
A Linearity Test for a Simple Regression
Model with LR Fuzzy Response

Maria Brigida Ferraro, Ana Colubi, and Paolo Giordani

Abstract. A linearity test for a simple regression model with an imprecise
response is investigated. The values of the imprecise response are formalized
through LR-fuzzy numbers, and the stochastic variability through probabil-
ity spaces. The linear regression model and the least squares estimators of
the regression parameters are briefly recalled. The nonparametric model to
be employed as reference in the testing approach is also presented. The statis-
tic compares the variability explained by the linear regression with the one
explained by the nonparametric regression, since in case of linearity, both
quantities should be similar. The problem is approached by bootstrapping.
A simulation study has been carried out in order to check the performance
of the procedure.

Keywords: Fuzzy random variable, Fuzzy regression, Linearity test, Boot-
strap approach.

1 Introduction

To formalize an imprecise value, a useful kind of fuzzy numbers is the so-
called LR family. A linear regression model with an LR fuzzy response and
a real explanatory variable has been introduced and analyzed in [5, 6].
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Among the inferential procedures in a linear regression context, it can be
interesting to check the adequacy of the linear regression for modelling the
relationship between the imprecise response and the explanatory variable.
For this purpose, it is possible to use an expert criterion or an hypothesis
test. The aim of this work is to suggest a test statistic to check the linearity
of the relationship and its empirical behaviour.

The proposed linearity test takes inspiration from Azzalini & Bowman
[1], who suggest to check the linearity of the relationship by comparing the
residuals of the linear regression with those resulting from a nonparametric
model. Here, we apply this idea in the context of the regression model with
LR response taking into account the model in [5]. The hypothesis testing
problem is approached by bootstrapping. In details, we propose a residual
bootstrap test to check the linearity of the relationship.

In the next section we introduce some preliminary concepts. In Section 3 a
linear regression model with LR fuzzy response and the estimation problem
are recalled, and a nonparametric model is presented. Section 4 deals with
the proposed linearity test and, in order to check its performance, simulation
studies and a real-life example are carried out in Section 5. Finally, Section
6 contains some concluding remarks.

2 Preliminaries

A fuzzy set Ã is identified by the membership function μÃ : R → [0,1] so that
μÃ(x) is the membership degree of x in the fuzzy set Ã [9]. A particular class
of fuzzy sets very useful in practice is the LR family, FLR, whose members
are the so-called LR fuzzy numbers, determined by three values: the center,
the left and the right spread (see, for example, [2, 3]). Namely, a mapping
s : FLR → R

3, i.e., s(Ã) = sÃ = (Am,Al,Ar) (where Am, Al ≥ 0, Ar ≥ 0 are, re-
spectively, the center, the left and the right spread), is associated to each LR
fuzzy set Ã. In what follows it is indistinctly used Ã∈FLR or (Am,Al,Ar)∈R

3.
The membership function of Ã ∈ FLR can be written as

μÃ(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

L
(

Am−x
Al

)
x ≤ Am, Al > 0,

1{Am}(x) x ≤ Am, Al = 0,

R
(

x−Am

Ar

)
x > Am, Ar > 0,

0 x > Am, Ar = 0,

(1)

where the functions L and R are particular decreasing shape functions from
R

+ to [0,1] such that L(0) = R(0) = 1 and L(x) = R(x) = 0,∀x ∈ R \ [0,1],
and 1I is the indicator function of a set I. Ã is a triangular fuzzy number if
L(z) = R(z) = 1− z, for 0 ≤ z ≤ 1.
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The operations considered in FLR are the natural extensions of the
Minkowski sum and the product by a positive scalar for intervals. In details,
the sum of Ã and B̃ in FLR is the LR fuzzy number Ã+ B̃ so that

(Am,Al,Ar)+ (Bm,Bl,Br) = (Am + Bm,Al + Bl,Ar + Br),

and the product of Ã ∈ FLR by a positive scalar γ is

γ(Am,Al,Ar) = (γAm,γAl,γAr).

