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Abstract. Possibilistic information theory is a flexible approach to old and
new forms of coding; it is based on possibilities and patterns, rather than
pointwise probabilities and traditional statistics. Here we fill up a gap of the
possibilistic approach, and extend it to the case of error detection, while so
far only error correction had been considered.

1 Introduction

The possibilistic approach to source and channel coding (to compression codes
and error-correcting codes) arose as a formal game in which pointwise proba-
bilities, as currently used in Shannon’s information theory, were replaced by
possibilities, so as to find a possibilistic equivalent for probabilistic notions
as are error probability, source entropy and channel capacity, cf. [14, 15]. The
formal game has proved to be more stimulating than was expected: the pos-
sibilistic approach could be applied to the design of error-correcting phone
keyboards [11], to more theoretic questions like defining the nature of channel
noise in biological computation [1, 2], or introducing adequate “operational”
information measures [8, 13, 15], and also, more recently, to the construction
of codes which correct twiddles, i.e. transpositions between consecutive let-
ters, inadvertently made [3]. It turns out that possibilistic information theory
includes as sub-cases both Shannon’s zero-error information theory [9] and
the standard approach to error correcting codes [10] based on checking Ham-
ming distances between codewords. As for the first inclusion, suffice it to say
that the possibilistic approach may be seen as a multi-step generalisation of
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Shannon’s approach, which is two-step only, without intermediate degrees of
possibility between possible and impossible. As for the second inclusion, the
probabilistic layer (or at least the traditional pointwise probabilistic layer)
has always been felt to be rather thin, so that resorting to probabilistic sym-
metric channels, as done in introductory textbooks, e.g. [10], might appear
to be a homage1 paid to Shannon, rather than an intrinsic need of coding
theory (as opposed to information theory proper, or Shannon theory).

The possibilistic approach to coding is rigorously Shannon-theoretic: based
as it is on patterns rather than traditional statistics, it responds to a general
need of new approaches to information theory felt in the computer science
community [4]. A basic Shannon-theoretic notion like channel noise can be
safely exported to the new setting, as we did in [1, 2] in the case of DNA word
design (codewords are DNA strings, cf. [5]). One might want to mimic also
in the DNA case what one successfully does for standard codes (the noise of
symmetric channels is probabilistic), but we have proven in [2] that nothing
like this holds in the DNA case, where no probabilistic description of chan-
nel noise is feasible. By this we have been able to give a remarkable example
where channel noise is intrinsically possibilistic and non-probabilistic. Clearly,
the probability which is ruled out here is pointwise probability: the interpre-
tation of possibilities as upper probabilities suggests instead the feasibility of
a probabilistic approach to information theory and coding which might prove
to be quite comprehensive, even if its impact on coding practice remains to
be assessed.

In this paper we emend a fault of the possibilistic approach, which appears
to be able to deal only with error correction and not with error detection: so,
at least seemingly, it has a weak point with respect not only to standard codes
but also to DNA word design as covered in the literature. Below we give a
solution to the problem of possibilistic error detection which is fully general,
and which is based on the notion of even codeword couples, to be defined in
Section 4; Sections 2 and 3 introduce our problem and ensure self-readability,
while the problem itself is tackled in the final Section 4.

2 Distinguishability and Confusability

Let X be a finite metric space and let d(x,y) be the corresponding metric
distance. The idea is that an element x ∈X is fed to a transmission channel
and at the other end of the channel an element z ∈ X is observed, which
might be different from x due to channel noise. The aim is to recover the
correct input x from the observed output z. A codebook C , or for short a

1 Shannon’s original approach is probabilistic even in the zero-error case: for him
possible means that the probability is positive, however small it may be. Note
that the notions of codeword distinguishability and codeword confusability are
already present in the zero-error theory, even if not in the general form as below,
Section 2, and so are due to Shannon.
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code, is simply a non-void subset of elements called codewords, to be used as
possible inputs to the channel.

