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F O R E W O R D

E n d r e S zeme re d i is a m a t h e m a t i c i a n wit h t r u e l y ex cep t io n a l resea rch power .
His influence o n t o d a y 's m a t h e m a t ics is e n o r m o u s . He solved s eve ral fu n d a 
m e n t a l p rob le ms t h a t had b een raise d d e c a d es earli er. Man y of h is resu lt s
h a ve gene r a t e d r es e a r ch fo r th e fu t u r e , a n d h a ve la id t h e foun d a ti on of n e w
dir ecti on s in m a t h em a ti cs. Some o f hi s m ain ac h ievem e nts were b orn p r em a
t ure ly, t h e ir full p ower and s ign ificance b ec am e e v ide n t o nly d e c a des la t er.
Al t h ou gh Szerner edi ' s r esea rc h in t e r es t is co m b i n a t ior ics , numb er t h eor y
a n d co m p u te r sc ie nce , hi s influ en ce on o t h er field s of m a t h em ati cs , e rgo dic
t heo ry a n d a n a l y sis for in s t an ce , is r em a r k a b l e.

Yet as a m a t h em a t i cian , Szem er edi st a r t ed o ut l a t e . He a t te n de d med
ica l sch oo l for a yea r , a nd work ed in a fa ct or y b efor e st u dyi ng m a t h em a t ics .
P aul E r d os so o n di s cover ed h is ext rao r d i na ry t a le nts a n d ex pec te d g r e a t
t h ings from him .

Szem e r edi lived up to t h ese ex p e c t a t i o ns by p r ovi n g s e v e r a l fund a m en
t a l res u lts of t re me n do us imp or t an ce . We o n ly men ti on two o f t he m in t h is
s h o r t for e word. Szem er edi was qui t e yo u ng w h en h e p ro ved a ce n t r a l co n 
j ec t u r e of E r d os a nd Tur an from t he 1930s s t a t ing t h a t e ve r y se q ue nce of
i nteg ers wit h p osi ti ve d e n s i t y c o n t a ins a r b i t r a ril y long a r it h me t ic p ro gr e s
s io ns. Whil e t he sig n ificanc e o f this r esul t in comb i n a t o r ial n u m b e r t h eor y is
obv io us , i t h as led to a n e w br an ch of R am s ey t heo ry (ca lled Szeme re d i t y p e
R am s e y t heo re ms) a nd of e r g o d ic t heo ry (t h ro ugh t h e wor k of F u r s t e nbe rg
a n d K a t z n els on ). T he r e cen t b u r s t o f in t er est in a d d it ive n u m be r t heo ry
h as a t t r a c t e d se vera l o u t s t a n d ing m a t h em a tici an s a nd p r o d u ced s p e c t a c u
l ar r esul t s. B u t t h e s t a rt i ng p oin t a n d a lso a m a j o r too l in a l most a ll of
t h es e co nt r ib u t io ns is Sze me re d i's T h eor em.

On e of t h e key e le me n ts in S zerner edi' s so lut ion is a lemm a , now ca lled
S zerner edi ' s R egul ari t y Lemm a , which is of ind ep end ent int er est , a n d h as
a n influ enc e t h a t c a n not b e overes t i ma te d . T h i s lemm a asse r t s t h a t eve ry
g ra p h ca n b e p ar ti ti on ed in t o e q ua l p a r t s , wh os e num b er o n ly d ep end s on
a n e r ro r b o u n d , so t h a t t h e b i p a r t ite g ra p h b e tw e en a ny two s uc h p ar t s is
"ess e n t ia lly r a n d om " ( w it h a s ma ll numb er of ex ce pt io na l p ar t s ). T h is s t a t e 
m en t is co u nt e r int u it ive s i nc e t he g ra p h is co mp let e ly d e t e r m i n i s t ic , a n d n o t



8 Foreword

r a n d o m . It shows t h a t the r a n d o m n e s s is everywhere and i n e v i t a b l y present.
It is because of the genius of Szemeredi t h a t the m a t h e m a t i c a l c o m m u n i t y
(and h u m a n k i n d ) has had the o p p o r t u n i t y to discover, a p p r e c i a t e , and p u t
to use this u b i q u i t o u s and unavoidable presence of r a n d o m n e s s .

Szemeredi has an " ir r eg u la r mind ", his b r a i n is wired differently t h a n
for most m a t h e m a t i c i a n s . Many of us admire his unique way of t h i n k i n g ,
his e x t r a o r d i n a r y vision. His c o a u t h o r s often mention t h a t Szemeredi sees
things differently, t h a t he is able to find the hidden s t r u c t u r e , or able to
c r e a t e one, out of t h i n air. His insistence t h a t such a s t r u c t u r e would work
has often proved decisive.

This volume is a c e l e b r a t i o n of Szerneredi's achievements and personal
ity, on the occasion of his s e v e n t i e t h birthday. It exemplifies his e x t r a o r d i 
nary vision and unique way of t h i n k i n g . A n u m b e r of colleagues and friends,
all top a u t h o r i t i e s in t h e i r fields, have c o n t r i b u t e d t h e i r l a t e s t research pa
pers to this volume. The topics include extensions and a p p l i c a t i o n s of the
r e g u l a r i t y lemma, the existence of k - t e r m a r i t h m e t i c progressions in various
s u b s e t s of the integers, e x t r e m a l problems in h y p e r g r a p h theory, and ran 
dom g r a p h s . All of them are b e a u t i f u l , Szemeredi type m a t h e m a t i c s . It also
c o n t a i n s published accounts of the first two , very original and highly suc
cessful P o l y m a t h p r o j e c t s , one led by Tim Gowers and the o t h e r by Terry
Tao , and a s h o r t and lovely article by A n d r a s H a j n a l on his early encoun
ters with Szemeredi . I t is a g r e a t shame t h a t Erdos was not able to write
one. We finish this foreword by q u o t i n g from H a j n a l 's article:

" E n d r e has grown to be a g r e a t m a t h e m a t i c i a n , one of the best our
c o u n t r y has ever given to the world. T h a t is what this conference and this
book is a b o u t ."

B u d a p e s t
J u n e 2010

Imre B a r a n y
J6zsef Solymosi
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W h a t is the minimum possible n u m b e r of edges in a g r a p h t h a t c o n t a i n s a copy of
every g r a p h on n vertices with m a x i m u m degree a most k ? This q u e s t i o n , as well
as several r e l a t e d v a r i a n t s , received a c o n s i d e r a b l e a m o u n t of a t t e n t i o n d u r i n g the
last decade . In this s h o r t survey we d e s c r i b e the known r e s u l t s focusing on the
main ideas in the proofs, discuss t h e r e m a i n i n g open problems, and mention a
recent a p p l i c a t i o n in the i n v e s t i g a t i o n of the c o m p l e x i t y of s u b g r a p h c o n t a i n m e n t
problems .

1. I N T R O D U C T I O N

For a family 'H of g r a p h s , a g r a p h G is ' H - u n i v e r s a l if it c o n t a i n s a copy
of any H E 'H. T h e c o n s t r u c t i o n of sparse universal g r a p h s for various
families arises in t h e s t u d y of VLSI circuit design. See, for example, [13]
and [21] for a p p l i c a t i o n s m o t i v a t i n g the s t u d y of universal g r a p h s with a
small n u m b e r of edges for various families of graphs. T h e r e is an extensive
l i t e r a t u r e on universal graphs. In p a r t i c u l a r , universal g r a p h s for forests
have been s t u d i e d in [12], [19], [20], [25], and universal g r a p h s for p l a n a r
g r a p h s a n d o t h e r r e l a t e d families have been i n v e s t i g a t e d in [3], [11], [12],
[15], [16], [35].

Universal g r a p h s for general b o u n d e d - d e g r e e g r a p h s have also been con
sidered extensively. For positive integers k > 2 and n, let 'H(k, n) denote

' R e s e a r c h s u p p o r t e d in p a r t by an ERC Advanced g r a n t and by a USA-Israeli BSF
g r a n t .
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the family of all g r a p h s on n vertices with maximum degree at most k . Var
ious d e t e r m i n i s t i c and randomized c o n s t r u c t i o n s of sparse 'H(k, n ) - u n i v e r s a l
g r a p h s have been found by several researchers, including c o n s t r u c t i o n s t h a t
satisfy c e r t a i n f a u l t - t o l e r a n c e p r o p e r t i e s , as well as c o n s t r u c t i o n s of sparse
Ramsey g r a p h s for the probl em , namely , sparse g r a p h s for which every two
edge coloring c o n t a i n s a m o n o c h r o m a t i c 'H(k, n ) - u n i v e r s a l graph.

In thi s survey we discuss the main c o n s t r u c t i o n s , including some of those
t h a t are not o p t i m a l , focusing on the m e t h o d s used, t h a t apply several
i n t e r e s t i n g id e as . These combine p r o b a b i l i s t i c techniques with r e s u l t s a b o u t
g r a p h coloring , tools from m a t c h i n g theory and p r o p e r t i e s of high g i r t h
e x p a n d e r s , as well as sparse versions of the r e g u l a r i t y lemma of Szemeredi.

Note t h a t a simple c o u n t i n g a r g u m e n t mentioned in [6] shows t h a t
any 'H(k , n ) - u n i v e r s a l g r a p h must c o n t a i n at least D(n 2 - 2 / k ) edges , and
a c o n s t r u c t i o n showing this is t i g h t is given in [5]. Nevertheless we believe
t h a t many of the previous , s u b - o p t i m a l c o n s t r u c t i o n s are i n t e r e s t i n g in t h e i r
own right. The s t u d y of the Ramsey type question mentioned above is more
complic a t e d , and the known e s t i m a t e s for this question are not tight.

2 . T H E S T R O N G C H R O M A T I C N U M B E R AND U N I V E R S A L G R A P H S

Even the fact t h a t there are 'H(k , n ) - u n i v e r s a l g r a p h s with at most O( n 2 - e k )

edges , for some Ck > 0 is not obvious. The first c o n s t r u c t i o n given in [6]
e s t a b l i s h e s this fact. I t is based on the notion of the s t r o n g c h r o m a t i c
n u m b e r of a g r a p h and provides an e x t r e m e l y simple c o n s t r u c t i o n of 'H(k, n)
universal g r a p h s with at most O( n 2 - c / k l o g k ) edges . The c o n s t r u c t i o n is
in fact so simple t h a t for any n which is a power of 3k - 1, say, n =
(3k _ 1 ) 8, it is a g r a p h G = G(k , s ) t h a t can be described in one ( s h o r t )
sentence, as follows. The vertices are all vectors of length s over the a l p h a b e t
{I, 2, . . . , 3k - I}, and two are a d j a c e n t if and only if they differ in all
co o r d i n a t es .

Let H be a g r a p h with I V (H) I = n. I f t divides n we say t h a t H is
s t r o n g l y t-colorable if for any p a r t i t i o n of V ( H ) into pairwise disjoint sets
Vi, each of c a r d i n a l i t y t precisely, there is a p r o p e r t - v e r t e x coloring of H in
which ea ch color class i n t e r s e c t s each Vi in e x a c t l y one vert ex . I f t does not
divide n , we say t h a t H is s t r o n g l y t-colorable if the g r a p h o b t a i n e d from
H by a d d i n g to it t r n l t l - n isolat ed vertices is s t ro n g ly t-color able . The
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s t rong chroma tic num ber o f H is t he m i n i m u m t s uc h t h a t H is st ro ng ly
t -co lo ra b le.

T h e no t i o n o f st ro ng ch ro m a t i c numb er is st udie d in [2] , whe re i t s hown
t h a t t he st ro ng c h r o m a t ic numb er o f a ny g ra p h wit h m a xi mum d egr e e k is
a t most bk , for s o me (la rge) abso l u t e co n s t a nt b. T he co n s t a nt h as been
impro ved s u bst a nt ia lly by H a x ell [2 7], wh o s howed t h a t t he est i m a t e bk
a b ove ca n b e r epl a ced by 3k - 1.

Given a g ra p h H o n n = (3k - I f ve r t ices a n d m a ximum d e gr ee a t
mos t k , we ha ve t o s how it is a s u bg ra p h of G (k , s). P ar ti ti on t he vert ices
of H arbi t r a r i l y in t o se ts of s ize 3k - 1, a n d, u sin g th e fa ct t ha t t h e st ro ng
ch ro m a t ic numb er of H is a t m ost 3k - 1, find a pr op er 3k - l- colorin g
Cl of it in which eac h se t is m u l t i c o l o r ed. Thi s provid es a p a r t i t i o n of
t h e v e r t i ces of G int o 3k - 1 ind ep end e n t s et s o f e q ua l s i ze. P a r t i t i o n
eac h of t h em into n ew sets of s ize 3k - 1 eac h, a n d find a prop er 3k - 1
colori n g C2 in whi ch eac h of t hese n ew sets is mul ti color ed. We now h a ve
a n o r de re d p a i r of colors ( Ci ( V ) , C2 ( V ) ) for eac h ve r t e x v , a ll (3k - 1) 2 co lor
clas s es a re of eq ua l s ize, a n d t he colors o f a ny pa ir of a d jace nt ver ti ces
differ in bo t h coo r d i n a t e s . Co nt in u i ng in t h is ma n n er s ste ps , a n d t he n
m a p p i n g t h e ve r t e x v o f H to t he ve r t e x ( C l ( v), C2 ( v ) , . . . , c, ( v ) ) of G ( k , s) ,
pr ovid es t h e r equir ed embe d d ing o f H as a s pa n n i ng s u bg ra p h of G (k , s) .
T h e const r u c t io n for gene ra l n is si m i la r , see [6] for mo re d e t ail s.

A r ela t ed co ns t r u c t ion is given in [3]. I n s t ea d o f u s in g t he no ti on of
t he st ro ng ch r o m a t ic numb er o f a g ra p h, it is base d o n t he fa ct t h a t if
H is a n a r b it ra ry gra p h o n n vert ices wi t h m aximu m d egr ee a t m os t k ,
a n d Vi , V2, . . . , V m is a n a r b it ra ry p a r ti t i o n of t he set o f it s ver t ices in t o
p airwi s e di sjoin t sets, eac h o f s ize a t le a s t ~ log n, t he n t he re a re t wo di sj oin t

ind ep end ent se ts of H , eac h co n t a i n i ng a t lea s t a fr a c ti on o f ( k~ 1 - f ) o f
eac h Vi . T h i s is prov ed by o r de r i n g t h e v e r t i ces of H r a n d o m l y a long a
lin e , d efining on e ind ep end ent set to b e t h e set o f a ll v e r t i ces t h a t a p pe a r
b efor e a ll t h e i r n eighbor s , a n d t h e o t h e r to b e t h e set of all vertic es t h a t
a p pea r aft er all t he ir n eighb or s. A s i m p le pr ob abili s t ic a rg u me n t given in
[3] ( wh ich conveni entl y a p p lies t h e H a j n a l Szem er edi T h eor em [28]) s hows
t h a t t he d e sir ed r esul t h old s with p ositiv e pr ob a bili t y. Thi s ca n n ow b e
u s ed in a re cur sive wa y t h a t r es embl e s t he on e in t he co nst r u c t io n b a s ed o n
st ro ng co lor ing to const r uc t r ela ti vely s pa rse uni ve r s al g ra p hs for 'H(k , n) .
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3. R A N D O M U N I V E R S A L F A U L T T O L E R A N T G R A P H S

N. Alan

I t is not s u r p r i s i n g t h a t r a n d o m g r a p h s with a p p r o p r i a t e n u m b e r of vertices
and e d g e - d e n s i t y are 'H(k, n ) - u n i v e r s a l with high p r o b a b i l i t y . T h i s is proved
in [6]. Let G ( m , p ) d e n o t e , as usual , t h e r a n d o m g r a p h on m labelled
vertices in which each pair of d i s t i n c t vertices forms an edge, r a n d o m l y and
i n d e p e n d e n t l y , with p r o b a b i l i t y p . We say t h a t G ( m , p ) satisfies a p r o p e r t y
a s y m p t o t ically a l m o s t surely, or a.a.s. for s h o r t , if t h e p r o b a b i l i t y it satisfies
it t e n d s to 1 as m t e n d s to infinity .

T h e o r e m 3 . 1 [6]. For every c > 0 there e x i s t s a p o s i t i v e c o n s t a n t c = c(c)
such t h a t , for every k > 2, t h e r a n d o m graph G U (1 + c ) n 1 , p ) w i t h

p = c n - 1 / k ( l o g n ) 1 /k is a.a .s, 'H(k, n ) - u n i v e r s a l . C o n s e q u e n t l y , f o r n > n o ( k )
there is an 'H(k , n ) - u n i v e r s a l graph G w i t h r (1 + c ) n 1 vertices and a t m o s t

(1 + c)2cn2-1 / k ( l o g n ) 1 /k edges.

I t t u r n s o u t t h a t if we r e s t r i c t our a t t e n t i o n to b i p a r t i t e g r a p h s with
m a x i m u m degree k , t h e n r a n d o m g r a p h s satisfy, a.a.s., a s t r o n g e r p r o p e r t y .
Let 'H(k, n, n) d e n o t e t h e set of all b i p a r t i t e g r a p h s with n vertices in each
color class and maximum degree at most k. For a real n u m b e r a, where
o < a < 1 , we say t h a t a g r a p h G is a - f a u l t - t o l e r a n t with r e s p e c t to a
family of g r a p h s 'H, if every s u b g r a p h of G with at least a 1 - a fraction of
the edges of G is 'H-universal. Note t h a t r e s t r i c t i n g to b i p a r t i t e g r a p h s is
u n a v o i d a b l e here, as for any g r a p h G, t h e r e is a b i p a r t i t e s u b g r a p h G' of G
with at least half the edges of G .

T h e o r e m 3 . 2 [6J. For every k > 2 and 0 < a < 1 there e x i s t con
s t a n t s c > 0 and C > 0 such t h a t a .a.s. the r a n d o m graph G ( C n , p ) is

a - f a u l t - t o l e r a n t w i t h r e s p e c t to 'H(k, n, n), where p = c ( l o g n j n ) 1 /2k. Con
s e q u e n t l y , for n > n o ( k ) there is a g r a p h G w i t h O ( n ) vertices and at

m o s t O( n 2- 1 / 2k(logn)1 /2k) edges, which is a - f a u l t - t o l e r a n t w i t h r e s p e c t to
'H(k , n, n) .

It has been shown in [8] (see also [37] for a r e l a t e d result) t h a t , given any
fixed, p a r t i c u l a r H E 'H(k, n), t h e g r a p h H is a .a .s. a s u b g r a p h of G ( n , p ) , for

p = c n - i logl /k n, where c is a sufficiently large c o n s t a n t i n d e p e n d e n t of n.
By a simple averaging a r g u m e n t , this implies t h a t G ( n , p ) a.a.s. c o n t a i n s
a l m o s t e v e r y H E 'H(k , n) as a s u b g r a p h . This, however, does not suffice
to show t h a t a r a n d o m g r a p h G = G( (1 + c ) n , p ) a.a.s . c o n t a i n s e v e r y



Universality , Tolerance , Chaos and O r d e r 25

H E 1 i ( k , n) as a s u b g r a p h for a fixed E > 0, as s t a t e d in T h e o r e m 3 .1.
To prove this s t a t e m e n t , one first shows t h a t the random g r a p h G satisfies
a .a .s. c e r t a i n p r o p e r t i e s concerning the number and d i s t r i b u t i o n of sets of
common neighbors of a r b i t r a r y sets of vertices of size at most k . I t is t h e n
possible to apply Hall's theorem and show t h a t any g r a p h t h a t satisfies
these p r o p e r t i e s is 1 i ( k , n)-universal. See [6] for more details .

The proof of Theorem 3 .2 is more complicated. I t is based on a combina
tion of a spars e version of the r e g u l a r i t y lemma with a h y p e r g r a p h packing
result proved in [36] and several a d d i t i o n a l ideas . A related problem regard
ing the c o n s t r u c t i o n of sparse fault t o l e r a n t graphs is discussed in [1].

4 . U N I V E R S A L G R A P H S AND P R O D U C T S OF E X P A N D E R S

A different a p p r o a c h for c o n s t r u c t i n g sparse 1 i ( k , n ) - u n i v e r s a l graphs is
described in [4], [5], following an initial c o n s t r u c t i o n given in [7] . The first
result gives such universal graphs with exactly n verti ces.

T h e o r e m 4.1 [4]. For e v e r y k > 2 t h e r e e x i s t s an ( e x p l i c i t l y c o n s t r u c t i b l e )
1 i ( k , n ) - u n i v e r s a l graph T w i t h n v e r t i c e s and a t m o s t c ( k ) n 2- 2 / k log4 /k n
edges, for s o m e c o n s t a n t c( k ) .

The graphs in the second result have more vertices, b u t have an o p t i m a l
number of edges , up to a c o n s t a n t factor.

T h e o r e m 4 . 2 [5]. For e v e r y k > 2 t h e r e e x i s t p o s i t i v e c o n s t a n t s CI = CI (k)
and C2 = c2( k ) so t h a t for e v e r y n t h e r e is an ( e x p l i c i t l y c o n s t r u c t i b l e )
1 i ( k , n ) - u n i v e r s a l graph G w i t h a t m o s t CIn v e r t i c e s and a t m o s t C2n2-2 /k
ed g es.

The c o n s t r u c t i o n in the two results above are similar, b u t the proofs of
universality are different . In p a r t i c u l a r , unlike the proof in [5], the proof
t h a t the c o n s t r u c t i o n of [4] is 1 i ( k , n ) - u n i v e r s a l has the i n t r i g u i n g p r o p e r t y
t h a t it is p r o b a b i l i s t i c ( a l t h o u g h the c o n s t r u c t i o n is explicit) . We proceed
with a d e s c r i p t i o n of the c o n s t r u c t i o n in [5] .

Let k > 2 be an integer and p u t m = 20n l / k . Let F be a c o n s t a n t
degree high g i r t h expander on m vertices . Specifically, we assume t h a t F is
an (m , d, >.)-graph, where d is an a p p r o p r i a t e absolute c o n s t a n t . This means
t h a t F is d-regular and all its eigenvalues but the larg est have a b s o l u t e value
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at most A. It is convenient to assume t h a t F is R a m a n u j a n , t h a t is, A ~

2 . J ( [ = l . We also assume t h a t the g i r t h of F is at least ~ l o g m j log (d - 1).
Explicit c o n s t r u c t i o n s of such high g i r t h e x p a n d e r s , for every d = p + 1,
where p is a prime c o n g r u e n t to 1 modulo 4, have been given in [31], [32].

Let G = G k ,n be the g r a p h whose vertex set is V (G) = ( V (F) ) k, where
two vertices ( X l , X2 , . . . , X k ) and ( Y I , Y 2 , . . . , Y k ) are a d j a c e n t iff t h e r e exist
at least two indices i such t h a t X i and Yi are within d i s t a n c e 4 in F. Note
t h a t G has m k = O ( n ) vertices and O( n m k - 2 ) = O( n 2 - 2 / k ) edges .

Theorem 4.2 follows by showing t h a t the g r a p h G k ,n is 1t(k , n ) - u n i v e r s a l .
This is done by e s t a b l i s h i n g a g r a p h d e c o m p o s i t i o n r e s u l t , and by combining
it with some p r o p e r t i e s of high g i r t h e x p a n d e r s . A sketch of the a r g u m e n t
follows.

4 . 1 . A g r a p h - d e c o m p o s i t i o n r e s u l t

A h o m o m o r p h i s m from a g r a p h Z to a g r a p h T is a m a p p i n g of the vertices
of Z to those of T such t h a t a d j a c e n t vertices in Z are m a p p e d to a d j a c e n t
ones in T. Note t h a t t h e r e is an injective h o m o m o r p h i s m from Z to T iff Z
is a s u b g r a p h of T.

The k - t h power T k of a g r a p h T = ( V ( T ) , E ( T ) ) is the g r a p h whose
vertices are the vertices of T, and two are a d j a c e n t iff t h e d i s t a n c e between
t h e m in T is at most k . Let P = P n denote the p a t h on n vertices, t h a t
is, the g r a p h whose set of vertices is [n] = {I , 2, .. . , n }, where i, j are
c o n n e c t e d iff Ii - j! = 1.

An a u g m e n t a t i o n of a g r a p h T = (V, E) is any g r a p h o b t a i n e d from T
by choosing an a r b i t r a r y (possibly empty) s u b s e t U c V , adding a new
set U' of lUI vertices, and a d d i n g a m a t c h i n g between U and U'. Thus, an
a u g m e n t a t i o n of T is o b t a i n e d from it by c o n n e c t i n g new vertices of degree 1
to some of its vertices.

Call a g r a p h thin if its maximum degree is at most 3 and each c o n n e c t e d
c o m p o n e n t of it is e i t h e r an a u g m e n t a t i o n o f a p a t h or of a cycle, or a g r a p h
with at most two vertices of degree 3. It is easy to check t h a t every t h i n
g r a p h H on n vertices is a (spanning) s u b g r a p h of t h e forth power of the
p a t h P n , t h a t is, t h e r e is a bijective h o m o m o r p h i s m from each such H to P~.

T h e o r e m 4 . 3 [4]. L e t k ~ 2 be an integer, and let H be an a r b i t r a r y
graph o f m a x i m u m degree at m o s t k . Then thert: are k s p a n n i n g subgraphs
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HI , H 2, . . . , H k o f H such t h a t each Hi is t h i n , a n d e v e r y edge o f H lies in
p r e c i s e l y two g r a p h s H i . •

T h e a s s e r t i o n of t h e t h e o r e m for even values of k is an i m m e d i a t e
c o n s e q u e n c e of P e t e r s e n 's T h e o r e m (c.f . , e .g. , [39]). T h e p r o o f f o r o d d values
of k r e q u i r e s some work b a s e d on t e c h n i q u e s from M a t c h i n g Theory.

4 . 2 . A s k e t c h o f t h e u n i v e r s a l i t y o f Gk,n

To prove T h e o r e m 4.2 we hav e to show t h a t ever y g r a p h H E H(k, n) is a
s u b g r a p h of G = Gk ,n'

Given such an H = (V , E), let HI, H2, .. . , H k b e as in T h e o r e m 4.3, a n d
n o t e t h a t as all of t h e m are s p a n n i n g s u b g r a p h s of H , t h e set of v e r t i c e s of
each of t h e m is V. As each H i is t h i n , t h e r e are i n j e c t i v e h o m o m o r p h i s m s
9i : V 1---+ [n] from H i to P~. T h e m a i n p a r t of t h e p r o o f is to show
t h a t t h e r e are h o m o m o r p h i s m s Ii : [n] 1---+ V ( F ) from t h e p a t h P n to t h e
e x p a n d e r F , such t h a t t h e m a p p i n g I : V ( H ) 1---+ V(G) given by I ( v) =

(h (91 (v)) , 12 (92 (v) , . . . , Ik (9k (v)) forms an inj ective h o m o m o r p h i s m from
H to G , t h u s i m p l y i n g t h a t H is a s u b g r a p h of G . To do so , we d efine e a ch
Ii as a h o m o m o r p h i s m from t h e p a t h P n to F , given by a n o n - b a c k t r a c k i n g
walk. Since t h e g i r t h of F ex cee d s 4 , t h i s e n s u r e s t h a t each c o m p o s i t i o n
Ii ( 9 i ( . )) is a h o m o m o r p h i s m from Hi to t h e forth power F 4 of F . By t h e
d e f i n i t i o n of G, t h i s implies t h a t I is i n d e e d a h o m o m o r p h i s m from H to G .
I n d e ed , for any p a i r u, v of a d j a c e n t v e r t i c es of H t h er e ar e two indices
i such t h a t u , v are adj a c e n t in H i, as ea ch edge of H is covered by two,
of t h e g r a p h s Hi . For ea ch s u ch index i, 9 i(U) a n d 9 i(V) ar e d i s t i n c t and
w i t h i n d i s t a n c e 4 in P , i m p l y i n g t h a t Ii (9i (u)) a n d Ii (9 i (v)) a r e d i s t i n ct
and w i t h i n d i s t a n c e 4 in F , t h a t is , t h ey are adj a cent in F 4 . Hence I (u)
a n d I ( v) a r e a d j a c e n t in G, a n d I is a homom o r p h i s m , as n e e d e d .

T h e cru cia l p a r t of t h e p r o o f is to show t h a t t h e h o m o m o r p h i s m s Ii can
be defined so t h a t I is i n j e c t i v e. T h i s is done by a car eful a n a lys is , b a s e d
on t h e spe c t r al p r o p e r t i es o f t h e e x p a n d e r F. T h e full d e t a i l s c a n be found
in [5] .
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5. A R A M S E Y T Y P E P R O B L E M

N. Alon

T h e o d o r e Motzkin is c r e d i t e d with the o b s e r v a t i o n t h a t complete disorder,
or t o t a l chaos , is impossible. This sentence c a p t u r e s the essence of Ramsey
T h e o r y . Indeed, Ramsey t h e o r y implies t h a t in g r e a t generality, every
sufficiently large s y s t e m must c o n t a i n a s u b s t a n t i a l ordered sub-system.
The q u a n t i t a t i v e version of this s t a t e m e n t for g r a p h s of bounded degree has
been considered some 25 years ago by C h v a t a l , Rodl, Szemeredi and T r o t t e r
in [22]. T h e i r main result asserts t h a t the Ramsey n u m b e r of any g r a p h H
on n vertices and maximum degree k is at most O(n). T h a t is, for any
fixed k there exists a c o n s t a n t e so t h a t for any g r a p h H on n vertices with
maximum degree k , any two coloring of the edges of the complete g r a p h
on en vertices c o n t a i n s a m o n o c h r o m a t i c copy of H . In a recent p a p e r of
Kohayakawa, Rodl , Schacht and Szemeredi [30] it is shown t h a t the complete
g r a p h can be replaced by a s p a r s e r graph, with only O ( n 2 - 1 / k logl /k n)
edges. In fact, a r a n d o m g r a p h with en vertices and Cn 2 - 1 / k logl /k n edges
satisfies this p r o p e r t y with high probability, where e and C are a p p r o p r i a t e
c o n s t a n t s . Moreover, this r a n d o m g r a p h satisfies, a.a.s., the above Ramsey
type p r o p e r t y for all such g r a p h s H simultaneously. Indeed, any two coloring
of its edges c o n t a i n s a m o n o c h r o m a t i c 'H(k , n ) - u n i v e r s a l graph. Note t h a t
as described in the previous sections, the minimum possible number of edges
of any 'H(k, n ) - u n i v e r s a l g r a p h is 8 ( n 2 - 2 / k ) . The r a n d o m g r a p h considered
here has a somewhat larger n u m b e r of edges, b u t satisfies a much s t r o n g e r
c o n d i t i o n .

The proof described in [30] is a delicate a p p l i c a t i o n of the r e g u l a r i t y
m e t h o d , a d a p t e d to an a p p r o p r i a t e sparse s e t t i n g . The r e g u l a r i t y m e t h o d ,
which was i n i t i a l l y based on the r e g u l a r i t y lemma of Szemeredi proved in
[38], t u r n e d out to be one of the most powerful tools in E x t r e m a l G r a p h
Theory, with a p p l i c a t i o n s in o t h e r areas including C o m b i n a t o r i a l Number
T h e o r y and t h e o r e t i c a l C o m p u t e r Science. The initial a p p l i c a t i o n s in G r a p h
T h e o r y considered only dense g r a p h s , b u t it l a t e r t u r n e d out t h a t sparse
versions can be useful as well. The main ingredient in the proof of [30] is
an e m b e d d i n g lemma, t h a t enables one to embed b o u n d e d degree g r a p h s
of linear order in g r a p h s with sufficiently s t r o n g p s e u d o - r a n d o m p r o p e r t i e s .
A useful phenomenon here is the fact t h a t r e g u l a r i t y is typically i n h e r i t e d
at a scale t h a t is much finer t h a n the scale at which it is assumed. The
d e t a i l e d proof can be found in [30].
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6. B A L A N C E D H O M O M O R P H I S M S A N D S U B G R A P H C O N T A I N M E N T

P R O B L E M S

The Color Coding technique, i n t r o d u c e d in [10], supplies a m e t h o d for de
ciding if a given i n p u t g r a p h G on n vertices c o n t a i n s a copy of a p r e s c r i b e d
g r a p h H with t vertices and t r e e w i d t h w, in time 2 0 ( t ) n O ( w ) . This means
t h a t the H - s u b g r a p h problem for g r a p h s H with b o u n d e d t r e e w i d t h is fixed
p a r a m e t e r t r a c t a b l e when the p a r a m e t e r is the size of the g r a p h H. See [23]
for the definition of fixed - p a r a m e t e r t r a c t a b i l i t y , and [34] for the definition
of t r e e w i d t h . It is more convenient to consider a s o m e w h a t b e t t e r under
s t o o d problem, which we call here the colored H - s u b g r a p h problem. The
i n p u t to this problem is a g r a p h G whose vertices are colored by the num
bers {I , 2, . . . , h} t h a t r e p r e s e n t t h e h vertices of H , and t h e o b j e c t i v e is to
decide w h e t h e r or not t h e r e is a copy of H in G, in which the vertex playing
the role of i E V ( H ) is colored i.

The work of Marx [33], improving earlier ideas of Grohe [26] shows
t h a t in fact, for every g r a p h H, the t r e e w i d t h of H essentially c a p t u r e s
the complexity of this problem . More precisely, this means t h a t if the
E x p o n e n t i a l Time Hypothesis of [29] holds , t h a t is, 3-SAT on m variables
c a n n o t be solved in time 2 o ( m ) , t h e n t h e r e is no a l g o r i t h m t h a t solves the
colored H - s u b g r a p h problem on an n vertex g r a p h in time n O

( W / log w ) , where
H is a fixed g r a p h and w = w ( H ) is its t r e e w i d t h . Note t h a t , as usual, the
little-o n o t a t i o n here means t h a t formally one has to consider an infinite
family of g r a p h s H , and the t e r m o( w I log w) is a q u a n t i t y whose r a t i o to
ui] logw t e n d s to zero as w tends to infinity. We will, however, apply here
and in w h a t follows a slight abuse of n o t a t i o n , and use t h e 0 t erminology
even when discussing a fixed gr aph H , having the formal i n t e r p r e t a t i o n in
mind . Note also t h a t it has been proved already in [17] , [18] t h a t under
the E x p o n e n t i a l Time H y p o t h e s i s t h e r e is no a l g o r i t h m t h a t solves the K w 

s u b g r a p h c o n t a i n m e n t problem for a clique of size w on an i n p u t g r a p h on
n vertices in time nO(w) , and the novelty in the r e s u l t s of [26] and [33] is to
show t h a t the t r e e w i d t h is the crucial p a r a m e t e r c a p t u r i n g the complexity
of t h e problem for any g r a p h H , and not only for cliques .

A (rough) sketch of the proof in [33] is the following . Given a 3-SAT
formula with m variables and a linear number of clauses (which is known to
be as difficult as t h e general case , see [29]) , r e p r e s e n t it by a g r a p h F with
O( m) edges . A function m a p p i n g each vertex of F to a c o n n e c t e d s u b s e t of
H is called an e m b e d d ing o f d e p t h d (of F into H ) if t h e e n d p o i n t s of each
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edge of F are m a p p e d to sets t h a t are within d i s t a n c e 1 or 0 in H, and the
inverse image of every vertex of H is of size at most d.

The crucial s t e p in the proof is to use the fact t h a t the t r e e w i d t h of H
is w in order to show t h a t F (and in fact any g r a p h with O(m) edges) has
an embedding of d e p t h at most O ( m l o g w / w ) into H.

Next, c o n s t r u c t a colored g r a p h G by replacing each vertex i of H by an
i n d e p e n d e n t set of size 2 0 ( m log w / w ) , r e p r e s e n t i n g all possible assignments to
the variables of the formula m a p p e d to this vertex by the above embedding.
All vertices of this set are assigned the color i. The edges of G can now be
defined in such a way t h a t each s a t i s f y i n g assignment will c o r r e s p o n d to a
colored copy of H in G, and vice versa .

I f we can now solve the colored H - s u b g r a p h problem for G in time
n o ( w / l o g w ) , where n = I V ( H ) I 2 0 ( m log w /w) is the number of vertices of G,

we will be able to solve the s a t i s f i a b i l i t y i n s t a n c e in time 2 o (m ) , c o n t r a d i c t i n g
the E x p o n e n t i a l Time H y p o t h e s i s .

The main c o m b i n a t o r i a l p a r t of the a r g u m e n t above is the proof t h a t if
the t r e e w i d t h of H is w , t h e n any g r a p h with m edges can be e m b e d d e d
in it in a b a l a n c e d way as described above. A n a t u r a l problem, raised in
[33], is w h e t h e r the logw t e r m in this e m b e d d i n g result can be o m i t t e d ;
this will make the result t i g h t , up to a c o n s t a n t factor. I t t u r n s out t h a t
some of the techniques discussed in the present p a p e r can be used to s e t t l e
this e m b e d d i n g question, show t h a t the l o g a r i t h m i c t e r m is needed, and
prove several i n t e r e s t i n g facts a b o u t b a l a n c e d e m b e d d i n g s of the above type,
which supply, in p a r t i c u l a r , a large class of g r a p h s H for which the colored
H - s u b g r a p h problem on an n vertex i n p u t graph c a n n o t be solved in time
n o ( I V ( H ) 1 ) assuming the E x p o n e n t i a l Time Hypothesis. These results will
a p p e a r in [9], here we merely include a brief o u t l i n e .

The first result proved in [9] is the following .

P r o p o s i t i o n 6.1 [9]. For every fixed integer k > 2, real 1/4 > e > 0,
integer w > Wo (e , k) and for every even m > mo ( w) the following holds.
L e t F = (V, E) be a r a n d o m k-regular graph on m vertices. Then e.e.s ., for
every coloring of the vertices o f F by w colors, so t h a t each color appears
at m o s t wf':-e times, and for any choice of a set S at m o s t w 2 - ~ - 3 £ pairs o f
colors, there are at least em edges of F whose e n d p o i n t s are not colored by
one o f the pairs in S.

This is proved by e s t i m a t i n g the number of k- regular g r a p h s F on m
vertices for which t h e r e is a set S as above and a coloring with less t h a n em
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edges wh ose en d po i nts a re n o t co lore d b y a p air in 8 . T h e es t i ma te ob t ain ed
s hows t h a t t h is numb er is mu ch s ma lle r t h a n t he t o t a l numb er of k-r egul ar
gra p hs o n m vert ices . Note t h a t t he ex p o ne nt 2 - 2 / k wh ich a p p e a rs h er e
( u p to t he a d d it ive e rro r 3E) , is t he sa me ex po nent t h a t a p p e a rs in t he
m in im um p ossibl e num b er of edges o f a n H ( k , n)- u n i v e r s a l g ra p h . Ind e ed
it t u rns o ut t h a t t he corres pon d i ng probl em s a re closely r ela t ed .

T h e a bove prop osi ti on impli e s t h a t t he log w te r m in t he e m be d d ing
r e sul t of M a r x [33] m en ti on ed a bove is ind e ed n eed ed , as s t a t e d i n t he n ex t
co ro lla ry. T h i s set tles a p r obl em r ai s ed in [33].

C o r o l l a r y 6 . 2 [9]. L e t H be a 3-r egular g ra p h w i t h w vert ices . Th en , for
all e ven m > mo( w ) , t he re ex is ts a 3 - r e g u l a r g ra p h F o n m v e r t i c e s so t h a t
a n y em be d d in g of F i n t o H is of d e p t h a t l east n( ml~g w) .

No t e t h a t sin ce t he a bo ve a p p l ies to a 3-r egul ar ex pa n de r H , wh os e
t reew i d t h is 8 ( w ) , t his s hows t h a t t h e log ia- te r m is n eed ed in t he e m be d d ing
r esul t o f [33].

Her e is a s ketc h of t he p ro of of t he co ro lla ry. T ak e k = 3 , E = l~O

a n d a s u fficie n t l y lar ge w in P r op osi t i o n 6 . 1. Assu m ing t he as se rt io n o f
t he Co ro llary d o es n o t h old , le t F b e a r and om c ub ic g r a p h on m ve r t i c e s
s a t isfyi ng t he a s s e r t i o n of t he p rop ositi on. Fi x 'a n ~mbedding o f t he r e quir ed
ty pe of F i n H in w hic h the max imum s ize o f t he inve r s e image of a v e r t e x

o f H is o f s i ze s ma ller t h a n c
2
n;: g w . T h en t he re are less t h a n c~ ver ti ces of

F t h a t a re m app ed o nto sets o f s i ze a t l eas t E log w , a n d t he to t a l numb er
o f edges t hey to uc h is le ss t ha n Em. Let V ' d e n o t e t he set o f a ll ve r t ices of
F m app ed to sets of s ize a t l e as t E log w, a n d le t E ' d en o t e t he set of a ll
edges t hey to uc h .

For eac h ver t ex v of F choose an a r b i t r ar y v e r t e x o f H in t h e conn ect ed
s u bg ra p h to whi ch it is m app ed , a n d let t h is ver t ex be t he colo r of v . T h i s
d efines a colo r ing of th e ver t ices of F by w colors (corr e s p o n d i n g t o t h e

ver ti ces of H) , a n d n o colo r a p p e a rs mor e t ha n c
2
n;: g W < wT:-e tim es. Let

8 b e t he set of a ll p air s of colors x, y (= p air s of vert ices x , y of H) s o t h a t
t he di s t anc e in H b et ween x a n d y do es n o t exceed 2 c l og w = 0.02 log w .
Si nce H is 3-r egul ar , 18\ ::; o ( w . 22d og w) ::; o ( w l . 0 2) < w 4 / 3 - 3 /100 . I t
follows t h a t t he re mu s t be a t le as t Em edges of F whose en d p oin ts ar e n ot
colore d by a p ai r o f colors in 8 . As IE' I < Em t he re is s uc h a n edge u v

t h a t d o es n ot b elon g to E ' , t h a t is , it d o es n o t to uch a ve r t e x of V '. Bu t
t h i s mea ns t h a t b o t h u an d v a re m app ed onto sets of size a t m os t E log m,
and hence t he pr op er ti es of o ur embed d ing impl y t h a t t h e d i s t a nce b e t w e e n
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t h e i r colors in H is at most 2E log m, c o n t r a d i c t i n g the fact t h a t this pair of
colors does not belong to S. This completes the proof of the corollary.

The value 2 - 2 / k (up to the 3E a d d i t i v e error) in the e x p o n e n t in
P r o p o s i t i o n 6.1 is t i g h t in a s t r o n g sense . Indeed , if the set S in the
p r o p o s i t i o n is allowed to c o n t a i n 8 ( w 2 - 2 / k ) pairs, then every k - r e g u l a r
g r a p h has a coloring of the required type in which the e n d p o i n t s of every
edge are colored by a pair in S. Moreover, t h e r e is always such a coloring
with nearly equal color classes (and even e x a c t l y equal , if the n u m b e r of
vertices of F is divisible by w), and such a coloring can be o b t a i n e d by a
homomorphism into an a p p r o p r i a t e g r a p h with w vertices.

To s t a t e the precise result we need a few definitions . Call a homomor
phism f from a g r a p h F to a g r a p h H nearly balanced if for every two
vertices u, v of H, the r a t i o between I t : ' (u) I and I f - 1 (v) I is at most 1.1
and at least /1 ' The homomorphism is called perfectly balanced if all quan
t i t i e s I f - 1 (u ) 1 are e x a c t l y equal. Note t h a t this means t h a t the g r a p h F
is a s p a n n i n g s u b g r a p h of the I V ( F ) 1/1 V ( H ) I-blowup of H, t h a t is, the
g r a p h o b t a i n e d from H by replacing each of its vertices by an i n d e p e n d e n t
set of size I V ( F ) I /1 V ( H ) j , and each of its edges by a complete b i p a r t i t e
g r a p h between the c o r r e s p o n d i n g sets.

T h e o r e m 6 . 3 [9]. L e t T be an a r b i t r a r y regular c o n n e c t e d graph . L e t H
be the graph whose v e r t e x set is V ( T ) k in which two vertices are c o n n e c t e d
i f f in at least two c o o r d i n a t e s t h e y are w i t h i n d i s t a n c e 4 in T . L e t w
d e n o t e the n u m b e r o f vertices o f H. Then, for e v e r y k-regular graph F
with m > mo(w) vertices , there is a n e a r l y balanced h o m o m o r p h i s m o f F
i n t o H.

The p r o o f is similar to t h a t given in [4], and is based on the decompo
s i t i o n result described in Section 4 and the fact t h a t the r a n d o m walk on
T converges to a uniform d i s t r i b u t i o n . S t a r t i n g with a bounded degree T,
and combining the c o n s t r u c t i o n above with a b o u n d e d degree e x p a n d e r on
all vertices of H, as done in [7], we can o b t a i n many explicit c o n s t r u c t i o n s
of g r a p h s H on w vertices with O( w 2 - 2 / k ) edges, so t h a t every k-regular
g r a p h whose n u m b e r of vertices n ~ w is divisible by w a d m i t s a perfectly
b a l a n c e d h o m o m o r p h i s m into H . Thus , the a p p r o p r i a t e blow-ups of the
g r a p h s H a r e 1i(k, n ) - u n i v e r s a l ( t h e i r number of edges is much bigger t h a n
the minimum possible, b u t they have a very special s t r u c t u r e ) .

By t h e r e s u l t s of [33] and t h e i r proofs, the c o n s t r u c t i o n in Theorem 6.3
(for k = 3) also provides many examples of g r a p h s H with w vertices
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and maximum degree O( w 1 / 3 ) so t h a t , assuming the E x p o n e n t i a l Time
Hypothesis of [29], the colored H - s u b g r a p h problem on an n vertex g r a p h
c a n n o t be solved in time n O ( w ) .

7 . C O N C L U D I N G R E M A R K S A N D O P E N P R O B L E M S

• As m e n t i o n e d in Section 5, it is shown in [30] t h a t t h e r e is a g r a p h
G with O( n 2 - 1 / k logl/k n) edges so t h a t every two-edge coloring of it
contains a m o n o c h r o m a t i c copy of an H(k, n ) - u n i v e r s a l graph. The
only lower b o u n d known for the minimum possible n u m b e r of edges of
such a g r a p h is !1(n 2 - 2 / k ) , namely, the minimum possible n u m b e r of
edges of an H(k, n ) - u n i v e r s a l g r a p h . The problem of closing the gap
between the u p p e r and lower bound, raised in [30], seems difficult.
A n o t h e r i n t e r e s t i n g problem is t h a t of finding an explicit c o n s t r u c t i o n
of a g r a p h G as above.

• The H(k, n ) - u n i v e r s a l g r a p h c o n s t r u c t e d in [5] has an o p t i m a l n u m b e r
of edges up to a c o n s t a n t factor, b u t its number of vertices is (much)
bigger t h a n n. By combining it with an a p p r o p r i a t e e x p a n d e r , as
done in [7], one can reduce the n u m b e r of vertices to (1 + E)n, for
any fixed E > 0, increasing the n u m b e r of edges only by a c o n s t a n t
factor ( d e p e n d i n g on E) . It remains open to decide if t h e r e are H (k , n)
universal g r a p h s with n vertices and Ok(n 2 - 2 / k) edges. Note t h a t the
c o n s t r u c t i o n in [4] provides H(k, n ) - u n i v e r s a l g r a p h s with n vertices ,
b u t t h e i r n u m b e r of edges exceeds t h a t of the g r a p h s c o n s t r u c t e d in
[5] by a l o g a r i t h m i c factor.

• The results of Grohe [26] and Marx [33], d e s c r i b e d in Section 6 apply
to general b i n a r y C o n s t r a i n t S a t i s f a c t i o n P r o b l e m s (CSPs, for s h o r t ) ,
showing t h a t if the n a t u r a l l y defined g r a p h c o r r e s p o n d i n g to a general
b i n a r y CSP has t r e e w i d t h w , then, assuming the E x p o n e n t i a l Time
H y p o t h e s i s of [29], t h e r e is no a l g o r i t h m t h a t solves the problem in
time dO( W / log w), where d is the size of the domain of each variable of
the CSP problem . This is t i g h t , up to the log w t e r m in the e x p o n e n t ,
and the r e s u l t s of [9] discussed in Section 6 imply t h a t the m e t h o d in
[33] does not suffice to close this log w gap.

• In [9] it is shown t h a t for every fixed 8 > 0 t h e r e are families of g r a p h s
H on w vertices with maximum degree at most w 8 , so t h a t the colored
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H - s u b g r a p h problem on an i n p u t g r a p h on n vertices c a n n o t be solved
in time n O ( w ) , a s s u m i n g t h e E x p o n e n t i a l Time H y p o t h e s i s . It will be
i n t e r e s t i n g to decide if t h e r e are s p a r s e r examples H with t h e same
p r o p e r t y . In p a r t i c u l a r , if H is a cubic e x p a n d e r , or a r a n d o m cubic
g r a p h on w vertices, it is not clear if the colored H - s u b g r a p h p r o b l e m
on an n - v e r t e x i n p u t g r a p h can be solved in time n O ( w ) .

• In P r o p o s i t i o n 6.1 it is shown t h a t a l m o s t every k-regular g r a p h F on
m vertices does not a d m i t a v e r t e x coloring by w colors so t h a t t h e
n u m b e r of pairs of colors a p p e a r i n g in t h e e n d p o i n t s of edges of F is
smaller t h a n w2-2 /k-3s. I t will be i n t e r e s t i n g to find an explicit g r a p h
F with this p r o p e r t y , for some fixed small value of E, say E = 1 / 1 0 0 .

• Corollary 6.2 implies t h a t the log w - t e r m in the e m b e d d i n g r e s u l t of
[33] c a n n o t be o m i t t e d . I t is still plausible to s u s p e c t t h a t the log w
t e r m can be o m i t t e d in the r e s u l t a b o u t t h e c o m p l e x i t y of t h e colored
H - s u b g r a p h problem , b u t t h e p r o o f of this s t a t e m e n t , if t r u e , will
require a different a r g u m e n t .

• T h e problem of d e t e r m i n i n g or e s t i m a t i n g t h e minimum possible num
ber of vertices of i n d u c e d - u n i v e r s a l g r a p h s for b o u n d e d degree g r a p h s
has also been considered by various a u t h o r s . B u t l e r [14] showed t h a t
for every even k t h e r e is a g r a p h G on 0 (n k / 2 ) vertices t h a t con
t a i n s every H E 1 t ( k , n) as an induced s u b g r a p h . This is t i g h t up to
a c o n s t a n t factor. For odd values of k t h e s i t u a t i o n is more compli
c a t e d . The c o n s t r u c t i o n of B u t l e r gives an induced 1 t ( k , n ) - u n i v e r s a l
g r a p h with o( n rk / 21 ) vertices, and th is has been improved in [24]
to o( nrk /21 -1 /k log2+2 /k n ) by a p p l y i n g t h e c o n s t r u c t i o n in [4]. T h e

m e t h o d s in [5] can in fact be used to get a t i g h t b o u n d of o( n k / 2 ) for
odd values of k as well. We omit the details.

A c k n o w l e d g m e n t . I would like to t h a n k Daniel Marx for helpful com
ments .
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S U P E R - U N I F O R M I T Y OF T H E T Y P I C A L B I L L I A R D P A T H

J O Z S E F B E C K

Dedicated to the 70th b i r t h d a y o f Etulre Sz e m e r e d i

1. W H A T IS S U P E R - U N I F O R M I T Y ?

1. I n t r o d u c t i o n . Uniform d i s t r i b u t i o n - a l s o called e q u i d i s t r i b u t i o n - i s a
t r u l y f u n d a m e n t a l concept . T h e famous Weyl's C r i t e r i o n ( a b o u t uniform
d i s t r i b u t i o n ) is p e r h a p s the most f r e q u e n t l y q u o t e d r e s u l t in whole m a t h e 
m a t i c s . T h i s volume c e l e b r a t e s t h e 70th b i r t h d a y of E n d r e Szemeredi: the
famous S z e m e r e d i ' s R e g u l a r i t y L e m m a is also a b o u t uniform d i s t r i b u t i o n .
I t s t a t e s , very roughly speaking, t h a t every dense g r a p h can be d e c o m p o s e d
into a few "regular" p a r t s , where t h e p a r t s e x h i b i t some kind of local edge
e q u i d i s t r i b u t i o n . T h i s p a p e r is basically a b o u t the q u a n t i t a t i v e a s p e c t s of
t h e c o n t i n u o u s Kronecker - Weyl e q u i d i s t r i b u t i o n t h e o r e m .

L e t ' s begin with some of t h e most n a t u r a l q u e s t i o n s a b o u t uniform
d i s t r i b u t i o n . W h a t are t h e most uniformly d i s t r i b u t e d n - e l e m e n t p o i n t
sets in t h e u n i t i n t e r v a l [0 , 1 ) ? W h a t are t h e most uniformly d i s t r i b u t e d
infinite sequences in the u n i t i n t e r v a l [0 , 1 ) ? W h a t are t h e most uniformly
d i s t r i b u t e d (continuous) curves in t h e u n i t s q u a r e [0, 1)2? Our o b j e c t i v e is
to s t u d y these at first sight i n n o c e n t - l o o k i n g questions.

We can briefly s u m m a r i z e t h e r e s u l t s as follows. T h e case of p o i n t sets
and sequences is not too s u r p r i s i n g . I f we t e s t u n i f o r m i t y with "nice" func
tions ( i n c l u d i n g t h e c h a r a c t e r i s t i c functions of "n ice" sets) , t h e n t h e most
uniformly d i s t r i b u t e d n - e l e m e n t p o i n t set in t h e u n i t i n t e r v a l is t h e equidis
t a n t set {O, l i n , 2 / n , .. . , (n - l ) l n } (and its s h i f t e d copies modulo 1), a n d
the e r r o r in a p p r o x i m a t i n g t h e i n t e g r a l with t h e R i e m a n n sum is 0 ( n - 1 )

or less.
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If we t e s t u n i f o r m i t y with very large classes of functions , such as all
continuous (or Riemann, or Lebesgue integrable) functions, then the most
uniform n-element sets are (1) the random n-sets ("Monte Carlo m e t h o d " ) ,
and the j u s t as good, b u t much more regular (2) shifted Kronecker sequences
k a + j3 (mod 1), 1 ::; k ::; n in the unit interval, and, in higher dimensions,
the vector version k a + b (mod 1), 1 ::; k ::; n in the unit cube (or s q u a r e )
[0 , l ) " , where a and b are r a n d o m l y chosen points in [0, l ) d . (The Kronecker
sequence k a + b (mod 1), k = 1 , 2 , 3 , . . . is m o t i v a t e d by the well-known
Kronecker-Weyl e q u i d i s t r i b u t i o n t h e o r e m .) For these very large classes of
functions the error in a p p r o x i m a t i n g the integral with the Riemann sum is
o( n - 1 / 2 ) (which is the same as the s t a n d a r d d e v i a t i o n of the s y m m e t r i c

r a n d o m walk of n steps ± 1 ) . This error o( n - 1 / 2 ) , t h a t I call the " r a n d o m
size error " , c a n n o t be improved in general.

The case of curves is very different and very s u r p r i s i n g . The most
uniformly d i s t r i b u t e d c o n t i n u o u s curves in the unit s q u a r e - o r in any
r e c t a n g l e - a r e the typical billiard paths, and u n e x p e c t e d l y it makes very
l i t t l e difference t h a t we test u n i f o r m i t y with very nice sets, say with axis
parallel s u b s q u a r e s , or with e x t r e m e l y c o m p l i c a t e d sets, such as the class of
all Lebesgue m e a s u r a b l e s u b s e t s - t h e error is basically the same, and it is
"as small as possible" .

The goal of this p a p e r is to clarify these vague s t a t e m e n t s .

2. S u p e r - u n i f o r m i t y o f t h e t y p i c a l b i l l i a r d p a t h in t h e u n i t s q u a r e .
I show t h a t the typical billiard p a t h in a s q u a r e (or rectangle) is extremely
uniform far beyond "com mon sense e x p e c t a t i o n ". W h a t most e x p e r t s would
consider a "common sense e x p e c t a t i o n " is the s q u a r e - r o o t size error ( t h a t
is often called the "r a n d om e r r o r " ) ; what we prove is the much smaller
square-root logarithm(!). As a b y p r o d u c t , we o b t a i n t h a t the set of typical
billiard p a t h s r e p r e s e n t s the family of most uniformly d i s t r i b u t e d curves in
the square. T h e o r e m 1 below is a q u a n t i t a t i v e j u s t i f i c a t i o n .

But before formulating T h e o r e m 1, first we have to clarify the i n t u i t i v e l y
plausible concept of "b illia r d p a t h " , and also explain what a " typical"
billiard p a t h , or " 1 - E p a r t of all possible billiard p a t h s " means. A "billiard
p a t h " means t h a t a p o i n t - m a s s ( r e p r e s e n t i n g a billiard ball) moves freely
along a s t r a i g h t line inside a s q u a r e - s h a p e d table ("pool ") with unit speed
until it hits the b o u n d a r y (i.e., one of the four sides of the unit square). The
reflection off the b o u n d a r y is elastic, meaning the familiar law of reflection :
the angle of incidence equals the angle of reflection. After the reflection , the
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point continues its linear motion with the new velocity ( b u t of course the
speed remains the same) until it hits t h e b o u n d a r y again, and so forth (we
ignore friction, air resistance, etc .). The initial condition, i.e., t h e s t a r t i n g
point of the billiard p a t h and the i n i t i a l direction, uniquely d e t e r m i n e an
infinite piecewise linear billiard p a t h x( t) = ( X l (t), X2 (t) ), 0 < t < 0 0 in
the unit square. The law of reflection implies t h a t t h e r e are at most four
different directions along the billiard p a t h (the initial d i r e c t i o n is preserved
modulo 7f / 2 , which is one - f o u r t h of the whole angle 27f). Because of the
unit speed , "a r clen g t h" and "time" are the same .

The vague t e r m of "typical billard p a t h " can be made precise very easily:
we j u s t have to define a measure on the set of all initial c o n d i t i o n s of the
billiard p a t h s . The initial c o n d i t i o n consists of a s t a r t i n g point y E [0, 1)2
and an initial d i r e c t i o n (angle) e E [0, 27f) ; therefore, the c o r r e s p o n d i n g
measure is simply the p r o d u c t of t h e two-dimensional Lebesgue measure
on the unit s q u a r e and the normalized one-dimensional Lebesgue measure.
This way the somewhat vague t e r m "1 - E p a r t of all billiard p a t h s " in
T h e o r e m 1 will become perfectly precise .

Next we explain the well-known geometric trick of unfolding t h e billiard
p a t h inside the unit square to a s t r a i g h t line in the entire plane. T h e idea is
very simple and elegant: we keep reflecting the square itself in the respective
side and unfold the piecewise lin~ar billiard p a t h to a s t r a i g h t line . Two
( s t r a i g h t ) lines in the plane c o r r e s p o n d to the same billiard p a t h if and
only if they differ by a t r a n s l a t i o n t h r o u g h an integral vector where b o t h
c o o r d i n a t e s are even , i.e. , where the vector is from the l a t t i c e 2Z + 2Z. In
o t h e r words , the problem of the d i s t r i b u t i o n of a billird p a t h in the unit
square is equivalent to the d i s t r i b u t i o n of the c o r r e s p o n d i n g t o r u s - l i n e in
the 2 x 2 s q u a r e .

As far as I know, the first a p p e a r a n c e of the geometric trick of unfolding
is in a p a p e r of D . Konig and A. Szucs from 1913, and it became widely
known a f t e r Hardy and Wright included it in t h e i r famous book on n u m b e r
theory. Konig and Sziics used the trick of unfolding (combined with the
Kronecker - W e y l theorem) to prove the following elegant p r o p e r t y of the
billiard p a t h in a square. (or any rectangle): if t h e slope of the initial
d i r e c t i o n is r a t i o n a l , then the billiard p a t h is periodic, and if the slope of
the initial d i r e c t i o n is i r r a t i o n a l , t h e n the billiard p a t h is dense , and w h a t is
more, it is uniformly d i s t r i b u t e d in the unit square. Notice t h a t the analog
s t a t e m e n t for t o r u s - l i n e s is the famous Kronecker - W e y l t h e o r e m .
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A b o u t the n o t a t i o n : t h r o u g h o u t log x and log2 x s t a n d for the n a t u r a l
(i.e ., base e ) and the b i n a r y (i.e ., base 2) l o g a r i t h m s (I d o n ' t use In at all).
We are now ready to formulate our first main result .

T h e o r e m 1. L e t A be an a r b i t r a r y Lebesgue m e a s u r a b l e s u b s e t of t h e
unit square [0 ,1)2 with t w o - d i m e n s i o n a l Lebesgue measure a r e a ( A ) , and
let T > 100 be an a r b i t r a r i l y large ( b u t fixed) real number. L e t x ( t ) =

( X I ( t ) , X 2 ( t ) ) , a ~ t ~ T be a billiard p a t h o f l e n g t h T (= time) in the u n i t
square , and let A ( T ) d e n o t e the t i m e the billiard p a t h s p e n d s in s u b s e t A:

A ( T ) = measure { t E [0, T] : x ( t ) E A } .

L e t a < e < 1 / 2 be a r b i t r a r y . T h e n for 1 - e part of all billiard p a t h s
of l e n g t h T in the square, the c u r v e - d i s c r e p a n c y I A ( T ) - T . area (A) I is
e s t i m a t e d from above by

(1.1)

I A ( T ) - T . a r e a (A) I < lea J a r e a (A) ( 1 - a r e a ( A ) ) . ) l o g 2 T ·log2log2 T .

R e m a r k s . (1) Note t h a t T h e o r e m 1 remains t r u e if "billiard p a t h " is
replaced with " t o r u s line" . Indeed , in view of the trick of unfolding , the two
concepts are basically the sam e. The same applies for the rest of the r e s u l t s
a b o u t billiard p a t h s (see, e.g . , Theorems 2 and 3 below) .

(2) I t is a s t o n i s h i n g t h a t , given an a r b i t r a r i l y c o m p l i c a t e d subset A c
[0,1)2 , the c u r v e - d i s c r e p a n c y in (1.1) is j u s t square-root logarithmic , t h a t
is, "almost c o n s t a n t " ; in o t h e r words , the "u g lin ess" of A plays no role in
(1.1). Note t h a t (1.1) is nearly s h a r p in the following s t r o n g sense. Even if
T h e o r e m 1 is r e s t r i c t e d to the simplest family of s u b s e t s , say, the family of
a x e s - p a r a l l e l s u b s q u a r e s , t h e n c o n s t a n t size c u r v e - d i s c r e p a n c y 0 ( 1 ) in (1.1)
is still unavoidable , we c a n n o t have 0(1) i n s t e a d (to be explained below) .
This shows t h a t in T h e o r e m 1 the complexity of the t e s t set A c [0, 1)2 is
basically irrelevant. We can s u m m a r i z e the message as follows: the m o s t
u n i f o r m l y distributed curves in the unit square are the typical billiard paths .
( P e r h a p s the g r e a t e s t s u r p r i s e here is t h a t such a vague question has a
definite q u a n t i t a t i v e answer.)

(3) As I promised , I explain the (basically t r i v i a l ) fact t h a t even for
the narrow class of a x e s - p a r a l l e l s u b s q u a r e s we must have c o n s t a n t curve
d i s c r e p a n c y 0 ( 1 ) in (1.1). Consider the two s u b s q u a r e s , A l = [0 , 1 / 3 ] 2 and
A2 = [2/3,1]2; the d i s t a n c e between t h e m is V 2 / 3 . Let x ( t ) be an a r b i t r a r y
c o n t i n u o u s curve in the u n i t s q u a r e ; we always assume t h a t the a r c l e n g t h
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of every segment x ( t ) , T I < t < T2 is e x a c t l y T2 - T I (meaning: t is the
time and a p o i n t - m a s s moves along t h e curve with unit speed). For any real
number T > a write

Ai(T) = measure { t E [0, T] : x ( t ) E A d , i = 1 , 2 ,

where Ai , i = 1 , 2 are the two s u b s q u a r e s mentioned above. We show t h a t
the following four curve-discrepancies :

(1.2)
I A i ( T ) - T . a r e a ( A i ) l , I A i ( T + c ) - ( T + c ) . a r e a (Adl , i = 1,2,

where c = V2/3 is the d i s t a n c e between the two given s u b s q u a r e s Al and A 2

( c o m p u t e d for the same curve!) , c a n n o t be all 0(1) . Indeed, the middle seg
ment x( t), T < t < T + c of the curve c a n n o t visit b o t h s u b s q u a r e s (because
the a r c l e n g t h is e x a c t l y the d i s t a n c e between Al and A 2 ) ; consequently, at
least one of t h e four c u r v e - d i s c r e p a n c i e s in (1.2) must be

This t r i v i a l a r g u m e n t shows t h a t in T h e o r e m 1 we c a n n o t hope for curve
d i s c r e p a n c y 0(1) in (1.1) even for the simplest families of s u b s e t s .

(4) As I a l r e a d y said above, we can make the vague t e r m " 1 - c p a r t
of all billard p a t h s " in T h e o r e m 1 precise by using th e p r o d u c t measure
on the set of all initial conditions of the billiard p a t h s . Since the initial
c o n d i t i o n consists of a s t a r t i n g point y E [0, 1)2 and an initial d i r e c t i o n
(angle) e E [0,27r) , the n a t u r a l measure here is simply the p r o d u c t of the
two-dimensional Lebesgue measure on the unit s q u a r e and the normalized
one-dimensional Lebesgue measure .

(5) By slightly modifying the proof of T h e o r e m 1, we can prove a ver
sion with l o g a r i t h m i c c u r v e - d i s c r e p a n c y t h a t holds for almost every initial
condition. (As usual, almost every means t h a t the e x c e p t i o n has Lebesgue
measure zero .) For the precise s t a t e m e n t of this version , see P r o p o s i t i o n 4.1
at t h e end of Section 4.

(6) T h e o r e m 1 gives an i n t e r e s t i n g new insight to t h e general question of
discrete versus continuous. T h e Kronecker - W e y l e q u i d i s t r i b u t i o n t h e o r e m
has t w o - b a s i c a l l y equivalent - f o r m s : a discrete form and a continuous
form (see e .g. [9J or [4)).



44 J . Be ck

K r o n e c k e r - W e y l T h e o r e m ( d i s c r e t e ) . L e t d ~ 1 be any integer , and let
a = ( a I , . . . , a d) be an a r b i t r a r y d - d i m e n s i o n a l vector with real c o o r d i n a t e s .
The sequence n a (mod 1) , n = 1,2 ,3, .. . is u n i f o r m l y d i s t r i b u t e d in the u n i t
cube [0 , 1)d, m e a n i n g

1
. 1
1 m 

N->oo N
l <n < N :

n a E R (mod 1)

1 = volume (R)

for any axes-parallel box R = h x X Id C [0 , 1)d (i .e . , Cart esian p r o d u c t
of intervals) i f and o n l y i f 1, a I , , a d are linearly i n d e p e n d e n t over the
rationals.

K r o n e c k e r - W e y l T h e o r e m ( c o n t i n u o u s ) . We have

lim T
1
m e a s u r e {a < t < T : ta E R (mod 1)} = volume (R)

T->oo

for any axes-parallel box R = h x .. . X I d C [0, 1)d i f and o n l y i f a l , . · . , ad
are linearly i n d e p e n d e n t over the rationals.

T h i s m e a n s t h a t t h e d i s c r e t e s e q u e n c e

(1.3) n a (mod 1) , n = 1,2 ,3 , . . .

a n d t h e c o n t i n u o u s t o r u s line p a s s i n g t h r o u g h t h e origin

(1.4) t a (mod 1) , a < t < 0 0

have t h e same e q u i d i s t r i b u t i o n p r o p e r t y - a t l e a s t from a qualitative view
p o i n t . T h e s u r p r i s i n g message of T h e o r e m 1 is t h a t , in s p i t e of t h i s simi
l a r i t y , t h e quant i t a t i v e a s p e c t s of (1.3) and (1.4) are very different. I n d e e d ,
T h e o r em 1 s t a t e s t h a t a t y p i c a l b i l l i a r d p a t h - w h i c h is j u s t a g e n e r a l t o r u s
line ta + b (mod 1) a < t < 0 0 via u n f o l d i n g - e s t i m a t e s t h e a r e a of an ar
b i t r a r y b u t fixed ( m e a s u r a b l e ) subs et A C [0 ,1]2 w i t h "e r ro r " O( V l o g T ) ,
where T is t h e l e n g t h of t h e t i m e - i n t e r v a l . On t h e o t h er h a n d , a t y p i c a l
d i s c r e t e s e q u e n c e of t h e form (which is t h e d i s c r e t e version of t h e g e n e r a l
t o r u s line t a + b in d i m e n s i o n d = 1)

t u x + j3 (mod 1) , n = 1 , 2 , . . . , N

cannot e s t i m a t e t h e o n e - d i m e n s i o n a l Lebesgue m e a s u r e of an a r b i t r a r y b u t
fixed A C [0 ,1] w i t h "e r r or" o( yiN) . T h i s is t h e message of t h e following
r e s u l t .
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P r o p o s i t i o n 1 . 1 . For every i n t e g e r N ~ 1, there is a m e a s u r a b l e s u b s e t
A = AN C [0 ,1] (in fact, A is a finite union o f intervals) such t h a t , for the
m a j o r i t y o f the pairs (a, (3) E [0,1)2,

(1.5) L
l < n <N:

na+,BE£(mod 1)

.;N
1 - N · measure (A) > - 8 - '

I t is well possible t h a t P r o p o s i t i o n 1.1 is folklore, b u t I c o u l d n ' t find it
in the l i t e r a t u r e .

Note w i t h o u t proof t h a t P r o p o s i t i o n 1.1 is best possible: the e r r o r t e r m
.;N in (1.5) c a n n o t be replaced by any larger function of N. '

C o m p a r i n g T h e o r e m 1 to P r o p o s i t i o n 1.1 , we see a huge difference
between the sizes of the "errors "

J l o g T and Vii

(for simplicity I ignored the negligible i t e r a t e d l o g a r i t h m i c factor of T).
This shows t h a t the q u a n t i t a t i v e a s p e c t s of (1.3) and (1.4) are d r a m a t i c a l l y
different , and explains my choice of word s u p e r - u n i f o r m i t y .

3. Next I formulate the extension of T h e o r e m 1 to higher dimensions d ~ 3.

T h e o r e m 2. L e t A be an a r b i t r a r y m e a s u r a b l e s u b s e t o f the u n i t c u b e
[O,l)d with Leb esgu e m e a s u r e vol (A), a n d let T > 100 be an a r b i t r a r i l y
large ( b u t fixed) real n u m b e r . L e t x ( t ) = (X1(t) , o o . , X d ( t ) ) , O:s t:s T be
a billiard p a t h o f l e n g t h T (= time) in the u n i t cube, and let A ( T ) d e n o t e
the t i m e the billiard p a t h s p e n d s in s u b s e t A:

A ( T ) = measure { t E [0, T] : x ( t ) E A } .

L e t ° < c < 1 / 2 be a r b i t r a r y . T h e n for 1 - e p a r t o f all billiard p a t h s o f
l e n g t h T in the cube,

(1.6) I A ( T ) - T · vol (A)I

co(d) J 1 - _ 1 _ _ _ 1 _ 1< - c - vol (A) (1 - vol (A)) . T2 2 ( d - 1 ) . (log T) 2 ( d - 1 ) (log log T) d - 1 ,

where co(d) is a c o n s t a n t d e p e n d i n g o n l y on the d i m e n s i o n d (i .e. , i n d e p e n 
dent o f A and T ) .
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For con vex sets the u p p e r b o u n d in (1.6) can be improved.

J . B e c k

T h e o r e m 3. A s s u m e t h a t in Theorem 2 we m ake the e x t r a condition t h a t
A is a convex s u b s e t of the unit cube [O , I ) d (d 2: 3) . Then we have the
following i m p r o v e m e n t of (1.6) : given any ° < e < 1 / 2 , for 1 - e p art of all
billiard p a t h s of length T in the cube,

(1.7) I A(T) - T · vol (A)I

c' (d) J 1 1 1 2< 7 v o l ( A ) ( I - v o l ( A ) ) · T 2- d- l . ( l o g T ) d - l ( l o g l o g T ) d - l .

For example , if d = 3 t h e n (1.7) gives the s q u a r e - r o o t l o g a r i t h m i c o r d e r
of m a g n i t u d e

(1.8) yllog T . log log T ,

which is shockingly small ( "almost c o n s t a n t ") similarly to (1.1). Note t h a t ,
if d = 3 t h e n (1.6) gives

(1.9) /
1 1

T 1 4 . (log T) 4 (log log T) 2 .

If d = 4 then (1. 7) gives

(1.10)

and (1.6) gives

(1.11)

T 1 / 6 . (log T)1 /3(log log T) ~,

/
1 1

T 1 3 . (log T) 6 (log log T) 3 .

Note t h a t b o t h Theorem 2 and Theorem 3 are best possible a p a r t from
l o g a r i t h m i c f a c t o r s . The proof of the s h a r p n e s s of T h e o r e m 2 is very similar
to t h e p r o o f of P r o p o s i t i o n 1 . 1 - s e e the Concluding Remarks at the end of
Section 8 . The s h a r p n e s s of T h e o r e m 3 follows from T h e o r e m 4 below.

T h e proofs of T h e o r e m s 2 and 3 are very similar in the following sense .
For any ° < c < 1 / 2 , we c o n s t r u c t a "la r ge" s u b s e t Dc of the space of initial
c o n d i t i o n s C [O , I ) d X S d - l ( "large" means at least 1 - e p a r t ) such t h a t ,

dfor every m e a s u r a b l e A C [0,1) ,

(1.12)

r ( A ( T ; w) - T vol (A)) 2 dw ~ const . T 1- d:l . (log T) d:l (log log T) d:l ,
inc c
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where w = (y , b) , y E [0 ,1)d, b E S d - l d enot es a n a r b i t r a r y initi al
c o n d i t i o n , and if A c [0 , 1)d is convex, we hav e ,

( 1. 13)

1 2 const 1 2 2 4
( A (T ; w ) - T v o l ( A)) dw ~ - - · T - d - l . ( l o g T ) d- l ( l o g l o g T ) d- l .

n, C

Noti ce t h a t (1.12) impli es Th eor em 2 and (1.13) impli es T h e o r e m 3 (via
Cheby sh ev 's inequ alit y).

We can prove t h a t (1.13) is basically be st possible: t h e power of T is
s h a r p . W h a t is mor e , t h e lower b o u n d is a t t a i n ed for t h e simplest convex
shapes such as the ball s (= solid spheres).

T h e o r e m 4. Let {C w : w E n } be an arbi trary family of continuou s
c ur ves, param e t r i z e d wi th a finit e n u m b e r of p a r a m et er s , in the unit toru s
[0 , 1)d with common arcleng th T. Here "fin i t e n u m b er of p a r a m e t e r s " me ans
th a t n i s a b o u n d ed m easurabl e s u bs e t of s ome finit e-dim ensional e u cli de an
s p ace. For any m easurable s u bset of the unit toru s A c [0 , 1 )d , wri t e

A (T ; w) = arcl e n g t h (C w n A ) .

Th ere is a d-dimen sional ball A o of radiu s ~ 1 / 2 in th e unit t orus [0, 1)d
s uch t h a t

( 1. 14) in (A o(T; w) - T v o l ( A o ) ) 2 dw > T 1
- d : l .

I supply the proofs of T h e o r ems 1, 2, 3, 4 and P r o p o s i t i o n 1.1 in Sections
4, 5 , 6 , 7 and 8 , r esp ectiv ely.

We ca n view T h eorems 1-4 and P r o p o s i t i o n 1.1 as t h e s t a r t i n g point of
a n ew dir ection in t h e st u dy of t h e classical s u b j e c t of uniform d i s t r i b u t i o n .
T h er e are many n a t u r a l qu esti ons here , which ar e worth while pursuing.
I j u s t m e n t i o n a few. E s t im a t i n g th e volume and int egral with point sam
plin g , which one is b e t t er : r egular .sampling or r a n d o m sampling (= Mont e
Carlo m e t h o d ) ? How a bo u t "li n e s a m p lin g"? Can we "b ea t" th e Mont e
C arlo m e t h o d ? I will a d d ress some of th ese excitin g qu es tion s in th e next
t wo sect ions . Thi s gives me a n oppor t u n i t y t o a na lyze so me well-known
classica l r esult s from a n ew vi e w p o i n t .
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2. C A N W E B E A T T H E M O N T E C A R L O M E T H O D ? (I)

J . B e c k

R e g u l a r s a m p l i n g vs. r a n d o m s a m p l i n g . As far as I know, there are
two general approaches to build a t h e o r y of u n i f o r m distribution . I can
s u m m a r i z e them in a nutshell as follows.

A p p r o a c h A: a large family of test functions and one single sample ;

A p p r o a c h B: a large family of samples and one single test function.

The t h e o r y of "ir egu la r it ies of d i s t r i b u t i o n " (or "d isc r ep a n cy th eory")
and numerical i n t e g r a t i o n are examples of Approach A; the Monte Carlo
m e t h o d and the so-called ergodic t h e o r e m s are ex a m p les of Approach B.
I briefly e l a b o r a t e on this.

A p p r o a c h A: (1) i r r e g u l a r i t i e s o f d i s t r i b u t i o n ( i . e . , d i s c r e p a n c y
t h e o r y ) . A typical qu estion (or r a t h e r a bunch of questions) in this t h e o r y
goes as follows. W h a t are the most uniformly d i s t r i b u t e d N - e l e m e n t point
sets (say) in the d-dimensional unit cube [O ,l]d with respect to n a t u r a l
"geom et r ic" families of sets , such as (1) all ax es-parallel boxes , (2) all r o t a t e d
boxes , (3) all balls, (4) all co n vex s u b s e t s , and so on. These questions led
to dozens of i n t e r e s t i n g t h e o r e m s ; I j u s t briefly mention two. I s t a r t with a
t h e o r e m o f W . M . Schmidt, proved in 1972 , which goes as follows. Given any
set of n points in the unit s q u a r e , t h e r e is always an axes-parallel r e c t a n g l e
with d i s c r e p a n c y at least Cl . log n , where Cl > ° is an a b s o l u t e c o n s t a n t
i n d e p e n d e n t of n , In o t h e r words , t h e r e is an axes - p a r a l l e l r e c t a n g l e R such
t h a t the n u m b e r of points in R differs from the e x p e c t e d number n - a r e a (R)
by a t least Cl . log n. Her e the order of m a g n i t u d e log n is the best possible:
t h e r e is a set of n points in the unit s q u a r e su ch t h a t for every axes-parallel
re c t a n g l e R , the number of p o i n t s in R differs from the expected n u m b e r
n . a r e a (R) by less t h a n C2 . log n , where C2 > ° is an a b s o l u t e c o n s t a n t
i n d e p e n d e n t of n . We can say, therefore , t h a t S c h m i d t ' s theorem is s h a r p
a p a r t from a c o n s t a n t factor (to find the value of the exact c o n s t a n t remains
unsolved) .

U n f o r t u n a t e l y , to find t h e analog of S c h m i d t ' s t h e o r e m in higher dimen
sions remains a n o t o r i o u s open problem .

