = (E : Ey) = (KM :
E1NKM), hence KM; = F1 N KM. In addition, (F: KM) < (F : E)(E :
K) = (F : E)|H|. Since F/M is small, F has only finitely many open
subgroups of the form KM with K € K.

Now assume the set Ko = {K € K| KM; < E;} is infinite. Then, by the
preceding paragraph, there exist distinct Kq, Ko € Ky with K1 M = Ko M.
By the preceding paragraph, K1M; = F1 N K1M = E1 N KoM = KoM;.
This contradicts the independency of K1, K5 in Fy. We conclude from that
contradiction, that Iy is finite and choose K € K~ Ky. Let ¢y € ¥ with
Ker(¢) = K. Then |/ is a solution of £yy. O

10.5 The Diamond Theorem

The diamond theorem for Hilbertian fields gives a convenient condition on a
separable algebraic extension M of a Hilbertian field K to be Hilbertian. The
condition requires the existence of Galois extensions M; and M, of K such
that M € My, M € My, and M C M; M, [FrJO8, Thm. 13.8.2]. In that case
we say that M is contained in a K-diamond. An analog of that theorem
holds for free profinite groups: Let F' be a free profinite group of infinite
rank m and M a closed subgroup of F' that is contained in an F-diamond
(Definition 10.5.2). Then M is free of rank m. The proofs of both theorems
are similar, both utilize twists wreath products. It turns out that the same
method applies also to semi-free groups.

We start with a technical lemma that emphasizes the incommutativity
of twisted wreath products.

LEMMA 10.5.1 ([FrJ08, Lemma 13.7.4]): Let a: Gwrg, A — G be a twisted

wreath product of finite groups, Hy < Gwrg,A, and hy € Gwrg,A. Put

I= Indg0 (A) = Ker(a) and Gy = «(Hy). Suppose A # 1.

(a) Suppose a(hz) ¢ Gy and (G1Gg : Go) > 2. Then there isan hy € Hy NI
with hlhg 75 hghl.

(b) Suppose G1 £ Gy and a(hy) ¢ G1Ggo. Then there is an hy € Hy NI with
hh2 ¢ (b)) for all B’ € = (G1Gy). In particular, hihy # hohs.

Proof: Put g2 = a(hy). Consider o1 € G and g € I. By definition, there
are fl,fg € I with O'1f1 € Hy and hy = O'Qfg. Put h; = galflgil. Then
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hy = [o1f1,97 ) € [H1,I] < HiN 1. For each 7 € G

h(r) = ((97)7) (1)g(1) ™! = g(orr) Dg(r) 7.
Hence, for all 7 € G and f’ € I we have:
(1a) hibz(l) _ hflf2f2(1) — hl(ag)f2(1) - 9(010—2)1‘1(U’Z)ch(l)g(UQ)*f2(1)7
(1b) k7 (1) = ha(r) D) = g(orm) " (D Dg(r) /', and
(1) h(1) = g(or)"Mg(1)~".
We apply (1) in the proofs of (a) and (b) to special elements o1 and g. Choose
a€ A, a#l.

Proof of (a): Since (G1Gy : Gy) > 2, there is a o1 € G with distinct
cosets O'l_lGo,O'gGo, Gy. Thus, none of the cosets 01Gg, 02Go, 0102Gg is G.
Therefore, by definition of I, there is a g € I with g(01) = g(02) = g(o102) =
1 and g(1) = a. By (1a), h"2(1) = 1. By (lc), hi(1) # 1. Consequently,
A2 # hy, as desired.

Proof of (b): Since Hy <« Gwrg,A, we have G1 < G, so G{* = G1 £ Gy,

—1 —1
hence Gy £ ng . Hence, G N Gy and G N G?f are proper subgroups of
GG1. Their union is a proper subset of G;. Thus, there is an element o, €

—1
G1~(Go U GSQ ). It follows that o9 ¢ 0102Gy. By assumption, o9 ¢ G1Gy.
1

Therefore, there is a g € I with g(G1Go) =1, g(c102) =1, and g(o2) = a™*.