Once we have a distance on X with maximal value N, a corresponding
transition possibility from x to z can be obtained in a “canonical” way:

Poss(z|x) = 1− N−1d(x,z) (1)

These transition possibilities can be arranged into an |X |×|X | possibility
matrix: the entries in each row of a possibility matrix, rather than summing
up to 1 as in a stochastic matrix, have a 1 as their maximum, as typical
of possibility theory, which is maxitive rather than additive (for possibility
theory cf. e.g. [7]). In channel coding, a transition possibility as (1) can be
interpreted as follows: the possibility of receiving z when x is sent over the
noisy channel is high or low according whether the “pattern similarity” be-
tween input x and output z is high or low. We stress that a possibilistic noisy
channel is completely described by a possibility matrix. The distance-based
(geometric) approach will be more palatable to coding theorists, but an ex-
plicit use of possibilities2 has the advantage of better emphasising the links
with information theory, on the base of the opposition probability vs. possi-
bility. Even if overlooked in the literature on standard coding and DNA word
design, and this for reasons explained below, basic coding-theoretic notions
are codeword distinguishability or, equivalently, codeword confusability.

Definition 1. The distinguishability of a couple (x,y) is defined to be

δ (x,y) = min
z∈X

max{d(x,z),d(y,z)}

From now on, unless otherwise specified, distances are assumed to be consec-
utive integers, d(x,y) ∈ {0,1, . . . ,N}. One soon proves the following3 bounds:

⌈d(x,y)
2

⌉
≤ δ (x,y) ≤ d(x,y) (2)

In a possibilistic setting one might prefer to deal with confusabilities

γ(x,y) = max
z∈X

min{Poss(z|x),Poss(z|y)} = 1− N−1 δ (x,y) (3)

The rightmost equality assumes (1). Nothing much changes, and so in the
following we shall stick to distinguishabilities. A situation when the lower
bound in (2) is achieved is the following:

2 The possibilistic framework can be readily and naturally enlarged to more general
situations, e.g. when the input alphabet and the output alphabet are distinct,
cf. [12, 14]: then dissimilarities (which take up the role of distances) are between
input and output, while distinguishabilities involve two inputs.

3 The lower bound follows from the triangle inequality; if the distances are not
constrained to be integers the integer ceiling must be understood as the smallest
available distance which is ≥ d(x,y)/2, c.f. [12].
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Definition 2. An integer metric space is dense when, whatever the couple
(x,y), for any integer m ∈ [0,d(x,y)] one can find an element z at distance m
from x and at distance d(x,y)−m from y.

An obvious example is given by Hamming distances for strings of the same
length, a less obvious example is DNA word design, cf. [1, 2]. Instead, the
upper bound in (2) is always achieved if and only if the (not necessarily
integer) metric is an ultrametric, i.e. if and only if the fuzzy triangle inequality
max{d(x,z),d(z,y)} ≥ d(x,y) is always verified, cf. [12]. Cf. [3] for the case of
significant string distances, e.g. variants of the edit distance or Spearman
footrule [6], which might be used to correct twiddles, as hinted at in Section 1;
the distinguishabilities corresponding to these distances are sometimes equal
to the lower bound, sometimes to the upper bound, and sometimes have
intermediate values, depending on (x,y), cf. [3].

3 Two Equivalent Approaches to Coding

For the moment being we deal only with error-correcting codes and so ignore
error detection; the definition below might be equivalently given in term of
confusabilities (3).

Definition 3. Optimal codes: once the integer threshold Δ is chosen, con-
struct maximum-size codes with guaranteed minimum distinguishability Δ ,
i.e. with δ (x,y) ≥ Δ for all couples of distinct codewords in C (0 < Δ ≤
maxx,y δ (x,y) ≤ N).