However, if we switch to the L2-norm , then the problem of axes-parallel
boxes is solved (again a p a r t from a c o n s t a n t factor) by a t h e o r e m of K. F .
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(2.2)

Roth. In dimension d 2: 2, the L2-norm of the d i s c r e p a n c y is at least
c o n s t a n t times ( l o g n ) d /2 for any set of n points in [O ,l]d. The order of

m a g n i t u d e ( l o g n ) d /2 in R o t h ' s L 2-norm result is known to be the best
possible .

We have a large l i t e r a t u r e of similar r e s u l t s for many o t h e r s h a p e s (e.g .
balls); see e .g. the books by Beck and Chen [1] and M a t o u s e k [6] . We will
r e t u r n to " i r r e g u l a r i t i e s of d i s t r i b u t i o n with respect to balls" in the proof
of Theorem 4 ; see Section 7.

The t h e o r y of numerical i n t e g r a t i o n (Simpson 's rule , etc.) also belongs
to Approach A . Here I give a l i t t l e bit longer discussion of this classical
s u b j e c t (see e .g. [3]) .

A p p r o a c h A: (2) c l a s s i c a l a v e r a g e s ( o r q u a d r a t u r e s ) i n n u m e r i 
c a l i n t e g r a t i o n . We begin with the s i m p l e s t possible q u e s t i o n a b o u t the
R i e m a n n integral: let f (x) , 0 :s; x :s; 1 be a continuous real function de
fined on the u n i t interval, and we want' to d e t e r m i n e the definite integr al
10 1 f ( x ) dx. I f the a n t i d e r i v a t i v e F( x) of f ( x ) is readily available and suffi
ciently simple , t h e n the f u n d a m e n t a l t h e o r e m of integral calculus (Newton 
Leibniz law) provides a simple answer:

(2.1) 1 1

f( x) dx = F ( l ) - F(O) , where F'(x) = f ( x ) .

U n f o r t u n a t e l y , in most cases t h e a n t i d e r i v a t i v e is not an e l e m e n t a r y func
tion, and recipe (2 .1) t u r n s out to be i m p r a c t i c a l . For example , it is impos-

sible to e v a l u a t e the i m p o r t a n t integrals I: e - x 2
/
2 dx ( r e l a t ed to the normal

d i s t r i b u t i o n ) and I: \11 + x 3 dx (where a and b are real numbers) e x a c t l y .
T h e n we have no choice b u t use numerical i n t e g r a t i o n . Every und ergrad
u a t e s t u d e n t knows t h a t the definite integral is the limit of the R i e m a n n
sums

n - 1

L f ( t k ) ( X k+1 - Xk) ,
k=O

where 0 = Xo < Xl < X2 < . . . < X n = 1, tk E [Xb Xk+I] for k = 0 , 1 , 2 ,
. . . , n - 1, and the maximum gap maxk(Xk+1 - Xk) - t 0 as n - t 0 0 . The
simplest R i e m a n n sums are

(2.3)
1 n - 1

- L f ( k j n ) and
n

k=O

1 n
- L f ( k j n ) ,
n
k=l
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and each a p p r o x i m a t e s t h e definite i n t e g r a l with error O( n - 1 ) , provided
t h e first derivative of f (x) is b o u n d ed on t h e unit interval.

I f we know more a b o u t t h e s m o o t h n e s s of f ( x ) , say, it has t h e second ,
t h i r d and the f o u r t h d e r i v a t i v e , t h e n we have averages t h a t behave much
b e t t e r t h a n (2.3). Recall t h a t (2.3) is often called the "r e ct a n g u la r rule";
we also have t h e " m i d p o i n t rule ":

(2.4)

t h e " t r a p e z o i d a l rule" :

1 n
-
1 (k+ 1)- L f _ 2 ,

n n
k=O

(2.6) ,

(2.5)

2~ (f(O) + 2f (~) + 2f (~) + 2f (~) + ... + 2f (n: 1) + f(1)) ,

and the "Simpson 's rule ":

f(O) + 4f(~) + 2f(~) + 4f(~) + 2f(~) + ...
3n

+ 2 f ( 1 - ~) + 4 f ( 1 - ~) + f ( l ) .
3n

I f we assume t h a t t h e second d e r i v a t i v e of f ( x ) is b o u n d e d on t h e u n i t
interval , t h e n t h e m i d p o i n t , t h e t r a p e z o i d a l and t h e Simpson 's rules all
a p p r o x i m a t e the definite i n t e g r a l with e r r o r O( n - 2 ) .

I f the function has a t h i r d and f o u r t h d e r i v a t i v e , t h e n the o r d e r of
the e r r o r is still O( n - 2 ) for t h e m i d p o i n t and t r a p e z o i d a l rules, b u t for
S i m p s o n ' s formula (2.6) t h e e r r o r is O( n - 3 ) a n d O( n - 4 ) , respectively .
T h a t is , t h e S i m p s o n ' s rule has t h e most benefit from t h e s m o o t h n e s s of t h e
f u n c t i o n (at least up to t h e f o u r t h derivative; after t h a t more s m o o t h n e s s
does not help).

T h e s e r e s u l t s are so s t a n d a r d t h a t they are m e n t i o n e d - u s u a l l y w i t h o u t
p r o o f - i n most u n d e r g r a d u a t e Calculus t e x t b o o k s .

Note t h a t the list is not c o m p l e t e : t h e r e are o t h e r classical R i e m a n n
sums t h a t I did not m e n t i o n above; for example, t h e so-called N e w t o n ' s
t h r e e - e i g h t s rule

(2.7)
3(1(0) + 3f(-ln) + 3f(~) + 2f(~) + 3f(:1n) + 3f(~)

8n

+ 2f(:&) + .. . "+- f ( l ) ) .
8n
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Also, it is c u s t o m a r y to work with the dyadic numbers
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(2.8) k = 1 , 2 , 3 , . . .

as a p a r t i c u l a r l y simple set of division points.

Let 's r e t u r n to the simplest R i e m a n n sum (2.3) : it has an u n l i m i t e d ben
efit from the s m o o t h n e s s of the function if f ( x ) is periodic with p e r i o d one.
Indeed , already mild s m o o t h n e s s g u a r a n t e e s t h a t the function is r e p r e s e n t e d
by its Fourier series :

f ( x ) = Lare27rirX,
r E Z

where of course i = A and

a; = 1 1

f(x)e-27rirx dx .

Thus we have

(2.9)
n - l n - l

!:. L f ( k / n ) = ' " a r!:. L e27rirk /n
n L..J n

k=O r E Z k=O

(2 .10)

= ao + an + a - n + a2n + a-2n + a3n + a-3n + . . .

= 1 1

f ( x ) dx + an + a - n + a2n + a-2n + a3n + a-3n + . . . .

I f f is t - t i m e s diff e r e n t a b l e with b o u n d e d d e r i v a t i v e , t h e n using i n t e g r a t i o n
by p a r t s r e p e a t e d l y , we o b t a i n

am = 1 1

f ( x ) e -27rim x dx = O( Iml-t) .

Combining (2.9) and (2.10) with m = j n ( j = ±1 , ± 2 , ± 3 , . . . ) , we have

(2.11)
1 n - l [1 0 0 1
- L f ( k / n ) - in f ( x ) dx = O( n - t

) L ~ = O( n - t ) ,
n k=O 0 j = 1 J
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where t (2: 2) is the degree of s m o o t h n e s s of the periodic function. In
o t h e r words, th e s m o o t h e r the function , the b e t t e r the a p p r o x i m a t i o n of
the definite integral ; formula (2.11) gives a q u a n t i t a t i v e d e s c r i p t i o n of the
benefit from the s m o o t h n e s s .

U n f o r t u n a t e l y for n o n - s m o o t h functions, say, continuous b u t nowhere
differentiable f ( x ) , we know n o t h i n g a b o u t the speed of convergence of
(2.3) (or (2 .4) , or (2.5), or (2 .6» - t h e s e averages become unreliable. For
n o n - s m o o t h i n t e g r a b l e functions in one variable , and in general for most
m u l t i v a r i a b l e functions it is c u s t o m a r y to use a completely different ap
proach: the so-called M o n t e - C a r l o m e t h o d , or the m e t h o d of r a n d o m sam
pling. The Monte Carlo m e t h o d is p e r h a p s the most well-known example
of Approach B.

A p p r o a c h B: (1) M o n t e C a r l o m e t h o d ( i . e . , r a n d o m s a m p l i n g ) .
The Monte Carlo m e t h o d was invented in the late 1940s in Los Alamos
(a useful b y p r o d u c t of making the first hydrogen bomb), and the basic
idea is p r o b a b i l i s t i c . Let X l , X 2 , X 3 , " " X n be i n d e p e n d e n t , i d e n t i c a l l y
d i s t r i b u t e d r a n d o m variables having the uniform d i s t r i b u t i o n in the unit
interval. The e x p e c t a t i o n of each r a n d o m variable f ( X k) is = J; f ( x ) dx,
so the average

(2.12)

a r a n d o m variable itself, a p p r o x i m a t e s the definite integral with the s t a n 
d a r d r a n d o m s q u a r e - r o o t size e r r o r O( n - I / 2 ) with p r o b a b i l i t y close to one.
This is a consequence of the c e n t r a l limit theorem. More precisely,

(2 .13)

where E s t a n d s for the e x p e c t a t i o n , and so

(2.14) 1 n 1 t' ( r )2
V a r i a n c e ; ; , L f ( X k ) = ;;, Jo fez) - Jo feu) du dz .

k = l
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T h u s by C h e b y s h e v ' s i n e q u a l i t y

53

holds for any positive real n u m b e r A, where (J(f) d e n o t e s t h e positive
c o n s t a n t

(

1 1 2 ) 1/2
(J(f) = 1 ( f ( Z ) -1 f ( u ) dU) dz

d e p e n d i n g only on f (of course we always a p p l y (2 .15) with a A > 1). Note
t h a t (2 .14) is e q u i v a l e n t to a s t a t e m e n t a b o u t an n - d i m e n s i o n a l m u l t i p l e
i n t e g r a l as follows:

(2.16)

1 1 ···11 ( . ! . ( j ( X 1 ) + " ' + f ( X n ) ) - t' f(U)dU)2 dX1 .. . d x ;
Xt=O X n = O n Jo

= * 1 1

( f ( Z ) -1 1

f ( u ) dU) 2 dz .

I d e n t i t y (2.16) can be proved by a simple a p p l i c a t i o n of o r t h o g o n a l i t y : if
j =1= k t h e n we have

= 1 1

( f ( X j ) - t f ( u ) dU) dXj .1 1

( f ( X k ) - t' f ( u ) dU) dXk = 0,
X j = O Jo X k = O Jo

t h a t is, to prove (2.14) , we d o n ' t really need the full power of i n d e p e n d e n c e .

Next we s t u d y t h e a d v a n t a g e s a n d the d i s a d v a n t a g e s of t h e Monte Carlo
m e t h o d . A key a d v a n t a g e of t h e Monte Carlo m e t h o d is t h a t t h e approx
i m a t i o n e r r o r O( n - 1 / 2 ) is i n d e p e n d e n t of t h e "ugliness" of t h e function.
Also, t h e Monte Carlo m e t h o d is equally s u i t a b l e for t h e c o m p u t a t i o n of
the more general Lebesgue i n t e g r a l . (Note t h a t averages (2.3) -(2.8) do not
work in general for the Lebesgue i n t e g r a l , since c h a n g i n g the value of t h e
function in a set of m e a s u r e zero, t h e value of t h e i n t e g r a l should r e m a i n
t h e same.)
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A second a d v a n t a g e of the Monte Carlo m e t h o d is t h a t the dimension
is t o t a l l y irrelevant: we can replace the unit interval with the unit cube of
any dimension , and the a p p r o x i m a t i o n e r r o r remains the same O( n - 1 / 2 ) ,

where the implicit c o n s t a n t is i n d e p e n d e n t of the dimension.

On the o t h e r hand, an obvious d i s a d v a n t a g e of the Monte Carlo m e t h o d
is t h a t it provides only a relatively slow convergence r a t e of O( n - 1 / 2 ) ,

and it remains the same even if the function is very smooth. T h a t is, no
a d d i t i o n a l benefit is derived from the s m o o t h n e s s of the function. This is
the complete o p p o s i t e of the behavior of averages (2.3) - ( 2 .7), which s h a r e
the p r o p e r t y t h a t more regular functions have a faster convergence r a t e ( t h e
best example is (2.11) for t - t i m e s differentiable periodic functions, where t
is a large integer).

A n o t h e r difficulty of t h e Monte Carlo m e t h o d is how to g e n e r a t e inde
p e n d e n t r a n d o m samples concretely . The p r a c t i t i o n e r s always use pseudo
random numbers i n s t e a d of t r u l y r a n d o m samples, which raises the q u e s t i o n
of reliability .

A t h i r d difficulty of the Monte Carlo m e t h o d is t h a t it provides only
a p r o b a b i l i s t i c error bound; we c a n n o t be h u n d r e d p e r c e n t sure t h a t the
expected e r r o r b o u n d O( n - 1 / 2 ) is a c t u a l l y achieved in a concrete c o m p u t a 
tion. (One way to overcome this difficulty is to r e p e a t the whole c o m p u t a 
tion with i n d e p e n d e n t samples. W i t h sufficiently many r e p e t i t i o n s , we can
be at least 99 percent sure.)

To summarize, the following points are the a d v a n t a g e s and disadvan
tages of the Monte Carlo m e t h o d for numerical i n t e g r a t i o n .

A d v a n t a g e s :

(a) the function can be ar bi t r a r i l y "ugly";

(b) the m e t h o d works for the more general Lebesgue integral;

(c) the dimension is irrelevant.

Disadvantages:

(i) the r a t e of convergence O( n - 1 / 2 ) is slow;

(ii) it is not a d a p t i v e : t h e r e is no benefit from the s m o o t h n e s s of the func
tion: the a p p r o x i m a t i o n error is always the same bell curve ( " c e n t r a l
limit t h e o r e m ");

(iii) g e n e r a t i n g r a n d o m numbers is not easy;
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(iv) t h e a p p r o x i m a t i o n e r r o r is p r o b a b i l i s t i c .
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L e t ' s say a few words a b o u t (iii) . T h e basic idea of g e n e r a t i n g p s e u d o 
r a n d o m n u m b e r s is to use e x p o n e n t i a l s e q u e n c e s . T h i s is not too s u r p r i s i n g ,
since i n d e p e n d e n c e is e q u i v a l e n t to t h e p r o d u c t rule, a n d e x p o n e n t i a l m e a n s
i t e r a t e d p r o d u c t .

For e x a m p l e , c o n s i d e r t h e c o n c r e t e e x p o n e n t i a l s e q u e n c e ( 3 / 2 t , n =
1 , 2 , 3 , . . . m o d u l o one . T h e r e is an o v e r w h e l m i n g n u m e r i c a l e v i d e n c e t h a t
t h i s s e q u e n c e is u n i f o r m l y d i s t r i b u t e d in t h e u n i t i n t e r v a l , a n d w h a t is more,
it e x h i b i t s all k i n d of c h a r a c t e r i s t i c p r o p e r t i e s of "r a n d o m n e s s " . U n f o r t u 
n a t e l y , we c a n n o t prove a n y t h i n g for 3 / 2 . Note t h a t in t h e 1930s K o k s m a
could prove t h a t , r e p l a c i n g 3 / 2 w i t h a > 1 , t h e s e q u e n c e an, n = 1 , 2 , 3 , . . .
m o d u l o one is u n i f o r m l y d i s t r i b u t e d for almost all a > 1 ( a n d t h i s "l a w of
large n u m b e r s " was e x t e n d e d l a t e r to more d e l i c a t e r e s u l t s such as t h e law
of t h e i t e r a t e d l o g a r i t h m a n d t h e c e n t r a l l i m i t t h e o r e m ) , b u t we don ' t know
a single e x p l i c i t a > 1 f e a t u r i n g u n i f o r m d i s t r i b u t i o n .

By far t h e m o s t i m p o r t a n t p s e u d o r a n d o m n u m b e r g e n e r a t o r is t h e "lin
ear c o n g r u e n t i a l m e t h o d " , i n t r o d u c e d by L e h m a n , which r e s u l t s an expo
n e n t i a l s e q u e n c e . I briefly o u t l i n e it as follows. F i r s t we have to choose
four integers: (1) 1 ~ m, called t h e m o d u l u s , (2) 2 ~ A < m , called t h e
m u l t i p l i e r , (3) 1 ~ C < m, called t h e i n c r e m e n t , (4) 1 ~ Yo < m, c a l l e d t h e
s t a r t i n g value, a n d c o n s i d e r t h e s e q u e n c e (n ~ 0)

(2.18) Y n + 1 == A · Y n + C (mod m) ,

which gives i n t e g e r s ( r e m a i n d e r s m o d u l o m) b e t w e e n 0 a n d m - 1 . To have
an efficient p s e u d o r a n d o m g e n e r a t o r , t h e i m p l e m e n t a t i o n of (2.18) s h o u l d
follow a s h o r t list of p r a c t i c a l a d v i c e :

(i) t h e m o d u l u s m s h o u l d be large , a t l e a s t 230;

(ii) t h e s t a r t i n g value Yo may be chosen a r b i t r a r i l y ;

(iii) if m is a power of 2 , i.e., if a b i n a r y c o m p u t e r is b e i n g used, pick t h e
m u l t i p l i e r A so t h a t A == 5 ( m o d 8), a n d t h e b i n a r y d i g i t s of A s h o u l d
not have a simple, r e g u l a r p a t t e r n ;

(iv) t h e value of m u l t i p l i e r A is c r i t i c a l , b u t t h e value of C is a l m o s t
i r r e l e v a n t ; we may choose C = 1.
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This completes our nutshell s u m m a r y of the Monte Carlo m e t h o d . The
so-called ergodi c theorems is a n o t h e r rich source of examples for Approach B .

A p p r o a c h B: (2) e r g o d i c t h e o r e m s . These are general r e s u l t s t h a t
address an i m p o r t a n t question t h a t arose in s t a t i s t i c a l mechanics: to give
a c o n d i t i o n under which the time average (meaning the limit of some kind
of R i e m a n n sums) and the space-average (meaning a Lebesgue i n t e g r a l )
of a "dynamical system" agree . The first ergodic t h e o r e m was proved by
J . von Neumann in 1931: it is a b o u t the case of the convergence in t h e
L2-norm . A few weeks l a t e r G . D. Birkhoff proved his famous i n d i v i d u a l
ergodic t h e o r e m a b o u t the h a r d e r case of pointwise convergence.

A "d y n a m ica l system " means a p r o b a b i l i t y space ( 0 , A, IL) and a
m e a s u r e - p r e s e r v i n g t r a n s f o r m a t i o n T : 0 - - - t 0 (i.e. , 0 is a n o n - e m p t y set,
A is a IT-algebra in 0 , IL is a measure on A , where of course IL is IT-additive,
IL(O) = 1, T is A - m e a s u r a b l e , and IL(T-1(A») = IL(A) for all A E A) . Here
comes a key definition: a t r a n s f o r m a t i o n T : 0 - - - t 0 is called ergodic if
every T - i n v a r i a n t set A E A (i.e., T - 1 ( A ) = A) has the p r o p e r t y t h a t e i t h e r
IL(A) = 0 or IL(A C) = 0 (where AC denotes the complement of A) .

U n f o r t u n a t e l y , it is not easy to decide w h e t h e r or not a given t r a n s f o r 
m a t i o n T : 0 - - - t 0 is ergodic. Here are two i m p o r t a n t examples of ergodic
t r a n s f o r m a t i o n s on the unit interval : n = [0 , 1 ) , A is the family of Lebesgue
m e a s u r a b l e sets, IL is the usual (one-dimensional) Lebesgue measure .

E x a m p l e 1 ( " i r r a t i o n a l r o t a t i o n " ) . T ( x ) = x + o : (mod 1) , where 0: is any
fixed i r r a t i o n a l number.

E x a m p l e 2 ( "doubling m a p " ) . T ( x ) = 2x (mod 1).

Note t h a t E x a m p l e 2 is a n o n - i n v e r t i b l e m e a s u r e - p r e s e r v i n g (ergodic)
t r a n s f o r m a t i o n .

The t h i r d example is a g e n e r a l i z a t i o n of E x a m p l e 1 to the d-dimensional
unit t o r u s 0 = [0 , l ) d (again the IT-algebra is the family of Lebesgue mea
s u r a b l e sets, and IL is the d-dimensional Lebesgue m e a s u r e / v o l u m e ) .

E x a m p l e 3 ("Kronecker s h i f t " ) . T ( x ) = x + u (mod 1) where 1, U l , U2 ,

. . . , Ud are linearly i n d e p e n d e n t over the r a t i o n a l s (of course U l , U 2 , " " u d

are the c o o r d i n a t e s of u).

Now we are ready to formulate
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B i r k h o f f ' s e r g o d i c t h e o r e m . L e t ( 0 , A, I-l) be a p r o b a b i l i t y space, a n d
let T be a m e a s u r e - p r e s e r v i n g t r a n s f o r m a t i o n on ( 0 , A, I-l). I f T is ergodic,
then for e v e r y integrable function f E L l = LI(O,A,I-l),

n - l

lim .!. '\"' f ( T k (x)) = r f du
n - + o o n L.J 1 n

k=O

for a l m o s t e v e r y x E 0.

T h e f u n d a m e n t a l h a n d i c a p of t h e e r g o d i c t h e o r e m is t h a t it does not
say a n y t h i n g a b o u t t h e s p e e d of convergence; it does not give any e x p l i c i t
e r r o r t e r m . In t h i s sense B i r k h o f f ' s e r g o d i c t h e o r e m is a "soft" r e s u l t .

We want to a p p l y B i r k h o f f 's t h e o r e m in t h e s p e c i a l case of t h e K r o n e c k e r
s h i f t T ( z ) = z + x (mod 1) . F i r s t n o t e t h a t , by t h e K r o n e c k e r - W e y l
e q u i d i s t r i b u t i o n t h e o r e m ,

(2.19)
n - l

lim .!. '\"' f ( j x ) = r f ( u ) du
n - + o o n L.J lId

j=O

holds for all R i e m a n n i n t e g r a b l e f u n c t i o n s f on ]d = [O , l ) d (we e x t e n d f
p e r i o d i c a l l y over JRd) if a n d only if 1, X l , . . . , X d are l i n e a r l y i n d e p e n d e n t
over t h e r a t i o n a l s . It follows t h a t , u n d e r t h e same c o n d i t i o n (i.e., l i n e a r
i n d e p e n d e n c e ) , t h e t r a n s l a t i o n z - t z + X (mod 1) by t h e v e c t o r x =
( X l , " " X d ) is an e r g o d i c t r a n s f o r m a t i o n . So by B i r k h o f f ' s e r g o d i c t h e o r e m ,
we can e x t e n d (2 .19) from t h e class of R i e m a n n i n t e g r a b l e f u n c t i o n s to
t h e much l a r g e r class of L e b e s g u e i n t e g r a b l e f u n c t i o n s as follows. Let f
be a L e b e s g u e i n t e g r a b l e f u n c t i o n on t-, a n d a s u u m e t h a t 1 , X l , . . . , Xd are
l i n e a r l y i n d e p e n d e n t over t h e r a t i o n a l s , t h e n

(2.20)
n - l

lim .!. L f ( y + j x ) = r f ( u ) du
n - + o o n lId

j=O

holds for a l m o s t all y.

R e g u l a r s a m p l i n g w i t h s q u a r e - r o o t e r r o r : P r o p o s i t l o n ~.:l. Since
we a p p l i e d B i r k h o f f ' s e r g o d i c t h e o r e m , we d o n ' t know a n y t h i n g ' a b o u t t h e
s p e e d of convergence; in t h i s sense (2.20) is a "so ft " r e s u l t . However , it is
q u i t e easy to prove a " h a r d " r e s u l t here : a r e s u l t s u p p l y i n g an e x p l i c i t e r r o r
t e r m , which can be i n t e r p r e t e d as a " h a r d analog" of (2 .20); see P r o p o s i t i o n
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2.1(d) below. T h e price t h a t we pay is t h a t t h e " h a r d " r e s u l t works only
for a l m o s t all x , m e a n i n g t h a t , for a given e x p l i c i t x we cannot p r e d i c t t h a t
t h e " h a r d " r e s u l t applies or not.

P r o p o s i t i o n 2 . 1 . (a) S u p p o s e t h a t f ( x ) is a L e b e s g u e square-integrable
function on the unit i n t e r v a l a ~ x < 1; for n o t a t i o n a l s i m p l i c i t y we e x t e n d
f over the entire real line ~ p e r i o d i c a l l y with period one. Then for a n y
n a t u r a l n u m b e r n ~ 1,

[1 t' (1 n-1 ( 1 ) 2 2 ( f )
(2.21) In In ~ L f ( y + j x ) - In f ( u ) du dx dy = ~,

o 0 J=O 0

where

(2.22)

is a c o n s t a n t d e p e n d i n g o n l y on f .

(b) We have a s t r a i g h t f o r w a r d m u l t i - d i m e n s i o n a l analog o f (a) as follows:
S u p p o s e t h a t f ( x ) = f ( X 1 , " " Xd) is a Lebesgue square-integrable function
defined in the d - d i m e n s i o n a l unit cube I d = [0, l)d; for n o t a t i o n a l s i m p l i c i t y
we e x t e n d f over the entire d - d i m e n s i o n a l space JRd p e r i o d i c a l l y witi: period
one . T h e n for any n a t u r a l n u m b e r n ~ 1,

(2.23) [ [ (.!.~f(y+jX)- [ f ( U ) d U ) 2 d x d y = ( } 2 ( f ) ,l» lId n j = O lId n

where o f course

(2.24)

j u s t like in (2 .22) .

(c) A p p l y i n g C h e b y s h e v ' s inequality, we obtain the following s t r a i g h t f o r 
ward corollary: i f X a n d Y a r e two i n d e p e n d e n t a n d u n i f o r m l y d i s t r i b u t e d
r a n d o m variables in the unit cube t«, then

(2.25)
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holds for any p o s i t i v e real n u m b e r >., where a ( f ) denotes the p o s i t i v e square
root o f a 2 ( f ) , defined in (2.24) .

(d) Finally, we can switch from fixed n to all n's: Let f (x) = f (Xl, . . . ,
Xd) be a Lebesgue square-integrable function defined in the d-dimensional
unit cube I d = [0, l ) d ; for n o t a t i o n a l s i m p l i c i t y we e x t e n d f over the entire
d-dimensional space ~d periodically with period one. For every p > 1
and 1 > c > 0, there is a measurable s u b s e t W = W ( p ) C I d x I d with
m e a s u r e ( W ) ~ 1 - ~ ('ii2,d -dimensional Lebesgue m e a s u r e " ) such t h a t the
i n e q u a l i t y

(2.26)

1

, 1. I: f ( y + j x ) - r f ( u ) dul ::; a ( f ) . J2ii . (log2 n + ( l / c t + 1) 2+e
, n j = o lId y'n

holds for all (x , y) E W a n d all integers n ~ 1. Here again a ( f ) denotes the
p o s i t i v e square root o f a 2 ( f ) , defined in (2.24).

R e m a r k s . C o m p a r i n g P r o p o s i t i o n 2.1(a) a n d (d) , we n o t i c e a loss of f a c t o r
o (log2+ e n), which is b a s i c a l l y negligible c o m p a r e d to t h e d o m i n a n t f a c t o r
of y'n in t h e d e n o m i n a t o r .

W h a t makes t h i s simple r e s u l t i n t e r e s t i n g is t h a t t h e "ugliness" of t h e
f u n c t i o n f is b a s i c a l l y i r r e l e v a n t : t h e r e is only a mild i n d i r e c t d e p e n d e n c e
of t h e e r r o r t e r m on f via t h e "s t a n d a r d d e v i a t i o n " c o n s t a n t a ( f ) . For
e x a m p l e , if f ( x ) is b o u n d e d , say, 0 :s; f :s; 1, t h e n of c o u r s e 0 :s; a ( f ) :s; 1,
so (2.22) clearly holds w i t h t h e choice a = 1, t o t a l l y i n d e p e n d e n t l y of t h e
"ugliness" of f (needless to say, a Lebesgue m e a s u r a b l e f u n c t i o n can be very
ugly).

In fact, our p r o o f gives t h e following g e n e r a l i z a t i o n of P r o p o s i t i o n 2.1.
Let k o = ° < k l < k 2 < k 3 < '" be an a r b i t r a r y i n c r e a s i n g s e q u e n c e of
p o s i t i v e i n t e g e r s , a n d c o n s i d e r t h e s e q u e n c e

where X a n d Y are two i n d e p e n d e n t and u n i f o r m l y d i s t r i b u t e d r a n d o m
v a r i a b l e s in t h e u n i t i n t e r v a l . T h e n we have t h e following g e n e r a l i z a t i o n of
(2.21) :

(2.27) 1 11
1 (1 n-l 1 1 )2 2 ( f )- " L f ( Y + k j x ) - f ( u ) d u d x d y = _ a - .

o 0 n j=O 0 n
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For a proof; see Section 8.

P r o p o s i t i o n 2 .1 is a simple b u t elegant r e s u l t w i t h a s h o r t proof. I am
convinced t h a t t h i s i m p o r t a n t r e s u l t is folklore. To my g r e a t e s t s u r p r i s e ,
I c o u l d n ' t find it in t h e l i t e r a t u r e ; did 1 overlook s o m e t h i n g obvious?

Notice t h a t P r o p o s i t i o n 2.1(a) - ( b ) is t h e a n a l o g of (2.14) and P r o p o s i 
t i o n 2 .1(c) is t h e a n a l o g of (2.15) in the Monte Carlo m e t h o d . T h e regular
sampling

y + j x ( m o d l ) , j = 0 , 1 , 2 , . . .

in P r o p o s i t i o n 2.1 (1 call it regular, since it is an a r i t h m e t i c p r o g r e s s i o n
modulo one) is clearly more p r a c t i c a l t h a n t h e Monte Carlo m e t h o d : we
j u s t need two r a n d o m vectors ( n a m e l y y and x) i n s t e a d of n r a n d o m
vectors, where n is usually large like n = 10 6 . T h i s makes a big difference,
especially b e c a u s e the r e l i a b i l i t y of t h e p s e u d o n u m b e r g e n e r a t o r s r e m a i n s
a t h e o r e t i c a l l y u n s e t t l e d issue. In view of P r o p o s i t i o n 2 .1 , we can say t h a t
the regular sampling is just as good as the random sampling.

A d i s c r e t e a n a l o g o f P r o p o s i t i o n 2 . 1 . It is i n t e r e s t i n g to p o i n t out
t h a t t h e d i s c r e t e analog of P r o p o s i t i o n 2 .1(a) is false, and the reason is a
simple congruence (e .g. , p a r i t y ) a r g u m e n t . Indeed, c o n s i d e r t h e set S of
odd i n t e g e r s n = 2k + 1 in 1 ~ n = 2k + 1 ~ N; if N is even t h e n S has
d e n s i t y e x a c t l y 1 / 2 . T h e most n a t u r a l d i s c r e t e a n a l o g is to e s t i m a t e t h e
size of a s u b s e t S C {I, 2, . . . , N } with the i n t e r s e c t i o n of a residue class,
i.e. a long a r i t h m e t i c progression. Notice t h a t a b o u t 1 / 4 of the a r i t h m e t i c
p r o g r e s s i o n s in 1 , 2 , 3 , .. . , N has an even s t a r t i n g p o i n t and an even gap,
and t h e s e a r i t h m e t i c progressions, c o n s i s t i n g of even i n t e g e r s only, do not
even i n t e r s e c t our large set S of d e n s i t y 1 / 2 . T h i s kills the p o s s i b i l i t y of a
s t r a i g h t f o r w a r d d i s c r e t e analog of P r o p o s i t i o n 2.1 (a).

Nevertheless, we can prove some kind of an a n a l o g of P r o p o s i t i o n 2.1(a)
as follows (we lose a l o g a r i t h m i c factor).

P r o p o s i t i o n 2 . 2 . Let S be an a r b i t r a r y s u b s e t o f the discrete interval
{ I , 2 , . . . , N } , and let T 2: 1000 be an arbitrary integer with N > 100T 2 .

Then there is an integer m in the range ~ < m < ~ such t h a t

(2.28) ~ ~ ('~I - ~. 1 ) ' < c l T l o g T ,

n = T (mod m)

where Cl is an absolute constant (say, Cl = 400 is a good choice).



Sup e r - u n i f o r m i t y o f th e T ypi cal Billiard Path 61

Not e t h a t , t h e p r o o f s u p p l ies an e ffi ci e n t al g o r i t h m to find such a "go o d "
int e ger m (it is no t t rue in gene r a l t h a t t he m ajori t y of t h e inte ger s m in
t he rang e ; . , < m < !;f a re "go o d " ) .

As a co r olla ry, we imm edi a t el y o b t a i n t h a t , t he re is a residue cl as s
r ( mo d m ) s u ch t h a t

(2 .29) l SI
m

L 1 < V c 1 T l o g T .
n E B :

n = r ( mo d m )

Since ~ :::::: T, V T l o g T is b a s i c a l l y t h e s q u a r e - r o o t e r ro r ( a p a r t from t h e
negligible factor of V l o g T ) . Can we remove t h e l o g a r i t h m i c factors in (2.28)
a n d (2.29) ? I don 't know ; p e r h a p s t h e r e a d e r can a n s wer t h i s q u e s t i o n .

P r o p o s i t i o n 2 .2 is basi cally b e s t possible in t h e following sense . Let
N > M be p o s i t i v e int eger s s a t isfyin g N / 2 > M > log N . T h e n , for the
m a j o r i t y of the 2 N s u bse ts S c {I , 2 , . . . , N },

(2 .30)
1 m:"" l (lSI ) 2 N
m L m - L 1 > C2 M

r =O n E B :
n = r ( m o d m )

hold s for every in t eger m in t h e r a n ge M :s; m < 2M ; h er e C2 > 0 is a
p osi ti ve ab s o l u t e co n s t a nt.

T h e p r o o f of P r o p o sition 2.2 is bas ed on a d eep too l : t h e s o- ca lled Lar ge
Sieve (a n i m p o r t an t Fouri er t e c h n i q u e developed for a p p l ica t io n s in a n a ly t ic
numb er t h e o r y , m ainl y for t h e di s t r i b u t i o n of t h e prim es) ; see Sec t i o n 10.
We al so n eed t h e fairly d e ep fa ct t h a t t h e r e ar e "m a ny primes " ( n a m e l y
a b o u t x / lo g x for p:S; x ) . T h e p r o o f of (2.30) , on t h e o t h e r h a n d , is q u i t e
ea s y: it is a r o u t i n e a p p l i c a t i o n of t h e so-called "pr ob a b i l i s t i c m e t h o d " 
I leave t h e d e t a i l s to t h e re a d e r .

3. C A N W E B E A T T H E M O N T E C A R L O M E T H O D ? (II)

1. R e g u l a r s a m p l i n g is a d a p t i v e . I recall t he m ess ag e of P r o p o si t i o n 2.1:
th e r egul ar s a m p l i n g by a ty p ica l a r it h me t ic progr ession modulo on e - L e. ,
a t ypi cal s h ifte d Kron ecker seq ue n c e - is j ust as goo d as t he Mont e Carlo
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(3.2)

m e t h o d . W h a t is more, t esting by a regular sampling benefits from th e
"nicety " of the test function (unlike the Monte Carlo m e t h o d , which is
"blind": it ca n n o t take a d v a n t age of "n ice" functions: the a p p r o x i m a t i o n
error is always the very same b ell curve).

I d e n t i t y (2.27) is very general: it works for a r b i t r a r y subsequences ko =
o < k 1 < k2 < k 3 < . . . of the set of positive integers. We can have all
kinds of sequences : the simplest linear sequence (1) kj = i , j = 1 , 2 , 3 , . . . ,
the q u a d r a t i c sequence (2) k j = j2, the cubic sequenc e (3) k j = j3, t h e
fourth powers (4) k j = j4 , or the much more r a p i d l y increasing e x p o n e n t i a l
sequences, such as (5) k j = 2 j , the gap sequenc e (6) satisfying

k · 1
~~ ~ 1 + , \ for every j with some fixed c o n s t a n t ,\ > 0,
J

the factorial sequence (7) k j = j! , and so on.

This leads to the following n a t u r a l question: Which set

(3.1) y, y + k 1 x , Y + k 2 x , Y + k3 X , • . • , Y + k n - 1 x (mod 1)

of division p o i n t s is the "b es t" way to a p p r o x i m a t e the integral ? In o t h e r
words, which sequence k o = 0 < kl < k 2 < k 3 < . . . supplies t h e best
a p p r o x i m a t i o n in the form

n - l 1

~ ~ f ( y + k j x ) ~ 1 f ( u ) du?

(for simplicity we s t u d y t h e one-dimensional case , and we always e x t e n d
function f over the entire real line periodically with period one). We
know t h a t the L2- norm (as 0 < x < 1 and 0 < y < 1 ind e p e n d e n t l y
run t h r o u g h the unit interval) does n o t d i s t i n g u i s h among the sequ ences
k o = 0 < k 1 < k2 < k 3 < . , . (of d i s t i n c t positive integers): in view of
(2.27) the s q u a r e - i n t e g r a l of t h e e r r o r is always the same

(3.3) ~ 1 1

( f ( Z ) -1 1

f ( u ) dU) 2 d z.

(3.3) tells us t h a t the L2-norm of the error is the same for "n ice" or "u g ly"
functions , b u t , if we switch to the L 1 - n o r m or to the "t y p ica l error ", t h e n
the s i m p l e s t linear sequence k j = j exhibits a definite a d v a n t a g e : the
a p p r ox i ma t ion

(3.4)
n - l 1

~Lf(y+jx)~ 1 f ( u ) d u
n j = O 0
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is adaptive: it d o e s b e n efit from t h e s m o o t h n ess of t h e f u n c t i o n f.

63

S w i t c h i n g from t h e L 2 - n o r m to t h e L 1 - n o r m . T h e be s t i l l u s t r a t i o n is
to s t u d y t h e L 1 - n o r m for s m o o t h f. By u sin g t h e F o u r i er s eri es of f , we
h av e

(

n - l )L a r ~ L e2 7r ir k x . e 27r i r y

r EZ : ) = 0
r i O

1 I e 2 7r ir n x - 11
:s ;;, L larl ' e 2 7r irx _ 1 .

rEZ:
r i O

Cl e a r l y

I
e 2 7r ir n x - 11 { 2 }. < min n . .
e 2 m r x - 1 - , I e 2 m r x - 11

Sin c e
l e 27rir x _ l l = 2 I s i n ( 7 1 T x)1 = 2 I s i n ( 7 f l l r xll)I 2::41I r xll ,

wh er e I use Il zll to d e n o t e t h e d i s t a n c e of a real n u m b er z from t h e n e a r es t
i n t e ger , we h av e

(3.5) I ~ I: f ( y + k x) - r 1 f ( u ) dul
k=O Jo

1 . { 1}:s ;;, L larl mm n, 211r xll .
rEZ :
r i O

Since f is s m o o t h , its F o u r i er coeffici e n t sa t i s fie s t h e b o u n d (r =1= 0) :

(3.6)
c

la rl :s 2 ' w h e r ec = m ax 1f"1 ·
r

On t he o t h er h a n d , for a ny i n t eg er r =1= 0 ,

1 1

min {n , 211~xll} dx = 10
1

m in {n , 211~11} dx
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r 1 / 2 { I} r 2~ 1 1
/
2 1= 2 Jo min n, 2x dx = 2 Jo n dx + -.L -;; dx

2 n

= 1 + log (~) - l o g (2~) = 1 + l o g n .

S u m m a r i z i n g , we have

J . B e ck

(3.7)
1 1 11 n - 1 1 I

L 1 - n o r m = r r - L f ( y + k x) - r f ( u ) d u d x d y
Jo Jo n k=O Jo

2 max 1f"1 (~ 1 ) (1 I ) 1l"2 max 11"1 1 + log n< ~ - + o g n = . .
- n ~1~ 3 n

This proves t h a t for s m o o t h f the L 1 - n o r m is O ( 1 o g n j n ) , t h a t is, the
L 1 - n orm is much smaller t h a n the L 2 - n orm c~t (which , by the way, is

i n d e p e n d e n t of the s m o o t h n e s s of 1). It follows t h a t the "t y p ica l e r r o r " is
O ( 1 o g n j n ) . But more is t r u e : we can cancel the l o g a r i t h m i c factor in t h e
n u m e r a t o r . We can prove t h a t , for s m o o t h functions the "t y p ica l e r r o r " is
O ( l j n ) ; see P r o p o s i t i o n 3.1 below.

In sh arp c o n t r a s t to the a d a p t i v eness of th e linear sequence, for an ( a t
least) e x p o n e n t i a l s e q u e n c e - s a y , k j = 2 j - t h e a p p r o x i m a t i o n

(3.8)
n - 1 1

..!. L f ( y + 2 j x ) ~ 1 f ( u ) du ,
n j=O 0

behaves e x a c t l y like the Monte Carlo m e t h o d ; (3.8) does not benefit from
the s m o o t h n e s s of the function f . This is th e message of a large a m o u n t
of research in uniform d i s t r i b u t i o n i n i t i a t e d by Koksma and Erdos in the
1930 - 4 0 s ; see e.g . the book [4].

I t seems very likely t h a t the polynomial sequ ences , such as k j = j 2 or
j3 or j4 , all behave similarly to the Monte Carlo m e t h o d in the sense t h a t
t h e r e is no b e n e f i t f r o m t h e s m o o t h n ess of t h e f u n c t i o n f, b u t , u n f o r t u n a t e l y ,
t h e r e is no t echnology available to prove this n a t u r a l guess.

It seems to me t h a t the linear sequence k j = j is the only one which is
a d a p t i v e .
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T h e following r e s u l t is b a s i c a l l y an i m p r o v e m e n t to (3.7): it is a n o t h e r
i l l u s t r a t i o n of t h e key fact t h a t t h e a p p r o x i m a t i o n by a r e g u l a r s a m p l i n g

n - l 1

.!. L f ( y + jX) ~ 1 f ( u ) du
n j = O 0

does b e n e f i t from t h e s m o o t h n e s s of t h e f u n c t i o n f.

P r o p o s i t i o n 3 . 1 . Suppose t h a t a f u n c t i o n f is 2-times differentable with
bounded derivative on the unit interval 0 ~ x < 1 ; for n o t a t i o n a l s i m p l i c i t y
we e x t e n d f over the entire real line lR periodically with period one . Then
for any natural n u m b e r n 2: 1,

(3.9) I .!. I: f ( y + j x ) - t' f ( u ) - = O ( I / n )n . 0 Jo
J =

holds for the m a j o r i t y of the pairs (x , y) in the unit square. In fact , more is
true: the value o f the shift y is irrelevant in the sense that, (3 .9) holds for
the m a j o r i t y o f x in 0 < x < 1 and for all 0 ~ y < 1.

T h e p o i n t here is t h a t t h e e r r o r t e r m O ( I / n ) in (3 .9) is much s m a l l e r
t h a n t h e e r r o r t e r m O ( I / J n ) in P r o p o s i t i o n 2 .1(a).

I t is well p o s s i b l e t h a t P r o p o s i t i o n 3.1 is folklore; n e v e r t h e l e s s , I c o u l d n ' t
find it in t h e l i t e r a t u r e . I i n c l u d e a p r o o f in S e c t i o n 11.

2. A s u r p r i s i n g w a y t o " b e a t " t h e M o n t e C a r l o m e t h o d : s w i t c h i n g
f r o m p o i n t s a m p l e s t o c u r v e s , s u r f a c e s , a n d s o o n . T h e message of
P r o p o s i t i o n s 2 .1 a n d 3 .1 in a n u t s h e l l goes as follows. R e g u l a r s a m p l i n g is
j u s t as good as r a n d o m s a m p l i n g (= Monte C a r l o m e t h o d ) : in t h e g e n e r a l
case t h e y b o t h have t h e same s q u a r e - r o o t e r r o r . In fact , r e g u l a r s a m p l i n g
is s o m e w h a t b e t t e r in t h e sense t h a t it does b e n e f i t from " n ice " f u n c t i o n s
( a n d sets) .

T h e o r e m 1 (see S e c t i o n 1) r e p r e s e n t s a s p e c t a c u l a r "win " over t h e M o n t e
C a r l o m e t h o d : t h e usual s q u a r e - r o o t e r r o r d r o p s to t h e much , much s m a l l e r
s q u a r e - r o o t l o g a r i t h m i c o r d e r (which is almost c o n s t a n t ) , b u t of course t h e r e
is a s l i g h t c h e a t i n g here: t h e p o i n t s a m p l e is r e p l a c e d by a c o n t i n u o u s c ur ve
( n a m e l y a t y p i c a l b i l l i a r d p a t h ) a n d t h e t e s t set has to be 2 - d i m e n s i o n a l
( n a m e l y , a s u b s e t of t h e u n i t s q u a r e a n d w h a t we w a n t is t h e a r e a ) . I refer
to t h i s as a " d i m e n s i o n one increase" . Next I show t h a t , by m a k i n g an addi
t i o n a l " d i m e n s i o n one i n c r e a s e " - n a m e l v . if we a p p r o x i m a t e t h e volum e of
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a 3-d i me n s io n a l se t in t he uni t cu be with s o me " n a t u r a l" s ur face (mod 1) 
the n t he s q u a re - root log ari t h m i c er r o r dr op s to co n s t a nt e r ro r! ( Need less
to say, i t is b es t p ossibl e .) T he "n a t ur a l" s ur face w h a t we act ua lly u se is a
flat t ilte d p ar all elogr am in t he 3-sp a ce.

T h e o r e m 5 . L e t A b e a n a r bit ra ry L eb esgu e m e a s u r abl e s u b se t o f t he
uni t c u be [0 , 1)3 wi th 3 - d i m en si on al L eb esgu e m e a s u r e vol ( A ), a n d l e t
Ti > 100, T 2 > 100 b e t wo ar b it r ar i l y lar g e ( b u t fix ed ) r e al n u m b er s .

L e t x ( t l , t 2 ) = ( Xl ( t l , t 2 ) , X2( tl , t 2 ) , X 3 ( t l , t 2)) (mo d 1) d e n o t e t he foll o w i n g
to r us - pa ra lle l og ra m :

( 3. 10) Xl (tl , t 2 ) = /3 1,l t 1 + /3 1 ,2 t2 + Yl , X2 ( t 1, t 2) = /32 ,l t l + /32 ,2 t 2 + Y2 ,

an d X3 ( t l , t2 ) = /3 3, l t l + /33 ,2 t 2 + Y3 ,

wh er e a ~ tl ~ Tl , a ~ t 2 ~ T2 , an d b i = ( /3l ,1 , /3 2 ,1 , /33 ,I) , b 2 =
(/3 1 ,2,/32 ,2,/33,2 ) ar e uni t v e c t or s: Ib l l

2 = /3 I, l + /3i, l + /3L = 1, Ib 2 1
2

/3 I ,2 + /3 i ,2 + /3l 2 = 1. T h e qu a d r u p l e ( (Tl , T 2 ) ; y ; b 1 , b 2) ( w h e re y
(Y l ' Y2, Y3)) u n i q u ely d e t e r m i n es t he toru s - p ar all el ogr am (3 . 10); w e ca ll
t he t r i p le (y , b j , b 2 ) an ini ti al co n d it ion . T h e t o t a l a rea A ( T l , T 2) =
A ( T l, T 2; y ; b j , b 2 ) o f t he i n t e r s e c t io n o f t he to rus - pa ra lle log r am (3 . 10) w i t h
t he g ive n s u b s e t A e q ua ls

( 3 . 11) A ( T} , T 2 ) = A ( T l , T 2 ; y ; b j , b 2)

= Ib 1 x b 21· a rea { (t} , t2) E [0, T tl x [0, T 2 ] : X(t l , t2) E A (mod I )} ,

w he re b l x b 2 d en o t es t he usu al cross p r o d u c t o f 3 - d i m e n s io na l v e c t o rs .

L e t a < E < 1 / 2 b e ar b i t ra r y . T h en for 1 - E p ar t o f all t o r u s p a r a l l el o
gra m s o f p a r a m et er s Ti , T 2 (see (3.10) ) , A ( T l , T 2 ; y ; b l , b 2) d i f f e r s from t he
"e x p e c t a t i o n " (s e e (3 . 11)) Ib l x b 21T l T 2 · vol ( A ) by at m o s t a c o n s t a n t : w e
h av e

(3 .12)

R e m a r k s . ( 1 ) T h eor em 5 is a n ot he r sup er - u n i f o r m i t y t yp e resul t , even
s ha r pe r t h a n Th eor em 1. Ag ain t h e "u gli n ess" o f A pl a y s a b so lute ly n o
r ole ; see (3 . 12) . Gi ven a n a r b it ra r ily com p licate d s u bset A c [0, 1)3, t he
ty p ica l s ur face- d iscre pa ncy (see (3. 12)) is less t ha n a n absol ut e co ns t an t .
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On t h e o t h e r h a n d , if T h e o r e m 5 is r e s t r i c t e d to e x t r e m e l y simple sub
sets, say to t h e narrow family of a x e s - p a r a l l e l s u b c u b e s , t h e n c o n s t a n t
s u r f a c e - d i s c r e p a n c y 0 ( 1 ) in (3.12) is still unavoidable (to be e x p l a i n e d be
low). S h o r t l y s p e a k i n g , t h e c o m p l e x i t y of t h e t e s t set A C [0,1)3 in Theo
rem 5 is i r r e l e v a n t .

( 2 ) Next I briefly explain t h e t r i v i a l fact t h a t even for t h e narrow class
of a x e s - p a r a l l e l s u b c u b e s we must have c o n s t a n t s u r f a c e - d i s c r e p a n c y 0 ( 1 )
in (3.12). T h e following a r g u m e n t is a s t r a i g h t f o r w a r d a d a p t a t i o n of t h e
a r g u m e n t in p a r t (3) of t h e R e m a r k s a f t e r T h e o r e m 1. C o n s i d e r t h e two
s u b c u b e s A l = [0,1/3]3 and A 2 = [2/3,1]3; the d i s t a n c e between t h e m is
vI3/3. We show t h a t the following eight s u r f a c e - d i s c r e p a n c i e s c a n n o t be all
very small like o( 1):

I A i ( T I ' T2; Y; b j , b 2) - T I T 2 1 b l x b 21· vol (A) I
where i = 1,2 and (TI , T2) runs t h r o u g h t h e four pairs (T, T) and (T + c, T)
and (T , T + c) a n d (T + c, T + c); here c > 0 is a sufficiently small positive
c o n s t a n t . Indeed, t h e following linear c o m b i n a t i o n of t h e "la r ge" r e c t a n g l e s

(3 .13) [0, T + c] x [0, T + c] - [0, T + c] x [0, T]

- [0 , T] x [0, T + c] + [0, T] x [0, T]

is a "s m a ll" c o n s t a n t size s q u a r e [T, T + c] x [T, T + c], a n d in t e r m s of t h e
t o r u s p a r a l l e l o g r a m (3 .10) , t h e e q u a t i o n (iI, i2) E [T, T + c ] x [T, T + c ] gives
a "small" c o n s t a n t size t o r u s p a r a l l e l o g r a m of d i a m e t e r less t h a n vI3/3 (i.e.,
t h e d i a m e t e r is less t h a n the d i s t a n c e between the two s u b c u b e s Al a n d A 2 )

if c > 0 is a small enough a b s o l u t e c o n s t a n t . T h e r e f o r e , because of t h e small
d i a m e t e r , t h i s "small" c o n s t a n t size t o r u s p a r a l l e l o g r a m (see (3.13)) c a n n o t
i n t e r s e c t b o t h A l and A 2 , which yields a c o n s t a n t size s u r f a c e - d i s c r e p a n c y .
This proves t h a t in T h e o r e m 5 we c a n n o t hope for a s u r f a c e - d i s c r e p a n c y
0(1) in (3.12) (i.e. , we c a n n o t hope for a s u r f a c e - d i s c r e p a n c y t e n d i n g to zero
as TI, T 2 t e n d to infinity) , not even for t h e simplest families of s u b s e t s , such
as t h e family of all a x e s - p a r a l l e l s u b c u b e s .

(3) In T h e o r e m 5 we t e s t t h e u n i f o r m i t y of a k - d i m e n s i o n a l (finite)
surface w i t h r e s p e c t to a ( m e a s u r a b l e ) s u b s e t A C [0, l]d , where k = 2 and
d = 3 ( T h e o r e m s 1 and 2 c o r r e s p o n d to t h e cases k = 1 and d ~ 2). Consider
now t h e general case with a r b i t r a r y J ::; k < d. By a s t r a i g h t f o r w a r d
a d a p t a t i o n of our p r o o f t e c h n i q u e , one can show t h a t t h e c o r r e s p o n d i n g
u p p e r b o u n d for t h e d i s c r e p a n c y is 0 ( 1 ) if k > d/2, and basically

(3.14)
I k

T'2-2(d-k)
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if k ~ d / 2 , where T denotes t h e t o t a l ( k - d i m e n s i o n a l ) surface a r e a ( a r c l e n g t h
for k = 1). Here "basically" means t h a t I ignored the l o g a r i t h m i c factors.
Similarly to T h e o r e m 2, t h e e x p o n e n t ~ - 2(d~k) in (3.14) is best possible

( t h e same a r g u m e n t works how we prove t h e s h a r p n e s s of T h e o r e m 2).

3. S u m m a r y . Let me briefly s u m m a r i z e t h e message of Sections 1 - 3 .
I f we t e s t volume or i n t e g r a l with a point sample, t h e n in t h e general
case - m e a n i n g "ugly" sets and functions - w e c a n n o t b e a t t h e Monte Carlo
m e t h o d : the s q u a r e - r o o t e r r o r is unavoidable.

However, if we replace t h e p o i n t sample with an a p p r o p r i a t e "curve
sample" , t h e n in low dimensions we can s u b s t a n t i a l l y b e a t t h e Monte Carlo
m e t h o d in the sense t h a t t h e e r r o r is much less t h a n s q u a r e - r o o t ; see e.g.
T h e o r e m 1 , where t h e "curve sample" is a t y p i c a l b i l l i a r d p a t h in t h e u n i t
s q u a r e . T h e bad news is t h a t T h e o r e m s 2 and 3 are basically s h a r p , so in
"large" dimensions we e v e n t u a l l y go back to the s q u a r e - r o o t e r r o r again.

Similarly, if we go one dimension higher, and switch from curves to
surfaces, t h e n in low dimensions we can b e a t the Monte Carlo m e t h o d in
t h e sense t h a t the e r r o r is much less t h a n s q u a r e - r o o t ; see e.g. T h e o r e m 5,
where t h e "surface sample" is a t y p i c a l flat t i l t e d p a r a l l e l o g r a m in t h e 3
space, t a k e n modulo one . In "la r ge" dimensions , however, we e v e n t u a l l y go
back to the s q u a r e - r o o t e r r o r again .

T h e message of T h e o r e m s 1 - 3 is t h a t line s a m p l i n g is much more effi
cient t h a n t h e t r a d i t i o n a l p o i n t sampling, at least in low dimensions! T h i s
m o t i v a t e s the following new way of c o m p u t i n g , or r a t h e r a p p r o x i m a t i n g ,
t h e volume of low-dimensional convex sets (= solids). Note t h a t convex
sets are special in the sense t h a t t h e i n t e r s e c t i o n with a ( s t r a i g h t ) line is a
line segment, so the l e n g t h is d e t e r m i n e d by t h e two e n d p o i n t s .

H o w t o c o m p u t e t h e v o l u m e o f l o w - d i m e n s i o n a l c o n v e x s e t s ? For
simplicity, assume t h a t A is a convex s u b s e t of the u n i t cube [0,1]3; we want
to a p p r o x i m a t e the volume vol (A). F i r s t we e x t e n d t h e s u b s e t A C [0,1]3
p e r i o d i c a l l y over t h e whole 3-space (of course, t h e p e r i o d is 1 in each of
the t h r e e c o o r d i n a t e d i r e c t i o n s ) . T h e n we choose a "typical" s t r a i g h t line
segment of l e n g t h n in t h e 3-space (n is "large") . I t means, more precisely,
t h a t first we choose a s t a r t i n g p o i n t y in (say) t h e u n i t cube [0,1]3, and
t h e n we choose a d i r e c t i o n b, r e p r e s e n t e d by a p o i n t on t h e u n i t s p h e r e
8 2 . T h e s t a r t i n g p o i n t y E [0, 1]3, t h e d i r e c t i o n b E 8 2 , and t h e l e n g t h n
uniquely d e t e r m i n e a s t r a i g h t line segment L ( n ) = L ( y ; b ; n) in t h e o r d i n a r y
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3-space. We consider t h e i n t e r s e c t i o n of t h e line segment L(n) = L ( y ; b; n)
with the p e r i o d i c e x t e n s i o n of A c [0, 1]3 over the whole 3-space: it consists
of O(n) "p ie ces" , where each "piece" is a line segment itself. For n o t a t i o n a l
simplicity, let t o t a l [ L( n) n A] d e n o t e t h e t o t a l l e n g t h of t h e O( n) "pieces".
T h e o r e m 3 for d = 3 (see (1.8)) says t h a t , for the overwhelming m a j o r i t y
of t h e i n i t i a l c o n d i t i o n s ( i n i t i a l c o n d i t i o n = s t a r t i n g point y E [0,1]3 plus
d i r e c t i o n b E 8 2

) , t o t a l [L(n) n A] is shockingly close to t h e " e x p e c t e d
value" t i - vol (A): t h e d i s c r e p a n c y

I t o t a l [ L(n) n A] - t i - vol (A) I
is " s q u a r e - r o o t l o g a r i t h m i c " (i.e ., a l m o s t i n d e p e n d e n t of n), and t h e "ugli
ness" of the convex set A c [0, 1]3 is i r r e l e v a n t .

The obvious benefit of working with a convex set A C [0 ,1]3 is t h a t the
t o t a l l e n g t h of t h e O(n) "pieces" t o t a l [L(n) n A] can be easily c o m p u t e d .
Indeed, each piece is a line segment itself, so we j u s t need to know t h e
c o o r d i n a t e s of t h e two e n d p o i n t s : the d i s t a n c e comes from a s t r a i g h t f o r w a r d
a p p l i c a t i o n of P y t h a g o r e a n t h e o r e m . Finally, we j u s t add up t h e O(n)
distances. It is relatively easy, t h e r e f o r e , to d e t e r m i n e t h e exact value of
t o t a l [ L ( n ) n A ] , which h a p p e n s to be shockingly close to n times t h e volume
vol (A) . Dividing by n, we o b t a i n a very good a p p r o x i m a t i o n of the volume
of the convex set A C [0, 1]3.

It is an i m p o r t a n t technical q u e s t i o n how to a c t u a l l y d e t e r m i n e t h e two
end points of a "piece" ( = s h o r t line segment) . T h e answer heavily d e p e n d s
on t h e way t h e convex set A C [0, 1]3 is described. A t y p i c a l way to describe
a c o m p l i c a t e d convex set is to r e p r e s e n t it as the i n t e r s e c t i o n of a few simpler
convex sets. As an i l l u s t r a t i o n , consider t h e case when A C [0, 1]3 is t h e
i n t e r s e c t i o n of a ball B , a cube C, and a t e t r a h e d r o n D : A = B n C n D .
Of course, t h e volumes vol (B), vol (C), vol (D) are easy to be c o m p u t e d ,
b u t t h e volume of the i n t e r s e c t i o n vol (B n C n D) = vol (A) has n o t h i n g
to do w i t h t h e simplicity of vol (B), vol (C), vol (D); t h e c o m p u t a t i o n of
vol (B n C n D) is hard! But here comes t h e a d v a n t a g e of t h e line s a m p l i n g :
t h e e n d p o i n t s of a "piece" ( = i n t e r s e c t i o n of A with a l i n e ) are e i t h e r on B,
or C, or D, and t h e i n t e r s e c t i o n of a s t r a i g h t line w i t h a ball (or cube, or
t e t r a h e d r o n ) is a t r i v i a l c a l c u l a t i o n . This gives a p r a c t i c a l s o l u t i o n for t h e
a c t u a l c o m p u t a t i o n of the e n d p o i n t s of t h e "pieces" for very large classes of
convex sets.

I j u s t o u t l i n e d t h e 3-dimensional case, b u t this p r o c e d u r e clearly works
in o t h e r low dimensions such as, say, 4 and 5. Also, this a p p r o a c h seems
very p r o m i s i n g even if t h e set is not convex. W h a t we really need is t h a t
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t h e i n t e r s e c t i o n of t h e line segment L( n) and t h e periodic e x t e n s i o n of A
consists of "not too many pieces (= s h o r t line-segments)" .

Note t h a t t h e 2-dimensional case (= area c o m p u t a t i o n ) is e x c e p t i o n a l l y
simple : t h e n we have a s h o r t c u t . Indeed , "a r e a u n d e r t h e curve" is j u s t t h e
definite i n t e g r a l of a function in one variable. T h i s leads us to the classical
field of numerical i n t e g r a t i o n and t h e classical q u a d r a t u r e formulas (e .g. ,
m i d p o i n t rule , t r a p e z o i d a l rule , S i m p s o n ' s rule).

U n f o r t u n a t e l y , in higher dimensions -i-i .e., for functions of at least two
variables - t h e classical q u a d r a t u r e formulas all b r e a k down, mainly b e c a u s e
t h e r e is no n a t u r a l analog of t h e " e q u i d i s t a n t set in t h e unit i n t e r v a l "
0, l i n , 2In, . . . , (n - l ) l n in higher dimensions . T h i s is why in higher
dimensions t h e only p r a c t i c a l s o l u t i o n is the Monte Carlo m e t h o d ( " r a n d o m
s a m p l i n g " ) . W h a t we d e m o n s t r a t e here is t h a t , in t h e classical s u b j e c t
of volume c o m p u t a t i o n , a novel way of r e g u l a r s a m p l i n g - n a m e l y , line
s a m p l i n g - c a n b e a t t h e Monte Carlo method!

T h e rest of t h e p a p e r is devoted to t h e proofs of T h e o r e m s 1 - 4 , P r o p o 
sitions 1.1, 2.1 - 2 , 3.1 and T h e o r e m 5 in this order.

4. S U P E R - U N I F O R M I T Y : P R O O F OF T H E O R E M 1

In view of the trick of u n f o l d i n g t h e billiard p a t h to a s t r a i g h t line in
t h e plane (explained in Section 1), it suffices to deal w i t h t o r u s - l i n e s (of
course we s h r i n k t h e c o r r e s p o n d i n g 2 x 2 s q u a r e to t h e u n i t s q u a r e ) . Let
A C 1 2 = [0,1)2 be an a r b i t r a r y Lebesgue m e a s u r a b l e s u b s e t (via unfolding
it c o r r e s p o n d s to t h e union of four copies of t h e given s u b s e t A in The
orem 1), a n d consider t h e Fourier series of the 0-1 valued c h a r a c t e r i s t i c
f u n c t i o n XA of t h e set A:

(4 .1) XA(U) = L are27fir.u with a r = L e-27fir.y dy ,

r E Z 2

where r . U = 7'1 U1 + 7'2U2 d e n o t e s t h e s t a n d a r d inner p r o d u c t of vectors.
Clearly ao = a r e a (A) ( = Lebesgue m e a s u r e ) , a n d by P a r s e v a l 's formula,

(4 .2) L la rl
2 = a r e a (A) - a r e a 2 (A ) .

r E Z 2 ;
rr'O
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Consid er the t o r u s-line x(t) = ( Xl(t) , X2(t)) (mod 1) , wh er e

(4 .3) Xl (t ) = (3 1 t + Yl , X2(t ) = {3 2 t + Y2 a n d {3r + (3~ = 1.

71

T h e len gth of t he s t r aight lin e segm ent x(t) , a < t < T is cle arl y T ,
Le. , t i me = a r clengt h . Th e p air (y , ( {31 , (3 2) ) d escrib es t h e s t a rt ing point

y E [0 ,1) 2 a n d th e a ng le (by th e point ( {31 , (3 2) on th e u n i t c ir cle ) o f th e
t o r u s - l i n e x( t). T h e t o t al tim e A ( T ) = A ( T ; y , ( {31 , (32 ) ) t ha t t he t o rus - line
x(t) (d efined in (4 .3)) s pe n d s in sub set A d u r i n g 0 < t < T eq ua ls

(4.4)
A ( T ) = A ( T ; y , ( {31 , (3 2) ) = me asur e {t E [0, T] : x(t) E A (mod I ) }

= i T XA ( X(t )) dt = iT L a r e 2 7r i r 'X (f ) dt
o 0 rE Z 2

Since ao = a rea (A) ( = Leb esgu e m ea sur e) , by (4.4) we h ave

(4 .5) di scr ep an cy = A ( T ; y , ( (31 , {3 2)) - T · a rea (A)

Fix a ny p oint ( {31 , (3 2) on the u n i t cir cle {3r + {3i = 1, a n d run t h e s t a r t i ng
point y t h r o u gh t h e unit sq u a re; t h en by P ars eval ' s formul a (12 = [0, 1 ]2)

(4.6)

= L la r l
2
•

r EZ 2 :
rT'O

e 27ri(,61 r l + ,62r 2)T _ 1 2

21f( {31 r l + (32 r2 )
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A t e c h n i c a l n o t e . T h e a r g u m e n t in (4.4) and (4.6) was r a t h e r informal:
for example , we changed t h e o r d e r of infinite s u m m a t i o n and i n t e g r a t i o n ,
b u t d i d n ' t say a n y t h i n g a b o u t u n d e r w h a t c o n d i t i o n can we really do t h a t .
Note, for example, t h a t for an "ugly" m e a s u r a b l e set A the Fourier series of
t h e c h a r a c t e r i s t i c function XA can be divergent in many points, b u t this kind
of t e c h n i c a l nuisance is t o t a l l y i r r e l e v a n t for us: w h a t we care a b o u t is t h e
Parseval formula. I t is well-known t h a t t h e P a r s e v a l formula c h a r a c t e r i z e s
t h e £2 space , meaning t h e class of functions for which t h e Lebesgue s q u a r e
i n t e g r a l f0 1 P ( x ) dx exists (and finite); see the R i e s z - F i s h e r t h e o r e m . T h e
point is t h a t t h e c h a r a c t e r i s t i c function f = XA clearly belongs to £2, and we
can safely work in t h e £2 space ("Lebesgue s q u a r e - i n t e g r a b l e " ) . T h e precise
proof of this is a s t a n d a r d technical a r g u m e n t t h a t I very briefly recall here.
I f f = 9 is a sufficiently s m o o t h function - s a y , twice differentiable w i t h
c o n t i n u o u s d e r i v a t i v e - t h e n t h e Fourier series is a b s o l u t e l y convergent, and
so every m a n i p u l a t i o n t h a t we c a r r i e d o u t (such as, changing t h e o r d e r
of s u m m a t i o n and i n t e g r a t i o n ) is p e r f e c t l y j u s t i f i e d and l e g i t i m a t e . T h e
last step is to a p p r o x i m a t e a Lebesgue s q u a r e - i n t e g r a b l e function f with a
sequence of s m o o t h functions 9k , k = 1 , 2 , 3 , . . . : we want t h e a p p r o x i m a t i o n
e r r o r I f ( x ) - 9k(X)1 to be a r b i t r a r i l y small (as k - - - t (0) except on a set of
x's with small Lebesgue m e a s u r e (the measure t e n d s to zero as k - - - t (0).
This last step is t o t a l l y r o u t i n e in t h e t h e o r y of t h e Lebesgue i n t e g r a l .

L e t ' s r e t u r n to (4.6). We s t u d y t h e last factor; we use t h e obvious u p p e r
b o u n d

(4.7)

K e y D e f i n i t i o n ( d i s c a r d i n g t h e bad d i r e c t i o n s ) . Let 0 < E < 1 / 2 ; we
say t h a t a p o i n t (f31 ,/h) on t h e unit circle f3? + f3~ = 1 is s - b a d if t h e r e
exists an r E Z2 such t h a t

(4.8)

for some [r] ~ 8 or

(4.9)

for some 1 ~ [r] < 8 , where [r] = Jrr + r~.
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Note t h a t t h e c o m p l i c a t e d d e n o m i n a t o r in (4.8) is m o t i v a t e d by t h e fact
t h a t t h e n u m e r i c a l series

(4.10)
0 0 1

~ n ( l o g n ) 2

is very close to t h e b o r d e r of convergence-divergence: t h e slightly l a r g e r
series

0 0 1

~ n l o g n

is a l r e a d y d i v e r g e n t , b u t (4 .10) is still convergent (see (4.15) below). Of
course we could replace t h e e x p o n e n t 2 in (4.10) with 1 + s, b u t t h e gain
would be negligible.

Let B d e n o t e t h e set of s-bad p o i n t s (/31, /32) on t h e u n i t circle /3r+/3~ = 1.
Next I show t h a t t h e "b a d " set B forms a small minority: t h e measure of B
is negligible c o m p a r e d to t h e circumference 27r of t h e u n i t circle . (Note in
advance t h a t at t h e end of t h e p r o o f we will t h r o w out all i n i t i a l c o n d i t i o n s
having s - b a d angles .)

L e m m a 4 . 1 . The set B of e-bed p o i n t s (see the K e y Definition) is small in
the sense t h a t

(4 .11)
m e a s u r e (B) c

27r < 2'

P r o o f . Notice t h a t f31rl + f32r2 is a dot p r o d u c t of two vectors, so t h e
a b s o l u t e value 1/31 rl + /32r21 equals [r] sin () , where () is t h e angle between t h e
u n i t vector (/31, /32) and t h e vector ( - r 2 ' rl) p e r p e n d i c u l a r to r = (rl ' r2).
T h e r e f o r e , given any r E Z2 with [r] 2: 8, i n e q u a l i t y (4.8) defines two s h o r t
d i a m e t r i c a l l y o p p o s i t e arcs on t h e u n i t circle /3r+f3~ = 1 w i t h t o t a l a r c l e n g t h

4 . ( c )arcsin 2 2 '
40lrl · log2 Ir l · (log2- l o g 2 ! r l )

where of course arcsin is t h e inverse of sin. 'Si m ila rl y, given any r E Z2 w i t h
1 :S [r] < 8, i n e q u a l i t y (4.9) defines two s h o r t d i a m e t r i c a l l y o p p o s i t e arcs
on t h e u n i t circle /3r +-fi~ = 1 w i t h t o t a l a r c l e n g t h

4 arcsin (~).
40lrl
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I t follows t h a t
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(4.12) m e a s u r e (B) < L 4 a r c s i n (~)
rEZ 2 ; 40lrl
l S l r l <8

+ ,~, 4 arcsin COle!' . log,!e! E (log,log,lel) , ) .
jrl~8

By using t h e t r i v i a l i n e q u a l i t y

(4 .13) a r c s i n ( x ) < x + x 2 for 0 < x < 1,

(4.14)

we can easily e s t i m a t e t h e sums in (4.12). We begin w i t h t h e a u x i l i a r y sum

1
L 1 = L 2 ( )2 '

r E Z 2; [r] . log2l r l · log2 l og21rl
Irl ~8

We e s t i m a t e (4 .14) by a p p l y i n g a s t a n d a r d power-of-two d e c o m p o s i t i o n :

(4.15)

Note t h a t in (4.15) we used t h e t r i v i al fact t h a t t h e n u m b e r of l a t t i c e p o i n t s
in t h e a n n u l u s 2 k ::; [r] < 2 k + 1 is less t h a n t h e a r e a of t h e big circle n - 4 k + 1 .

R e t u r n i n g to (4.15) , we can e s t i m a t e t h e i n f i n i t e series with t h e corre
s p o n d i n g d e f i n i t e i n t e g r a l :

0 0 1 1 0 0
dx

2 < 2 = log 2 ,
[ ; k · (log2 k) 2 x(log2 x)

a n d using t h i s in (4 .15) , we have

(4.16)
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Similarly,
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(4.17)

We also need the simple numerical facts

(4.18)

Combining (4.12)-(4.18), we have

measure (B) e ' " ' c
2
' " ' C ' " ' c

2
' " ' C

21r < 201r L..".1 + 8001r L..".2 + 201r L..". 3 + 8001r L..".4 < 2'
c o m p l e t i n g the p r o o f of Lemma 4 .1. •

Let 9 denote the complement of the "b a d " set B , t h a t is, 9 is t h e set
of p o i n t s (131 , (32) on the unit circle 13r + 13? = 1 which are n o t s - b a d (see
the Key Definition; I used l e t t e r 9 to i n d i c a t e "good"). We want to give an
u p p e r b o u n d to the integral

where in t h e o u t e r integral of (4.19) "ds" i n d i c a t e s i n t e g r a t i o n with respect
to the a r c l e n g t h (since 9 is a "large " subset of the unit circle). We prove
the following r e s u l t .

L e m m a 4 . 2 . We have

h (12 (A ( T ; y, (131 , (32)) - T . a r e a (A) )
2
dy ) ds

2688 1 2
:s; a r e a ( A ) ( 1 - a r e a (A)) . - 2 . - l o g 2 T . (log2log2 T) .

1r c
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(4 .20)

P r o o f . By using ( 4 . 6 ) - ( 4 .7) , we have

i n t e g r a l (4 .19) ~ L la r l
2 . r min { 1 2' T 2

} ds.
rEZ 2 : Jg 1r

2 ( 13 1 r 1 + 132r2)
r # O

If ( 131,132) E Q t h e n by d e f i n i t i o n (see (4.8) - ( 4 .9))

(4 .21)

for all [r] ~ 8 and

(4 .22)

for all 1 ~ [r] < 8. Let r E 7/.,2 w i t h [r] = Jrr + r~ ~ 8 be a r b i t r a r y b u t
fixed; to es t im a t e t h e i n t e g r a l a t t h e end of (4 .20), we apply a s t a n d a r d
power-of-two d e c o m p o s i t i o n of the set

(4.23) Q(r) = { (131 ,132) : 13 f + 13i = 1, (4 .21) holds} =:> Q

as follows: let £ be an a r b i t r a r y i n t e g e r in t h e range

(4 .24) 0 ~ £ ~ L(r) = log2 (:0 Irl . l o g 2 I r J . (log2 1 0g21 r l) 2 ) ,

a n d w r i t e

Finally, w r i t e

a n d so we h ave the d i s j o i n t d e c o m p o s i t i o n

(4 .27) Q(r) = U Q€(r) =:> Q.
-1 ~€~L(r)

For every £ ~ 0 we have t h e e s t i m a t i o n

(4 .28) m e a s u r e ( y € ( r ) ) ~ 4 a r c s i n Cr~2€) ~ 4 C r l ~ 2€ + I r / . 4€ ) ,
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where (4.28) is j u s t an easy a d a p t a t i o n of t h e a r g u m e n t a t t h e b e g i n n i n g of
t h e p r o o f of L e m m a 4.1.

M o t i v a t e d by (4.20) a n d (4 .27), we need to e s t i m a t e t h e s u m

(4.29)

(

L(r) (1 1 ) { 4 £ + 1 } 1)::; L la r l
2 L 4 -I - 1 - £ + 2 min - 2 ' T

2 + 27l" . 2 " '
2 B _ r . 2 I r l ' 4£ 7l" 7l"

r E Z : ~-o

Irl~8

where in t h e l a s t s t e p we used (4.28); t h e l a s t t e r m in (4 .29) is a t r i v i a l
b o u n d for t h e s p e c i a l case f = - 1 in t h e s u m m a t i o n ; a n d finally, L( r) is
defined in (4.24).

To e s t i m a t e (4 .29), we need some r a t h e r long b u t t o t a l l y r o u t i n e calcu
l a t i o n s . For any r E Z2 w i t h [r] 2: 8, we h a v e

(4.30)
L(r) (1 1 ) {4£+1 }t; Irl' 2£ + Irl 2 . 4£ min -;;:2' T

2

1 L ( r ) {2£+2 T 2 } 1 L ( r ) { 4 T 2 }

= ~ L min -;;:2' 2T + Irl 2 L min 7l"2' 4I
£=0 £=0

1 8 . { L ( r ) / } T2 * ( L ( r ) / ) 2 log2 T< - . - mm 2 7l"T 2 + - . 2X 2 > 7l"T 2 . - + - -
- [r] 7l"2 ' [r] - 7l"T Ir1 2 '
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w h e r e x* is t h e following 0-1 v a l u e d c h a r a c t e r i s t i c f u n c t i o n : x* (2 L ( r ) >
1fT/2) = 1 if 2 L ( r ) ~ 1fT/2 a n d X*(2 L ( r ) ~ 1 f T / 2 ) = 0 if 2 L ( r ) < 1fT/2.

By (4.24), if 2 L ( r ) < 1fT/2 t h e n

(4.31) ~ . ~ m i n { 2 L ( r ) , 1fT /2} + T
2
. 2X* (2 L ( r ) ~ 1fT /2) . ~

[r] 1f2 [r] 1fT

8 40 2
= " 2 . - · log 2 Ir l · (log2 10g2I r l ) ,

1f E

a n d if 2 L ( r ) ~ 1fT /2 t h e n

(4.32) 1 8 . { L ( r ) / } T
2

* ( L(r) / ) 2- . - nun 2 ,1fT 2 + - . 2X 2 ~ 1fT 2 . -
[r] 1f2 [r] 1fT

4T 4T 8T
= - + - = -

1flrl 1flrl 1 f l r l '

If 2 L ( r ) < 1fT /2 a n d [r] ~ 8 t h e n of c o u r s e

a n d so t h e l a s t t e r m in (4.31) c a n be e s t i m a t e d from a b o v e as follows:

On t h e o t h e r h a n d , if we have t h e e q u a l i t y

(4.34) 1fT / 2 = 2 L ( r ) = 40 lr l . log21rl . ( l o g 2 1 0 g 2 I r l ) 2 a n d [r] ~ 8,
E

t h e n c l e a r l y

(4.35)
T 2 40 2 2 40 2
- = - . - · l o g 2 I r l · ( l o g 2 1 0 g 2 l r l ) ~ - . - · l o g 2 T · (log210g2 T) ,
[r] 1f E . 1f E

a n d (4.35) r e m a i n s t r u e if we go b e y o n d t h e e q u a l i t y (4.34) to t h e w h o l e
r a n g e 2 L ( r ) 2: 1fT/2 .
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S u m m a r i z i n g , by (4 . 3 0 ) - ( 4 . 3 5 ) for any r E Z2 with Irl ~ 8 we have

L(r) (1 1 ) { 4 £ + 1 }
(4 .36) ~ I r l . 2 £ + Irl2 . 4£ min --;;:2 ' T

2

16 41 2
::; " 2 . - log2 T . (log2 log2 T) ,

1r c

A p p l y i n g (4 .36) in (4.29), we o b t a i n

(4.37) L la r l 2. r min { 1 2' T 2
} ds

rEZ 2 : }C;;(r) 1r
2 CB 1 r l + 132 r2)

Irl ~8

Similarly,
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( 4 .38)

R e t u r n i n g to (4 . 1 9 ) - ( 4 . 2 7 ) , a n d using (4.37) - ( 4 . 3 8 ) ,

(4.39) 2~ h (12 ( A ( T ; s , (131 ,132)) - T · a r e a (A))2 d Y ) ds

::; ' " ' la rl
2 . 1344 . ~ .log2 T . (log2 log2 T)2 + ' " ' l a r l 2 . 1344 . ~

~ ~ c ~ ~ c
r E Z 2 : r E Z 2 :
Irl~8 1~lrl <8

1344 1
= a r e a (A) ( 1 - a r e a (A)) . - 3 . - l o g 2 T . (lOg2 log2 T)2,

1r C

where in t h e l a s t s t e p we used (4.2). (4.39) gives L e m m a 4 .2. •
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(4.41 )

Now we are r e a d y to finish t h e p r o o f of T h e o r e m 1: we j u s t t h r o w out
t h e "b a d " i n i t i a l c o n d i t i o n s and a p p l y C h e b y s h e v 's well-known i n e q u a l i t y .
F i r s t a d e f i n i t i o n : for any A > a let

(4.40) O(A) = { ( y ,(,81,,82)) : Y E [ 0 ,1)2, (,81 , , 8 2 ) E Q ,

I A ( T ; Y, ( ,81, ,82)) - T . a r e a ( A ) I 2:: A } .