Yang & Ko [8] define a distance between two LR fuzzy numbers Ã and B̃
as follows

D2
LR(Ã, B̃) = (Am −Bm)2 + [(Am −λAl)− (Bm−λBl)]2

+ [(Am +ρAr)− (Bm +ρBr)]2,

where the parameters λ =
∫ 1

0 L−1(ω)dω and ρ =
∫ 1

0 R−1(ω)dω are related to
the shape of the membership function. In the triangular case, λ = ρ = 1

2 (see,
for more details, [8]). In order to embed the space FLR into R

3 by preserving
the metric a generalization of the Yang and Ko metric has been derived in
[5]. Namely, given a = (a1,a2,a3) and b = (b1,b2,b3) ∈ R

3, it is

D2
λρ(a,b) =(a1−b1)2+((a1−λa2)−(b1−λb2))2+((a1 +ρa3)−(b1 +ρb3))2,

where λ , ρ ∈R
+. According to Puri & Ralescu’s sense, the concept of fuzzy

random variable (FRV) can be introduced. Let (Ω ,A ,P) be a probability
space, a mapping X̃ : Ω → FLR is an LR FRV if the s-representation of X̃ ,
(Xm,Xl,Xr) : Ω → R×R

+ ×R
+ is a random vector [7]. The expectation of

an LR FRV X̃ is the unique fuzzy set E(X̃) (∈ FLR) such that (E(X̃))α =
E(Xα) provided that E‖X̃‖2

LR = E(Xm)2 + E(Xm −λXl)2 + E(Xm +ρXr)2 < ∞,
where Xα is the α- level of fuzzy set X̃ , that is, Xα =

{
x ∈ R|μX̃(x) ≥ α

}
,

for α ∈ (0,1], and X0 = cl(
{

x ∈ R|μX̃ ≥ 0
}
). In this particular case it results

sE(X̃) = (E(Xm),E(Xl),E(Xr)). The variance of X̃ can be defined as

σ2
X̃

= var(X̃) = E[D2
LR(X̃ ,E(X̃))]

and the covariance between two LR FRVs X̃ and Ỹ is

σX̃ ,Ỹ = cov(X̃ ,Ỹ ) = E〈sX̃ − sE(X̃),sỸ − sE(Ỹ)〉LR

= E((Xm −EXm)(Y m −EYm))

+E((Xm−EXm−λ (Xl −EXl))(Y m −EY m −λ (Yl −EY l)))

+E((Xm−EXm +ρ(Xr −EXr))(Y m −EYm +ρ(Yr −EY r))).
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3 A Linear Regression Model and a Nonparametric
Model with LR Fuzzy Random Response and Real
Explanatory Variables

Consider a random experiment in which an LR fuzzy response variable Ỹ and
a real explanatory variable X are observed on n statistical units, {Ỹi,Xi}i=1,...,n.
Since Ỹ is characterized by three real-valued random variables (Y m,Y l,Y r), the
regression model proposed in [5] concerns this tuple. The center Y m can be
related to the explanatory variable X through a classical regression model.
Due to some difficulties entailed by the non-negativity condition of Y l and Y r,
the authors proposed to model a transform of the left spread and a transform
of the right spread of the response through simple linear regressions (on the
explanatory variable X). This can be represented in the following way, letting
g : (0,+∞) −→ R and h : (0,+∞) −→ R be invertible:

⎧
⎨

⎩

Y m = amX + bm + εm,
g(Y l) = alX + bl + εl,
h(Y r) = arX + br + εr,

(2)

where εm, εl and εr are real-valued random variables with E(εm|X)= E(εl |X)=
E(εr|X) = 0. Concerning the spreads, model (2) is linear in the transformed
scales represented by functions g and h.

The variance of the explanatory variable X is denoted by σ2
X and Σ stands

for the covariance matrix of (εm,εl ,εr), whose variances are strictly positive
and finite. In the sequel we will assume the existence of all population vari-
ances and covariances involved in the developments.

In general, an LR fuzzy random variable Ỹ and a (real-valued) random
variable X can also be related by means of a nonparametric model. As in (2)
we consider jointly three equations in which the response variables are the
center Y m and two transforms of the left and the right spreads (g(Y l) and
h(Y r)) of Ỹ , that is,

⎧
⎨

⎩

Y m = fm(X)+ εm,
g(Y l) = fl(X)+ εl,
h(Y r) = fr(X)+ εr.