Consider 7 € G1Gy and f € I. By (la), h>(1) = o) £ 1. By
(1b), h;f'(l) = 1. Hence, (h¥)7f'(1) = 1 for all integers k. It follows that
a2 ¢ (hi)M for all b € a1 (G1Gy). O
Definition 10.5.2: A closed subgroup M of a profinite group F' is said to
be contained in an F-diamond if F has closed normal subgroups My, Ms
such that My N My < M, My £ M, and My £ M. The following diagram of
profinite groups reveals why we have chosen that name:

I
I

M; N M,

THEOREM 10.5.3 (The diamond theorem for semi-free profinite groups): Let
F' be a semi-free profinite group of infinite rank m. If a closed subgroup M
of F' is contained in an F-diamond, then M is semi-free of rank m.

Proof: Let My, Ms be as in Definition 10.5.2. We use Lemma 10.4.1 to
assume (F : M) = oco. Then we first prove the theorem under an additional
assumption:
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(2) Either MyMs = F or (MiM : M) > 2.

The proof of the theorem in this case utilizes Proposition 10.3.4. It has
two parts.

ParT A: Construction of L, Fy, and N. We consider an open normal
subgroup D of F', choose another open normal subgroup L of F in D,
and set Fp = ML. Let G = F/L and ¢: F — G the quotient map,
Go=o(M)=Fy/L, Gy = p(M;), and G2 = ¢(M>). Then

(3&) Gl,GQ <@.

Moreover, choosing L sufficiently small, the following holds:
(3b) Gl,GQ g G() (USE Ml,MQ g M)
(3¢c) (G :Go) > 2 (use (F: M) = 00).
(3d) G1G2 =G or (G1Gp : Go) > 2 (use (2)).
This implies:
(4) Goy ﬁ G1G0 or (GlGo : GO) > 2.
Indeed, suppose both G2 < G1Gy and G1G2 = G. Then G = GG, so by
(30), (GlGo : Go) > 2.
Now let N =LNM;NMs. Then N < M.

PART B: An embedding problem. Suppose Gg acts on a nontrivial finite
group A and set H = Gwrg,A. Consider the embedding problem

(5) (p: F - G, a: H— Q)

where « is the quotient map. We have to prove that (5) has no solution that
factors through F/N.

Assume ¢: F' — H is an epimorphism with a0 ¢ = ¢ and ¥(N) = 1.
For i = 1,2 put H; = ¢(M;). Then H; < H and a(H;) = o(M;) = G;.

We use (4) to find hy € Hy and hy € Hy with a(hy) =1 and [hq, ho] # 1.
First suppose G2 £ G1Gy. Then there is an hy € Hy with a(h2) ¢ G1G).
By (3b), G1 £ Gy, so Lemma 10.5.1(b) provides the required hy € H;. Now
suppose (G1Gp : Go) > 2. We use (3b) to find hy € Hy with a(hs) ¢ Go.
Lemma 10.5.1(a) gives the required h; € H;.

Having chosen h;, we choose f; € M; with (f;) = h;. Then ¢(f1) =
Oé(hl) =1,s0 f; € L. Then [fl,fg] S [L,Mg]ﬂ[MhMg} < Lﬂ(MlﬁMg) = N.
Therefore, [h1, hs] = [¥(f1),%(f2)] € ¥(N) = 1. This contradiction proves
that 1 as above does not exist.

CONCLUSION OF THE PROOF: In the general case we use M; £ M to con-
clude that (M1 M : M) > 2. The case (MM : M) > 2 is covered by the
special case proved above. Suppose (M1M : M) = 2. Choose an open sub-
group Ky of F containing M but not M M. Then, Ko N MM = M. Put
K = KosMiM. Then (K : Ko) = (M1 M : M) = 2, hence Ko < K. Observe:
MKy =K and Ko "My < KoNM{M = M < K. Furthermore, Ko £ M,
because (K3 : M) = oc.