Whatever the code size, when threshold Δ is guaranteed one proves the fol-
lowing reliability criterion, given in two equivalent phrasings, cf. [12, 14]. To
enhance self-readability, a quick proof is given; for more details cf. [12, 14].

Reliability criterion 1. Decode to a codeword x which maximises the tran-
sition possibility Poss(z|x) to the output z: the error possibility4 is at most
equal to 1−Δ/N.

Reliability criterion 2. Once the output string z is received, decode to a
codeword x which minimises the distance d(x,z) between input and output: if
the input string x was such that d(x,z) < Δ , decoding is successful.

Proof. If x is sent, z is received, and y �= x is decoded to, then d(y,z) ≤ d(x,z)
and so, by definition 1, δ (x,y) ≤ d(x,z): by comparison, d(x,z) ≥ Δ . ��

If two codewords x and y have distinguishability δ (x,y) = Δ , one can provide
an output z at distance d(x,z) = Δ from x and at distance d(y,z) ≤ Δ from y,

4 For each codeword y sent over the channel, its error possibility is the possibility
of the set of the outputs z which lead to a decoding error, and so, according to
the maxitive rules of possibility theory, it is the maximum possibility Poss(z|y) of
such z’s.
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or the other way round, which will bring about a decoding error of “weight”
Δ and of possibility 1−Δ/N: in this sense, the Reliability criterion cannot be
improved.

Actually, optimal codes of both standard coding and DNA word design
are constructed by choosing a threshold T and checking directly distances
rather than distinguishabilities. In general, ignoring distinguishabilities can
lead to inconsistent results, in the sense that the resulting codebooks are
nice combinatorial constructions devoid of error-correcting capabilities, cf.
[1]. This is not so in the standard case or in the DNA case, because standard
and DNA distinguishabilities are a monotone5 function of the corresponding
distances (recall that the lower bound (2) is always achieved in the case
of dense spaces, Definition 2). When monotonicity is strict, everything is
fine: here, however, monotonicity is only weak, and so the reader will object
that one ends up “losing” all optimal codebooks which had been obtained by
constraining the minimum distance d(x,y) against an even integer threshold
T . As a matter of fact, the Reliability criteria soon imply that even bounds on
distances are completely useless if one insists on hard decoding (the decoder
decides to a single codeword, however fishy the situation might be). Instead,
even bounds on distances are quite relevant in error detection, when a soft
decoder is used; in the next section we show how the possibilistic approach
can deal with error detection quite in general.

4 Even Couples in Error Detection

Definition 4. The couple (x,y) is an even couple when any z achieving δ (x,y)
as in Definition 1 is at the same distance from both x and y, it is an odd couple
if for any such z the two distances from x and y are distinct, else it is a mixed
couple.

Snags with error detection occur with mixed couples, i.e. when one can
provide a skew quadruple (x,y,u,w) where u and w both achieve δ (x,y),
but δ (x,y) = d(x,w) = d(w,y) while δ (x,y) = d(u,y) > d(u,x). Set d(x,y) = d,
δ (x,y) = ρ , d(x,u) = μ , d(u,w) = ξ .

Lemma 1. Four positive real numbers d,ρ ,μ ,ξ as above are the lengths of
a skew quadruple in a metric space of size 4 if and only if they verify the
constraints �d/2� ≤ ρ ≤ d, ρ �= d/2, d−ρ ≤ μ < ρ, ρ− μ ≤ ξ ≤ ρ+ μ.