(3)

To estimate model (2), a least squares (LS) approach has been employed.
Let Ỹ and X be two (fuzzy and real-valued) random variables satisfying model
(2) observed on n statistical units, {Ỹi,Xi}i=1,...,n. It can be shown that the LS
estimators for the parameters of model (2) are strongly consistent and their
expressions in terms of the sample moments are (see [5])

âm =
σ̂XY m

σ̂2
X

, âl =
σ̂Xg(Y l)

σ̂2
X

, âr =
σ̂Xh(Y r)

σ̂2
X

, b̂m =

n
∑

i=1
Y m

i

n
− âm

n
∑

i=1
Xi

n
,
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b̂l =

n
∑

i=1
g(Y l

i )

n
− âl

n
∑

i=1
Xi

n
, b̂r =

n
∑

i=1
h(Y r

i )

n
− âr

n
∑

i=1
Xi

n
.

Concerning model (3), the functions fm, fl and fr can be estimated in prac-
tice by means of nonparametric smoothing. Following [1], a kernel approach
can be used yielding

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f̂m(Z) =

n
∑

i=1
Y m

i K((Z−Xi)/w)

n
∑

i=1
K((Z−Xi)/w)

,

f̂l(Z) =

n
∑

i=1
g(Yl

i )K((Z−Xi)/w)

n
∑

i=1
K((Z−Xi)/w)

,

f̂r(Z) =

n
∑

i=1
h(Yr

i )K((Z−Xi)/w)

n
∑

i=1
K((Z−Xi)/w)

,

(4)

where K
(

Z−Xi
w

)
is a kernel function and w the smoothing parameter. In this

case we have used the same w for the three regression models because our aim
is not to estimate such a parameter. Nonetheless, in general, three different
smoothing parameters can also be considered.

For both the models, the residual sum of squares can be defined as

SSE =
n

∑
i=1

D2
λρ(Ỹ

T
i ,
̂̃Y T ), (5)

where Ỹ T
i = (Y m

i ,g(Y l
i ),h(Y r

i )) and
̂̃
Yi

T
= (Ŷ m

i , ̂g(Y l
i ), ĥ(Y r

i )), i = 1, ...,n.

4 A Linearity Bootstrap Test

The goal of this section is to test

H0 :

⎧
⎨

⎩

fm(X) = amX + bm

fl(X) = alX + bl

fr(X) = arX + br

(6)

against the alternative
H1 : fm(X), fl(X), fr(X) are smooth and non-linear functions.

For testing the null hypothesis the following test statistic is used

Tn =
SSE0−SSE1

SSE1
, (7)
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where SSE0 is the residual sum of squares under H0 according to the model
in (2), and SSE1 is the residual sum of squares according to the model in (3),

where ̂̃Y T
i = (Ŷ m

i , ̂g(Y l
i ), ĥ(Y r

i )) = ( f̂m(X), f̂l(X), f̂r(X)) are the values estimated
by means of kernel functions in (4).

Remark 1. We suggest to use a gaussian kernel, that is,

K

(
Z−Xi

w

)
=

1√
2πw

exp

(
− (Z−Xi)2

2w2

)
.

In this work we propose to fix the smoothing parameter w. It has been proved
that the value of w is expected not to be important since the level of the test is
unaffected by this value (see, for instance, [1]). In practice, suitable values of
w are from 1/n to 1/2 times the range of the X-values. Nevertheless, the power
of the test could be affected by the selection of the smoothing parameter.

A bootstrap approach can be used for testing the linearity. More specifically,
we generate B bootstrap samples from a bootstrap population fulfilling the
null hypothesis in (6), by means of a residual approach [4]. Then, a stan-
dard bootstrap algorithm can be implemented using the bootstrap statistic
given by

T ∗
n =

SSE∗
0 −SSE∗

1

SSE∗
1

.