10.5 The Diamond Theorem 225

By Lemma 10.4.1, K is semi-free of rank m, so the first alternative of
(2) applies with K replacing F' and K5 replacing My. Consequently, M is
semi-free of rank m. O

THEOREM 10.5.4 (Bary-Soroker, Haran, and Harbater): Let F' be a semi-
free profinite group of an infinite rank m and let M be a closed subgroup.
Then M is semi-free of rank m in each of the following cases:

(a) M is an open subgroup of a closed subgroup My of F' and My contains
a closed normal subgroup N of F' that is not contained in M (an analog
of a theorem of Weissauer).

(b) M is a proper subgroup of finite index of a closed normal subgroup of F'.

(¢) M <F and F/M is Abelian (an analog of a theorem of Kuyk).

(d) M « F, F/M is pronilpotent of order divisible by at least two prime
numbers.

Proof of (a): The case where M is open is taken care of by Lemma 10.4.1.
Thus, we may assume that (F' : M) = oo and choose an open normal sub-
group M; of F with M1 N My < M. In particular, My £ M, N £ M,
and M7 NN < M. It follows from the Diamond theorem 10.5.3 that M is
semi-free of rank m.

Proof of (b): Take N = My in (a).

Proof of (¢): If M = F, there is nothing to prove. Otherwise, we choose
o € F~M. Then (M,o0)/M is a nontrivial Abelian group. Hence, (M, o)
has a proper open subgroup L that contains M. By (a), L is semi-free of rank
m. In addition, L/M is a procyclic group. Hence, by Proposition 10.4.3, M
is semi-free of rank m.

Proof of (d): Since each Sylow subgroup of a pronilpotent group is normal,
F has closed normal subgroups P, P> that properly contain M such that
Py /M is the py-Sylow subgroup of F/M, P,/M is the ps-Sylow subgroup of
F/M, and p; # ps. In particular, Py N P, = M. By the Diamond theorem
10.5.3, M is semi-free of rank m. O

Remark 10.5.5: One may add two more cases to the list of Theorem 10.5.4:

(e) M is a sparse subgroup of F. That is, for each positive integer n
there exists an open subgroup K of F' that contains M such that for each
proper open subgroup L of K that contains M we have [K : L] > n.

(f) We have (F : M) =[] p*®), where a(p) < oo for each prime number p.

The reader may try to settle these cases by himself, applying Lemma
10.4.1 or consult [BHH10 Section 4]. O

Applying Proposition 10.1.14, the results we have proved so far about
closed subgroups of semi-free profinite groups yield the corresponding results
about closed subgroups of free profinite groups. This gives a new proof for
results proved in [FrJ08, Section 25.4].
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THEOREM 10.5.6: Let F' be a free profinite group of infinite rank m and let

M be a closed subgroup of F. Then each of the following conditions on M

suffices for M to be free of rank m:

(a) M is open in F.

(b) weight(F/M) < m.

(¢c) F/M is small.

(d) M is contained in an F-diamond.

(e) M is an open subgroup of a closed subgroup My of F' and My contains a
closed normal subgroup of F' that is not contained in M.

(f) M is a proper subgroup of finite index of a closed normal subgroup of F.

(g) M <F and F/M is Abelian.

(h) M < F and F/M is pronilpotent of order divisible by at least two prime
numbers.

(i) M is a sparse subgroup of F.

(G) (F: M) =][[p*®, where a(p) < oo for each prime number p.

Proof:  Since F is free, F' is projective, so M is also projective [FrJ08,
Prop. 22.4.7]. Thus, in order to prove that M is free of rank m, it suffices,
by Proposition 10.1.14, to prove in each case that M is semi-free of rank m.
By Proposition 10.1.13, F' is semi-free. Therefore, (a) follows from Lemma
10.4.1, (b) follows from Lemma 10.4.2, (c) follows from Lemma 10.4.3, (d)
follows from Theorem 10.5.3, (e), (f), (g), (h) follow from Theorem 10.5.4,
and (i), (j) follow from Remark 10.5.5. O

