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Abstract. We study the minimum diameter color-spanning set problem
which has recently drawn some attention in the database community.
We show that the problem can be solved in polynomial time for L;
and Lo, metrics, while it is NP-hard for all other L, metrics even in
two dimensions. However, we can efficiently compute a constant factor
approximation.

1 Introduction

Assume we have a set of resources of one of several different types, or colors. We
want to solve a task that requires simultaneous use of one resource of each color.
There is a communication delay between any pair of resources. How should we
allocate the resources so as to minimize the maximum delay between any two
of our selected resources? We call this the minimum diameter color-spanning
set problem (MDCS). It arises in large computer networks with different types
of servers (think of a large company trying to pool resources to solve a certain
computational task). It also arises in spatial databases, where it has recently been
studied by Zhang et al. [7]. For example, we may search for a holiday location
that features skiing, sailing, golfing, and shopping, all within short distance of
each other and of our hotel.

Modeling the Problem. We model MDCS as follows. We are given a set S of n
points in d-dimensional space IR?. We measure distances in the L, metric, for
some 1 < p < oo. Each point is colored in one of k colors, where £ > 1. S
may be a multiset, which means we can have scenarios where a point is colored
simultaneously with several colors. We call a subset of £ points of distinct colors
a rainbow set. MDCS is the problem of finding a rainbow set of smallest diameter.
If we want to emphasize the dimension and metric, we write MDCS(d, p). We
denote the smallest diameter of a rainbow set of S in L, metric by r,(S). See
Fig. [ for an example.
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Fig.1. An instance of MDCS(2,2) with 3 colors. The smallest color-spanning disc B,
enclosing the dashed triangle, does not minimize the diameter of a rainbow set, but it
is a good approximation (Lemma []). The solid triangle spans the minimum-diameter
rainbow set.

Previous Work. Zhang et al. proposed an O(n*)-time algorithm for MDCS(2, 2)
based on a brute-force enumeration of all possible rainbow sets. Their algorithm
was implemented in a geographical tagging system named MarcoPolo by Chen
et al. [3]. They also list several other applications of this problem.

Our Results. It is straightforward to solve the problem for d = 1 in O(nlogn)
time. On the other hand, we show that MDCS(2,2) is NP-hard for d > 2 and
1 < p < oo. We do not know whether the problem is W{l]-hard or APX-
hard for these metrics, but there are efficient approximation algorithms. For
example, we can approximate ro(.S) by a factor of 1.154 in time O(n logn) in two
dimensions. For p € {1, 00}, we can solve MDCS(2, p) optimally in time O(nlogn),
and MDCS(3,p) in time O(k'**n?), for any € > 0. In IR?, the running time is
O(nd+2).

Related Work. To the best of our knowledge, this problem has not been studied
from a theoretical point of view. Several other color-spanning set problems have
been studied by Abellanas et al. They called rainbow sets color-spanning sets.
They gave efficient algorithms in two dimensions for the smallest color-spanning
disc problem [I] (finding a smallest disc containing at least one point of each
color) and the smallest color-spanning rectangle problem [2] (finding a smallest
rectangle containing at least one point of each color). We denote the diameter of
a smallest color-spanning disc (or ball in higher dimensions) of a k-colored set

S by by(S).
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In two dimensions, the smallest color-spanning disc for any L, metric can be
computed in time O(knlogn) [I]. This algorithm uses a farthest color Voronoi
diagram which can be computed using an algorithm for the computation of
the upper envelope of Voronoi surfaces in one dimension higher [5, Theorem 8§].
In three dimensions, the running time becomes O(k'*¢n?), for any ¢ > 1 [5]
Theorem 19]. To generalize these algorithms to higher dimensions would require
to bound the complexity of the envelopes of higher-dimensional Voronoi surfaces,
which required considerable effort even in two and three dimensions. However,
we can always find the smallest enclosing ball in time O(n?*?) by brute-force
enumeration of all balls with some subset of d + 1 points on their boundary.

Structure of the Paper. In Section B we state a few facts about smallest en-
closing balls in higher dimensions. In Section [3] we present efficient algorithms
for MDCS(d, 1) and MDCS(d, o0) and approximation algorithms for the other L,
metrics. In Section Bl we show that MDCS(2,p) is NP-complete for 1 < p < oc.
We conclude the paper in Section Bl

2 Preliminaries

We first state a few facts about smallest enclosing balls of point sets in higher
dimensions. For a point set S, we denote its diameter in L, metric by diam,(S)
and its smallest enclosing ball by B,(S).