C o m b i n i n g (4 .39) - ( 4 . 4 0 ) with C h e b y s h e v ' s i n e q u a l i t y ,

1
271' m e a s u r e (O(A))

( )
1344 1 2 2

:::; a r e a (A) 1 - a r e a (A) . - 3 . - l o g 2 T · (log2log2 T) . A - ,
71' c

where "m e as ur e" s t a n d s for t h e 3 - d i m e n s i o n a l Lebesgue measure.

By making t h e choice

(4.42)
l O J a r e a (A) (1 - a r e a (A))

A = Ao = Vlog2 T . log2 log2 T
e

in (4.41), we conclude

(4.43)
1 c
271' m e a s u r e (O(AO)) :::; 2'

I f we t h r o w o u t t h e set of i n i t i a l c o n d i t i o n s ( s t a r t i n g p o i n t a n d angle)
(Y, (,81,,82)) c o n t a i n e d in O(AO), and also t h r o w o u t t h o s e i n i t i a l c o n d i t i o n s
(Y, (,81,,82)) for which t h e angle (,81,,82) is s - b a d (i .e., (,81 ,,82) E B), t h e n
by (4.43) and L e m m a 4.1 t h e t o t a l loss is :::; c / 2 + c / 2 = c. C o m b i n i n g t h i s
fact w i t h (4.42) - ( 4 . 4 3 ) , T h e o r e m 1 follows. •

By s l i g h t l y modifying t h e p r o o f above , we can prove t h e following loga
r i t h m i c d i s c r e p a n c y t y p e r e s u l t t h a t holds for almo st every i n i t i a l c o n d i t i o n
(in t h e usual m e a s u r e t h e o r e t i c sense).

P r o p o s i t i o n 4 . 1 . Given any measurable s u b s e t A c [0, If, for almost every
initial condition (Y, (,81, ,82)) , the torus-line with s t a r t i n g p o i n t Y E [0, 1]2
a n d initial direction (,81 ,,82) with ,8r + ,8~ = 1 is e x t r e m e l y uniform in A for
the o v e r w h e l m i n g m a j o r i t y o f the s t o p p i n g times T in the following precise
sense : for any 6 > 0,

(4.44) I A ( T j Y , (,81,,82)) - T · a r e a ( A ) 1 < ( l o g T ) I + 8
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hold s for all 0 < T < 0 0 , ex cep t a set T E £ of d ensit y zero (£ for
"ex cep t i on al" ), m e a n i n g

. m e a s u r e ( e n [0, N])
hm = 0 .
N - o o N

To prove P r o p o s i t i o n 4.1 , we use t h e following d i o p h a n t i n e fact: for
almo st eve ry p o i n t ( !3 1, !3 2) , !3 r + !3~ = 1 on t h e uni t c ir cle ,

(4.45 )

for a ll sufficiently "la r ge" l a t t i c e p o i n t r = (rl, r2) E ' l } , i.e . , for all [r] 2:
C O ( !3 1, !3 2) (where C O ( !3 1, !3 2) is some c o n s t a n t dep e n d i n g only on ( !31 , !32)).
Not e t h a t (4.45) can be easily proved by r e p e a t i n g the p r o o f of L e m m a 4.1 ,
and c o m b i n i n g it w i t h t h e Borel - C a n t e l l i lemma.

In vi ew of t h e d i o p h a n t i n e fa ct (4.45) , for any c > 0 t h e r e is a m e a s u r a b l e
sub s et Q(c ) of t h e u n i t circle with

(4 .46)
m e a s u r e (Q( c))- - - - - ' - - - - ' - > 1 - c,

271"

and t h e r e is a fini t e co ns t a nt C 1 (c) s u ch t h a t ,

(4.47 )

holds for all T > 100.

Note t h a t t h e p r o o f of (4.47) is a s t r a i g h t f o r w a r d a d a p t a t i o n of t h e p r o o f
of L e m m a 4.2 , combined with (4.45).

By ( 4 . 1 9 ) - ( 4 .20) and (4.47) (wh ere [2 = [0,1]2) ,

(4.48 ) 2- n r 2n +

1 (r r ( A ( T ;Y , ( !31 , !32)) - T · a r ea (A))2 dYdS) dT
JT=2 n J 9 ( c ) J/ 2

:::; C 1 (c ) + 100 ( n + 1 ) · ( l o g 2( n + 1)) 2

for a ll i n t e g e r s n 2: 7.
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Now let "1 > 0 be a r b i t r a r i l y small b u t fixed, a n d define t h e set

J . Beck

(4.49) n(n) = { ( y , (,81 , ,82)) E [0,1]2 X Q(c) :

IA( T; y , (,81 , ,82)) - T . a r e a (A) I ~ n 1+8 holds for a set of T ' s

in 2 n ~ T ~ 2 n + 1 having measure > "12 n
} .

C o m p a r i n g (4.49) with (4.48), we o b t a i n

(4.50) ( ( ))
C 1 ( c ) + 1 0 0 ( n + 1 ) . ( l o g 2 ( n + 1 ) ) 2

measure n n < 2+28 '
"1 · n

which is less t h a n n - 1 - 8 if n is large enough.

Since the series Ln n - 1 - 8 is convergent, combining (4.50) w i t h t h e
B o r e l - C a n t e l l i lemma , we conclude t h a t , for a l m o s t every i n i t i a l c o n d i t i o n in

the u p p e r b o u n d

(4.51) I A ( T ;y,(,B1 ,,B2)) - T . a r e a ( A ) 1 < (logT)l+8

holds for all 0 < T < 0 0 , except a set T E [("1) of u p p e r d e n s i t y < 2"1,
meaning

(4 .52)
. m e a s u r e ( [ ( " 1 ) n [0, N])
h m s u p N < 2"1.
N---+oo

Since t h e p a r a m e t e r s c > 0 and "1 > 0 can be a r b i t r a r i l y small, (4.46), (4.51)
and (4.52) imply (4.44) , c o m p l e t i n g the proof of P r o p o s i t i o n 4.1.

Finally, note t h a t , I d o n ' t know how to u p g r a d e P r o p o s i t i o n 4 .1 to a
s t r o n g er v a r i a n t with l o g a r i t h m i c d i s c r e p a n c y t h a t holds for all large T
(not j u s t for t h e overwhelming m a j o r i t y of T's).
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5. P R O O F OF T H E O R E M 2

83

We generalize t h e p r o o f of T h e o r e m 1 in higher dimensions d 2:: 3. I t is
c o n v e n i e n t , t h e r e f o r e , to involve more linear algebra. T h e following l e m m a
is a consequence of t h e well-known fact t h a t , roughly s p e a k i n g , " d e t e r m i n a n t
= volume".

L e m m a 5 . 1 . The n-dimensional region n defined by n equations o f the
type

I bj,IYl + b j ,2Y2 + .. . + bj,nYnl :::; Cj, 1:::; j :::; n

has (n-dimensional) volume

v = 2nCIC2'" Cn
I det (bj,k) I

Here we a s s u m e that the determinant det(bj ,k) is nonzero (which, by the
way, implies that n is bounded).

P r o o f . W r i t e Zj = I:~=1 bj ,iYi . T h e volume of the box jZjl :::; Cj, 1 :::; j :::; n
is clearly ( 2 c I ) · (2C2)'" (2c n), and so, if ((3i,j) d e n o t e s t h e inverse m a t r i x to
(bj,k) , we have

n

Yi = L { 3 i ,jZj, 1:::; i : n,
j = 1

a n d
2nCIC2 ' " C

V = I det (,Bi,j) I . 2 n C l C2 . . . en = I ( ) In ,
det bj,k

c o m p l e t i n g t h e p r o o f of t h e lemma. •

Let d 2:: 3 d e n o t e t h e d i m e n s i o n . Similarly to t h e 2 - d i m e n s i o n a l case,
it suffices to deal with t o r u s - l i n e s ( " u n f o l d i n g t h e b i l l i a r d p a t h " ) . Let
A C I d = [0, l)d be an a r b i t r a r y m e a s u r a b l e s u b s e t , and a g a i n consider
t h e F o u r i e r series of t h e c h a r a c t e r i s t i c function XA of t h e set A:

(5.1) XA(U) = L a r e 2 7 r i r .u with a r = 1 e - 2 7 r i r .w dw,
r E Z d A

where r · U d e n o t e s t h e inner p r o d u c t . Clearly e., = vol (A) (= t h e Lebesgue
m e a s u r e of A), and by P a r s e v a l ' s formula,

(5.2) L la r l 2 = vol (A) - voI 2 ( A ) .

r E Z d ;
r # O
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Consider t h e t o r u s - l i n e x ( t ) = (X1(t) , . . . ,Xd(t)) (mod 1), where

(5.3) Xj(t) = f3jt + Yj, 1 ~ j ~ d and f3r + ... + f3J = 1.

J . B e c k

Again the l e n g t h of t h e s t r a i g h t line s e g m e n t x ( t ) , 0 < t < T is T. T h e p a i r
(y , b ) with y = ( Y 1 , " . , Y d ) E [O,I)d and b = (f31, . . . ,f3d) E Sd-1 (where
Sd-1 is t h e unit s p h e r e in t h e d-space) describes t h e s t a r t i n g p o i n t y a n d t h e
d i r e c t i o n b of t h e t o r u s - l i n e x( t ) - w e may call (y, b) t h e i n i t i a l c o n d i t i o n .
T h e t o t a l time A ( T ) = A ( T ; y , b) t h a t t h e t o r u s - l i n e x ( t ) (defined in (5.3))
s p e n d s in s u b s e t A d u r i n g 0 < t < T equals ( p e r f e c t analog of (4.4))

(5.4) A ( T ) = A ( T ; y , b)

Since ao = vol (A), by (5.4) we have

(5.5) d i s c r e p a n c y = A ( T ; y, b) - T · vol (A)

Fix any p o i n t b = (131 , .. . ,f3d) on t h e u n i t s p h e r e f3r + ... + f3~ = 1, and r u n

t h e s t a r t i n g p o i n t y t h r o u g h t h e u n i t cube I d = [O,I]d; t h e n by P a r s e v a l ' s
formula we o b t a i n t h e a n a l o g of (4.6):

(5 .6) r ( A ( T ; y , b ) - T . v o l ( A ) ) 2 dylId

Also, we need the analog of (4.7): for the last f a c t o r in (5.6) we have t h e
obvious u p p e r b o u n d

(5.7)
I
e 2 7 l ' i b . r T - 11 { I }< min , T .
21rb . r - 1rlb . r]
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K e y D e f i n i t i o n ( d i s c a r d i n g t h e b a d v e c t o r s ) . Let 0 < e < 1 / 2 ; we say
t h a t a p o i n t b = (131 , . . . , 13d) on t h e u n i t s p h e r e S d - l : 13r + .. . + 13~ = 1 is
s - b a d if t h e r e e x i s t s an r = (Tl, " " Td) E 'lL d \ 0 such t h a t

(5.8)
c

lb · r] ~ 1 2 '
I r j d - log (1 + Irl) ( l o g log (2 + I r l ) )

O t h e r w i s e we j u s t say t h a t b E S d - l is s-good,

Notice t h e s i m i l a r i t y b e t w een (4.8) a n d (5.8).

Let B d d e n o t e t h e set of s - b a d p o i n t s b = ( 131 , "" 13d) on t h e u n i t
s p h e r e S d - l : 13r + . . . + 13~ = 1. Next I show t h a t t h e "b a d" set B d forms a
small m i n o r i t y in t h e following sense : t h e m e a s u r e ( = s u r f a c e a r e a ) of B d is
negligible c o m p a r e d to t h e s u r f a c e a r e a of t h e u n i t s p h e r e S d - l , a s s u m i n g c
is sufficiently s m a l l d e p e n d i n g only on t h e d i m e n s i o n d. (At t h e e n d of t h e
p r o o f we will t h r o w o u t all i n i t i a l c o n d i t i o n s h a v i n g s-bad d i r e c t i o n s .) T h e
following l e m m a is an a n a l o g of L e m m a 4 .1 ( m e a s u r e = s u r f a c e a r e a ) .

L e m m a 5 . 2 . The set Bd o f c - b a d p o i n t s on the unit sphere S d - l is small
in the sense t h a t

(5.9) m e a s u r e (B) (d)
----:-::'-;~ < C ' Cl ,
m e a s u r e ( S d - l )

where Cl (d) is s o m e c o n s t a n t d e p e n d i n g only on d.

P r o o f , Let r = (Tl , " " Td) E Zd \ 0 be a r b i t r a r y b u t fixed. For n o t a 
t i o n a l s i m p l i c i t y , a s s u m e t h a t t h e l a s t c o o r d i n a t e is t h e l a r g e s t : ITdl =
maxl~j~d ITjl· C o n s i d e r t h e d - d i m ension al region defin ed by t h e d equa
t i o n s

(5 .10)

e
hUl +T2 U2 + . .. + T dUd\ ~ d 2'

[r] - 1 log (1 + Irl) (log log (2 + I r l ) )

We a p p l y L e m m a 5.1: since t h e d e t e r m i n a n t is Td , t h e volume V = V(5.10)
of region (5 .10) e q u a l s

(5.11)
c2 d

V = V ( 5 .10) = 2
I d e t I . j r l d - l l o g (1 + Irl) (log log (2 + I r l ) )
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since

- I r d l · l r l d - 1 I o g (1 + Irl) (log log (2 + Irl))2

EVd2 d

Irl d log (1 + Irl) (log log (2 + I r l ) ) 2 '

J . B e c k

I f b = (131, .. . ,13d) E Sd-1 satisfies (5.8) , t h e n t h e whole line s e g m e n t j o i n i n g
to t h e o r i g i n s a t i s f i e s (5.10) , i.e. , (5.10) holds w i t h u = Ab for all 0 < A :::; 1.
C o m b i n i n g t h i s fact w i t h (5.11), we have t h a t , for any fixed r E t l d \ 0 , t h e
set of b E Sd-1 s a t i s f y i n g (5.8) has m e a s u r e (= s u r f a c e a r e a )

(5 .12)
E ' c2(d)

< 2 '
- Irl d log (1 + Irl) (log log (2 + I r l ) )

where, as u s u a l , c2(d) d e n o t e s a c o n s t a n t d e p e n d i n g only on d (we d o n ' t
make any effort to find t h e o p t i m a l values of t h e s e c o n s t a n t s ) . T h e l a s t
s t e p is to t a k e s u m m a t i o n over all r E 'lL d \ O. A r o u t i n e power-of-two
d e c o m p o s i t i o n yields t h a t t h e s u m is finite:

(5.13)

0 0 c'(d)(2 k ) d
< L = C3 (d) < 0 0 .
- k=O (2 k ) d . (1 + k ) · ( l o g (2 + k)) 2

F i n a l l y , n o t i c e t h a t (5.12) - ( 5 . 1 3 ) imply L e m m a 5.2. •

Let gd d e n o t e t h e c o m p l e m e n t of t h e " b a d " set Bd, t h a t is , gd is t h e set
of s - g o o d p o i n t s b = (131," " 13d) E Sd-1 on t h e u n i t s p h e r e 13r+" ' + 13 J = 1.
We w a n t to give an u p p e r b o u n d to t h e i n t e g r a l

(5.14) 1 (Sd-1) { (J ( A ( T ; y , b ) - T ' V O I ( A ) ) 2 dY ) d S ,
m e a s u r e ) 9d i «
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where in t h e o u t e r i n t e g r a l of (5.14) "dS" i n d i c a t e s i n t e g r a t i o n w i t h r e s p e c t
to t h e s u r f a c e a r e a (since Y is a "l a r g e" s u b s e t of t h e u n i t s p h e r e S d - l ) .

By using (5.6) -(5.7) , we have

(5.15)

i n t e g r a l (5 .14) ~ L la r l
2.

1 ( S d - l ) r m i n { 1 2 , T 2 } dS.
m e a s u r e } Qd 1r 2 (b . r)

r E Z d :
r,.oO

If b E Yd t h e n by d e f i n i t i o n (see (5 .8))

(5.16)
E

l b · r] > d 1 2
[r] - log (1 + Irl) (log log (2 + I r l ) )

for all r E 7l. d \ O.

Now let r E 7l. d \ 0 be a r b i t r a r y b u t fixed. To e s t i m a t e t h e i n t e g r a l a t
t h e end of (5.15), we a p p l y a s t a n d a r d power -of-two d e c o m p o s i t i o n of t h e
set

as follows: let £ be an a r b i t r a r y i n t e g e r in t h e r a n g e

(5 .18) (
I r j d - l l o g (1 + Irl) (log log (2 + Ir l))2)o ~ £ ~ Ld(r) = log2 ,

E

a n d w r i t e

(5.19)

Yd , f ( r ) = {b = (/31, . . . ,/3d) : /3i + ... + /3J = 1, 2 - f - 1 < lb· r] ~ 2 - f } .

F i n a l l y , w r i t e

T h u s we have t h e d i s j o i n t d e c o m p o s i t i o n

(5.21) Yd(r) = U Yd,f(r) =:> Yd·
- 1 :S f : S L d ( r )

By r e p e a t i n g t h e p r o o f of L e m m a 5.2, for every £ 2': 0 we o b t a i n t h e following
u p p e r b o u n d for t h e s u r f a c e a r e a of Yd ,f(r) :

(5.22)
c4(d)

m e a s u r e (Yd ,e(r)) ~ Irl . 2 f '
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where, as usual , c4(d) is some finite c o n s t a n t d e p e n d i n g only on d.

M o t i v a t e d by (5.15) and (5.21) , we need to e s t i m a t e the sum

J . B eck

(5.23)

where in the last s t e p we used (5.22), and Ld(r) is defined in (5.18).

We have

=

where in the last step we applied (5.18).

Using (5.24) in (5.23), we have

(5.25)

~ C5~d) L la r l 2. min { l r 1d - 2 Io g (1 + Irl) (log log (2 + Irl))2, I~I } .
r E Z d \O
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(5.28)

To estimate (5.25), we consider first those r E t l d \ 0 which satisfy the
inequality

(5.26) Irld-1log (1 + Irl) (log log (2 + Irl))2::; T.

Under the hypothesis of (5.26), we can estimate a critical term in (5.25) as
follows:

(5.27) Irl d- 2log (1 + !rl) (log log (2 + Irl))2

d - 2

::; c6(d) ( I r l d - 1 l o g (1 + Irl) ( l o g log (2 + Irl) )2) d-1

1 2

. ( l o g (1 + Irl)) d-1 (log log (2 + Irl)) d-1

d - 2 _ 1 _ 2

::; c6(d)Td-1 . ( l o g (1 + Irl)) d-1 (log log (2 + Irl)) d-1 .

On the other hand , if (5.26) fails, then we have

1
c7(d)Td-1

[r] ~ 1 2 ,

(log T) d-1 (log log T) d-1

implying

T d - 2 1 21rr::; c8(d)Td-1 . ( l o g T ) d - 1 ( l o g l o g T ) d - 1 .

Now we r e t u r n to (5.25) : by applying (5.27) if (5.26) holds, and applying
(5.28) if (5.26) fails, we have

(5.29) L la rl
2 . min { l r ! d - 2 l0g (1 + Irl) (log log (2 + Irl))2, I~I }

rEZd \O

d - 2 1 2 ~ 2
::; cg(d)Td-1 . ( l o g T ) d - 1 (loglogT)d-1 L..J l a r l .

rEZd\O

Combining (5.23), (5.25) and (5.29), we obtain

(5.30)
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clO(d) d - 2 1 2 · " " 2
~ - - T d - l . (logT)d-1 (loglogT)d-1 L . , ; larl ·

e
r E Z d \O

Summarizing, by (5.2), (5.15), (5.21) and (5.30) ,

J . Be ck

(5.31) integral (5.14)

cl1(d) d - 2 1 2
~ - - T d - l . (log T) d - l (log l o g T ) d - l • vol (A) ( 1 - vol (A)) .

e

Notice t h a t (5.31) is the m u l t i - d i m e n s i o n a l g e n e r a l i z a t i o n of (4.39): the
special case in (5.31) gives back (4.39).

The rest of the proof of Theorem 2 is exactly the same as t h a t of
Theorem 1 (a c o m b i n a t i o n of (5.31) with the Chebyshev 's inequality). •

6. P R O O F OF T H E O R E M 3

For convex A C [0, l]d the Fourier coefficients a r of the c h a r a c t e r i s t i c func
tion XA of A (see (5.1)) have the following "decreasing" p r o p e r t y .

L e m m a 6 . 1 . I f A c [0, l]d is convex , then the Fou1ier coefficients a r o f the
characteristic function o f A s a t i s f y

(6.1 ) 1 1
2 d(d)

a r < M for all M ~ 1 ,

where c' (d) is a c o n s t a n t d e p e n d i n g only on the dimension.

Applying Lemma 6.1 in (5.25), we have

(6.2)

. min { l r 1d - 2 Io g (1 + Irl) (log log (2 + Irl)) 2, I~I }
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~ CI2(d) f min {2(d-3)m . (1 + m ) ( l o g ( 2 + m)) 2 , T T 2m }
C m=O

CI3(d) d - 3 2 4
~ - - T d - l . ( l o g T ) d - l ( l o g l o g T ) d - l ,

C
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where the last s t e p is j u s t a r o u t i n e c a l c u l a t i o n . Now we can finish the p r o o f
of T h e o r e m 3 the same way as we did for Theorem 2 above , with the minor
modification t h a t we use (6.2) i n s t e a d of (5.30) .

It remains to prove the lemma.

P r o o f o f L e m m a 6 . 1 . It is a s t a n d a r d a r g u m e n t in Fourier analysis : we
use an a p p r o p r i a t e "kern el" , e s t i m a t e the c o r r e s p o n d i n g "convolution" , and
apply P a r s e v a l ' s formula. T h e d e t a i l s go as follows . Let B(p; u) denote the
d-dimensional ball of radius p c e n t e r e d at u E ]Rd . Let XB ,p denote the
c h a r a c t e r i s t i c function of the ball B ( p ; 0) centered at the origin:

{
I , if [w] ~ p ;

XB p ( w ) =
, 0 , otherwise .

Let m ~ 1 be an a r b i t r a r y integer, and let 0 < PI < P2 < 1 / 2 . Consider the
convolution

(6.3)

where h (= "kernel") is the following difference:

(6.4) h = XB ,P2 _ (~~) d XB ,Pl '

Notice t h a t g( w) has the following simple geometric meaning :

(6.5) g ( w ) = gpl,P2(W)

= volume (A n B(P2; w)) - (~~) d volume (A n B ( P I ; w ) ) .

We are going to use the following t h r e e p r o p e r t i e s of "kernel" h:

(6 .6a)
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(6.6b)

(6 .6c)

h(w) = a if [w] > P2 ,

Ih(w)1 :S (;~) d if lwl s P2 .

J . Beck

We e x t e n d 9 = gPl,P2 (see (6.3)) from the unit size cube [-1/2 , 1/2)d to the
whole space jRd p e r i o d i c a l l y , with p e r i o d one . Since 9 = gPl ,P2 is defined as
a convolution , the Fourier coefficients g(r) , r E t l d of 9 have the following
p r o d u c t form :

(6 .7)

with

(6.8)

g ( w ) = gpl,P2(W) = L g(r)e21rir .w
r E Z d

where a r , b r (Pl ) and b r (P2) are the Fourier coefficients of the c h a r a c t e r i s t i c
functions XA, XB,Pl and XB ,P2 in this order. Combining P a r s e v a l ' s formula
with (6 .3) - ( 6 . 4 ) and (6.7) - ( 6 .8), we have

I t is well-known t h a t the Fourier coefficients br(p) , r E t l d of the (charac
t e r i s t i c function XB ,p of the) d-dimensional ball B(p ; 0) (of radius p) can
be expressed in terms of the classical Bessel function J d / 2 as follows. By

definition, for any r E t l d \ 0 we have

1
1 d - l

= CI4(d)pd - 1 cos(21frp z) ( 1 - z 2 ) - 2 dz,

where CI4(d) is the volume of the (d - I ) - d i m e n s i o n a l unit ball , and r =

[r] = Jri + . . . + r J . T h e classical Bessel function Jv(x) (see e.g. (3) on
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p. 48 of W a t s o n [8]) has, for IJ > - 1 / 2 , t h e i n t e g r a l r e p r e s e n t a t i o n (called
Poisson i n t e g r a l )

(6.11) 1 (X)Vjl v 1Jv(X) = V i ( 1 ) " 2 cos(xz)(l - z2) - 2 dz ,
7lT IJ + 2 - 1

where I'( z) is t h e well-known Euler g a m m a - f u n c t i o n ( " g e n e r a l i z a t i o n of n!").
Hence, by (6.10) and (6.11),

(6.12)

T h e Bessel function has t h e following a s y m p t o t i c formula ( " H a n k e l ' s expan
sion" ; see e.g. (1) on p. 199 of W a t s o n [8]),

(
2 ) 1 /

2 ( (21J+1)7f)(6.13) Jv(x) = 7fX cos X - 4 + O ( x - 3/ 2) ,

where t h e implicit c o n s t a n t in t h e O - n o t a t i o n d e p e n d s only on 1J . T h e r e f o r e ,
by (6.12) and (6.13),

d - l

(6.14) br(p) = C16(d):~ cos (27fr p _ ( d : 1)7f) + 0 ( / ; 3. r-~),

where c16(d) > 0 a n d the implicit c o n s t a n t in t h e O - n o t a t i o n d e p e n d s only
on t h e dimension d (~ 3).

Let

(6.15)

T h e n by (6.14),

(6.16)

1
0 < >. < J1 < 2' PI =~ , P2 =.!!....

m m
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(6 .17)

We w a n t to g u a r a n t e e t h e following "go o d a p p r o x i m a t i o n ":

(
P2 ) d C16 ( d) f-ld

b r(P2) - - br(PI) ~ - d - l d + l ' ~.
PI m - 2 - r - 2 >,-2-

To enforce (6.17) , we s i m p l y s a t i s f y t h e following t h r e e r e q u i r e m e n t s (see
(6 .15)):

(6 .18a)
r

m

[r]
m

is a "large" c o n s t a n t ;

(6 .18b)
1

we choose f-l = 3" '
1

a n d >. is " m u ch s m a l l e r " t h a n f-l = 3" ;

(6.18c)

>'r/m - d; 1 is " clo s e" to an i n t e g e r : (say) t h e d i s t a n c e is < 1 / 1 0 .

T h i s way , by c h o o s i n g any s u f f i c i e n t l y s m a l l c o n s t a n t value for X, t h e r e are

c o n s t a n t s 0 < C17 = c17(d, >') < Cl8 = CI8(d, >') ( w h e r e Cl7 < Cl8 are " la r g e " ,
a n d t h e i r d i f f e r e n c e is "s m a ll" ) s u c h t h a t

(6.19)

r E Z d :
c 17 m :::; lr !< C1 s m

(6.20)

holds for all r E Zd w i t h C17m ::; r = [r] < C I S m .

By u s i n g (6.19) in t h e r i g h t - h a n d side of (6 .9) , we have

' " ' 2 ( P 2 ) d 2 CI9(d)L....J larl . b r(P2) - - br(PI) 2: m 2d
?l d PIr E a.

w i t h some p o s i t i v e a b s o l u t e c o n s t a n t CI9(d) > O.

N e x t we s t u d y t h e t h e l e f t - h a n d side of (6.9) :

r g~1 ,P2(W) dw,
J[O,I)d

w h e r e (see (6.5) a n d (6 .15))

(6 .21) g(w) = gPl ,P 2(W)

= v o l u m e (A n B(P2; w)) - (~:) d v o l u m e (A n B ( P I ; w ) ) ,
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and
1 A 1a < A < - PI = - , P2 = - .
3 ' m 3m

I f the b o u n d a r y 8A of the convex set A C [O,l]d does not i n t e r s e c t t h e
ball B(P2; w), t h e n by (6 .21), gPl,P2(W) = o. The ball B(P2; w) is clearly
c o n t a i n e d in a (small) cube of size ~ x ~ x . . . x~. M o t i v a t e d by t h i s

fact , we divide the unit cube [O,l]d into m d congruent s u b c u b e s of size
~ x ~ x . . . x ~: I call t h e m ~-cubes. We need the following

L e m m a 6 . 2 . Let m 2: 1 be any integer and A C [O ,l]d be any convex set.
Then the boundary 8A of A intersects a t most c20(d)m d - 1 ~-cubes.

Combining (6 .6), (6 .21) and Lemma 6.2 , we o b t a i n the u p p e r b o u n d

(6.22) 1 2 ( ) d c20(d)m d- 1 C21(d)
9 w w < . - - .

[ )
d ~~ - m d m U

0 ,1

r E Z d :
c17m~ l rl<Cj8m

(6.23)

S u m m a r i z i n g , by (6 .9), (6.20) and (6 .22) we have

la
r l
2 :::; C22(d)

m

for any integer m 2: 1. Notice t h a t (6 .23) implies Lemma 6.1.

Finally, we include a

P r o o f o f L e m m a 6 . 2 . The s t a t e m e n t of the lemma is obvious for "n ice"
convex sets , such as the balls (= solid spheres) . U n f o r t u n a t e l y , a general
convex set can be very different from a ball , so we need to involve a l i t t l e
t e c h n i c a l trick: we i n t r o d u c e a " n ice" a u x i l i a r y set (see A+[l/m] below) .

For simplicity , assume t h a t A is not too close to the u n i t cube [0, l]d: we
assume t h a t the d i s t a n c e of A and the complement JRd \ [0 , l]d of the u n i t
cube is > l / m . (This r e s t r i c t i o n is basically irrelevant , since t h e r e are only
c'(d)m d- 1 ~-cubes touching t h e b o u n d a r y of the unit cube.) Let A+[l/m]
denote t h e ~ - n e i g h b o r h o o d of A:

A+[l/m] = { x E JRd : d i s t a n c e (x, A) :::; ~} .

We i n t r o d u c e A+[l/m] because it is "n ice" in the following sense. I f A
i n t e r s e c t s a ~-cube Q, t h e n the b o u n d a r y 8A+[1/m] of A+[l/m] i n t e r s e c t s
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at least one of t h e 3 d - 1 neighbors of Q in a relatively "la r ge piece": the
s ur fa ce a r e a of the i n t e r s e c t i o n is at least c" (d )m - d +1 with some c o n s t a n t
c"(d) > ° ( d e p e n d i n g only on the dimension) , i.e . , the surface a r e a of t h e
i n t e r s e c t i o n is at least c o n s t a n t times the surface a r e a of Q. (Note t h a t a
general convex set A is not necessarily "nice").

I f A is convex t h e n A+[l/m] is also convex, and we have A C A+[l/m] C

[O , l ] d . Also, we use t h e well-known general fact t h a t , if Al c A 2 are
c o m p a c t convex sets in ~d , then

S u r f a c e A r e a (oA I ) :::; S u r f a c e A r e a (oA 2 ) .

S u m m a r i z i n g , we have

b f I b ' . ~Anum er 0 - - c u es m t e r s e c t m g u
m

:::; C2 3 ( d ) ( n u m b e r of ~-cubes i n t e r s e c t i n g o A + [ l / m ] )

( )
Sur fa ce A r ea ([0 , l]d) . _ ( ) d - l

:::; C24 d (d) -d+ I - C26 d m ,
C25 m

and Lemma 6 .2 follows . •

This completes the proof of T h e o r e m 3. •

7. P R O O F OF T H E O R E M 4

The basic idea is to "a m p lify t h e t r i v i a l e r r o r " . We proceed in t h r e e steps .

S t e p 1: W h a t is the " t r i v i a l e r r o r " ?

I begin with the "t r iv ia l error" in the discrete case (i.e ., o r d i n a r y dis
crepancy) , which is easier to u n d e r s t a n d t h a n the "t ri v ia l error" in the con
t i n u o u s case (i.e., c u r v e - d i s c r e p a n c y ) . Suppose t h a t we have N p o i n t s in the
u n i t cube [0, l]d ( N is "la r ge" ). Let m be an integer such t h a t m d :::::: 2 N . We
divide [0, l]d into m d c o n g r u e n t s u b c u b e s of size ~ x ~ x .. x~ : I call t h e m
~-cubes. Since m d :::::: 2 N , at least half of the ~-cubes are empty: do not
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contain any of the N given points. Note t h a t , in the case of "perfect equidis
t r i b u t i o n " , every rk-cube should c o n t a i n N m - d ~ ~ points , b u t of course
this is impossible. In fact , for every rk-cube we have an " i n e v i t a b l e discrep
ancy" : N m - d - 0 ~ ~ if the rk-cube is empty, and 2: 1 - N m : " - 0 ~ ~

if the ~ -cube is non-empty . This " i n e v i t a b l e discrepancy " is what I ca ll
the " t r i v i a l error" (a consequence of the trivial fact t h a t t h e r e is no integer
between 0 and 1) .

Next assume t h a t C is a continuous curve in the unit cube [0, 1]d ; suppose
t h a t a r c l e n g t h (C) = T is "la r ge" . We divide C into n p a r t s of equal
a r c l e n g t h : let P j E C, 0 ::; j ::; n be the division points , t h a t is, Po is
the s t a r t i n g point of the curve (we fix an o r i e n t a t i o n ) , Pn is the e n d p o i n t ,
and the a r c l e n g t h of the p a r t of C between P j and P j + l is T i n (0 ::; j < n).
Let m be an integer such t h a t m d ~ 2(n + 1) . T h e n at least half of the
rk-cubes do not contain any of the n + 1 division points Pj, 0 ::; j ::; n .
We divide eve r y o ne of these e m p t y rk-cubes into 3 d congruent s u b c u b e s
of side length 3~ each (i.e., 3~ -cubes) . I f T i n ::; 3~' t h e n the 3~ -cube
in the middle of every division-point-free rk-cube is "curve-free" : does not
intersect the given continuous curve C. T h a t is, if

(7.1)
T 1

m d ~ 2(n + 1) and - : : ; - ,
n 3m

t h e n t h e r e are at least m d 12 C-free 3~ -cubes .

Note t h a t , in the case of "p er fect e q u i d i s t r i b u t i o n " , every 3~ -cube

should i n t e r s e c t the given curve C in t o t a l a r c l e n g t h T ( 3 m ) - d . Conse
quently , every C-free 3~ -cube has curve-discrepancy T ( 3 m ) - d - O. Since
a c o n s t a n t p e r c e n t a g e of the 3~ -cubes are C-free, the "s m a ll curve-discrep-

ancy" T ( 3 m ) - d - 0 can be i n t e r p r e t e d as a continuous analog of the "t r ivia l
error" in the discrete case above .

L e t ' s r e t u r n to (7.1): in view of the inequality

(7.2)

by choosing (say)

(7.3)

T < ~ ~ n + 1 ~ m
d
= ~md-l

- 3m 3m 6m 6 '

m d - 1 ~ 1 2 T ,

we can easily g u a r a n t e e (7.1).
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S t e p 2: Amplifying the "t r i v ia l e r r o r "

J . B e c k

Let ° < P < 1/2, and let B ( p ; u) denote the d-dimensional closed ball
with radius p centered at u E IR d . Let Xo denote t h e c h a r a c t e r i s t i c function
of B(p; 0):

{
1 ' if Iwl:S p;

Xp(w) =
0 , otherwise.

We e x t e n d X» from the unit size cube [ - 1 /2 , 1/2)d to the whole space IR d

periodically , with period one.

F i r s t we discuss the a m p l i f i c a t i o n of the " t r i v i a l error" in the d i s c r e t e
case. Let P = {PI , .. . , P N } be an N -element point set in the unit cube
] d = [0 , l ) d . We i n t r o d u c e two measures in ] d . For any A C i«, let

In o t h e r words , Zp denotes the c o u n t i n g measure g e n e r a t e d by the given N
element point set P. Next , let>' denote the d-dimensional Lebesgue measure
r e s t r i c t e d to the unit cube ] d : >.(A) = vol (A) for all m e a s u r a b l e A C ] d .

Consider now the function

F p = Fp ,p = Xp * (dZp - Nd>'),

where * denotes the convolution o p e r a t i o n . More explicitly ,

Fp(x) = Fp,p(x) = r Xp(x - y) ( d Z p ( y ) - Nd>.(y))lId
L 1 - N vol ( B (p ; 0) ) .

P j E B ( P iX) (mod 1)

In o t h e r words , Fp(x) = Fp , p ( x ) r e p r e s e n t s the t o r u s discrepancy of the
t r a n s l a t e d ball B ( p ; x) = B(p; 0) + x (with respect to the given point set P).

Since F p is a convolution , the Fourier coefficients F;(r) , r E Zd of F p have
the following p r o d u c t form :

Fp(x) = Fp , p ( x ) = L F;(r)e21rir .x
r E Z d

with
F;(r) = X;;(r) . (dZ~d>') (r) .
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By P a r s e v a l ' s formula ,

Next we need the so-called

A m p l i f i c a t i o n L e m m a . Let 0 < 0 < 1 / 2 be arbitrary, then
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(7.5)
r 1 / 2 1 -- 1 22 Jo Xp(r) dp > c (d) . 01-d

1 r81--( ) 12 - 18 ro Xp r dp

for all r E Zd, where the c o n s t a n t C1 (d) > 0 depends o n l y on the dimension
(i.e. , i n d e p e n d e n t o f 0 and r).

Since X;;(r) can be expressed in t e r m s of the Bessel function J d / 2 , and the
Bessel function has a well-known a s y m p t o t i c formula - s e e (6.10) - ( 6 . 1 4 ) 
the proof of the Amplification Lemma is j u s t a s t r a i g h t f o r w a r d c o m p u t a t i o n .
(For the d e t a i l s I refer the r e a d e r to the l i t e r a t u r e to be m e n t i o n e d below.)

Next we combine the "t r iv ia l e r r o r " , (7.4) and the a m p l i f i c a t i o n Lemma.
By (7.4) and (7.5), for any 0 < 0 < 1 / 2 we have,

(7.6)

1 1/21 11 /2 2 ---- 2
2 F ; ( x ) d x d p = L 2 I X";;(r)! dp ·1 ( d Z p - NdA) (r)1
O ] d r E Z d 0

Let Po denote the radius such t h a t the volume of the d-dimensional ball
of radius Po is 2~ (i.e., the e x p e c t e d number of p o i n t s P j E P in the ball

B(po; 0) (mod 1) is 1 / 2 ) . Clearly Po = c 2 ( d ) N - 1
/
d
. I n t e g r a t i n g the " t r i v i a l

error " , we have

(7.7) 1 1 p o 1 1- F ; ( x ) d x d p ~ - .
Po 0 ] d 4
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Using (7 .7) in (7.6) with fJ = Po, we have ,

J . B e c k

(7.8)

As an easy consequence of (7 .8), we o b t a i n the following s t a t e m e n t . Given
any N - e l e m e n t point set P = { P I , . . . , P N } in the unit cube ]d = [O,I)d,

1 1
t h e r e is a ball of radius x 1 / 2 with t o r u s d i s c r e p a n c y ~ c4(d)N"2-U, where
the c o n s t a n t factor C4 (d) > 0 depends only on the dimension . This is an
old result in " i r r e g u l a r i t i e s of d i s t r i b u t i o n " (see the beginning of Section 2)
t h a t was proved i n d e p e n d e n t l y by me and H. Montgomery (see the book
[1] and the p a p e r [7] ; note t h a t a slightly weaker result was first proved by
W . M. S c h m i d t ) . This p r o o f is due to me ; it is a special case of the so-called
"Fourier t r a n s f o r m m e t h o d " t h a t I have developed in a series of p a p e r s in
the 1980s (a good source is C h a p t e r 6 in [1], or Section 7.1 in [6]).

I t is easy to a d a p t this amplification t e c h n i q u e for the continuous case ,
where the N -element point set P = { P I , . . . , P N } is replaced with a con
t i n u o u s curve C of a r c l e n g t h T (we assume t h a t T is "large"). I n s t e a d of
working with the c o u n t i n g measure Z» g e n e r a t e d by the given N - e l e m e n t
point set P, we switch to the following " a r c l e n g t h measure": for any mea
s u r a b l e A C ] d , let

Zc(A) = a r c l e n g t h (C n A).

We keep A : A(A) = vol (A) for all m e a s u r a b l e A c t " .
Consider now the function

G p = Gp ,C = X» * (dZc - TdA),

where * denotes the convolution o p e r a t i o n . More explicitly ,

(7.9) Gp,c(X) = a r c l e n g t h ( C n B ( p ; x ) (mod 1)) - T v o l ( B ( p ; O ) ) .

In o t h e r words, Gp(x) = Gp,c(x) r e p r e s e n t s the torus c u r v e - d i s c r e p a n c y of
the t r a n s l a t e d ball B(p; x) = B(p; 0) + x (with respect to the given curve C).

Again a p p l y i n g the Amplification Lemma, we o b t a i n the following ana
log of (7.6): for any 0 < fJ < 1 / 2 we have,

(7 .10) 1 1/2/ 11°/2 G~(x) dxdp ~ q ( d ) · 0 1 - d . ~ G~(x) dxdp .
° Id U ° i«



Sup e r - u n i f o r m i t y o f th e T ypi cal Billiard P a th 101

Next we appl y t he "t r iv ia l e r ro r" in t h e co n t in uous case . Motiv at ed by
( 7 . 1 ) - ( 7 .3), we ch o ose

( 7 . 11)

T h e "con t i n uo u s t r iv ia l e r ror " is

( 7 . 12) 2:: c6( d)T 8g = c7(d ) T - d~ l .

Using ( 7 . 12) in ( 7 . 10) wit h 8 = 8 0 (see ( 7 . 11)) , we h a ve ,

1 1/ 2 j __ I 2 d - 3
(7.13 ) 2 G~(x) d x d p 2:: cg (d) . 86- d

. (T d - I ) = cg (d )T d-l .
o [ d

As an easy consequ en ce of (7 .13) , we o b t a i n t h e following st at ement . Given
any continuous cur ve C in th e u n i t t o r u s I d = [O , l ) d with a r c l e n g t h T ,

1 1
th er e is a ball of r a d i u s x 1 / 2 with t o r u s curv e-discr ep ancy 2:: c lO (d )T "2 - d- I ,

wh er e th e cons t a n t fac t or c lO( d ) > 0 d ep ends onl y on t he dim ension . Thi s
r esul t , wit h thi s proof , is du e t o D r m o t a [5] . For mor e abou t "co nt in uo us
uniform dis t r i b u t i on " ; see Se cti on 2.3 in [4] .

S t e p 3: Compl e t i n g t he pr o of o f T h eor em 4

I r ec all t h a t T h eor e m 4 is a bo ut a n arbi t r ar y famil y of cont i n uo us c urves
{C w : w E O} , p ar am e triz ed wi t h a finit e numb er of p ar am e t er s , in t he un it
to rus [0, 1)d wi t h com mon a rclengt h T. (0 is a bo u n de d measur able s u bse t
of some finit e-dim en sion al e uclide a n spa ce. ) For a ny me asur abl e s u bse t o f
t h e u n i t t o rus A c [0 , l )d, we wr ite

A( T; w) = arcl e n g t h (C w n A) .

Let ' s r e t u r n to (7 .13 ) , which is a b o u t a fixed cur ve C. We i n t e g r a t e (7.13)
over t he family C = C w : w E 0 , and o b t a i n th e lower bound,

(7.14) 1 1( 1 1

/

2 1 ) d - 3

(
n ) 2 G~ w(x) d x d p dw 2:: cll (d )Td - l .

m e a s u r e H n 0 [ d '

Th er efore , we mu st hav e a r a d i u s 0 < Po ::; 1 / 2 a n d a cent er Xo E I d s uch
t h a t

( 7 . 15)

Since G po,w(x o) is t he to rus c ur ve-d iscre pa ncy of t he b all B (po, x o) with
r esp ec t to t he c urve C w (whe re w E O ) , Th eor em 4 follows . •
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8. P R O O F OF P R O P O S I T I O N 1 .1

J . B eck

We co m b in e t h e i d e a s of tri vial er ror a n d random constru ct ion . Let X =
{Xl ,X2, . . . , XN} b e an a r b i t r a r y set of N p o i n t s in t h e u n i t i n t e r v al [0,1] .
Let r d e n o t e t h e ( u n i q u e ) i n t e g e r s a t i s f y i n g 2 N ::; 2 T < 4 N , a n d d i v i d e t h e
u n i t i n t e r v a l into 2 T c o n g r u e n t s u b i n t ervals

(8 .1)

T h e n of course at l e a s t h a l f of t h e s u b i n t e r v a l s (8.1) do not c o n t a i n any
e l e m e n t of X - I call t h e m e m p t y s u b i n t e r v a l s . I refer to t h e s i m p l e fact
t h a t a t l e a s t h a l f of t h e s u b i n t e r v a l s (8 .1) are e m p t y as t h e tri vial error .

T h e random con s t r u c t i o n s i m p l y m e a n s t h a t we t a k e t h e u n i o n of a
r a n d o m s u b s e t of i n t e r v a l s (8.1). More p r e c i s e l y , let Y 1 , Y 2 , . • • , Y 2 r be a
s e q u e n c e of 2 T i n d e p e n d e n t a n d i n d e n t i c a l l y d i s t r i b u t e d B e r n o u l l i vari ables
w i t h Pr[Yi = 0] = Pr[Yi = 1] = 1 / 2 (one may call it a s e q u e n c e of Heads
a n d Tails) . I n d e p e n d e n c e m e a n s t h a t t h e u n d e r l y i n g p r o b a b i l i t y s p a c e n is
a c a r t e s i a n p r o d u c t :

n = { W = ( O l , .. . , 02r ) : oi E {O, l }, i = 1 , 2 , . . . ,2 T
} ,

a n d Yi(w) is s i m p l y t h e i t h c o o r d i n a t e Oi of w. Note t h a t \nl = 2 2r .
E v e r y w E n defines a m e a s u r a b l e s u b s e t B(w) (in fact, a u n i o n of some

i n t e r v a l s (8.1)) of t h e u n i t i n t e r v a l in t h e following n a t u r a l way :

(8.2) B ( w ) = U [ ( i - 1 ) T T , i 2 - T).

i : Y i ( w ) = l

Now let X = {Xl ,X2 , . . . ,X N } C [0,1] be a r b i t r a r y . Since 2 N : : ; 2 T <
4 N , a t l e a s t h a l f of t h e s u b i n t e r v a l s (8.1) are e m p t y ( " t r i v i a l e r r o r " t let
I = I (X) d e n o t e t h e set of indi ces i such t h a t t h e i n t e r v a l [( i - I )2- T

, i 2 - T
)

c o n t a i n s no e l e m e n t of X . C l e a r l y I I (X) I ~ 2 T
- N ~ 2 T

-
1 ~ N .

C o n s i d e r t h e sum of i n d e p e n d e n t ( a n d i d e n t i c a l l y d i s t r i b u t e d ) r a n d o m
v a r i a b l e s

L Y i
i E I ( X )

w i t h e x p e c t a t i o n ( d e n o t e d by E) a n d v a r i a n c e

a n d V a r i a n c e ( L Yi) = ~I I ( X ) I ·
i E I ( X )



Sup e r - u n i f o r m i t y o f th e T ypi cal BjJJi a r d Path

T h e cen t ra l limit th eor em say s t h a t , for an y fixed r eal numb er A > 0 ,
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(8.3) P r [ L Yi - ~I I (X ) I > ~JjI(X)I]
iE / ( X )

= _ 1 _ ( X) e-u2j2 du + O ( N - lj2 ) .
y ' f f f J>.

(Her e "P r" means eq u ip ro ba b il i ty in t h e dis cr e t e pr ob a b i l i t y sp ac e 0. )

For a ny (me a s u r a b l e) s u bset A c [0,1], co ns ide r t he "er r or"

er r o r ( X, A) = IX n AI-IXI m e asur e (A) .

Let

J ( X ) = {I, 2, . .. , 2 T
} \ I ( X )

= { i : [( i - I ) T T, i T T ) c o n t a i n s no eleme nt of X} ,

and I J ( X ) I = f . T h en th er e a re 2€ possibl e ve ctors o f th e form

v = (Yj (w) : j E J ( X )) E {O , 1}€,

wher e t h e e le me nts j E J (X ) a re wr i t t e n in incr e asin g o r de r.

Let v = E {0,1} € b e a r b it ra ry bu t fixed , a n d cons ide r t he s u bset

of th e prob a b i l i t y s pace O. We s t u dy th e fluctu a ti on o f th e "e r ro r "

e r r o r ( X, A) = IX n AI-IXI m easur e (A)

as A run s t h r o u g h th e sets B (w ), w E Ov.
By d efinition , th e ca r d ina li t y I X n B(w)1 is ind ep end ent of t h e choice

w E Ov(X) , and clearly

N
IXI m ea sur e ( B ( w ) ) = 2

T
L Yi.

iE / ( X )

T h u s for an y w E Ov(X ) ,

e r r o r (X ,w ) = e r r o r ( X , B (w)) = I X n B (w )1 -IXI m e asur e ( B (w))

= C (X , v ) - ~ ( L Yi - ~ II(X)I),
iE / ( X )
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where C ( X , v) is a c o n s t a n t d e p e n d i n g only on X and v.

It follows from (8.3) t h a t , i n d e p e n d e n t l y of t h e value of the c o n s t a n t
C ( X , v), we can e s t i m a t e t h e following c o n d i t i o n a l p r o b a b i l i t y :

(8.4) P r [ l e r r o r ( x ,w)1 ::; 11 0VII ( X ) 1 1 w E n v ( X ) ]

::; P r [I e r r o r (X ,w)1 ::; 11
0
J2T I w E n v ( X ) ] ::; l ,

where we used the t r i v i a l u p p e r b o u n d I I ( X ) I ::; 2 r and Pr[A I I A 2 ]

d e n o t e s t h e p r o b a b i l i t y of event A l u n d e r the c o n d i t i o n A 2 . Since (8.4) is
i n d e p e n d e n t of the choice of the vector v, we can switch to t h e u n c o n d i t i o n a l
p r o b a b i l i t y , and o b t a i n

(8.5) P r [I e r r o r (X , w) I ::; 11 0 J2T] ::; l·
Next we r e s t r i c t ourselves to t h e special cases X = X(O'.,(3;N), where

o < 0'. < 1, 0 < (3 < 1, and X(o'. , (3 ; N) d e n o t e s t h e N - t e r m a r i t h m e t i c
progression (3+0'. , (3 + 20'., . . . , (3+ NO'. modulo one (i.e., we take the f r a c t i o n a l
p a r t s ) . By (8.5) we have

(8.6)

l ~ 1 1 1 1 IA,I{ w E n : I e r r o r (X(O'. ,(3; N),w)1 ::; 11 0 J2T} I do df) .

Since t h e minimum is less or equal to t h e average , (8.6) implies t h e existence
of an Wo E n such t h a t

(8.7) a r e a {(a , (3) E [ 0 , 1 ] 2 : I e r r o r (X(O'. ,(3;N) ,wo)1 ::; 11 0 J2T}::; l.
By (8.7) , t h e set B = B(wo) (a finite union of i n t e r v a l s , see (8 .2)) has t h e
p r o p e r t y t h a t for t h e m a j o r i t y of t h e pairs (0'. , (3) E [0,1]2 ,

L
l <n < N :

n a + t J E B - ( m o d 1)

1 1 I N
1 - N · m e a s u r e (B) > - J 2 T > - J 2 N > -10 - 10 8 .

This proves P r o p o s i t i o n 1.1. •
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C o n c l u d i n g R e m a r k s : e x p l a i n i n g w h y T h e o r e m 2 is b e s t p o s s i b l e .
A slight m o d i f i c a t i o n of t h e p r o o f of P r o p o s i t i o n 1.1 yields t h a t T h e o r e m
2 is b e s t p o s s i b l e a p a r t from t h e l o g a r i t h m i c factor . Again we c o m b i n e
t h e random c o n s t r u c t i o n w i t h t h e trivial error, b u t t h i s t i m e it is t h e t r i v i a l
e r r o r of a c o n t i n u e s c u r v e of a r c l e n g t h T ( i n s t e a d of an N - e l e m e n t p o i n t set) .
For s i m p l i c i t y we j u s t c o n s i d e r t h e s p e c i a l case d = 3 ( t h e same a r g u m e n t
works in h i g h e r d i m e n s i o n s ) . We divide t h e u n i t c u b e [0, 1]3 into c o n g r u e n t
s u b c u b es of sid e l e n g t h c T - 1 / 2 , where c > 0 is some p o s i t i v e a b s o l u t e
c o n s t a n t to be specified l a t e r (we a s s u m e t h a t c - 1 T 1 / 2 is an i n t e g e r ) . T h e r e
are c - 3T 3/2 such small s u b c u b e s . T h e c o r r e s p o n d i n g " t r i v i a l e r r o r " goes as
follows: given an a r b i t r ary c o n t i n u o u s curve C of a r c l e n g t h T in [0, 1] 3, at
least half of t h e C 3 T 3 / 2 small s u b c u b e s are d i s j o i n t from C ( a s s u m i n g t h e
a b s o l u t e c o n s t a n t c > 0 is small e n o u g h ) . I n d e e d , a s s u m e t h a t C i n t e r s e c t s
e x a c t l y M small s u b c u b e s . Note t h a t every small s u b c u b e has ( a t most)
3 3 - 1 = 26 n e i g h b o r s , a n d t h e d i s t a n c e b e t w e e n any two non - n e i g h b o r i n g
small s u b c u b e s is ~ cT - 1 / 2 . A p p l y i n g t h e s t a n d a r d greedy a l g o r i t h m , we
can find a t l e a s t M / 2 7 a m o n g t h e M i n t e r s e c t i n g small sub c u b e s such t h a t
no two are n e i g h b o r s . Since t h e d i s t a n c e b e t w e e n non-n e i g h b o r s is ~ c T - 1 / 2 ,

t h e arcl e n g t h of C is a t least ( M / 2 7 ) . c T - 1 / 2 , i m p l y i n g t h e i n e q u a l i t y

T > M . c T - 1 /2
- 27 '

or e q u i v a l e n t l y ,

(8 .8)
2 7 T 3 / 2

M < - -  - c

Since t h e t o t a l n u m b e r of small sub cubes is c 3 T 3/ 2, by choosing c = 1 / 8 ,
we can g u a r a n t e e t h a t

(8 .9) 2 7 T
3
/
2 1 - 3 T 3 / 2- - - < - c

c 2

C o m p a r i n g (8.8) a n d (8 .9), we c o n c l u d e t h a t , t h e n u m b e r M of C - i n t e r s e c t 
ing small s u b c u b e s is less t h a n h a l f of t h e t o t a l . T h i s proves our s t a t e m e n t
a b o u t t h e " t r i v i a l e r r o r " of c o n t i n u o u s curves .

T h e c o r r e s p o n d i n g random construction gives a s t a n d a r d - d e v i a t i o n in
t h e r a n g e of
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Ea ch small sub cube has volume in the range of T - 3 / 2 , and we have to
multiply up with T ( l e n g t h of the curve) . S u m m a r i z i n g , the analog r a n d o m
c o n s t r u c t i o n gives an error in the range

T 3 / 4 . T - 3 / 2 . T = T 1 / 4 ,

1 1

which is exactly the main factor T 2 - 2 ( d - l ) with d = 3 in (1.6) .
1 1

The same a r g u m e n t shows t h a t the main factor T 2 - 2 ( d - l ) is s h a r p for
any d 2:: 3 , proving t h a t T h e o r e m 2 is basically best possible.

W h a t is more , the same a r g u m e n t shows t h a t , in the general case of
1 k

T h e o r e m 5 , the main factor T 2 - 2 ( d - k ) is best possible (see (3.14)).

9. P R O O F OF P R O P O S I T I O N 2.1

We begin with the proof of p a r t ( a ) . I c a n n o t help, b u t give two s h o r t
proofs. In fact , b o t h proofs give the s t r o n g e r result (2.27) .

F i r s t P r o o f o f (2.27): using pairwise indep endence . We j u s t r e p e a t the
proof of (2 .14). We know from (2.17) t h a t o r t h o g o n a l i t y suffices . W h a t we
have in case (a) is the s t r o n g e r p r o p e r t y of pa i r w i se i n d e p e n d e n c e . Notice
t h a t pairwis e i n d e p e n d e n c e follows from the following s i m p l e fact. Let
o ::; k < e be a r b i t r a r y integers; t h e n given any pair 0 ::; Z l < 1, 0 ::; Z 2 < 1
of real numbers, t h e r e exist(s) exa ctly e - k pair(s) ( x , y) of real numbers
in 0 ::; x < 1, 0 ::; y < 1 such t h a t

(9 .1) k x + y = Z l (mod 1) and ex + y = Z2 (mod 1) .

Notice t h a t e - k is e x a c t l y the d e t e r m i n a n t of t h e m a t r i x of the linear
e q u a t i o n s in (9.1).

To prove the s i m p l e f a c t , we j u s t solve (9.1) for x and y : t a k i n g the
difference of the two e q u a t i o n s , we have (e - k ) x = Z2 - Z l (mod 1), which
gives

Z2 - Z l integer
X = e - k + e - k '

and t h e r e are exactly e - k numbers x = X j , j = 1,2, . . . , e - k of t h i s
type in t h e interval 0 ::; x < 1. For e a ch one of these numbers x = x j ,
j = 1,2 , . . . ,e - k t h e r e is a uniquely d e t e r m i n e d 0 ::; y = Y j < 1 s a t i s f y i n g
k X j + Y j = Z l (mod 1) , c o m p l e t i n g the proof . _
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S e c o n d P r o o f o f (2.27): using P a r s e v a l ' s formula. To prove (2.27), we
e x t e n d the real function f (x) , originally defined only in the u n i t interval
o ~ x < 1, to the whole real line periodically, with period one. We work
with the Fourier series

(9.2) f ( x ) = L are27rirx where a r = leI f(y)e-27riry dy.

r E Z

To evaluate the left hand side of (2.27) , we apply P a r s e v a l ' s formula
several times:

(9.3)
1 1 (1 n - l 1 ) 2r r - L f ( y + k j x ) - r f ( u ) d u d x d y

Jo Jo n j = O Jo

is the first a p p l i c a t i o n of P a r s e v a l ' s formula . The second a p p l i c a t i o n is the
equality

1 I n - l 1
21 L e27rirkjx dx = n,

o J=O

which holds for any r =J. 0, and using it in (9.3), we have

(9.4)
111 (1 n - l 1 ) 2r - L f ( y + k j x ) - r f ( u ) d u d x d y

Jo 0 n j = O Jo
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By (9.2) and a p p l y i n g P a r s e v a l ' s formula one more time,

J. Beck

(9.5) L la rl
2 = t' ( J ( z ) - ao) 2 dz = e ( f ( z ) _ r 1 f(u) dU) 2 dz .

r E Z : Jo Jo Jo
r f O

C o m b i n i n g (9.4) and (9.5), formula (2.27) follows . •

To prove ( b ) , we j u s t note t h a t formula (2.27) has a s t r a i g h t f o r w a r d
g e n e r a l i z a t i o n in higher d i m e n s i o n s . In fact , b o t h proofs work. For e x a m p l e ,
t h e Fourier series a p p r o a c h clearly works in any dimension: we j u s t have to
replace n u m b e r s with vectors .

Case (c) is a c o r o l l a r y of (b): a t r i v i a l a p p l i c a t i o n of C h e b y s h e v ' s
inequality.

The p r o o f of (d) is a r o u t i n e a d a p t a t i o n of t h e "dyadic t e c h n i q u e " in
o r t h o g o n a l series, and goes as follows. By using (b) , for any Lebesgue
s q u a r e - i n t e g r a b l e f u n c t i o n f and for any p a i r f ~ 0, m ~ 0 of i n t e g e r s we
have

(9.6)
2 C 1 U+1)2 m - 1 2LL 'fa ( k~- f r y + j x ) - 2

m L f ( U ) d U ) d y d x = (J2(j)2l+
m
,

Let 1 > E > 0 be a r b i t r a r i l y small b u t fixed . T h e n

0 0 1
L r 1 +€ < 0 0 ,
r==l

so t h e r e is a t h r e s h o l d ro = ro (E) such t h a t

(9.7)

f r1~€ ::; 1, for example, ro = rO(E) = (~) € + 1 is a good choice.
r2: ro

By (9.6) and C h e b y s h e v ' s i n e q u a l i t y , for any J.L > 1 we have t h a t the
p r o b a b i l i t y of t h e event

2 ( - 1 ( ( j + l ) 2
m - 1

) 2'fa k~- f r y + j X ) - 2
m lJ(U) du

~ (T2(f) . J.L(f + r o ) l + € ( m + ro)l+€2f+ m
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is less or equal to
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(9.8)
1

where X a n d Y a r e two i n d e p e n d e n t and uniformly d i s t r i b u t e d r a n d o m
v a r i a b l e s in t h e d - d i m e n s i o n a l u n i t cube ] d .

A p p l y i n g (9.7) we have

1 ( 1 ) 2L L H e H e : : ; L H e : : ; 1 ,
£2 0 m 2 0 (£ + ro) (m + ro) r 2 0 (r + rc)

so by (9.8) for every J-l > 1 t h e r e is a m e a s u r a b l e s u b s e t W = W(J-l) C ] d x ] d

w i t h m e a s u r e ( W ) 2: 1 - ~ ( " 2 d - d i m e n s i o n a l Lebesgue m e a s u r e " ) such t h a t
t h e i n e q u a l i t y

2 C l ( (j+l)2
m - l

) 2
(9.9) ~ k~m f ( y + j x ) - 2

m
1 / ( u ) du

< (J2(f)J-l(£ + ro)He(m + ro) H e 2 H m

holds for all p a i r s (x , y) E W a n d for all i n t e g e r s £ 2: 0, m 2: O.

Now we are r e a d y to involve t h e b i n a r y d e c o m p o s i t i o n of an a r b i t r a r y
i n t e g e r n 2: 1:

(9.10)

where m l > m2 > . . . > m, 2: 0 and 1 ::; t = t(n) < 1 + log2 n are i n t e g e r s
( " b i n a r y l o g a r i t h m " ) . For n o t a t i o n a l s i m p l i c i t y , w r i t e

(j+l)2 m - l

(9.11) S ( j ; m) = L f ( y + j x ) - 2 m 1 f ( u ) duo
k = j 2 m [ d

By (9.10), (9.11), and the Cauchy - S c h w a r t z i n e q u a l i t y ,

(9.12)

= .!./ S(O; m l ) + S(2 m l
-
m 2

; m2) + S(2 m l
-
m 3 + 2 m 2 -

m 3
; m3) + ...

n
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+ S2(2ml-mt + . . . + 2 m t - I - m t ; mt)) 1 /2,

where of course here S2 means the s q u a r e of the sum S (and not the u n i t
sphere) . By (9 .9), for all ( x , y ) E W = W(J.L) and for all integers I! 2: 0,
m 2: 0,

2 / - 1

I:: S2(j; m) < (J2(f)J.L(1! + r o ) l + C ( m + r o ) l + c 2 £ + m .

j=O

T h u s we have

2 1 + m l - m 2 _ 1

I:: S 2 ( j ; m 2 )
j=O

Similarly,

I::
j=O

and so on . Using these i n e q u a l i t i e s in (9.12), we o b t a i n

(9.13)

where

I~ ~f(Y + j x ) -lJ(U)dUI
~ ~Jt(n)(J(f)vJi2(ml+1) /2 . VI::*
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Clearly

o s I:* :s t ( n ) ( m l + ro)2+2€,

so r e t u r n i n g to (9.13), we have
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(9.14)

(9.15)

F i n a l l y , using t h e i n e q u a l i t y 1 :s t( n) :s 1 + log2 n and t h e e x p l i c i t value of
ro = ro(c) (see (9.7)) in (9.14), we have

I ~ I: f ( y + j x ) - J f ( u ) dul
n k=O [ d

M:,1 + log2 n ( ) l-l-s:s ( J ( f ) y 2/1 / i i log2 n + ( l / c ) € + 1 .

Since (9.15) implies (2.26), t h e p r o o f of P r o p o s i t i o n 2.1 is c o m p l e t e . _

10. P R O O F OF P R O P O S I T I O N 2.2

We combine t h e so-called Large Sieve w i t h a descent process. T h e Large
Sieve, a s o p h i s t i c a t e d second m o m e n t a r g u m e n t , is one of t h e most impor
t a n t tools in a n a l y t i c n u m b e r t h e o r y . Let A be a set of A = IAI integers in
t h e i n t e r v a l 1 :s n :s N, and let A(q, h) denote t h e n u m b e r of t h e e l e m e n t s
of A which are c o n g r u e n t to h (mod q). Clearly

q

I : A ( q , h ) = A = IAI.
h = l

T h e main goal of t h e Large Sieve is to e s t i m a t e t h e "var iance"

V(q) = VA(q) = t (A(q, h) _ A ) 2

h = l q

from above . We have t h e following r e m a r k a b l e average r e s u l t (see e.g .
Section 27 in D a v e n p o r t ' s well-known book [2]).
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L a r g e S i e v e I n e q u a l i t y . I f A C {I , 2, . . . , N } w i t h IAI = A , th en

J . B e ck

(10.1) p ( A ) 2L P L A(p , h) - - ::; (N + 2Q2)A,
p 'S.Q h = l P

wher e P d e n o t es t h e primes.

R e m a r k s . The Large Sieve I n e q u a l i t y is not too useful in the range where
Q is much smaller t h a n VN .

Next I ex p la in why (10.1) is (nearly) o p t i m a l . Suppose t h at VN < Q <
N 1

- e and the set A has c a r d i n a l i t y IAI = A = const . N . In the range
Q / 2 ::; P ::; Q th ere are const . Q / log Q primes . I t follows from (10.1)
t h a t , for some prime Po in Q / 2 ::; Po ::; Q and for som e r e m a i n d e r h o in
1 ::; h o ::; Po,

I A(PO, ho) - ~AI < c o n s t · [N . V l o g p o .
Po y~

I f A is a "r a n d om s u b s e t " of { l , 2 , . . . , N } (say, we toss a fair coin N times
and include the c o r r e s p o n d i n g integer if the outcome is Heads) t h e n the

s t a n d a r d d e v i a t i o n is c o n s t · [ i i . This means t h a t (10.1) is o p t i m a l a p a r tVliO
from t h e l o g a r i t h m i c factor y'logpo .

I f Po is close to N t h e n the l o g a r i t h m i c factor y'logpo is not negligible

comp ared to f i i . This is the reason why need an i t e r a t i o n process - c a l l e dVliO
the process of descent - i n s t e a d of making one giant leap .

L e t ' s r e t u r n to the proof of P r o p o s i t i o n 2.2. Let A C {I , 2, . . . , N } be
a r b i t r a r y , and write IAI = A . The first step in our descent process goes as
follows . Let VN < M < N3 /4 , t h e n by (10.1) we have

(10 .2) p (A )2L P L - - A(p, h) ::; 9M 2 A.
M'S.p < 2 M h = l p

Let PM denotes the set of primes p between M ::; p < 2 M . By t h e prim e
n u m b e r t h e o r e m

(10.3)
M 3M

IPMI = (1 + 0(1)) l o g M > 4 l o g M
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if M is large enough . We can rewrite (10.2) as follows:
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(10.4)

Since the minimum is less or equal to the average , (10.4) implies the exis
tence of a prime Po E P M such t h a t

(10.5)

completing step one in the descent process.

Next we switch from the set { l , 2, . . . , N } of consecutive integers to
any a r i t h m e t i c progression n == h o (mod po) of gap Po r e s t r i c t e d to our
underlying interval 1 ::; n ::; N. Let N(po, h o) denote the n u m b e r of
elements of t h i s finite a r i t h m e t i c progression ; clearly (1 ::; ho ::; po)

(10.6)

Here comes t h e second s t e p in the descent process. Write N I = N /po .
We use the t r i v i a l (but i m p o r t a n t ) fact t h a t an a r i t h m e t i c progression
of an a r i t h m e t i c progression is also an a r i t h m e t i c progression . Again we

apply the Large Sieve. Let .J]\T; < M I < N{ /4, t h e n by (10.1) for every
ho = 1,2 , . . . , Po we have

~ ~ ( A ( p o , ho) )2 2 ((10.7) L J p ! L J p - A(pop, ho + hpo) ::; 9M I A Po, ho).
M , S,p < 2 M l ' h = 1

I recall t h a t P M l denotes the set of primes p between M I ::; p < 2M I . We
can rewrite (10.7) as follows:

(10.8)

_ 1 _ L ~ t ( A ( p o , h o) - pA(pop, ho + h P o )) 2 < 9 M r ~(po, h o) .

I P M l l pEPMl p h = 1 N I - N I I P M l l

Since the minimum is less or equal to the average, (10.8) implies t h e exis
tence of a prime PI E P M l such t h a t



1 1 4 J . Be ck

(10 .12)

c o m p l e t i n g s t e p two in t h e d e s c e n t process.

Next we s w i t c h to t h e a r i t h m e t i c p r o g r e s s i o n n = h o + hlPo (mod POPI)
r e s t r i c t e d to o u r u n d e r l y i n g i n t e r v a l 1 :::; n :::; N. Let N(POPI , ho + hlpo)
d e n o t e t h e n u m b e r of e l e m e n t s of t h i s finite a r i t h m e t i c p r o g r e s s i o n ; c l e a r l y
(1 :::; ho :::; Po , 1 :::; hI :::; PI)

(10.10) !N(POPI , h o + hlPo) - ~I < 1.
POPI

Here comes t h e t h i r d s t e p in t h e d e s c e n t process. W r i t e N 2 = N/POPI .

Let ..fN2 < M 2 < N ; /4 , t h e n by (10 .1) for every 1 :::; h o :::; Po , 1 :::; hI :::; PI
we have t h e a n a l o g of (10 .8) :

(10.11)

_ 1 _ L ~ t (A(POPI , h o + hlPo) - pA(POPIP, h o + hlPo + h P OP I ) ) 2

IPMzl p E P M z P h = l N2

9M:jA(pOpI, h o + hlPo)
< 2- N 2 1 P M z I

Since t h e m i n i m u m is less or e q u a l to t h e average, (10.11) implies t h e
e x i s t e n c e of a p r i m e P2 E PMz such t h a t

1 pz 1
- L -
P2 h = l POPI

x f f ( A (POPI , h o + hlPo) - P2A~OPIP2 ' ho + hlPo + h P OP I ) ) 2

ho = l hj = l

c o m p l e t i n g s t e p t h r e e in t h e d e s c e n t process.

We keep doing this. Since by h y p o t h e s i s N > 100T 2 , we can easily
find a s e q u e n c e VN < M = M o < N 3

/
4, Po E PM, N I = N / p o , VN1 <

3 / 4 r t r : 3 / 4
M I < N I , P I E PMj , N 2 = N t / P I , y N 2 < M2 < N 2 , P 2 E P M z " "
of p a r a m e t e r s such t h a t , a t t h e end, t h e whole p r o d u c t m = POPIP2' . . Pe
(where £ is t h e l a s t one) falls i n t o t h e r e q u i r e d r a n g e

(10.13)
N N
- < m = POPIP2 . . . Pe < - .
2T T
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C o n s i d er t h e s u m

( 10 . 14 ) A - poA(po , ho) A(po , ho) - PIA(POPI , ho + hlpo)
N + N I

+ A(POPI , h o + hlPo ) - P2 A(POPIP2 , ho + hlpo + h2POpI) + .. .
N 2

(
A (POPI . . . P£- I , ho + hlPo + ' " + he - I POPI . . . pe-2)

+ N £

_ p eA(pOP I . .. Pe, ho + hlPo + ... + h epOPI . . . p e - I ) )
N e .

Sin c e N I = N / Po, N 2 = N t / P I , N 3 = N 2/p 2, a n d s o on , (10.14) is a
t e l e s c o p i n g s u m , whi ch s im p l ifies t o

(10 .15)
A - POPI . . . p eA(poPI '" Pe, h o + h ipo + ... + h epoPI . . . p e - I )

s u m (10.14) = N

A - m A ( m , r)

N
wh ere

m = POPI . . . Pe a n d r = h o + hipo + ... + h epoP I . . . P e - l '

In vi ew of (10 .14) - ( 1 0 .1 5) , we n e ed t h e following s im p le l e m m a a b o u t
s equ enc e s of r e al n u m b er s C(ho) , C(h o , hI) , . . . .

L e m m a 1 0 . 1 . A s s u m e th at

1 Po Pe

- - - L ... L C 2(h o , . .. , he) S ceo
POPI . . . pe h o=1 h e=1

Then

(10 .16)
1 Po Pe

- - - L ' " L ( C ( h o) + C(h o , hI) + . . . + C ( h o , h I , . .. , he)) 2
POPI .. . Pe h o = 1 h e=1

e
S 2 L (f + 1 - i ) 2 c i .

i=O
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P r o o f . We use the Cauchy - S c h w a r z inequality:

J . B e c k

(10.17) (C(ho) + C(h o, h I ) + ... + C(h o, hI , . . . , he)) 2

(
1 1 1

= £ + 1 . C(h o)(£ + 1) + £ . C(h o , h l )£ + £ _ 1 . C(h o , lii , h 2)(£ - 1)

) 2 (eH 1)
+ .. · + I · C ( h o, h l , . . . ,he) ~ ~p

. (( £ + 1)2C 2(h
o) + £2C 2(h

o, h I ) + (£ - 1)2C 2(h
o , hI , h 2) + .. .

+ C 2 (h o , . .. , he) ) .

Taking average over a l I I ~ h o ~ Po , 1 ~ hI ~ PI, . . . , 1 ::s: he ::s: Pe in (10.17),
the lemma follows . •

We want to apply Lemma 10.1 with

(10.18)

(10.19)

C(h ) = A - poA(po, h o)
° N '

C( h h ) _ A(po , h o) - PlA(POPl , h o + hlPo)
0 , 1 - N

l
'

(10.20)

C(h h h ) = A(POPl , ho + hlPo) - P2 A(POPlP2, h o + hlpo + h 2PoPl)
0, 1 , 2 N

2
'

and so on , ending with

(10.21)

C(h h h )
= (A(POPI .. . Pe-l , h o + hlPo + . .. + he-lPoPl . .. pe-2)

0, 1, · · · , e N,

_ peA(poPl .. . Pe, ho + hlPo + .. , + hepoPl . . . p e - l ) ) .
Ne

In view of (10.5), (10.9) , (10.12) , we can choose EO, E l , E2 as follows:

9 M 2 A 9 M 2

N 2 I P M ! ::s: NIPMI = EO,
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9Mf A 9 M 2 A 9 M 2
-----"---,-------:- = 1 < 1 = E 1 ,
PON 1 . N1IPMli N . N1IPMli - N1IPMli

9M:j A 9 M 2 A 9 M 2
_ _ - = - 2 _ - . . , . < 2 = E2,

PoP 1 N 2 ' N21PM21 N · N21PM21 - N21PM21

a n d in g e n e r a l ,

9 M 2

(10.22) Ej = NjIP~J

C o m b i n i n g (10.22) w i t h (10.3), we have

9 M 2

(10.23) Ej < 3/w
N,~
J 4 log u ,

O~j~£.

C o m b i n i n g L e m m a 10.1 w i t h (10.14) - ( 1 0 . 1 6 ) a n d (10 .18) - ( 1 0 . 2 3 ) , we have
w i t h m = POPI . . . Pe ,

(10.24)

Since JNj < Mj < NJ I
4 a n d n, < JN j - 1 (0 < j ~ f), t h e s e q u e n c e

Sf. > S f . - l > Sf.-2 > Sf.-3 > . . . d e c r e a s e s e x t r e m e l y r a p i d l y . In p a r t i c u l a r ,
an easy c a l c u l a t i o n gives t h a t

e f.

( 10. 25 ) " " ' (£ 1 _ .)2 M j log Mj " " ' 2 i - f . Me log Mf. 2 Mf.log u,
L + 1, N ' < L N < N .
i=O J i=O f. f.

Using (10.25) in (10 .24), we o b t a i n

(10.26) ~ f ( A - m A ( m , r ) ) 2 < 5 0 M e log Mf. ,
m r = l N Ne

where (see (10 .13))

N

N N
2 T < m = POPIP2 . . . Pf. < T '

p f . N
- , Me ~pe < 2Me·
m

N e = - - - 
POPl . . . P e - l

(10.27)
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M u l t i p l y i n g (10.26) with ( N / m ) 2 , and using (10.27), we have

J . B e c k

(10.28) ~ f ( A _ A ( m , r ) ) 2 < 50 Me log Me . ( N ) 2
m m Ne m

r = 1

( )

2p e l o g p e N N
~ 50 N . - = 5 0 1 0 g p e ' - < 5 0 1 0 g p e ' 2T.

l ! L - m m
m

Since Ne = p e N / m < 2peT (see (10.27)), we have

pe < 2Me < 2NF4 < 2(2pe T)3 /4 < 4p~/4T3/4,

i m p l y i n g p; /4 < 4T 3 / 4, a n d so

(10.29) log pe < 3 log T + 4 log 4 .

Using (10.29) in (10.28), we conclude t h a t

(10.30) 1 m (A )2
m ? ; m - A ( m , r ) < 1 0 0 ( 3 1 0 g T + 4 1 0 g 4 ) T .

Since (10.30) implies (2.28), the p r o o f is complete. •

C o n c l u d i n g R e m a r k . I t is easy to modify the a r g u m e n t above to o b t a i n
an efficient a l g o r i t h m s u p p l y i n g a "good " m = POPI . . . Pe. All w h a t we
have to do is to replace m i n i m u m with t y p i c a l (= r a n d o m l y chosen). More
precisely , i n s t e a d of finding t h e p r i m e p = Po E PM in (10.4) t h a t a t t a i n s
t h e m i n i m u m , which is h a r d ( ! ) , we j u s t choose a t y p i c a l p = Po E PM.
And similarly, we j u s t choose a t y p i c a l P = PI E PM!, choose a t y p i c a l
P = P2 E PM2' and so on. T h e Large Sieve g u a r a n t e e s t h a t , r e p l a c i n g
m i n i m u m with t y p i c a l leads only to a negligable c o n s t a n t factor loss in t h e
value of CI in (2.28) .
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11. P R O O F OF P R O P O S I T I O N 3.1

By (3.5) - ( 3 . 6 ) we have
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(11.1) I ~ I: f ( y + kx) - t f ( u ) dUI
k=O Jo

0 0

C " 1 I "I~ ;, ~ r211rxll where c = max f .

The c r i t i c a l p a r t of the proof is to show t h a t , for the m a j o r i t y of the real
numbers x in 0 < x < 1 / 2 , we have

(11.2)
0 0 1

~ r 211rxll = 0(1) .