Remark 10.5.7: C-semi-free groups. Let C be a Melnikov formation, that
is C is a family of finite groups closed under taking quotients, normal sub-
groups, and extensions. For example the family of all finite groups, the family
of all finite p-groups, and the family of all finite solvable groups are Melnikov
formations. A C-embedding problem for a pro-C group F is an embedding
problem & = (¢: F — G, a: H — G) where H (hence also G) belongs to C.
We say that a profinite group F' of rank m is C-semi-free if F is a pro-C
group and each split C-embedding problem with a nontrivial kernel has m
independent solutions. 0

The results about subgroups of semi-free groups yield the corresponding
results about subgroups of C-semi-free groups.

THEOREM 10.5.8: Let C be a Melnikov formation of finite groups, F' a C-

semi-free group of infinite rank m, and M a closed subgroup of F'. Then M

is C-semi-free of rank m in each of the following cases:

(a) M is open in F.

b) weight(F/M) < m.

¢) F/M is small.

d) M is contained in an F-diamond.

e) M is an open subgroup of a closed subgroup My of F' and My contains a
closed normal subgroup N of F not contained in M.

(f) M is a proper subgroup of finite index of a closed normal subgroup of F.

(
(
(
(
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(g) M<F and F/M is Abelian.

(h) M <« F and F/M is pronilpotent of order divisible by at least two prime
numbers.

(i) M is a sparse subgroup of F.

(G) (F: M) =[] p*®P), where a(p) < oo for each prime number p.

Proof: Let £ = (p: M — G, a: H — @) be a split C-embedding problem
with a nontrivial kernel. By [FrJos, Prop. 17.4. 8] there is a free profinite
group Fof rank m and an epimorphism F — F. For each closed subgroup
L of M we let L = ¢~*(L). In particular, M is a closed subgroup of F' and
£ = (po|y: M — G, o H— G) is a finite split embedding problem for

M. Moreover, Ker(p o V) ) = v (Ker(p)).

We observe that in each of the cases (a)—(j), M satisfies the correspond-
ing condition that M satisfies. Hence, by Theorem 10.5.6, the group M is
semi-free of rank m. Hence, &£ has m-independent solutions. The correspond-
ing kernels M; are normal subgroups of M such that M / M; are isomorphic to
the C-group H. It follows that those solutions define m-independent solutions
to £. Consequently, M is C-semi-free of rank m. O

10.6 Quasi-Free Profinite Groups

If we drop the condition of the independence of the solutions from the defi-
nition of semi-free profinite group, we get the notion of “quasi-free profinite
group” introduced in [HaS05]. In this section we introduce the latter notion
and discuss its advantages and its limits.

Let G be a profinite group of infinite rank m. We say that G is quasi-
free if every finite split embedding problem £ for G with a nontrivial kernel
has at least m solutions. In particular, every embedding problem of the form
(G — 1, A — 1), where A is a finite group is solvable, so A is a quotient of G.
Unlike for semi-free profinite groups, we do not insist that the solutions will
be independent. Still, by [FrJ08, Lemma 25.1.8], if G is projective and quasi-
free of rank m, then G is free. By [RSZ07, Thm. 2.1], every open subgroup
of a quasi-free profinite group is quasi-free. If G is quasi-free of rank m, then
so is its commutator group [Hrb09, Thm. 2.4]. By [HaS05, Thm. 5.1], the
absolute Galois group of the field K ((t1,t2)) of formal power series in two
variables over an arbitrary field K is quasi-free of rank equal to card(K). It
follows that Gal(K ((t1,t2))ab) is quasi-free. If K is algebraically closed, then
Gal(K ((t1,t2))ap) is projective [Hrb09, Thm. 4.4]. It follows that in this case
Gal(K ((t1,t2))ab) is free of rank equal to card(K). Finally, Harbater proves
that if K is ample, then Gal(K(z)) is quasi-free [Hrb09, Thm. 3.4].