For the sake of convenience, the bootstrap algorithm according to the residual
approach is summarized as follows:

Step 1: Compute the values âm, âl, âr, b̂m, b̂l, b̂r and Tn.
Step 2: Compute the residuals em

i = Y m
i − âmXi − b̂m, el

i = g(Y l
i )− âlXi − b̂l,

er
i = h(Y r

i )− ârXi− b̂r.
Step 3: Generate a bootstrap sample of the form

{(
X1,Z

m
1 = Ŷ m

1 + em
i1 ,Z

l
1 = ̂g(Xl

1)+ el
i1 ,Z

r
1 = ĥ(Xr

1)+ er
i1

)
, ...,

(
Xn,Z

m
n = Ŷ m

n + em
in ,Z

l
n = ĝ(Xl

n)+ el
in ,Z

r
n = ĥ(Xr

n)+ er
in

)}
,

where {i1, i2, ..., in} is a random sample of the integers 1 through n, Ŷ m
i =

âmXi + b̂m, ̂g(Xl
i ) = âlXi + b̂l, ĥ(Xr

i ) = ârXi + b̂r, i = 1, ...,n, and compute the
value of the bootstrap statistic T ∗

n .
Step 4: Repeat Step 3 a large number B of times to get a set of B estimators,

denoted by {T ∗
n1, ...,T

∗
nB}.

Step 5: Approximate the bootstrap p-value as the proportion of values in
{T ∗

n1, ..., T ∗
nB} being greater than Tn.
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5 Empirical Results

A simulation experiment has been carried out in order to illustrate the empir-
ical significance of the bootstrap test. Note that we have employed B = 1000
replications of the bootstrap estimator and we have considered 10000 it-
erations of the test at three different nominal significance levels α = 0.01,
α = 0.05 and α = 0.1 for different sample sizes n, from 30 to 200. We have
randomly generated X behaving as Uni f (−2,2), εm, εl, εr as N(0,1) and
Ym = 3X +5+εm, Y2 = g(Yl) = 1.5X +3.4+εl, Y3 = h(Yr) = 2X +4.2+εr, and we
have considered a gaussian kernel with w = range(X)/n. The empirical per-
centages of rejection under H0 are given in Table 1. It is easy to see that also
for small sample sizes n the empirical percentages of rejection are very close
to the nominal level. If we consider dependent errors, namely, εm behaving as
N(0,1) and εl = εm +ε1, εr = εm +ε2, with ε1 and ε2 behaving as N(0,0.5), we
carry out the empirical percentages of rejection under H0 reported in Table 2.
Also in this case, we obtain satisfactory results.

We introduce a real-life example concerning the atmospheric concentration
of carbon monoxide (CO) (mg/m3) and the daily maximum temperature (T)
(◦C) recorded at “Villa Ada” park in Rome in April, 1-10, 1999 (see Figure
1). The first variable has been managed as a triangular LR fuzzy random
variable where the center is the mean value of the 24 hourly observations
daily recorded, the left spread is given by the deviation of the minimum
value from the center and the right spread by the deviation of the maximum
value from the center.

In this case we obtain a p-value equal to 0.026, that is, the null hypothesis
of linearity should be rejected. Obviously, it should be noted that this result
could depend on the choice of the distance, of the kernel function and the
smoothing parameter.

Table 1 Empirical percentages of rejection under the hypothesis of linearity.

n\α ×100 1 5 10
30 1.20 5.31 9.94
50 1.17 5.13 10.15
100 1.15 4.82 9.89
200 1.00 4.99 10.20

Table 2 Empirical percentages of rejection under the hypothesis of linearity (de-
pendent errors).

n\α ×100 1 5 10
30 1.14 4.94 9.92
50 1.08 5.12 10.24
100 1.10 5.25 9.94
200 1.12 4.60 9.44
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Fig. 1 The observed extreme values of the 0-level and the single-value of CO by
the Temperature at “Villa Ada” park in Rome in April, 1-10, 1999

6 Conclusion

In this work we have introduced and analyzed a new linearity test to check
the adequacy of a linear relationship between an LR fuzzy response and
a real explanatory variable. In order to construct a test statistic, we have
jointly considered three equations involving the center of the response and
two transforms of the left and the right spread and we have taken into account
the residual sum of squares based on a suitable distance between LR fuzzy
numbers. The obtained results are as good as expected in this context. In the
near future, it will be interesting to study the power of the test.
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