To prove (11.2), we apply s t a n d a r d a r g u m e n t s from d i o p h a n t i n e approxi
m a t i o n . We s t a r t with a power-of-two type decomposition:

(11.3) 0 0 1 0 0 ( 1 )L r 2 rx = L L r 2 rx '
r = l II II k=O 2 k : : : ; r < 2 k + 1 II II

and focus on the b i n a r y block 2 k ~ r < 2 k + l . Let

(11.4)

we can clearly assume t h a t 8 k > O.

For every integer e 2: 1 define the set of integers

The Pigeonhole P r i n c i p l e g u a r a n t e e s t h a t the set At' c a n n o t c o n t a i n more
t h a n 2£+1 integers . Indeed , otherwise there exist two different elements
rl , rz E At' with (say) rl < r2 such t h a t II (r2 - rI)xll < 8k, a c o n t r a d i c t i o n .



120

T h u s we have (log2 d e n o t e s t h e b i n a r y l o g a r i t h m )

J . B e c k

(11.5)

R e t u r n i n g to (11.3), by (11.5) we have

T h e e q u a t i o n in (11.4) means t h a t , t h e r e exists an i n t e g e r m u l t i p l e r x of x
such t h a t 1 ~ r < 2 k + 1 and r x = i n t e g e r ± o k , or equivalently,

(11.7)
i n t e g e r O k . k

X = ± - for some mteger 1 ~ r < 2 + 1 .
r r

T h e message of (11.7) is t h a t x can be well a p p r o x i m a t e d by a r a t i o n a l
number. This gives the idea to r e s t r i c t our a t t e n t i o n only to t h e x ' s which
have no good r a t i o n a l a p p r o x i m a t i o n . We make t h i s i n t u i t i o n precise by
t h e following definition . For every r a t i o n a l n u m b e r qlr, where 0 ~ q < r,
consider the i n t e r v a l

(11.8) [
q 1 q 1]

I(q; r) = h,(q; r) = ; - >.r 5 / 2 ' ; + >.r 5/2 '

where t h e value of t h e c o n s t a n t p a r a m e t e r > . > 1 will be specified l a t e r , and
form t h e union set

(11.9) B = B(>') = U U I ( q ; r ) .
r~l O:::;q<r

I t is easy to e s t i m a t e t h e Lebesgue measure ( " l e n g t h " ) of t h e set B = B (>')
from above:

(11.10)
2 2 6

measure (B) ~ L L >.r5/2 = L >.r 3/ 2 < ;:.
r~l O:::;q<r r~l
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The set B is i n t e r p r e t e d as the set of "b a d " x's, so we consider t h e comple
ment set with respect to the unit interval:

(11.11) A = A(-\) = [0 ,1) \ B(-\).

(11.12)

(11.13)

C o m p a r i n g (11.7) - ( 1 1 . 1 1 ) , we see t h a t , for any x E A ,

1
Ok = O k ( X ) > -\2 3 ( k + l ) / 2 '

Applying (11.12) in (11.6)

" ' " 1 ~ 4 - k + l . -\2 3 ( k + l ) / 2 l og (-\2 3 ( k + l ) / 2 )
L J r211rxll 2

2 k:S; r <2k+ 1

R e t u r n i n g to (11.3) , we o b t a i n t h a t

0 0 1 < 0 0 SV2-\( log2 x + 3(kt))
L r211rxll - L 2k/2
r = l k=O

holds for any x E A, defined by (11.11) , where m e a s u r e ( A ) > 1 - ~.

The last s t e p is to combine (11 .1) and (11.13) . Choosing -\ as a larg e
positive co ns t a n t , P r o p o s i t i o n 3.1 follows from (11.1) and (11.13) . •

12. M O R E ON S U P E R - U N I F O R M I T Y : P R O O F OF T H E O R E M 5

Let A C 1 3 = [0, 1)3 be an a r b i t r a r y Lebesgue m e a s u r a b l e s u b s e t , and , as
usual , we consider the Fourier series of the c h a r a c t e r i s t i c function XA of the
set A:

(12.1) XA(U) = L are27rir.u with a r = L e-27rir.y dy,
r E Z 3
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where r . u = r1 U1 + r2U2 + r3U3 denotes the inner p r o d u c t . Clearly
ao = vol (A) (3-dimensional Lebesgue measure) , and by Parseval's formula ,

(12.2) L Ja r l 2 = vol (A) - voI 2 ( A ) .

r E Z 3 ;
r ; f O

Consider the t o r u s - p a r a l l e l o g r a m X(t1, t2) = (X1(tI, t2), X2(t1, t2), X3(t1, t2))
(mod 1) where

(12.3) Xl (t1 , t2) = (31,1 t i + (31,2 t2 + Y1, X2( ts , t2) = (32 ,1 t1 + (32 ,2 t2 + Y2,

and X3(t1 , t2) = (33 ,l t1 + (33,2 t2 + Y3,

where 0 :::; t1 :::; T 1, 0 :::; t2 :::; T2, b 1 = ((31,1, (32 ,1, (33, I) and b 2 =

((31 ,2,(32 ,2,(33 ,2) satisfy Ib l 1
2 = (3r ,l +(3~,1 +(3§,1 = 1, Ib 2 1

2 = (3r,2+(3~,2+(3§,2

= 1. The q u a d r u p l e ( ( T 1 , T 2 ) ; y ; b 1,b 2) (where y = (Y1,Y2,Y3)) uniquely
determines the t o r u s - p a r a l l e l o g r a m (12.3); we call the triple (y, b 1 , b 2 ) an
i n i t i a l condition. As usual , b 1 x b 2 denotes the cross p r o d u c t of the two
vectors b1 and b2. The m a g n i t u d e of a cross p r o d u c t is the area of a
parallelogram, and so the t o t a l area A ( T 1 , T 2) = A(T 1 , T 2 ; y ; b 1 , b 2 ) of the
intersection of the t o r u s - p a r a l l e l o g r a m (12.3) with the given subset A equals

(12.4) A(T1, T 2) = A ( T 1, T2; y; b j , b 2 )

= Ib1 x b 2 ! · area { (t1, t2) E [0, T 1] x [0 , T2] : X(t1, t2) E A (mod 1)}
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. e 2 7r i(,61,l Tl + ,62 ,lT2+,6 3 ,lT3)Tl - 1
+ [b X b I La e 2 7r1 r . y . - - : - - - - - - - - - - , - -

I 2 rEZ 3 : r 27l'i(,BI , l r l + ,B2 ,lr2 + ,B 3, l r 3)
r l ' O

e 2 7r i( ,61 ,2 Tl +,62 ,2 T 2 + ,63,2 T 3)T2 - 1

27l'i(,BI ,2 r l + ,B2 ,2 r2 + ,B3 ,2 r3) .

S i n c e ao = vol (A) (= t h e L e b e s g u e m e a s u r e of A) , by (12.4) we h a v e

(12 .5) d i s c r e p a n c y = A ( T I , T2; Y; b l , b 2) - T I T 21bI X b s l vol (A)

123

e27r ibl ·r Tl _ 1 e27rib2 · r T 2 - 1 .
= Ib l x b 21 ' " a r . . . . . e 2 7r1 r. y

.
~ 2 m b I . r 2 m b 2 . r
rEZ :
r l ' O

F i x a n y two p o i n t s b l a n d b 2 on t h e u n i t s p h e r e 8 2 (i.e., two u n i t v e c t o r s ) ,
a n d r u n t h e t h i r d p a r a m e t e r y t h r o u g h t h e u n i t c u b e ; t h e n by (12.5) a n d
P a r s e v a l ' s f o r m u l a (1 3 = [0,1]3)

(12 .6) r ( A ( T I , T 2 ; y ; b l , b 2) - T I T 2Ib l x b 2 1 · v o l ( A ) ) 2 d y
J [3

2 2 I e27ribl ·rTl - 11
2 I e27rib2 ·rT2 - 11

2

= Ib l x b21 L l a r l · 2 ' b . 2 ' b7l'1 I ' r m 2 ' r
rEZ 3 :
r l ' O

L e t ' s s t u d y t h e l a s t two f a c t o r s in (12.6) : we h a v e t h e u p p e r b o u n d

I
e27rib :rT - 11 < m i n { 1 , T}
2 m b · r - 7l'Ib . r]

t h a t we a l r e a d y u s e d in (4.7), b u t h e r e it suffices to a p p l y t h e s i m p l e r
i n e q u a l i t y

(12.7)
1

e27rib .rT - 11 1

27l'ib . r ::; 7l'1b· r! '

K e y D e f i n i t i o n : d i s c a r d i n g b a d p a i r s o f v e c t o r s . L e t 0 < , < 1 / 1 0 ;
we say t h a t a p a i r ( b j , b 2) E 8 2 x 8 2 of 3 - d i m e n s i o n a l v e c t o r s of u n i t l e n g t h
is , - b a d if t h e r e e x i s t s a n r E Z3 \ 0 s u c h t h a t

(12.8)
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where of course [r] = J r ; + r i + r~ . -

Let B b ) denote the set of all , - b a d pairs ( b 1 , b 2) E 8 2 x 8 2 . Next
I show t h a t the "bad" set B b ) forms a small minority: the measure of B b )
is negligible c o m p a r e d to the measure J 41T)2 of th e C a r t e s i a n p r o d u c t 8 2 x 8 2

of two unit spheres . (Note in advance t h a t at the end, we will specify the
value o f , in terms of the given e , and we will throw out all initial conditions
c o n t a i n i n g a , - b a d p a i r ( b j , b 2 ) . )

L e m m a 1 2 . 1 . The set B b ) o f , - b a d pairs ( b j , b2) E 8 2 x 8 2 (see the K e y
Definition) is small in the sense t h a t

(12.9) measure (B(,)) ( 1 )
---~2""':"""":"':"'" < 1 0 0 , l o g - .

(41T) ,

P r o o f . I recall the following well-known fact a b o u t the surface a r e a of some
spherical regions : for any 0 < TJ < 1 and any 3-dimensional vector r =1= 0,

(12.10) S u r f a c e A r e a ( { b E 8 2
: Ir . b] ~ TJlrl} ) = 41T . TJ.

Let 's r e t u r n to (12.8) ; note t h a t

and combining this with (12.10) , for a fixed r E Z 3 \ 0 we have

= 1 1

min { ~/2' 1 } dTJ
1/=0 TJr

1 -yr -

7

/

2

{ } 1 1
{ }= min ~ / 2 ' 1 dTJ + min ~ / 2 ' 1 dTJ

1/=0 TJr 1/= - y r - 7 / 2 TJr

1 1 d
= "Jr - 7 / 2 + . L . -.!l

. I 7 2
r / w=- -yr- 7 / 2 TJ

~, log r + , log ( ~) + ,
r 7 / 2
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where [r] = r a n d Ib 2 . r] = ur , It follows t h a t

m e a s u r e ( 8 ( r ) ) L h ' l o g Irl + , log (~) + ,
(411")2 < rEZ 3 \O Ir1 7

/
2

125

(12.12)

The infinite series on t h e r i g h t - h a n d side of (12.11) is clearly c o n v e r g e n t ,s
since t h e n u m b e r of l a t t i c e p o i n t s r E Z 3 in a big ball of r a d i u s R c e n t e r e d
a t t h e origin is a b o u t t h e volume ~11" . R 3 , on t h e o t h e r h a n d , 7 / 2 > 3, so

R7 /2 is much larger t h a n R 3 ( a n d log R is r e l a t i v e l y negligible) if R - > 0 0 .

A r o u t i n e c a l c u l a t i o n / e s t i m a t i o n in (12.11) gives t h e c r u d e u p p e r b o u n d

m e a s u r e (8(,)) (1)
------'~2 - - - " - < 1 0 0 , log - ,

(411") ,

which c o m p l e t e s t h e p r o o f of L e m m a 12.1. •

Let g ( , ) d e n o t e t h e c o m p l e m e n t of t h e "b a d " set 8 ( r ) , t h a t is , g ( r )
is t h e set of p a i r s ( b j , b2) E 8 2 x 8 2 which are not , - b a d (see t h e Key
Definition; of course g i n d i c a t e s "good ") . We want to give an u p p e r b o u n d
to t h e i n t e g r a l (see (12 .5) - ( 1 2 .7))

(12.13) r r ( d i s c r e p a n c y ) 2 d y d b I d b 2
}g }I3

< " " la 12 1 1 db db- L...J r 41b 121b 12 I 2rEZ 3 : 9 11" I . r 2 . r
r~O

la r l
2 1 1L 4 2 2 db l db 2 ,

rEZ3:(11"lrl) 9 I b l · e ( r ) l l b 2 · e(r)1
r~O

where e ( r ) = r / l r l is a u n i t v e c t o r . We prove t h e following r e s u l t .

L e m m a 1 2 . 2 . We have

r r ( d i s c r e p a n c y j ' ' dy db l db 2}g }I3

( l O l o g ( l ) ) 2
:::;(411")2 6~ 'Y . vol ( A )( l - vol ( A ) ) .
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P r o o f . F i r s t note t h a t if ( b i , b2) E 9 t h e n by definition (see (12.8))

J. B e c k

(12.14)

To e s t i m a t e the i n t e g r a l at the end of (12.13), we apply a s t a n d a r d power
of-two d e c o m p o s i t i o n of the set

(12.15)

as follows : let £1 ~ 0 and £2 ~ 0 be a r b i t r a r y n o n n e g a t i v e integers s a t i s f y i n g

(12.16)

and write

(12.17)

= { ( b l , b 2 ) E 8 2 x 8 2
: 2 - el - 1 < Ib 1 · e(r ) 1 ~ Tel ,

2 - e2 - 1 < I b 2 . e(r)1 ~Te2} .

Thus we have the disjoint d e c o m p o s i t i o n (see (12.14) - ( 1 2 .17))

(12.18) g ( r ) = U Qel ,e2(r) :> Q.
el~O, el~O :

el H 2 : : ; L ( r )

(12.19)

(12.20)

Note t h a t (12.10) implies the u p p e r bound

measure (Qel ,e2(r))
_ _ ------'----,,:-:.....=....---'-'- ~ 2-el . 2-el = 2-(el H2) .

(41f )2

By (12.13)-(12.19) we have

(41f) - 2 { { ( d i s c r e p a n c y j ' ' dy db 1 db 2t; J/ 3
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By (12.16) we have

1 2 7

(12.21) L i~I+£2 ~ ( L ( r ) ) 2 . 2 L (r )
£1 ~O, i'1 ~O :

£IH2~L(r)

Simple e s t i m a t i o n gives t h e u p p e r b o u n d

(12 .22)

C o m b i n i n g ( 1 2 . 2 0 ) - ( 1 2 . 2 2 ) we have

(12.23)

= (47f)-2 ( ( ( A ( T 1 , T 2 ; y ; b l , b 2) - T 1 T 2 1 b 1 X b 2 1 · v o l ( A ) ) 2 d y d b l d b 2Jg JI3

( 10 log (1))2 (10 log (1))2
~ 6~ 'Y E la r l 2

= 6~ 'Y . vo l ( A ) ( l - vo l ( A ) ) ,
r E Z 3 :
ri=O

where in t h e l a s t s t e p we used (12.2) . (12 .23) gives L e m m a 12.2 . •
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The main point here is t h a t the upper bound in (12.23) is a c o n s t a n t
i n d e p e n d e n t of the values of T I and T2 .

Now we are ready to finish the proof of T h e o r e m 5 in the usual way: we
j u s t throw out the "b a d " i n i t i a l conditions and apply Chebyshev 's inequal
ity. F i r s t a definition: for any A > a let

(12.24) O(A) = {(y, b I , b 2) : y E [0,1) 3, (bj , b 2) E g ,

I A(T I , T2 ; y; b I , b 2) - T IT21b I X b21· vol (A)I 2:: A} .

Combining (12.23) - ( 1 2 .24) with Ch ebyshev's i n e q u a l i t y ,

(12.25)

1 ( 1 0 l o g 2 ( 1 ) ) 2
- - 2 measure (O(A)) ~vol(A)(l-vol(A)) . 'Y ' A- 2 ,
(471-) 6"1

where "mea s ur e" s t a n d s for the usual p r o d u c t measure .

By making the choice

(12 .26)
_ _ v v o l ( A ) ( 1 - vol (A)) v::::m 1 )

A - Ao - log2 -
"I "I

in (12.25) , we conclude

(12.27)

Now let

(12.28)

1 100 ( 1 )- - 2 measure (O(AO)) ~ - 6 "I lo g2 - .
(411') "I

If we throw out the set of initial conditions (y , bj , b 2) contained in O(AO),
and also throw out those i n i t i a l conditions (y , b I , b 2) for which the "tail"
( b I ' b 2) is -v-bad [i .e ., (b-, b 2 ) E B h ) ) , then by (12.27)-(12.28) and Lemma
12.1 the t o t a l loss is

(12.29)
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S u p e r - u n i f o r m i t y o f the T y p i c a l Billi a r d Path

Also , t h e choice (12 .28) implies t h a t

_ _ J v o l ( A ) ( l - vol (A)) f:ill1)
>. - >'0 - log2 -

"( "(

1000 (1) J< - E ; - . log2 E . vol (A) (1 - vol (A)) .

C o m b i n i n g (12 .29) w i t h (12 .24), (12.26), (12 .30), T h e o r e m 5 follows .
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P E R C O L A T I O N ON S E L F - D u A L P O L Y G O N

C O N F I G U R A T I O N S

BELA BOLLOBAs* and O L I V E R RIORDAN

R ec e n t l y , S c u l l a r d a n d Ziff no t iced th a t a b r o a d class of p l a n a r p er c o l a t i o n models
ar e s elf-dual und er a s i m p le co n d i t io n th at , in a p a r a m etriz ed version of su ch a
mod el , r edu c es t o a singl e eq ua t io n . T h ey s t a te th at th e s o l u t i o n of th e r e s u l t i n g
eq ua t io n gives th e c r i t ic a l p o i n t . However , j u s t as in th e classi cal case of b o n d
p ercol a t i o n on th e squ ar e l a t t i ce , se lf- d ua lity is simpl y th e s t a r t ing p o i n t : t he
m a t h em ati c al difficulty is pr ecisely s h owin g t h a t s elf-du ality impli es c r it ic a l it y.
Her e we do so for a gen e r a l i z a t i o n of th e mod els co n s idere d by S c u l l a r d and Ziff.
In th es e m od els , th e s t a t es of th e b o n d s n e ed not b e i n de pe n de n t ; f u r t h e r m o r e ,
incr e asing e ve n ts n eed not b e p o s i t i v ely co r re la te d , so n ew tec h n iq ue s a re n e ed ed
in th e a na lys is. Th e main n ew ingr ed i e n t s ar e a gen erali z a t i o n of H a r r i s ' s L e m m a
to p r o d u c ts of p a r t i all y o r d e r e d s ets , and a n ew p r o o f of a typ e of Russo - S e y m o u r 
Welsh Lemm a w i t h m i n i m a l symm e t r y as s u m p t i o n s.

1. I N T R O D U C T I O N

In 1963 Sykes and Essam [30] notic ed t h a t , in i n d e p e n d ent bond p ercola
tion, a s t a r with bond p r o b a b i l i t i e s PI , P2 and P3 may be repl aced by a
t r i a n g l e with bond p r o b a b i l i t i e s r l , r2 and r 3 , provid ed the P i and r i satisfy
c e r t a i n e q u a t i o n s ; in p a r t i c u l a r , a s t a r in which each bond has p r o b a b i l i t y
Po = 1 - 2 sin (1l' / 1 8 ) of being open may be replaced by a t r i a n g l e with bond
p r o b a b i l i t i e s I - p o . Sykes and Essam went on to use this s t a r - t r i a n g l e t r a n s 
f o r m a t i o n to p r e d i c t t h a t Po and 1 - Po should be the cri t ica l p r o b a b i l i t i e s
for bond per colation on th e hexagonal and t r i a n g u l a r l a t t i c e s , resp ectively.
In 1981 Wi e r m a n [31] gave a rigorous proof of this r esult with the aid of a

' R esearch s u p p o r te d in p a r t by NSF gra n t s DMS-0906634 , CNS-0721983 and CCF
0728928, a n d ARO g r a n t W911NF-06-1-0076 .
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Russo - S e y m o u r - W e l s h - t y p e t h e o r e m . In 1982 Kesten [17] e x t e n d e d Wier
man 's t h e o r e m to describe the ' cri t ica l surface ' of weighted bond p e r c o l a t i o n
on the t r i a n g u l a r l a t t i c e , a l t h o u g h t h e d e t a i l s were worked out only in 1999
by G r i m m e t t [13]. L a t e r , in 2008, it was shown [7] t h a t the sum of the
c r i t i c a l p r o b a b i l i t i e s of a c e n t r a l l y s y m m e t r i c p l a n a r l a t t i c e and its dual
is 1; more generally , an analogous s t a t e m e n t allowing for p e r c o l a t i o n with
different p r o b a b i l i t i e s for different bonds was proved , giving the Kesten 
G r i m m e t t t h e o r e m as an easy corollary .

In 1984 W i e r m a n [32] used t h e general s t a r - t r i a n g l e t r a n s f o r m a t i o n to
d e t e r m i n e t h e exact c r i t i c a l p r o b a b i l i t y for bond p e r c o l a t i o n (with equal
bond p r o b a b i l i t i e s ) on a l a t t i c e o b t a i n e d from t h e s q u a r e l a t t i c e by a d d i n g
some diagonals . Using a simpler t r a n s f o r m a t i o n , Suding and Ziff [29] de
duced t h e c r i t i c a l p r o b a b i l i t y for site p e r c o l a t i o n on the e x t e n d e d Kagome
l a t t i c e from W i e r m a n 's r e s u l t for the hexagonal l a t t i c e .

Recently, e x t e n d i n g work of S c u l l a r d [24] a n d Chayes and Lei [10],
Ziff [35] and Ziff a n d S c u l l a r d [36] p r o p o s e d a simple c r i t e r i o n p r e d i c t i n g t h e
value of t h e c r i t i c a l p r o b a b i l i t y for a wide variety of p e r c o l a t i o n models in
t h e plane. In a d d i t i o n to t h e usual i n d e p e n d e n t site a n d / o r bond p e r c o l a t i o n
models on a n u m b e r of l a t t i c e s , these models include cases which can be seen
as bond p e r c o l a t i o n with local d e p e n d e n c i e s between t h e s t a t e s of c e r t a i n
bonds.

T h e p r e d i c t i o n s of S c u l l a r d a n d Ziff are s i m i l a r in n a t u r e to those of
Sykes and Essam [30] m e n t i o n e d above: having shown t h a t for a c e r t a i n
p r o b a b i l i t y Po t h e p e r c o l a t i o n model is ' se lf- d u a l ' , t h e y s t a t e t h a t this prob
a b i l i t y Po is t h e r e f o r e critical. M a t h e m a t i c a l l y , t h e r e is a folklore 'conjec
t u r e ' (with, as far as we are aware, no precise f o r m u l a t i o n ) s t a t i n g t h a t any
' r e a s o n a b l e ' self-dual p l a n a r model is critical. This c o n j e c t u r e is still wide
open. I t is well known to hold in c e r t a i n special cases, in p a r t i c u l a r for site
or bond p e r c o l a t i o n on l a t t i c e s with c e r t a i n s y m m e t r i e s , such as reflection
in a line (see Kesten [17]), or r o t a t i o n a l s y m m e t r y of any order, as shown
in [7]. More generally , as r e m a r k e d in [7], it can be shown for site or bond
p e r c o l a t i o n on any l a t t i c e by combining r e s u l t s of Sheffield [27, C o r o l l a r y
9.4 .6], Aizenman, Kesten and Newman [1] and Menshikov [21].

Chayes and Lei [10] i n d e p e n d e n t l y described a special case of t h e
S c u l l a r d -Ziff c r i t e r i o n (as well as a g e n e r a l i z a t i o n to r a n d o m c l u s t e r mod
els) , a n d gave a sketch p r o o f of c r i t i c a l i t y u n d e r an e x t r a a s s u m p t i o n . In a
recent p r e p r i n t , W i e r m a n and Ziff [33] proved c r i t i c a l i t y in c e r t a i n special
cases, using known r e s u l t s on self-dual p l a n a r l a t t i c e s .
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In this p a p e r we shall prove t h a t t h e S c u l l a r d -Ziff c r i t e r i o n does indeed
give t h e c r i t i c a l p o i n t for a wide variety of p l a n a r p e r c o l a t i o n models. In
the original p a p e r s in the physics l i t e r a t u r e , t h e exact scope of a p p l i c a b i l i t y
of t h e c r i t e r i o n is not e n t i r e l y clear. In this p a p e r we shall define precisely a
general class of models t h a t are self-dual in the a p p r o p r i a t e sense, a n d use
new m e t h o d s to show t h a t the self-dual p o i n t is indeed c r i t i c a l in all cases.

A l t h o u g h full definitions will be given only in the next section, let us
i l l u s t r a t e some simple special cases of our main result, s t a r t i n g with one
very c o n c r e t e ( b u t r a t h e r specific) example, and t h e n t u r n i n g to a more
general family.

Fig. 1.1. T h e t r i a n g u l a r l a t t i c e , with a l t e r n a t e t r i a n g l e s s h a d e d .

E x a m p l e 1 . 1 . Consider the usual t r i a n g u l a r l a t t i c e shown in Figure 1.1.
Given a p a r a m e t e r 0 < P < 1, we i n i t i a l l y select each bond (i.e ., edge)
i n d e p e n d e n t l y with p r o b a b i l i t y p. B u t t h e n bonds w i t h i n a s h a d e d t r i a n g l e
' c o m p e t e ' : if t h e r e are two b o n d s , t h e first in t h e clockwise o r d e r ' w i n s ' ,
and the o t h e r is deleted. However, if all t h r e e bonds are p r e s e n t t h e r e
is a standoff, and all t h r e e remain. This r e s u l t s in a c o n f i g u r a t i o n of
bonds such t h a t , w i t h i n each s h a d e d t r i a n g l e , with p r o b a b i l i t y (1 - p)3 no
bonds are p r e s e n t , with p r o b a b i l i t y p3 all t h r e e are p r e s e n t , and o t h e r w i s e
e x a c t l y one bond is p r e s e n t , with each of these cases having p r o b a b i l i t y
~ (1 - p3 - (1 - p) 3

) = p( 1 - p). T h e c o n f i g u r a t i o n s in different t r i a n g l e s
are of course i n d e p e n d e n t .

Applying our main r e s u l t s to this p a r t i c u l a r model we shall see t h a t
(with p r o b a b i l i t y 1) t h e r e m a i n i n g bonds form a g r a p h c o n t a i n i n g an infinite
c o m p o n e n t if and only if p > 1 / 2 ; in o t h e r words, t h e model percolates if
and only if p > 1 / 2 . Note for l a t e r t h a t considering a single s h a d e d t r i a n g l e ,
the p r o b a b i l i t y t h a t t h e vertices A and B are c o n n e c t e d w i t h i n this t r i a n g l e
is p ( l - p) + p3, as is t h e p r o b a b i l i t y t h a t B a n d C are c o n n e c t e d . T h e
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p r o b a b i l i t y t h a t b o t h events hold is p 3 , since this h a p p e n s if and only if all
t h r e e bonds are selected.

Fig. 1.2. A l a t t i c e of labelled triangles with no axes of symmetry,
and no r o t a t i o n a l s y m m e t r i e s .

E x a m p l e 1 . 2 . More generally, consider , for example, e i t h e r t h e usual t r i a n 
gular l a t t i c e as above (viewed as an a r r a n g e m e n t of s h a d e d t r i a n g l e s ) , or the
l a t t i c e of t r i a n g l e s a small p a r t of which is i l l u s t r a t e d in Figure 1.2. These
are b o t h examples of s e l f - d u a l h y p e r l a t t i c e s , to be defined in t h e next section.
Suppose t h a t each s h a d e d t r i a n g l e c o n t a i n s some mechanism t h a t c o n n e c t s
c e r t a i n s u b s e t s of its vertices, with these processes i n d e p e n d e n t in different
t r i a n g l e s ; we have given one example above, b u t t h e mechanism is irrele
vant, only t h e final c o n n e c t i o n p r o b a b i l i t i e s m a t t e r . Suppose . t h a t in each
t r i a n g l e t h e p r o b a b i l i t y t h a t all vertices are c o n n e c t e d (inside the t r i a n g l e )
is p A B C , t h a t none are c o n n e c t e d is P0, t h a t A and B are c o n n e c t e d to each
o t h e r b u t not to C is PAB , and so on, with these p r o b a b i l i t i e s t h e same for
all t r i a n g l e s . T h e n , except possibly in t h e d e g e n e r a t e case PABC = P0 = 0,
t h e r e is (with p r o b a b i l i t y 1) an infinite c o n n e c t e d c o m p o n e n t if a n d only if

PABC > P0'

Even the very special cases described above are o u t s i d e t h e scope of
e x i s t i n g r e s u l t s , for several reasons. Firstly, in general t h e y do not corre
s p o n d to i n d e p e n d e n t bond or site p e r c o l a t i o n on any l a t t i c e (as r e q u i r e d
in [33]) . This is c e r t a i n l y t h e case when increasing events are not positively
c o r r e l a t e d ; see t h e discussion in Section 2. Such c o r r e l a t i o n is a b s e n t in Ex
ample 1.1 when P is equal to or close to 1 / 2 , since p 3 < ( p ( l _ p) + p 3 )2
when p = 1 / 2 . Positive c o r r e l a t i o n is also required for t h e a r g u m e n t s in [lOJ.
Secondly, in E x a m p l e 1.2 t h e r e is no r o t a t i o n a l or reflectional s y m m e t r y , as
r e q u i r e d in [33J and in [10], so e x i s t i n g Russo - S e y m o u r - W e l s h - t y p e r e s u l t s
do not a p p l y .
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Our r e s u l t s show t h a t self-duality implies c r i t i c a l i t y in a c o n t e x t t h a t
is much b r o a d e r t h a n the Scullard - Z i f f criterion; an example is given in
Figure 2.7.

M a t h e m a t i c a l l y , the main i n t e r e s t of t h i s p a p e r is p e r h a p s in t h e devel
o p m e n t of new tools needed to analyze the general model, including new
proofs of analogues of the Russo - S e y m o u r - Welsh Lemma, and a generaliza
tion of H a r r i s ' s Lemma. The rest of the p a p e r is organized as follows. In
Section 2 we describe the model we shall study, and s t a t e our main results.
In Section 3 we present a g e n e r a l i z a t i o n of H a r r i s ' s Lemma to p r o d u c t s of
posets. In Section 4 we prove various technical results a b o u t the model. The
h e a r t of the p a p e r is Section 5, where we prove a new R S W - t y p e lemma;
the proof is r a t h e r involved, so we first i l l u s t r a t e the ideas in a simpler
s e t t i n g (bond p e r c o l a t i o n on Z2) in Subsection 5.1. In Section 6 we show
how to apply this lemma using only the minimal s y m m e t r y g u a r a n t e e d by
self-duality. Finally, in Section 7 we show t h a t (as in [4]) , using a suit
able s h a r p - t h r e s h o l d result , it is b u t a small step from r e c t a n g l e crossings
to the final results. In Section 8 we conclude with a brief discussion of the
b e h a v i o u r of the model in the c r i t i c a l case.

2. T H E M O D E L A N D R E S U L T S

The s t a r t i n g point of our i n v e s t i g a t i o n is an embedding of a s u i t a b l e hy
p e r g r a p h in the plane, as described implicitly by Ziff and Scullard [36] and
explicitly by W i e r m a n and Ziff [33]. In these p a p e r s the h y p e r g r a p h s consid
ered are 3-uniform, b u t much of the time there is no need for this r e s t r i c t i o n .
Since the concept of a plane h y p e r g r a p h seems f u n d a m e n t a l , we give sev
eral equivalent definitions. To avoid irrelevant difficulties we always assume
piecewise l i n e a r i t y of all curves.

By a polygon we mean a piecewise-linear closed curve P in the plane
t h a t , if it touches itself at all, does so only e x t e r n a l l y at some vertices. (To
be p e d a n t i c , P is the image of some regular n-gon p i under a piecewise linear
map defined on the closed domain b o u n d e d by p i t h a t is injective except
possibly at the vertices of Pl.) Such a polygon s u r r o u n d s (more precisely
winds a r o u n d ) a simply c o n n e c t e d open set t h a t we call its interior.

By a plane hypergraph 'H we mean a set of p o i n t s of JR 2 , the vertices, to
g e t h e r with a set of polygons, the hyperedges, with the following p r o p e r t i e s :
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(i) any b o u n d e d s u b s e t of the plane c o n t a i n s only finitely many vertices ,
and meets only finitely many hyperedg es,

(ii) the interiors of the hyperedges are disjoint ,

(iii) each hyperedge is incident with at least one vertex, and

(iv) hyperedges meet themselves or each o t h e r only at vertices .

Note t h a t we allow a hyperedge to meet the same vertex several times , as in
Figure 2.1 , simply because t h e r e t u r n s out to be no reason not to. P r o p e r t y
(i) ensures t h a t each vertex meets only finitely many hyperedges, and vice
versa . In this p a p e r , all plane h y p e r g r a p h s we consider are connected, in
the n a t u r a l sense .

F ig . 2 .1 . On th e left is p a r t of a plan e hyp e r g r a p h 1 { : t h e s h a d e d regions ar e th e
( i n t e r i o r s of t h e) p o l y g o n s c o r r e s p o n d i n g to hyp eredges. T h e s a m e p i c t u r e may
b e s e en as a p r o p er 2- c o l o u r i n g of t h e fa ces of a p l a n e gr a p h . On th e r i g h t is
t h e co r re s p o n d in g 3- c o l o u r ed cub ic m a p . Note th at not a ll e d ge s ar e dr awn

as s t r a i g h t lin es (see t h e t o p r i g h t of t h e figure).

Two plane h y p e r g r a p h s are i s o m o rp h i c if t h e r e is a homeomorphism
from the plane to itself m a p p i n g one into the o t h e r , in the obvious sense .
Of course, given a plane h y p e r g r a p h (or indeed an isomorphism class of
plane h y p e r g r a p h s ) t h e r e is a c o r r e s p o n d i n g a b s t r a c t h y p e r g r a p h ; more
precisely, a (multi- ) h y p e r ( - m u l t i - ) g r a p h , where we have included ' m u lt i'
twice to i n d i c a t e t h a t two or more hyperedges may be incident with the same
set of vertices, and a single hyperedge may be incident with a vertex more
t h a n once. However, we shall work directly with the drawings t h r o u g h o u t .

P l a n e h y p e r g r a p h s are n a t u r a l g e n e r a l i z a t i o n s of plane ( m u l t i ) g r a p h s .
Indeed, we may t h i n k of a plane g r a p h as a r e p r e s e n t a t i o n of an a b s t r a c t
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graph, with the vertices r e p r e s e n t e d by p o i n t s , and the edges by c o n n e c t e d
sets meeting only at the vertices. The edges of a g r a p h are n a t u r a l l y
r e p r e s e n t e d by minimal sets c o n n e c t i n g the c o r r e s p o n d i n g vertices, i.e. ,
simple curves , b u t in the h y p e r g r a p h case polygons are more n a t u r a l , so we
use t h e m even for hyperedges with only two vertices (or indeed, one vertex).
When we come to p e r c o l a t i o n in a moment , the idea is t h a t i n s t e a d of each
edge in a g r a p h r a n d o m l y e i t h e r c o n n e c t i n g its vertices or not , i n d e p e n d e n t l y
of the o t h e r edges, each hyperedge will r a n d o m l y connect some s u b s e t s of
its vertic es , i n d e p e n d e n t l y of the o t h e r hyperedges.

It is easy to check t h a t (connected , as always in this p a p e r ) plane
h y p e r g r a p h s H c o r r e s p o n d e x a c t l y to shaded locally finite c o n n e c t e d plane
m u l t i g r a p h s G , where the faces of G are p r o p e r l y coloured grey and white,
so t h a t every edge b o r d e r s faces of different colours , with any u n b o u n d e d
faces white . (At this stage t h e r e may be one or more u n b o u n d e d faces; in
the bulk of the p a p e r all faces will be b o u n d e d . ) Indeed , vertices c o r r e s p o n d
to vertices, and the hyperedges of H are simply the grey faces of G, as on t h e
left in Figure 2.1. Of course, a plane g r a p h G with at most one u n b o u n d e d
face has an a p p r o p r i a t e s h a d i n g if and only if every degree is even, and then
it has e i t h e r one or two shadings, d e p e n d i n g on w h e t h e r or not it has an
u n b o u n d e d face .

Note t h a t if e is a hyperedge incident with lei vertices ( c o u n t i n g multi
plicity), t h e n , as a polygon, e is made up of lei segments joining vertices,
c o r r e s p o n d i n g to the edges of G . We c a n n o t in general draw these segments
as s t r a i g h t lines. For example, H may c o n t a i n triples uvw and uvw' , say ;
f u r t h e r m o r e , t h ere may be f u r t h e r hyperedges inside the region b o u n d e d by
the two curves joining u and v a s s o c i a t e d to these t r i p l e s .

By a face of a plane h y p e r g r a p h H (defined as above) we mean a
c o m p o n e n t of what is left of the plane after removing all hyperedges and
t h e i r i n t e r i o r s , i .e ., a white face of the c o r r e s p o n d i n g g r a p h G. For our next
few definitions (in p a r t i c u l a r t h a t of d u a l i t y ) to make sense , it is convenient
to insist t h a t each face of H has finitely many edges in its boundary. This
is equivalent to imposing the c o n d i t i o n t h a t if H is infinite, then it has no
u n b o u n d e d faces. (Of course, if H is finite, t h e n it necessarily has e x a c t l y
one u n b o u n d e d face.) When it comes to p e r c o l a t i o n , we n a t u r a l l y consider
only infinite H.

T h e r e is yet a n o t h e r way of defining plane h y p e r g r a p h s , which will t u r n
out to be much more convenient to work with, b u t is at first sight p e r h a p s
less n a t u r a l (at least for p e r c o l a t i o n ) . Given a (connected, as usual) plane
h y p e r g r a p h H and the c o r r e s p o n d i n g g r a p h G 'as above, replace each vertex
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v of H by a black 2d-gon, where d = d(v) is t h e degree of v , each face by a
white 2d-gon, where d is the n u m b e r of edges (of G) b o u n d i n g the face , and
each hyperedge e i n c i d e n t with d vertices ( c o u n t e d with m u l t i p l i c i t y ) by a
grey 2d-gon. In this way we o b t a i n a cubic p l a n a r map M in which the faces
are p r o p e r l y coloured black, white and grey; see Figure 2.1. (As before, we
c a n n o t necessarily draw the edges of the polygons as s t r a i g h t lines.)

The reverse t r a n s f o r m a t i o n is even simpler: s t a r t i n g from a cubic map M
(i.e . , a c o n n e c t e d locally finite 3 - r e g u l a r plane g r a p h in which each face has
finitely many edges in its b o u n d a r y ) in which the faces are properly coloured
black , white and grey, we simply c o n t r a c t each black face to a point to form
a vertex of H, and take the grey faces to form the hyperedges. In w h a t
follows we shall refer to such a coloured map M as a map hyper graph (or
simply a h y p e r g r a p h , when t h e r e is no d a n g e r of confusion), and denote it
also by H .

Note t h a t when H is a g r a p h (Le., H is 2-uniform) , then the c o r r e s p o n d 
ing map is the one considered in C h a p t e r 3 of [6] (see Figures 2 and 4, for
example). There, the 4-gon c o r r e s p o n d i n g to an edge is coloured black or
white according to w h e t h e r the edge is open or closed; here, the 2Ie\-gon
c o r r e s p o n d i n g to a hyperedge e is grey for now, b u t will be coloured with a
m i x t u r e of black and white l a t e r .

By a plane hyperlattice H we shall mean an infinite connected plane
h y p e r g r a p h (defined in any of the three ways above) with a l a t t i c e I:- of
t r a n s l a t i o n a l s y m m e t r i e s , i.e ., such t h a t there are linearly i n d e p e n d e n t vec
tors a and b with the p r o p e r t y t h a t t r a n s l a t i o n of the plane t h r o u g h e i t h e r
vector maps the drawing into itself in the obvious sense, c o r r e s p o n d i n g
to an isomorphism of the u n d e r l y i n g h y p e r g r a p h . T h r o u g h o u t , we view
I:- = { r n a + n b : m, n E Z} as a subset of JR2 . More formally, we de
fine a plane hyperlattice to be a pair (H ,I:-) as above, since in w h a t fol
lows I:- need not be the full l a t t i c e of t r a n s l a t i o n a l s y m m e t r i e s of H; in
s p i t e of this, we usually omit I:- from the n o t a t i o n . N a t u r a l l y , when we
consider isomorphisms of plane h y p e r l a t t i c e s , these are required to preserve
the c o r r e s p o n d i n g l a t t i c e s of s y m m e t r i e s . More precisely, a h o m e o m o r p h i s m
S : JR2 - - - t JR2 is an isomorphism from the plane h y p e r l a t t i c e (H ,I:-) to
(H', £') if it c o r r e s p o n d s to a plane h y p e r g r a p h isomorphism and satisfies
S(x + £) ~ S(x) + T(£) for all x E JR2 and £ E 1:-, where T is a linear map
with T(I:-Y = 1:-'.

In the c o n t e x t of p e r c o l a t i o n , the n a t u r a l notion of the dual of a plane
h y p e r g r a p h H t u r n s out to be the plane h y p e r g r a p h H" defined as follows.
Take a vertex of H* inside each face of H. To o b t a i n the hyperedges of H*,
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replace each hyperedge e of 'H by the d~al hyperedge e * joining the vertices
c o r r e s p o n d i n g to the faces t h a t e meets, as in Figure 2.2. In the special case

Fig . 2 .2 . P a r t of a 3 - u n i f o r m plan e hyp erl a t t i ce (filled circles a n d s h a d e d t r i a n g l e s )
and its dual (open circles and d a s h ed tri angl es) . T h e h y p e r e d g e s of t h e d u a l ar e

the concave d a s h ed t r i a n g l es .

of 2-uniform h y p e r g r a p h s , i.e. , g r a p h s , this is the usual notion of p l a n a r
d u a l i t y . In t h e 3-uniform case considered (with mild a d d i t i o n a l r e s t r i c t i o n s )
by W i e r m a n and Ziff [33], the notion of d u a l i t y j u s t defined coincides with
theirs; the d e s c r i p t i o n of Ziff and Scullard [36] seems to be ambiguous .

In t e r m s of the s h a d e d g r a p h G, the o p e r a t i o n of t a k i n g t h e dual is
r a t h e r c o m p l i c a t e d - it is n o t simply reversing the s h a d i n g . However, in the
3-coloured map formulation, it is very simple to c o n s t r u c t the dual : simply
exchange black and white . Indeed, one can t h i n k of a hyperedge and its
dual t o g e t h e r as c o r r e s p o n d i n g to a grey face of the map M (for example,
in Figure 2.2 one can take the i n t e r s e c t i o n of e and e* as the grey face); the
vertices of 'H c o r r e s p o n d to the black faces of M , and the vertices of 'H* to
the white faces of M .

Of course, choosing the drawing a p p r o p r i a t e l y , we may take the dual
'H* of a plane h y p e r l a t t i c e 'H. to be a plane h y p e r l a t t i c e , and the dual of
'H* to be 'H. A plane h y p e r l a t t i c e 'H is s e l f - d u a l if 'H* is isomorphic to 'H;
examples are shown in Figures 2.2 , 2.5 and 2.7 .

If P is a polygon in the plane, t h e n by a n o n - c r o s s i n g p a r t it i o n of its
vertex set V ( P ) we mean a p a r t i t i o n 1f such t h a t no two d i s t i n c t p a r t s of
1f c o n t a i n i n t e r l a c e d pairs of vertices : if x , y, Z , w a r e four d i s t i n c t vertices
a p p e a r i n g in this cyclic order a r o u n d P , a non-crossing p a r t i t i o n ' 1f c a n n o t
c o n t a i n two p a r t s one of which includes x and z, and t h e o t h e r y and w.
E q u i v a l e n t l y , a p a r t i t i o n 1f of V ( P ) is a non-crossing p a r t i t i o n if and only
if it may be realized by c o n s t r u c t i n g disjoint ( p a t h - ) c o n n e c t e d s u b s e t s S,
of P (which we take to include its interior) so t h a t each p a r t of 1f is the
i n t e r s e c t i o n of some S, with V ( P ) .
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The dual 7r* of a non-crossing p a r t i t i o n 7r is the non-crossing p a r t i t i o n
of the edges of P i n which two edges e and f are in the same p a r t if and
only if they are not i n t e r l a c e d with two vertices x and y in a common p a r t
of t t , Here i n t e r l a c e d means t h a t t h e edges and vertices occur in the cyclic
order e, x, I , y or its reverse.

TUrning finally to p e r c o l a t i o n , the state of a hyperedge e will simply be a
non-crossing p a r t i t i o n of its vertices. (More precisely, of the incidences of e
with its vertex set, so if e touches itself, the relevant vertex a p p e a r s multiple
times in the g r o u n d s e t of the p a r t i t i o n .) A configuration w is an assignment
of a s t a t e to each hyperedge of the h y p e r g r a p h H under c o n s i d e r a t i o n .
We t h i n k of the s t a t e of a hyperedge e as describing connections within e .
In p a r t i c u l a r , by an open path in a configuration w we mean a sequence
VOel VI e 2 . . . eeve such t h a t , for each i, the p a r t i t i o n of the vertices of e i has
a p a r t c o n t a i n i n g b o t h V i - I and Vi. Two vertices are connected in w if they
are joined by an open p a t h , and the open clusters of w a r e the maximal
c o n n e c t e d sets of vertices.

Finally, a hyperlattice percolation model consists of a plane h y p e r l a t t i c e
(1i, [,) t o g e t h e r with a p r o b a b i l i t y measure on configurations on 'H such
t h a t the s t a t e s of different hyperedges are i n d e p e n d e n t , and the m e a s u r e
is preserved by the action of L. In o t h e r words, if e' is a t r a n s l a t e of e
under an element of [" t h e n c o r r e s p o n d i n g s t a t e s in e' and e have the same
p r o b a b i l i t i e s . Note t h a t for a single hyperedge e , all p r o b a b i l i t y d i s t r i b u t i o n s
on the set of non-crossing p a r t i t i o n s a s s o c i a t e d to e are allowed.

As usual, the sigma-field of m e a s u r a b l e events is the one g e n e r a t e d by
cylindrical sets, i .e., by events d e p e n d i n g only on the s t a t e s of a finite set
of hyperedges . In fact, except when defining p e r c o l a t i o n , t h r o u g h o u t this
p a p e r we can work with large enough finite regions of H, so there are no
issues of measurability.

The dual w* of a c o n f i g u r a t i o n w on H is the c o n f i g u r a t i o n on H" in
which t h e s t a t e of e* is the dual of the s t a t e of e ( n o t i n g t h a t vertices of e*
c o r r e s p o n d to edges of the polygon e). I t is not hard to check t h a t finite
open clusters in w a r e s u r r o u n d e d by open cycles in w* and vice versa; t h i s
is most easily seen in the colouring formulation described at the s t a r t of
Section 4.

Given a plane h y p e r l a t t i c e (1i, [,), s u p p r e s s i n g E in the n o t a t i o n as
usual, the h y p e r l a t t i c e p e r c o l a t i o n models on H may be p a r a m e t r i z e d as
follows. F i r s t pick one r e p r e s e n t a t i v e e; of each o r b i t of the action of [,
on the hyperedges. T h e n for each non-crossing p a r t i t i o n 7r of the vertices
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of ei, choose a p r o b a b i l i t y Pi ,rr, s u b j e c t only to L,rrPi ,rr = 1 for each i.
We call such a vector p = (P i rr) · a probability vector (for 'H), and write

, t ,'iT

'H(p) for the c o r r e s p o n d i n g p e r c o l a t i o n model. The dual vector p* assigns
the p r o b a b i l i t y P i ,rr to the p a r t i t i o n 7f* of ei , so 'H* (p*) is a h y p e r l a t t i c e
p e r c o l a t i o n model on 'H* .

The h y p e r l a t t i c e p e r c o l a t i o n model 'H(p) is self-dual if 'H(p) and 'H* (p*)
are isomorphic, i.e. , if there is an isomorphism from 'H to 'H* such if
e E E('H) and f E E('H*) c o r r e s p o n d under the isomorphism , t h e n each
p a r t i t i o n 7f of f has the same p r o b a b i l i t y in 'H*(p*) as t h e c o r r e s p o n d i n g
p a r t i t i o n of e does in 'H(p). Our aim is to show t h a t self-dual h y p e r l a t t i c e
models are ' cr i t ica l ' , b u t first we must define what c r i t i c a l means.

The set of p a r t i t i o n s of a (here finite) set S forms a poset P in a n a t u r a l
way: we have 7f ~ n' if any two elements in the same p a r t of 7f are in
the same p a r t of x' , i.e. , the p a r t s of n' are unions of those of 7f, i.e. , if 7f
refines n' ,

Given a hyperedge e; as above , let P = P e i be the poset formed by the
non-crossing p a r t i t i o n s of the vertices of ei . An upset U in P is a s u b s e t of
P such t h a t if 7f E U and 7f -< 7f' t h e n 7f' E U. Given an upset U in P e i and
a p r o b a b i l i t y vector p, let Pi(U) = L , r r E U Pi ,rr denote the p r o b a b i l i t y t h a t
the s t a t e of e i is in U. Given two p r o b a b i l i t y vectors p and q, we say t h a t
q dominates p if qi(U) ~ Pi(U) for each i and each upset U C P e i • We say
t h a t q strictly dominates p, and writ e q >- p, if qi(U) > Pi(U) for each i
and each n o n - t r i v i a l upset U C P e i , i.e. , for all upsets a p a r t from U = 0 and
U = P e i . Note t h a t we can have p # q such t h a t q d o m i n a t e s p b u t does
not s t r i c t l y d o m i n a t e it .

Hall's t h e o r e m implies t h a t q d o m i n a t e s p if and only if q can be
o b t a i n e d from p by moving ' p ro b a b ilit y mass ' from elements P i,rr to elements
Pi ,rr' with 7f -< n', In the case of s t r i c t d o m i n a t i o n , we can assume t h a t , for
each i , a non-zero mass is moved from each 7f to each n' >- n .

A p e r c o l a t i o n model 'H(p) percolates if the p r o b a b i l i t y t h a t the open
c l u s t e r c o n t a i n i n g any given vertex is infinite is positive. As usual, this is

I
equivalent to the existence with p r o b a b i l i t y 1 of an infinite open cluster.
The model 'H(p) is critical if two conditions hold: for any q >- P the model
'H( q) p e r c o l a t e s , and for any q -< P the model 'H( q) does not p e r c o l a t e .

We say t h a t the model 'H(p) e x h i b i t s exponential decay (of t h e volume)
if there is a c o n s t a n t a > 0 such t h a t for any fixed v e r t e x v the p r o b a b i l i t y
t h a t the open c l u s t e r c o n t a i n i n g v contains at least n vertices is at most
e ? " for all n ~ 2. Our main result is the following .
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T h e o r e m 2 . 1 . Let 'H(p) be a self-dual h y p e r l a t t i c e percolation model.
Then for any q >- P the model 'H( q) percolates, and for any q -< P the
model 'H( q) e x h i b i t s e x p o n e n t i a l decay. In particular, 'H(p) is critical.

A l t h o u g h this is far from t h e main p o i n t , a very special case is t h a t t h e
c r i t i c a l p r o b a b i l i t y for bond p e r c o l a t i o n on any self-dual p l a n a r l a t t i c e is
1/2. Note t h a t t h e c o n d i t i o n q >- p is s t r o n g e r t h a n w h a t one could hope
for, namely a similar r e s u l t with this c o n d i t i o n replaced by q d o m i n a t i n g p
and q =1= p . However, one would t h e n need to rule out d e g e n e r a t e special
cases ( c o r r e s p o n d i n g to i n c r e a s i n g t h e p r o b a b i l i t y of bonds t h a t are ' d ea d
ends ' in a bond p e r c o l a t i o n model , for example). Also, T h e o r e m 2.1 with t h e
p r e s e n t c o n d i t i o n s is s t r o n g enough for the main a p p l i c a t i o n , C o r o l l a r y 2.3
below.

It t u r n s out t h a t in proving T h e o r e m 2.1, we do not require an e x a c t
i s o m o r p h i s m between 'H(p) and 'H*(p*). We call two h y p e r l a t t i c e percola
tion models 'Hl(Pl) and 'H2(P2) equivalent if t h e y can be coupled so t h a t ,
for some c o n s t a n t C, for every open p a t h P in e i t h e r model t h e r e is an
open p a t h P' in the o t h e r model at Hausdorff d i s t a n c e at most C from P .
Roughly s p e a k i n g , t h e t y p i c a l reason for two models to be equivalent is t h a t
t h e y can be viewed as different ways of realizing a single u n d e r l y i n g model.

For example, consider a plane t r i a n g u l a t i o n G with a l a t t i c e L of t r a n s l a 
t i o n a l s y m m e t r i e s , such as t h e t r i a n g u l a r l a t t i c e . T h e n t h e r e are two n a t u r a l
ways to form a h y p e r l a t t i c e from G, i l l u s t r a t e d (for a more c o m p l i c a t e d lat
tice) in F i g u r e 2.3 . In the first , t h e r e is a v e r t e x for each edge of G, in t h e
second, a vertex for each face of G . In e i t h e r case, t h e r e is a hyperedge for
each v e r t e x v of Gj this hyperedge is i n c i d e n t to all vertices c o r r e s p o n d i n g
to edges or faces of G t h a t v is i n c i d e n t to . W i t h i n each hyperedge, assign
p r o b a b i l i t y p to t h e p a r t i t i o n in which all vertices are in a single p a r t , and
1 - p to t h a t in which every v e r t e x is in a s e p a r a t e p a r t . Let us call a hy
peredge open if we select t h e p a r t i t i o n into one p a r t , and closed o t h e r w i s e .
T h e n the r e s u l t i n g models 'H(p) and 'H'(p) are e q u i v a l e n t using the n a t u r a l
coupling, i.e. , t h e coupling in which t h e hyperedges in t h e two models cor
r e s p o n d i n g to a vertex v of G have t h e same s t a t e , open or closed. Indeed,
in e i t h e r model an open p a t h of l e n g t h more t h a n 1 consists of a sequence of
open hyperedges with consecutive ones s h a r i n g ( h y p e r l a t t i c e ) vertices . B u t
two h y p e r e d g e s share a vertex in 'H if and only if t h e c o r r e s p o n d i n g ver
tices of G are j o i n e d by an edge, and share a v e r t e x in 'H' if and only if t h e
c o r r e s p o n d i n g vertices of G are in a common face. In a t r i a n g u l a t i o n , two
vertices are in a common face if and only if t h e y are j o i n e d by an edge .
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Fig . 2.3. T h e filled circles and thick lines show p a r t of a p l a n a r t r i a n g u l a t i o n G, which is
a s s u m e d to have a l a t t i c e of s y m m e t r i e s not visible on this scale. On t h e left is p a r t of
t h e h y p e r l a t t i c e 'H formed from G by t a k i n g a v e r t e x for each edge , and a h y p e r e d g e

for each v e r t e x . On the right is p a r t of t h e h y p e r l a t t i c e 'H' formed by t a k i n g
a vertex for each face of G , and a h y p e r e d g e for each vertex . Note t h a t

'H and 'H' are dual as h y p e r l a t t i c e s .

E m p h a s i z i n g t h e l a t t i c e in t h e n o t a t i o n , for a change, we say t h a t a
h y p e r l a t t i c e p e r c o l a t i o n model ( 1 i ( p ) , £) is approximately self-dual if t h e r e
is a model ( 1 i ' ( p ' ) , £) e q u i v a l e n t to ( 1 i * ( p * ) , £) such t h a t ( 1 i ' ( p ' ) , £) a n d
(1i(p), £) are isomorphic as plane h y p e r l a t t i c e s , with t h e c o r r e s p o n d i n g
linear map T an i s o m e t r y of t h e plane. T h e last r e s t r i c t i o n is a t e c h n i c a l i t y :
in t h e case of (exact) s e l f - d u a l i t y we did not impose it, b u t as we shall see
in L e m m a 6.7 , any i s o m o r p h i s m w i t n e s s i n g s e l f - d u a l i t y has t h i s p r o p e r t y
( a f t e r a s u i t a b l e affine t r a n s f o r m a t i o n ) . This is p r e s u m a b l y also t r u e for
a p p r o x i m a t e self-duality, b u t as t h e c o n d i t i o n will (we believe) self-evidently
hold in any a p p l i c a t i o n s , we do not b o t h e r checking this. For our proofs ,
a p p r o x i m a t e s e l f - d u a l i t y is ( a p a r t from one t e c h n i c a l i t y ) j u s t as good as self
duality, so we o b t a i n t h e following s t r e n g t h e n i n g of T h e o r e m 2.1. In this
result ' m a l l e a b i l i t y ' is a t e c h n i c a l c o n d i t i o n we shall i n t r o d u c e l a t e r (see
Definitions 5.8 a n d 5.9); in t h e 3 - u n i f o r m case, all h y p e r l a t t i c e p e r c o l a t i o n
models are malleable. Also, any ' s i t e p e r c o l a t i o n ' model, where only the
p a r t i t i o n into s i n g l e t o n s and t h a t into a single p a r t occur, is malleable.

T h e o r e m 2 . 2 . Let 1i(p) be a malleable a p p r o x i m a t e l y self-dual h y p e r l a t 
tice percolation model. Then for any q >- P the m o d e l 1 i ( q) percolates, and
for any q ~ p the m o d e l 1 i ( q) e x h i b i t s e x p o n e n t i a l decay. In particular,
1 i ( p ) is critical.
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To i n d i c a t e t h a t this extension may be useful, consider a plane t r i a n 
g u l a t i o n G with a l a t t i c e of t r a n s l a t i o n a l s y m m e t r i e s , and a real number
o < p < 1. Consider the two h y p e r l a t t i c e p e r c o l a t i o n models H(p) and
H' (p) c o r r e s p o n d i n g to site p e r c o l a t i o n on G, defined as above. Then H
and H' are dual to each o t h e r , so H (p) and H' (1 - p) are dual as h y p e r l a t 
tice p e r c o l a t i o n models. Since, as noted above, H(p) and H' (p) are equiva
lent , we see t h a t H ( I / 2 ) is a p p r o x i m a t e l y self-dual, so Theorem 2.2 implies
t h a t the critical p r o b a b i l i t y for site p e r c o l a t i o n on G is 1/2. In itself this is
not new (see the discussion in the i n t r o d u c t i o n ) , b u t it indicates t h a t the
models to which T h e o r e m 2.2 applies include ones with a site p e r c o l a t i o n
'flavour '.

We have j u s t seen t h a t site p e r c o l a t i o n on a t r i a n g u l a t i o n with a l a t t i c e of
s y m m e t r i e s , which for p = 1 / 2 is easily seen to be self-dual in an a p p r o p r i a t e
sense, may be t r a n s f o r m e d to a h y p e r l a t t i c e p e r c o l a t i o n model t h a t is only
a p p r o x i m a t e l y self-dual. In this case, the d u a l i t y is clearer in the site
p e r c o l a t i o n formulation t h a n the h y p e r l a t t i c e one. U nsurprisingly, there
are also cases where the reverse holds . Indeed, for any plane h y p e r l a t t i c e
H, selecting only the p a r t i t i o n s in which all vertices in a given edge are
c o n n e c t e d or none are, we o b t a i n a site p e r c o l a t i o n model on an (in general
n o n - p l a n a r ) graph. For example, t a k i n g H as in Figure 1.2, one o b t a i n s the
n o n - p l a n a r g r a p h in Figure 2.4. T h e o r e m 2.1 shows t h a t if H is self-dual,

Fig. 2 .4 . A n o n - p l a n a r l a t t i c e which is ' s e l f - d u a l ' for site p e r c o l a t i o n .

t h e n the c r i t i c a l p r o b a b i l i t y for site p e r c o l a t i o n on the r e s u l t i n g g r a p h is
1 / 2 .

R e t u r n i n g to t h e original m o t i v a t i o n , the key o b s e r v a t i o n of Ziff [351 and
Ziff and Scullard [36] ( p r e s e n t also in the original p a p e r s of Scullard [24]
and Chayes and Lei [10] in the special case where H is the ' t r i a n g u l a r
h y p e r l a t t i c e ' T shown in Figure 2.5) is t h a t if H is 3-uniform, t h e n the
c o n d i t i o n for self-duality becomes very simple, at least if one takes the same
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c o n n e c t i o n p r o b a b i l i t i e s in all triangles. U n f o r t u n a t e l y , t h i s involves some
f u r t h e r definitions, to allow for n o n - s y m m e t r i c cases.

By a labelled plane h y p e r l a t t i c e we mean a plane h y p e r l a t t i c e in which
the vertices a r o u n d each hyperedge are labelled 1,2 , . . . , k in a way t h a t
is c o n s i s t e n t with e i t h e r the clockwise or anti-clockwise cyclic order within
each hyperedge , and is globally c o n s i s t e n t with the l a t t i c e I:- of t r a n s l a t i o n a l
symmetries. When k = 3 or k = 4 we often use l e t t e r s A, B , . . . , to d e n o t e
the labels r a t h e r t h a n numbers. In t h e 3-uniform case , assigning labels as
above a m o u n t s to d e s i g n a t i n g the vertices of a hyperedge e as its A- , B
and C - v e r t e x in any order, as in [33]. The simplest example of a labelled
plane h y p e r l a t t i c e is the labelled t r i a n g u l a r h y p e r l a t t i c e shown in F i g u r e 2.5.
A n o t h e r example is i l l u s t r a t e d in Figure 2.6 .

Fig. 2.5. T h e s h a d e d t r i a n g l e s d e p i c t t h e labelled t r i a n g u l a r hyp erlattice T, i .e . , t h e
l a b e l l e d 3 - u n i f o r m h y p e r l a t t i c e o b t a i n e d by t a k i n g a l t e r n a t e t r i a n g l e s in t h e t r i a n g u l a r
l a t t i c e , a n d l a b e l l i n g t h em c o n s i s t e n t l y ; c a p i t a l l e t t e r s d e n o t e t h e l a b e l l i n g of T . T h e

d a s h e d lines a n d lower case l e t t e r s d e p i c t t h e d u a l T* . Note t h a t T is s e l f - d u a l : t h e r e is
a r o t a t i o n t h r o u g h 1r m a p p i n g T to T* . T h e figure on t h e r i g h t shows a l a t t i c e L

o b t a i n e d by s u b s t i t u t i n g a ' g e n e r a t o r ' i n t o each h y p e r e d g e of T .

Note t h a t t h e A-vertex of one hyperedge may be the B - v e r t e x of a n o t h e r
hyperedge (or indeed, of the same hyperedge if it touches itself). Given a
k-uniform labelled plane h y p e r l a t t i c e and a p r o b a b i l i t y vector p consisting
of p r o b a b i l i t i e s P1r' 1r E P { 1 , 2 , oo.,k} ' t h a t sum to 1, t h e r e is a c o r r e s p o n d i n g
h y p e r l a t t i c e p e r c o l a t i o n model 'H(p): for every hyperedge e, we assign Prr as
the p r o b a b i l i t y t h a t the vertices of e are p a r t i t i o n e d according to 1 r , with the
g r o u n d s e t { I , 2, . . . , k} of n c o r r e s p o n d i n g to the vertices of e in a m a n n e r
i n d i c a t e d by the labelling.

Specializing to the 3-uniform case, the dual e* of an edge e i n h e r i t s a
labelling from e: take the first vertex to be the one o p p o s i t e t h e first vertex
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F ig. 2.6 . A labelled 3-uniform h y p e r l a t t i c e with only t r a n s l a t i o n a l s y m m e t r i e s t h a t is
isomorphi c to its dual by reflection in a h o r i z o n t a l line . For visual c l a r i t y , t h e l a b e l l i n g

of the dual is i n d i c a t e d with lower case l e t t e r s .

of e , and so on, so a labelled 3-uniform plane h y p e r l a t t i c e H has a dual H"
t h a t is again a labelled 3-uniform plane h y p e r l a t t i c e .

I f A c B a C b is a t r i a n g l e w i t h vertices A , B , C and edges a, b a n d c,
t h e n t h e r e are five possible p a r t i t i o n s of the v e r t e x set, all of which are
non-crossing. These are r e p r e s e n t e d by W i e r m a n and Ziff [33] as A l B I C ,
A B I C , A C I B , B C I A , and A B C ; we use the more c o m p a c t n o t a t i o n 0, A B ,
A C , B C and A B C . T h e duals of these p a r t i t i o n s are , respectively, abc,
ab, ac, be and 0. In this s e t t i n g , a p r o b a b i l i t y vector p is simply a vector
p = ( P 0 , P A B , P A C , P B C , P A B c ) of n o n - n e g a t i v e reals s u m m i n g to 1, and t h e
dual of H ( p ) is simply H * ( p * ) , where p* is formed from p by i n t e r c h a n g i n g

P0 and P A B C ·

T h e o b s e r v a t i o n of S c u l l a r d and Ziff m e n t i o n e d earlier may be formu
l a t e d as follows: if the labelled plane h y p e r l a t t i c e H is self-dual, t h e n t h e
m o d e l 1 t ( p ) is self-dual if and only if P0 = P A B C . T h e key p o i n t is t h a t t h e
o t h e r t h r e e p a r t i t i o n s are all self-dual , as long as t h e dual t r i a n g l e is l a b e l l e d
in t h e a p p r o p r i a t e way, so only two entries in t h e p r o b a b i l i t y vector, namely
P0 and P A B C , change when we pass to the dual. [In t h e p a p e r s [35, 36], t h e
f o r m u l a t i o n of d u a l i t y is not t o t a l l y clear. W i e r m a n and Ziff [33] clearly
f o r m u l a t e t h e notion of s e l f - d u a l i t y for u n l a b e l l e d p l a n e h y p e r l a t t i c e s , a n d
s t a t e t h a t one can consider any labelling with l a t t i c e s t r u c t u r e , b u t this
seems to be an oversight; one needs the labelled h y p e r l a t t i c e to be self-dual
as a labelled h y p e r l a t t i c e , which is not always t h e case.]

I f t h e p r o b a b i l i t i e s in p are a p p r o p r i a t e functions of a single p a r a m e t e r
P, t h e c o n d i t i o n P0 = P A B C allows one to d e t e r m i n e t h e c r i t i c a l p o i n t of t h e
model; in general it gives t h e c r i t i c a l surface. As r e m a r k e d earlier, S c u l l a r d
and Ziff do not discuss w h e t h e r s e l f - d u a l i t y in fact implies c r i t i c a l i t y ; t h a t
it does is shown by T h e o r e m 2.1.
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C o r o l l a r y 2 . 3 . L e t H be a labelled 3 - u n i f o r m plane h y p e r l a t t i c e t h a t is
i s o m o r p h i c (as a labelled plane h y p e r l a t t i c e ) to its dual , and let p be
a p r o b a b i l i t y vector (P0' PAB, PAC , PBC , P A B c ) . Then H ( p ) p e r c o l a t e s i f
PABC :;> P0, and e x h i b i t s e x p o n e n t i a l decay i f PABC < P0'

P r o o f . Let q be the p r o b a b i l i t y vector ( p , P A B , P A C , P B C , p ) , where P =
(P0 + P A B c ) / 2 , and note t h a t q* = q. T h e n the dual of the h y p e r l a t t i c e
p e r c o l a t i o n model H ( q ) is H*(q*) = H * ( q ) , which is isomorphic to H ( q )
by t h e a s s u m p t i o n on H . Thus H ( q ) is a self - d u a l h y p e r l a t t i c e p e r c o l a t i o n
model, and so is c r i t i c a l by T h e o r e m 2 .1. I f PABC > P0, t h e n p >- q, while
if PABC < P0 , t h e n p -< q, so t h e result follows from T h e o r e m 2.1. •

When PABC = P0, the model H ( p ) m a y o r may not p e r c o l a t e . A (de
g e n e r a t e ) example t h a t p e r c o l a t e s is given by t a k i n g PAB = 1 and all o t h e r
p r o b a b i l i t i e s zero in the t r i a n g u l a r h y p e r l a t t i c e shown in Figure 2.5. An
example t h a t does not is given by t a k i n g connection p r o b a b i l i t i e s in the
same h y p e r l a t t i c e c o r r e s p o n d i n g to c r i t i c a l bond p e r c o l a t i o n on the t r i a n 
gular l a t t i c e . As we shall see in Section 8, in n o n - d e g e n e r a t e models t h e r e
is no p e r c o l a t i o n at the self-dual p o i n t .

As we have seen , Corollary 2 .3 follows from T h e o r e m 2 .1 simply by
r e s t r i c t i n g the p a r a m e t r i z a t i o n of the p e r c o l a t i o n model , using t h e same
p a r t i t i o n p r o b a b i l i t i e s for all t r i a n g l e s , r a t h e r t h a n allowing different ones
for each o r b i t u n d e r the action of the l a t t i c e of s y m m e t r i e s . In o t h e r words,
we took all t r i a n g l e s to be of the same type . Of course , one can r e s t r i c t the
model in o t h e r ways, considering two or more types of t r i a n g l e , or one type
of t r i a n g l e and one type of 4-gon, etc . Since any r e s u l t s o b t a i n e d in this
way are simply special cases of T h e o r e m 2.1 we omit t h e d e t a i l s ; the case
of a single t y p e of t r i a n g l e is of special i m p o r t a n c e , since (for self-dual H) ,
self-duality reduces to a single e q u a t i o n , so one o b t a i n s the e n t i r e c r i t i c a l
surface, r a t h e r t h a n a lower dimensional s u b s e t of it.

For example , consider the self-dual plane h y p e r l a t t i c e H shown in Fig
ure 2 .7. D e p e n d i n g on the p a r a m e t e r s we choose, H ( p ) can be self-dual
via several different maps S from the plane to itself . L e t t i n g e l denote the
hyperedge A B e D and e2 x y z w , t h e r e is a t r a n s l a t i o n m a p p i n g el into e;
and e; into a hyperedge c o n g r u e n t to e j , The m o d e I H ( p ) is self-dual under
this t r a n s l a t i o n if and only if the following e q u a t i o n s hold : PI,0 = P2,xyzw,

PI ,AB = P2,xy z, PI ,ABC = P2,yz , PI ,AC = P2,xw!yz, Pl , A B l c D = P2,xz, and
PI ,ABCD = P2,0, t o g e t h e r with the images of these e q u a t i o n s under r o t a t i o n .
One n a t u r a l way to satisfy these e q u a t i o n s is simply to take the same prob
ability P = 1 / 1 4 for each of the 14 non-crossing p a r t i t i o n s in each square;
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F ig . 2 .7 . P a r t of a self-dual 4-uniform hyperl a t t i c e 11, shown b o t h as a plane h y p e r g r a p h
and as the co rr es p o n d in g 3-coloured cubic map .

t a k i n g p r o b a b i l i t y 1 / 1 4 for all p a r t i t i o n s o t h e r t h a n t h a t into a single p a r t or
into four singletons , and p r o b a b i l i t i e s p and 1 / 7 - p for these two p a r t i t i o n s ,
it follows t h a t the p e r c o l a t i o n t h r e s h o l d in this model is at p = 1/14 .

Before t u r n i n g to the proof of T h e o r e m 2.1, let us make some remarks.
F i r s t l y , an i m p o r t a n t special class of h y p e r l a t t i c e p e r c o l a t i o n models con
sists of those c o r r e s p o n d i n g to bond or site p e r c o l a t i o n on ( p l a n a r ) l a t t i c e s .
By a k - g e n e r a t o r we mean a finite g r a p h G with k d i s t i n g u i s h e d vertices;
when k = 3, we denote these vertices by A, B a n d C . In a p l a n a r g e n e r a t o r
we insist t h a t G is p l a n a r , and t h a t the d i s t i n g u i s h e d vertices lie in a com
mon face, which we may take to be the o u t e r face. Suppose t h a t each bond
(edge) of G is assigned a p r o b a b i l i t y . T h e n , t a k i n g the bonds open inde
p e n d e n t l y with these p r o b a b i l i t i e s , for each p a r t i t i o n 7f of the d i s t i n g u i s h e d
vertices , let Prr be the p r o b a b i l i t y t h a t precisely those vertices in the same
p a r t of 7f are connected by open p a t h s in G . Replacing each hyperedge in a
labelled k-uniform plane h y p e r l a t t i c e 'H by a copy of G one o b t a i n s a (pla
nar, if G is p l a n a r ) l a t t i c e L . Taking all bonds open i n d e p e n d e n t l y with the
a p p r o p r i a t e p r o b a b i l i t i e s , the r e s u l t i n g bond p e r c o l a t i o n model is equiva
lent to 'H(p) in an obvious sense . In this case we say t h a t 'H(p) is bond
realizable. We may define s i t e realizability analogously ; this time, in each
g e n e r a t o r we insist t h a t the d i s t i n g u i s h e d vertices are always open . The de
finitions e x t e n d to general plane h y p e r l a t t i c e s using one g e n e r a t o r for each
equivalence class of hyperedges .

T h e key o b s e r v a t i o n of Ziff [35] and Ziff and Scullard [36] is t h a t , for
any self-dual labelled 3-uniform plane h y p e r l a t t i c e 'H and any g e n e r a t o r
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G, no m a t t e r how complicated, the e q u a t i o n p = p* reduces to a single
polynomial e q u a t i o n in the p r o b a b i l i t i e s a s s o c i a t e d to t h e bonds or sites of
G, so, assuming self-duality implies c r i t i c a l i t y , this e q u a t i o n gives t h e e n t i r e
c r i t i c a l surface in t h e inhomogeneous case. Moreover, if we take t h e same
p r o b a b i l i t y for each bond or site, t h i s polynomial e q u a t i o n gives t h e c r i t i c a l
p r o b a b i l i t y for b o n d or site p e r c o l a t i o n on the l a t t i c e g e n e r a t e d . Indeed ,
this was how Scullard [24] found t h e c r i t i c a l point for t h e ' ma r t in i l a t t i c e ' .

As an example, t h i s m e t h o d p r e d i c t s the critical point for bond percola
tion on t h e l a t t i c e L shown on the right in Figure 2.5, as the root of a c e r t a i n
polynomial of degree 9. Corollary 2.3 proves t h a t this p r e d i c t e d value is in
deed critical. To see the power of the m e t h o d , consider the original proof
of W i e r m a n [31] t h a t t h e critical p r o b a b i l i t y for bond p e r c o l a t i o n on the
t r i a n g u l a r l a t t i c e is the root 2 sin (1r /18) of the e q u a t i o n p3 - 3p + 1 = O.
This proof relied on the s t a r - t r i a n g l e t r a n s f o r m a t i o n , and an a p p a r e n t co
incidence between the various c o n n e c t i o n p r o b a b i l i t i e s a s s o c i a t e d to a s t a r
and to a t r i a n g l e . Scullard and Ziff's m e t h o d gives an a r g u m e n t (which be
comes a proof using the results of W i e r m a n and Ziff [33] or Corollary 2.3)
t h a t does not rely on this - one simply considers a t r i a n g l e and writes down
the e q u a t i o n t h a t the p r o b a b i l i t y p3 + 3p2(1 - p) t h a t all vertices are con
nected is equal to the p r o b a b i l i t y (1 - p)3 t h a t none are. The fact t h a t one
need not consider the dual l a t t i c e is key for examples such as the l a t t i c e
shown on t h e right in Figure 2.5, which is not simply r e l a t e d to its dual.

We should emphasize t h a t having observed t h a t a c e r t a i n p e r c o l a t i o n
model is self-dual, one is very far from proving criticality. T h e classical ex
ample is bond p e r c o l a t i o n on the s q u a r e l a t t i c e with p = 1 / 2 . This model
is obviously self-dual; proving the c o n j e c t u r e d c r i t i c a l i t y was one of the key
open problems in the early days of p e r c o l a t i o n t h e o r y , finally s e t t l e d a f t e r
20 years by Kesten [16] . Since t h e n , c r i t i c a l i t y at the self-dual point has
been proved for a number of o t h e r models , b u t these r e m a i n t h e excep
tions . In t h e h y p e r l a t t i c e c o n t e x t , W i e r m a n and Ziff [33] proved a r e s u l t
of this t y p e using existing r e s u l t s on p l a n a r l a t t i c e s ; for this reason t h e y
consider only a subclass of b o n d - r e a l i z a b l e models, with p l a n a r g e n e r a t o r s
and c e r t a i n symmetries. This does not include examples such as t h a t in
Figure 2.5, which has no s y m m e t r i e s o t h e r t h a n t r a n s l a t i o n s . However, as
o u t l i n e d earlier , one can easily a d a p t t h e i r m e t h o d to such l a t t i c e s , as long
as t h e g e n e r a t o r is planar. Chayes and Lei [10] proved a result of t h i s class
for t r i a n g u l a r h y p e r l a t t i c e s ; they considered only the s y m m e t r i c case, and
imposed an a d d i t i o n a l c o n d i t i o n on the p a r a m e t e r s to ensure positive cor
r e l a t i o n (see below). They sketched an a r g u m e n t using s t a n d a r d techniques



150 B. BoIlobcis and O. Riordan

for i n d e p e n d e n t p e r c o l a t i o n on p l a n a r l a t t i c e s t h a t they claimed e x t e n d s to
this case.

The real significance of T h e o r e m 2.1 is t h a t it applies to models t h a t are
not bond or site realizable . In such cases, s t a n d a r d r e s u l t s (such as Men
shikov 's T h e o r e m [21] , for example) do not apply, and there seems to be no
simple way to a d a p t the a r g u m e n t s of Chayes and Lei or W i e r m a n and Ziff.
Indeed , considerable work will be needed to prove lemmas c o r r e s p o n d i n g to,
for example, H a r r i s ' s Lemma and the Russo - S e y m o u r - W e l s h Lemma . Let
us note t h a t t h e r e are h y p e r l a t t i c e p e r c o l a t i o n models t h a t are not bond or
site realizable . Indeed, considering a single g e n e r a t o r G and the c o r r e s p o n d 
ing p r o b a b i l i t i e s p , the event t h a t two given vertices are connect ed in G is
an upset in t e r m s of the s t a t e s of the i n d i v i d u a l bonds or site s . Thus Har
ris's Lemma implies t h a t if the vector p is realizable , t h e n for any two upsets
Ul, U2 in P we have ]P>(UI n U2) ~ ]P>(UI)]P>(U2) ' For example , we must have
P A B C ~ ( P A B C + P A B ) ( P A B C + P B e ) . (In the 3-uniform case , Chayes and
Lei [10] showed t h a t a necessary and sufficient c o n d i t i o n for such positive
c o r r e l a t i o n is t h a t PABCP0 ~ P A B ( P B C + P A e ) , and the e q u a t i o n s o b t a i n e d
from this by p e r m u t i n g A , B a n d C , all hold.) Of course it is t r i v i a l to find
a p r o b a b i l i t y vector p for which this does not hold; an example is given in
the i n t r o d u c t i o n .