In view of Example 10.6.1 below, the latter result is weaker than The-
orem 11.7.1 saying that Gal(K(z)) is semi-free if K is ample. In addition,
we have been able to prove the diamond theorem only for semi-free profinite
groups but not for quasi-free profinite groups. Thus, using only the con-
cept of quasi-free profinite groups, we would not be able to prove that the
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K-radical extension of K (z) (with K being PAC) that we have constructed
in Theorem 11.7.6 has a free absolute Galois group. Finally, in contrast to
semi-free groups (Theorem 10.5.8(b)), a closed subgroup N of a quasi-group
G with weight(G/N) < rank(NN) need not be quasi-free, as Lemma 10.6.4
below demonstrates.

Example 10.6.1: (Bary-Soroker, Haran, Harbater) Example of a quasi-free
profinite group that is not semi-free. Let X be a set of uncountable cardi-
nality m and let C = Hp Z/pZ be the direct product of all cyclic groups of
prime order. For each x € X let C, be an isomorphic copy of C'. We consider
the free product E = [{,cx C: in the sense of [BNWT71]. Thus, each C, is
a closed subgroup of E and every family of homomorphisms ¢,: C, — C
into a finite group A, such that ¢, (C;) = 1 for all but finitely many xz € X,
uniquely extends to a homomorphism v: E — C. Let G = Mocx Ca * F,.

CrLamm A: G is quasi-free of rank m. The rank of B\ C, is m and the
rank of F, is g < m. Hence, rank(G) = m. Let

(1) (p:G— A, a: B— A)

be a finite split embedding problem with a nontrivial kernel and let o’: A — B
be its splitting. We need two auxiliary maps: First, there exists a nontriv-
ial homomorphism m: C' — Ker(«); namely, an epimorphism of C' onto a
subgroup of Ker(a) of prime order. Secondly, there exists an epimorphism
V' E, — a Y (@(F,)) such that o o4 is the restriction of ¢ to £, [FrJO8,
Thm. 24.8.1]. In particular, ¢'(F,) contains Ker(a).

The definition of {_ .  C, gives a subset Y of X such that X \ Y is finite
and ¢(C,) =1 for every € Y. For every y € Y we define a homomorphism
1y: G — B in the following manner:

wy|(]y =7

Uyle, =lifz €Y and z #y

Yyle, =’ opifz e X\Y

¢y|ﬁw =9
Then, o1y, = . Since 1, (G) > o'(F,) > Ker(«), the map ¢, is a solution
of (1).

Since 1, # 1, for distinct y1,y2 € Y, (1) has at least |Y'| = m distinct
solutions. Thus, G is quasi-free of rank m.

CLAIM B: G is not semi-free. Consider the finite split embedding problem
(2) (p: G —1,2/4Z — 1)

with the nontrivial kernel Z/4Z. Let ¥ be an independent set of solutions of
(2). The map Z/47Z — 1 decomposes into a: Z/4Z — Z/27 and (3: Z/27 — 1.
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If 41, ¥y € ¥ are independent, then avotp, @o1)s are independent solutions of
(p: G — 1, B: Z/2Z — 1) (Lemma 10.1.3(f)). In particular, oo 91 # 0 1)a.
Thus, {0 | ¥ € U} has at least the cardinality of W.

On the other hand, Z/47 is a 2-group and the 2-Sylow subgroup of C' is of
order 2. Hence, every 1) € ¥ maps each C, into Ker(«), the unique subgroup
of Z/AZ of order 2, so ot is trivial on C,. Therefore « o % is trivial on
Mocx Cz. It follows that a o) is determined by its restriction to F,. But

there are only ¥y homomorphisms F,, — Z/47Z. Therefore, card(¥) < Ro. O

In order to prove the last piece of information about the group G of
Example 10.6.1, we need a basic lemma about free products of two profinite
groups.

LEMMA 10.6.2: Let A and B be profinite groups, A * B their free product,
and m: A B — B the homomorphism defined by w(a) = 1 for a € A and
7(b) = b for b € B. Then, Ax B = B x Ker(r) and Ker(r) = (A®| b € B).

