Representation of Exchangeable
Sequences by Means of Copulas

Fabrizio Durante and Jan-Frederik Mai

Abstract. Given a sequence X = (X,),en of exchangeable continuous random
variables, it is proved that the joint distribution function of every finite subset
of random variables belonging to X is fully described by means of a suitable
bivariate copula and a univariate distribution function.
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1 Introduction

Given a family X = {X;};c s of real-valued random variables (=r.v.’s) defined
on a probability space (£2,.27,P), it is well known that several properties of X
can be expressed in terms of the class 57 that contains the joint distribution
functions (=d.f.’s) of all the finite subfamilies of X, 7 = {Hy}, where A is a
finite set of indices in ¢, A = {iy,i2,...,ix}, and Hy :RAI 5 R is the d.f. of
(Xil ,Xiz, ce ,Xik), HA()Cl,. .. ,Xk) = P(X,’l S X1y ,Xik S xk).

Moreover, since Sklar’s Theorem [19], it is known that the d.f. H of every
continuous random vector (Xi,...,X,) can be uniquely represented in terms
of the univariate marginal d.f.’s F;, i € {1,...,n}, and a suitable C,: I" — I
(I:=[0,1]), called copula, in the following way:

H(Xl,xz,... ,xn) = Cn(Fl (xl),Fz(X2),...,Fn(xn)), (1)
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for every xi,xp,...,x, in R. We recall that a copula is an n—dimensional d.f.
having univariate marginals uniformly distributed on I. Basic examples of
copulas are: the independence copula IT,(x) = x1x;---x,, and the comono-
tonicity copula M, (x) = min{xj,xz,...,x,}. See, for example, [9, 10, [15].

Therefore, every family of continuous r.v.’s X = {X};c 4 can be uniquely
expressed in terms of the couple (Fx, 6x), where #x = {F}ic y is the family
formed by the (univariate) d.f.’s associated with each X; and €x contains the
copulas that are associated with all finite subsets of {X;}ic s, in such a way
that, if H is the joint d.f. of (X;,,Xi,,...,X;,), then H can be expressed in the
form (), where C, is in 6x and F;,,F;,,...,F;, are in &x. This representation
was adopted, for example, in [5] in order to describe a Markov process (see
also [12]).

In this short note, we aim at giving a representation of the same type for
an exchangeable sequence of continuous r.v.’s, i.e. for a sequence X = (X )nen
of r.v.’s such that the d.f. of every finite subset of k (k > 1) of these r.v.’s
depends only upon k and not on the particular subset (see [I1] for more
details).

2 The Representation

Given a random vector (Xi,...,X,) with joint d.f. H and continuous univariate
marginals F,. .., F,, its associated copula C, is actually the d.f. of the random
vector (Fi(X1),...,F.(Xy)), and, hence, C, can be recovered from the d.f. H of
(X1,...,X,) by taking, for all u € I,
Co(ury...,un) =H(F (u1),...,F, (u)),

where F (y) = inf{x € R| F(x) > y} denotes the quantile inverse of any uni-
variate d.f. F.

Every copula C, is a Lipschitz function (with constant 1) and admits partial

derivatives %i" = 0;C, almost everywhere on I". If C, is the copula of the
continuous random vector (Xi,...,X,), then, similarly to [5], it can be proved
that

aan(F(xl)v'"aF(xjfl)aFj(Xj%F(ijrl)»"'aF(xn))

is a version of P (Nizi{Xi < x;} | Xj) == E (Lix<x, it | Xj)-

Following [16], X = (X, )en is an exchangeable sequence of real-valued r.v.’s
if, and only if, there exists a real-valued r.v. A such that X;,X;,... are con-
ditionally independent and identically distributed (briefly, i.i.d.) given A.

Now, starting with this last fact, we state our main result.

Theorem 1. Let (X,),en be an exchangeable sequence of continuous r.v.’s.
Then there exist a one—dimensional d.f. F and a 2—copula A such that, the
joint d.f. H, of every subset of n > 2 r.v.’s from the sequence may be repre-
sented, for all (x1,x2,...,x,) ER", as
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Hn(xlvxb-“axn) :Cn(F(xl)aF(XZ)v'"aF(xn))a (2)

where the copula C, is given, for all (uy,...,u,) € 1", by

Gt tr) = /01 IA(ur1) OA(uz,1)  OA(unt) (3)

- ot ot ot

Proof. Given the exchangeable sequence (X,),cn, as said before, there exists
ar.v. A with d.f. L, such that the r.v.’s X, are conditionally i.i.d. given A
(see, e.g., [16]). Therefore, there is a family (Gy)yer of d.f.’s such that, for
all n € N and for all (xy,...,x,) € R",

P(X; <x1ye s X S Xn|A) = Ga(x1) - Ga(xn).

Without loss of generality (since we are only interested in statements in distri-
bution) we may assume that the r.v.’s (X,),eny and A are defined on a proba-
bility space (Q, </, P) in the following canonical manner, see [2] p. 12-13].

e Let U and V;,V,,..., be iid. r.v.’s on (Q2,/,P) that are uniformly dis-
tributed on I.

e Define A := L~ (U), where L™ denotes the generalized inverse of L, i.e. A
has distribution function L (see, for instance, [3, Theorem 2]).

e Foreach n € N define the r.v. X, as a function of A and V, via X,, := G (V,);
i.e. conditioned on A, X, has d.f. G, or, conditioned on U, X, has d.f. Gy ().