The a p p l i c a b i l i t y of Corollary 2.3 is also not limited to models t h a t are
bond or site realizable . Indeed Scullard and Ziff [ 2 4 , 3 5 , 3 6 ] noted t h a t t h e i r
d u a l i t y o b s e r v a t i o n does not require the model to be bond or site realizable .
As in the original p a p e r of Scullard [24] , one may t h i n k of any m o d e l 1 t ( p ) as
bond p e r c o l a t i o n on a s u i t a b l e ( p l a n a r ) l a t t i c e , where the s t a t e s of the bonds
within a g e n e r a t o r may be d e p e n d e n t , a l t h o u g h those in different g e n e r a t o r s
must be i n d e p e n d e n t . For example , we may t ake each 3 - g e n e r a t o r to be a
t r i a n g l e , and declare t h a t with p r o b a b i l i t y Pi ,0 none of the edges are open ,
with p r o b a b i l i t y Pi , A B C all t h r e e are, with p r o b a b i l i t y Pi ,AB the edge A B is
open and t h e o t h e r edges are closed , and so on. A l t e r n a t i v e l y , we can take
t h e g e n e r a t o r to be a s t a r . However, t h e r e is no need to t h i n k of bonds at
all ; for p e r c o l a t i o n , the only relevant p r o p e r t y of the c o n f i g u r a t i o n within a
t r i a n g l e is which of the vertices A, B a n d C the con figur a t ion connects to
which o t h e r s , so it is n a t u r a l to take this (random) p a r t i t i o n of the v e r t i c es
as the f u n d a m e n t a l o b j e c t of study. For the m a t h e m a t i c a l work (deducing
c r i t i c a l i t y from self - d u a l i t y ) , the d e t a i l s of the h y p e r l a t t i c e t u r n out to be
mostly irrelevant; t h i s is why we consider general plane h y p e r l a t t i c e s in the
rest of t h e p a p e r .
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Finally, let us note t h a t e x t e n s i o n s of the S c u l l a r d - Z i f f c r i t e r i o n to the
r a n d o m c l u s t e r model and P o t t s model have been described by Chayes and
Lei [10] and Wu [34]; e s t a b l i s h i n g c r i t i c a l i t y at the self-dual point remains
an open problem in these cases. R e t u r n i n g to h y p e r l a t t i c e p e r c o l a t i o n ,
in a few very special cases results have been proved t h a t go f u r t h e r t h a n
d e t e r m i n i n g the c r i t i c a l point. For example, Sedlock and W i e r m a n [25]
e s t a b l i s h e d the e q u a l i t y of the c r i t i c a l e x p o n e n t s between c e r t a i n pairs of
models, and Chayes and Lei [11] e x t e n d e d Smirnov's conformal invariance
result [28] to w h a t is essentially a very r e s t r i c t e d case of t h e p r e s e n t model.
In this p a p e r we shall not consider such extensions; r a t h e r we shall prove
t h a t self-duality does imply criticality, in t h e full generality of h y p e r l a t t i c e
p e r c o l a t i o n .

3. A G E N E R A L I Z A T I O N OF H A R R I S ' S L E M M A

Given posets P I , " " P n , t h e i r p r o d u c t is the poset PI x . . . X P n where each
element x is a list ( X l , , x n ) with Xi an element of P i , with x ~ y if and
only if Xi ~ Yi for i = 1, , n . I f JfD is a p r o d u c t p r o b a b i l i t y measure on a
p r o d u c t of posets, then with a slight abuse of n o t a t i o n we write JfD for any
of the c o r r e s p o n d i n g marginal measures .

In the l a t e r sections of this p a p e r we shall make r e p e a t e d use of the
following g e n e r a l i z a t i o n of H a r r i s ' s Lemma [14] to p r o d u c t s of posets. We
only need the case where all P i are equal and finite, b u t since the proof
gives a l i t t l e more, we s t a t e the result more generally. As usual, a g r e a t e s t
e l e m e n t in a poset P means an element Y such t h a t X ~ Y for all X E P . Of
course, if a g r e a t e s t element exists, t h e n it is unique.

L e m m a 3 . 1 . Let p > O. There is a c o n s t a n t C = C(p) > 0 such t h a t i f JfD

is a p r o d u c t m e a s u r e on a p r o d u c t P = PI X • • • X P n in which each factor
P i is a poset with a greatest element whose p r o b a b i l i t y is a t least p, then
for any two upsets A and B in P we have

JfD(AnB) ~ (JfD(A)JfD(B))C.

P r o o f . We shall prove the result with C = f2/pl
As usual, we use i n d u c t i o n on n. When n = 0, the set P c o n t a i n s only

a single element, and the i n e q u a l i t y is trivial. (It is also not h a r d to verify
directly for n = 1.) Suppose t h e n t h a t n ~ 1, and t h a t the result holds for
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smaller n. Suppose for n o t a t i o n a l convenience t h a t P n is finite , and list its
elements as Xo , X l , . . . , Xk, with Xo the g r e a t e s t element. Let Pi denote the
p r o b a b i l i t y of element i in P n , so our a s s u m p t i o n is t h a t Po 2: p .

Given a set S C P , let

S, = {Y E P I X . • • X P n - l : (y, xd E S} c P I X • . • X P n - l

denote the i t h slice of S (with respect to the last factor in the p r o d u c t ) .
Clearly , if S is an upset, then so is S i, so the i n d u c t i o n h y p o t h e s i s gives

JP>((AnB)i) 2: (JP>(A)JP>(Bd)C for each i. Also, t h e upset conditions give
Ai C Ao and B, C B o for i > O. Since JP> is a p r o d u c t measure, we have
JP>(S) = E i piJP>(Si) for any S. Using these observations, it suffices to show
t h a t

(1)
k

L P i ( a i b i ) C 2: (ab)C
i=O

holds whenever the n o n - n e g a t i v e real numbers Pi , ai and bi satisfy the
following conditions : Po, . . . , Pk sum to 1, Po 2: P, ao = maxi tu , b o = maxi bi ,
a = E P i a i , and b = E P i b i .

In proving (1) we may assume t h a t a, b > O. Dividing the a i t h r o u g h
by a and the b; by b, we may assume t h a t a = b = 1. Let O:i = a; - 1 and
13i = b i - 1. Since E i PiO:i = 0, we have 0:0 = max i O:i 2: O. Also,

(2) L -PiO:i = L PiO:i::; LPiO:O = 0 : 0 ,

i : a i <O i : a i >O

and similarly for the 13i . Our aim is to prove t h a t E i Pi (1 + O:i) C (1 + 13d C 2:
1. Recalling t h a t E i Pi (O: i + 13i) = 0, this is equivalent to showing t h a t

Since 0:0,130 2: 0, we have (1 + o:o)C(1 + 13o)C 2: 1 + Co:o + C130 + C 20:0130 ,
so the c o n t r i b u t i o n to the sum ~ from the i = 0 t e r m is at least P oC 20: 0130.

T u r n i n g to the r e m a i n i n g terms, since (1 + x t 2: 1 + n x if X 2: - 1 and
n is a positive integer, we have
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I f 0 i and {3i have t h e same sign , t h e n the c o n t r i b u t i o n of t h e i t h s u m m a n d
to (3) is nonnegative. I f 0 i < ° and (3i > 0, then the negative of the
c o n t r i b u t i o n of t h e i t h s u m m a n d to (3) is at most PiC\Oil{3i :::; P i C l o i!{30.
By (2) , t h e negative of the sum of t h e c o n t r i b u t i o n of all such t e r m s is at
most

C{3o L Pi( - O i ) :::; C{3ooo ·
i :Oi <O

The same b o u n d holds for t e r m s with 0i > ° and (3i < 0, so we conclude
t h a t t h e sum in (3) satisfies

Since POC 2:: 2 by our choice of C , this e s t a b l i s h e s the inequality, and hence
the lemma . _

Note t h a t we have not a t t e m p t e d to optimize the value of C above.
Indeed, for Po small, the proof above goes t h r o u g h with C only slightly
larger t h a n l/po, noting t h a t the c o n t r i b u t i o n to ~ from i = ° is a t least
po(C(C - 1) (05 + (35) / 2 + C 2 0 o{3o) 2:: Po ( C ( C - 1) + C 2) oo{3o ·

Of course, Harris 's Lemma itself does not apply in this s e t t i n g , i.e. , one
c a n n o t simply take C = 1. Indeed , considering t h e upsets {xo, Xl} and
{XO,X2} in the poset on {XO,XI,X2} in which Xo is g r e a t e s t and X l and X2
are i n c o m p a r a b l e , with JP>(xo) = Po and JP>(XI) = JP>(X2) = ( 1 - po)/2, we may
have JP>(A) = JP>(B) = (1 + P o ) / 2 and JP>(AnB) = Po . For Po small, t h i s shows
t h a t we need the e x p o n e n t C to be at least a c o n s t a n t times log ( l / p o ) .

Since the form of the b o u n d o b t a i n e d will be irrelevant in our r e m a i n i n g
a r g u m e n t s , let us s t a t e as a corollary a weaker, more a b s t r a c t version of the
result .

L e m m a 3 . 2 . Let P be a finite poset with a g r e a t e s t element Xo and let JP> be
a p r o b a b i l i t y m e a s u r e on P with lP(xo) > Q. There is a function F = Fp,r
from (0,1]2 to (0,1] t h a t is s t r i c t l y increasing in each a r g u m e n t such that,
for any n 2:: 1 a n d any upsets A a n d B in -p» with lP(A), lP(B) > 0 , we have

lP(A n B) 2:: F(lP(A) , lP(B)).

P r o o f . I m m e d i a t e from Lemma 3.1. _
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As usual , the extension to infinite p r o d u c t s is i m m e d i a t e by approxi
m a t i n g with the finite case .

Note t h a t while the form of the function F is irrelevant , it is n a t u r a l to
look for an F of the form F(a , b) = ( a b f . Indeed, given ups ets Ai and B,
in p n i then , considering the p r o d u c t upsets Al x A2 and B, x B 2 in p n 1 +n 2 ,

one sees t h a t the o p t i m a l F satisfies F(ala2, b lb 2) :s; Fba l , b l)F(a2 , b 2). Of
course the o p t i m a l F c a n n o t be precisely F(a, b) = (ab) , si n ce we c e r t a i n l y
need C > 1, and t h e n the b o u n d is not t i g h t if a = 1, for example .

3 . 1 . H i g h p r o b a b i l i t y u n i o n s o f u p s e t s

In many a p p l i c a t i o n s of Harris 's Lemma in p e r c o l a t i o n , the exact form of
the b o u n d is not i m p o r t a n t , so the weaker con cl usion of the more generally
applicable Lemma 3 .2 may be used i n s t e a d of Harris 's bound. We give one
example t h a t we shall use later: a form of the ' s q u a r e - r o o t ' trick , showing
t h a t if the union of a fixed n u m b e r of upsets has high enough probability,
then one of the upsets has high p r o b a b i l i t y .

C o r o l l a r y 3 . 3 . L e t P be a finite p o s e t with a least element Xo and let
P be a p r o b a b i l i t y measure on P with P(xo) > O. Given e > 0 and a
p o s i t i v e integer k there is a 5 = 5 ( P , P, k , c) > 0 such t h a t , for any n 2 1, i f
AI, . . . , A k are upsets in P " with p( U Ai) 2 1 - 5, then P(Ad 2 1 - e for
some i.

Note t h a t Xo is a least element here , not a g r e a t e s t one.

P r o o f . Set 51 = c. For j 2 2 let 5 j = F ( 5 j - l , c) , where F is the function
given by Lemma 3 .2 applied to the reverse of P , and set 5 = 5 k / 2 .

I f P(A i) < 1 - e for each i , t h e n the downsets A~ each have p r o b a b i l i t y
at least c. Viewing these downsets as upsets in the reversed poset , it follows
by Lemma 3.2 and i n d u c t i o n on j t h a t p ( A~ n .. . n Aj) 2 5 j . Thus

p( U~=l A i) :s; 1 - 5k < 1 - 5 , a c o n t r adiction. •

We shall also need a r e l a t e d result, s t a t i n g t h a t if we have a union of
u p s e t s which is e x t r e m e l y likely to hold, t h e n it is very likely t h a t m a n y
of the i n d i v i d u a l upsets hold, as long as we rule out the t r i v i a l case t h a t
the union is e x t r e m e l y likely because one of the i n d i v i d u a l upsets is itself
e x t r e m e l y likely.
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L e m m a 3 . 4 . L e t P be a p o s e t w i t h a least e l e m e n t Xo, and l e t JP> be a
p r o b a b i l i t y m e a s u r e on P with JP>(xo) > O. Given an i n t e g e r N > 0 and a
real n u m b e r e > 0, there e x i s t s a 8 = 8(JP>(xo), N, c) > 0 such t h a t , for any
n and a n y collection AI , . .. ,Am o f u p s e t s in P " with JP>( A d ~ 1 - e for all i
and JP>( U Ai) ~ 1 - 8, the p r o b a b i l i t y t h a t a t least N o f the e v e n t s Ai hold
is a t least 1 - c.

P r o o f . Let F be t h e f u n c t i o n a p p e a r i n g in L e m m a 3.2 a p p l i e d to t h e r e v e r s e
of t h e p o s e t P . Set c' = F ( c I N , c) a n d 8 1 = el N , I n d u c t i v e l y define 8 k by
s, = F ( c ' , 8 k - d for k ~ 2 .

We c l a i m t h a t , for any k ~ 1, if AI, .. . , A m is any c o l l e c t i o n of u p s e t s
in any power P" of P w i t h JP>( U A i) ~ 1 - 8k, t h e n we can find d i s j o i n t

i n d e x s e t s I t , h , .. . , h such t h a t for e a c h 1 ~ j ~ k we have JP>( UiEl
j
Ai) ~

1 - c IN. T h e r e s u l t t h e n follows by s e t t i n g 8 = 8 N a n d k = N: t h e c l a i m
tells us t h a t w i t h p r o b a b i l i t y a t l e a s t 1 - N e I N = 1 - e, for every j a t l e a s t
one of t h e e v e n t s {A i : i E I j } holds, so a t l e a s t N of t h e A i hold.

For k = 1 t h e c l a i m is t r i v i a l , t a k i n g I t = { I , 2, . . . , m} .
S u p p o s e t h e n t h a t k ~ 2 a n d t h a t t h e claim holds when we r e p l a c e k by

k - 1. Let Ii be t h e p r o b a b i l i t y t h a t n o n e of AI , . . . , A i h o l d s . For any k
we have 8 k ~ 8 1 = c l N , so im ~ 8 k ~ «t», a n d

i l = m i n { i : Ii ~ c l N }

is defined. S e t t i n g I t = { l , 2, . . . , i l } , n o t e t h a t t h e e v e n t UjE1l Ai h a s
p r o b a b i l i t y a t l e a s t 1 - e / N .

C o n s i d er t h e d o w n s e t s n l <i <i - 1 A i a n d Ai . A p p l y i n g L e m m a 3.2 to_ _ 1 1

t h e s e e v e n t s , seen as u p s e t s in t h e r e v e r s e d p o s e t , we have i i l ~ F ( i i l - l ,
1 - JP>( A il)) . Since F is i n c r e a s i n g , using t h e d e f i n i t i o n of i l a n d o u r
a s s u m p t i o n on JP>(A i) , it follows t h a t k. ~ F ( c / N , c ) = e' , Let VI =
n l <i <il Ai a n d V2 = n i l + l <i<m Ai · A p p l y i n g L e m m a 3.2 to VI a n d V2,
we h a v e - -

Since F is s t r i c t l y i n c r e a s i n g , i i l ~ e', a n d 8k = Fie'; 8 k - l ) , it follows t h a t

F ( c ' , 8 k - l ) = 8 k ~ F(c',JP>(V 2 ) ) ,

so JP>(V2) ~ 8 k - l , a n d t h e u n i o n of A il + l , . . . , A m has p r o b a b i l i t y a t l e a s t
1 - 8 k - l . A p p l y i n g t h e i n d u c t i o n h y p o t h e s e s to t h i s s e t of e v e n t s gives us
Iz , . . . , 1 m w i t h t h e r e q u i r e d p r o p e r t i e s , c o m p l e t i n g t h e p r o o f . •
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4. C O L O U R I N G S , H Y P E R G R A P H S AND C R O S S I N G S

Our next aim is to prove a form of rectangle-crossing lemma loosely anal
ogous to the R u s s o - S e y m o u r - W e l s h Lemma [22, 26], but applicable in the
h y p e r l a t t i c e p e r c o l a t i o n context. Naturally, this involves considering 'open
crossings of r e c t a n g l e s ' . As in [3, 5], for example (see also [6]), to make
this precise and clean we shall work i n s t e a d with 'black crossings' in a suit
able b l a c k / w h i t e colouring of the faces of a cubic map (l.e., 3-regular plane
graph) . We assume t h r o u g h o u t t h a t our maps are well-behaved, meaning
t h a t the edges are drawn as piecewise-linear curves, every face is bounded,
and any bounded subset of the plane contains only finitely many vertices
and meets only finitely many edges.

Recall t h a t a plane h y p e r l a t t i c e H may be t h o u g h t of as a 3-coloured
cubic map, where the faces are properly coloured black, white and grey,
with a l a t t i c e I:- of t r a n s l a t i o n a l symmetries; as usual we view I:- as a s u b s e t
of ]R2. From now on this is our default viewpoint when considering any
plane h y p e r l a t t i c e . A colouring C of H is a 2-coloured cubic map o b t a i n e d
as follows: first subdivide each grey face of H into one or more sub/aces, in
such a way t h a t the resulting map is still cubic. T h e n colour each subface
black or white, as in Figure 4.1, for example . The r e s u l t i n g colouring C is an

A A A

Fig. 4.1 . Colourings of a grey face ( t h e c e n t r a l hexagon) c o r r e s p o n d i n g to t h r e e of the
five possible p a r t i t i o n s of the vertices (black faces) A , B , C of the c o r r e s p o n d i n g
h y p e r e d g e , namely t h e p a r t i t i o n s AlBIC, A I B C and A B C . T h e o u t e r black faces

c o r r e s p o n d i n g to two vertices are c o n n e c t e d by a black p a t h inside the hexagon if and
only if t h e vertices are in the same p a r t of the p a r t i t i o n ; t h e o u t e r white faces and t h e

white c o n n e c t i o n s between t h e m c o r r e s p o n d to the dual p a r t i t i o n .

( i m p r o p e r , of course) b l a c k / w h i t e colouring of the faces of a (well-behaved)
cubic map. I t will be convenient to declare t h a t points in the b o u n d a r y of a
face have the colour of t h a t face, so some points are b o t h black and white.
A black path in C is t h e n simply a (piecewise-linear) p a t h in the plane every
point of which is black; such a p a t h corresponds to a sequence of black faces
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in which consecutive faces share a p o i n t and thus (since the map is cubic)
an edge. W h i t e p a t h s are defined similarly.

Recall t h a t a grey face Fe of 'H. c o r r e s p o n d s to a hyperedge e . Also,
since 'H is p r o p e r l y 3-coloured, Fe is s u r r o u n d e d a l t e r n a t e l y by black and
white faces, c o r r e s p o n d i n g to vertices and dual vertices. In C, c e r t a i n pairs
of vertices i n c i d e n t with e are c o n n e c t e d by black p a t h s within Fe ; this
g e n e r a t e s a p a r t i t i o n 7f of the vertices of e, which is easily seen to be non
crossing. T h u s C c o r r e s p o n d s to a c o n f i g u r a t i o n w on H, with open p a t h s in
w c o r r e s p o n d i n g to black p a t h s in C and vice versa . (Of course , each open
p a t h is r e p r e s e n t e d by many ' ne a r by ' black p a t h s ) . Crucially , white p a t h s
within Fe' = Fe induce the dual p a r t i t i o n 7f* of t h e dual vertices incident
with e" , so t h e n egative of C, o b t a i n e d by i n t e r c h a n g i n g black and white
t h r o u g h o u t , c o r r e s p o n d s to the dual c o n f i g u r a t i o n w* on 'H":

By a black cluster in C we mean a maximal c o n n e c t e d black s u b s e t of
the plane . A white cycle is a white p a t h t h a t s t a r t s and ends at the same
p o i n t . Since C is a b l a c k / w h i t e colouring of a cubic p l a n a r map, it is easy
to see t h a t a black cluster is s u r r o u n d e d by a white cycle i f and only if it
is finite. This is a precise form of the d u a l i t y p r o p e r t y r e l a t i n g w a n d w*

m e n t i o n e d in Section 2.

R e m a r k 4 . 1 . It will be convenient l a t e r to assume t h a t all p a r t i t i o n s cor
r e s p o n d i n g to e are realized by colourings of a single s u b d i v i s i o n of Fe into
sub faces , as in Figure 4 .1. This can be achieved for all non-crossing p a r t i 
tions of hyperedges with any n u m b e r of vertices, as i l l u s t r a t e d in Figure 4 .2.

Note t h a t t h e r e are many possible colourings C c o r r e s p o n d i n g to a given
c o n f i g u r a t i o n w on 'H: even if we fix the division of each .grey face into
subfaces (as we shall) , t h e r e may be many colourings of the sub faces giving
the same p a r t i t i o n of the vertices. For much of the rest of the p a p e r , we
shall take the r a n d o m colouring C as the f u n d a m e n t a l o b j e c t of study, r a t h e r
t h a n the r a n d o m c o n f i g u r a t i o n w.

More formally, an independent lattice colouring C, or simply a colouring,
is a colouring o b t a i n e d from a plane hyp e r l a t t i c e (1t,I:-) by s u b d i v i d i n g
each grey face in a d e t e r m i n i s t i c m a n n e r , and t h e n colouring t h e r e s u l t i n g
s u b fa ces r a n d o m l y black and white , in such a way t h a t the colourings inside
different grey faces are i n d e p e n d e n t , and t r a n s l a t i o n s t h r o u g h elements of
t h e l a t t i c e I:- preserve the d i s t r i b u t i o n of C. From the r e m a r k s above , any
plane l a t t i c e p e r c o l a t i o n model H ( p ) can be realized by an i n d e p e n d e n t
l a t t i c e colouring C a s s o c i a t e d to H.
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D A

Fig. 4 .2 . A s u b d i v i s i o n of the 2n-gon c o r r e s p o n d i n g to a h y p e r e d g e e w i t h n = 6 vertices ,
and a c o l o u r i n g c o r r e s p o n d i n g to t h e p a r t i t i o n A B I C F I D E . In general , it suffices to
take 2k - 1 rings of subfaces of t h e t y p e shown to realize any n o n - c r o s s i n g p a r t i t i o n ,

where k ::::; n /2 is the m a x i m u m ' n es t in g d e p t h ' of a n o n - c r o s s i n g p a r t i t i o n of n o b j e c t s .

We assume t h r o u g h o u t t h a t our colourings C are n o n - d e g e n e r a t e , mean
ing t h a t within any grey face, the all-black and all-white colourings have
positive probability. L a t e r on we shall have to impose some a d d i t i o n a l con
ditions for faces c o r r e s p o n d i n g to hyperedges with more t h a n three vertices.

Note t h a t the s t a t e space n underlying the r a n d o m colouring C may
be viewed as a p r o d u c t of one poset PF for each grey face F of H: in
the p a r t i a l order, we have Cl :::;: C2 if every subface t h a t is black in Cl is
black in C2 . Picking a finite set PI, . . . , F n of faces r e p r e s e n t i n g the o r b i t s of
E ( H ) (the set of grey faces) u n d e r the action of E, from l a t t i c e invariance
we may regard n as a power of the poset P = PFI X . • • X PF n • From
i n d e p e n d e n c e , t h e p r o b a b i l i t y measure a s s o c i a t e d to C is t h e n a p r o d u c t
p r o b a b i l i t y measure on n. The non-degeneracy c o n d i t i o n implies t h a t P
has a g r e a t e s t element (all subfaces of each F i black) and a least element
(all white) , and t h a t each has positive probability.

The event t h a t a given p a t h is black, or t h a t a black p a t h exists with
c e r t a i n p r o p e r t i e s , is an upset in n, in the sense of Section 3. T h u s
Lemma 3.2 applies to two such events. Similarly , considering the reverse
poset, Lemma 3.2 applies to two events each defined by the existence of
a white p a t h with certain- p r o p e r t i e s . This is the reason for the non
degeneracy a s s u m p t i o n .
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Note t h a t we are always considering two coloured maps: 'H (which is
d e t e r m i n i s t i c ) and C. To avoid ambiguity, we say t h a t a p o i n t or face is
'H-black if it is black in 'H, and C-black if it is black in C, and similarly for
o t h e r colours . By d e f a u l t , black or white refers to C, while grey necessarily
refers to 'H.

T h e l a t t i c e s t r u c t u r e ensures t h a t the faces of the h y p e r l a t t i c e 'H (seen
as a map , as usual) c a n n o t be too wild .

L e m m a 4 . 2 . Let ('H , £.) be a plane hyperlattice, viewed as a cubic map.
There are finitely m a n y faces F l , " " FN oi'H such t h a t for any face F , there
is an element of E such t h a t the corresponding translation oflR 2 induces an
isomorphism oi H mapping F to one of F 1 , . . . , FN. Furthermore, there is
a constant do such t h a t (i) every face has diameter a t m o s t do and (ii) every
point of lR 2 is within distance do of an element of L, a n d for each r > 0
there is a constant N; such that any disk of radius r meets a t m o s t N; faces.

P r o o f . Let D be a f u n d a m e n t a l d o m a i n of L. Since D is b o u n d e d , by the
definition of a plane h y p e r g r a p h D c o n t a i n s finitely many vertices of 'H,
and meets finitely many hyperedges. It follows t h a t D meets only finitely
many faces of 'H, viewed now as a cubic map. Hence t h e r e is a finite set
F 1 , . . . , FN of faces, all meeting D, c o n t a i n i n g one r e p r e s e n t a t i v e of each
o r b i t of the a c t i o n of £. on the faces of 'H. The r e m a i n i n g s t a t e m e n t s follow
easily, t a k i n g do to be the larger of maxi diam (Fi) and diam (D). •

T h e p a r a m e t e r do = do ('H) a p p e a r i n g in Lemma 4.2 will be used
t h r o u g h o u t this and the next section. For example, we say t h a t a r e c t a n g l e
is large if all its sides have l e n g t h at least 100do . In what follows , to avoid
t r i v i a l i t i e s such as a r e c t a n g l e having a black crossing with p r o b a b i l i t y 1,
we only ever consider large rectangles.

R e m a r k 4 . 3 . Let us r e m a r k briefly on the numerical c o n s t a n t s a p p e a r i n g
in this p a p e r . In many places, r a t h e r t h a n argue t h a t some c o n s t a n t s exist
with c e r t a i n p r o p e r t i e s , we simply give numerical values t h a t work, such as
100 (here) or the less n a t u r a l c o n s t a n t s 0.1, 1.1, 8, etc a p p e a r i n g l a t e r . Of
course t h e precise values are not i m p o r t a n t .

Given an angle fJ, by a fJ-aligned rectangle we mean a r e c t a n g l e R C lR 2

such t h a t one p a i r of sides makes an angle fJ to the x-axis , measured in t h e
positive sense from the x-axis. We refer to these sides as horizontal and t h e
o t h e r sides as vertical. T h u s , a f t e r r o t a t i n g R clockwise t h r o u g h an angle fJ,
the h o r i z o n t a l sides become h o r i z o n t a l in t h e usual sense. Whenever we
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s p e a k of a r e c t a n g l e R , we have an angle 0 in m i n d a n d a s s u m e t h a t R is 0
a l i g n e d . Note t h a t t h e s a m e g e o m e t r i c r e c t a n g l e is O-aligned for two values
of 0 differing by 1f / 2 .

By t h e width a n d he ight of a r e c t a n g l e , we m e a n t h e l e n g t h of t h e hor
i z o n t a l a n d v e r t i c a l sides, r e s p e c t i v e l y ; which is which d e p e n d s on w h e t h e r
we view R as O-aligned or (0 + 1f / 2 ) - a l i g n e d .

We always a s s u m e t h a t o u r r e c t a n g l e s R are in general p o s i t i o n w i t h re
s p e c t to o u r c o l o u r i n g C, m e a n i n g t h a t each v e r t e x of R lies in t h e i n t e r i o r of
a face of t h e c o l o u r i n g , no v e r t i c e s of t h e c o l o u r i n g are on t h e b o u n d a r y of R,
a n d t h e edges of t h e c o l o u r i n g can only cross t h e edges of R t r a n s v e r s e l y .

Given a r e c t a n g l e R, by a black h o r i z o n t a l crossing of R we me an a C
black p a t h w i t h i n R s t a r t i n g a t some p o i n t on one v e r t i c a l side of R a n d
e n d i n g a t some p o i n t on t h e o t h e r v e r t i c a l side . W h i t e v e r t i c a l c r o s s i n g s
are defined similarly, a n d so on . We w r i t e Hb(R) for t h e event t h a t R has
a black h o r i z o n t a l c r o s s i n g (in t h e r a n d o m c o l o u r i n g C), a n d Vw(R) for t h e
event t h a t it has a w h i t e v e r t i c a l c r o s s i n g , a n d so on. For a p r o o f of t h e
following ' o b v io u s ' l e m m a c o n c e r n i n g ( w e l l - b e h a v e d ) 2 - c o l o u r e d m a p s see [6,
Ch. 8 , L e m m a 12].

L e m m a 4 . 4 . Given any well-behaved colouring C o f the plane and any
rectangle R in general p o s i t i o n with respect to C, e x a c t l y one o f the events
Hb(R) a n d Vw(R) holds . •

T h i s l e m m a , t o g e t h e r w i t h s e l f - d u a l i t y , will be t h e s t a r t i n g p o i n t for
o u r R u s s o - S e y m o u r - W e l s h - t y p e a r g u m e n t . T h i s a r g u m e n t will be r a t h e r
involved. T h e r e are v a r i o u s t e c h n i c a l c o m p l i c a t i o n s a r i s i n g from t h e gener
a l i t y of p l a n e h y p e r l a t t i c e s ; we deal w i t h m o s t of t h e s e in t h e r e s t of t h i s
s e c t i o n . In t h e n e x t s e c t i o n we t u r n to t h e core of t h e a r g u m e n t , where t h e
c o m p l i c a t i o n s are m o s t l y due to t h e lack of s y m m e t r y .

For t h e r e s t of t h e s e c t i o n we c o n s i d e r a given n o n - d e g e n e r a t e i n d e p e n 
d e n t l a t t i c e c o l o u r i n g C, a s s o c i a t e d to a p l a n e h y p e r l a t t i c e H .

4 . 1 . H o w c r o s s i n g p r o b a b i l i t i e s v a r y

Let h(R) = IP( Hb(R)) be t h e p r o b a b i l i t y t h a t R has a black h o r i z o n t a l
c r o s s i n g , a n d let v(R) = IP( Vb(R)). Note t h a t if we s w i t c h from viewing a
given g e o m e t r i c r e c t a n g l e R as 8 - a l i g n e d to viewing it as (8 + 1f / 2 ) - a l i g n e d ,
t h e n h(R) a n d v(R) swap . O u r n e x t aim is to show t h a t h(R) a n d v(R) do
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not change too much if we move the edges of R slightly. This is not very
s u r p r i s i n g , b u t giving full details in the p r e s e n t generality requires a l i t t l e
work. We s t a r t with a t echnical lemma.

We say t h a t a p a t h P in the plane is p o t e n t i a l l y black with respect to a
hyp e r l a t t i c e H if no point of P is 1 t - w h i t e , so P c o r r e s p o n d s to a sequenc e
of black and grey faces of 'H. In o t h e r words , P is p o t e n t i a l l y black if and
only if t h e r e is a positive p r o b a b i l i t y t h a t P is a c t u a l l y black in the r a n d o m
colouring C. We write dH for t h e Hausdorff d i s t a n c e b etween s u b s e t s of ~2.

Let do = d o(1t) be the c o n s t a n t given by Lemma 4.2 , so every face of H has
d i a m e t e r at most do.

L e m m a 4 . 5 . L e t 1t be a h y p e r l a t t i c e and P a piecewise-linear path. Then
there is a p o t e n t i a l l y black path P ' with dH(P, PI) ::; 2do.

P r o o f . Recall t h a t in the 3-coloured map H, no two white faces are a d j a c e n t .
Whenever P passes t h r o u g h a white face, simply take a d e t o u r a r o u n d (or
j u s t o u t s i d e ) this face. Similarly, if P s t a r t s or ends in a white face , modify
P to s t a r t / e n d j u s t outside this face. •

L e m m a 4 . 6 . Let C be a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring.
T h e n there e x i s t s a c o n s t a n t c > 0 , d e p e n d i n g only on (the d i s t r i b u t i o n
of) C , such t h a t , for a n y large rectangle R , i f R + is a rectangle formed by
m o v i n g one vertical side of R o u t w a r d s by a distance of a t m o s t 1 , then
h ( R ) ~ h ( R + ) ~ c h ( R ) .

P r o o f . Note first t h a t any black h o r i z o n t a l crossing of R+ c o n t a i n s a black
h o r i z o n t a l crossing of R , so h ( R ) ~ h ( R + ) . Also, we may assume w i t h o u t
loss of g e n e r a l i t y t h a t we move a side of R o u t w a r d s by d i s t a n c e e x a c t l y 1
to o b t a i n R+.

In t h e a r g u m e n t s t h a t follow , various c o n s t a n t s a p p e a r t h a t d e p e n d on C.
However, they will depend only on (a) the q u a n t i t y do = do(1t) , where
H is the h y p e r l a t t i c e u n d e r l y i n g C, and (b) the minimum p r o b a b i l i t y of
the all-black s t a t e in a grey face. These are i n v a r i a n t u n d e r r o t a t i o n and
t r a n s l a t i o n , so , r o t a t i n g and t r a n s l a t i n g R a n d C, w i t h o u t loss of g e n e r a l i t y
we may assume t h a t () = 0 , so h o r i z o n t a l means h o r i z o n t a l in t h e usual
sense , and t h a t R = [0 , a] x [0, b] and R+ = [0 , a + 1] x [0, b], even t h o u g h
h ( R ) itself varies as R is r o t a t e d a n d / o r t r a n s l a t e d with C fixed.

We may assume t h a t a, b ~ 100d o . Applying Lemma 4.5 to t h e line
segment L from (a - 3d o , - 3 d o) to (a - 3d o , b + 3d o) , and t r u n c a t i n g the
r e s u l t i n g p a t h P ' when it last hits the b o t t o m sid e of R and first hits the
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, L

Fig. 4 .3. A re ct angle R+ slightly e x t e n d i n g a r e c t a n g l e R , d i v i d e d into R - and S by a
p o t e n t i a l l y black p a t h Po t h a t crosses R from t o p to b o t t o m n e a r its r i g h t - h a n d side .
T h e p a t h P s t a r t s on the l e f t - h a n d side of R and ends on Po . Finally, P 1 s t a r t s on Po

and ends on th e r i g h t of R+ . All p a t h s lie inside R+.

top side , we find a p o t e n t i a l l y black p a t h Po crossing R from top to b o t t o m ,
where all p o i n t s have z - c o o r d i n a t e between a - 5do a n d a - do. Let 5 be t h e
' s t r i p ' c o n s i s t i n g of those p o i n t s of R+ to t h e right of Po, and let R_ d e n o t e
t h e rest of R+, so R_ c R is a ' d i s t o r t e d r e c t a n g l e ' whose r i g h t - h a n d side
is p o t e n t i a l l y black. Let Eo be the event t h a t R _ has a black h o r i z o n t a l
crossing, n o t i n g t h a t if Hb(R) holds t h e n so does Eo, so IP'(E o) ~ h(R).

Let F_ be the set of grey faces m e e t i n g R_ b u t not 5 , and let Fs be t h e
set of grey faces meeting 5 , so Eo d e p e n d s on t h e colourings of the faces in
F_ U Fs - Let Eb be t h e event t h a t Eo would hold a f t e r recolouring (in C)
all faces in Fs to black ; t h u s Eb is t h e event t h a t t h e r e is a p a t h P crossing
R_ from left to right , every p o i n t of which is e i t h e r C-black or in a face
in r» . I f Eo holds t h e n so does Eb , so IP'(Eb) ~ IP'(Eo) ~ h(R).

Now Eb d e p e n d s only on t h e s t a t e s of the faces in F_ . Let us c o n d i t i o n
on these s t a t e s , assuming t h a t Eb holds . Our aim is to show t h a t t h e
c o n d i t i o n a l p r o b a b i l i t y t h a t Hb(R+) holds is not too small. To do t h i s
we shall first modify P in a c e r t a i n way (if needed) ,' and t h e n e x t e n d P,
o b t a i n i n g a p a t h P+ crossing R+ from left to right in which every p o i n t is
e i t h e r C-black or in a face in Fs, in such a way t h a t t h e set of faces in Fs
t h a t P+ meets has size 0(1). T h e n we reveal t h e (as yet u n e x a m i n e d ) s t a t e s
of these faces . Since t h e r e are 0(1) of t h e m , with p r o b a b i l i t y b o u n d e d away
from zero t h e y are all e n t i r e l y black in C.
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We s t a r t with t h e modification of P. Let us call a face bad if it meets
b o t h R_ and S , b u t does not lie e n t i r e l y in R+ = R _ U S , and good otherwise .
Since all faces have d i a m e t e r at most do , any bad face must c o n t a i n a point
within d i s t a n c e lOdo of e i t h e r (a,O) or (a, b). In p a r t i c u l a r , t h e r e are 0 ( 1 )
bad faces. Suppose P meets one or more good faces in Fs . Tracing P from
the left , s t o p the first time it meets such a face F. Since F is c o n n e c t e d
and meets S , we can continue w i t h i n t h i s face to a point of S. Since F is
c o n t a i n e d in R+, in doing so we do not go outside R+, b u t we do leave R_ ,
so we cross the r i g h t - h a n d side of R_. Stop when t h i s h a p p e n s .

After t h i s modification , P has the p r o p e r t i e s above (all p o i n t s C-black
or in faces in Fs) , and it meets at most one good face in F s, and t h u s (since
t h e r e are 0 ( 1 ) bad faces in t o t a l ) 0 ( 1 ) faces in Fs .

Let (x, y) be the r i g h t - h a n d end of P , so (x, y) lies on Po . Pick y' E
[3do , b-3doJ with Iy-y'l ::; 3do· Let £1 be the line-segment from ( a - 7 d o , y')
to (a + 1 + 2do, y'). Apply Lemma 4.5 to £1 to o b t a i n a pot e n t i a l l y black
p a t h P{ . T h e n P{ s t a r t s inside R _ , ends o u t s i d e R+, and c a n n o t cross the
lines y = 0 and y = b, so it c o n t a i n s a s u b - p a t h PI within S crossing S
from left to right. The l e f t - h a n d end of PI is within d i s t a n c e lOdo of (x , y).
To c o n s t r u c t our final p a t h P+ , t r a c e P from left to right, run along Po
from (x , y) to the first end of H , and t h e n t r a c e Pl. This p a t h crosses R+
from left to right . F u r t h e r m o r e , any p o i n t of P + \ P is w i t h i n d i s t a n c e 20d o
of (x, y), so P+ \ P meets 0 ( 1 ) grey faces. Now P+ is p o t e n t i a l l y black.
Any point of P + in a grey face in F _ is necessarily a point of P, and so is
C-black by t h e p r o p e r t i e s of P. Finally, P+ meets 0 ( 1 ) grey faces in Fs .
W i t h ( c o n d i t i o n a l ) p r o b a b i l i t y b o u n d e d away from 0 the l a t t e r faces are all
e n t i r e l y C-black, and t h e n P+ is a black p a t h , so H b ( R + ) holds . •

When h(R) is very close to 1, Lemma 4 .6 is not very informative; it does
not rule out h(R) d r o p p i n g from 1 to 1 / 1 0 0 , say, as R is e x t e n d e d a tiny bit
h o r i z o n t a l l y . In t h i s case the p r o b a b i l i t y of a white vertical crossing would
increase from 0 to 99/100. Note t h a t this vertical crossing p r o b a b i l i t y can
change by a large r a t i o : if the white colouring is s u b c r i t i c a l , with a c o n s t a n t
and b large, t h e white vertical crossing p r o b a b i l i t y is a p p r o x i m a t e l y of t h e
form e - c a b , where C a is a positive c o n s t a n t d e p e n d i n g on a . I n c r e a s i n g a
by 1 decreases e a to a new c o n s t a n t value, which can chang e e - c a b by an
a r b i t r a r i l y large ratio.

However, it is still t r u e t h a t the white vertical crossing p r o b a b i l i t y
c a n n o t j u m p from very small to fairly large . We p h r a s e t h e result in t e r m s
of black h o r i z o n t a l crossings as above.
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L e m m a 4 . 7 . L e t C be a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring.
Given C > 0 there is a 0 > 0 such t h a t for any large rectangle R a n d
any rectangle R+ formed by m o v i n g one vertical side of R outwards by a
distance of at m o s t 1, i f h ( R ) 2: 1 - 0 then h ( R + ) 2: 1 - c .

P r o o f . Th e proof is an e x t e n s i o n of t h a t of Lemma 4.6 ; we define the
p a t h Po s p l i t t i n g R+ into R _ and S as before, and let F _ be the set of grey
faces meeting R_ b u t not S, and Fs the set of grey faces meeting S . As
before, let Eb be the event t h a t R _ has a h o r i z o n t a l crossing every p o i n t of
which is C-black or in a grey face in Fs, recalling t h a t IP(Eb) 2: h ( R ) .

Let i I , . . . , IN list all grey or H-black faces of H meeting S . Let E; be
the event t h a t R _ c o n t a i n s a C-black p a t h P s t a r t i n g on the left-hand side
of R_ , ending at a b o u n d a r y point of Ji, and meeting no o t h e r Ij , nor the
i n t e r i o r of Ii- Note t h a t E, d e p e n d s only on the s t a t e s of grey faces in F _ ,
not those in Fs. If Eb holds t h e n , t r u n c a t i n g a p a t h P witnessing this event
the first tim e P meets any Ii , we see t h a t one of the E, must hold. Hence,

(4)

We claim t h a t any given face I of H is s u r r o u n d e d by a ' r i n g' of white and
grey faces of H with b o u n d e d size such t h a t if all grey faces in the ring
h a p p e n to be coloured white in C, t h e n no C-black p a t h s t a r t i n g o u t s i d e the
ring can end at a point of f. Here the b o u n d d e p e n d s only on H, not the
face chosen. Indeed, if I is H - b l a c k , we simply take the faces n e i g h b o u r i n g
I to form the ring . I f I is white or grey, we may simply take all white or
grey faces of H within d i s t a n c e 2d o of I as our ring: since no black face
of H touches any o t h e r black face , any C-black p a t h to I from d i s t a n c e more
t h a n 2d o must meet a grey face in our ring .

If every grey face in the ring j u s t described a b o u t Ii h a p p e n s to be
coloured e n t i r e l y white in C, t h e n no black p a t h ends at any point of Ji,
a n d E, does not hold . I t follows t h a t for some c o n s t a n t Cl > 0 we have
IP(E i ) ~ 1 - Cl for all i.

Let No be the maximum n u m b e r of faces meeting any disk of r a d i u s
lOOdo, and let N 1 be the n u m b e r of bad grey or H-black faces, i.e ., grey or
black faces meeting S , R _ , and t h e e x t e r i o r of R+ . Note t h a t No and N 1

are b o u n d e d by c o n s t a n t s as before . Let M be a huge c o n s t a n t to be chosen
in a moment.

By Lemma 3.4 (applied with min {c / 2 , cl} in place of c), our a s s u m p t i o n
h( R) 2: 1 - 0, and (4), if we choose 0 small enough, t h e n with p r o b a b i l i t y at
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least 1 - E / 2 a t least K = N 1 + M No of t h e events E 1 , . . . , EN hold. Let us
c o n d i t i o n on t h e s t a t e s of all faces in F _ , a s s u m i n g t h a t a t l e a s t K of t h e
E; hold. I t suffices to show t h a t t h e c o n d i t i o n a l p r o b a b i l i t y t h a t Hb(R+)
holds is t h e n a t least 1 - E/2. As before , we use t h e fact t h a t we have not
yet looked a t t h e faces in F s-

Since t h e r e are a t most N 1 b a d faces among t h e I i , t h e r e is a set 10 of
size a t least M No such t h a t for every i E 1 0 t h e event E, holds and fi is
good. Using t h e greedy a l g o r i t h m , we may pick a s u b s e t l e l a of size at
least M such t h a t for d i s t i n c t i, j E 1 0 t h e faces Ii and fj are a t d i s t a n c e
a t least 30d o. For i E 10, let Pi be a p a t h w i t n e s s i n g E i. Our aim is to
c o m p l e t e t h e p r o o f as before, b u t now showing t h a t each Pi has a n o t - t o o 
small chance of being e x t e n d a b l e to cross R+, a n d t h a t t h e s e events ( t h a t
t h e p a r t i c u l a r e x t e n s i o n s we look for are p r e s e n t ) are i n d e p e n d e n t , so with
high p r o b a b i l i t y a t least one holds. T h e d e t a i l s are e s s e n t i a l l y as before:
since fi is good, we may e x t e n d Pi w i t h i n t h e face Ii to meet our r i g h t - h a n d
side Po. T h e n we find an e x t e n s i o n p/ of Pi as before, r e m a i n i n g w i t h i n
d i s t a n c e lOdo of t h e end of Pi. T h e e x t e n s i o n s meet d i s j o i n t sets of faces,
so we are done. _

T o g e t h e r , Lemmas 4.6, 4.7 and 4.4 show t h a t no crossing p r o b a b i l i t y
changes ' t o o much ' when a r e c t a n g l e is moved slightly. T h i s s t a t e m e n t
needs a l i t t l e i n t e r p r e t a t i o n : we could in p r i n c i p l e o b t a i n e x p l i c i t b o u n d s in
L e m m a s 4.6 and 4.7. However, t h e s e t u r n o u t to be i r r e l e v a n t . In t h e end,
all we care a b o u t is w h e t h e r c e r t a i n p r o b a b i l i t i e s t e n d to 0 or t e n d to 1 as
some p a r a m e t e r ( t h e a r e a of t h e r e c t a n g l e s we consider) t e n d s to infinity.
I t will t h u s be c o n v e n i e n t to ' r e - s c a l e ' all p r o b a b i l i t i e s by an i n c r e a s i n g
function sp : ( 0 , 1 ) ---> ~ with <p(x) ---> - 0 0 as x ---> ° a n d <p(x) ---> 0 0 as
x ---> 1, in such a way t h a t t h e m a x i m u m change in a p r o b a b i l i t y p ' a l l o w e d '
by our lemmas c o r r e s p o n d s to a change in <p(p) of a t most 2, say.

To make t h i s precise, let Cb be t h e c o n s t a n t given by L e m m a 4.6; recall
t h a t this does not d e p e n d on t h e o r i e n t a t i o n of R. Let C w be t h e c o r r e s p o n d 
ing c o n s t a n t w i t h black and w h i t e exchanged, and let CO = min { C b ' c w } .

Similarly, given E > 0 , let JO(E) = min {J b, J w } , where J b = Jb(E) is given by
L e m m a 4.7, and J w by L e m m a 4.7 with black and w h i t e e x c h a n g e d .

Define a sequence (E n ) n 2 : 0 i n d u c t i v e l y by s e t t i n g EO = 1 / 2 and E n + l =

min { C O E n , JO(E n ) } . Set t f n = I - E n for n ~ ° and t f n = E - n for n :S O. Con
sider t h e scaling f u n c t i o n sp : (0 , 1 ) ---> ~ defined as follows: set <p( 7f n ) = n
for all n E Z , and i n t e r p o l a t e l i n e a r l y between thes e p o i n t s . Note t h a t
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cp( 1 - p) = -cp(p). T h i s f u n c t i o n (or r a t h e r its inverse) is i l l u s t r a t e d in
F i g u r e 4.4.

( - 3 , c3)

P

(1,1 - cl)

(0 , 1 / 2 )

( - l , c d
- - - - - - - - - ' - - - - - - - - - 7 <p(p)

Fig. 4.4. T h e inverse of the scaling f u n c t i o n p f - > ep(p).

Recall t h a t we call a r e c t a n g l e large if b o t h sides have l e n g t h at l e a s t
lOOdo .

L e m m a 4 . 8 . L e t Rl a n d R2 be two large rectangles such t h a t one o f
R I a n d R2 is obtained from the o t h e r by m o v i n g one side outwards by a
distance between 0 a n d 1. L e t f ( R ) be a n y o f the four functions p( Hb(R)) ,

P ( H w ( R ) ) , P(Vb(R)) a n d P ( V w ( R ) ) . Then Icp(J(Rd) - cp(J(R2)) I::; 2 .

P r o o f . W i t h o u t loss of g e n e r a l i t y , R2 e x t e n d s RI h o r i z o n t a l l y . Using
L e m m a 4.4 a n d t h e fact t h a t I c p ( l - PI) - c p ( l - P2) I = I - CP(Pl) + CP(P2) I =
I cp(PI) - cp(P2) I, we may a s s u m e t h a t we are c o n s i d e r i n g h o r i z o n t a l cross
ings . E x c h a n g i n g colours , we may a s s u m e t h a t f ( R ) = p( Hb(R)) = h(R) .
Let Pj = f ( R j) = h ( R j), n o t i n g t h a t P I ~ P2 · Let i = l c p ( P I ) J ' so 7ri ::; P I <
7ri+1 ' I f i ::; 0 t h e n by d e f i n i t i o n of 7ri we have 7 r i - 1 = C - i + 1 ::; COC- i = C07ri.

By L e m m a 4.6 we have P2 ~ COPI , so P2 ~ 7 r i - 1 a n d cp(P2) ~ i - 1.

On t h e o t h e r h a n d , if i ~ 1 t h e n 7ri = 1 - Ci ~ 1 - b o ( c i - I ) . Since
P I ~ 7ri, L e m m a 4 .7 gives P2 ~ 1 - C i - I = 7 r i - I ' In e i t h e r case we have
7 r i - 1 ::; P2 ::; P I < 7ri+1 , so i - I : : ; CP(P2) ::; CP(PI) < i + 1 a n d t h e r e s u l t
follows. •

L e m m a 4 .8 shows t h a t if we m e a s u r e p r o b a b i l i t i e s in t h e r i g h t way, t h e y
don ' t c h a n g e too much when we move a r e c t a n g l e slightly. Since we have
a l a t t i c e of t r a n s l a t i o n a l s y m m e t r i e s , this has t h e following consequence.
(Recall t h a t a r e c t a n g l e is ' la r ge' if its sides have l e n g t h at l e a s t lOOd o ,
where do = do('H) is t h e c o n s t a n t from L e m m a 4.2.)

C o r o l l a r y 4 . 9 . There is a c o n s t a n t C such t h a t i f R' is a translate o f a
large rectangle R, then Icp(h(R)) - cp(h(R')) I::; C.
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P r o o f . Pick a f u n d a m e n t a l d o m a i n D of t h e l a t t i c e L of s y m m e t r i e s . Since
our colouring C is i n v a r i a n t u n d e r t r a n s l a t i o n s c o r r e s p o n d i n g to e l e m e n t s
of E we may assume t h a t R a n d R' are r e l a t e d by t r a n s l a t i o n by a vector
in D. Since D is b o u n d e d , t h e r e s u l t follows by a p p l y i n g L e m m a 4.8 a
b o u n d e d n u m b e r of times. •

Define 'ljJ : (0 ,1) --.. (0,1) by 'ljJ (p ) = 'P- 1 ( ' P ( p ) - C), where C is t h e
c o n s t a n t given by C o r o l l a r y 4.9. T h e n 'ljJ is i n c r e a s i n g . In fact , a l t h o u g h
we shall not use this, 'ljJ is s t r i c t l y increasing, and 'ljJ (p ) t e n d s to 0 as p --.. 0
and to 1 as p --.. 1. We may r e w r i t e C o r o l l a r y 4.9 is t h e following more
convenient form .

C o r o l l a r y 4 . 1 0 . Suppose that R a n d R' are large rectangles with the
s a m e orientation, width and height. Then h ( R ' ) ~ 'ljJ ( h ( R ) ) and v ( R ' ) ~

'ljJ ( v (R ) ) . •

We may also r o t a t e a r e c t a n g l e slightly w i t h o u t c h a n g i n g t h e crossing
p r o b a b i l i t i e s much.

C o r o l l a r y 4 . 1 1 . Let R be a n y rectangle o f width a and height b, with
a, b ~ 100do (so R is large) , and let R' be obtained from R by rotating it
about its centre through an angle () :s 1 / ( 1 0 max {a, b}). I f f( ·) denotes
any o f the four crossing probability functions considered in Lemma 4.8, then
I'P(J(R)) - ' P ( J ( R ' ) ) I :s 8.

P r o o f . W i t h o u t loss of g e n e r a l i t y we may assume t h a t f is t h e function
f O = h( ·) giving t h e p r o b a b i l i t y of a black h o r i z o n t a l crossing . Ro
t a t i n g and t r a n s l a t i n g t h e r e c t a n g l e s and C t o g e t h e r as before (or sim
ply changing c o o r d i n a t e s ) we may assume t h a t R = [-a, a] x [-b , b] .
Let R" = [ - a - 1, a + 1] x [-b + 1, b - 1]. T h e n any h o r i z o n t a l crossing
of R" crosses R' horizontally, so h ( R ' ) ~ h ( R " ) . Hence, by L e m m a 4.8,
' P ( h ( R ' ) ) ~ ' P ( h ( R " ) ) ~ ' P ( h ( R ) ) - 8.

A s i m i l a r a r g u m e n t i n t e r c h a n g i n g R a n d R' gives 'P ( h( R)) ~ 'P ( h( R')) 
8, so t h e r e s u l t follows. •

A key consequence of t h e lemma above is t h a t for any given o r i e n t a t i o n ,
we may find a large r e c t a n g l e R with h(R) not too close to 0 or 1, a n d t h a t
when we r o t a t e , we can assume t h a t t h e dimensions of R vary ' s m o o t h l y ' .
For now we formalize only t h e first of these s t a t e m e n t s . Given an angle (),
we write ho(m , n ) and vo(m,n) for JID(Hb(R)) and JID(Vb(R)) , where R is
an m - b y - n (}-aligned r e c t a n g l e c e n t r e d on t h e origin . ( T h u s vo(m, n) =

h O + rr / 2 ( n , m).)
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L e m m a 4 . 1 2 . L e t C be a non-degenerate i n d e p e n d e n t lattice colouring
associated to a h y p e r l a t t i c e H. Given L ~ lOOdo, there is a constant A o
t h a t for any A ~ A o and any angle e, there are m, n ~ L with m n = A such
th at - 4 ~ cp(ho(m,n)) ~ 4.

P r o o f . By Lemma 4 .2 t h e r e is a c o n s t a n t N = N ( L ) such t h a t any disk of
radius 2L meets at most N faces of H . By Lemma 4 .5, if R is a r e c t a n g l e
of any o r i e n t a t i o n with w i d t h m ~ L and height n = L , then we can find
l m/(lOdo)J ~ m / ( 2 0 d o) p o t e n t i a l l y white p a t h s Pi crossing R from top to
b o t t o m , with these p a t h s s e p a r a t e d by distances of at least do . Since the
events t h a t these p a t h s are white are i n d e p e n d e n t , and each p a t h meets at
most N grey faces, the p r o b a b i l i t y t h a t no Pi is white is at most exp ( - a m )
for some c o n s t a n t a > 0 t h a t does not depend on e. By Lemma 4.4, if any Pi
is white, t h e n Hb(R) does not hold . Taking A large enough (i .e. , A ~ L 2 and
A ~ L a - 1 / I o g ( c p - l ( _ 4 ) ) I) , we t h u s have c p ( h o ( A I L , L ) ) ~ - 4 ; similarly,

if A is large enough t h e n cp(ho(L , A I L ) ) ~ 4 .

Now consider a r e c t a n g l e R with a r e a A t h a t varies s m o o t h l y between
these two e x t r e m e s , c e n t r e d always on the origin. As m varies, Lemma 4 .8
implies t h a t cp( ho(m, A i m ) ) c a n n o t j u m p by more t h a n 8 at any point, and
the result follows. •

5 . A R E C T A N G L E - C R O S S I N G L E M M A

In the original c o n t e x t of i n d e p e n d e n t bond p e r c o l a t i o n on the s q u a r e l a t t i c e ,
t h e r e are now several different proofs of th e key lemma of Russo [22] and
Seymour and Welsh [26]; see, for example, [4 , 5, 3]. The various proofs
e x t e n d (with differing degrees of a d d i t i o n a l complication) to various more
general classes of p e r c o l a t i o n model. However, as far as we are awar e, none
of the p u b l i s h e d proofs can be made to work in the c o n t e x t of general
self-dual h y p e r l a t t i c e s - in a d d i t i o n to various technical problems , they all
require s y m m e t r y a s s u m p t i o n s t h a t may not hold here.

In this section we shall prove an analogue of the R u s s o - S e y m o u r - W e l s h
Lemma for self - d u a l h y p e r l a t t i c e p e r c o l a t i o n . Since this proof is a l i t t l e
involved, we first i l l u s t r a t e t h e key ideas by w r i t i n g out the a r g u m e n t for
bond p e r c o l a t i o n on Z2 . This a m o u n t s to reproving the original RSW
Lemma in a more c o m p l i c a t e d way t h a n necessary. Even among proofs
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using our new s t r a t e g y , we do not aim to p r e s e n t t h e s i m p l e s t , b u t r a t h e r
one t h a t e x t e n d s easily to h y p e r l a t t i c e s .

5 . 1 . B o n d p e r c o l a t i o n o n 7i}

T h r o u g h o u t t h i s s u b s e c t i o n we c o n s i d e r i n d e p e n d e n t b o n d p e r c o l a t i o n on 1. 2

with p = 1 / 2 . T h u s a configuration w is an a s s i g n m e n t of a state (open or
clos ed) to each edge e of 1. 2 , and JP> is t h e p r o b a b i l i t y m e a s u r e on t h e set
n = 2 E ( Z2) of c o n f i g u r a t i o n s in which t h e s t a t e s w(e) of different b o n d s are
i n d e p e n d e n t and each bond is open w i t h p r o b a b i l i t y 1 / 2 .

All r e c t a n g l e s R we consider will be aligned w i t h t h e axes a n d have
corners with i n t e g e r c o o r d i n a t e s ; a r e c t a n g l e includes its b o u n d a r y . An
open horizontal crossing of R is a p a t h of open b o n d s in R j o i n i n g a v e r t e x
on t h e left to one on t h e right; we w r i t e H ( R ) for t h e event t h a t R has
such a crossing. Similarly , V ( R ) is t h e event t h a t R has an open v e r t i c a l
crossing, defined analogously.

As i n p u t s to t h e a r g u m e n t we shall p r e s e n t , we need two simple lemmas ,
which do make use of the s y m m e t r i e s of 1. 2 ; the main a r g u m e n t will t h e n
use only t r a n s l a t i o n a l s y m m e t r i e s . T h e first l e m m a is a s t a n d a r d fact which
is an easy c o n s e q u e n c e of t h e s e l f - d u a l i t y of 1. 2 . It is well known to hold
with CI = 1/2 ; see [4], for example. We w r i t e CI r a t h e r t h a n 1/2 since t h e
main a r g u m e n t below does not d e p e n d on t h e p a r t i c u l a r value of CI , and in
t h e case of h y p e r l a t t i c e s , the value of CI in t h e analogous s t a t e m e n t will be
different.

L e m m a 5 . 1 . There is a constant CI > 0 such that i f S is any square in 1. 2

thenJP>(H(S)) =JP>(V(S)) ~CI' •

Our second ' i n p u t l e m m a ' is t h e following consequence of L e m m a 5.1,
whose p r o o f also requires t h e use of s y m m e t r y . Here we can t a k e C2 = c i ! 1 6 ,
b u t a g a i n t h e value of C2 is i r r e l e v a n t l a t e r .

L e m m a 5 . 2 . Given an n-by-n square S, let E = E ( S ) be the event that
there is an open vertical crossing P o f S such that the x-coordinates o f the
endpoints o f P differ by a t most 3 n / 5 . There is a constant C2 > 0 such that
JP>(E(S)) ~ C2 for all squares S.

P r o o f . Let CI > 0 be as in L e m m a 5.1 a n d consider S = [0, nf We may
s u p p o s e t h a t JP>(E) < c I / 2 . Let PI be t h e event t h a t S has an open v e r t i c a l
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crossing from some p o i n t (x ,O) to some p o i n t (x', n) with x' - x > 3 n / 5 , and
F2 the h o r i z o n t a l m i r r o r image of this event. Now V ( S ) = E U F I U F2, so
we must have JP>(F i ) 2:: c I / 4 for some i. Since JP>(F I ) = JP>(F2) by s y m m e t r y ,
it follows t h a t JP>(F I ) = JP>(F 2) 2:: c I / 4 . B u t t h e n , by Harris 's Lemma,
JP>(F I n F2) 2:: cI!16 . S u p p o s e t h a t F I and F 2 hold , and let P I and P 2

X=o 2 n 3 n
"5 "5

x = n

Fig . 5.1 . Two open p a t h s crossing a s q u a r e S vertically, PI from b o t t o m - l e f t to
t o p - r i g h t , and P 2 from b o t t o m - r i g h t to top-left . T h e i r union c o n t a i n s a p a t h P from

b o t t o m - l e f t to top-left.

be o p e n p a t h s witnessing these events, w i t h Pi j o i n i n g (Xi,O) to (x~, n); see
F i g u r e 5 .1. Since x~ - X l 2: 3 n / 5 , we have X l ::; 2 n / 5 and x~ 2: 3 n / 5 ,
and s i m i l a r l y X2 2:: 3 n / 5 and x~ ::; 2 n / 5 . I t follows t h a t P I and P 2 cross.
Hence t h e r e is an open p a t h P within S j o i n i n g ( X l , 0) to (x~, n). Since
o ::; X l , X~ ::; 2 n / 5 , this shows t h a t E holds. iri conclusion, if JP>(E) < c I / 2 ,
t h e n JP>(E) 2: cI!16, so JP>(E) 2:: cI!16 > O. •

Let us w r i t e h( m, n) = JP>( H (R)) for the p r o b a b i l i t y t h a t a r e c t a n g l e R
of w i d t h m and height n has an open h o r i z o n t a l crossing , and v ( m , n) =
JP>(V(R)) for t h e p r o b a b i l i t y t h a t it has an open v e r t i c a l crossing. Our aim
is to prove t h e following form of t h e RSW Lemma.

T h e o r e m 5 . 3 . T h e r e is a c o n s t a n t c > 0 such t h a t v ( n , lOOn) 2:: c for all n .

Of course, T h e o r e m 5.3 is a well known r e s u l t of Russo [22] and Seymour
and Welsh [26] . As n o t e d above, our aim in t h i s s u b s e c t i o n is to p r e s e n t
a ( c o m p l i c a t e d ) way of d e d u c i n g T h e o r e m 5 .3 from Lemmas 5.1 and 5.2
using minimal p r o p e r t i e s of t h e m e a s u r e JP>. In p a r t i c u l a r , we shall r e s t r i c t
ourselves to p r o p e r t i e s t h a t e x t e n d to general h y p e r l a t t i c e p e r c o l a t i o n , so
t h e a r g u m e n t will a d a p t to prove T h e o r e m 5.12 below. For example, we shall
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use t r a n s l a t i o n a l s y m m e t r y b u t no o t h e r symmetry. We shall make r e p e a t e d
use of H a r r i s ' s Lemma, and of the geometric fact t h a t open h o r i z o n t a l and
vertical crossings of the same rectangle must meet.

We also use one more very i m p o r t a n t p r o p e r t y of the measure P: if a
rectangle R has an open horizontal crossing, t h e n it has an uppermost open
horizontal crossing U H ( R ) with the p r o p e r t y t h a t the event U H ( R ) = Po
is i n d e p e n d e n t of the s t a t e s of all bonds below Po . Indeed , U H ( R ) may
be found by 'exploring R from above'; see [4], for example. Similarly, if
H (R) holds t h e n R has a lowest open horizontal crossing L H (R), defined
analogously, and found by exploring from below.

The proof of T h e o r e m 5.3 t h a t we shall present, a l t h o u g h simpler t h a n
t h a t of T h e o r e m 5.12, is still somewhat lengthy. We shall s t a r t with t h r e e
lemmas , the first two of which are s t a n d a r d observations.

In what follows, we shall often implicitly assume t h a t n is 'large enough',
meaning larger t h a n a s u i t a b l e c o n s t a n t no depending on the p a r a m e t e r s ,
e .g., e , t h a t we choose. To avoid c l u t t e r , we ignore the rounding of plane
c o o r d i n a t e s to integers ; it is easy to see t h a t the effect of rounding can be
handled by a d j u s t i n g the various c o n s t a n t s s u i t a b l y . (Recall t h a t in this
s u b s e c t i o n we are not proving new results, merely rehearsing the a r g u m e n t s
t h a t we shall use in the next subsection; formally, n o t h i n g outside this
subsection depends on a n y t h i n g inside it. So we do not feel the need to dot
all i's and cross all t ' s .)

L e m m a 5 . 4 . For any e > a and d > a there is a c > a such t h a t f o r any t i ,

i f v ( n, (1 + c ) n ) > c' then v ( n , lOOn) > c .

P r o o f . G i v e n , 2: 1, let R 1 and R 3 be rectangles of width n and heights , n
and (1 + c ) n , respectively, overlapping in a square R2 of side n. I f V ( R 1 ) ,

H(R2) and V(R3) all hold, t h e n so does V ( R 1 u R 3); see Figure 5.5 for an
i l l u s t r a t i o n of this in a slightly different context. By the original form of
H a r r i s ' s Lemma [14]' it follows t h a t

(5) v ( n, h + c ) n ) 2: v ( n , , n ) h ( n , n ) v ( n, (1 + c ) n ) .

Since v ( n , n) 2: C1 and h ( n , n) 2: C1 by Lemma 5.1, applying (5) inductively
f99/c 1 times gives the result. •

Given two overlapping n - b y - n squares 8 1 and 82 such t h a t 82 is o b t a i n e d
from 8 1 by t r a n s l a t i n g it upwards t h r o u g h a distance of at most n, let T =
T ( 8 1 , 82) denote the infinite s t r i p b o u n d e d by the vertical lines containing
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t h e v e r t i c a l sides of 8 1 a n d 82. Let J ( 8 1 , 82) be t h e event t h a t 8 1 a n d 8 2
have open h o r i z o n t a l crossings PI a n d P2 t h a t are joined w i t h i n T, m e a n i n g
t h a t t h e r e is an o p e n p a t h P w i t h i n T j o i n i n g some p o i n t of PI to some
p o i n t of P2 ; t h i s includes t h e case where PI a n d P2 meet; see F i g u r e 5 .2 .
Note t h a t when J ( 8 1 , 8 2 ) holds, a m i n i m a l P lies e n t i r e l y between PI a n d
P2 in t h e s t r i p , so we may a s s u m e t h a t P is c o n t a i n e d in 8 1 U 82. For l a t e r ,
n o t e also t h a t if t h e r e is an o p e n h o r i z o n t a l crossing PI of 8 1 above an open
h o r i z o n t a l crossing P 2 of 8 2 , t h e n H is in fact c o n t a i n e d in 8 2 , a n d t h e
crossings PI of 8 1 a n d PI of 82 meet, so J ( 8 1 , 82) holds .

L e m m a 5 . 5 . For a n y e > 0 and e' > 0 there is a e > 0 such t h a t
for any n , i f there exist n - b y - n squares 8 1 and 8 2 with 8 2 obtained by
t r a n s l a t i n g 8 1 upwards by a distance of en such t h a t lP'( J ( 8 1 , 82)) 2:: e' ,
then v ( n , lOOn) 2:: e .

I

I
\
\
\

F ig . 5 . 2. In t h e left figure , the solid p a t h s i l l u s t r a t e th e event J ( 8 1 , 82) ' The dashed
p a t h s Q i are vertical crossings of t h e s q u a r e s S«. Since P i and Q i meet, t h e event

V ( 8 1 U 8 2 ) holds . The figure on t h e right shows t h a t if any h o r i z o n t a l cross i n g of 8 1 is
above any h o r i z o n t a l crossing of 8 2 , th en J ( 8 1 , 8 2) holds - e i t h e r crossing crosses b o t h

s q u a r e s .

P r o o f . T h e event J = J ( 8 1 , 8 2 ) is i n c r e a s i n g . Hence , by H a r r i s ' s L e m m a
a n d L e m m a 5 .1 , t h e event E = J n V ( 8 d n V ( 8 2 ) has p r o b a b i l i t y a t least eIe' .

Using t h e fact t h a t h o r i z o n t a l a n d v e r t i c a l crossings of t h e same s q u a r e
m u s t meet , it is easy to see t h a t w h e n e v e r E holds, so does V ( 8 1 U 8 2 ) ; see
F i g u r e 5.2 . Hence v( n , (1 + c;)n) = lP'(V(8 1 U 82)) 2:: lP'(E) 2:: eIe', a n d t h e
r e s u l t follows by a p p l y i n g - L e m m a 5.4 with eIe' in place of e' . •
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Our next lemma is less run-of-the-mill. Given e > 0 and two n-by-n
squares 8 1 and 8 2 with 8 2 o b t a i n e d by t r a n s l a t i n g 8 1 upwards by a d i s t a n c e
of e n / l O , define the s t r i p T = T ( 8 1 , 8 2 ) as above, and let GF;(8I, 82) be
the event t h a t H ( 8 I ) and H ( 8 2 ) hold , the p a t h PI = L H ( 8 I ) is below
P2 = U H (8 2 ) in T , and the a r e a of T between H a n d P2 is at most en 2 .

In o t h e r words, the lowest open h o r i z o n t a l crossing of the lower s q u a r e and
the highest of t h e higher s q u a r e do not meet, b u t they are 'close t o g e t h e r ' ,
in the sense t h a t t h e a r e a between them is small.

L e m m a 5 . 6 . For a n y 0 < e < 1 / 1 0 there are c o n s t a n t s C3 > 0 a n d c > 0
such t h a t for a n y n , e i t h e r there e x i s t n - b y - n squares 8 1 a n d 82 as above
with p( GF;(8 1 , 8 2)) ;::: C3, or v ( n , lOOn) > c.

P r o o f . Set N = 2 r 2 / e l , and, for i = O , l , . . . , N , let S, = [O ,n] x [ien/lO ,
n + i e n / l O ] , so 8 i + l is o b t a i n e d by t r a n s l a t i n g S; upwards t h r o u g h a dis
t a n c e e n / W.

Let H = H(8o) n ... n H(8N) ' Since each H ( 8 i) has p r o b a b i l i t y at
least C1, by H a r r i s ' s Lemma t h e r e is some c' > 0 such t h a t P(H) ;::: c' .
(We may take c' = cf +1 , b u t we prefer to be less specific, with an eye
to the h y p e r l a t t i c e case.) Set C3 = c' / ( 2 N ) . I f for some i the event
J ( 8 i , 8 i +I) has p r o b a b i l i t y at least C3, t h e n we are done by Lemma 5.5.

N 1 .
Let J = Ui=O J ( 8 i , 8 i + l ) ' T h e n we may assume t h a t P(J) ~ N C 3 ~ en .
Hence P( H \ J) ;::: c' / 2 .

We claim t h a t if H \ J holds, t h e n so does F = U{:Ol GF;(8i, 8i+l) .
Assuming t h e claim, the result follows, since for some i we have

Suppose t h e n t h a t H \ J holds, and let P i - and p/ be the lowest and
highest open h o r i z o n t a l crossings of 8 i . Note t h a t P i - and p/ may meet ,
b u t P i - lies (weakly) below p/. Since J does not hold, for i = 0, . . . , N - 1,
the p a t h p/ is s t r i c t l y below P i + 1; it follows t h a t P i- is s t r i c t l y below P i + 1 .
For i = 0 , . . . , N - 2, let Ai be the region in T between P i - and P i + 2 •
T h e n the Ai are disjoint. Since t h e r e are IN/2J ;::: 2 / e such regions Ai, and
t h e i r union is c o n t a i n e d in a r e c t a n g l e of w i d t h n and height n + N e n / l O ~

n + ( 6 / e ) e n / W < 2n, it follows t h a t some Ai has a r e a at most en 2 • Since t h e
region between P i- and P i "t 1 is c o n t a i n e d in Ai , it follows t h a t GF;(8 i, 8i+l)
holds, as required. •
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(6)

Clearly, in the p r e s e n t c o n t e x t the events G e(Si , S i + I ) considered above
all have the same p r o b a b i l i t y due to t r a n s l a t i o n a l s y m m e t r y ; with an eye to
the general case, we avoided using this fact.

We now t u r n to the key idea , which is a r a t h e r involved way of gen
e r a t i n g a configuration. Given a con figur a t ion w a n d a vector v E 7J.,2, let
W V be o b t a i n e d by t r a n s l a t i n g W t h r o u g h the vector v . Thus the s t a t e of
a bond e in W V is the s t a t e of its t r a n s l a t e e - v in w . Let us say t h a t a
r a n d o m c o n f i g u r a t i o n W has t h e s t a n d a r d d i s t r i b u t i o n if it has the d i s t r i b 
u t i o n c o r r e s p o n d i n g to P , so bonds are open i n d e p e n d e n t l y in w a n d each
is open with p r o b a b i l i t y 1 / 2 . From t r a n s l a t i o n invariance , if w is r a n d o m
with the s t a n d a r d d i s t r i b u t i o n and v is c o n s t a n t , t h e n W V has the s t a n d a r d
d i s t r i b u t i o n . This conclusion also holds if v is r a n d o m , as long as w a n d v
are i n d e p e n d e n t .

Suppose we have some a l g o r i t h m A whose i n p u t is a c o n f i g u r a t i o n w ,
and t h a t A examines the s t a t e s of bonds one by one , with the next bond to
be examined d e p e n d i n g on the r e s u l t s of previous e x a m i n a t i o n s , b u t not on
the s t a t e s of any o t h e r bonds . We assume t h a t A t e r m i n a t e s a f t e r a finite
n u m b e r of steps, and write S = SA(W) for the set of bonds examined by
A when A is run on the c o n f i g u r a t i o n w. Let WI and W2 be i n d e p e n d e n t
s t a n d a r d configurations. Define a new c o n f i g u r a t i o n w by r u n n i n g A on W I ,

s e t t i n g w(e) = wl(e) if e E SA(Wl) a n d w( e) = w2(e) otherwise . T h e n it is
easy to check t h a t w has the s t a n d a r d d i s t r i b u t i o n : we can t h i n k of tossing
coins c o r r e s p o n d i n g to WI to d e t e r m i n e the st ates of all bonds, looking at
c e r t a i n bonds ( c o r r e s p o n d i n g to S) , and t h e n retossing the coins we have
not yet looked at.

Given an a l g o r i t h m A as above, and a c o r r e s p o n d i n g map SA from t h e
set n of all c o n f i g u r a t i o n s to the set of s u b s e t s of E(7J.,2) , define a map IA
from n x n x 7J.,2 to n by

( )
{

WI (e) if e E SA(WI),
h(WI,W2 ,V) (e) =

w2(e - v) if e fj. SA(wd .

Combining the two o b s e r v a t i o n s above, we see t h a t if W I , W2 and v are
i n d e p e n d ent and WI and W2 have the s t a n d a r d d i s t r i b u t i o n , t h e n W =

I A ( W I , W2, v) does too .

P r o o f o f T h e o r e m 5 . 3 . Recall t h a t our task is to show t h a t the probabil
ity v ( n , lOOn) t h a t an n-by-100n r e c t a n g l e has an open vertical crossing is
b o u n d e d away from zero, using Lemmas 5 .1 and 5.2 as ' in p u t s' , and o t h e r 
wise making no use of reflectional or r o t a t i o n a l s y m m e t r y .
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W i t h an eye to l a t e r generalizations, suppose t h a t a , f31 , f32 and TJ are
positive c o n s t a n t s satisfying

(7) a ,f31 :s 1 / 3 , f32:S 2, and TJ> 3f31 .

Let E; = E; (n) be the event t h a t the rectangle [0, f31 n] x [0 , f32n] contains
an open p a t h from some point (x, y) to some point (x', y') with y' ?:: y + an
and Ix - x'i :s (1 - TJ)ly - y'l . (Here ' v ' s t a n d s for ' v e r t i c a l ' : the overall
o r i e n t a t i o n o f the p a t h is significantly closer to vertical t h a n to horizontal.)
Taking a = f31 = f32 = 1/100 and TJ = 1/10, Lemma 5.2 tells us t h a t for
all (large enough) n, we have JID ( E; ( n)) ?:: C2 > O. In the rest of the proof
we assume only t h a t our various c o n s t a n t s satisfy (7) and t h a t , for these
c o n s t a n t s , JID( E v ) is bounded away from O.

Pick , > 0 such t h a t

(8) , :s 1 / 3 and TJ?:: 3f31 + 3 "

and choose e > 0 such t h a t e < , and

(9)

Let C3 and c be the c o n s t a n t s given by Lemma 5 .6. For any n, by
Lemma 5.6, e i t h e r v(n, lOOn) ?:: c, in which case we are done, or t h e r e are
squares 81 and 8 2 with 8 2 o b t a i n e d by t r a n s l a t i n g 8 1 upwards by a distance
of c n / l 0 such t h a t

(10)

We may assume t h a t the second case holds. By t r a n s l a t i o n a l s y m m e t r y , we
may assume t h a t 8 1 = [0 , n]2 and 82 = [0, n] x [ c n / l O , (1 + c/10)n] .

Recall t h a t J = J ( 8 1 , 8 2) is the event t h a t t h e r e are open horizontal
crossings of 8 1 and 8 2 t h a t meet, or are connected by an open p a t h lying
within the s t r i p

T = { (x, y) : 0 :s; x :s; n} C 1R 2

g e n e r a t e d by 81 U 82 . Also, G~ = G~(81 , 82) is the event t h a t H ( 8 1) and
H(82) hold, the p a t h PI = L H ( 8 t } is below P 2 = U H(82) in T, and the
area of T between PI and P 2 is at most cn 2 • We shall show t h a t

(11)
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for some const ant d d e p e n d i n g on the various c o n s t a n t s we have chosen so
far, b u t not on n . T h e n P(J) 2: c ' and so , a p p l y i n g Lemma 5 .5 and reducing
c if necessary, we have v( n , lOOn) 2: c, as required .

Consider the following a l g o r i t h m fir. for t e s t i n g w h e t h e r G e holds : explore
51 from below (as in [4]) to find its lowest h o r i z o n t a l crossing PI, if H ( 5 I )
holds . Similarly, explore 52 from above to find its u p p e r m o s t h o r i z o n t a l
crossing P 2, if H ( 5 2 ) holds ; t h e n , from the p o s i t i o n s of PI and P2, decide
w h e t h e r G e holds . Define fA as in (6) above .

Let WI , W2 and X be i n d e p e n d e n t , where the Wi are r a n d o m configura
tions (with the s t a n d a r d d i s t r i b u t i o n ) and X is uniformly r a n d o m on

[ - 5 n , 5 n - 1 ] 2 = { - 5 n , - 5 n - 1 , . . . , 5n - 1} 2 c ' ! } ,

and let W = fA(Wl ,W2 , X ) , so W has the s t a n d a r d d i s t r i b u t i o n . The reason
for the slightly incongruous n o t a t i o n is t h a t the core of our a r g u m e n t will
involve c o n d i t i o n i n g on WI and W2 , b u t keeping X random.