Proof: Let K = (A’| b€ B). Then K is a closed normal subgroup of A B
and K < Ker(n).
Ifaq,...,a, € K and by,...,b, € B, then

alblagbg cee anbn = bl(alfl ag)bz s anbn
and a}'ay € K. Induction on n gives a k € K such that
(a% ag)by - - - anby = bo - - - byk.

Hence, a1b; - - - anb, = bk with b = by - - - b,,.

Now let g € A x B and consider an open normal subgroup N of A x B.
Since A and B generate A % B there are ay,...,a, € A and by,...,b, € B
such that g = a1b1 - - - ab, mod N. By the preceding paragraph, g € BKN.
Intersecting on all possible N gives g € BK [FrJ08, Lemma 1.2.2(b)]. Thus,
A+ B = BK.

If g € Ker(n), then writing g = bk with b € B and k € K and applying
m we get that 1 = b, so g = k € K. Therefore, K = Ker(n).

That A* B = B x K follows now from the observation that BN K = 1.
O

Remark 10.6.3: 1t is further proved in [HJP09, Lemma 2.3] that Ker ()
in Lemma 10.6.2 is isomorphic to the free product M, Ab in the sense of
Melnikov [Mel90]. However, we do not need here that extra information. O

LEMMA 10.6.4: Let G = M,y C, * F, be as in Example 10.6.1. Suppose
m > Ng. Then G has a closed normal subgroup K such that weight(G/K) <
rank(G) but K is not quasi-free.

Proof:  Let K be the kernel of the projection of G onto Fw, mapping each
element of £ = B, .y C» onto 1 and each element of I, onto itself. Then
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G/K = F,, so weight(G/K) = rank(F,) = Ry < m = rank(G). On the
other hand, by Lemma 10.6.2, K = (E”| b € F,). Thus, K is generated by
elements of prime order. Therefore, every finite quotient of K is generated
by elements of prime order. In particular, Z/47Z is not a quotient of K.
Consequently, K is not quasi-free. O

Remark 10.6.5: Let K be an ample Hilbertian field. By Theorem 5.10.2(a),

every finite split embedding problem for Gal(K) is solvable. Hence, if K is

countable, or more generally, if rank(Gal(K)) = Rg, then Gal(K) is semi-

free (Proposition 10.2.4). It follows from Theorem 10.5.8 that Gal(K’) is

semi-free in each of the following cases:

(3a) K’ is a finite separable extension of K,

(3b) K’ is a small separable algebraic extension of K (i.e. for each n
there are only finitely many extensions of K in K’ of degree at most n),

(3c) K’ is contained in a K-diamond,

(3d) K’ is a finite proper separable extension of a Galois extension of K, and

(3e) K'is an Abelian extension of K. O

Following Remark 10.6.5, it is tempting to conjecture that Gal(K) is
semi-free if K is ample and Hilbertian. However, as Example 10.6.7 shows,
this is not the case.

Example 10.6.6: A projective non-semi-free profinite group N for which each
finite embedding problem is solvable.

Let m be an uncountable cardinal number and set F = F,. By [FrJOs,
Prop. 25.7.7], F has a closed normal subgroup N that has m N-independent
open normal subgroups M with N/M = Z/pZ for each prime number p
but only Xy N-independent open normal subgroups M with N/M = S for
each non-Abelian simple finite group S. By [FrJ08, Lemma 25.7.1], N is not
free. As a closed subgroup of a free profinite group, N is projective [FrJ08,
Cor. 22.4.6]. Hence, by Proposition 10.1.14, N is not semi-free. We prove
that every finite embedding problem

(4) (p: N—- A, a: B— A)

for N is solvable. By induction on the order of C' = Ker(«), we may suppose
that C' is a minimal normal subgroup of B (see the proof of [FrJ08, Lemma
25.1.4)).

Let N; = Ker(¢). By [FrJ08, Lemma 1.2.5], F has an open normal
subgroup Fy such that N N Fy < N;. Then K = NFj, is an open normal
subgroup of F' and ¢ extends to a homomorphism k: K — A by x(nfy) =
@(n) for fy € Fy and n € N.