Proof. Choose d; as for ρ the bounds (2) must hold. Forget ξ for the moment
being: one is left with two triangles, and a check of the corresponding triangle
inequalities gives d − ρ ≤ μ ≤ d + ρ , but since μ should be strictly smaller

5 The reader will have appreciated that, thinking of optimal codes and reliability,
the possibilistic approach is basically invariant with respect to strictly mono-
tone transformations of the transition possibilities involved, or of the distances
involved.
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than ρ one ends up imposing d−ρ ≤ μ < ρ . To avoid that this interval be void
one must rule out the value d/2 for ρ . Adding ξ gives two more triangles, and
a check of the corresponding triangle inequalities completes the proof. ��
The proof does not assume that the distances should be integers; if it is so,
the constraints on ρ can be subsumed to �(d + 1)/2� < ρ ≤ d. The lemma
allows one, after choosing d, to find ρ ,μ ,ξ in this order; it can be used in
spaces of any size to spot mixed couples. E.g. take d = 2 to find the three
integer solutions ρ = 2, μ = 1, ξ ∈ {1,2,3}. Of these, the third gives the
distance matrix below; transition possibilities are soon obtained from (1)
setting N = 3; distinguishabilities are equal to distances, as soon checked,
save δ (u,w) = 3 = �d(u,w)/2�:

x y u w
x 0 2 1 2
y 2 0 2 2
u 1 2 0 3
w 2 2 3 0

Theorem 1. If x and y achieve the lower bound (2) and d(x,y) is an integer,
the couple (x,y) is even or odd according whether their distance d(x,y) is even
or odd, respectively. If x and y achieve the upper bound (2), the couple (x,y)
cannot be even.

Proof. The first claim in the theorem below is a straightforward by-product
of the lemma, which rules out mixed couples for d = δ/2; the rest soon follows
from the triangle inequality. As for the second claim just think that x and y
are both minimizing z’s as in definition 1. ��
So, the set of even couples (x,y) is made up of all the couples at an even
distance in the dense case, but in general it is not so. E.g., in spite of even
distances, there are no even couples with x �= y for the distance matrix above,
as soon checked (out of the six couples two are odd, four are mixed).
We modify optimality and reliability as follows; we assume Δ < N to no loss
of generality (use theorem 1: if δ (x,y) = N then the upper bound in (2) is
achieved and so (x,y) cannot be even).

Definition 5. Optimal codes for error detection: once the integer threshold
Δ is chosen, construct maximum-size codes as in definition 3, but adding the
constraint: if d(x,y) = Δ then (x,y) is an even couple.

Reliability criterion 3 for error detection. Decode to the single codeword
x which maximises the transition possibility Poss(z|x) to the output z, and in
case of ties declare a detected error: the undetected error possibility is strictly
less than 1−Δ/N.

Reliability criterion 4 for error detection. Once the output string z is
received, decode to the single codeword x which minimises the distance d(x,z)
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between input and output; in case of ties declare instead a detected error. No
undetected error occurs if the input string x was such that d(x,z) ≤ Δ .

Proof. Re-take the proof of the criterion for error correction. The equality
d(y,z) ≤ d(x,z) must be modified to a strict inequality d(y,z) < d(x,z), else a
detected error would have been declared. Once more one gets Δ ≤ δ (x,y) ≤
d(x,z); however, if Δ = d(x,z) and so Δ = δ (x,y) = d(x,z), z would achieve
δ (x,y) and (x,y) would be an odd or mixed couple. ��

Criteria 3 and 4 do not require that the codes are maximum-size (optimal).
In practice, whenever the lower bound (2) holds, the Reliability criterion 4
can be re-stated in a way which is quite familiar to coding-theorists, just use
Theorem 1 (requiring that a couple (x,y) is even amounts to requiring that
its distance should be an even integer). At the other end of the spectrum, we
have ultrametric spaces, where error detection does not offer any advantage,
and so can be safely ignored, use again Theorem 1. As for the intermediate
and stimulating case of the string distances for twiddles mentioned in Section
2, to construct error-detecting codes one will have to carefully understand the
structure of even couples in the corresponding string “geometry”.

The gap of error detection having been filled, possibilistic information the-
ory stands out as a full-fledged approach to information theory and coding,
able to deal with situations, as is channel noise in DNA word design or the
correction of twiddles, where the traditional probabilistic and distance-based
approach falls short of the mark.
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