To e s t a b l i s h (11), we first examine W to check w h e t h e r W E G e . This
d e p e n d s only on the s t a t e s of bonds examined by the a l g o r i t h m fir. above;
by the definition of fA, the s t a t e of such bonds in W is the same as in WI .
T h u s W E G e if and only if WI E G e . When this event holds , let PI and P2
b e the p a t h s defined above , and write A for the p a r t of the s t r i p T on or
below PI , B for the p a r t of T on or above P2, and G for the ' ga p' between
PI and P 2, i .e., the rest of T; see Figure 5.3. Note t h a t all bonds whose
i n t e r i o r s lie within G have t h e i r s t a t e s in W = fA (WI, W2, X ) given by w f
Suppose t h a t W2 c o n t a i n s an open p a t h P from a point u to a point v. T h e n
wi c o n t a i n s the open p a t h P + X , the t r a n s l a t e of P t h r o u g h X , joining
u + X to v + X . If u + X E A, v + X E B, and P + X remains within t h e
s t r i p 0 ::; x ::; n , then t h e minimal s u b p a t h P ' of P + X meeting A and B
c o n t a i n s bonds only in G, so t h i s p a t h P ' is present in w a n d joins PI and
P2, and w E J.

Let E be t h e event t h a t WI E G, and W2 E E y • Since WI and W2 are
i n d e p e n d e n t , we have P(E) = P(Ge)JP>(E y ) > C3C2. For the rest of the proof
we c o n d i t i o n on WI and W2, so the only r e m a i n i n g r a n d o m n e s s is in the
choice of X. We assume t h a t E holds; we shall show t h a t for any WI and
W2 such t h a t E holds , the c o n d i t i o n al p r o b a b i l i t y t h a t J holds satisfies

(12)

T h e n we have P(J) 2: c4P(E) 2: C4C3C2 > 0, e s t a b l i s h i n g (11) . It remains
only to prove (12) .
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Let us choose an open p a t h P in t h e c o n f i g u r a t i o n W2 witnessing W2 E E v ;

thus P lies within [0, th n ] x [0, .82n] and joins some point (x , y) to some
(x', y') with y' - y 2': a n and lx' - z] :::; (1 - 1 ] ) l y - y'l . Let v be the vector
(x' - x, y' - y). Let 1 = r (1 + 2 , ) n / ( y ' - y)l ' and note t h a t

(13) I:::; r ( 1 + 2 , ) / a l :::;2/a,

since y' - y 2': a n and a" :::; 1 / 3 . For a :::; i :::; I, set W i = i v; we t h i n k of
W i as an offset, for reasons t h a t will hopefully become clear.

Let P* be the ( ' v i r t u a l ' , in the sense t h a t it is not known to be open
in any c o n f i g u r a t i o n we are considering) p a t h formed by s t a r t i n g at the
origin and c o n c a t e n a t i n g I copies of P . Thus P* is t h e union of the p a t h s
P i , . . . , P j , where each Pt is the t r a n s l a t e of P joining the point W i - 1 to
W i ; see Figure 5.3.

, - ,
\ .
\ ,

1

B
,- ,

: ' . P*
\ , ,,,

A

Fig . 5 .3 . T h e main p a r t of the figure shows the lowest crossing PI of 51 and high est
c r oss in g P2 of 52 , d i v i d i n g t h e s t r i p T into the regions A , G and B. In t h e final

c o n f i g u r a t i o n w , b o n d s in A U B have t h e i r s t a t e s given by W I ; t h o s e in G a re given by
a r a n d o m t r a n s l a t e of W2 . On t h e r i g h t , a n op en p a t h P in W2 is s h ow n ; on th e left we
s ee a ' v ir t u a l' chain P* of t r a n s l a t e s of P , s t a r t i n g somewher e in t h e s q u a r e Ro . Sinc e G
is small, for most s t a r t i n g p o i n t s in R«, at least one copy of P in P" crosses from A

to B . I t follows th a t with n o t - t a o - s m a l l p r o b a b i l i t y , the random t r a n s l a t e of P pr esent
i n wi c r oss es from A to B , giving an open p a t h in w j o i n i n g H to P2 .

I f x' 2': x , let VQ be the point ((.81 + , / 2 ) n , - , n / 2 ) ; otherwise , set

VQ = ( n - (.81 + , / 2 ) n , - , n / 2 ) . We claim t h a t if a t r a n s l a t e ] 5 * of P* s t a r t s
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at a p o i n t within the s q u a r e Ro of side "(n c e n t r e d at vo, t h e n this t r a n s l a t e
lies e n t i r e l y within t h e s t r i p T. Indeed, in the case x' 2': x, t h e x - c o o r d i n a t e
of any p o i n t of P* is within ((31 + "( / 2 ) n of t h e x - c o o r d i n a t e of some p o i n t
Vo + uu , and hence is at least 0 and at most

(2(31 + "()n + J(x' - x) ::; (3(31 + "()n + ( I - l ) ( x ' - x)

::; (3(31 + " ( ) n + ( I - 1)(1 - 'fJ)(y' - y)

::; (3(31 + "( + ( 1 - 'fJ)(1 + 2"()) n::; n,

using t h e a s s u m p t i o n t h a t 'fJ 2': 3(31 + 3"( in t h e final step. In t h e case x' < x
t h e a r g u m e n t is similar , s u b t r a c t i n g all x - c o o r d i n a t e s from n.

Note t h a t Ro lies e n t i r e l y below 51, so, recalling t h a t A and B are t h e
p o r t i o n s of the s t r i p T t h a t lie below PI and above P 2 , respectively, we have
Ro c A .

I f a t r a n s l a t e of P* s t a r t s at a p o i n t in Ro, t h e n it ends at a point with y

c o o r d i n a t e at least - " ( n + J ( y ' - y ) 2': - " ( n + (1 +2"()n = ( l + " ( ) n 2': ( l + E ) n ,
so its u p p e r e n d p o i n t is above 52, and hence lies in B .

For any p o i n t v E R a , we have seen t h a t v+wo = v E A, while v+Wj E B .
Also, V+Wi E T = A u G u B for 0::; i ::; J . Hence, e i t h e r some p o i n t V+Wi ,
1 ::; i < J, lies in t h e ' ga p' G, or t h e r e is some i such t h a t v + Wi-l E A and
v + u i , E B . Let us colour t h e p o i n t s of Ra with J + 1 colours, assigning
colour 0 in t h e first case, and colour i in the second (choosing t h e minimal i
i f t h e r e are several). Let C, d e n o t e t h e set of p o i n t s in Ro assigned colour i .

Now Co is a s u b s e t of t h e union of J - 1 t r a n s l a t e s of G. Since G has a r e a
at most En 2 , while J ::; 2 / a, the a r e a of Co is t h u s at most 2En 2 / a ::; ,,(2 n2/5,
recalling (9) . Since Ro has a r e a "(2 n2, it follows t h a t t h e r e is some i > 0 for
which C i has a r e a at least J-l,,(2 n2/2 2': ,,(2 a n2/4.

Recall t h a t in c o n s t r u c t i n g our r a n d o m c o n f i g u r a t i o n w as w = f A ( W I ,

W2, X ) , we shift t h e c o n f i g u r a t i o n W2 by a r a n d o m vector X uniformly
d i s t r i b u t e d on (the integer p o i n t s in) [ - 5 n , 5 n _ 1 ] 2 . Recall also t h a t t h e
open p a t h P in W2 s t a r t s at ( x , y ) E [0,(31n] x [0, (32n] C [0,2n]2. Consider
the set C: = C, + Wi-l - (x, V). T h e n C: has t h e same a r e a as C i , a n d
c e r t a i n l y lies w i t h i n [ - 5 n , 5n - 1]2. Hence the p r o b a b i l i t y t h a t X falls in
C; is at least (~?an2 / 4 ) / ( 1 0 0 n 2) = ,),2 a / 4 0 0 . B u t when this h a p p e n s , t h e
t r a n s l a t e P + X of P s t a r t s at a p o i n t of C; + W i - I . Hence we may t h i n k
of P + X as t h e p a t h P t = Pi + Wi-l in a t r a n s l a t e of P* s t a r t i n g at a
p o i n t of Ci. From t h e c o m m e n t s above and the definition of Ci it follows
t h a t P + X lies e n t i r e l y w i t h i n T , s t a r t s in A, and ends in B. As n o t e d
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ea rl ier, t h e pr esen ce of s uch a p a t h in wi g u a r a ntees t h a t t he con fig u r a t ion
w = h ( W l , W 2 , X ) h as t he p r op er t y J. Hen ce t he con dit iona l pr ob abili t y
t h a t w be longs to J g iven WI a nd W2 is at leas t 'i a / 400 , e s t a b lish ing ( 12)
a n d com p let i ng t he p r o of. •

R e m a r k 5 . 7 . T h e key ste p of t he pr oof a bove involved select i ng a n ope n
p a th P in W2 , and t he n cha in ing t oget her t ra ns lates of P to form a p a th
P * with t he followin g pr op er ti es : P * st a ys well wit h i n t he st ri p T , s t a rts
well b elow 8 1 , a n d ends well a bove 8 2, whe re ' we ll wit h i n' mea ns at le as t
a di s t an ce "'(n / 2 a way from t he bo u n d a ry. Thi s e lbow r o om e ns ures t h a t
we ca n t ra ns late P * t h ro ug h di s t an ces of up to "'(n /2 wh ile r e t a i n i n g t he
pr op er ti es of st a r t ing b elow 8 1 , e n d i ng a b ove 8 2 , a n d r em a inin g within T.
T h en we r andoml y s h ifte d th e wh ole p a t h P * , a nd r and oml y ch ose on e of
th e link s in t h e cha in to fo cu s on, t h i n k i n g of t h is link as b eing t he final
r and om shift P' of t he p a t h P in W2 . Since it is unlik ely t h a t a ny r a n d omly
s hi fte d link s t a rts or e n ds in t he ga p G , t he re is a lmost a lways a t le as t one
link t h a t crosses from A to B , so t he pro b a bili t y t h a t P' does so is b ou nd e d
away from zer o. In or der to const r u c t a s u i t a b le P*, we r equir ed t h a t P
rema in wit h in a fa irly sma ll r e gion , a n d t h a t it s endpo ints be significantly
fur t h er a pa r t ve r t i c a lly t ha n h oriz on t all y.

I t is j u s t as easy to s t a r t fro m more t ha n one p a t h in W2 . I n d ee d , suppose
t h a t t he re a re co n s t a n t s c > 0 a nd C such t h a t with p r o b a b i l i t y at le as t
c t h e con figurat ion W2 co n t a i n s a set of open p a t h s P j s uch t h a t we can
cha in toget he r at most C pat hs Pt , each of wh ich is a t rans l a t e o f some
P j , to for m a p a th P * wit h t he pr op er ti es above. Note t h a t t h is will h old
(for exa m p le) whenever W2 contai ns p a t h s P I a nd P 2 each of which stays
wit h in some n ot - t o o-la r ge region, s uch t h a t t he overa ll d i rect ions of P I a nd
P 2 a re sign ifican tly di ffer en t , a n d each is n ot too s ho rt, in t he sense t h a t
t he vect or from th e s t a rt to t he e n d is n ot t o o s ho rt . T he n one ca n a lways
cha in 0 ( 1 ) cop ies to ge t h er to pr odu ce an a p p roximatio n to a vertic al lin e.
T ak in g W i - l to b e t he s t a r t of t he i t h p a t h in t he cha in as abov e , t he
pr o of goes t h r o u gh essent ia lly un alt er ed , except t h a t at t he very e n d we se t
q = C, + W i - l - (Xj, Yj) if t he i t h p a t h in our cha in is a co py of P j , wh er e
(x j , Yj) is t he s t a rt ing p oin t o f P j .
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5 . 2 . A r e c t a n g l e - c r o s s i n g l e m m a for h y p e r l a t t i c e s

Our aim in this s u b s e c t i o n is to prove an analogue of T h e o r e m 5 .3 in t h e
c o n t e x t of p e r c o l a t i o n on plane h y p e r l a t t i c e s ; we have a l r e a d y i l l u s t r a t e d
t h e main ideas in a simpler c o n t e x t in t h e previous s u b s e c t i o n .

Recall t h a t a plane h y p e r l a t t i c e (H, i ) , originally defined as an embed
ding of a h y p e r g r a p h , may also be defined simply as a cubic map whose
faces are p r o p e r l y coloured black, white and grey, in a way t h a t is i n v a r i a n t
u n d e r t r a n s l a t i o n s t h r o u g h elements of t h e l a t t i c e E: see Section 2. Re
call from Section 4 t h a t an independent lattice colouring C a s s o c i a t e d to H
is a r a n d o m b l a c k / w h i t e - c o l o u r e d map o b t a i n e d from H as follows: F i r s t
s u b d i v i d e each grey face into subfaces in a d e t e r m i n i s t i c m a n n e r , keeping
t h e r e s u l t i n g map cubic. T h e n recolour these subfaces r a n d o m l y black and
white , with t h e colourings inside different grey faces i n d e p e n d e n t , such t h a t
if one grey face is o b t a i n e d by t r a n s l a t i n g a n o t h e r t h r o u g h an element of
L, t h e n t h e i r colourings have t h e same d i s t r i b u t i o n . Such a r a n d o m colour
ing C gives rise to a h y p e r l a t t i c e p e r c o l a t i o n model H(p): simply take t h e
non-crossing p a r t i t i o n of a hyperedge e to be t h e p a r t i t i o n of the black faces
a r o u n d t h e c o r r e s p o n d i n g grey face Fe induced by t h e (black p a r t of) t h e
colouring of Fe. We say t h a t C realizes t h e model H(p).

It t u r n s out t h a t , at one p o i n t in t h e coming a r g u m e n t , we may need
to modify t h e colouring w i t h i n c e r t a i n faces. To enable this , we need
our r a n d o m colouring to s a t i s f y a c e r t a i n t e c h n i c a l a s s u m p t i o n . Given a
colouring X of a grey face Fe, t h e colour components of X are t h e maximal
c o n n e c t e d m o n o c h r o m a t i c s u b s e t s of Fe.

D e f i n i t i o n 5 . 8 . An i n d e p e n d e n t l a t t i c e colouring C is malleable if two
c o n d i t i o n s hold. F i r s t , w i t h i n each grey face Fe, the all-white colouring
has positive p r o b a b i l i t y . Second, if X is a colouring of Fe with positive
p r o b a b i l i t y , and X' is o b t a i n e d from X by recolouring a white c o m p o n e n t
black, t h e n X' has positive p r o b a b i l i t y .

Note t h a t , in a malleable colouring, the all-black colouring of a grey
face necessarily has positive p r o b a b i l i t y , so a malleable colouring is non 
d e g e n e r a t e (meaning , as before, t h a t within each grey face , t h e all-black
a n d all-white colourings have positive p r o b a b i l i t y ) .

In general, recolouring as above may change t h e p a r t i t i o n 1r c o r r e s p o n d 
ing to t h e colouring X in many different ways. However, if we r e s t r i c t t h e
colourings s u i t a b l y , t h e s i t u a t i o n becomes simpler . Let us call a p a r t of a
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p a r t i t i o n 1r non-trivial if it is not a singleton. A colouring X of a grey face
Fe is minimal if its black c o m p o n e n t s are in one-to-one c o r r e s p o n d e n c e with
the n o n - t r i v i a l p a r t s of 1r, and its white c o m p o n e n t s with those of the dual
p a r t i t i o n 1r*. Let us say t h a t a p a r t P of 1r is adjacent to a p a r t P' of 1r* if,
in the original polygon formulation of non-crossing p a r t i t i o n s , P c o n t a i n s
a vertex v and P' an edge e incident to v. This c o r r e s p o n d s to P contain
ing a black vertex a d j a c e n t to a white dual vertex in Pl . I f X is a minimal
colouring a s s o c i a t e d to a p a r t i t i o n 1r, t h e n recolouring a white c o m p o n e n t
black has the effect of u n i t i n g all p a r t s of 1r a d j a c e n t to some n o n - t r i v i a l
p a r t of 1r*. We call such an o p e r a t i o n on a p a r t i t i o n a joining. In the dual,
the o p e r a t i o n is simpler: simply split a n o n - t r i v i a l p a r t into singletons .

Given a hyperedge e, by the top p a r t i t i o n of its vertices we mean the
p a r t i t i o n into a single p a r t . The bottom p a r t i t i o n is t h a t into singletons.
Recall t h a t a p r o b a b i l i t y vector p a s s o c i a t e d to a h y p e r l a t t i c e (H, £) assigns
a p r o b a b i l i t y Pi ,7r to each non-crossing p a r t i t i o n 1r of the vertices of a
hyperedge e, where i encodes which o r b i t of the action of E the hyperedge e
belongs to .

A h y p e r l a t t i c e p e r c o l a t i o n model H ( p ) is non-degenerate if Pi ,7r > 0
whenever 1r is a top or b o t t o m p a r t i t i o n .

D e f i n i t i o n 5 . 9 . A h y p e r l a t t i c e p e r c o l a t i o n model H ( p ) is malleable if it
is n o n - d e g e n e r a t e and, whenever Pi ,7r > 0 and n ' is o b t a i n e d from 1r by a
joining o p e r a t i o n as defined above, t h e n Pi,7r' > O.

Note t h a t if H is 3-uniform, t h e n any n o n - d e g e n e r a t e model 1 t ( p ) is
a u t o m a t i c a l l y malleable : any joining o p e r a t i o n r e s u l t s in the top p a r t i t i o n .
Also, any p assigning positive p r o b a b i l i t y to all top and b o t t o m p a r t i t i o n s
b u t to no o t h e r p a r t i t i o n s gives a malleable model : the unique joining oper
ation t h a t may be performed on a b o t t o m p a r t i t i o n yields the c o r r e s p o n d i n g
top p a r t i t i o n . Thus m a l l e a b i l i t y holds a u t o m a t i c a l l y in the ' s it e p e r c o l a t i o n '
models considered in the discussion s u r r o u n d i n g T h e o r e m 2.2.

I f 1 t ( p ) is self-dual, t h e n m a l l e a b i l i t y is equivalent to its dual formu
lation, t h a t if Pi ,7r > 0 and n' is o b t a i n e d from 1r by s p l i t t i n g a p a r t into
singletons, t h e n Pi ,7r' > O.

T h e next lemma c a p t u r e s the connection between the notions of mal
leability for p r o b a b i l i t y vectors and for l a t t i c e colourings.

L e m m a 5 . l 0 . L e t 1 t ( p ) be a malleable h y p e r l a t t i c e p e r c o l a t i o n model.
T h e n 1 t ( p ) m a y be realized by a m a l l e a b l e i n d e p e n d e n t l a t t i c e colouring.
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P r o o f . Regard H as a 3-coloured cubic map , as usual. For each grey face
Fe c o r r e s p o n d i n g to hyperedge e with at least 3 vertices, s u b d i v i d e it into
subfa ces as in Figure 4.2. (When l ei = 3 one can also use the simpler
s u b d i v i s i o n shown in Figure 4 .1.) I t is not h a r d to check t h a t for any non
crossing p a r t i t i o n 1f of the vertices of e , t h e r e is at least one b l a c k / w h i t e
colouring of the subfa ces of Fe t h a t gives a m i n i m a l colouring realizing
the p a r t i t i o n n . I f t h e r e are N rr such colourings , assign each p r o b a b i l i t y
Pi ,rr / N rr, where i is the p r o b a b i l i t y vector e n t r y c o r r e s p o n d i n g to e. Since
H ( p ) is n o n - d e g e n e r a t e , the all-black and all-white colourings (which are
minimal) receive positive p r o b a b i l i t y . Also, if X is any colouring of Fe
receiving positive p r o b a b i l i t y , t h e n Pi,rr > 0 for t h e c o r r e s p o n d i n g n . I f
X' is o b t a i n e d from X by recolouring a white c o m p o n e n t to black, t h e n X'
is minimal, and c o r r e s p o n d s to a p a r t i t i o n n' o b t a i n e d from 1f by a joining
o p e r a t i o n . Since H ( p ) is malleable, we have Pi ,rr' > 0 , so X' has positive
p r o b a b i l i t y .

For a hyperedge e with lei = 2, there is no need to s u b d i v i d e Fe at all;
simply colour Fe black or white with t h e a p p r o p r i a t e (positive) p r o b a b i l i t i e s .
Finally, if lei = 1 t h e n t h e colouring of Fe is irrelevant, so we may colour Fe
black with p r o b a b i l i t y 1 / 2 and white otherwise. _

Of course, a similar b u t simpler a r g u m e n t shows t h a t any n o n - d e g e n e r a t e
h y p e r l a t t i c e p e r c o l a t i o n model may be realized by a n o n - d e g e n e r a t e inde
p e n d e n t l a t t i c e colouring .

As noted in Section 4, a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring C
c o r r e s p o n d s to a p r o d u c t p r o b a b i l i t y measure on a power of a c e r t a i n poset
in a n a t u r a l way; f u r t h ermore , the non-degeneracy c o n d i t i o n ensures t h a t
Lemma 3.2 applies b o t h to this poset and to its reverse . Events defined
by the existence of black p a t h s with c e r t a i n p r o p e r t i e s are upsets ; events
defined by t h e existenc e of white p a t h s are downsets.

For the rest of this section we fix a malleable i n d e p e n d e n t l a t t i c e colour
ing C. Recall t h a t a black h o r i z o n t a l crossing of a r e c t a n g l e R is a piecewise
linear p a t h P in the plane joining a point on the l e f t - h a n d side of R to a
point on the right and otherwise lying in the i n t e r i o r of R , such t h a t every
point of P is black . W h i t e v e r t i c a l crossings are d efined similarly , and so on.
In our p r o d u c t p r o b a b i l i t y space, events such as Hb(R) are increasing.

We shall use the following lemma, which applies to all b l a c k / w h i t e
colourings of cubic p l a n a r maps, i.e ., involves no randomness.
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L e m m a 5 . 1 1 . Let R be a rectangle in JR2 in general position with respect
to a colouring C. Then precisely one o f the events Hb(R) and Vw(R) holds.

P r o o f . As in [6, Ch . 8 , Lemma 12]' from where Figure 5.4 is a d a p t e d , re
colour t h e p o i n t s outside R as in Figure 5.4, and consider the interfaces
between black and white regions. •

Fig . 5.4. T h e s h a d i n g inside t h e ( s q u a r e ) r e c t a n g l e R is from C. T h e e v e n t H b ( R ) holds
if a n d only if t h e o u t e r black regions are j o i n e d by a black p a t h , a n d Vw(R) holds if a n d
only if t h e o u t e r w h i t e regions are j o i n e d by a w h i t e p a t h . T r a c i n g t h e i n t e r f a c e b e t w e e n

black a n d w h i t e regions shows t h a t one of t h e s e e v e n t s m u s t hold .

We shall need the equivalent of highest and lowest open crossings; these
are t h e highest and lowest black crossings of a rectangle, defined below. T h e
definitions require a l i t t l e care, as the i n d e p e n d e n c e p r o p e r t i e s are not quite
what one would like.

Given a rectangle R and our colouring C, shade the o u t s i d e of the
rectangle as in Figure 5.4. Let 1+ be the interface shown by the thick
black line, s t a r t i n g at the top left corner. Thus if Hb(R) holds , t h e n 1+
leaves the r e c t a n g l e R from the top right corner. Let I t be the minimal
s u b p a t h of 1+ meeting b o t h vertical sides of R. In the figure, p o i n t s j u s t
to the right of 1+ are black. Hence , points j u s t to the right of I t give a
black p a t h within R joining the left to the right. We call this p a t h the
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h i g h e s t black h o r i z o n t a l c r o s s i n g of R, and d e n o t e it U H (R) . Similarly,
again assuming H b ( R ) holds, the interface 1 - s t a r t i n g at the b o t t o m right
corner leaves at the b o t t o m left; we define 1 0 to be the minimal s u b p a t h
joining the vertical sides of R; t h e p o i n t s to the right of 1 0 form the lowest
black h o r i z o n t a l crossing of R, w r i t t e n L H ( R ) . In fact, we can usually work
d i r e c t l y with the interfaces 1 0 and I t .

As before, a rectangle R is large if all its sides have length at least 1 0 0 d o ,
where do is the c o n s t a n t from Lemma 4.2.

Given an angle B, a B-aligned rectangle R', and ' l e n g t h scales' m and
n, let E v ( R ' , m, n, a , 17) be the event t h a t R ' c o n t a i n s a black p a t h P such
t h a t , a f t e r r o t a t i n g so t h a t R' is horizontal, the e n d p o i n t s (x , y) and (x', y')
of P satisfy (y' - y ) / n 2:: a and lx' - xl/m ~ (1 -17)(y' - y ) / n .

Our aim now is to a d a p t the p r o o f of T h e o r e m 5.3 to prove the following
result.

T h e o r e m 5 . 1 2 . L e t C be a m a l l e a b l e i n d e p e n d e n t l a t t i c e colouring. G i v e n

c o n s t a n t s a,/31 ~ 1/3, /32 ~ 2 , 17 > 3/31, a n d C1,C2 > 0, there e x i s t s a
c o n s t a n t c > 0 such t h a t t h e following h o l d s . S u p p o s e t h a t R is a large
r e c t a n g l e w i t h w i d t h m a n d h e i g h t n and a n y o r i e n t a t i o n , and R ' is a
large r e c t a n g l e w i t h t h e s a m e o r i e n t a t i o n , w i d t h /31 m, and h e i g h t /32n. I f
IP'(Hb(R)) 2:: C1, IP'(Vb(R)) 2:: C1 , a n d I P ' ( E A R ' , m , n , a , 1 J ) ) 2:: C2, t h e n
JID ( Vb ( R " ) ) 2:: c for a n y r e c t a n g l e R " w i t h t h e s a m e o r i e n t a t i o n as R,
w i d t h m a n d h e i g h t lOOn .

Our p r o o f of T h e o r e m 5.12 will follow t h a t of T h e o r e m 5.3 in the pre
vious subsection, rescaling to map the square 8 1 considered there onto the
rectangle R . U n f o r t u n a t e l y , t h e r e are various a d d i t i o n a l complications; for
example , we c a n n o t assume t h a t c o n g r u e n t rectangles with the same ori
e n t a t i o n have the same crossing p r o b a b i l i t i e s . These complications can be
dealt with using Corollary 4 . 1 0 . T h e r e will also be some o t h e r difficulties.

R e m a r k 5 . 1 3 . As noted in Section 4, a l t h o u g h the p r o b a b i l i t i e s of events
such as the existence of various crossings of a rectangle R will depend very
much on the o r i e n t a t i o n of R, and to a lesser e x t e n t on its position, all the
lower b o u n d s we shall prove will d e p e n d on C only via t h r e e q u a n t i t i e s : the
q u a n t i t y do a p p e a r i n g in Lemma 4 .2 (which provides an u p p e r bound on
the d i a m e t e r of a face), the maximum number N of faces meeting any disk
of r a d i u s 1, and the minimum p r o b a b i l i t y Po of a c o n f i g u r a t i o n within a
face. These t h r e e q u a n t i t i e s are preserved by r o t a t i o n s and t r a n s l a t i o n s , so
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whenever we consider a single r e c t a n g l e R, we may r o t a t e and t r a n s l a t e R
and C t o g e t h e r so t h a t R has the form [0 , mj x [0, nj.

Let us write h(R) for 1fD( Hb(R)) and v(R) for lfD(Vb(R)). Also, we write
h( m, n) for the p r o b a b i l i t y t h a t [0, mj x [0, nj has a black h o r i z o n t a l crossing,
and v(m, n) for the p r o b a b i l i t y t h a t it has a black vertical crossing. Recall
t h a t by Corollary 4 .10 there is an increasing function 'ljJ : ( 0 , 1 ) - - t ( 0 , 1 )
such t h a t if R a n d R' are large r e c t a n g l es with the same o r i e n t a t i o n , width
and height, t h e n h( R') 2:: 'ljJ ( h(R)) and v( R') 2:: 'ljJ ( v( R)) .

Recall t h a t the colouring C we are considering is malleable and hence
n o n - d e g e n e r a t e , meaning t h a t within any grey face, t h e all-black and
all-white colourings have positive p r o b a b i l i t i e s . As noted earlier, non
degeneracy allows us to apply our H a r r i s - t y p e lemma, Lemma 3 .2, to two
b l a c k - i n c r e a s i n g events, or two w h i t e - i n c r e a s i n g events . T h r o u g h o u t the
proof of T h e o r e m 5 .12 we write F for the function whose existence is guar
a n t e e d by Lemma 3 .2, so for any two black-increasing events A and B we
have

(14) lfD(A n B) 2:: F(lfD(A), lfD(B)) .

The first step in our proof of Theorem 5.12 is the analogue of Lemma 5.4;
t h e r e is an a d d i t i o n a l a s s u m p t i o n ( t h a t h(m, n) and v(m, n) are at least ci)
since we do n o t have the analogue of Lemma 5.1 in this c o n t e x t .

L e m m a 5 . 1 4 . L e t C be a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring,
and let e > 0 , Cl > 0 and c' > O. T h e r e is a c > 0 such t h a t for a n y
m, n 2:: 100d o , i f h(m, n) 2:: Cl , v(m, n) 2:: Cl , and v( m , (1 + c ) n ) 2:: c', then
v(m , lOOn) 2:: c .

P r o o f . Fix e , Cl and c' > O. Let ao = C l ; for i 2:: 0 let

where 'ljJ is the function a p p e a r i n g in Corollary 4.10, and set C = a r 9 9 j c l '

Note t h a t C > 0 .

Suppose t h a t m, n 2:: 100d o , h(m , n) 2:: C l , v(m, n) 2:: C l , and v( m ,
(1 + c ) n ) 2:: c'. We claim t h a t for every i 2:: 0 we have

(15) v ( m, (1 + i c ) n ) 2:: ai.

S e t t i n g i f99/c 1, we t h e n have 1 + ie 2:: 100, so v(m, lOOn) > v( m,
(1 + i c ) n ) 2:: c, and the result follows.
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We prove (15) by i n d u c t i o n . For i = ° it is t r u e by a s s u m p t i o n . T u r n i n g
to t h e i n d u c t i o n s t e p , s u p p o s e t h a t (15) holds for some i, and c o n s i d e r t h e
r e c t a n g l e s RI = [0, m] x [0, (1 + ic)n] , R2 = [0, m] x [icn , (1 + i c)n] , a n d
R3 = [0, m] x [icn, 1 + (i + l)cn] , as in F i g u r e 5.5 . Let R~ = [0 , m] x [0 , n]
and R~ = [0, m] x [0, (1 + c)n] , so R~ a n d R~ are images of R2 a n d R3
u n d e r a p p r o p r i a t e t r a n s l a t i o n s .

y = (1 + (i + 1)c)n

R2( )~; (1 + i e ) n

t - - - . . . ; ; : : " , . . . - - - - - T - - - - ! y = ien

y = o
x = o x = m

Fig . 5 .5 . The r e c t a n g l e s R 1 and R a, with t h e i r interse ction R2 . Whenev er R l and R a
have bl ack verti cal cr oss in gs and R2 has a black h o r i z o n t a l crossing , t h e n these c r os si n gs

can be co m b i n e d to form a black vertical c r os s in g of R, U Ra .

By t h e i n d u c t i o n h y p o t h e s i s we have JP>(Vb(R I)) = v ( m, (1 + ic)n) ~

Q;i a n d by a s s u m p t i o n we have JP>(Hb(R~)) = h ( m , n ) ~ CI . Hence, by
C o r o l l a r y 4.10, we have JP>(Hb(R2)) ~ 'l/J (cI) . S i m i l a r l y , by a s s u m p t i o n
JP>(V b(R 3 )) = v( m, (1 + c)n) ~ c ' , so JP>(Vb(R 3)) ~ 'l/J(c').

Since Vb(RI) a n d Hb(R 2) are i n c r e a s i n g events , from (14) it follows t h a t
JP>(Vb(RI)nHb(R2)) ~ F ( Q;i, 'l/J(cI)). A p p l y i n g (14) to t h e i n c r e a s i n g events
Vb(R I) n H b(R2) a n d V b(R3), it follows t h a t w i t h p r o b a b i l i t y a t least Q; i + l ,

t h e events Vb(R I), H b(R2) a n d Vb(R3) all hold. C h o o s i n g black p a t h s PI ,
P2 a n d P3 w i t n e s s i n g t h e s e e v e n t s , P2 meets b o t h PI a n d P 3, a n d it follows
t h a t Vb(R I U R3) holds. Hence

p r o v i n g t h e i n d u c t i o n s t e p a n d so c o m p l e t i n g t h e p r o o f of (15). •

T h e n e x t s t e p is t h e a n a l o g u e of L e m m a 5.5 ; t h i s c o n c e r n s crossings of
n e a r b y s q u a r e s (now r e c t a n g l e s ) t h a t are j o i n e d . As in t h e p r e v i o u s l e m m a ,
we work w i t h r e c t a n g l e s , not s q u a r e s , a n d a d d t h e a s s u m p t i o n s t h a t h( m, n)
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and v ( m , n) are at least some c o n s t a n t CI r a t h e r t h a n a p p e a l to Lemma 5 . l .
The definition of the event J is as before , mutatis mutandis: specifically,
wherever n a p p e a r s in the definition, it is replaced by m or n d e p e n d i n g on
w h e t h e r we are considering an x - c o o r d i n a t e or a y - c o o r d i n a t e .

L e m m a 5 . 1 5 . L e t C be a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring.
For a n y E > 0 , CI > 0 and c' > 0, t h e r e is a c > 0 such t h a t for a n y
m, n 2:: 100do w i t h h( m , n ) , v( m, n) 2:: CI , i f there e x i s t m - b y - n r e c t a n g l e s
R I and R2 ' w i t h R2 o b t a i n e d by t r a n s l a t i n g RI upwards by a d i s t a n c e of En,
for which JP>( J ( R I , R2)) 2:: c', t h e n v ( m , lOOn) 2:: c.

P r o o f . Modify t h e proof of Lemma 5 .5 as above : replace each a p p l i c a t i o n
of H a r r i s ' s Lemma by an a p p e a l to (14) , and use the fact t h a t , under our
a s s u m p t i o n s , any m - b y - n r e c t a n g l e R has h ( R ) , v ( R ) 2:: 'l/J ( CI ) > 0 by
Corollary 4 .10. _

Next comes the analogue of Lemma 5.6. For two m - b y - n r e c t a n g l e s
R I and R2 , with R2 o b t a i n e d by t r a n s l a t i n g R I upwards by a d i s t a n c e of
En/10 , define t h e s t r i p T = T ( R I, R2) to be the region between the vertical
lines c o n t a i n i n g the vertical sides of R I and R2, and let G e;(Rl, R2) be
the event t h a t H b ( R d and H b ( R 2) hold , the p a t h PI = L H ( R d is below
P2 = U H ( R 2 ) in T , and the a r e a of T between PI and P 2 is at most e m n .

L e m m a 5 . 1 6 . L e t C be a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring .
For a n y E > 0 and CI > 0 t h e r e are c o n s t a n t s C3 > 0 and c > 0 such t h a t
for a n y m , n 2: lOOd o w i t h h ( m , n ) , v ( m , n ) 2: Cl, e i t h e r t h e r e e x i s t m - b y - t i
r e c t a n g l e s RI and R2 as above w i t h JP>( Ge;(RI' R 2)) 2:: C3 , or v ( m , lOOn) > c.

P r o o f . I m i t a t e the proof of Lemma 5.6, mutatis mutandis . _

In a d a p t i n g the main p a r t of the proof of T h e o r e m 5 .3 t h e r e is only one
genuine a d d i t i o n a l c o m p l i c a t i o n : we shall have to work to join up p a t h s
in our two configurations WI and w"t. The o t h e r changes are mostly in
n o t a t i o n .

Recall t h a t our i n d e p e n d e n t l a t t i c e colouring C is o b t a i n e d by r a n d o m l y
colouring t h e s u b d i v i d e d grey faces of the 3-coloured p l a n a r map 'H . As
before, let n denote the set of all configurations, i.e ., a s s i g n m e n t s of s t a t e s
to the grey faces of H . Let A be an a l g o r i t h m t h a t examines the s t a t e s of
grey faces in its i n p u t c o n f i g u r a t i o n one by one, with t h e next face to be
examined d e t e r m i n e d by the s t a t e s of the faces examined so far . Assume
t h a t A t e r m i n a t e s and write SA(W) for the set of grey faces examined by A
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when run on th e c o n f i g u r a t i o n w . R ecalling t h a t H is i n v a r i a n t under
t r a n s l a t i o n s t h r o u g h elements of the l a t t i c e L, define a function fA from
0 2 x E to 0 by (W1,W2 ,t') I - - t w , where w = fA(W1,W2 ,t') is the configuration
given by

(16)

Here 9 denotes an a r b i t r a r y grey face, and 9 - t' the grey face o b t a i n e d by
t r a n s l a t i n g 9 t h r o u g h the vector - t ' . In o t h e r words , as before , the s t a t e of
a grey face in w = fA(W1,W2,t') is given e i t h e r by its s t a t e in WI or by its
s t a t e in the t r a n s l a t e w~ of W2, according to whe t h e r or not the a l g o r i t h m
It. examines 9 when run on the configur a t i o n WI.

Let .em ,n be the set of p o i n t s of E in [ - 5 m , 5 m ] x [ - 5 n , 5 n ] , and in
t e r p r e t 0 2 x .em ,n as the p r o d u c t p r o b a b i l i t y space in which the two con
figurations have the d i s t r i b u t i o n a s s o c i a t e d to C and are i n d e p e n d e n t , and
the r a n d o m vector X E .em ,n is chosen uniformly from .em ,n. As before,
W = fA(W1 ,W2 , X ) has the d i s t r i b u t i o n a p p r o p r i a t e for C.

P r o o f o f T h e o r e m 5 . 1 2 . We follow the proof of T h e o r e m 5.3, c o n c e n t r a t 
ing on the differences. In the light of R e m a r k 5.13 , r o t a t i n g the rectangles
under conside r a t i o n tog e t h e r with C, we may assume t h a t R a n d R ' are
aligned with the c o o r d i n a t e axes, i .e. , are a-aligned .

F i r s t , not e t h a t (7) now holds by a s s u m p t i o n . As before, choose "f > a
such t h a t (8) holds, and then choose e > a such t h a t e < "f and (9) holds.
Let m and n satisfy the a s s u m p t i o n s of the t h e o r e m . T h e n , since h( m , n),
v ( m , n ) ~ C1, we can apply Lemma 5 .16. Let C3 and c be the c o n s t a n t s
given by Lemma 5.16, so e i t h e r v(m, lOOn) ~ c, in which case we are done,
or t h e r e are m - b y - n a-aligned rectangles 51 and 52 with 52 o b t a i n e d by
t r a n s l a t i n g 51 upwards by a d i s t a n c e of c n / l O such t h a t

We may assume t h a t the second case holds. T r a n s l a t i n g the rectangles under
c o n s i d e r a t i o n t o g e t h e r with C, we may assume t h a t 51 = [0, m] x [0 , n] and
52 = [0, m] x [ c n / l O , (1 + c / 1 0 ) n ] .

As before, we explore 51 from below to find its lowest black h o r i z o n t a l
crossing PI, if it exists, and 52 from above to find its highest black h o r i z o n t a l
crossing P2 . More precisely, we let I t be the interface 1 0 in 51 described
earlier in the subsection, and h the interface I t in 52. Note t h a t o r i e n t i n g
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Fig. 5 .6. T h e o v e r l a p p i n g c o n g r u e n t r e c t a n g l e s 8 1 (below) and 8 2 (above), with t h e
i n t e r f a c e s r in 8 1 a n d 1+ in 82 defined as in F i g u r e 5.4. 1 0 a n d I t are the m i n i m a l

s u b p a t h s of r a n d 1+ crossing the s t r i p 8 1 U 82 . Note t h a t e ve r y p o i n t j u s t to t h e r i g h t
of I ± is black or o u t s i d e 8 1 U 82 h o r i z o n t a l l y ; p o i n t s j u s t to the r i g h t of I t are always
inside 8 1 U 82 a n d hence black . P o i n t s to t h e left of I ± are w h i t e or o u t s i d e 8 1 U 82

v e r t i c a l l y . T h e ' g a p ' G is the region b e t w e e n I I = 1 0 and 12 = I t .

these interfaces as in Figure 5.6 , the p o i n t s j u s t to the right of each interface
are black while those to the left are e i t h e r white, or inside t b u t o u t s i d e t h e
relevant r e c t a n g l e S, vertically, if the interface runs along the t o p / b o t t o m
of Si. It follows t h a t h a n d 1 2 c a n n o t meet . Our definitions allow us to
view I, as a black p a t h itself, a l t h o u g h it is p e r h a p s clearer to t h i n k of Pi as
r u n n i n g next to h In the p r e s e n t c o n t e x t , the gap G is the region between
h and 12; we define A and B to be the regions of our s t r i p [0, m] x lR below I I
and above 12, respectively.

As before, we first test w h e t h e r WI E G e , using the a l g o r i t h m A implic
itly defined above . More precisely, we implement A by following the full
interfaces 1 - and I+ in the relevant rectangles . Note t h a t this only in
volves ' t es t i n g ' the s t a t e of grey faces f t h a t meet one of these interfaces,
where f m e e t s I if I passes t h r o u g h f , or along one of the sides of f . It
is easy to check t h a t all of 1 - lies below 1 0 = h , and all of 1+ above 12.
Let Z ( I i ) d e n o t e the union of Ii and all grey faces t h a t meet h which we
t h i n k of as the z o n e o f i n f l u e n c e of Ii, Then when G e holds , ' the a l g o r i t h m
A e s t a b l i s h e s this by looking only at grey faces in A U B U Z ( h ) U Z(12)'
Defining W = f fin ( W I , W 2 , X) as before, it follows t h a t any grey face con-
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t a i n e d in G \ ( Z ( h ) u Z(I2)) has its s t a t e in W given by its s t a t e in wlj, the
configuration W2 t r a n s l a t e d t h r o u g h the r a n d o m vector X .

As before, we c o n d i t i o n on WI , assuming t h a t G e holds, which it does
with p r o b a b i l i t y b o u n d e d away from zero . F u r t h e r m o r e , we c o n d i t i o n on
W2, assuming the existence of a p a t h P with the p r o p e r t y described in
the definition of Ev(R ' , m, n, 0 : , 'T/). Again, the p r o b a b i l i t y of this event is
b o u n d e d away from zero, this time by a s s u m p t i o n . As before, the only
r e m a i n i n g r a n d o m n e s s is in the choice of the r a n d o m t r a n s l a t i o n X.

Recalling t h a t we may take m and n large, a p a r t from one very minor
technical issue t h a t we p o s t p o n e to the end of the proof, t r i v i a l modifications
to our previous a r g u m e n t s show t h a t with p r o b a b i l i t y b o u n d e d away from
zero, the r a n d o m t r a n s l a t e P + X of P crosses from A to B , while remaining
within the s t r i p T . In fact , a d j u s t i n g the c o n s t a n t s slightly if necessary, we
can assume t h a t it does not come within d i s t a n c e do of the edges of T.

Let E c n 2 x . L m , n denote the set of t r i p l e s ( W I , W2, f ) such t h a t WI E G e ,

and W2 c o n t a i n s a p a t h P as above whose t r a n s l a t e P + f meets the interfaces
h a n d h in WI· We have shown t h a t JID( E ) is b o u n d e d away from zero .
U n f o r t u n a t e l y , unlike in the 7i} s e t t i n g , it is not t r u e t h a t if (WI, W2, f ) E E,
t h e n ! A ( W I , W 2 , f ) E J; the problem is i l l u s t r a t e d in Figure 5 .7.

,
p i , ,

F i g . 5 . 7 . A h e x a g o n a l grey face 9 s u r r o u n d e d by black and white faces of'H.. In t h e
r a n d o m colouring a s s o c i a t e d to WI , t h e i n t e r n a l colouring of 9 is i n d i c a t e d by the l i g h t e r

s h a d i n g . In this case Ir touches g . The d a s h e d line shows a black p a t h p i in the
c o n f i g u r a t i o n w i ; since the s t a t e of 9 is read from WI (even t h o u g h 9 is in the ' g a p ' ) , in

the combined c o n f i g u r a t i o n w , the p a t h p i fails to join up with Ir.

To overcome this problem, we a d j u s t the colourings of at most two faces.
Let ( W I , W2, f ) E E, and let P ' denote a minimal p a r t of the p a t h P + f
joining h to 12. T h e n P ' necessarily lies in the gap G. Let P " denote a
minimal s u b p a t h of P' joining Z ( h ) to Z(I2), and let VI and V2 d e n o t e its
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e n d p o i n t s (which may coincide , if Z ( I t ) and Z ( h ) meet) ; see F i g u r e 5 .8.
Note t h a t any i n t e r i o r point of P" lies in G \ ( Z ( I t ) U Z ( h ) ) , so its colour
in w = fA, ( W I , W2 , £) is its colour in w~ ; since P" C P + £, such p o i n t s are
t h e r e f o r e black.

p l l
---

,,,
G

--,
"

Fig . 5.8. The p a t h P + e (dashed line) crossing the gap G , from below h to a b ove h
The s u b p a t h p ' of P + t, here from u to V2 , is minim al subj ect to crossing G , and so lies
within G . In t u r n , p I I

, from V I to V2 , is minimal s u b j e c t to joining Z ( h ) to Z ( h ) . In
this example , V 2 is on Ia, while V I is i n a grey face h (th e hexagon in the figure)

touching I I ; th e two white subfac es inside h will be r ecolour ed black.

Now each Vi is e i t h e r on h or belongs to a grey face Ii which meets h
Suppose the l a t t e r case holds for i = 1 , 2 . To handle the r e m a i n i n g cases
we simply r ecolour at most one face in the following a r g u m e n t , r a t h e r t h a n
two. Recalling t h a t P + £. does not pass within d i s t a n c e do of the edges of T ,
note t h a t each Ii lies e n t i r e l y with the s t r i p T. Let w~ be the c o n f i g u r a t i o n
o b t a i n e d from WI by recolouring all p o i n t s of ( h U h ) n G bl ack. As we
shall show in a moment , t h i s is a legal configuration. Assuming this for
the moment, if we r e s t r i c t our a t t e n t i o n overall to a finite region of the
plane, as we may, the r a t i o IP(wD/IP(wd of the p r o b a b i l i t i e s of t h e i n d i v i d u a l
c o n f i g u r a t i o n s is b o u n d e d below by P6, where Po > 0 is the minimum
p r o b a b i l i t y of any possible s t a t e of a grey face.

The key p o i n t is t h a t recolouring a set of p o i n t s w i t h i n t h e gap G black
does not change the interfaces I t and h; these interfaces are d e t e r m i n e d
by the full interfaces J± shown in Figure 5.6, which are defined ' l o c a l l y ' ,
and the sid e of J i on which t h e gap lies is a l r e a d y 'locally black'. T h u s t h e
a l g o r i t h m fir,. examines the s t a t e s of the same set of faces if run on w~ or
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on w i . Recalling t h a t the s t a t e s of h a n d h in w a r e those in W i , it follows
t h a t in the c o n f i g u r a t i o n w' = f A (w~ , W2, £) there is a black p a t h joining I t
to h, given by the union of P" and two s h o r t p a t h s from Vi to I i w i t h i n
Ii n G. Hence w' E J.

Let 9 : E - - - t n 2 x Lm ,n d e n o t e the map ( W i , W2, £) f---+ (w~, W2, £) , and
let E' = g(E). We have shown t h a t E' c n'u» Recalling t h a t f A is
measure preserving, it follows t h a t lP( J) 2: lP( E'). Since our recolouring
does not change the interfaces I t and h, given some (O, W2, £) E E' known
to be the image of some unknown ( W i , W2 , £) under g, we can read off the
interfaces I t and h (defined in W i ) by looking at 0 . We also know the p a t h
P from W2 . This allows us to d e t e r m i n e P' and P" as defined above , and
hence h a n d h . In o t h e r words, we know which two (or at most two) faces
were recoloured, t h o u g h not how. I t follows t h a t g - i ({ (O, W2, £)} ) consists
of a b o u n d e d h u m b e r of configurations, each of whose p r o b a b i l i t i e s is at
most P 0 2 times t h a t of (w, W2, e). Hence there is a c o n s t a n t C such t h a t
l P ( g - i ( E ' ) ) ~ ClP(E') . Since g - i ( E ' ) = g - i ( g ( E ) ) ~ E, it follows t h a t
lP(E') 2: lP(E)jC. Since E is known to have p r o b a b i l i t y b o u n d e d away from
zero, the result follows.

I t remains to e s t a b l i s h t h a t the recolouring is permissible , i .e., to show
t h a t if we recolour within a grey face 9 ( e i t h e r h or h above), the new
colouring has positive p r o b a b i l i t y ; this is where we use the a s s u m p t i o n t h a t C
is malleable (a c o n d i t i o n of T h e o r e m 5 .12). Now G is b o u n d e d by interfaces
r u n n i n g between black and white regions, as well as the sides of the s t r i p T;
the l a t t e r do not meet g. I t follows t h a t 9 n G is the union of one or more
colour - c o m p o n e n t s (maximal c o n n e c t e d m o n o c h r o m a t i c subsets) of g. Our
recolouring thus recolours one or more white c o m p o n e n t s within 9 to black ;
the definition of m a l l e a b i l i t y ensures t h a t the r e s u l t i n g colouring has positive
probability.

Finally, let us comment on the technical issue we overlooked, which is
t h a t since the e n d p o i n t s of P may not differ by a l a t t i c e element, we c a n n o t
e x a c t l y join up t r a n s l a t e s of P t h o u g h l a t t i c e elements to form P*. One way
to h a n d l e this is to find a s h o r t (length 0 ( 1 ) ) black p a t h P' in W2 j o i n i n g
a p p r o p r i a t e p o i n t s within a f u n d a m e n t a l domain of L, and form P* by
chaining t o g e t h e r a l t e r n a t e copies of P and P', as described in R e m a r k 5.7
at the end of Subsection 5.1. A l t e r n a t i v e l y , simply leave small (length at
most do = 0 ( 1 ) ) gaps between the t r a n s l a t e s of P making up P*: when
colouring Ro, assign colour 0 to any point V such t h a t in the copy of P*
s t a r t i n g at v, one or more of these small gaps meets G. It remains the case
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t h a t few p o i n t s receive colour 0: the set of such points is c o n t a i n e d in th e
union of 1 = 0(1) t r a n s l a t e s of the do-neighbourhood Gdo of G. Since G is
made up of faces whose size is b o u n d e d below , the ar ea of Gdo is a t most
a c o n s t a n t times t h a t of G , so t h e a r e a receiving colour 0 is still O( cn 2

) ;

choosing e small enough , the rest of the a r g u m e n t is un chang ed . •

5.3. A s t r o n g e r r e c t a n g l e - c r o s s i n g l e m m a

A l t h o u g h technically we can do w i t h o u t it, we now p r e s e n t a more conve
nient version of Theorem 5.12 giving the same conclusion u n d e r a weaker
a s s u m p t i o n . F i r s t we need a simple geometric lemma .

By t h e displacement of a p a t h P we mean the E u c l i d e a n d i s t a n c e from
its s t a r t to its e n d p o i n t . By the direction of P we mean t h e d i r e c t i o n from its
s t a r t to its e n d p o i n t , considered as an angle modulo 1r. The angle between
two p a t h s is simply the (unsigned) angle between their d i r e c t i o n s , t a k e n as
a real n u m b e r between 0 and 1r / 2 .

L e m m a 5 . 1 7 . Given 8 > 0 there e x i s t s a c o n s t a n t C = C(8) such t h a t
w h e n e v e r PI and P2 are two p a t h s in [0,1/10]2 with d i s p l a c e m e n t at least
8 such t h a t t h e angle between H a n d P 2 is a t least 8 , t h e n we can chain
t o g e t h e r a t m o s t C p a t h s each of which is a t r a n s l a t e of PI or P2 to form a
p a t h P* t h a t lies w i t h i n [0.1 ,0.9] x [ - 0 . 5 ,1.5], s t a r t s b elow y = - 0 . 1 , and
ends above y = 1.1.

P r o o f . Let V i be the vector from the s t a r t of P i to its end, and let E be
the l a t t i c e {avi + bV2 : a , b E Z}. Let D be the f u n d a m e n t a l domain of E
whose corners are the origin, V I , V2 and V I + V2. Note t h a t the a r e a of D is
b o u n d e d below by a c o n s t a n t d e p e n d i n g on 8.

The idea is simply to a p p r o x i m a t e t h e line-segment L j o i n i n g t h e p o i n t s
(0.5, - 0 . 3 ) and ( 0 . 5 , 1 . 3 ) by a p a t h Q in the g r a p h a s s o c i a t e d to E where two
l a t t i c e p o i n t s are neighbours if they differ by ± V i for some ij t h e n replace
each edge by an a p p r o p r i a t e t r a n s l a t e of Pi. We can find such a p a t h Q so
t h a t every point of Q is in the same domain D + a V I + b v 2 as some point
of L , and Q s t a r t s and ends in the same domains as the s t a r t and end of L ;
to see t h i s , simply apply an affine t r a n s f o r m a t i o n m a p p i n g E to the usual
square grid, and a p p r o x i m a t e the image of L by an a p p r o p r i a t e p a t h .

Since any two p o i n t s of D have z - c o o r d i n a t e s t h a t differ by a t most 2 / 1 0
and y - c o o r d i n a t e s t h a t differ by at most 2 / 1 0 , the p a t h P* o b t a i n e d from
Q has the required p r o p e r t i e s . •
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T h e o r e m 5 . 1 8 . Let C be a malleable i n d e p e n d e n t l a t t i c e colouring, and
let <5 , CI and C2 be p o s i t i v e c o n s t a n t s . Then there e x i s t s a constant c > a
such t h a t the following holds. Suppose t h a t R is a large rectangle with
width m, height n and any orientation, and R' is a large rectangle with the
same orientation, width milO , and height n / 1 0 . L e t E be the event t h a t
R' contains two black p a t h s such t h a t their images under the afline trans
formation m a p p i n g R' to [0 ,1 /10]2 s a t i s f y the conditions o f L e m m a 5.17 . I f
JID(Hb(R)) ~ C I , JID(Vb(R)) ~ CI , and JID(E) ~ C2, then JID(Vb(R")) ~ C for
any rectangle R" with the same orientation as R, width m and height Wan.

P r o o f . The proof is the same as t h a t of T h e o r e m 5 .12, except t h a t we
c o n s t r u c t the ' v i r t u a l ' p a t h P* as the union of t r a n s l a t e s of our black
p a t h s PI and P2 in W2 given by Lemma 5 .17. As before, since we can
only t r a n s l a t e by elements of the l a t t i c e E of s y m m e t r i e s of C, we may need
a d d i t i o n a l short p a t h s to join up these t r a n s l a t e s . Each of these a d d i t i o n a l
p a t h s lies within a f u n d a m e n t a l domain of L , and we may take them to be
t r a n s l a t e s of a p p r o p r i a t e s h o r t black p a t h s P 3 , . . . in W2. ( W i t h e x t r e m e l y
high probability, such p a t h s will exist ; we only need one of the many domains
to have the p r o p e r t y t h a t every grey face meeting it is coloured black.)

Arguing as before, a f t e r c o n d i t i o n i n g on WI and W2, we find t h a t with
p r o b a b i l i t y b o u n d e d away from zero our r a n d o m t r a n s l a t e of one of the Pi
joins I t to h , and the rest of the p r o o f is as before. •

The precise c o n s t a n t s a p p e a r i n g in Lemma 5.17 are not i m p o r t a n t ; the
key point is t h a t we can chain t o g e t h e r t r a n s l a t e s of our p a t h s Pi to give
a p a t h P* with the p r o p e r t i e s discussed in R e m a r k 5 .7. After a p p r o p r i a t e
rescaling, these p r o p e r t i e s are t h a t P* crosses a s q u a r e from b o t t o m to top ,
with some ' e l b ow room' , i .e., s t a r t i n g well below the b o t t o m and ending
well above the top, w i t h o u t coming too close to the vertical sides.

6. S E L F - D U A L I T Y A N D R E C T A N G L E C R O S S I N G S

Our aim in this section is to show t h a t if C is a malleable i n d e p e n d e n t l a t t i c e
colouring a s s o c i a t e d to a self-dual plane h y p e r l a t t i c e 'H , t h e n an analogue
of T h e o r e m 5.3 holds for C. I t t u r n s out t h a t , due to the lack of symmetry,
we c a n n o t sp ecify in advance the o r i e n t a t i o n of the rectangles we work with.
In fact , we c a n n o t even fix t h e i r a s p e c t ratio.
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R e call t h a t h o(m , n ) a n d vo(m , n ) d e n o t e P ( H b(R)) a n d P(Vb(R)) ,
w h e re R is an m - b y - n O- ali gn ed r e c t a n g l e c e n t r ed on t he o r i g i n .

D e f i n i t i o n 6 . 1 . Le t P > 1. We s ay t h a t a la t ti ce co lo ur in g C h as t he
' la r ge r e c t a n gl es ' p r o p er t y L R p if t he re ex is ts a co n s t a n t c > 0 s uc h t h a t for
a ll L a n d for a ll l a r g e eno ug h A ( d e p e n d i n g on L ) t here a re m , n 2: L wi t h
m n = A a n d an an gle 0 s uc h t h a t ho(pm , n ) 2: c a n d vo(m, pn ) 2: c .

In sy m b o ls, t h i s lar ge r e ct angle s p r o p e r t y wit h p a r a m e t e r p m a y b e
st a t e d as follows:

:3 c > 0 \:j L :3A o \:j A 2: A o :3 m , n , 0 :

m, n 2: L , m n = A, ho(pm, n) 2: c a n d vo( m , pn) 2: c .

R o u g h l y s p e a k i n g , t h e id e a is t h a t we can find a re ct angl e R so t h a t wh en
we e x t e n d it by a fa ct or o f p h o r i z o n t a l l y or v e r t i call y, t h e p r o b a b i l i t y of a
b l a ck h o r i z o n t a l or v e r t i cal c ross i n g, r e s p e c t i v ely, is no t t o o s m a ll. We c a n
t a ke thi s r e c t a n gl e t o h a ve a ny given l a r g e a re a , a n d ca n ass u m e t h a t b o t h
s id es ar e a t leas t a ny gi v en l e n g t h . However , t he ori e n t a t i o n a n d asp e ct
r a t i o c a n n o t be spe cified in ad van ce .

R e call t h a t C is non-d egen er a t e if , w i t h i n eac h g rey fa ce , t he a l l - b l a ck
a n d a ll- w h it e c o l o u r i n g s h av e po s i t i ve p r o b a b i l i t y. U n d e r t h is as s u m p t i o n ,
o ne c an a d a p t t h e u su a l a rg u me n t from H a r r i s 's L e m m a to s h ow t h a t for
a ny PI , P2 > 1 , t he p r o p e r t y L R p l i m p l i e s L R p2 ; t he a r g u me n t is as for
L e m m a 5 . 14 . In t he ligh t o f t h is, t he followin g d efini ti on m ak es s en se .

D e f i n i t i o n 6 . 2 . A n o n - d e g en e r a t e i n d e p e n d e n t l a t ti ce co lo u ri n g C h as t h e
large rectangles proper ty if it h as t h e p r o p e r t y L R p for som e p > 1 , a n d
h enc e for all p > 1 .

Re call t h a t C is mall eable if it is n o n - d e g en er a t e a n d s a t i s f i e s c e r t a i n
t e c h n i c al e x t r a c o n d i t i o n s ; for t h e full d e f i n i t i o n see S u b s e c t i o n 5.2 . O u r
aim in t h i s s e c t i o n is to prov e t h e following re s u l t ; as we s h a l l s ee i n th e
n ex t s e c t i o n , it is t h en easy to d educ e T h e o r em s 2.1 a n d 2.2.

T h e o r e m 6 . 3 . L e t C be a malleabl e indep end en t la t ti ce colo uri n g realizin g
a n ( ap p rox i m a t ely) s e l f -dual h y p e r l a t t i c e p ercolati on m o d e l 1 t (p ) . Th en C
h as t he large re ct angl es prop er ty .

T h e p r o o f of T h e or em 6.3 w ill r e q u i r e a li t t l e pr ep ar a t i o n . F i r s t , le t us
r es t a te t he p r o p er t y s lig ht ly. Gi ven a n e lli pse E w i t h cen t r e xo , le t 2E / 3
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denote t h e ellipse { xo + 2(x - xo)/3 : x E E } o b t a i n e d by s h r i n k i n g E by
a factor of 3/2, keeping the centre the same. Let EO denote the ' a n n u lu s '
between E and 2 E / 3 , and let Ob(E) denote the event t h a t there is a closed
black p a t h in EO s u r r o u n d i n g the c e n t r a l hole.

D e f i n i t i o n 6 . 4 . A l a t t i c e colouring C has the large ellipses property if t h e r e
exists a c o n s t a n t c > 0 such t h a t for all L and for all large enough A
( d e p e n d i n g on L) there is an ellipse E c e n t r e d on the origin with a r e a A
and with b o t h axes having length at least L such t h a t lP( Ob(E)) ~ c .

It is easy to see t h a t the large rectangles p r o p e r t y and the large ellipses
p r o p e r t y are equivalent .

L e m m a 6 . 5 . A non-degenerate i n d e p e n d e n t l a t t i c e colouring C has the
large rectangles p r o p e r t y i f and only i f it has the large ellipses property.

(a) (b)

Fig . 6.1. ( a) R e c t a n g l e s in an a n n u l u s , and (b) circles crossing two re c t a n g l e s .

P r o o f . Suppose first t h a t C has the large rectangles p r o p e r t y ; in p a r t i c u l a r ,
it has the p r o p e r t y LR20.

Consider the a r r a n g e m e n t of overlapping r e c t a n g l e s shown in Figure
6.1(a) . Taking the s h o r t e r side of each r e c t a n g l e to have length 1, the
a r r a n g e m e n t is such t h a t t h e longer side of each r e c t a n g l e has length at
most 20. Also, if each r e c t a n g l e has a black crossing in t h e long d i r e c t i o n ,
t h e n Ob( C) holds , where C is the o u t e r circle . Let a denote the a r e a of C,
so a is a n a b s o l u t e c o n s t a n t .
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We must show the existence of an ellipse E with (large enough) a r e a A
and b o t h axes at least L such t h a t JP> ( Ob ( E ) ) ~ C l , for some c o n s t a n t c i .

Let do = do(C) be t h e c o n s t a n t in Lemma 4.2. The large r e c t a n g l e s p r o p e r t y
LR20 gives us a 8 and m , n ~ max {L , 100do} with m n = A / a such t h a t
h o(20m, n) ~ C and v o(m, 20n) ~ c , for some c o n s t a n t C t h a t is i n d e p e n d e n t
of A. Consider the image of F i g u r e 6.1(a) under a linear t r a n s f o r m a t i o n
m a p p i n g each 1-by-1 s q u a r e to a 8-aligned m-by -n rectangle. Note t h a t
the r e s u l t i n g ellipse E (the image of C) has b o t h axes at least L and has
a r e a A. Using Corollary 4.10 to allow for t r a n s l a t i o n , each image rectangle
has a black crossing in the relevant d i r e c t i o n with p r o b a b i l i t y at least some
c o n s t a n t c' = 'l/J(c) > O. Using Lemma 3.2 (in the form (14)), it follows t h a t
JP>( O b ( E ) ) is b o u n d e d away from zero.

For the reverse implication, we assume the large ellipses p r o p e r t y and
deduce the p r o p e r t y LR2. As shown in Figure 6.1(b), one can a r r a n g e 9
circles C, o f r a d i u s 0.9 to ' cr oss ' a 2-by-1 r e c t a n g l e Rl and a 1-by-2 r e c t a n g l e
R2 in such a way t h a t if Ob(C i ) holds for each i , t h e n Hb(RI) and Vb(R 2 )

hold . Moreover, this remains t r u e if each circle is t r a n s l a t e d by a small
d i s t a n c e ( a t most 0.01, say). Given an ellipse E with b o t h axes at least
max {I DOdo , L } such t h a t JP> ( o, (E)) ~ c, one can r o t a t e the a r r a n g e m e n t
in Figure 6.1(b) and then scale it along t h e directions of the axes of E so
t h a t each circle is m a p p e d to a t r a n s l a t e E, of E , and Rl and R2 are m a p p e d
to 8-aligned 2m-by-n and m-by-2n r e c t a n g l e s R~ and m, for some 8, m and
n. Note t h a t m , n ~ L , and m n is an a b s o l u t e c o n s t a n t times the a r e a of E.

Moving each E, by a d i s t a n c e of at most do (which c o r r e s p o n d s to
t r a n s l a t i n g C, t h r o u g h a d i s t a n c e of at most 0.01) , we may assume t h a t
E; = E + f i for some f i E L. T h e n JP>( O b ( E i ) ) = JP>( O b ( E ) ) ~ c, and if
all 9 upsets O b ( E d hold, then Hb(R~) and Vb(R~) hold . Using Lemma 3.2
thus gives a c o n s t a n t lower b o u n d on ho(2m, n) and vo(m, 2n), e s t a b l i s h i n g
the p r o p e r t y LR2. •

Most of the time, we work with the large r e c t a n g l e s p r o p e r t y ; the large
ellipses p r o p e r t y will be convenient to use in Section 8. T h e equivalence is
also useful in t h a t it leads to a quick proof t h a t the large rectangles p r o p e r t y
is affine-invariant.

L e m m a 6 . 6 . L e t T be an i n v e r t i b l e linear m a p from]R2 to]R2 a n d let C be a
n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring. I f C has the large rectangles
p r o p e r t y , then so does T ( C).
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P r o o f . T h e r e is a c o n s t a n t a = a(T) > 0 such t h a t if E is an ellipse b o t h
of whose axes have length at least L t h e n T ( E ) is an ellipse b o t h of whose
axes have length at least aL. (For example, note t h a t E contains a circle of
radius L, and the image of t h i s circle c o n t a i n s a circle of radius aL for some
a > 0.) Hence the large ellipses p r o p e r t y is i n v a r i a n t under T. Applying
Lemma 6 .5 twice , we see t h a t the large rectangles p r o p e r t y is too. •

Our next lemma shows t h a t a f t e r a linear t r a n s f o r m a t i o n , a self-dual
h y p e r l a t t i c e p e r c o l a t i o n model must be related to its dual by one of a small
n u m b e r of linear t r a n s f o r m a t i o n s . We consider b o t h the self-dual case (for
T h e o r e m 2.1) and the a p p r o x i m a t e l y self-dual case (for T h e o r e m 2.2) .

L e m m a 6 . 7 . L e t 7 i ( p ) be an ( a p p r o x i m a t e l y ) self-dual h y p e r l a t t i c e p e r c o 
lation model. Then there is a m a p 8 : ]R2 ---. ]R2 giving an isomorphism
between 7 i ( p ) and a h y p e r l a t t i c e model equivalent to H" (p*) such t h a t 8
can be written in the form 8 ( x ) = T(x)+~(x) , where T is linear and I ~(x)1
is bounded . Furthermore , after a linear change of coordinates (if necessary),
we may assume t h a t T is either reflection in some line, or rotation through
one of the angles 0, t t / 2 , or n .

P r o o f . Suppose first t h a t 7 i ( p ) is self-dual. By the definition of self-duality
for h y p e r l a t t i c e s , t h e r e is a homeomorphism S from ]R2 to ]R2 m a p p i n g 1-{

to its dual , and preserving the l a t t i c e s t r u c t u r e . More precisely, t h e r e is a
linear map T with T(.c) = E such t h a t S ( x + €) = S ( x ) + T(€) whenever
€ E L. Since Do = 8 - T is c o n t i n u o u s and doubly periodic , it is b o u n d e d ,
giving the first s t a t e m e n t .

Since T(.c) = L, the map T preserves area, so T E GL2(]R2) with
d e t ( T ) = ± l . From s t a n d a r d r e s u l t s , T is c o n j u g a t e in GL2(]R2) to a map T '
t h a t is e i t h e r a r o t a t i o n , a sh ear with m a t r i x (6 ~ ), or a s t r e t c h with m a t r i x

( ~ ± f / >. ) . Changing c o o r d i n a t e s (or applying a linear t r a n s f o r m a t i o n to 'H

and its dual s i m u l t a n e o u s l y ) , we may assume t h a t T = T' .

Now 8 2 maps 1-{ into itself , and 8 2 ( x ) = T 2 ( x ) + ~2(X) where ~2 is
b o u n d e d . If T is a shear with A i= 0 or a s t r e t c h with IAI i= 1 , t h e n r e p e a t e d
a p p l i c a t i o n of 8 2 shows the existence of a r b i t r a r i l y long edges in H, giving
a c o n t r a d i c t i o n . Thus T is e i t h e r a r o t a t i o n or a reflection . In the former
case, the fact t h a t T maps E into itself g u a r a n t e e s t h a t the angle of r o t a t i o n
e is a m u l t i p l e of e i t h e r 1f / 3 or n / 2 . Replacing 8 by t h e isomorphism 8 3

from 7 i ( p ) to its dual allows us to reduce the cases e = kt: / 3 , k E i l , to the
cases e = 0 or e = 1f , and the case e = 31f / 2 to the case e = t t / 2 .
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The a r g u m e n t for the a p p r o x i m a t e l y self-dual case is similar, except t h a t
from t h e definition of a p p r o x i m a t e self-duality we may simply assume t h a t
T is a r o t a t i o n or a reflection. •

For t h e rest of the section, in the light of Lemma 6.6, we assume as we
may t h a t 1 t ( p ) and its dual are r e l a t e d as described in Lemma 6.7 . In the
case where the map T is a reflection, we take it to be reflection in the x-axis,
and call this the reflection case. The r e m a i n i n g cases are rotation cases; we
write B* for the angle o f r o t a t i o n passing from H to 1t*, so B* E {a, 7f / 2 , 7f}.

Let C* be the negative of the colouring C, defined simply by i n t e r c h a n g i n g
black and white ( b o t h in H, and in the colours of the sub faces of the grey
faces of 1t). Even in the self-dual case, a l t h o u g h C realizes 1 t ( p ) , which is
self-dual via the map S : ]R2 - + ]R2, we c a n n o t assume t h a t C is self-dual in
the n a t u r a l sense. For example, in the dual colouring to t h a t shown in the
centre of Figure 4.1, there are two black sub faces within the hexagon. This
p a t t e r n may not occur in C. However, w r i t i n g do for the c o n s t a n t given by
Lemma 4.2, since C realizes 1 t ( p ) , t h e r e is a n a t u r a l coupling of C and 1 t ( p )
such t h a t any black p a t h P in C is within Hausdorff d i s t a n c e do of an open
p a t h in 1 t ( p ) , and vice versa. Applying this o b s e r v a t i o n also to C* , which
realizes 1t*(p*) = S ( 1 t ( p ) ) , it follows t h a t we can couple C and C* so t h a t
for any black p a t h P in C t h e r e is a black p a t h in C* within d i s t a n c e 0 ( 1 )
of S(P), and vice versa. Recalling t h a t black in C* simply means white in C,
and using Lemma 6.7, this has the following consequence. Here , ip is the
' p r o b a b i l i t y scaling f u n c t i o n ' defined before Lemma 4 .8.

L e m m a 6 . 8 . Let C be a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring real
izing an ( a p p r o x i m a t e l y ) self-dual h y p e r l a t t i c e percolation m o d e l 1 t ( p ) , and
let T be the linear map given by L e m m a 6 .7. Then there are c o n s t a n t s L
and C such t h a t , for any angle B a n d any B-aligned m - b y - n rectangle R with
m , n ~ L, we have

P r o o f . We write out only the self-dual case ; since we in any case allow some
'elbow room ' when passing from 1 t ( p ) to its dual, t h e r e are no a d d i t i o n a l
difficulties in the a p p r o x i m a t e l y self-dual case.

Let L = 100do + l a D , where D = sup {I S(x) - T ( x ) I } , which is finite
by Lemma 6.7 . Couple C and C 1 = C* as above . Let C 2 be the colouring
o b t a i n e d from C 1 by i n t e r c h a n g i n g white and black, so C 2 has the same
d i s t r i b u t i o n as C.
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Let R be a r e c t a n g l e as described, and let R+ be o b t a i n e d by moving
the vertical sides of R o u t w a r d s by a d i s t a n c e D and the horizontal sides
inwards by the same distance. Suppose R+ has a black h o r i z o n t a l crossing
in C. T h e n from the r e m a r k s before the lemma, t h e r e is a black p a t h in C 1
close to S(P) and hence to T(P) , and thus a white p a t h in C z close to T(P) .
But any such p a t h crosses T(R). Hence

W r i t i n g lP for lPc as usual , and using Lemma 4.8, this gives

The reverse i n e q u a l i t y is proved similarly . _

In w h a t follows we assume t h r o u g h o u t t h a t our ' l a r g e ' length L is at
least 100do , and is such t h a t Lemma 6.8 applies . Note t h a t rectangles with
dimensions at least L are 'large ' in the terminology of the previous sections.

L e m m a 6 . 9 . L e t C be a n o n - d e g e n e r a t e i n d e p e n d e n t l a t t i c e colouring re
alizing an ( a p p r o x i m a t e l y ) self-dual h y p e r l a t t i c e percolation model 'H(p) .
For any L there are c o n s t a n t s A o = A o (C, L) a n d G = G (C, L) such t h a t
for any A 2:: A o , and any 0 in the r o t a t i o n case or 0 = 0 in the reflec
tion case, we may find m, n 2:: L with mn = A such t h a t ip ( ho (m , n)) ,
cp(vo(m,n)) E [ - G ,G] .

In o t h e r words, b o t h the h o r i z o n t a l and vertical crossing p r o b a b i l i t i e s
for some rect angle of the given a r e a and o r i e n t a t i o n are b o u n d e d away from
o and 1.

P r o o f . Let us write he(m , n) and ve(m, n) for t h e p r o b a b i l i t i e s t h a t an m
by-n O-aligned r e c t a n g l e has a white h o r i z o n t a l crossing or a white v e r t i c a l
crossing , respectively.

Consider first the r o t a t i o n case with 0* = 7r /2. In this case we simply set
A o = L 2 , and choose m = n = VA. Let R be the m-by-m O-aligned s q u a r e
c e n t r e d on the origin . Note t h a t T(R) is the same rectangle R , b u t viewed
as (0 + 7r/2)-aligned , so ve(m,m) = r ( H w ( T ( R ) ) ) . Hence Lemma 6.8

gives cp(ho(m,m)) - cp(vo(m , m ) ) = 0(1). But by Lemm a 4.4, we have
ho(m, m) + vo(m, m) = 1, so cp( ve(m, m)) = -cp( ho(m , m)) . I t follows
t h a t cp( ho(m, m)) = 0(1) . Similarly , cp( vo(m , m)) = 0(1).

For the r e m a i n i n g cases, for A large enough, Lemma 4 .12 gives us
m , n 2:: L with mn = A and cp(ho(m,n)) E [ - 4 , 4 ] . This tim e (noting t h a t
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() = 0 in the reflection case) , the map T maps our ()-aligned m-by-n r e c t a n g l e
into itself , and Lemma 6 .8 gives cp ( ho( m , n ) ) - cp(he(m , n ) ) = 0 ( 1 ) . Hence
cp (v o( m, n ) ) = - cp(he(m , n ) ) = cp ( ho(m, n ) ) + 0 ( 1 ) = 0 ( 1 ) . •

We are now ready to prove T h e o r e m 6.3 .

P r o o f o f T h e o r e m 6 . 3 . We assume as we may t h a t L ~ 100do . T h r o u g h 
out we fix an a r b i t r a r y A ~ 10 6 Ao(C, L) , where Ao(C, L) is t h e c o n s t a n t in
Lemma 6.9. All c o n s t a n t s C or Ci below will depend only on C, not on A
or L. We shall show t h a t for some () , a and b with ab = lOA we have

(17) h o(10a , b), vo(a, lOb) ~ c ,

where c > 0 does not dep end on A. This will e s t a b l i s h t h a t C has the large
r e c t a n g l e s p r o p e r t y LRlQ.

Fix an o r i e n t a t i o n () , with () = 0 in the reflection case , and () a r b i t r a r y
otherwise. Suppressing the d e p e n d e n c e on () in the n o t a t i o n , by Lemma 6.9
t h e r e are m, n ~ L with mn = A such t h a t

(18) h(m , n) , v(m , n) ~ CO ,

where CO > 0 is a c o n s t a n t d e p e n d i n g only on C.

Suppose for the moment t h a t h(100m , n) ~ Cl , where Cl is a positive
con s t a n t not d e p e n d i n g on A. Set m' = 10m and n' = n , and consider an
m'-by-n' r e c t a n g l e R and the m' / I O - b y - n ' rectangle R' inside it. Note t h a t
h(R) = h(lOm , n) ~ h(100m, n) ~ Cl. Also , since R' is m-by-n , we have
v ( R' ) ~ CO . We ma y thus apply T h e o r e m 5.12 with m and n replaced by m'
and n' , and 0: = /3 1 = 1 / 1 0 , /3 2 = 1, and TJ = 1 / 2 . Any black v e r t i c a l crossing
of R' satisfies the conditions for the event E; considered in T h e o r e m 5.12
simply because , seen with respect to the m'-by-n' grid, R' is much t a l l e r
t h a n wide. T h e o r e m 5 .12 thus gives v(m' , lOOn') ~ c , for some c o n s t a n t
C > O. But t h e n h(10m', n') = h(lOOm, n) and v(m' , IOn') ~ v(m', lOOn')
are b o t h at least min {co, c } , e s t a b l i s h i n g (17) with a = m' = 10m and
b = n' = n.

A si m ila r a r g u m e n t (using a ' r o t a t e d ' version of T h e o r e m 5.12) shows
t h a t if v( m , lOOn) ~ Cl , th en (17) holds with a = m and b = IOn. T h u s , in
w h a t follows , it suffices to show t h a t one of h(lOOm , n) and v(m, lOOn) is
not too small.

Appl ying Lemma 6.9 again we find ml , nl ~ L with ml n l = mn/400 =
A / 400 such t h a t
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Let RI be the m l - b y - n l r e c t a n g l e centred on the origin , so lP( Hb(RI)) 2: Co
and lP(Vb(Rd) 2: Co ·

Fix a small c o n s t a n t 0 > 0 ; for example , 0 = 1/1000 will do . Suppose
first t h a t n I / n 2: (1 + o ) m I / m , say. Then on the m - b y - n scale , the r e c t a n g l e
RI is significantly t a l l e r t h a n wide , and has a r e a 1/400 . After t r u n c a t i n g
RI vertically if necessary (after which we still have lP(Vb(RI)) 2: CO) , we
may apply T h e o r e m 5 .12 with R an m-by-n rectangle, with f3 I = m I / m ::;
1/20, a = f32 = min { n I / n , 1 / 3 } 2: (1 + o ) m I / m , and Tf = 0/2. A black
vertical crossing of R I once again ensures t h a t E; holds , and it follows t h a t
v ( m , lOOn) 2: C for some c o n s t a n t C > O. As noted above , we are done in
this case .

A similar a r g u m e n t applies if m I / m 2: (1 + o ) n I / n , so we may assume
t h a t (1 - 8 ) / 2 0 ::; m I / m , n I / n ::; (1 + 0)/20.