By [FrJ08, Proposition 17.6.2], K is free of rank m. Hence, there exists
an epimorphism 6: K — B with a0 6 = x [FrJ08, Lemma 25.1.2]. Set K; =
Ker(k) and Ky = Ker(6). Then NN K; = Ny, NK; = K, K/Ks 2 B, and
K,/K, = C. In particular, N7 and K> are normal in K. Hence, N1 K5/K> is
a normal subgroup of K/Ks, which is contained in K;/K>. The latter group
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is minimal normal in K/K, (because C is minimal normal in B), so either
N1K2 = Kl or Nl S KQ.

CaseE 1: NiKy = K;. Then NKy; = K. Hence, §(N) = 6(K) = B and
f|n: N — B solves embedding problem (4).

CASE 2: Ny < K3. Then L = NK is normal in K, L/Ky = N/N; = A,
and L N Ky = K5. Thus,

BgK/KQ %L/KQ XKl/KQ%AX C.

Since C' is a minimal normal subgroup of B, it is isomorphic to a direct
product [];_, S; of isomorphic copies of a single finite simple group S [FrJO8,
Remark 16.8.4]. By assumption, N has infinitely many N-independent open
normal subgroups M with N/M = S. Hence, by Lemma 10.1.12, N has
open normal subgroups M;,..., M, with N/M;, = S, i = 1,...,r, and
My, ..., M,, Ny are N-independent. Let M = ﬂ:zl M; and No = M N Nj.
Then N/M = S" 2 C, N/Ny 2 N/M x N/N; 2 C x A = B and the quotient
map v: N — N/N3 solves embedding problem (4). O

Example 10.6.7: A Hilbertian ample field K with a non-semi-free absolute
Galois group. Let N be the profinite group given by Example 10.6.6. In
particular, N is projective. Hence, by Lubotzky-v.d.Dries, there exists a
PAC field K with Gal(K) = N [FrJ08, Cor. 23.1.2]. In particular, K is ample
(Example 5.6.1). Since every finite embedding problem for N is solvable, K
is w-free (Section 5.10). By Roquette, K is Hilbertian [FrJ08, Cor. 27.3.3].
Finally, by Example 10.6.6, Gal(K) is not semi-free. O

Remark 10.6.8: Although the absolute Galois group of an arbitrary Hilber-
tian ample field F' need not be semi-free, there are many cases where Gal(F')

is semi-free and F' is uncountable. See Theorem 12.4.1 and Example 12.4.4.
O

Remark 10.6.9: Non quasi-free fundamental groups. Let E be a function
field of one variable over an algebraically closed field C of positive character-
istic and S a finite nonempty set of prime divisors of E/C. Then Gal(Eg/FE)
is not quasi-free. Otherwise, since Gal(Eg/F) is projective (Theorem 9.5.7),
[FrJ08, Lemma 25.1.8] will imply that Gal(Es/E) is free. This will contra-
dicts Proposition 9.9.4. O

Notes

The notions of independent subgroups of a profinite group and of twist fiber
products of several finite groups is used in [BHH10] in order to improve
the criterion developed by Haran in his proof of the diamond theorem for
profinite groups. While [FrJ08, Prop. 24.14.1] which reconstruct that proof
gives a criterion for a closed subgroup M of a profinite group F' to have all
finite split embedding problems solvable once the same holds for F', Lemma
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10.3.3 gives a criterion for M to have independent solutions of those problems
once F' has independent solutions.

We have placed the group G on the left side of the twisted wreath product
and A on its right side in order to be consistent with the placement of the
factors in the semidirect product G x IndgO (A). Note however that this is
inconsistent with the notation we use in [FrJ08], where the same group is
denoted by Awrg,G.

Most of Sections 10.1 - 10.5 is a workout of some parts of [BHH10].

Example 10.6.1 is a workout of [BHH10, Prop. 6.1].

The concept “sparse subgroup” of a profinite group F' is introduced in
[BSo06] in order to prove the diamond theorem for free profinite groups of
finite rank.
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