As we will see later, the worst case ratio of the diameter of the smallest
enclosing ball of a point set and the diameter of the point set determines the ap-
proximation ratio of our algorithms. We denote this ratio by a? in d-dimensional

P
space with L, metric. The following proposition is illustrated in Fig. 2

Fig.2. The smallest spanning-color discs in L; metric (left) and Lo metric (right)
for three-colored point sets. In both cases, the length of the dashed line (the distance
of the two points on the boundary of the square) is equal to the diameter of the disc.
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Proposition 1. Let S be a point set in RY. For p € {1,000}, B,(S) is a hyper-
cube, and diam,(S) = diam,(B,(S)), i.e., af = a = 1. O

Proposition 2. For 1 <p < oo, any two points on the boundary of a ball B in
L, metric have distance at most diam,(B), with equality if and only if the two
points are antipodal. O

Corollary 3. Let S be a k-colored point set in R®. For any p, r,(S) < b,(S).
O

3 Approximating MDCS

Let S be a k-colored set of points in IR? with L, metric. In this section we will
show that the minimum diameter rainbow set can be approximated by computing
the minimum color-spanning ball. Since we can compute by,(S) efficiently, this
gives us polynomial-time approximation algorithms for MDCS(d, p).

Lemma 4. In any dimension d with any L, metric, the smallest color-spanning
ball is an ag—approximation for the minimum diameter rainbow set.

Proof. Let R be a minimum diameter rainbow set of S. Let B be a smallest
enclosing ball of R. Then, by Cor. B]

diam(B) - by (S) .

a = 4
@ @

bp(S) > rp(S) = diam,(R) > O
We can therefore now focus on determining better bounds for ag. We have

already seen in Prop.[Mthat af = a = 1. We can therefore solve MDCS optimally
by computing a smallest color-spanning ball.

Theorem 5. We can solve MDCS(d, 1) and MDCS(d, 00) by computing a smallest
color-spanning ball of S. O

For other L, metrics, the minimum-color spanning ball is at least a 2-
approximation for the minimum diameter rainbow set. It does not necessarily
minimize the diameter, as can be seen in Fig. [l

Theorem 6. For any d and p, ag <2.

Proof. Let B be a smallest enclosing ball of a point set R. Then there must
be two points in R with distance at least %diamp(B). Otherwise, R would be
completely contained in a half-ball of B, but then B would not be the smallest
enclosing ball of R. O

For Ly metric, we have a stronger bound.

Theorem 7. ag < \/dz_fl, O
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Proof. In Ly metric, the smallest enclosing ball B of a regular simplex in IR?
with unit edges is a universal cover [6], i.e., it contains any point set of diameter

1. B has diameter \/ dz_f_il. a
Corollary 8. In two dimensions with Lo metric, we can find a 53 ~ 1.154-
approximation to diamy,(S) in time O(knlogn). In three dimensions, we can find
a \/‘; ~ 1.225-approzimation to diam,(S) in time O(k'T<n?), for any e > 1. In
higher dimensions, the approzimation factor is never more than /2 ~ 1.414. 0O

In two dimensions, we can improve the bound for 04127.

Fig.3. An equilateral triangle with side length 2y in L, metric in a ball of diameter 2

Theorem 9. For 2 < p < oo, af, < g.

Proof. By Prop.[ll a, = 1, so we can assume that 2 < p < oco. It is straightfor-
ward to adapt the proof in [6] to L, metrics to show that the smallest enclosing
ball B of a regular simplex in IR? with unit edges is a universal cover. But we
do not have a closed formula for the diameter of that ball. Fig. [3] shows a ball
of diameter 2 in IR? with an inscribed equilateral triangle of side length 2y (the
figure assumes Lo metric, but the figure would be simular for any L, metric,
2 < p < o0). We have two constraints for x and y:

P +yP =1 (1)
and (1+2)7 +y7 = (29)7 . 2)
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Substituting y? = 1 — 2P in Eq. @) yields

(14+2)P+ (2P —1)aP =27 — 1.