As before , let F be the fun ction given by Lemma 3 .2 applied to t h e
p r o d u c t of p a r t i a l l y o r d e r e d sets c o r r e s p o n d i n g to the random p a r t i t i o n s
induced by each edge e of H . Recalling t h a t h ( m l ' n l ) , v ( m l , n l ) 2: CO, set
C2 = F( 'l/J(CO),'l p(CO)) , where 'l/J is t h e function a p p e a r i n g in Corollary 4 .10.
For any rect angle R , let X ( R ) d e n o t e the event Hb(R) n Vb(R) t h a t R has
b o t h h o r i z o n t a l and v e r t i c a l black crossings. For any m l - b y - n l rectangle R ,
we have lP(Hb(R)) , lP(Vb(R)) 2: 'l/J(co) by Corollary 4.10, and thus

(19) l P ( X ( R ) ) 2: C2·

Set C3 = F(C2/4, C2/4) < C2/4, and C4 = F(C 3, C3/2) < C3/2 .

Let us say t h a t a r e c t a n g l e R is u s e f u l if it c o n t a i n s two black p a t h s
PI and P2 such t h a t , a f t e r scaling by dividing all x - c o o r d i n a t es by m and
all y - c o o r d i n a t e s by n , the p a t h s satisfy the a s s u m p t i o n s of Lemma 5.17 .
In o t h e r words, for each i, the vector Vi from the s t a r t of P i to t h e end
has (after rescaling) length at least 0, and the angle between VI and V2 is
at least o. We write U(R) for t h e event t h a t R is useful. I f there is any
r e c t a n g l e R with width at most m / l O and height at most n / 1 0 for which
lP( U(R)) 2: C4 then, recalling (18), T h e o r e m 5.18 gives v ( m , lOOn) 2: C for
some c > O. Hence we may assume t h a t

(20)

for any r e c t a n g l e with these dimensions. Note t h a t 1.5mI ::; m / 1 0 and
1.5nI ::; n / 1 0 , so the r e c t a n g l e R I defined earlier satisfies the size r e s t r i c t i o n
above with room to spare.
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Suppose t h a t some m l - b y - n l r e c t a n g l e R is coloured in such a way t h a t
X ( R ) \ U(R) holds. T h e n R has a black h o r i z o n t a l crossing PI and a black
vertical crossing P 2 • The angle (after scaling) between these crossings must
be very close to 0 , so it follows t h a t e i t h e r b o t h PI and P 2 cross R from near
the top left to near t h e b o t t o m right, or b o t h cross from near the b o t t o m left
to near t h e top right. Suppose the former holds. T h e n , in a d d i t i o n , every
black h o r i z o n t a l or vertical crossing stays (after the usual scaling) within
d i s t a n c e 58 of the diagonal ; otherwise , such a crossing can be s p l i t into two
p a r t s ( A B and B e in the figure) with an angle of at least 0 between t h e m ,
so U(R) holds; see Figure 6.2.

A r - - . . . . . . . . . - - - - - - - - ,

L . . . - ---"----'c

Fig. 6.2 . Various possible c o n f i g u r a t i o n s in an m l - b y - n l r e c t a n g l e R, rescaled by
dividing x - c o o r d i n a t e s by m and y - c o o r d i n a t e s by n . Note t h a t the w i d t h and height of
R are t h e n between (1 - 0)/20 and (1 + 0)/20 . T h e s t r i p s D 1 and D 2 have width 100 .

T h e second and t h i r d figures i l l u s t r a t e X1(R) and X2(R).

Let DI = D I ( R ) and D 2 = D 2(R) denote the s t r i p s of w i d t h (after
rescaling as above) 50 a b o u t the two diagonals of R. Let X i ( R ) denote
the event t h a t D i ( R ) c o n t a i n s b o t h h o r i z o n t a l and v e r t i c a l crossings of R ;
t h e n X ( R ) \ U(R) c X I ( R ) U X 2(R). Hence, for any m l - b y - n l r e c t a n g l e
R, for some i we have P ( X i ( R ) ) 2:: ( P ( X ( R ) ) - P ( U ( R ) ) ) / 2 2:: C2/4,
using (19) and (20). We say t h a t R is of type i if P ( X i ( R ) ) 2:: C2/4,
so any R is of type 1 or type 2. F u r t h e r m o r e , no R can be of b o t h
types: otherwise , using Lemma 3.2 again, we have p( U(R)) 2:: p( X l (R) n
X 2(R)) 2:: F(C2/ 4,C2/ 4) = Ca, c o n t r a d i c t i n g (20).

At t h i s p o i n t we consider two s e p a r a t e cases.

1. Reflection case. Let R I and R2 be two m l - b y - n l r e c t a n g l e s with
R2 o b t a i n e d by t r a n s l a t i n g RI vertically t h r o u g h a d i s t a n c e lOon::; n I / l O .
Recalling t h a t our o r i e n t a t i o n () is the s t a n d a r d o r i e n t a t i o n () = 0 in this
case , we may choose R I and R2 so t h a t the r e c t a n g l e R I U R2 is c e n t r e d at
the origin ; in p a r t i c u l a r , the x-axis is an axis of s y m m e t r y of RI U R2.
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Suppose first t h a t RI and R2 are of o p p o s i t e types, say with R; of
type i . T h e n JP>( U(R I U R2)) ~ JP>( X l (Rt} n X 2(R2)) ~ F(C2/4, C2/4) = C3,
c o n t r a d i c t i n g (20) . I t follows t h a t RI and R2 must be of the same type, say
type 1.

Let E be the event X I ( R t } n X I ( R 2) \ U ( R I U R 2) , so

by (20) . I f E holds, t h e n RI c o n t a i n s a black h o r i z o n t a l crossing PI in the
s t r i p D I = D I ( R t } , and R2 c o n t a i n s a black h o r i z o n t a l crossing P 2 in t h e
s t r i p D~ = D I (R2)' I t is easy to check t h a t if PI and P 2 are joined by
a black p a t h in R I U R2, t h e n U ( R I U R2) holds. (For example , since we
also have vertical crossings of R I and R2, we o b t a i n a vertical crossing of
RI U R2, whose d i r e c t i o n is necessarily more t h a n an angle ~ away from t h a t
of PI or P 2 . ) Hence , whenever E holds, so does the event F , t h a t D I U D~

c o n t a i n s a white h o r i z o n t a l crossing of RI U R2. Thus, JP>(F) ~ C3/2 .

We now apply self-duality as in the proof of Lemma 6.8 , recalling t h a t
now T is reflection in the z-axis, an axis of s y m m e t r y of RI U R2 . Let F be
the image of F under t h e s y m m e t r y t r a n s f o r m a t i o n . T h e n JP>( F) = JP>( F) .
Also, if P holds t h e n t h e r e is a black p a t h in RI U R2 t h a t almost crosses
R I U R 2 horizontally , and lies within or close to the mirror image of D I U D~ .
Since F is an upset , by Lemma 3 .2 we have JP>(XI(R I) n X2(R2) n F) ~

F(C3' C3/2) = C4 . But whenever this event holds , RI U R2 is clearly useful:
the relevant crossings must in fact meet , b u t we do not even need this ,
simply the o b s e r v a t i o n t h a t RI U R2 th en c o n t a i n s two longish black p a t h s
t h a t , after the usual rescaling, are at almost 90 degrees to each other. T h u s
JP>( U ( R I U R2)) ~ C4 , c o n t r a d i c t i n g (20) . This c o n t r a d i c t i o n completes t h e
proof in the reflection case.

2. Rotation case . In this case, Lemma 6.9 applies regardless of the
orientation O. The idea is to observe t h a t the a r g u m e n t above shows t h a t
for each 0, the O-aligned m l - b y - n l rectangle RI c e n t r e d on the origin is
e i t h e r of type 1 or of type 2. As we r o t a t e , we can assume (as we will
s h o r t l y show) t h a t R I varies continuously . Thus it should not j u m p from
type 1 to type 2. But a f t e r r o t a t i n g by 90 degrees, we r e t u r n to the same
r e c t a n g l e viewed with a different o r i e n t a t i o n . Changing o r i e n t a t i o n in t h i s
way i n t e r c h a n g e s types 1 and 2.

To make t h i s precise, first note t h a t the a r g u m e n t above e s t a b l i s h e s the
following. Let C be the c o n s t a n t in Lemma 6 .9, let 0 be any o r i e n t a t i o n ,
and let m l and n l satisfy m I n I = A / 4 0 0 and m l , nl ~ L. If R is the
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O-aligned m l - b y - n l rectangle centred on the origin, and <p(ho(ml,nl)) '
<p( vo(ml' nI)) E [ - C - 8, C + 8] , t h e n R is either of t y p e 1 or of type 2
(and not b o t h , a l t h o u g h we shall not use this). To see this, simply use
the rectangle R under c o n s i d e r a t i o n as RI in the a r g u m e n t above: so far we
selected an a r b i t r a r y rectangle with the p r o p e r t i e s described by Lemma 6.9; .
now we choose a specific one with the same p r o p e r t i e s , except t h a t we have
replaced C by C + 8, which makes no difference.

Pick an integer k 2:: A/do, and let c = (1f/2)/k . We claim t h a t we
can c o n s t r u c t a finite sequence Ro, RI, . . . , RN of rectangles, all c e n t r e d on
the origin, where R; is Oi-aligned and satisfies the conditions above, with
0 0 = 0, ON = 1f/2 and Ro and RN the same geometric rectangle, such
t h a t for i = 0 , 1 , . . . , N - 1, e i t h e r R; and ~+l have the same dimensions
and Oi+l = Oi + e, or R; and ~+l have the same o r i e n t a t i o n , and t h e i r
c o r r e s p o n d i n g dimensions differ by at most one.

To e s t a b l i s h the claim, simply s t a r t with 0 0 = 0 and Ro of the dimensions
given by Lemma 6.9. At each stage, if R; satisfies <p( h(~)) , <p( v(~)) E

[-C, C], t h e n r o t a t e it t h r o u g h an angle e to o b t a i n ~+l. Since the
largest dimension of R is at most (A/400)/(100do) :::; k/10, Corollary 4.11
ensures t h a t ~+l has the required p r o p e r t i e s . Otherwise, by a s s u m p t i o n
we have <p( h(~)), <p( v(~)) E [ - C - 8, C + 8]. Applying Lemma 6.9,
pick a r e c t a n g l e R with the same o r i e n t a t i o n and area for which <p( h(R)) ,
<p( v(R)) E [ - C , C]. Since R; and R have the same o r i e n t a t i o n , we may pass
g r a d u a l l y from one to the o t h e r with h( ·) increasing and v(·) decreasing or
vice versa; the i n t e r m e d i a t e rectangles thus all satisfy our r e q u i r e m e n t s .
Once we reach R, we are ready for the next r o t a t i o n s t e p .

Since the type of RN is the opposite of t h a t of Ro , t h e r e is some i such
t h a t ~ and R i + l have different types; suppose t h a t R; is of t y p e 1 and
R i + l of type 2. T h e n by Lemma 3.2 we have IP( Xl (~) n X2(~+I)) 2:: C3.

Although the dimensions of our rectangles may change radically as we r o t a t e
them, they c a n n o t do so in one step . In p a r t i c u l a r , after the rescaling
above applied to Ri, the p a t h s witnessing XI(~) and X2(~+l) are close
to orthogonal. It follows t h a t if Xl (~) n X2(~+I) holds, t h e n R; is useful,
so IP ( U (Ri)) 2:: C3, c o n t r a d i c t i n g (20) above. _
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7. F R O M R E C T A N G L E C R O S S I N G S TO P E R C O L A T I O N

In this section we shall deduc e T h e o r e m s 2 .1 a n d 2.2 from T h e o r e m 6 .3;
this t u r n s o u t to be r e l a t i v e l y s t r a i g h t f o r w a r d , a d a p t i n g t h e very simple
a r g u m e n t for bond p e r c o l a t i o n on Z2 described in [41 . F i r s t , we get one
technical d e t a i l out of t h e way.

Recall t h a t we can r e p r e s e n t any h y p e r l a t t i c e p e r c o l a t i o n model H ( p )
by an i n d e p e n d e n t l a t t i c e colouring C; our r e s u l t s in t h e previous section
apply only to malleable C. In t h e bulk of this section we shall prove t h e
following v a r i a n t of T h e o r e m 2 .1, differing only in t h e a d d i t i o n a l a s s u m p t i o n
of malleability.

T h e o r e m 7 . 1 . L e t H ( p ) be a malleable (approxim a t e l y ) self-dual hyper
l a t t i c e percolation model. Then for any q >- P the m o d e l H ( q) percolates ,
a n d for any q -< P the m o d e l H ( q) e x h i b i t s e x p o n e n t i a l decay.

Before proving this r e s u l t , we note t h a t T h e o r e m 2 .1 follows .

P r o o f o f T h e o r e m 2 . 1 . Let H (p) be self-dual, and let 5 be an i s o m o r p h i s m
from H to H* witnessing this . For this 5 , t h e s e l f - d u a l i t y c o n d i t i o n reduces
to a set of e q u a t i o n s e q u a t i n g c e r t a i n e n t r i e s Pi ,7r of p . In p a r t i c u l a r , any
e n t r y Pi ,7r where 1r is a p a r t i t i o n into singletons is e q u a t e d with some Pj ,7r"
wher e n' is a p a r t i t i o n into one p a r t . Recall t h a t we call entries of these
two t y p e s bottom and top e n t r i e s , respectively .

I f q >- p, t h e n by definition of our p a r t i a l order, each b o t t o m e n t r y
of p is non-zero . Hence by s e l f - d u a l i t y each top e n t r y is non-zero. Since
c o r r e s p o n d i n g top or b o t t o m e n t r i e s of p and q c a n n o t be equal, it follows
t h a t we can a d j u s t p slightly to find some p' all of whose entries are s t r i c t l y "
positive such t h a t H ( p / ) is self-dual , with p ' -< q. Since p ' is malleable ,
T h e o r e m 7.1 implies t h a t H( q) p e r c o l a t e s , as r e q u i r e d .

T h e a r g u m e n t t h a t any q -< P e x h i b i t s e x p o n e n t i a l decay proceeds
similarly. •

T h e a r g u m e n t above shows t h a t in proving T h e o r e m 2 .1, we may impose
t h e c o n d i t i o n of m a l l e a b i l i t y (which we need in t h e proof) w i t h o u t loss of
g e n e r a l i t y , so we do not need to assume m a l l e a b i l i t y in t h e s t a t ement of t h e
t h e o r e m . U n f o r t u n a t e l y , t h e r e does not seem to be an obvious a n a l o g o u s
a r g u m e n t in t h e a p p r o x i m a t e l y self-dual case : it is not clear how to a d j u s t
t h e p r o b a b i l i t i e s slightly while p r e s e r v i n g a p p r o x i m a t e self-duality. For t h i s
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reason we simply impose m a l l e a b i l i t y as a c o n d i t i o n in T h e o r e m 2.2, so
T h e o r e m 2.2 t r i v i a l l y follows from T h e o r e m 7.1.

To deduce T h e o r e m 7.1 from T h e o r e m 6.3, we shall use an analogue for
posets of t h e well-known F r i e d g u t - K a l a i s h a r p - t h r e s h o l d result for s y m m e t 
ric events, T h e o r e m 2.1 of [12], which is itself a consequence of a result of
Kahn , Kalai and Linial [15] (see also [8]) concerning the influences of coor
d i n a t e s in a p r o d u c t space . This s h a r p - t h r e s h o l d r esult has been applied in
many c o n t e x t s - it was first used to prove c r i t i c a l i t y (for r a n d o m Voronoi
p e r c o l a t i o n ) in [3] ; we shall use the same technique here (see also [4]) .

Let P be a finite poset . Given two p r o b a b i l i t y measures !Po and ! P I o n P,
recall t h a t !PI s t r i c t l y d o m i n a t e s !Po , w r i t t e n !PI >- !Po, if !PI (U) > !Po(U) for
every ups et U C P , except the t r i v i a l u p s e t s U = 0, P .

As usual, given a (po )set P and a s u b s e t A of p n , a c o o r d i n a t e i is
pivotal for A in a configuration W E P" if changing the i t h c o o r d i n a t e of
W can affect w h e t h e r w E A- Let Ai(w) C P denote t h e set of values t h a t ,
when s u b s t i t u t e d for the i t h c o o r d i n a t e of w, give some w' E A- T h u s i is
pivotal for A in w if and only if 0 =J A i(w) =J P . I f A is an upset, t h e n
A i(W) is an upset .

Given !Po -< !PI, for 0 < h < 1 define !Ph by linear i n t e r p o l a t i o n : !Ph(x) =
h!P 1 ( x ) + ( 1 - h)!Po(x) for all x E P . Let Co = co(lPo, !PI) be the minimum
of !PI(U) - ! P o ( U ) over all n o n - t r i v i a l upsets in P, so co> 0 by a s s u m p t i o n .
T h e n , for any n o n - t r i v i a l upset U, we have d~!Ph(U) ~ Co . Considering
p a r t i a l derivatives in a p r o d u c t with different values for h in each c o o r d i n a t e ,
one o b t a i n s an analogue of the Margulis - R u s s o formula [20, 23]: if A c -p»
is an upset , t h e n with CO = c(!Po , !PI) > 0 as above , we have

(21)

where IEh denotes e x p e c t a t i o n with respect to the p r o d u c t measure !Ph'
and N = N(w) is the number of pivotal c o o r d i n a t e s for A in the r a n d o m
c o n f i g u r a t i o n w.

B o u r g a i n , Kahn, Kalai, K a t z n e l s o n and Linial [8] showed t h a t if X is
any p r o b a b i l i t y space , and A is a s u b s e t of X " , t h e n t h e n t h e r e is some
c o o r d i n a t e i such t h a t the p r o b a b i l i t y t h a t i is ' p i v o t a l for A is at least
c t ( l - t ) log n / n , where c > 0 is an a b s o l u t e c o n s t a n t , and t is the p r o b a b i l i t y
of A- As usual, we say t h a t A is s y m m e t r i c if t h e r e is a p e r m u t a t i o n group
acting t r a n s i t i v e l y on {I, 2, . . . , n } whose induced a c t i o n on X " preserves A
I f A is s y m m e t r i c , each c o o r d i n a t e has the same p r o b a b i l i t y of being pivotal,
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so the e x p e c t e d n u m b e r of pivotal elements is at least c t ( I - t) log n. Using
(21) in place of the usual M a r g u l i s - R u s s o formula, one t h e n o b t a i n s the
following result; we omit the simple c a l c u l a t i o n , noting t h a t one may take
CI (Po, IP\) = cco(Po, P I ) / 2.

T h e o r e m 7 . 2 . Let Po and PI be p r o b a b i l i t y m e a s u r e s on a poset P with
Po -< P l · There is a c o n s t a n t CI (Po, PI) > 0 with the following p r o p e r t y .
Let 0 < e < 1 / 2 , and let A be a s y m m e t r i c , increasing event in a power P "
o f P with Po(A) > c . I f

CI (Po, PI) log n ~ log ( 1 / c),

then P f ( A ) > 1 - c . •

Using T h e o r e m 7.2 in place of the F r i e d g u t - K a l a i result, it is very simple
to a d a p t (one of) the simple a r g u m e n t s given in [4] to deduce T h e o r e m 7.1
from T h e o r e m 6 .3.

P r o o f o f T h e o r e m 7 . 1 . Let 'H(p) be a malleable ( a p p r o x i m a t e l y ) self
dual h y p e r l a t t i c e p e r c o l a t i o n model, with E the c o r r e s p o n d i n g l a t t i c e of
t r a n s l a t i o n a l s y m m e t r i e s , and let q >- p. Note t h a t since 'H(p) is non
d e g e n e r a t e , so is 'H(q'), where q' = (p + q ) / 2 . I f some b o t t o m entries in q
are zero, we replace q by q ' in what follows : since q >- q' >- p, it suffices to
prove p e r c o l a t i o n in 'H(q') . T h u s we may assume w i t h o u t loss of g e n e r a l i t y
t h a t 'H( q) is n o n - d e g e n e r a t e .

As usual, we wish to work with crossings of r e c t a n g l e s , so it is more
convenient to work with i n d e p e n d e n t l a t t i c e colourings.

By Lemma 5 .10 t h e r e is a malleable i n d e p e n d e n t l a t t i c e colouring Co
realizing 'H(p). As in Section 4 (before Lemma 4.2) , we regard t h e s t a t e
space n u n d e r l y i n g the r a n d o m colouring Co as a p r o d u c t of one poset Pr
for each grey face F of 'H: in the p a r t i a l order, we have CI ~ C2 if every
subface t h a t is black in CI is black in C2. Picking a finite set F I , . · · , Fk
of faces r e p r e s e n t i n g t h e o r b i t s of E('H) (the set of grey faces) under t h e
a c t i o n of L, from l a t t i c e invariance we may regard n as a c o u n t a b l e power
of the poset P = PPI X • • . X PPk' (As usual , the events we consider in t h e
following a r g u m e n t s will be defined in terms of finite regions of the plane,
and so can be viewed as events in a finite power of P.)

From i n d e p e n d e n c e , the p r o b a b i l i t y measure a s s o c i a t e d to Co is a power
of a p r o b a b i l i t y measure Po on P. F u r t h e r m o r e , since p -< q, we may
choose a n o t h e r measure P I o n P with Po -< PI such t h a t the c o r r e s p o n d i n g
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i n d e p e n d e n t l a t t i c e colouring C 1 realizes H(q). We may and shall assume
t h a t C 1 is n o n - d e g e n e r a t e .

Let <5(P, JID, k, E) be the function a p p e a r i n g in Corollary 3.3 (our version
of the s q u a r e - r o o t trick), and set

(22) <5 = 8(P,JID 1, 100,0.01) > o.

Let C > a be the c o n s t a n t in the L R lO p r o p e r t y of Co; such a c o n s t a n t exists
by Theorem 6.3. Let E > a be the minimum of c and <5, and choose N such
t h a t

(23) Cl (JID o, JIDd log N 2:: log ( l i E ) ,

where cl(JIDO,JIDl) is defined as in T h e o r e m 7.2. Let D = F 1 U · · · U Fk, and
choose Lo so t h a t L6 2:: N area (D), so any region of a r e a at least L6 meets
at least N t r a n s l a t e s of D by elements of L.

Let d 1 be the maximum of the q u a n t i t y do a p p e a r i n g in Lemma 4.2
and diam (D), the d i a m e t e r of D. Since Co has the large rectangles prop
e r t y LRlO, we can find an angle () and m, n 2:: max {Lo, 100d 1} such t h a t
ho(lOm, n) 2:: C and vo(m, IOn) 2:: c. In o t h e r words, t h e r e are o r t h o g o n a l
vectors VI and V2 ( o b t a i n e d by r o t a t i n g (m, 0) and (0, n) t h r o u g h an angle
()) with the following p r o p e r t y : the rectangles R l with corners ±5Vl ± v2/2
and R2 with corners ± v I / 2 ± 5V2 are such t h a t the p r o b a b i l i t y t h a t R has
a 'long' (parallel to the 10Vi side) black crossing in Co is at least c .

By Lemma 4.2, every point oflR 2 is within distance d 1 of some point of Z,
so w~may find £1 ,£2 e t: within d i s t a n c e d1 of l . l v l and 1.1v2, respectively.
Let R 1 be the parallelogram with corners 0, 8£1, 8£1 + £2 and £2. Since
VI and V2 have length at least 100d 1, this p a r a l l e l o g r a m is o b t a i n e d from
a t r a n s l a t e of R 1 by first ' d i s t o r t i n g it very slightly', and t h e n m a k i n g j t
significantly s h o r t e r and thicker. I t is easy to check t h a t a t r a n s l a t e of R 1

t h r o u g h a s u i t a b l e l a t t i c e element has the p r o p e r t y t h a t any 'long' cr-9ssing
of R l includes a 'long' crossing of R 1 , so, in_Co, the p r o b a b i l i t y t h a t R 1 has
a 'long' black crossing is at least c. Define R2 from R2 similarly. Since £i is
close to 1.1 Vi and the vectors Vi are not too s h o r t and are o r t h o g o n a l , the
area of ii; is (crudely) at least 81vlllv212:: 8 m n 2:: 8L6 2:: 8 N a r e a ( D ) .

Applying a linear t r a n s f o r m a t i o n mapping £1 to (1, 0) and £2 to (0,1), we
find t h a t in the t r a n s f o r m e d model Cb, with l a t t i c e of s y m m e t r i e s .c' ::> ' I } ,
the p r o b a b i l i t y t h a t the rectangle R~ = [0, 8] x [0, 1] has a black horizontal
crossing is at least c, as is the p r o b a b i l i t y t h a t R~ = [0,1] x [0 ,8] has a black
vertical crossing . Note t h a t the image D' of our f u n d a m e n t a l domain D has
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d i a m e t e r at most 1 / 1 0 , say, since l£i/2: 100d i 2: 1 0 0 d i a m (D) and the £i are
close to o r t h o g o n a l . Also, the a r e a of D' is a r e a (D) x a r e a (R~)/area (Rd ::;
l / N .

Let 11' be the t o r u s o b t a i n e d by t a k i n g the q u o t i e n t of}R2 by the l a t t i c e
lOZ2 g e n e r a t e d by (10,0) and (0,10). Since lOZ2 c E', we may choose
n = 1 0 0 / a r e a (D') t r a n s l a t e s of D' by elements of £' so t h a t their images
in 11' cover 11' e x a c t l y once. This allows us to define a n a t u r a l equivalent of
Cb on 11'; the c o r r e s p o n d i n g p r o b a b i l i t y measure may be seen as 1P'~, where
n = 1 0 0 / a r e a (D') 2: lOON . Moreover, given a r e c t a n g l e t h a t does not come
'close' to w r a p p i n g a r o u n d the t o r u s , the events t h a t it has a h o r i z o n t a l
black crossing in the plane or in the t o r u s have the same probability.

Let E be the event t h a t some t r a n s l a t e of [0 ,8] x [0 ,1] in 11' has a black
h o r i z o n t a l crossing. T h e n 1P'~(E) 2: c, and E is a s y m m e t r i c , increasing
event in 1P'~ in the sense of T h e o r e m 7.2. Since n 2: N , from our choice
(23) of N and Theorem 7.2, we have 1P'l(E) 2: 1 - o. As in [4], let
R I , . . . , RlOO be t r a n s l a t e s in 11' of the rectangle [0,6] x [0,2] a r r a n g e d so
t h a t any 8-by-1 r e c t a n g l e crosses some R; h o r i z o n t a l l y . Then we have
1P'1( U H b ( R d ) 2: 1 - 0, so by Corollary 3.3 and our choice (22) of 0 we
have 1P'l(Hb(Rd) 2: 0.99 for some i, and thus for all i.

T r a n s l a t i n g back to the plane, we see t h a t in C~ ( o b t a i n e d from C I
by the linear t r a n s f o r m a t i o n m a p p i n g Co to Cb), any 6-by-2 rectangle R
with corners at p o i n t s of the l a t t i c e £ ' has 1P'( Hb(R)) 2: 0.99. The same
a r g u m e n t shows t h a t any 2-by-6 r e c t a n g l e R' with l a t t i c e point corners has
1P'( Vb (R') ) 2: 0.99. From here it is very easy to prove t h a t p e r c o l a t i o n
occurs , using any of several s t a n d a r d m e t h o d s ; we shall give one example.

Note t h a t if S is a 2-by-2 s q u a r e t h e n , with 1P' d e n o t i n g the p r o b a b i l i t y
measure a s s o c i a t e d to C~, we have 1P'(H b(S)) 2: 1P'(Hb(R)) 2: 0.99 and
1P'(Vb(S)) 2: 1P'(V b(R')) 2: 0.99. As in [4] (the t h i r d version of the proof of
T h e o r e m 10 t h e r e ) , let G(R) be the event t h a t Hb(R) holds and each of the
two 2-by-2 ' en d s q u a r e s ' of R has a black vertical crossing, and define G(R')
similarly . T h e n 1P'( G(R)) , 1P'( G(R')) 2: 1 - 3(1 - 0.99) = 0.97. Of course,
the bound 0.97 here can be replaced by any c o n s t a n t less t h a n 1, a l t h o u g h ,
as we shall see , 0.97 is more t h a n good enough .

Considering a s q u a r e grid of 6-by-2 and 2-by-6 rectangles o v e r l a p p i n g in
2-by-2 squares as in [4], and t a k i n g a bond of 'Ii} to be open if G(R) holds
for the c o r r e s p o n d i n g r e c t a n g l e , one o b t a i n s a d e p e n d e n t bond p e r c o l a t i o n
measure on 'Ii}. Given sets S a n d T of bonds of Z2 s e p a r a t e d by a d i s t a n c e
(in t h e g r a p h Z2) of at least 1, the c o r r e s p o n d i n g unions of r e c t a n g l e s are
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disjoint , and are s e p a r a t e d in the plane by a d i s t a n c e of at least 2 2: 1/10.
I t follows t h a t the s t a t e s of the bonds in S are i n d e p e n d e n t of t h e s a t e s of
t h e bonds in T , i .e ., the bond p e r c o l a t i o n measure is I - i n d e p e n d e n t . I t is
r a t h e r easy to see t h a t any such measure in which each bond is open with
high enough p r o b a b i l i t y has an infinite open c l u s t e r with p r o b a b i l i t y 1;
see , for example, the general d o m i n a t i o n result of Liggett, S c h o n m a n n and
Stacey [19]. The best c u r r e n t b o u n d on what ' h ig h enough ' means is due to
B a l i s t e r , Bollobas and Walters [2] , who showed t h a t all bond p r o b a b i l i t i e s
at least 0.8639 will do . Since r ( G(R)) , r ( G(R ')) 2: 0.97, we see t h a t with
p r o b a b i l i t y 1 t h e r e is an infinite open c l u s t e r in 71} . T r a n s l a t i n g back , the
definition of G(R) ensures t h a t we find a c o r r e s p o n d i n g infinite bla ck c l u s t e r
in C~. Since C~ is simply a linear image of C 1 , it follows t h a t C 1 c o n t a i n s an
infinite black c l u s t e r with p r o b a b i l i t y 1; hence 'H( q) p e r c o l a t e s , as required.

It remains to e s t a b l i s h e x p o n e n t i a l decay of the volume in 'H( q) for
q -< p . B u t first note t h a t with q »- p as above , and with t h e a r b i t r a r y
c o n s t a n t 0.99 replaced by a s u i t a b l e c o n s t a n t a < 1, the a r g u m e n t in [5 ,
Section 3] (again using l o c a l l y - d e p e n d e n t p e r c o l a t i o n ) shows t h a t t h e dual
of t h e model C~ e x h i b i t s e x p o n e n t i a l decay (of the volume). I t follows t h a t
the dual 'H* (q") of 'H( q) e x h i b i t s e x p o n e n t i a l decay.

Given a self-dual m o d e l ' H ( p ) and q -< p, the m o d e l ' H * ( p * ) is self-dual
(it is isomorphic to ' H ( p ) ) , and q* »- p* . Applying t h e result above to
'H*(p*) and 'H*(q*) , we see t h a t t h e d u a l ' H ( q ) of'H*(q*) e x h i b i t s exponen 
tial decay, as r e q u i r e d .

Suppose i n s t e a d t h a t 'H(p) is a p p r o x i m a t e l y self-dual. T h en by defini
tion t h e r e is a model 'H'(p') t h a t is isomorphic to 'H(p) , such t h a t 'H*(p*)
and 'H' ( p ' ) are equivalent , in the sense t h a t they may be coupled so t h a t
for any open p a t h in e i t h e r model t h e r e is a nearby open p a t h in the o t h e r
model. Recall also t h a t we may take the isomorphism to be given by an
isometry of the pl ane (plus a small ' d is t or t io n ', if needed) . Taking the
colouring viewpoint , open p a t h s are simply black p a t h s . Now the notion
of equivalence is not obviously preserved under t a k i n g duals, i .e ., i n v e r t i n g
the colouring . However, the c o n d i t i o n for a p p r o x i m a t e self-duality is ex
actly t h a t for every white p a t h in 'H(p) ( c o r r e s p o n d i n g to a black p a t h in
'H*(p*)), t h e r e is a nearby black p a t h in 'H'(p'), and vice versa . Since 'H(p)
and 'H' ( p ' ) are isomorphic, 'H' ( p ' ) also satisfies this c o n d i t i o n , so we may
couple 'H' ( p ' ) and 'H(p) so t h a t for every white p a t h in 'H' ( p ' ) t h e r e is a
nearby black p a t h in 'H(p), and vice versa . In o t h e r words, a p p r o x i m a t e
self-duality holds a f t e r i n t e r c h a n g i n g black and white , i .e., 'H*(p*) is ap-
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p r o x i m a t e l y self-dual. From this point the a r g u m e n t for e x p o n e n t i a l decay
is as in t h e self-dual case . •

8. ON T H E C R I T I C A L S U R F A C E

In the bulk of this p a p e r we have shown t h a t any self-dual h y p e r l a t t i c e
p e r c o l a t i o n model H(p) is ' cr it ica l' in the sense t h a t if q >- p t h e n H(q)
p e r c o l a t es , while if q -< p t h e n H ( q) e x h i b i t s e x p o n e n t i a l decay.

As noted earlier , the model H(p) itself m a y o r may not p e r c o l a t e . Here
we show t h a t , except for d e g e n e r a t e cases, it does not . F u r t h e r m o r e , we
show t h a t one has power-law decay of the radius, as expected . Let Vo be
any fixed vertex of H ; we write Vo - 1 r for the event t h a t t h e r e is an open
p a t h from Vo to a vertex at d i s t a n c e at least r from vo .

T h e o r e m 8 . 1 . Let H(p) be a malleable self-dual h y p e r l a t t i c e percolation
model. Then there are c o n s t a n t s 0 < a l < a2 and ro such t h a t r - a 2 ~

lP'(vo - 1 r) ~ r - a 1 for all r 2: ro o

Note t h a t since we argue d i r e c t l y a b o u t p r o p e r t i e s of the self-dual case,
we need to impose the technical c o n d i t i o n of m a l l e a b i l i t y defined in Def
inition 5.9 . I t seems likely t h a t this can be weakened to non-degeneracy;
the l a t t e r c o n d i t i o n is used t h r o u g h o u t the proofs in the previous sections ,
whereas m a l l e a b i l i t y is only used at one point , where the need for it could
p e r h a p s be circumvented .

P r o o f . By Lemma 5 .10, H(p) can be realized by a malleable i n d e p e n d e n t
l a t t i c e colouring C. By T h e o r e m 6 .3, C has the large rectangles p r o p e r t y
and hence, by Lemma 6 .5, the large ellipses property.

Let S a n d T be the maps e x h i b i t i n g self-duality, as described in Lemma
6.7. Let L = 100 max {do,dI} , where do is the c o n s t a n t in Lemma 4 .2 and
dl is the b o u n d on I S(x) - T(x)1 from Lemma 6 .7.

The large ellipses p r o p e r t y tells us t h a t t h e r e are c o n s t a n t s c > 0 and
A o such t h a t for every A 2: Ao t h e r e is an ellipse E = E ( A ) c e n t r e d on the
origin with area A and with b o t h axes having length at least L such t h a t
JP>( Ob(E)) 2: c. Let N be an integer such t h a t (1 - c ) N < c.

For i 2: 0 let E, = E( ( l O N ) i A o ) be an ellipse as above with a r e a

( l O N ) i A o . We claim t h a t for each i, T ( E i) fits inside a copy of E i + l scaled by
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a factor 1/2. To see this, r o t a t e and scale so t h a t the ellipse T ( E d becomes
a circle with d i a m e t e r 1, and Ei+l has h o r i z o n t a l m a j o r axis with l e n g t h a
and v e r t i c a l minor axis with length b. Our claim is e x a c t l y t h a t b ~ 2 . But
if not , t h e n b ::; 2 so , since a r e a (Ei+l) = ION area (Ei) = ION a r e a ( T ( E d ) ,
we have a ~ 5 N . Writing EO for t h e a n n u l u s between an ellipse E and t h e
concentric ellipse 2 E / 3 , it is not h a r d to see t h a t when b ::; 2 and a ~ 5 N
one can a r r a n g e N disjoint copies of T ( E i) to 'cross ' t h e annulus EP+l as in
F i g u r e 8.1. Moreover, in the rescaled a r r a n g e m e n t one can easily ensure t h a t

Fig. 8 .1 . Circles ' cr o ss in g ' an e l l i p t i c a l a n n u l u s . D e p e n d i n g on th e h eight of t h e ellip se,
t h e circles m a y o r may not int ersect t h e b o t t o m half of the e llip se ; this is i r r e l e v a n t for

t h e a r g u m e n t .

the circles are s e p a r a t e d by a d i s t a n c e of at least 1 / 1 0 , say, and each 'crosses'
EP+l even a f t e r any t r a n s f o r m a t i o n moving points by a d i s t a n c e of at most
1 / 1 0 . Since l e n g t h s with original scale max {do, d 1 } have t r a n s f o r m e d scale
at most 1/100 , it follows t h a t each image S(Ei) crosses EP+l' and t h e S ( E i)
are s e p a r a t e d by a d i s t a n c e of at least do . But by self-duality each S ( E d
c o n t a i n s a white p a t h s u r r o u n d i n g its centre with p r o b a b i l i t y at least c, and
these events are i n d e p e n d e n t . Whenever one of these white p a t h s is present ,
Ob(Ei+l) c a n n o t hold. Hence lP( Ob(Ei+l)) ::; (1 - c)N < c, a c o n t r a d i c t i o n .

Recalling from Lemma 6.7 t h a t T 2 is e i t h e r the i d e n t i t y or reflec
tion in t h e origin, we see t h a t EP+2 s u r r o u n d s T(EP+l) which s u r r o u n d s
T ( T(EP)) = E f , Hence the annuli Eg i are disjoint. Moreover, since
1 / 2 < 2 / 3 and all axes of all E i have length at least L , the annuli Eg i
are s e p a r a t e d by distances of at least do , and so meet disjoint sets of faces
of H. Now the s h o r t e r axis of E; has length at least L ~ 1, so its longer
axis has length at most (ION) i Ao. I t follows t h a t for large r , any p o i n t at
d i s t a n c e r from the origin is o u t s i d e Ek, where k = 8 ( 1 0 g r ) . T h e r e can
only be a white p a t h s t a r t i n g at the origin and ending at least d i s t a n c e r
away if none of t h e events Ob(E2i), 2i < k , holds . Since these events are

i n d e p e n d e n t , this has p r o b a b i l i t y at most ( 1 - c) Lk /2J = exp ( - 8 ( l o g r ) ) .
Passing to the dual, this proves t h e u p p e r bound on lP(vo ~ r) .

The lower b o u n d is essentially i m m e d i a t e , with 1 as the e x p o n e n t .
Indeed , Lemma 4.4 tells us t h a t if R is an r - b y - r square, t h e n e i t h e r
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P(Hb(R)) ~ 1 / 2 or P(Vw(R)) ~ 1 / 2 . Suppose first t h a t P(Hb(R)) ~ 1 / 2 .
T h e n considering one of the O(r) t r a n s l a t e s of our reference vertex Vo within
d i s t a n c e 0 ( 1 ) o f t h e l e f t - h a n d side of R , by the union b o u n d there is a t r a n s 
late of Vo such t h a t the p r o b a b i l i t y t h a t t h e r e is an open p a t h s t a r t i n g at
Vo with length at least r - 0 ( 1 ) is at least O ( I / r ) .

IfP(Vw(R)) ~ 1 / 2 t h e n we apply the same a r g u m e n t in the dual, which
is isomorphic to the original p e r c o l a t i o n model. •

It is easy to see t h a t the a r g u m e n t above e x t e n d s to the a p p r o x i m a t e l y
self-dual case . T h e key p o i n t is t h a t t h e r e is enough 'elbow room' for small
d i s t o r t i o n s of the p a t h s considered not to m a t t e r .

It seems very p r o b a b l e t h a t the general c o n j e c t u r e of Aizenman and
Langlands, Pouliot and S a i n t - A u b i n [18] concerning conformal invariance of
the scaling limit of c r i t i c a l plane p e r c o l a t i o n will hold for all n o n - d e g e n e r a t e
self-dual h y p e r l a t t i c e p e r c o l a t i o n models. However, t h i s is likely to be very
h a r d to prove . This c o n j e c t u r e asserts, among o t h e r things , t h a t if R is
any rectangle, >.R denotes its image under a d i l a t i o n with scale-factor >.,
and H(R) denotes the event t h a t R has an open (or here , black) h o r i z o n t a l
crossing , t h e n for any fixed R , the limit lim),-too p( H(>.R)) exists and lies
s t r i c t l y between 0 and 1. Moreover, this limit should be given by C a r d y ' s
formula [9] , a f t e r first a p p l y i n g a s u i t a b l e linear t r a n s f o r m a t i o n to the model.

This c o n j e c t u r e has been proved by Smirnov [28] for site p e r c o l a t i o n on
the t r i a n g u l a r lattice; t h i s is essentially the only case known . For many
o t h e r models, su ch as bond p e r c o l a t i o n on the s q u a r e l a t t i c e , R S W - t y p e
t h e o r e m s give the much weaker r e s u l t t h a t

(24) o < lim inf p( H(>.R)) :::; lim sup p( H(>.R)) < 1.
),-tOO ),-tOO

(This applies j u s t as well to s h a p e s o t h e r t h a n rectangles.) U n f o r t u n a t e l y ,
T h e o r e m 6.3 , while s t r o n g enough to e s t a b l i s h criticality, lacks the unifor
mity needed to prove (24), so we leave this as a c o n j e c t u r e .

C o n j e c t u r e 8 . 2 . Let H ( p ) be a n o n - d e g e n e r a t e ( a p p r o x i m a t e l y ) self-dual
h y p e r l a t t i c e p e r c o l a t i o n model. T h e n for any fixed r e c t a n g l e R , the b o u n d s
(24) hold .

As far as we are aware , this c o n j e c t u r e is open even for the simple
special case of inhomogeneous bond p e r c o l a t i o n on the s q u a r e l a t t i c e , where
each h o r i z o n t a l bond is open with p r o b a b i l i t y p and each vertical one with
p r o b a b i l i t y 1 - p, with the s t a t e s of all bonds i n d e p e n d e n t .
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A c k n o w l e d g e m e n t s . We are g r a t e f u l to R o b e r t Ziff for bringing the r e s u l t s
of Scullard and himself to our a t t e n t i o n : this p a p e r s t a r t e d from an a t t e m p t
to show t h a t the self-dualit y they e s t a b l i s h e d in c e r t a i n ( q u i t e general) cases
does imply criticality. The last section of this p a p e r was a d d e d in response
to a q u e s t i o n asked by Marek Biskup.
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O N E X P O N E N T I A L S U M S IN F I N I T E F I E L D S

JEAN BOURGAIN*

O. I N T R O D U C T I O N

The purpose of this paper is to e s t a b l i s h c e r t a i n m u l t i l i n e a r e x p o n e n t i a l
sums in a r b i t r a r y finite fields, e x t e n d i n g some of the results from [1] for
prime fields.

Let us first recall the main result from [1] .

T h e o r e m A . L e t 1 > 8 > 0 and r E Z+, r ~ 2. There is 8' > (~)Cr such
t h a t i f p is a s u f l i c i e n t l y large prime a n d A 1 , . . . , A r C IF p s a t i s f y

(0.1)

(0.2)
r

I I IAI > p1+8.
i = l

Then we have the e x p o n e n t i al sum bound

(0.3) I L ep(x 1 .. . x r ) ! < p - O ' I A l l . . . IArl.
X l EAI , . . . ,x r EA r

Consider now a field IF q , q = pn. An obvious issue one e n c o u n t e r s with
a g e n e r a l i z a t i o n of Theorem A is the presence of n o n - t r i v i a l subfields. More
s u r p r i s i n g l y p erhaps, it t u r n s out t h a t even if IF q has no large n o n - t r i v i a l
subfields, the condition (0.2) still needs to be modified.

T h e o r e m 3 on p. 20 below implies the following s t a t e m e n t :

" T h e a u t h o r was s u p p o r t e d in p a r t by t h e NSF g r a n t DMS 0808042.
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T h e o r e m B . L e t 0 < 0,02 < 1 and r E Z+, r 2: 2. L e t q = pn be s u f f i c i e n t l y
large and A I , .. . , A r C IF q s a t i s f y

(0.4)

(0.5)

w h e n e v e r a , b E IF q a n d G a p r o p e r s u b f i e l d

(0.6)

(0.10)

T h e n , d e n o t i n g 'ljJ(x) = ep(TrIF'q /IF'px) , we h a v e

(0.7) I L 'ljJ(XI . .. x r ) l < q - O ' I A I I . . . IArl
X l E A I , . . . , X r E A r

w h e r e we m a y t a k e 0' = c -i2 (~)Cr.

R e m a r k s .

(0.8) C o n d i t i o n (0.5) may in fact be replaced by

I Ai n (aG + b)1 < IA i ! I - 0 2 (3 ~ i ~ r).

I t follow s in p a r t i c u l a r t h a t if we fix the c h a r a c t e r i s t i c p and let n be

prime , we may take 0' = (c~) Cr .

(0.9) Assume IAII = . . . = IArl = QUo C o n d i t i o n (0.6) becomes then

2
( J > - - .

r + 2

This c o n d i t i o n is in some sense o p t i m a l , as seen from the obvious
example IF q = IFp n = IFp[~], r = n - 1, A l = ... = A r = IF p + ~IFp,
- 1

( J - n '

M u l t i l i n e a r e x p o n e n t i a l sums arise n a t u r a l l y if one applies Weyl's dif
ferencing scheme to Gauss sums . More precisely, consider B C IF q , r E Z+,
r 2: 2 and

(0.11)
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with 'l/J as above .

One o b t a i n s ( d . [2], Lemma 3.1)

221

(0.12)

X L ' " L I L 'l/J(2 r
r ! XI " ,xr)1

x l E B - B x r - 1 E B - B x r E B ( X l ,. . . ,Xr - l )

where

(0.13)
I

B ( X I , . . . , X r - I ) = n
Cl=O

1n (B - c I X l - . . . - c r - l X r - l ) .

c r - l = O

I f B c IF q is a linear subspace over IF p, we derive i m m e d i a t e l y from Theo
rem B and the preceding

T h e o r e m C. L e t r E Z+ , r ~ 2 , p > r a n d V a linear subspace of IFpn
over IF p of dimension

(0.14) m = dim V > (1 + <5) 2n
2.r+

where 0 < <5 < l .

A s s u m e further t h a t

(0.15)

i f G is a proper subfield , a E IF;n.

Then (assuming q large enough)

(0.16)

From R e m a r k (0.9), we see t h a t c o n d i t i o n (0 .14) on dim V is essentially
o p t i m a l .

I f e l , " " en is an ( a r b i t r a r y ) basis of IF q over IF p, we define a ' b o x ' as a
t r a n s l a t e of a set

(0 .17)
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where 1 ~ HI, .. . , H n ~ p . For HI = ... = H n = H, d e n o t e (0.17) by BH .
One easily verifies t h a t if G is a p r o p e r subfield of IF q and a , b E IF q ,

(0.18)

Also , in (0.13), t h e set B H ( Xr, . . . , x r - r ) ia a union of a t most 2 nr boxes
(0.17) with Hi ~ H.

From (0 .12), one o b t a i n s t h e r e f o r e

D e n o t e ip = ip H t h e f u n c t i o n on IF p

(0 .20)

and

(0.21)

Hence

a n d

(0.22)

(0 .23)

T h u s

cp(t) = ~ L rp(z)e p( - t z ) .
p O::; z < p

rp(z) = L cp(t) ep(tz)
O::;t::;p

eH <llcplil < C ( l o g p ) H

11<t3112 = ~ IIrpl12 r v evIl.

(0.24)
n

(0 .19) = 2 nr iB - BI 2 r
-
1
-
r L I I rp(2 r r !( T r x I " .xr-Ied)
Xl , . . . , X r - 1 E B - B i = 1 .
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= 2 nriB - BI 2 r
-
1
-
r L L a(X)'ljJ(XI .. . Xr-IX)
Xl .. . X r - 1 E B - B xElF q

where
n

a ( x ) = I I <fi(td for x = t I e l + .. . + t-»«
i = l

satisfies by (0.22) , (0.23)

223

(0.25)

(0 .26)

( c H t < Ilalll < e n ( l o g p t u»

IIal1 2 ' " e n H n / 2

T h e double sum in (0.24) is e s t i m a t e d using T h e o r e m 3 ( s t a t e d on p . 20),

k · - a d _ _ _ I I B - B I
t a mg al - iJ£iIT; an a2 - . .. - a r - I B - B I '

Take H = pa a n d ( J s a t i s f y i n g

(0.27)
2

( J > ( 1 + 0 ) - 2
r +

(0 < 0 < 1). Assume p > p(r , 0) . I t follows from (0.18) t h a t (8.3) holds
w i t h 02 = ~ . From (0.25) , (0.26) a n d (0.27), (8.2) a n d (8.4) hold w i t h

0 = min (£' ~) . From (8.5), we o b t a i n

Hence, we proved

T h e o r e m D . Let q = pn , r E Z+, r 2: 2 , 0 < 0 < 1 a n d p > p ( r , o ) . Let
H = pa, with

(0.29)
2

( J > ( 1 + 0 ) - 2
r +

a n d B H C IF q the box as defined above . Then, with 0' > C - ~ ( ~) Or

(0 .30) m a x I ""' 'ljJ(ax r )! < e n(logp)n2-
r
+

1 «" n».
aEIF* L....J

q x E B H
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1. Both T h e o r e m C and T h e o r e m D remain of course valid if we replace
ax" by an a r b i t r a r y polynomial f ( x ) = a-x" + a r _ l x r - 1 + ... + ao E

IFq[X] with a r =F 0, as r-fold Weyl differencing leads to the same multi
linear b o u n d (0 .12).

2. T h e o r e m D should be c o m p a r e d with T h e o r e m 2 from [2] on incom
plete e x p o n e n t i a l sums in one and several variables (only the l - v a r i a b l e
result, i.e . s = 1 in the n o t a t i o n from [21 , is of relevance here) . In [2]'
T h e o r e m 2, a n o n t r i v i a l e s t i m a t e on LXEBH'ljJ(J(X)) is o b t a i n e d ,
f ( x ) E IFq[X] as above, under the a s s u m p t i o n

(0.31)
1

( J > 
r

which is weaker t h a n (0 .29) (and o p t i m a l ) . However the result from [2]
is not uniform in n(q = pn), in the sense t h a t it requires p > p(r, n) ,
while (0.30) provides n o n - t r i v i a l b o u n d s for p > p(r) (assuming (J

fixed) . The m e t h o d from [2] relies on geometry of numbers and
t h e d e p e n d e n c e on n r e s u l t s from dimensional factors in Minkowski's
second t h e o r e m . W h e t h e r (or to what e x t e n t ) they are avoidable in
this p a r t i c u l a r a p p l i c a t i o n seems an i n t e r e s t i n g question .

The r e m i n d e r of the p a p e r is organized as follows :

i n §I, we e s t a b l i s h a ' s u m- p r o d u ct ' type result in a general finite field IF q ,
which is the main new u n d e r l y i n g ingredient ( c o m p a r e d with [1]) . The l a t e r
sections are basically an a d j u s t m e n t from [1] to convert this s e t - t h e o r e t i c a l
p r o p e r t y (Lemma 1 below) in b o u n d s on convolutions and e x p o n e n t i a l sums.

1. A S U M - P R O D U C T P R O P E R T Y

The following will be the s u b s t i t u t e for Lemma 2 in [1].

L e m m a 1. L e t X, Y c 1F~ and assume Y not c o n t a i n e d in a proper s u b f i e l d
o f IF q .
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There are elements Xl, X2, X3, X4 E ± X and YI, Y2, Y3 , Y4 E ± Y U { 1 } such
t h a t for all X ' c X , Y ' c Y

(1.1) l y l X ' + Y2X' + Y3X' + Y4X' + x l Y ' + X2Y' + X3Y' + x 4 Y ' I

> min {~IX'IIY'I~ q (IX'IIY'I)2}
- 6 ' I X I I Y I '

R e m a r k . Assuming Y not c o n t a i n e d in a m u l t i p l i c a t i v e coset of a p r o p e r
subfield, we may take YI, Y2, Y3, Y4 above in ± Y .

P r o o f o f L e m m a 1. We may clearly assume IXI > 1.

Define
X - X

V = Y _ Y # {O}

and notice t h a t the p r o p e r t i e s

(1.2)

(1.3)

can not b o t h hold unless

(1.4)

Y V c V

V + V c V

V = IF q .

Indeed, if (1.2) + (1.3) , t h e n V contains any sum of p r o d u c t s of elements
of Y and hence the field g e n e r a t e d by Y , multiplied with V.

I f (1.2) fails, t h e r e are YI,Y2,Y3 E Y ( Y I # Y2) and XI,X2 E X such t h a t
c - X I - X 2 I i V., - Y3 Yl - Y 2 'F •

H if X ' X Y ' Y C d: x ' - x ! , I 'ence, I e , c ,., 'F Y ' _ Y ' Imp ymg

IX'IIY'I = IX' + ~Y'I

= I (YI - Y2)X' + Y3(XI - X2)Y'1

:::; I (YI - Y2)X' + Y3 X 'I I (Xl - X2)Y' - X'IIX'I- I
.

Hence, e i t h e r

or
1I X ' + (X2 - x d y ' l 2: IX'IIY'I2
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I f (1.3) fails, t h e r e are X I , X 2 , X 3 , X 4 E X and Y I , Y 2 , Y 3 , Y 4 E Y, YI i= Y2,

Y3 i= Y4 such t h a t
~ = X l - X2 + X3 - X4 V.

YI - Y2 Y3 - Y4

Let X ' e X , Y' c Y a n d define

z = X l - X2 Y' U X3 - X4 Y ' .
YI - Y2 Y3 - Y4

W r i t e

(1.6) IX' + ZI = KIX'I·

A p p l y i n g C o r o l l a r y 1.5 from [3], we o b t a i n a s u b s e t X " e X ' , IX"I > ~IX'I

and such t h a t

(1.7)

Hence

4K21X'I2:: Ix" + X l - X2 y ' + X3 - X4 y ' l
YI - Y2 Y3 - Y4

2:: IX" + ~Y'I

= IX"IIY'I

2:: ~IX'IIY'I

and

(1.8)

Ret u r n i n g to (1. 6), we showed

1 1

K > y'8I Y ' 12.
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and t h e r e f o r e

~ 2~IX'IIY'I~.

Finally, assume (1.4) .

Take ~ E V , ~ = ~~=~i , s.t.

(1.10) I{ (x, x', y, y') E X x X x Y x Y I ~ = ~ = ~: } I
IXI 2 1Y 1 2< .

- q

I f X ' c X , Y ' c Y, we have

2 2 7

(1.11)

where

E+(A , B ) = I{ ( a , a ' , b ,b') E A 2 x B 2 ; a + b = a' + b'} I
is t h e a d d i t i v e energy .

Clearly

implying

Thus (1 .1) holds again .

This proves Lemma 1. •
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W i t h L e m m a 1 a t h a n d , we may follow t h e m e t h o d from [1] a l m o s t
v e r b a t i m ( t h e m a i n s t e p s w i t h d e t a i l s of t h e m o d i f i c a t i o n s will be given).
T h i s p a r t of t h e a n a l y s i s in [1] does i n d e e d n o t d e p e n d on t h e p r i m a l i t y of
t h e field . Of c o u r s e , in t h e a p p l i c a t i o n s of L e m m a 1, one has to e n s u r e t h a t
t h e s e t Y u n d e r c o n s i d e r a t i o n is n o t c o n t a i n e d in a p r o p e r subfield.

Recall t h e following p r o p e r t y from a d d i t i v e c o m b i n a t o r i c s ([1],
L e m m a 3) , which holds in t h e c o n t e x t of an a r b i t r a r y a d d i t i v e g r o u p .

L e m m a 2. L e t X i C lF q (1 :::; i :::; j ) a n d Y C lF q . There is Yo E Y such t h a t

2. P R E L I M I N A R Y E S T I M A T E S (1)

R e c a l l [1], L e m m a 5, which is d e d u c e d from t h e B a l o g - S z e m e r e d i - C o w e r s
t h e o r e m ([1], P r o p . 1). O n l y t h e a d d i t i v e s t r u c t u r e is involved.

L e m m a 3. Let a : r, -----+ a , s a t i s f y Ilali I = 2 : : xEIF
q
la(x)1 :::; 1. Fix

1 < K < q. There a r e the following altern atives.

E i t h e r

(2.1)
1lIa * alb < K Iialb (* d e n o t e s a d d i t i v e c o n v o l u t i o n )

(2.2)

(2.3)

(2.4)

or there is a subset A C lF q with the following properties (we ignore m u l t i 
plicative constants).

2 ( 1 ( 1 - 6 - 3IAf > alA> IAf where 1 2 ( 1 > (log q) K ;

IlaiAII! > ( l o g q ) - 6 K - 3

II alAII2 > (logq)-4 K - 2 1Ia Il 2

(2.5)

T h e a r g u m e n t is i d e n t i c a l to t h e p r i m e case .

I t e r a t i o n of L e m m a 3 gives ([1], L e m m a 6) .
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L e m m a 4. L e t 0: : lF q - - - t lR+ , 110:111 ~ 1. Fix 1 < K ~ q .

T h e n there is a d e c o m p o s i t i o n (with d i s j o i n t e d l y s u p p o r t e d c o m p o n e n t s )

(2.6)

where each O:j satisfies for some B j C IF q

(2.7)

and

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

II00j 111 > (log q)-6 K - 3
,

II00j 11 2 > K - 2 ( l o g q) -4110:112.

IB j + Bjl < K38(logq)76IBjl ,

J « l o g q ) 6 K3,

1 1
1113 * 1311 2 < K 111311 2 < K 110:112·

Denote 'l/J(x) = ep(Trx) , T r = TrFq /F p the additive c h a r a c t e r of lF q ,

q < t " ,

L e m m a 5. L e t 0:,13 " : IF q - - - t lR+ ; 110:111 ,111311 1 , b i l l ~ 1.

Take 1 ~ K ::; q.

Then

(2 .13)

(2.14)

(2.1) lSI = I L o:(x)J3(y)T(Z)'l/J(xyZ) I ::; 31 S11
x ,y ,z

+ 8 m : x IAI.I~I.ICII L 'l/J ( x y Z) I
( ) xEA , y E B , zEC

where (*) refers to sets A, B, C C IF q such t h a t

(2.15)
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(2.16) (logq)-12 K-611a1122 < IAI < K4(10gq)81IaIl22

(2.17) IA + AI < (log q f6 K 3 8 1AI
and s i m i l a r l y for B , C and

(2.18) 8 1 = L a ' ( x ) { 3 ' ( y h ' ( z ) 1 j J ( x y z )
x,Y ,Z

w i t h 0 < a' :::; a, 0 :::; {3' :::; {3, 0 :::; "(' :::; "( and

(2 .19) lIa' * a'II2 < ~lIa'1I2 or 11{3' * {3' II 2 < "i 12
or 11'/ * '/112 < ~ 111/112·

P r o o f . Apply decomposition from Lemma 4 to each of the factors a, {3, "(.

Note t h a t in (2.7), L U j :::; lIall l . In order to j u s t i f y the c h a r a c t e r i s t i c
functions XA, XB, X c in (2.14), we use the fact t h a t if Xn :::; f :::; 2Xn, t h e n
f may be recovered as an average of ±Xn' for subset n ' c n , In'l ' " Inl . •

Recall also t h a t by Cauchy-Schwarz, we have

18 11
2

:::; L { 3 ' ( Y h ' ( z ) 1 L a'(X)1jJ(X YZ)1
2

Y ,Z x

since 11/3'111,11"1'111 :s; 1. Hence

(2.20) 18 1 1 :S; I L (a' * a') (x){3'(yh'(z)1jJ(xyz) 1

1
/
2
.

X,Y,Z

For a, b, C > 0, denote ( ( a , b, c) the maximum of

(2.21) I L a' (x ){3' ( y h ' (z)1jJ(xyz) I

where a', {3' , "(' : iF q - - t lR+ satisfy

(2.22)
lI a'II1 :::; 1, 1I{3'1I1:S; 1, 11"1'111:::; 1 and lIa'1I2:S; a, 1I{3'1I2:S; b, 1I"i'1I2:::; c.

Lemma 5 implies t h e n t h a t

(" referring to the o t h e r 2 terms).
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3. P R E L I M I N A R Y E S T I M A T E S (2)

We will use the following c o n s t r u c t i o n .

Let
8 = L a( x) {3(y) 1jJ( xy)

with O:S a , {3 ; Ilall l , 11{3111 = 1.

Write

181 2 :s I L ( a * a)( X) {3(y) 1jJ( X y )!,

and mor e generally ( d e n o t i n g a U !) t h e i-fold a d d i t i v e convolution of a)

231

(3.1)

Fix s E Z+ and define L = L 8 by

(3.2)

Applying Lemma 3 with a replaced by a ( 2
S

) , it follows t h a t t h e r e is a s u b s e t
A C IF q s a t i s f y i n g

(3 .3)

(3.4)

(3.5)

Note t h a t

Ila(2 S ) I A I I I > ( l o g q ) - 6 L - 3

IAI < L 4 (lo g q)81I a(2 S

) 11;2

IA + AI < L 38 (lo g q )76 IAI·

Replacing A by a t r a n s l a t e and d e n o t i n g a l = a ( 2
S

) , it follows from (3 .1)
t h a t

(3.6)

and t h e r e exists a set A C IF q such t h a t

(3.7)
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(3.8)

(3.9)

where

(3 .10)

IAI < (log q)8 L411aIll22

IA + AI < (log q) 76 L 3 8 1AI.

J . B o u r g a i n

R e t u r n i n g to (2 .14), consider

(3 .11)
1 1

So = IAIIBIICI L 1jJ (x yZ) = ICf L TJ(U) 1jJ(UZ)
x E A , y E B , z E C UElF p

z E C

with TJ the image measure of XAIIAI 0 XBIIBI under the p r o d u c t map
(x , y) f - + x .y.

Apply the c o n s i d e r a t i o n s above with a = TJ , f3 = Ib l Xc· Fix s E Z+ and

let TJ1 = TJ(2
8

) .

Hence from (3 . 6 ) - ( 3 .10)

(3 .12)
1

18 01 < ICf I : > 7 1 ( U ) 1jJ(uz)
z E C
uEIF

and t h e r e is a set U c IF s a t i s f y i n g (U plays the role of A in (3.7) - ( 3 . 9 ) )

(3.13) I { x E A, y E B I xy E U}I > (logq)-6 L - 3
I A I·IBI

(3 .14) lUI < (log q)8 L411TJIII22

(3 .15) IU + UI < (logq) 7 6 L 3 8 IUI·

where

(3 .16)
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4. F U R T H E R A S S U M P T I O N S

We make t h e following f u r t h e r a s s u m p t i o n s on a , f3 , I : lF~ - - t 1R+
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(4 .1)

(4 .2)

(4 .3)

1 1

Iialb, 11f3lli bib < q - 2 - < h

max { L f3(ax + b)} < q - 0
2

a,bEIF
G p r o p e r subfield x E G

(4.4)

where 00,01 ,02 > O.

In t h e d e f i n i t i o n of ( ( a , b, c) in §2, we make t h e e x t r a h y p o t h e s i s t h a t
f3' s a t i s f i e s (4.3). Since o b v i o u s l y t h e left side of (4 .3) d e c r e a s e s when f3' is
r e p l a c e d by f3' * f3 ' (recall t h a t 11f3'1I 1 :::; 1) , i n e q u a l i t y (2 .23) s t i l l holds in
t h i s r e s t r i c t e d s e t t i n g .

Let B C lF q be t h e set c o r r e s p o n d i n g to f3 from L e m m a 5 . T h u s by
(2.15)

20" 0" - 6 31BI > f3IB > 1BI where (log q) K - < 0" :::; 1.

I f B o C B , c l e a r l y II f3IBoIIl > (logq)-6 K - 3 %11 by (4.4) a n d (4.3) implies
t h a t Bo is not c o n t a i n e d in a set aG + b, G a p r o p e r subfield , p r o v i d e d

(4.5)

5 . P R E L I M I N A R Y E S T I M A T E S (3)

R e t u r n i n g to (3 . 1 1 ) - ( 3 . 1 6 ) , we e s t a b l i s h a lower found on lUI using L e m m a 1.
From (3 .14) , t h i s will give a b o u n d on 111]1112'

D e n o t e 9 = { (x, Y) E A x B I x, Y E U} .

Hence by (3 .13)

(5.1)



2 3 4

Define

and

J . B o u r g a i n

B o = {Y E B IIQ(Y)I > ~(IOgq)-6L-3IAI}

d e n o t i n g Q(x) and Q(y) t h e fibers of Q.

Clearly

(5 .2)

(5 .3)

IAol > ~(logq)-6L-3IAI

IBol > ~(IOg q)-6 L -3IBI .

We apply Lemma 1 with X = AD; Y = Be: In view of (4.5) , (5.3) , t h e
a s s u m p t i o n

(5.4)

ensures t h a t Bo is not c o n t a i n e d in a m u l t i p l i c a t i v e coset of a p r o p e r subfield.
From L e m m a 1 and t h e r e l a t e d R e m a r k , we o b t a i n aI , a2, a3 , a4 E AoU( -AD)
and b l , b2, b3 , b 4 E Bo U ( - B o ) such t h a t

> ~ min { I A ' I I B ' I ! q ( I A ' I . I B ' I )2}
- 2 . , IAI.IBI

if A' CAD , B' c B o .

Next we apply L e m m a 2.

Take X i = Q(bd c A (1 ~ i ~ 4) and Y = AD. From (1.13), t h e r e is
A' C AD and a' E AD s .t .

(5.6)
4

A' - a' C n (Q (b i ) - Q (bd )
i = l



On E x p on ential Sum s in Fini t e Field s

and

235

( 5.7) I A' I > (rr 4

IQ (b dl ) I A I > (rr 4

! Q( bi)! ) . IA I- . I Q (b' ) - A I 0 - . IA - AI 0
1= 1 1 . 0 1= 1

by (5.2) , ( 2. 17).

By ( 5.6) and definition of Q

(5.8) b 1 ( A' - a') + b 2 ( A' - a' ) + b 3 ( A' - a') + b 4 ( A' - a') c 4U - 4U.

Similarly we o b t a i n B' C Bo and b' E Bi, s.t.

(5.9)

a n d

( 5. 10) a1(B' - b') + a2(B ' - b') + a3(B' - b' ) + a4(B ' - b') C 4U - 4U.

From ( 5 .5), ( 5.8), (5 .10), i t follow s

(5. 11) 18U - 8U I ~ (log q)-C m in { K -456 L - 23I AI.I B I ! , q K -1 20 8 L - 60}.

Re calling (3 . 14) , (3 . 15) and t h e P l u n n e c k e - R u z sa in equali t y, (5 .11) im
plies

and

(5.12) 11171112 :S (log q)c ( K 228 L 31 8IAI - ! I B j - i + q - ! K 604 L 336).

From (3.16) defining L a n d (5.12)

wher e 171 = 17 (2
8

) a n d

(5. 14)
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T h e validity of (5.13) is c o n d i t i o n a l to (5.4), t h u s

J . B o u r g a i n

(5.15)

Set

(5 .16)

From (5 .13), (5.15), e i t h e r

(5.17)

or

(5.18)

Note also t h a t since T/ 2:: 0 , liT/Ill = 1, t h e sequence 11T/(2
S

) 112 is m o n o t o n i c a l l y
decreasing in 8 .

I t e r a t i n g ( 5 . 1 7 ) - ( 5 . 1 8 ) 81 = 8 + [~] times, we o b t a i n

(5.19)

Choose 8 such t h a t

(
335 ) s 01
336 < 100

which is possible for 81 s a t i s f y i n g

(5.20)

From (5.16), (5.19), we conclude t h a t

(5.21)
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6. E S T I M A T I O N OF T R I L I N E A R SUMS

R e t u r n to (3.12) with TJl = TJ(2 S 1
) . E s t i m a t e using Cauchy - S c h w a r z

2 3 7

(6.1) L TJl(U)1jJ(uz) ~ L TJl(U) I L 1jJ(uz) I
uElF' u z E C
z E C

and hence by (5.21)

(6.2) I~II L TJl(U)1jJ(UZ) I < q?ci (q~ IAI-~ IBI-~ ICI-~ + ICI-~) .
uElF'
z E C

From Lemma 5 and (3.12), (6.2), we o b t a i n the following b o u n d on (2.14).

(6.3) (2.14) ~ 8 [/~. (q~ lIa1l211011~ 11,112 + 1IT112) r
where by (5.20)

(6.4) (~) -k (~) 300 .
K, > 32 100

Note t h a t , since , ( 0 ) = 0, c e r t a i n l y

181 = I L a(X)O(Yh(Z)1jJ(X yZ)! ~ JQll al1 2110112
X,Y,z

and hence, if Iblb ~ q-~81, 181 < q-~81 by (4.2). Assuming IITlb < q-~81,
(6.3) and (4.2) imply

(6.5)
~(2.14) < q - 2 K .

Hence, we proved (recalling (2 .23))

(6.6)

where c e r t a i n l y
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and

(6.7)

J . B o u r g a i n

S t r a i g h t f o r w a r d i t e r a t i o n of (6 .6), (6.7), until reaching abc < ~ for which

((a ,b ,c) < y ' q q - 2 /3 = q-~, gives by (5.16)

(6.8)

where

(6.9)

(C some c o n s t a n t ) .

Hence , we o b t a i n

T h e o r e m 1. Let 0.,(3 " : IF q ---+ lR+ and 00,01 , 0 2 > a s a t i s f y i n g 110.11 1 , 11(3111'
1It11 1 ::; 1 and (4.1) - ( 4 . 3 ) . Then

(6 .10) I L a ( X ) ( 3 ( Y ) t ( Z ) 'l/J(Xyz)1 < q_~1 + 3 q - O
O

with

(6.11)

7 . C O N V O L U T I O N OF P R O D U C T D E N S I T I E S

From T h e o r e m 1, we deduce

T h e o r e m 2. Let a , (3 : IF ---+ lR+ s a t i s f y i n g

(7.1)

(7.2)

(7.3)

110.11 1,11(311 1 ::; 1

Iialb < « '

max { L (3(ax + b)} < q - 0
2

a ,bEIF
G j J r o p e r s u b f i e l d x E G
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L e t TJ be t h e i m a g e m e a s u r e o f 0: ® 13 u n d e r t h e p r o d u c t m a p (x, y) I---t x .y.
1

T h e r e is k = k(<5 , <5 2 ) < <5- C C 6 2 such t h a t

(7.4)

where TJ{k) d e n o t e s k -fold ( a d d i t i v e ) c o n v o l u t i o n .

P r o o f . W r i t e

with
z = {~ E IF II r](~)1 > q-1 / k } .

D e f i n i n g , : IF - t C by

if ~ E Z

otherwise

1

we have 1It111 = 1, 11,11 2 = IZI-2 a n d

(7 .6) q - 1 /k ~ L r](~h(~) = L o:(x)l3(yh(~)1/J(xyO·
~ x,y,~

Apply T h e o r e m 1 to (7 .6) with <5 0 = min (<5,~,~,~) and <5 1 = <5. T h e n (4.1)
holds , unless

(7.7)

and (4.2) , unless

(7.8)

1

Clearly for k > ~/ ' ",' = C - 6 2 <5 c given by (6.11), (6 .10) a n d (7.6) are
c o n t r a d i c t o r y . T h e r e f o r e , e i t h e r (7 .7) or (7 .8) hold , i.e.

(7.9)

S u b s t i t u t i o n in (7.5) gives (7.4). •
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8. T H E G E N E R A L C A S E

J . B o u r g a i n

From T h e o r e m 2, we o b t a i n t h e m u l t i l i n e a r e x t e n s i o n of T h e o r e m 1.

T h e o r e m 3. Let r ~ 2 and a I , . . . , a r : IF - + 1R+ s a t i s f y

(8.1)

(8.2)

(8.3)

(8.4)

Ilailil ::; 1 (1::; i ::; r)

Il ail12 < « ' (1::; i ::; r)

max ai(aG + b) < q-8 2 (3::; i ::; r)
a,bEIF

G p r o p e r s u b f i e l d

r I

lIallb.lla2112' I I Ilailli < q-~-8.
i = 3

Then there is the e x p o n e n t i a l sum bound

(8.5) L IT a i (Xi ) 1P ( IT Xi)
X I , . . . ,x r E IF z = l z = l

P r o o f . By i n d u c t i o n on r.

For r = 2, t h e r e is t h e obvious b o u n d q~ IiaIll211 a2112 < « ' .
T h e case r = 3 is given by T h e o r e m 1.

For t h e i n d u c t i v e s t e p , we will use T h e o r e m 2. Let r ~ 4 . Denote S t h e
e x p o n e n t i a l sum on t h e left of (8 .5) and let rJ be t h e image d e n s i t y of a 1 0 a 3
u n d e r t h e p r o d u c t map (Xl,X3) ~ XIX3 . T h u s

(8.6) S = L rJ(x) I I a i (Xi ) 1P ( X I I Xi)
X , X 2 , X 4 , · · · , X r i # 1 ,3 i # 1 ,3

a n d e s t i m a t e using H o l d e r ' s i n e q u a l i t y

I

(8.7) lSI ~ LE ,J!, "i (Xi) I ~~(X)~ (X. iIT, Xi t r
I

= {x,x,E .. ,x, ~(2k)(x) · iIT, "i(Xi)' ~(X. iIT, Xi) }"
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Theorem 2 is t h e n applied to bound 1171(2k) 112' Replacing 6 by tr in Theo
rem 2, it follows from (7.4)

(8.8)

for

(8.9)

Hence

( 2 )C 1
k '" ; C62.

II 71(2k) 112 < q-8(~--!r) + q-!r-~ < « '
and since r ~ 4 , from (8.8), (8.4)

(8.10) II 71(2k) 11211c~21b I I lIaill~ < q-!r-~-8 + q-!r-~_r218 :s 2q-~-(I--!r)8 .
i=4

At this point , invoke the i n d u c t i o n hypothesis with r replaced by r - 1 and
6 by (1 - ir) 6. Recalling (8.7), it follows t h a t

(8 .11)

where

(8.12)

6~ = 6~(6) = 21k6~-1 ( ( 1 - 2
1 r) 6 ) ( [ ' 9 ) (~) C C-o~6~_1 ( ( 1 - 2

1 r) 6 ) .

I t remains to i t e r a t e (8.12). •

Following the a r g u m e n t to derive Theorem 2 from T h e o r e m 1, T h e o r e m 3
implies also

T h e o r e m 4. L e t a I , . . . , a r : IF q - - t 1R+ s a t i s f y

(8.13)

(8.14)

(8.15)

Ilailil :s 1 (1:S i :s r)

Ilail12 < « ' (1:S i :s r)

max ai(aG + b) < q-8 2 (3:S i :s r).
a ,bElF

G p r o p e r s u b f l e l d
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Denote 'rJ the image density of a l (>9 • • • (>9 a r under the product map
( X l , . . . , X r ) 1--+ X l . . . x . : Then

(8.16)
r 1

1!TJ(k) 112 < lllaIll2·lI a2112· I I lIa illi + qJ-~
i = 3
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A N E S T I M A T E OF I N C O M P L E T E M I X E D C H A R A C T E R

S U M S

MEI-CHU CHANG*

D edi cat ed t o E n dre S z em er edi for hi s 70t h bi rthday.

1. 8 /~* * It

In t h is not e we cons ide r in compl et e m ix ed cha racte r s u ms over a finit e
field Fpn of t he form L XEBH 'Ij; (J(x) ) X(x), whe re 'Ij; is an a d d it ive ch a r ac te r,
f (x ) E Fpn a pol ynom ial , X a n on- t r i v i a l mul tipli c a ti ve cha r a c t er and BH
a ' b o x ' o f th e form B H = { L J=l X j W j : X j E [1, HJ} . (Here {wd~=l is a n
a r b it ra ry b asis of Fpn over F p. )

If f ( x ) = 0 and n = 1, Bur gess ' well-known t he ore m pro vid es a n on
t r ivia l est i ma t e und er t he ass u m pt io n H > p I / H e. A gene r a liza t io n t o
a r b i t ra ry finit e fields was o bt a ine d in [3] , [4] a n d very r ecentl y [9] , even t u a l l y
pr ovidin g a s t a t em ent of th e s a me s t r e n g t h as Burg ess , in F pn.

If n = 1 and f ( x ) is lin ear , [7] proved a non - t r i v i a l b o u n d as sumin g
H > p I / H e . For a gene ra l p olynomial f ( x) th e only a va ila b le r esult ar e
t h a t of P. Enflo [6] and a com me n t made by H e a t h - B r o w n [8] in the revi ew
of [6]. H e a t h - B r o w n ' s est i ma te (for n = 1) assume s a g a in t h at H > p1 / 4 + e

and comes with a saving of the form p - c( e )/2
d
, wh er e d is t h e degree of f ( x).

Our result b elow t r e a t s t h e sit u a t ion of a field Fpn (re l y i n g on Konya
gin ' s b o u n d for the mul tiplic a t i ve e ne r gy of a b ox BH as d escrib ed a b ove )
and a pol ynomial f ( x ) of a r b i t r a ry degre e d , ass u m ing H > p I / H e. We

ob t ain a s aving over th e t r iv ia l b o u n d of th e form p - c(n ,e ) / (d+I )2 , so th a t ,
int er estingl y, even for n = 1 t he r esult seems new .

" R e s e a rc h p ar ti all y fina nced by t he N a t i o n a l Sc ien ce F o u n d a t io n.
t H a p p y Bir t h d a y!
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N O T A T I O N A N D C O N V E N T I O N

1. e (O) = e 2 rr i f ) , ep(O) = e(~)

2 . W h e n t h e r e is no a m b i g u i t y , pe = [pel E Z.

3 . M u l t i p l i c a t i v e e n e r g y

M. -G. Chang

Let WI , . . . , w n be an a r b i t r a r y b a s i s for IF pn over IF v: T h e n for any
x E IF pn , t h e r e is a u n i q u e r e p r e s e n t a t i o n of x in t e r m s of t h e basis .

A box BH C lF p n of size H is a s e t such t h a t for each j , t h e coefficients
X j form an i n t e r v a l .

(1)

T h e o r e m . L e t X ( r e s p e c t i v e l y , 'ljJ ) be a n o n - p r i n c i p a l m u l t i p l i c a t i v e (resp .
a d d i t i v e ) c h a r a c t e r o f IF pn. For a basis WI , W2 , . . . , W n o f IF pn over IF p, l e t
B H be a box as defined in (1) by t h e basis w i t h

(2)
1

H > p4+ K for some '" > o.

T h e n for a p o l y n o m i a l f E IF pn o f degree d, we have

I L 'ljJ(J( x)) X(X)I < c(n , ",)(d + 1)2 p - OI B I,
x E B H

where

and c( n , "') is a c o n s t a n t d e p e n d i n g on n a n d « .
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S k e t c h o f P r o o f . As in [3] , [4] a n d [9] , we use B u r g e s s ' m e t h o d [1].

Let e > a be specified l a t e r (see (16)) a n d let B p - 2 €H be a box of size
p - 2 c H as defined in (1) . For y E B p - 2 €H a n d a < t < pC , since yt E B p - € H '

we have

I L 1/;(J(x)) X(x) - L 1/; ( J (x + yt)) X(x + yt)1
x E B H x E B H

~ I B \ ( B + yt) I + I ( B + yt) \ B I < 2np - c tt» .