For each n, the copula C, of (Xi,...,X,) coincides with the joint distribution
function of (F(X;),...,F(X,)) since F is continuous. Hence, using the canon-
ical construction above as well as continuity of F (which implies that F*~ is
strictly increasing and F~ o F(X,) is equal in distribution to X, by [14} p. 495,
Proposition A.3-4]), it holds that

P(F(X)) <u,F(Xy) <u,....F(Xy) <up |U) = HGLH ) (F (ui)).

Now let A be the joint distribution function of (F(X,),U). Notice that such
A does not depend on n by conditional independence; in fact:

P(F(Xy) <x,U <u) =E[P(F(X,) <x,U<u|U)]
=E[E[1(, Gy () <2} e
(%)

- H{F( )< }] |y losu]

]E[E[ {r(c LH()(vl>)<x}} ’z:Ul{USM}}
=P(F(X)) <x,U <u),
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where equality (x) follows from [7, Example 1.5, page 224]. Then, for almost
all u; € I, one has

9 Alus)

Gro o) (F~ () =B(F(X) <wi |U) = 3 B

Thus, the copula C, of any sequence of n r.v.’s in (X,),en can be represented

via ([3). O

The copula C, given by (@) is called the n—product of A. In [5], the authors
considered an operation * on the class of 2—copulas given, for any 2—copulas
A and B, by
LoA(uy,t) 9B(t,un)
AxB)(uj,up) = L T de.
(@B ) = [ OHNPD

It is easy to show that the 2—product of A coincides with the copula given by
AxAT where AT (uy,u0) = A(up,u1) for every (uy,us) € I2.

Theorem [I] can be used in order to construct a sequence of exchangeable
r.v.’s by using only a univariate d.f. and a 2—copula. The procedure runs as
follows:

1. assign in any manner a 2—copula A and a d.f. F;

2. for n> 1, set C, the n—product of A given by (3));

3. set Hy =F and H, = C,(F,F,...,F) for every n > 2;

4. apply Daniell-Kolmogorov Theorem [I7] to .## = {H,},en in order to
obtain a sequence of exchangeable r.v.’s X = (X;)neny such that every
joint d.f. of any finite subset of X is in 7.

A sequence of i.i.d. r.v.’s can be constructed, for example, by taking any
univariate d.f. F and A = I',. Notice that different 2-copulas can produce the
same sequence. For instance, the mapping W : I? — I given by Ws(uy,uy) =
max{u; +up — 1,0} is a 2—copula such that Wy« Wy = My x My = M, therefore,
the sequences generated by M, and by W, can be associated with the same
family of finite-dimensional d.f.’s.

Some interesting consequences can be derived from Theorem [

We recall that a random vector (Xi,...,X,) is infinitely extendible if it
is the first segment of a sequence of exchangeable r.v.’s (see [I8] 20]). The
following corollary gives a representation for any copula that is associated
with an infinitely extendible random vector.

Corollary 1. Let (Xi,...,X,) be an exchangeable random vector with (sym-
metric) copula C. Then (Xi,...,X,) is infinitely extendible if, and only if, C
s the n—product of some copula A.

If the 2—copula C; of (X;,X;) is symmetric and idempotent with respect to
the operation #, i.e. C;*Cy = C; (see [1I, [B]), then (X,X») is infinitely ex-
tendible. Generally, if a family of symmetric bivariate copulas (like Fréchet
family and FGM family) is closed with respect to the #-operation (and, hence,
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with respect to the 2-product operation), then its members can be used for
constructing an infinitely extendible random pair.

Ezample 1. Corollary [ is illustrated with bivariate Cuadras-Augé copulas,
defined, for every « € I, by Cy(u,v) = min{u,v} max{u,v}!=% (see []). Let
(X1,X2) be a random vector with identical continuous marginals and 2—copula
Cy. Given the bivariate Marshall-Olkin copula A (u,v) = min{u,u® v}, it follows
easily that

I d

Co(u,v) = | or A(u,t) 8tA(v,t)dt.

Hence (X1,X3) is infinitely extendible. Moreover, for n > 2 it holds that

/1_[(9 (u;,1) dt—u Hu[l] , (4)

where u] < up) <...< Upy] denotes the components of (uj,...,u,) € I", re-
arranged in increasing order. Copulas of type (@) have been considered in
[, 13].

The following result, instead, was proved in [2, Lemma 4.11] (see also [§])
and admits now another proof.

Corollary 2. Let (X,)nen be a sequence of exchangeable r.v.’s. If X; and X;
are independent for every i,j €N, i # j, then (Xy)nen is a sequence of i.i. d
r.0.’8.

Proof. In view of Theorem[I] given a sequence (X;),en of exchangeable r.v.’s,
there exists a 2—copula A such that the 2—product of A, denoted by B, is the
copula of the random pair (X;,X;) for every i,j € N, i # j. In particular,
if X; and X; are independent, then B = A xAT = IT,. But, in general, A x
I, =11, Wthh yields that (A*AT) — (A% IT) = 0. Thus, for every (uj,uz) €

, OA(t,up) = uy for almost all r € I, viz. A has linear section in the first
component being the second fixed. Thus, A = IT, and the copula of every
subset of n r.v.’s of the sequence is IT,. O

Note that, as well known, for a finite vector of exchangeable r.v.’s, pair-
wise independence does not imply independence. Consider, for example, the
trivariate vector (Uy,U,,Us) whose d.f. H is given on I? by:

H(uy,up,uz) = ujupuz (14 6(1 —uy) (1 —up) (1 —u3)),
for a suitable 6 € [—1,1] (see, e.g., [15, Example 3.31]).
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