Note that the left-hand side of this equation is monotone increasing in x. If p > 2,
then it is not larger than the right-hand-side if we set x = % Thus, x > % Then,

Eq. 2l implies
(1+z)P 3\
P —
Yoo T \e)

L2 4
Thus, o = | < 3. a

1
Yy
4 Hardness of MDCS

We do not know whether the approximation algorithms in the previous section
are optimal (we suspect they are not) or whether there exists a PTAS, but we
cannot hope to solve the problem exactly in polynomial time because we will
now show that MDCS is NP-hard.

We first give the decision version of MDCS: Given an instance of MDCS and
a positive number d, decide whether there exists a rainbow set of diameter at
most d. Clearly, this problem is in NP (we can compare the square of all pairwise
point distances to d?, avoiding costly square root calculations). Hardness of the
decision problem implies hardness of the optimization problem.

Theorem 10. The decision version of MDCS is NP-hard for L, metric, for 1 <
p < 00, in two or higher dimensions.

Proof. We prove the hardness of MDCS by reduction from 3SAT. We give the
proof for Ly metric in two dimensions and then show how to extend it to other
L, metrics. This implies hardness for higher dimensions.

We first sketch the proof under the assumption that we can easily compute
coordinates of points on a circle. We will then show how to approximate these
coordinates with low precision rational numbers.

Let F' be a Boolean formula in conjunctive normal form with n variables
r1,...,T, inm clauses cy,..., ¢, of size at most three. To construct an instance
I of MDCS, we draw a circle C' with diameter 1. For each variable x;, we define
two antipodal slots s; and §; on C, corresponding to the positive literal x; and
the negative literal z;, respectively. These slots should be pairwise distinct, but
otherwise they can be placed arbitrarily; for example, we could create 2n equally-
spaced slots on C.

For each clause c; we create a new color col;. If z; appears in c¢;, we place a
point of color col; at slot s; Similarly, if Z; appears in c¢;, we place a point of
color col; at slot 5;. Note that several points can coincide if a literal appears in
several clauses. Finally, we set d = 1 — € for some € defined below. See Fig. [ for
an example of the construction.
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Fig.4. An example for the construction in the NP-hardness reduction. Let F' =
(1 AT2 ANTa)V (2 Axs Axa) V (T1 AZ3 AZ4). The literals of the first clause are colored
white, the second clause colored cyan, and the third clause colored black. Note that a
white and black point share slot 34.

If I has a solution, then there is a rainbow set R of m points with diameter
at most d = 1 — e. In particular, R cannot contain both s; and s;, for any i.
Therefore, R induces a truth assignment for the variables z;. If s; € R, we set
z; = 1, otherwise we set x; = 0. Since R contains one point of each color, each
clause will contain at least one true literal, i.e., F' will be satisfied.

If F admits a satisfying assignment, then each clause c; contains at least one
true literal o;; (or Z;,;). We add the corresponding point of color col; at slot s;;
(or 5;;) to the set R. Then, R is a rainbow set of diameter at most d. Thus, I
has a solution.

We now discuss the problem of approximating the slot coordinates with low
precision rationals. For example, if the slots are evenly spaced around the circle,
we can set € to be any value strictly smaller than 7. If we chose e < J , we
can approximate the slot positions by choosing an arbitrary point inside a ball
centered at the slot with diameter at most .

For other L, metrics, 1 < p < 0o, observe that any two points on the boundary
of a unit disc will have distance at most 1, with equality if and only if the two
points are antipodal. Therefore, the proof above also works for arbitrary L,
metrics, except if p = 1 and p = oo, since for these metrics the discs are actually
squares and any two points on opposite sides of the square have distance equal
to the diameter of the disc. O
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5 Conclusions

We have shown that MDCS can easily be solved for L; and L., metrics, while
it is NP-hard for other L, metrics. Unfortunately, the approximation ratio of
the smallest color-spanning disc deteriorates if the dimension increases. It would
therefore be interesting to find better approximation algorithms for MDCS, in par-
ticular in higher dimensions. It may also be worthwhile to study FPT algorithms
for MDCS, for example with parameter k, the number of colors. The problem is
clearly polynomial-time for two colors, and our NP-hardness reduction required
a large number of colors.
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