Hence

(3) I L 1/; ( J (x ) ) x(x)1
x E B H

L 1/; ( J (x + yt)) X(x + yt) + O ( p - c H n
) .

x E B H, YEB p - 2 € H
o <t <p€

An a d d i t i v e c h a r a c t e r is of t h i s form

1/; ( z) = ep(Tr~z), for some ~ E IF p n •

E x p a n d i n g

f ( x + yt) = ad(x , y)t d + ad-l (x, y)t d - 1 + ... + ao( x , y),

a n d we w r i t e

(4)
d

1/; ( J (x + yt)) = e (L Tr ~aj(x, y) t j ) .
j=O p

F i x C l > a (to be specified l a t e r ) a n d p a r t i t i o n [O , l ] d + l in boxes Qa of
size » » . T h e r e are p C l ( d + l ) boxes . P a r t i t i o n B H x B p - 2 € H a c c o r d i n g to t h e
boxes Qa'

B H X B p - 2 € H = Una ,
a

where
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Hence for ()a = (()a , l , " " ()a , d + l ) E Qa a n d (x, y) E !1 a , we have

(5) I
Tr ~aj (x , y) () ·I - C1 I: • - dp - a ,) < P , lor J - 1, . . . , + 1.

Since t < pC , (4) a n d (5) imply t h a t for (x, y) E !1 a ,

(6)

for

(7) CI = (d+ l)c.

T h e r e f o r e , t h e b o u n d in (3) is b o u n d e d by

For z E IF p n , d e n o t e

(9)

T h e sum in t h e first t e r m of (8) e q u a l s

pC d

(10) L L JLa(z) L e ( L ( ) a , j t j ) X ( z + t ) .
a zElFpn t = l j=O

Take r E Z specified l a t e r . H o l d e r 's i n e q u a l i t y b o u n d s (10) by
(11)

1 C 1

(~ 2;'. Jl.(zl ';:' t " ( ~ , f.; . I t e( t. e . ,;!; )x(z + !In "
v
(B)

v

(A)
' - - - - . . . . - - - - - - - " " ..... _ - - - - - - - - - - - - - - - '
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H o l d e r ' s i n e q u a l i t y also gives

(12) (A) S (I>.(z) t \ L,,·(z)' t
Q , Z Q , Z

= (L In. l) 1-, E( BH, B p - " H ) ~
a

2 4 7

~ c(n) (p-2e H2r(1-~) (p-2ne H 2n ) fr logp.

Here t h e e q u a l i t y follows from t h e d e f i n i t i o n s of Pa (z) a n d t h e m u l t i p l i c a t i v e
e n e r g y . For t h e l a s t i n e q u a l i t y , we use K o n y a g i n 's b o u n d on m u l t i p l i c a t i v e
e n e r g y [9] a n d t h a t

1 1

E ( B H , B p - 2 c H ) ~ E ( B H , B H ) 2 E ( B p - 2 c H , B p - 2 c H ) 2.

( T h i s .is by C a u c h y - S c h w a r z . (See [10] C o r o l l a r y 2 .10 .))

To b o u n d (B), we write

w i t h
pC d 2r

B . = ~ 8e(~8.Jtj)X(z+t)

For fixed Q , we e x p a n d I 2:f:l e( 2:1=0 f)a , j t j ) X ( Z + t) 1
2 r

a n d o b t a i n

(13)

w i t h IC a (t l , .. . ,t2r)1 = 1. T h i s gives
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(The last inequ ality is given by Weil's e s t i m a t e .)

Therefore,

M .-C . Chang

(14)
q (d + l ) [ n e n ](B) < crp 2 r p2T+2 + p4,:+e .

P u t t i n g (10)-(12) and (14) t o g e t h e r , we have the first t e r m of (8)
b o u n d e d by

(15) c ( n ) r l o g p ( -2 e H 2 ) n ( 1 - 1 ) ( -2neH2n)-1- q ( d + l ) [ .!!.+f .!!.+ e]
--:'~--==-=-=n P r P r P 2 r p2 r 2 + p4r
p e ( p - 2 e H )

(The last inequality is by our a s s u m p t i o n (2).)

Take

(16)

and

S u b s t i t u t i n g (16) in the second factor of (15), we o b t a i n p;~ . Our choice
of r implies t h a t r > (2,.. + 1)~ and hence ~~ + :r. < ~. Therefore, (15) is
bounded by

( T h e inequality is because r < 2( (d + 1)2 + 2n) (2 + ~) by (17).)
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R e m a r k . One may e s t i m a t e the q u a n t i t y

L I L C a ( t 1 , " " t 2r )!,
tl ,. . ., t 2r a

which essentially equals to

249

and may be e s t i m a t e d using the classical Vinogradov's mean value theorem.
This will lead to some f u r t h e r saving of & t h a t may be significant for specific
values of K, and d. In the c o n t e x t of our theorem where we focus on small K,

and large d, the improvement t u r n s out to be w i t h o u t i n t e r e s t .

A c k n o w l e d g e m e n t . The a u t h o r would like to t h a n k referee for many
helpful comments. The a u t h o r would also like to t h a n k Lih-Chung Wang
for technical s u p p o r t .
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C R O S S I N G S B E T W E E N C U R V E S W I T H M A N Y

T A N G E N C I E S

JACOB FOX*, FABRIZIO FRATI, JANOS PACHt and ROM P I N C H A S I

Let A and B be two families of two-way infinite z - rno n ot o n e curves, no t h r e e of
whi ch pass t h r o u g h t h e same p o i n t . Assume t h a t ever y curve in A lies above
every curve in B and t h a t t h e r e are m pairs of curves , one from A and t h e o t h e r
from B, t h a t are t a n g e n t to each o t h e r . T h e n t h e n u m b e r of p r o p e r crossings
among the m e m b e r s of A u B is at least ( 1 / 2 - o( l ) ) m In m . T h i s b o u n d is almost
t i g h t .

1. I N T R O D U C T I O N

S t u d y i n g the incidence s t r u c t u r e of a family of curves in the plane is a clas
sical t h e m e in c o m b i n a t o r i a l geometry with many a p p l i c a t i o n s in c o m p u t a 
tional g e o m e t r y . Venn d i a g r a m s were i n t r o d u c e d in the 19th c e n t u r y to an
alyze logical r e l a t i o n s h i p s between various s t a t e m e n t s [9, 7]. The incidence
s t r u c t u r e of non-overlapping c i r c u l a r disks was i n v e s t i g a t e d by Koebe [3],
while Erdos [2] raised several q u e s t i o n s a b o u t tangencies between possibly
overlapping c o n g r u e n t disks , including his famous problem on u n i t distances:
How many pairs of points can be at d i s t a n c e one from each o t h e r in a set
of n p o i n t s in t h e plane? In o t h e r words, how many t a n g e n c i e s can occur
among n u n i t d i a m e t e r disks in the plane? These are h a r d questions, see [5]
for a survey.

' R e s e a r c h s u p p o r t e d by an NSF G r a d u a t e Research Fellowship and a P r i n c e t o n Cen
t e n n i a l Fellowship.

t R e s e a r c h s u p p o r t e d by NSF g r a n t CCF-08-30272, by g r a n t s from NSA , O T K A , BSF ,
and SNF .
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An equally t a n t a l i z i n g i n n o c e n t - l o o k i n g question was asked by Richter
and T h o m a s s e n [6]. We say t h a t two closed curves / 1 and / 2 in the plane
properly cross if they share at least one point p (called a cross ing point) such
t h a t /1 passes from one side to the o t h e r side of / 2 in a small n e i g h b o r h o o d
of p. We say t h a t two closed curves /1 and / 2 in the plane touch or are
tangent to each other, if they share e x a c t l y one point. This point is called
the point of tangency of the two curves . We say t h a t two closed curves are
intersecting if they have at least one point in common. A family F of closed
curves is intersecting if every pair of them is i n t e r s e c t i n g . The family F is
in general position if any two of its members share only a finite n u m b e r of
p o i n t s and no three members pass t h r o u g h the same p o i n t . According to the
Richter - T h o m a s s e n c o n j e c t u r e , any i n t e r s e c t i n g family of n closed curves
in general position in the plane d e t e r m i n e s a t o t a l of at least (1 - 0(1)) n 2

crossing p o i n t s . This, of course, holds a u t o m a t i c a l l y if no two curves of the
family touch each o t h e r , because then the n u m b e r of crossing points is at
least 2 G) . Therefore, in order to s e t t l e the problem , we have to analyze
families of curves with many tangencies .

In this note, we take the first step in this d i r e c t i o n by s t u d y i n g the
s y s t e m of tangencies between two i n t e r s e c t i n g families A and B of curves
in general position, with t h e p r o p e r t y t h a t no curve in A properly crosses
any curve in B (see Fig . 1). In this case, we are going to prove t h a t , if m
denotes the n u m b e r of pairs of touching curves (a , {3) with a E A and f3 E B ,
the t o t a l number of crossing p o i n t s in F = A u B divided by m t e n d s to
infinity, as m - - - t 0 0 . C o n s e q u e n t l y , if IFI = n a n d m > cn 2 for some e > 0,
t h e n the t o t a l number of crossing points in F is s u p e r q u a d r a t i c in n . In
p a r t i c u l a r , any i n t e r s e c t i n g family F of n closed curves in general position
t h a t can be p a r t i t i o n e d into two subfamilies A and B such t h a t every curve
in A is t a n g e n t to all curves in B, d e t e r m i n e at least c o n s t a n t times n 2 l o g n
crossing points. This is, of course, a lot more t h a n w h a t is required by t h e
Richter - T h o m a s s e n c o n j e c t u r e in this special case.

For a e s t h e t i c a l reasons , we formulate our results for two-way infinite x
monotone curves, t h a t is , for g r a p h s / f of c o n t i n u o u s functions f : lR - - - t R
For simplicity, in the sequel , we use the t e r m curve in this sense . We say
t h a t a curve / / lies above a curve / 9 if f ( x ) ~ g(x) for all x E R

For any family F of curves in general position, let CN (F) denote the
number of crossing p o i n t s .

Our main result is the following .
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Fig . 1. Two i n t e r s e c t i n g families A and B of curves in general p o s i t i o n such t h a t no
curve in A p r o p e r l y crosses any curve in B.

T h e o r e m 1. L e t A a n d 8 be two families o f two-way i n f i n i t e x - m o n o t o n e
curves such t h a t A u 8 is in general p o s i t i o n . A s s u m e t h a t every curve in A
lies above e v e r y curve in 8 a n d t h a t there a r e m pairs o f curves, one from A
a n d the o t h e r from 8 , t h a t touch. Then the s u m o f the n u m b e r s o f proper
crossings a m o n g the m e m b e r s o f A a n d a m o n g the m e m b e r s o f 8 satisfies

CN ( A ) + CN (8) ~ (~ - 0(1)) m I n m ,

where the 0(1) term goes to 0 as m tends to 0 0 .

We say t h a t A a n d 8 completely touch if every m e m b e r of A t o u c h e s
e v e r y m e m b e r of 8 .

T h e o r e m 2. For all p o s i t i v e integers n, there exist two c o m p l e t e l y t o u c h i n g
n - m e m b e r families A a n d 8 o f two-way i n f i n i t e x - m o n o t o n e curves such t h a t
A u 8 is in general position, every curve in A lies above e v e r y curve in 8 ,
a n d

CN ( A ) + CN (8) ::; (~+ 0(1)) n 210g2 n .

C o m p a r i n g T h e o r e m s 1 a n d 2, we o b t a i n t h a t if c(n) d e n o t e s t h e mini
m u m n u m b e r of c r o s s i n g p o i n t s in t h e u n i o n A u 8 of two c o m p l e t e l y t o u c h 
ing n - m e m b e r families of c u r v e s , A a n d 8 , such t h a t all t h e m e m b e r s of A
a r e above all t h e m e m b e r s of 8 , t h e n we have:

(1 - o( 1)) n
2 l n

n ::; c( n) ::; (~+ o( 1)) n
2
}o g 2 n = (41~ 2 + o( 1)) n 2 l n n.

T h i s shows t h a t T h e o r e m 1 is t i g h t up to a m u l t i p l i c a t i v e f a c t o r of r o u g h l y
4 1 ; 2 ~ 1.082 .
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In Sections 2 and 3 of this note, we e s t a b l i s h Theorems 1 and 2, respec
tively. In the final section , we make some concluding remarks . In p a r t i c u l a r ,
we formulate a c o m b i n a t o r i a l result of i n d e p e n d e n t i n t e r e s t on a l t e r n a t i o n s
in c e r t a i n sequences over finite a l p h a b e t s ( T h e o r e m 3) , which can also be
used to prove T h e o r e m 1.

2. L E V E L S - P R O O F OF T H E O R E M 1

The lower k - l e v e l of a family F of curves is the closure of the set of all
p o i n t s t h a t lie on e x a c t l y one member of F and s t r i c t l y above e x a c t l y k - 1
members (see Fig. 2). Let f.k(F) denote the number of all p r o p e r crossings
among members of F t h a t lie on the lower k-Ievel of F. Analogously, the
upper k - l e v e l of a family F of curves is the closure of t h e set of all points t h a t
lie on e x a c t l y one member of F and s t r i c t l y below e x a c t l y k - 1 members.
Let Uk (F) denote the n u m b e r of all p r o p e r crossings among members of F
t h a t lie on the u p p e r k-Ievel of F . Note t h a t each p r o p e r crossing among two
members of a family F of curves in general position lies on two consecutive
levels, so t h a t we have

(1)
1.1'1 1.1'1
L f.k(F) = L u k ( F ) = 2 e N ( F ) .
k = l k = l

b 1_ _ ~b2

_ _ _ ---:: b
3

Fig . 2 . Two families A and B of curves , with IAI = 4 and IBI = 3 . T h e lower 2-level of A
and the u p p e r 2-level of B are shown by thick lines . Black dots show X i n f ( a 3 , b2) and

x s u p (a 3' b 2 ) when k = 2.

T h e o r e m 1 can be easily deduced from the following lemma.

L e m m a 1. L e t k > 1 and A a n d B be two families of t w o - w a y i n f i n i t e x 
m o n o t o n e curves, each of c a r d i n a l i t y a t least k, such t h a t A u B is in general
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p o s i t i o n . A s s u m e t h a t every curve in A lies above e v e r y curve in B and t h a t
ther e are m pairs of curves , one from A and the o t h e r from B , t h a t touch.
T h e n , we have

and

P r o o f . We ma y assume w i t h o u t loss of g e n e r a l i t y t h a t all crossing points
between members of A u B have d i s t i n c t x-coordin ates and t h a t all of these
values belong to the open int erval 0 < x < 1.

Note t h a t , as x varies between t h e x - c o o r d i n a t e s of two consecutive
p o i n t s at which a member of A touches a member of B, t h e lowest curve of
A or the highest curve of B must change . This yields the i n e q u a l i t y

Fix k > 1. For any 0 :::; ~ :::; 1 which is not the x - co or d i n a t e of an
intersec tion p o i n t , let Ak (~) d enote the k t h lowest cur ve in A at the vertical
line x = ~ and let Bk (~) denote the k t h highes t cur ve in B at t h e verti cal
line x =~. Analogou sly, A:Sk (~) deno tes the family consisting of t h e k
lowest curves in A a t th e vertical line x = ~ and B~k(~) d e n o t e s the famil y
cons ist in g of t h e k high est curv es in B a t the ver ti cal lin e x = ~ .

For ~ = 0 or ~ = 1, th e n u m b e r of pair s ( a, b) E A<k (~) x B<k(~) is k 2 .
- -

A pair (a, b) E A x B is s aid to be i n ternally touching if a and b touch each
ot he r and

Let I s t a n d for the number of i n t e r n a l l y touching pair s (a, b). Clearly, we
have I 2: m - 2k 2 • For any int e r n a l l y t o u c h i n g pair (a, b) , let (see Fig. 2)

1. Xinf(a , b) be th e infimum of all z-values for which Ak(X) = a and
b E B~k(X) , or a E A:Sk( x) and Bk(x) = b, and let

2. xsup( a, b) be the s u p r e m u m of all z-valu es for which Ak( X) = a and
b E B~k(X) , or a E A~k (X) and Bk(x) = b.

Obviously, we have Xi nf( a, b) < xs up( a, b) as th e x -co or d in a t e of the t o u c h i n g
point b etween a and b lies s t r ict ly between the se two numbers. It is also
clear t h a t t he numb er s Xin f( a , b) and x sup( a, b) ar e x - co or d i na te s of crossi n g
poin t s lying on t he k t h lowest level of A or on the k t h highest level of B.
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For any 0 < ~ < 1, t h e r e are at most k i n t e r n a l l y touching pairs (a, b)
with Xinf(a , b) =~ . Indeed, for any a E A such t h a t a = Ak(~ + c), say, for
all sufficiently small e > 0, all curves b E B with Xinf(a , b) = ~ must belong
to the set B~k(~) . This is a set of size k. T h u s , the number of d i s t i n c t x
c o o r d i n a t e s ~ at which e i t h e r Ak(~) or Bk(~) changes is at least 2 I l k . T h a t
is, we have

A similar a r g u m e n t was used in [1].

Now we are in a position to e s t a b l i s h T h e o r e m 1.

P r o o f o f T h e o r e m 1. Assume w i t h o u t loss of g e n e r a l i t y t h a t IAI ~ IBI
and t h a t every curve in A u B p a r t i c i p a t e s in at least one touching pair.
This implies t h a t any two members of A p r o p e r l y cross at least once and
any two members of B p r o p e r l y cross at least once. Hence, we have

CN (A) + CN (B) ~ ('~I) + C~I) .

This completes the proof in the special case where m ~ IAI 2 I In IAI,
because t h e n the t e r m (I~I) a l r e a d y exceeds the desired lower bound. In
p a r t i c u l a r , since t h e t o t a l n u m b e r m of touching pairs is at most IAIIBI, we
are done if IBI ~ IAII In IAI .

From now on, we can assume t h a t

m > IAI 2
l I n IAI

and

IAII In IAI ~ IBI ~ IAI·
1

Let e > 0 be a very small c o n s t a n t . Set K = m"2- g
, and add up

fk(A) + uk(B) for all 1 ~ k ~ K. Note t h a t we can apply Lemma 1, since
the last two inequalities imply t h a t K ~ IBI. In view of (1), we o b t a i n

1 K 1( K )
CN (A) + CN (B) ~ 2 L ( fk(A) + uk(B)) ~ 2 m - 1 + L (2; - 4k)

k = l k = 2
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1 ( K 1)2': 2 m - 2 K ( K + 1) + 3 + 2m L k
k=2

= (~-C:-O(l)) m l n m .

2 5 7

L e t t i n g c: ---+ 0, we can c o n c l u d e t h a t e N (A) + CN (8) is a t l e a s t (! 
o ( l ) ) m In m , as r e q u i r e d . •

3. C O N S T R U C T I V E U P P E R B O U N D - P R O O F OF T H E O R E M 2

Let c( n) d e n o t e t h e m i n i m u m n u m b e r of crossing p o i n t s in t h e u n i o n of
any two c o m p l e t e l y t o u c h i n g n - m e m b e r families of curves A u 8 , where all
m e m b e r s of A are above all m e m b e r s of 8.

We need t h e following:

L e m m a 2. For an y pair of positive integers i and i . we have

c(i j) :::; i 2 c ( j ) + i c ( i ) .

P r o o f . Let (A' , 8 ' ) be a pa ir of c o m p l e t e l y t o u c h i n g i - m e m b e r families of
c ur ves w i t h

CN ( A ' ) + CN ( 8 ' ) = c(i).

R e p l a ce each curve 'Y E A' U B' by j curves t h a t closely follow 'Y . For any
Q E A' a n d for any /3 E B', let each of t h e j curves co r r es p o n d i n g to Q t o u c h
each of t h e j curves c o r r e s p o n d i n g to /3 in a small n e i g h b o r h o o d of t h e p o i n t
where Q a n d /3 t o u c h ea ch o t h e r . T h i s can be achieved by i n t r o d u c i n g c ( j )
crossings n e a r each p o i n t of t a n g e n c y b e t w e e n Q a n d /3. A p a r t from t h e
crossings i n t r o d u c e d in t h e n e i g h b o r h o o d s of these p o i n t s , t h e j new curves
c o r r e s p o n d i n g to an "o ld" curve 'Y E A' U 8 ' are di s j o i n t .

D e n o t e t h e family of i j curves o b t a i n e d from t h e m e m b e r s of A' by A ,
a n d t h e family of i j curves o b t a i n e d from 8 ' by B . Since t h e n u m b e r of
t a n g e n c i e s b e t w e e n A' and 8 ' is i 2

, t h e r e are a t mo st i 2 c (j ) cro ssings a m o n g
t h e m e m b e r s of A u 8 t h a t o c c u r n e a r these t o u c h i n g p o i n t s. On t h e o t h e r
h a n d , in a sm all n e i g h b o r h o o d of each crossing b e tween two m e m b e r s of A'
or two m emb ers of B' , we cr ea t e j2 crossings in A or in B. T h e r e f o r e , t h e r e
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are j2 c (i ) crossings among members of A u B t h a t occur near crossings in
A' or B'. In view of the fact t h a t each crossing in A U B occurs in a small
n e i g h b o r h o o d of e i t h e r a t o u c h i n g p o i n t or a crossing p o i n t in A' U B', we
o b t a i n t h a t c ( i j ) ~ CN (A) + CN (B) ~ i 2c(j) + j2 c(i), as required. •

Using t h e fact c(2) = 3, by r e p e a t e d a p p l i c a t i o n of Lemma 2 with
j = 2 and i = 2 , 2 2, . . . , 2 k - l . we o b t a i n t h a t c(2 k) ~ ~k4k. S t a r t i n g
with a completely t o u c h i n g pair of 2-member families of curves, after k - 1
i t e r a t i o n s we o b t a i n a completely t o u c h i n g pair (A, B) of 2 k - m e m b e r families
with m = 2 2 k t o u c h i n g pairs . T h u s , t h e r e exists a c o n f i g u r a t i o n with only
~k4k = ~m log2 m crossings, m e e t i n g t h e r e q u i r e m e n t s . This completes the
proof of T h e o r e m 2 in the case n is a power of 2. If n is not a power of 2, let
k be t h e least i n t e g e r such t h a t 2 k > n. By r a n d o m l y s a m p l i n g n curves in
A and n curves in B, we o b t a i n c(n) ~ (n/2 k ) 2 c ( 2 k ) , and t h e desired b o u n d
follows .

4. C O N C L U D I N G R E M A R K S

T h e a s s u m p t i o n in T h e o r e m 1 t h a t t h e curves are two-way infinite is not
i m p o r t a n t . I f we have a family :F = A u B of a r b i t r a r y x - m o n o t o n e curves
such t h a t , for any pair of curves 0: E A, (3 E B which can be met by
a v e r t i c a l line, 0: lies above (3, we can make each curve two-way infinite
w i t h o u t d e s t r o y i n g this p r o p e r t y , by a d d i n g only at most

crossings.

One can give an a l t e r n a t i v e p r o o f of T h e o r e m 1 by reducing it to a
c o m b i n a t o r i a l s t a t e m e n t a b o u t sequences . Let ( X l , . . . , x m ) be a sequence of
m elements t a k e n from a finite a l p h a b e t <I> . For any pair of d i s t i n c t e l e m e n t s
a , b E <I> , define the n u m b e r of alternations of a and b in the sequence, as
t h e l a r g e s t n u m b e r t such t h a t t h e r e is a s u b s e q u e n c e ( X i ( O ) , X i ( I ) " " , X i ( t ) )

of l e n g t h t + 1 with 1 ~ i(O) < i ( l ) < ... < i ( t ) ~ m such t h a t its e l e m e n t s
a l t e r n a t e between a and b (or between b and a). T h a t is,

Xi(O) = X i ( 2 ) = . . . = a , x i ( l ) = X i ( 3 ) = . . . = b,
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or
Xi(O) = x i ( 2 ) = .. . = b, x i ( l ) = x i ( 3 ) = .. . = a .

This n u m b e r t is denot ed by a l t { a ,b}( XI , . . . , x n ) .

Define the alternat ion numb er of t h e sequence ( Xl , . . . , x m ) , as

L a l t { a , b } ( XI , . . . , x m ) ,

{a,b}~~

259

where the sum is t a k e n over all u n o r d e r e d pairs {a , b} of d i s t i n c t elements
from <1>.

T h e o r e m 1 can also be proved using the following result, which is p e r h a p s
of i n d e p e n d e n t i n t e r e s t .

T h e o r e m 3. Let ( Xl, . . . , x m ) be a s e q uen ce of length m over an alph a b e t <1> .

A s s u m e t h a t there ex is t s an a bsol u t e cons ta n t c > 0 such t h a t for all
1 ~ z ~ m , every z conse c u t i v e e l e m e n t s of the s equence con t ai n a t least c f t
d i s t i n c t symbols. Then the a l t e r n a t i o n n u m b e r of the sequence (Xl , . .. , x m )

is a t least dm log m , for a s u i t a b l e c o n s t a n t c' > 0 , dep e n d i n g only on c.

S a l a z a r [8] verified the Ri c h t e r - T h o m a s s en co nj ect ur e in the special case
when any p air of curves have at most k points in common, for a fixed
c o n s t a n t k . T h e b est known general b o u n d is due to M u b a yi [4], who
proved t h a t any family of n closed curves in ge ne r a l p o s i t i o n in the pl an e
d e t e r m i n e s at least (~ + o( 1) ) n 2 i n t e r s e c t i o n poin ts.
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A N A R I T H M E T I C R E G U L A R I T Y L E M M A , AN

A S S O C I A T E D C O U N T I N G L E M M A , AND A p P L I C A T I O N S

BEN GREEN and T E R E N C E TAO

To Endre Szem eredi on the occas ion of hi s 70th birthday

Szemer ed i 's r e g u l a r i t y l e m m a ca n be viewed as a rough s t r u c t u r e t h e o r e m for ar
b i t r a r y dense g r a p h s , decomposing such g r a p h s into a s t r u c t u r e d piece, a small
e r r o r , and a uniform pi ece. We e s t a b l i s h an arithmeti c regularity lemma t h a t sim
ilarly decomposes b o u n d e d f u n c t i o n s f : [N] - + C , into a (well-equidi s t r i b u t e d ,
v i r t u a l ) s - s t ep nilsequence, an error which is sm all in £2 and a f u r t h e r error which
is minuscule in th e Gowers U ·+ 1 - n o rm , wher e s ? 1 is a p a r a m eter. We t h e n
e s t a b l i s h a c o m p l e m e n t ary arithm eti c counting lemma t h a t coun ts a r i t h m e t i c
p a t t e r n s in t h e nilsequen ce c o m p o n e n t of f .

We provide a numb er of a p p l i c a t i o n s of these lemmas : a p r o o f of S z e m e r e d i ' s
t h e o r e m on a r i t h m et ic progressions , a p r o o f of a c o n j e c t u r e of Bergelson , Host
and Kra , and a g e n e r a l i s a t i o n of c e r t a i n r e s u l t s of Gowers a n d Wolf.

Our r e s u l t is d e p e n d e n t on the inverse c o n j e c t u r e for t h e Gowers U ·+ 1 norm,
r e c e n t l y e s t a b l i s h e d for g e n e r a l s by t h e a u t h o r s a n d T . Ziegler.

1. I N T R O D U C T I O N

Szemeredi's c e l e b r a t e d regularity lemma [48 , 49] is a f u n d a m e n t a l tool in
g r a p h theory; see for instance [36] for a survey of some of its many appli
cations. I t is often described as a s t r u c t u r e theorem for graphs G = (V, E),
b u t one may also view it as a decomposition for a r b i t r a r y functions f :
V x V - - - t [0,1] . For i n s t a n c e , one can recast the r e g u l a r i t y lemma in the
following " a n a l y t i c " form . Define a g r o w t h f u n c t i o n to be any monotone
increasing function F : 1R+ - - - t 1R+ with F ( M ) ~ M for all M .
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L e m m a 1.1 (Szemeredi r e g u l a r i t y lemma, a n a l y t i c form). Let V be a
finite vertex set, let f : V x V - - t [0,1] be a function, let E > 0, a n d let
F : lR+ - - t lR+ be a growth function. Then there exists a positive integer l

M = Oc , F ( I ) a n d a decomposition

(1.1 ) f = fstr + fsml + funf

o f f into functions fstr,fsmh funf : V x V - - t [ - 1 , 1 ] such that :

(i) (fstr s t r u c t u r e d ) V can be p a r t i t i o n e d into M cells VI, . . . , VM, such
t h a t fstr is constant on Vi x Vj for all i, j with 1 ::;; i, j ::;; M;

(ii) (fsml small) The q u a n t i t y Ilfsmill£2(Vxv):= (lE v ,wEv l f sml (V, w ) 1
2
) 1/ 2

is a t m o s t E.

(iii) ( f u n f very uniform) The box norm I l f u n f I I 0 2 ( V x V ) ' defined to be the
q u a n t i t y

is at most I / F ( M ) .

(iv) ( N o n n e g a t i v i t y ) fstr a n d fstr + fsml take values in [0,1] .

Informally, this r e g u l a r i t y l e m m a d e c o m p o s e s any b o u n d e d f u n c t i o n i n t o
a s t r u c t u r e d p a r t , a small e r r o r , a n d an e x t r e m e l y u n i f o r m e r r o r . While t h i s
f o r m u l a t i o n does not , a t first s i g h t , look much like t h e u s u a l r e g u l a r i t y
l e m m a , it easily implies t h a t r e s u l t : see [53]. T h e idea of f o r m u l a t i n g
t h e r e g u l a r i t y l e m m a w i t h an a r b i t r a r y g r o w t h f u n c t i o n F first a p p e a r s
in [1], a n d is also very useful for g e n e r a l i s a t i o n s of t h e r e g u l a r i t y l e m m a
to h y p e r g r a p h s . See , for e x a m p l e , [52]. T h e b o u n d on M t u r n s o u t to
e s s e n t i a l l y be an i t e r a t e d version of t h e g r o w t h f u n c t i o n F, w i t h t h e n u m b e r
of i t e r a t i o n s being p o l y n o m i a l in l i E . In a p p l i c a t i o n s , one u s u a l l y selects t h e
g r o w t h f u n c t i o n to be e x p o n e n t i a l in n a t u r e , which t h e n makes M e s s e n t i a l l y
t o w e r - e x p o n e n t i a l in l i E . See [51, 54] for a g e n e r a l d i s c u s s i o n of t h e s e s o r t s
of s t r u c t u r e t h e o r e m s a n d t h e i r a p p l i c a t i o n s in c o m b i n a t o r i c s . See also [42]
for a r e l a t e d a n a l y t i c a l p e r s p e c t i v e on t h e r e g u l a r i t y lemma.

1 As u s u a l , we use O ( X ) to d e n o t e a q u a n t i t y b o u n d e d in m a g n i t u d e by C X for some
a b s o l u t e c o n s t a n t X ; if we need C to d e p e n d on v a r i o u s p a r a m e t e r s , we will i n d i c a t e t h i s
by s u b s c r i p t s . T h u s for i n s t a n c e O.- ,F(1) is a q u a n t i t y b o u n d e d in m a g n i t u d e by some
e x p r e s s i o n C.-,F d e p e n d i n g on e, F.

2We use here t h e e x p e c t a t i o n n o t a t i o n lEaEAf(a) : = I~I L a E A f ( a ) for any finite non
e m p t y set A , where IAI d e n o t e s t h e c a r d i n a l i t y of A .
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In a p p l i c a t i o n s the r e g u l a r i t y lemma is often p a i r e d with a counting
lemma t h a t allows one to control various expressions involving t h e func
tion f. For e x a m p l e , one might consider t h e expression

(1.2) lEu ,v ,wEV f ( u , v ) f ( v , w ) f ( w , u) ,

which c o u n t s t r i a n g l e s in V weighted by f. Applying t h e d e c o m p o s i t i o n
(1.1) s p l i t s expressions such as (1.2) into multiple t e r m s (in this i n s t a n c e ,
27 of t h e m ) . T h e key fact , which is a slightly n o n - t r i v i a l a p p l i c a t i o n of
t h e Cauchy - S c h w a r z i n e q u a l i t y , is t h a t t h e t e r m s involving t h e box-norm
uniform e r r o r funf are negligible if t h e g r o w t h function :F is chosen r a p i d l y
enough. T h e t e r m s involving t h e small e r r o r fsml are s o m e w h a t small, b u t
one often has to carefully c o m p a r e those errors a g a i n s t t h e main t e r m (which
only involves fstr) in order to get a n o n - t r i v i a l b o u n d on the final expression
(1.2). In p a r t i c u l a r , one often needs to exploit the p o s i t i v i t y of fstr and
fstr + fsm) to first localise expressions such as (1.2) to a small region (such
as t h e p o r t i o n of a g r a p h between a "go o d" t r i p l e Vi, Vj , V k of cells in t h e
p a r t i t i o n of V a s s o c i a t e d to fstr) before one can o b t a i n a useful e s t i m a t e .

T h e g r a p h r e g u l a r i t y and c o u n t i n g lemmas can be viewed as the first
n o n - t r i v i a l member of a h i e r a r c h y of hypergraph r e g u l a r i t y and c o u n t i n g
lemmas, see e.g. [9, 1 9 , 2 0 , 4 3 , 4 4 ,52]. T h e f o r m u l a t i o n in [52] is p a r t i c u l a r l y
close to the f o r m u l a t i o n given in T h e o r e m 1.1. Th ese lemmas are s u i t a b l e
for c o n t r o l l i n g higher o r d e r expressions such as

lEu, v,w ,XEV f ( u , v , w ) f ( v, w , x ) f ( w , x, u ) f ( x , u, v).

Our o b j e c t i v e in this p a p e r is to i n t r o d u c e an analogous hierarchy of such
r e g u l a r i t y and c o u n t i n g lemmas (one for each integer s :? 1) , in arithm etic
s i t u a t i o n s . Here , t h e aim is to decompose a function f : [N] ---+ [0,1] defined
on an a r i t h m e t i c progression [N] : = {I , . . . , N } i n s t e a d of a g r a p h . One is
i n t e r e s t e d in c o u n t i n g averages such as

lEn , r E [ N j f ( n ) f ( n + r ) f ( n + 2r),

which c o u n t s 3 - t e r m a r i t h m e t i c progressions weighted by l , as well as higher
order expressions such as

lEn , r E [ N ] f ( n ) f ( n + r ) f ( n + 2 r ) f ( n + 3r).

As it t u r n s out, t h e former average will be best c o n t r o l l e d using t h e s = 1
r e g u l a r i t y and c o u n t i n g lemmas, while t h e l a t t e r requires the s = 2 versions
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of these lemmas . In this p a p e r we shall see several examples of these types
of a p p l i c a t i o n s of the two lemmas .

T h e a r i t h m e t i c r e g u l a r i t y l e m m a . We begin with by formulating our
r e g u l a r i t y lemma . Following the s t a t e m e n t we explain t h e terms used here .

T h e o r e m 1 . 2 ( A r i t h m e t i c r e g u l a r i t y l e m m a ) . L e t f : [N] - - t [0 ,1] be
a f u n c t i o n , let s ~ 1 be an integer, l e t e > 0, and let F : ~+ - - t j R +

be a g r o w t h function. T h e n t h e r e e x i s t s a q u a n t i t y M = O s , c , F ( I ) and a
d e c o m p o s i t i o n

f = f n i l + fsml + funf

o f f i n t o f u n c t i o n s fnil,fsml , f u n f : [N] - - t [ - 1 ,1] o f t h e following form:

(i) ( J n i l s t r u c t u r e d ) fnil is a ( F ( M ) , N ) - i r r a t i o n a l v i r t u a l n i l s e q u e n ce o f
degree ~ s, c o m p l e x i t y ~ M , and scale N ;

(ii) (Jsml small) fsml has an L 2 [ N ] n o r m o f a t m o s t e;

(iii) ( J u n f very u n i f o r m ) funf has a US+![N] n o r m o f a t m o s t I / F ( M ) ;

(iv) ( N o n n e g a t i v i t y ) f n i l and fnil + fsml take values in [0,1].

R e m a r k . This result easily implies the recently proven inverse conjecture
for the Cowers norms ( T h e o r e m 2.1) . Conversely, t h i s inverse conjecture,
t o g e t h e r with the e q u i d i s t r i b u t i o n t h e o r y of nilsequences , will be the main
i n g r e d i e n t used to prove T h e o r e m 1.2 .

We prove this t h e o r e m in §2. We t u r n now to a discussion of the
various concepts used in t h e above s t a t e m e n t . Readers who are i n t e r e s t e d
in a p p l i c a t i o n s may skip a h e a d to the end of the section.

The L 2 [ N ] norm, used to control fsml' is simply

1/2 k

IIJlluk(G) : = (JEx,hl ,... ,hkEG~hl . . . ~hJ(X)) ,

where ~hf : G - - t C is the m u l t i p l i c a t i v e derivative of f in t h e d i r e c t i o n h,
defined by the formula

We t u r n next to the Gowers u n i f o r m i t y norm U s+! [N], used to control
funf . I f f : C - - t C is a function on a finite a d d i t i v e group G , and k ~ 1
is an integer, t h e n the Cowers un i f o r m i t y norm Ilflluk(G) is defined by the
formula

~hf(x) : = f ( x + h ) f ( x ) .
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In this p a p e r we will be concerned with functions on [N], which is not quite
a group. To define the Gowers norms of a function f : [N] - - t C, set
G : = 71..1 N7I.. for some integer N ~ 2 k N, define a function j : G - - t C by
j(x) = f(x) for x = 1, . . . , N a n d j(x) = 0 otherwise , and set IIfll uk[N] : =

IljIIUk(G/III[NJIIUk(G)' where I [ N ] is the i n d i c a t o r function of [N] . It is easy

to see t h a t this definition is i n d e p e n d e n t of the choice of N, and so for
definiteness one could take N := 2 k N . Henceforth we shall write simply
Ilflluk' r a t h e r t h a n Ilflluk[NJ ' since all Gowers norms will be on [N]. One
can show t h a t 11 ·lluk is indeed a norm for any k ~ 2 , t h o u g h we shall not
need this here ; see [18]. For f u r t h e r discussion of the Gowers norms and
t h e i r relevance to counting additive p a t t e r n s see [18] , [27, §5] or [55, §11].

Finally, we t u r n to the notion of a i r r a t i o n a l v i r t u a l nilsequence , which
is the concept t h a t defines the s t r u c t u r a l component f n i l . This is the
most complicated concept , and requires a c e r t a i n number of p r e l i m i n a r y
definitions . We first need the notion of a filtered n i l m a n i f o l d . The first two
sections of [30] may be consulted for a more detailed discussion .

D e f i n i t i o n 1.3 ( F i l t e r e d nilmanifold). Let s ~ 1 be an integer. A fil
tered n i l m a n i f o l d G / r = ( G / r , G . ) of degree ~ s consists of the following
d a t a :

(i) A connected, simply-connected n i l p o t e n t Lie group G ;

(ii) A discrete, cocompact s u b g r o u p I ' of G (thus the q u o t i e n t space G I r
is a compact manifold, known as a n i l m a n i f o l d ) ;

(iii) A f i l t r a t i o n C . = (G ( i ) ) : O of closed connected subgroups

G = G(O) = G ( l ) ~ G ( 2 ) ~ . . .

of G , which are r a t i o n a l in the sense t h a t the subgroups r ( i ) : = r n G ( i )

are co compact in C ( i ) ' such t h a t [G(i) , C ( j ) ] ~ G ( i + j ) for all i , j ~ 0 ,
and such t h a t G(i) = {id} whenever i > s ;

(iv) A M a l ' c e v basis X = ( X l " , . , X d i m ( G ) ) a d a p t e d to G. , t h a t is to say
a basis X I , . . . , X d i m (G) of the Lie algebra of G t h a t e x p o n e n t i a t e s to
elements of I' , such t h a t X j , . . . , X d i m (Gl span a Lie algebra ideal for
all j ~ i ~ dim (G) , and X d i m ( G ) - d i m ( G ( i » ) + 1 , . . . , X d i m ( G ) spans the

Lie algebra of G( i) for all 1 ~ i ~ s . (For a detailed discussion of this
concept , see [30, §2] .)

Once a Mal'cev basis has been specified, notions such as the r a t i o n a l i t y
of subgroups may be quantified in terms of it. F u r t h e r m o r e one may use a
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Mal'cev basis to define a m e t r i c d c / r on t h e nilmanifold G I f . The r e s u l t s of
this p a p e r are r a t h e r i n s e n s i t i v e to t h e precise m e t r i c t h a t one takes, b u t one
may proceed for example as in [30, Definition 2.2]. We encourage t h e r e a d e r
not to t h i n k too carefully a b o u t t h e precise definition (or a b o u t Mal'cev
bases in g e n e r a l ) , b u t it is c e r t a i n l y i m p o r t a n t to have some definite m e t r i c
in mind so t h a t one can make sense of notions such as t h a t of a Lipschitz
function on G I f .

Observe t h a t every filtered nilmanifold G I f comes with a c a n o n i c a l
probability Haar measure ua tr , defined as the unique Borel p r o b a b i l i t y
measure on G I f t h a t is i n v a r i a n t u n d e r t h e left a c t i o n of G. We a b b r e v i a t e

f c /r F(x) dJ.lc / r ( x ) as fc /r F.
We will need a q u a n t i t a t i v e n o t i o n of complexity for filtered nilmanifolds,

t h o u g h once again , t h e precise definition is s o m e w h a t u n i m p o r t a n t .

D e f i n i t i o n 1 . 4 ( C o m p l e x i t y ) . Let M ~ 1. We say t h a t a filtered nilmani
fold G I f = (G I f , G.) has complexity ~ M if t h e dimension of G, t h e degree
of G., and t h e r a t i o n a l i t y of t h e Mal'cev basis X (cf. [30, Definition 2.4])
are b o u n d e d by M .

H e i s e n b e r g e x a m p l e . T h e model example of a degree ~ 2 filtered nil
manifold is t h e Heisenberg nilmanifold

with t h e lower c e n t r a l series G(O) = G(1) = G and

(~1 o~ 1R~)G(2) = [G, G] =

w i t h M a l ' c e v basis X = { X l , X 2 , X 3 } consisting of t h e m a t r i c e s

(
0 1 0)

Xl = 0 0 0 ,
0 0 0 (

0 0 0 )
X 2 = 0 0 1 ,

0 0 0

W i t h t h e definition of filtered nilmanifold in place, t h e next t h i n g we
need is t h e idea of a polynomial sequence . T h e basic t h e o r y of such sequences
was laid out in L e i b m a n [37], and was e x t e n d e d slightly to general f i l t r a t i o n s
in [30]. An extensive discussion may be found in Section 6 of t h a t p a p e r .
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D e f i n i t i o n 1.5 (Polynomial sequence). Let (G If , G.) be a filtered nil
manifold, with f i l t r a t i o n G. = (G(i)):'O' A ( m u l t i d i m e n s i o n a l ) p o l y n o m i a l

sequen ce a d a p t e d to this filtered nilmanifold is a sequence g : 'liP - - t G for
some D ~ 1 with the p r o p e r t y t h a t

Ohl . . . oh i g ( n ) E G(i)

for all i ~ 0 and h I , . . . , h i, n E 'liP , where ohg(n) : = g(n + h ) g ( n ) - I is the
derivative of g with respect to the shift h. The space of all such polynomial
sequences will be d e n o t e d poly (ZD , G.). The space of polynomial sequences
t a k i n g values in I ' will be d e n o t e d poly (ZD , f . ) . When D = 1, we refer to
m u l t i d i m e n s i o n a l polynomial sequences simply as p o l y n o m i a l s equ en ces .

R e m a r k . We will be p r i m a r i l y i n t e r e s t e d in the o n e - d i m e n s i o n a l case
D = 1 , b u t will need the higher D case in order to e s t a b l i s h the count
ing lemma , T h e o r e m 1.11.

One of t h e main reasons why we work with polynomial sequences, in
s t e a d of j u s t linear sequences such as n ........ g o g f , is t h a t o b j e c t s of t h e former
type c o n s t i t u t e a group.

T h e o r e m 1.6 ( L a z a r d - L e i b m a n ) . I f ( G / f , G . ) is a filtered n i l m a n i f o l d and
D ~ 1 is an i n t e g e r , t h e n poly (ZD, G.) is a g r o u p (and poly (ZD , f . ) is a
s u b g r o u p ) .

P r o o f . See [38] or [30 , P r o p o s i t i o n 6 .2] . •

W i t h t h e concept of a polynomial sequence in hand, it is easy to define
a p o l y n o m i a l orbit .

D e f i n i t i o n 1. 7 ( O r b i t s ) . Let D , s ~ 1 be integers, and M, A > 0 be
p a r a m e t e r s . A ( m u l t i d i m e n s i o n a l ) p o l y n o m i a l orbit of degree ~ s a n d
complexity ~ M is any functiorr' n ........ g ( n ) f from ZD - - t G / f , where
(G If , G.) is a filtered nil manifold of complexity ~ M , and g E poly (ZD , G.)
is a ( m u l t i d i m e n s i o n a l ) polynomial sequence.

Using the concept of polynomial o r b i t , we can define the notion of a
(polynomial) nilsequence, as well as a g e n e r a l i s a t i o n which we call a v i r t u a l
nilsequence, in analogy with v i r t u a l l y n i l p o t e n t groups (groups with a finite
index n i l p o t e n t s u b g r o u p ) .

3S t r ictl y s p e a k i n g , t h e o r b i t is t h e t u p l e of d a t a ta . t . c t c.c . .« 1 - + g ( n ) r ) , r a t h e r
t h a n j u s t t h e s e q u e n ce n 1 - + g ( n ) r , b u t we shall a b u s e n o t a t i o n and us e t h e s e q u e n ce as
a m e t o n y m for t h e whol e o r b i t .
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D e f i n i t i o n 1.8 (Nilsequences). A (multidimensional, polynomial) nilse
quence of degree :::; s and complexity :::; M is any function f : 'lP ---. C of
the form f ( n ) = F ( g ( n ) f ) , where n I - t g ( n ) f is a polynomial orbit of de
gree :::; s and complexity s; M, and F : G / f ---. C is a function of Lipschitz
norm'' at most M .

D e f i n i t i o n 1.9 ( V i r t u a l nilsequences). Let N ;? 1. A virtual nils equence of
degree s; s and complexity s; M at scale N is any function f : [N] ---. C of
the form f ( n ) = F ( g ( n ) f , n ( m o d q), n / N ) , where 1 :::; q :::; M is an integer,
n I - t g ( n ) f is a polynomial o r b i t of degree s, s and complexity s, M, and
F : G / f x Z / qZ x lR ---. C is a function of Lipschitz norm at most M. (Here
we place a metric on G / f x Z / qZ x lR in some a r b i t r a r y fashion, e .g . by
e m b e d d i n g Z / qZ in lR/Z and t a k i n g the direct sum of the metrics on the
t h r e e factors .)

One concept t h a t f e a t u r e d in Theorem 1.2 remains to be defined: t h a t
of an irrational o r b i t . The definition is a l i t t l e technical (see Definition A.6)
and takes some s e t t i n g up, and so we defer it and the discussion of some
m o t i v a t i n g examples to A p p e n d i x A. Very roughly speaking, an i r r a t i o n a l
o r b i t is one whose coefficients are not close to r a t i o n a l s (of b o u n d e d height)
and for which the f i l t r a t i o n G. is as small as possible. For i n s t a n c e , with a
polynomial sequence P : [N] ---. lR/Z of the form P(n) = asn s + . .. + ao ,
t h e n (roughly speaking) this sequence would be considered i r r a t i o n a l if one
takes G ( i ) = lR for i :::; s a n d G(i) = {OJ for i > s, and if t h e r e was no
positive integer q = 0 ( 1 ) for which IlqasllR jz - e . N : " . Again , we refer the
r e a d e r to A p p e n d i x A for f u r t h e r examples and discussion.

This concludes our a t t e m p t to discuss all the concepts involved in the
a r i t h m e t i c r e g u l a r i t y lemma , T h e o r e m 1.2; we t u r n now to a s t a t e m e n t and
discussion of the c o u n t i n g lemma .

C o u n t i n g L e m m a . In a p p l i c a t i o n s of the a r i t h m e t i c r e g u l a r i t y lemma ,
we will be i n t e r e s t e d in c o u n t i n g a d d i t i v e p a t t e r n s such as a r i t h m e t i c pro
gressions or p a r a l l e l e p i p e d s . To u n d e r s t a n d the p h e n o m e n a p r o p e r l y it is
a d v a n t a g e o u s to work in a s o m e w h a t general s e t t i n g similar to t h a t t a k e n in

4 T h e ( i n h o m o g e n e o u s ) L i p s c h i t z n o r m 1IFIl Li p of a f u n c t i o n F : X - + C on a m e t r i c
sp ace X = ( X , d) is d efin ed as

IF(x) - F(y)1
1IFIl Li p : = s u p IF(x)/ + sup. I I

x E X x , y E X : x , ; y X - Y
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[22,23,24,31]. In the l a t t e r p a p e r one works with a family \l1 = ('l/JI, . .. , 'l/Jt)
of integer-coefficient linear forms (or equivalently, group homomorphisms)
'l/JI , .. . ,'l/Jt : 'liP - - Z , and consider expressions such as

(1.3)

where P is a convex s u b s e t of j R D . Thus, for instance, if c o u n t i n g a r i t h m e t i c
progressions, one might use the linear forms

(1.4)

whilst for c o u n t i n g p a r a l l e l e p i p e d s one might i n s t e a d use t h e linear forms

(1.5)
'l/Jwl ,. .. ,Wk(no, nI , · · · , n k ) : = no + w i n i + . . . + Wknk; WI, . . . , Wk E {O, I}.

In order to u n d e r s t a n d the c o n t r i b u t i o n to (1.3) coming from the s t r u c 
t u r e d p a r t fuil of f , one is soon faced with the question of u n d e r s t a n d i n g
the e q u i d i s t r i b u t i o n of the o r b i t

(1.6)

inside ( G / r ) t , where n = (nI, . .. , n D ) ranges over 'lP n P . We a b b r e v i a t e
t h i s o r b i t as g l l ! ( n ) r t , where gil! : 'lP __ G t is the polynomial sequence

(1.7)

A very useful model for this q u e s t i o n , in which i n f i n i t e o r b i t s were consid
ered in t h e "linear " case g(n) = gn x , was s t u d i e d by Leibman [41]. His work
leads one to the following definition.

D e f i n i t i o n 1 . 1 0 (The Leibman g r o u p ) . Let \l1 = ('l/JI , . . . , 'l/Jd be a collection
of linear forms 'l/JI , " " 'l/Jt : 'liP - - Z. For any i ;? 1, define \l1[i] to be
the linear s u b s p a c e of jRk s p a n n e d by the vectors ('l/Ji (n) , . . . ,1/4 ( n ) ) for
1 ~ j ~ i and n E 'liP. Given a filtered nilmanifold (G Ir, G . ) , we define
the L e i b m a n group Gil! <J G t to be t h e Lie s u b g r o u p of G t g e n e r a t e d by the
elements g f i for i ;? 1, gi E G (i), and -vi E 'lJ [i], with the convention t h a t ' '

g (v 1, . .. ,v t) ' = (gV1 gV t ). , ... ,

for each 9 E G. Note t h a t Gil! is normal in G t because G ( i ) is normal

in G . We will show in §3 t h a t Gil! is also a r a t i o n a l s u b g r o u p of o , t h u s
r l l ! : = r t n Gil! is a discrete co c o m p a c t s u b g r o u p of Gil!.

5We define gV for real v by t h e formula gV := exp (v log (g)) , where exp : 9 - > G is the
usual e x p o n e n t i a l map from the Lie a l g e b r a 9 to G ( t h i s is a h o m e o m o r p h i s m since G is
n i l p o t ent, c o n n e c t e d , and simply c o n n e c t e d ) .
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E x a m p l e . Two p a r t i c u l a r i n s t a n c e s of this c o n s t r u c t i o n correspond to the
two l a t t i c e s (1.4) and (1.5) above. In the case of a r i t h m e t i c progressions,
where \If is as in (1.4) , t h e Leibman group G W is sometimes (see, for ex
ample , [12]) referred to as the Hall-Petre sco group H p k ( G . ) and has the
p a r t i c u l a r l y simpl e a l t e r n a t i v e d e s c r i p t i o n

H p k ( G . ) = G W = {(g(O), . . . ,g(k - 1)) : 9 E poly ( G . ) } ,

We will prove this fact in §3 . In the case of p a r a l l e l e p i p e d s , where \If is as
in (1.5), t h e Leibman group G W has been referred to as the Host-Kra cube
group [31] and it too has an a l t e r n a t i v e des c r i p t i o n . See [31 , A p p e n d i x E]
for more i n f o r m a t i o n : we will not be making use of t h i s p a r t i c u l a r group
here .

Let 9 E poly (Z, G.) be a polynomial sequence , and let \If = ( 'l/J l , " " 'l/J t}
be a collection of linear forms 'l/J l , " " 'l/J t : Zd - - - t Z. I t t u r n s out (see
Lemma 3.2) t h a t the sequence gW takes values in GWo More r e m a r k a b l y ,
the o r b i t (1.6) is in fact totally equidistributed on G W I f w if 9 is sufficiently
i r r a t i o n a l . I t is this result t h a t we refer to as our c o u n t i n g lemma.

T h e o r e m 1.11 ( C o u n t i n g lemma). L e t M, D, t, s be integers with 1 ~
D, t, s ~ M, let (G I f , G.) be a degree ~ s filtered n i l m a n i f o l d o f c o m p l e x i t y
~ M , let 9 : Z - - - t G be an (A, N ) - i r r a t i o n a l p o l y n o m i a l sequence a d a p t e d
to G., let W = ( 'l/Jl , " " 'l/J t ) be a collection of linear forms 'l/J l , ' 00' 'l/J t :
ZD - - - t Z with coefHcients of m a g n i t u d e a t m o s t M , and let P be a convex
s u b s e t o f [ - N , N ] D . Then for any Lipsch i t z function F : (G j f ) t - - - t C of
L i p s c h i t z norm a t m o s t M, one has 6

+ OA->oo ; M ( N D
) + O N - > o o ; M ( N D

) ,

where g(O)Ll : = (g(O) , . . . , g(O) ) E G t and the integral is with respect to the
p r o b a b i l i t y H a a r m e a s u r e J-lg(O)t>.cq, I r q, on the coset

viewed as a s u b n i l m a n i f o l d of ( G j f ) t , and vol (P) is the L e b e s g u e m e a s u r e
o f P in !RD.

6We use OA~oo;M(X) to d e n o t e a q u a n t i t y b o u n d e d in m a g n i t u d e by cM ( A ) X , wher e
cM ( A ) - + 0 as A - + 0 0 for fixed M . Similarly for o t h e r choices of subs c r i p t s .
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More generally, whenever A ~ l P is a s u b l a t t i c e o f i n d e x [ZD : A] ~ M ,
and no E ZD , one has

' " F(giI! ( n ) f t ) = vol (P) r F
s : [ZD . A] I n ( ) l l . '1' / 'I'n E ( n o + A ) n p . g O G I '

The c o u n t i n g lemma is, of course, best u n d e r s t o o d by seeing it in ac
tion as we shall do several times l a t e r on . The errors OA-+oo;M (N D ) and
O N - + o o ;M ( N D ) are negligible in most a p p l i c a t i o n s , as A will t y p i c a l l y be a
huge function F ( M ) of M, and N can also be t a k e n to be a r b i t r a r i l y large
c o m p a r e d to M .

We r e m a r k t h a t one could easily e x t e n d the above lemma to control
averages of v i r t u a l i r r a t i o n a l nilsequences , r a t h e r t h a n j u s t i r r a t i o n a l se
quences, by i n t r o d u c i n g some a d d i t i o n a l i n t e g r a t i o n s over the local factors
Z j qZ and lR, b u t this would require even more n o t a t i o n t h a n is c u r r e n t l y
being used and so we do not describe such an extension here.

A p p l i c a t i o n s . The proofs of the r e g u l a r i t y and c o u n t i n g lemmas occupy
a b o u t half the p a p e r . In the r e m a i n i n g half, we give a n u m b e r of a p p l i c a t i o n s
of these r e s u l t s to problems in a d d i t i v e c o m b i n a t o r i c s . The scheme of the
a r g u m e n t s in all of these cases is similar. F i r s t , one applies the a r i t h m e t i c
r e g u l a r i t y lemma to decompose the relevant function f into s t r u c t u r e d ,
small, and (very) uniform c o m p o n e n t s I = Ini! + Ism! + l u n f . Very roughly
sp eaking , these are analysed as follows :

(i) Ini! is s t u d i e d using algebr aic p r o p e r t i e s of nilsequences , p a r t i c u l a r l y
the c o u n t i n g lemma;

(ii) Ism! is shown to be negligible, t h o u g h often ( u n f o r t u n a t e l y ) some
a d d i t i o n a l algebraic i n p u t is r equired to en s ur e t h a t t h i s error does
not conspire to destroy t h e c o n t r i b u t i o n from Ini!;

(iii) l u n f is easily shown to be negligible using r e s u l t s of "generalised von
Neumann" type as discussed in §4.

As we shall see, dealing with the error Ism I can cause a c e r t a i n a m o u n t
of pain. To show t h a t this error is t r u l y negligible, one often has to prove
t h a t p a t t e r n s g u a r a n t e e d by f n i l (such as a r i t h m e t i c progressions) do not
c o n c e n t r a t e on some small set which might be c o n t a i n e d in the s u p p o r t
of Ism!.
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We now give specific e x a m p l e s of t h i s p a r a d i g m . In §6 we give a " n e w"
p r o o f of S z e m e r e d i 's famous t h e o r e m on a r i t h m e t i c p r o g r e s s i o n s . T h i s is
h a r d l y e x c i t i n g n o w a d a y s , w i t h at l e a s t 16 proofs a l r e a d y in t h e l i t e r a t u r e
[2, 3 , 6, 10, 14, 18, 19 , 44 , 45, 48 , 50 , 52 , 56] as well as ( s l i g h t l y i m p l i c i t l y )
in [4, 35, 58]. However t h i s p r o o f makes t h e p o i n t t h a t for a c e r t a i n class of
p r o b l e m s it suffices to "check t h e r e s u l t for n i l s e q u e n c e s " , a n d in so doing
one really sees t h e s t r u c t u r e of t h e p r o b l e m . J u s t as r a n d o m and s t r u c t u r e d
g r a p h s are two obvious classes to t e s t c o n j e c t u r e s a g a i n s t in g r a p h t h e o r y ,
we would like to raise a w a r e n e s s of n i l s e q u e n c e s as p o t e n t i a l ( a n d , in c e r t a i n
cases such as t h i s one, t h e only) s o u r c e s of c o u n t e r e x a m p l e s .

T h e second a p p l i c a t i o n , p r o v e n in §5, is to e s t a b l i s h a c o n j e c t u r e of
B e r g e l s o n , Host a n d K r a [4] . Here a n d in t h e sequel we use t h e n o t a t i o n
X « a,e Y or Y » a ,e X s y n o n y m o u s l y w i t h X = Oa , e ( Y ) , a n d s i m i l a r l y for
o t h e r choice of s u b s c r i p t s .

T h e o r e m 1 . 1 2 (Bergelson - H o s t - K r a c o n j e c t u r e ) . L e t k = 1 , 2 ,3 or 4, a n d
s u p p o s e t h a t 0 < a < 1 and E > O. Then for any N ~ 1 and any s u b s e t
A ~ [N] o f d e n s i t y IAI ~ aN, one can find » a ,e N values o f d E [ - N , N]
such t h a t there a r e a t least (a k - E)N k - t e r m a r i t h m e t i c progressions in A
with common difference d.

R e m a r k s . T h e claim is t r i v i a l for k = 1, a n d follows from an easy a v e r a g i n g
a r g u m e n t when k = 2. T h i s t h e o r e m was e s t a b l i s h e d in t h e case k = 3 by
t h e first a u t h o r in [25]: we give a new p r o o f of t h i s r e s u l t which may be of
i n d e p e n d e n t i n t e r e s t . T h e case k = 4 is new , a l t h o u g h a finite field a n a l o g u e
of t h i s r e s u l t p r e v i o u s l y a p p e a r e d in l e c t u r e n o t e s of t h e first a u t h o r [26]
( r e p o r t i n g on j o i n t work). O u r p r o o f of t h e k = 4 a r g u m e n t relies on
t h e inverse c o n j e c t u r e for t h e U 3 n o r m , proven in [28] . A c o u n t e r e x a m p l e
e x a m p l e of R u z s a in t h e a p p e n d i x to [4] shows t h a t T h e o r e m 1.12 fails when
k ~ 5. An e r g o d i c c o u n t e r p a r t to T h e o r e m 1.12 (which , r o u g h l y s p e a k i n g ,
r e p l a c e s a single scale N w i t h a s e q u e n c e of scales going to i n f i n i t y a n d t a k e s
a l i m i t ) , using a r e l a t e d b u t s l i g h t l y different a r g u m e n t , was e s t a b l i s h e d in
[4].

F i n a l l y , in §7, we e s t a b l i s h a g e n e r a l i s a t i o n of a r e c e n t r e s u l t of Gowers
a n d Wolf [22, 23, 24] r e g a r d i n g t h e "t r u e" c o m p l e x i t y of a s y s t e m of l i n e a r
forms.

T h e o r e m 1 . 1 3 . Let 1II = ('l/Jl, "" 'l/Jd be a collection o f linear forms
from ZD - t Z , and let s ~ 1 be an integer such t h a t the p o l y n o m i a l s
'l/J f+l, . .. , 'l/J : +l a r e linearly i n d e p e n d e n t . Then for any function f : [N] - t C
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b o u n d e d in m a g n i t u d e by 1 (and defined to be zero o u t s i d e o f [N]) o b e y i n g
t h e b o u n d Ilfll u s + 1 [N j ~ 8 for s o m e 8 > 0, one has

t

JEnE[NjD I I f ( 1Pi(n)) = 08--.0 ;s ,D,t,w(1) .
i = l

R e m a r k s . T h i s r e s u l t was c o n j e c t u r e d in [22], where it was shown t h a t
t h e l i n e a r i n d e p e n d e n c e h y p o t h e s i s was necessary. T h e p r o g r a m m e in
[22, 23, 24] gives an a l t e r n a t e a p p r o a c h to t h i s r e s u l t t h a t avoids e x p l i c i t
m e n t i o n of nilsequences , and in p a r t i c u l a r e s t a b l i s h e s t h e c o u n t e r p a r t to
T h e o r e m 1.13 in finite c h a r a c t e r i s t i c ; t h e i r work also gives a p r o o f of t h i s
t h e o r e m in t h e case when t h e C a u c h y - S c h w a r z c o m p l e x i t y of t h e ' s y s t e m
(see T h e o r e m 4.1) is a t most two, and w i t h b e t t e r b o u n d s t h a n our r e s u l t ,
which is all b u t ineffective. It is w o r t h m e n t i o n i n g t h a t t h e a r g u m e n t s in
[22 , 23, 24] also develop several s t r u c t u r a l d e c o m p o s i t i o n t h e o r e m s along t h e
lines of T h e o r e m 1.2, b u t using t h e l a n g u a g e of ( h i g h - r a n k ) locally polyno
mial p h a s e s r a t h e r t h a n ( i r r a t i o n a l ) nilsequences.

R e l a t i o n t o p r e v i o u s w o r k . A r e s u l t closely r e l a t e d to T h e o r e m 1.2 in t h e
case s = 1 was proved by B o u r g a i n as long ago as 1989 [7]. In t h a t p a p e r ,
t h e d e c o m p o s i t i o n was a p p l i e d to give a different p r o o f of R o t h '8 theorem,
t h a t is to say S z e m e r e d i ' s t h e o r e m for 3 - t e r m p r o g r e s s i o n s . A different t a k e
on t h i s r e s u l t was s u p p l i e d by t h e first a u t h o r in [25], where t h e a p p l i c a t i o n
to t h e case k = 3 of t h e B e r g e l s o n - H o s t - K r a c o n j e c t u r e was n o t e d . In t h a t
s a m e p a p e r a c o n s t r u c t i o n of Gowers [16] was modified to show t h a t any
a p p l i c a t i o n of t h e a r i t h m e t i c r e g u l a r i t y lemma must lead to awful (tower
t y p e ) b o u n d s ; t h e same kind of c o n s t r u c t i o n would show t h a t t h e cases s ~ 2
of T h e o r e m 1.2 lead to t o w e r - t y p e b o u n d s as well. In 7 [26] t h e a n a l o g u e of
t h e case s = 2 of T h e o r e m 1.2 in a finite field s e t t i n g was s t a t e d , proved,
and used to deduce t h e finite field a n a l o g u e of t h e B e r g e l s o n - H o s t - K r a
c o n j e c t u r e in t h e case k = 4. In t h a t same p a p e r t h e p r e s e n t work was
p r o m i s e d (as reference [22]) a t "some f u t u r e j u n c t u r e " . Four years l a t e r
we have r e a c h e d t h a t j u n c t u r e a n d we apologise for t h e delay. We note,
however, t h a t u n t i l t h e very r e c e n t r e s o l u t i o n of t h e inverse c o n j e c t u r e s for
t h e Gowers norms [33, 34] many of o u r r e s u l t s would have been c o n d i t i o n a l ;
f u r t h e r m o r e , we are heavily d e p e n d e n t on our work [30], which had not been
envisaged when t h e earlier p r o m i s e was made.

7The r e l e v a n t p a r t of these l e c t u r e n o t e s by the first a u t h o r r e p o r t e d on j o i n t work of
the two of us.
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In t h e m e a n t i m e a g r e a t e r general u n d e r s t a n d i n g of d e c o m p o s i t i o n theo
rems of this t y p e has developed t h r o u g h t h e work of Gowers [21], Reingold 
Trevisan - T u l s i a n i - V a d h a n [46], and Cowers-Wolf [22, 23, 24]; see also t h e
survey [54] of t h e second a u t h o r . While T h e o r e m 1.2 is r e l a t e d to several of
these general d e c o m p o s i t i o n t h e o r e m s , it also relies upon specific s t r u c t u r e
of nilmanifolds. In any case it seems a p p r o p r i a t e , in this volume , to give a
proof using the "energy i n c r e m e n t a r g u m e n t " pioneered by Szemeredi,

T h e ergodic t h e o r y a n a l o g u e of T h e o r e m 1.2 is t h e classification of char
a c t e r i s t i c factors for the Gowers-Host - K r a s e m i n o r m s 11'llus+l(X) ( t h e er
godic t h e o r y c o u n t e r p a r t of the Gowers norms) as inverse limits of nilsys
t erns , which was first e s t a b l i s h e d by Host a n d K r a [35] . Roughly speak
ing, this classification allows one to decompose any b o u n d e d n o n - n e g a t i v e
function f E LOO(X) in an (ergodic) m e a s u r e - p r e s e r v i n g s y s t e m as a sum
f = fstr+ fsml + funf ' where Ilfunfllus +l(X) = 0, fsm) is as small as one wishes

in t h e L 2 ( X ) norm , and fstr arises from an s - s t e p n i l s y s t e m factor of X .
This f u n d a m e n t a l d e c o m p o s i t i o n has many a p p l i c a t i o n s ; for i n s t a n c e , in [4]
it was used ( t o g e t h e r with the F u r s t e n b e r g c o r r e s p o n d e n c e principle) to es
t a b l i s h an ergodic a n a l o g u e of T h e o r e m 1.12, in which A is a set of i n t e g e r s
r a t h e r t h a n a finite s u b s e t of [N], with t h e notion of u p p e r d e n s i t y replac
ing t h e n o t i o n of c a r d i n a l i t y . It a p p e a r s however t h a t this c o r r e s p o n d e n c e
princi ple does not d i r e c t l y yield "s i n g le- s ca le" r e s u l t s such as T h e o r e m 1.12
from t h e ergodic t h e o r y results.

A c k n o w l e d g m e n t s . BG was , while this work was being c a r r i e d o u t , a
fellow at t h e Radcliffe I n s t i t u t e at H a r v a r d . He is very h a p p y to t h a n k t h e
I n s t i t u t e for proving excellent working c o n d i t i o n s . T T is s u p p o r t e d by a
g r a n t from the M a c A r t h u r F o u n d a t i o n , by NSF g r a n t DMS-0649473, a n d
by the NSF W a t e r m a n award . T h e a u t h o r s also t h a n k Tim Gowers, J u l i a
Wolf, and T a m a r Ziegler for helpful c o m m e n t s and corrections.

2. P R O O F OF T H E A R I T H M E T I C R E G U L A R I T Y L E M M A

We now prove T h e o r e m 1.2. T h e p r o o f proceeds in two main stages. F i r s t l y ,
we e s t a b l i s h a " n o n - i r r a t i o n a l r e g u l a r i t y lemma" , which e s t a b l i s h e s a weaker
version of T h e o r e m 1.2 in which t h e s t r u c t u r e d c o m p o n e n t f n i l is a polyno
mial nilsequence, b u t one which is not assumed to be i r r a t i o n a l . T h e main
tool here is t h e inverse conjecture GI (s) for the Cowers norms [34], com-
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b i n e d w i t h t h e e n e r g y i n c r e m e n t a t i o n a r g u m e n t t h a t a p p e a r s in p r o o f s of
t h e g r a p h r e g u l a r i t y l e m m a . In t h e s e c o n d s t a g e , we u p g r a d e t h i s weaker
r e g u l a r i t y l e m m a to t h e full r e g u l a r i t y l e m m a by c o n v e r t i n g t h e n i l s e q u e n c e
to a i r r a t i o n a l n i l s e q u e n c e . T h e m a i n t o o l here is a d i m e n s i o n r e d u c t i o n ar
g u m e n t a n d a f a c t o r i s a t i o n of n i l s e q u e n c e s s i m i l a r to t h a t a p p e a r i n g in [30].

T h e n o n - i r r a t i o n a l r e g u l a r i t y l e m m a . We b e g i n t h e first s t a g e of t h e
a r g u m e n t . As m e n t i o n e d above, t h e key i n g r e d i e n t is t h e following r e s u l t .

T h e o r e m 2 . 1 (GI (s)). L e t s ~ 1, and suppose t h a t f : [N] - - t C is a
function b o u n d e d in m a g n i t u d e by 1 such t h a t Ilfllu.+1[N] ~ 0 for some
o > O. Then there is a degree ~ s p o l y n o m i a l nilsequence 'l/J : Z - - t C o f
c o m p l e x i t y 0 8 ,8( 1 ) such t h a t !(1,'l/J)p[NJI » 8 ,81, where

(1, 'l/J) P[N] : = EnE[Njf(n)'l/J(n)

is the usual inner product.

R e m a r k . T h e d i f f i c u l t y of t h i s c o n j e c t u r e i n c r e a s e s w i t h s. T h e case
s = 1 easily follows from c l a s s i c a l h a r m o n i c a n a l y s i s . T h e case s = 2 was
e s t a b l i s h e d by t h e a u t h o r s in [28], b u i l d i n g u p o n t h e b r e a k t h r o u g h p a p e r of
Gowers [17]. T h e case s = 3 was r e c e n t l y e s t a b l i s h e d by t h e a u t h o r s a n d
Ziegler in [33], a n d t h e g e n e r a l case will a p p e a r in t h e f o r t h c o m i n g p a p e r
[34] by t h e a u t h o r s a n d Ziegler.

For t e c h n i c a l r e a s o n s , it is c o n v e n i e n t to r e p l a c e t h e n o t i o n of a d e g r e e
~ s p o l y n o m i a l n i l s e q u e n c e by a s l i g h t l y d i f f e r e n t c o n c e p t . T h e following
d e f i n i t i o n is n o t r e q u i r e d b e y o n d t h e end of t h e p r o o f of P r o p o s i t i o n 2.7.

D e f i n i t i o n 2 . 2 ( s - m e a s u r a b i l i t y ) . Let <P : IR+ - - t IR+ be a g r o w t h f u n c t i o n
a n d s ~ 1. A s u b s e t E ~ [N] is s a i d to be s-measurable w i t h g r o w t h f u n c t i o n
<P if for every M ~ 1, t h e r e e x i s t s a d e g r e e ~ s p o l y n o m i a l n i l s e q u e n c e 'l/J :
Z - - t [0,1] of c o m p l e x i t y ~ <P(M) s u c h t h a t

An e x a m p l e of a I - m e a s u r a b l e f u n c t i o n would be a r e g u l a r B o h r s e t ,
as i n t r o d u c e d in [8] a n d d i s c u s s e d f u r t h e r in [28, §2] . We will n o t need
B o h r s e t s e l s e w h e r e in t h i s p a p e r , so we s h a l l n o t dwell any l o n g e r on t h i s
e x a m p l e . However t h e r e a d e r will see ideas r e l a t e d to t h e basic t h e o r y of
t h o s e s e t s in t h e p r o o f of C o r o l l a r y 2.3 below.
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We make the simple b u t crucial o b s e r v a t i o n t h a t if E, F a r e s - m e a s u r a b l e
with some growth functions <1>, <1>' respectively, t h e n boolean c o m b i n a t i o n s
of E, F such as E n F , E U F, or [ N ] \ E are also s - m e a s u r a b l e with some
growth function d e p e n d i n g on <1>, <1>'. Underlying . this, of course, is t h a t
fact t h a t the p r o d u c t and sum of two nilsequences is also a nilsequence, and
hence the set of nilsequences form a kind of algebra (graded by complexity).
The role of algebraic s t r u c t u r e of this kind was b r o u g h t to the fore in the
work of Gowers [21] cited above.

T h e o r e m 2.1 then implies

C o r o l l a r y 2 .3 ( A l t e r n a t e formulation of GI (s)). L e t s ~ 1, and s u p p o s e
t h a t f : [N] - t [ - 1 , 1 ] is such t h a t Ilfll u s+ 1 [Nj ~ 0 for some 0 > 0.
Then there e x i s t s a growth function <1> 8 ,<5 d e p e n d i n g only on s , 0, and an
s - m e a s u r a b l e set E c N with growth function <1>8 ,<5, such t h a t

IlEnE[Njf(n) 1E(n) I » 8 ,<5 1.

P r o o f . We allow implied c o n s t a n t s to depend on s, o. By T h e o r e m 2.1,
t h e r e exists a degree ~ s polynomial nilsequence 'l/J of complexity 0(1) such
t h a t

IlEnE[Njf(n)'l/J(n)! » 1.

By t a k i n g real and i m a g i n a r y p a r t s of'l/J, and t h e n positive and negative
p a r t s , and rescaling, we may assume w i t h o u t loss of g e n e r a l i t y t h a t 1/J takes
values in [0 ,1]. By Fubini 's t h e o r e m , we t h e n have

I l l l E n E [ N l f ( n ) 1 E t ( n ) - » 1

where E t : = { n E [N] : 1/J(n) ~ t}. We thus see t h a t t h e r e is a s u b s e t
n c [0,1] of Lebesgue measure Inl » 1 such t h a t

IlE n E[Njf(n)1E t (n) I » 1

uniformly for all t E n .
I t remains to show t h a t a t least one" of the E t is s - m e a s u r a b l e with

respect to a s u i t a b l e growth function. For any t E lR, we consider the
maximal function

1 1
M ( t ) : = s u P - 2

N I { n E [ N ] : 11/J(n)-tl ~r}l·
r >O r

8Here we are, in some sense, finding a " r e g u l a r " n i l - B o h r set { n E [N] : 'ljJ( n) ~ t},
t h a t is to say one r a t h e r i n s e n s i t i v e to small changes in t h e value of t . A s i m i l a r idea also
a p p e a r s in [46, Claim 2.2].
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From t h e H a r d y - L i t t l e w o o d maximal i n e q u a l i t y or the Besicovitch covering
lemma we have t h a t the set { t E JR : M ( t ) ~ ..\} has Lebesgue measure
0 ( 1 / . . \ ) for any ..\ > O. Thus, we can find t E n such t h a t M ( t ) = 0 ( 1 ) .
Fixing such a t, we t h e n see t h a t

l { n E [ N ] : 11/J(n)-tl :s;;r}l«rN

for all r > O. As a consequence , for any r > 0, one can t h e n a p p r o x i m a t e
lEt to w i t h i n O( JT) in L 2 [ N ] norm by a Lipschitz function of 1/J with
Lipschitz norm O ( l / r ) . This implies t h a t lEt is s - me as u r a b le with some
growth function <P d e p e n d i n g only on s , 8, and the claim follows . •

We r e p h r a s e this fact in t e r m s of c o n d i t i o n a l e x p e c t a t i o n s . The following
definition, like Definition 2.2, will only be needed until the end of the p r o o f
of P r o p o s i t i o n 2.7.

D e f i n i t i o n 2 . 4 ( s - f a c t o r s ) . An s-factor B of complexity :s;; M and g r o w t h
function <P is a p a r t i t i o n of [N] into at most M sets (or cells) E 1 , . . . , Em
which are s - m e a s u r a b l e of growth function <P . Given an s - f a c t o r B a n d
a function f : [N] ~ C, we define t h e conditional expectat ion JE(JIB) :
[N] ~ C of f with respect to the s - f a c t o r to be the function which equals
JEnEEj f (n) on each cell of the p a r t i t i o n . We define the index or energy £ (B)

of t h e s - f a c t o r B relative to f to be the q u a n t i t y II JE(JIB) II ~2[N]'

An s - f a c t o r B' is said to refine a n o t h e r B if every cell of B' is c o n t a i n e d
in a cell of B.

C o r o l l a r y 2 . 5 (Lack of u n i f o r m i t y implies energy i n c r e m e n t ) . Let s ~ 1,
l e t B be an s - f a c t o r o f c o m p l e x i t y :s;; M and some g r o w t h f u n c t i o n <P, a n d
suppose t h a t f : [N] ~ [0,1] is such t h a t II f - JE(JIB) II U S + 1 [ N J ~ 8 f o r

some 8 > O. T h e n t h e r e ex i s t s a r e f i n e m e n t B ' o f B o f c o m p l e x i t y ~ 2M
and some g r o w t h f u n c t i o n d e p e n d i n g on s, 8, M, <P, such t h a t

£(B') - £(B) » 8,8 1.

P r o o f . By Corollary 2.3 , we can find an s - m e a s u r a b l e set E with a growth
function d e p e n d i n g on s, 8 such t h a t

(2.1)

Now let B' be the p a r t i t i o n g e n e r a t e d by B a n d E ; t h e n B' clearly has
complexity s, 2 M and a growth function d e p e n d i n g on s , 8 , M, <P. Since IE
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is m e a s u r a b l e with respect to the p a r t i t i o n B' ( t h a t is to say it is c o n s t a n t
on each cell of this p a r t i t i o n ) , we can rewrite t h e l e f t - h a n d side of (2.1) as

l(lEUIB') -lEUIB) , I E ) £2[N] I
and hence by the Cauchy - S c h w a r z i n e q u a l i t y

IllEUIB') - lEUIB) II £2[N] » s ,8 1.

The claim t h e n follows from P y t h a g o r a s ' theorem . _

We can i t e r a t e this to o b t a i n a weak r e g u l a r i t y lemma, analogous to the
weak g r a p h r e g u l a r i t y lemma of Frieze and Karman [15] .

C o r o l l a r y 2 . 6 . L e t s ~ 1, let B be an s - f a c t o r of c o m p l e x i t y ~ M a n d some
growth function <I>, let I : [N] ~ [0 ,1], and let IS > O. Then there e x i s t s
a r e f i n e m e n t B' of B of c o m p l e x i t y Os,M , £(1) a n d some growth function
d e p e n d i n g on s , IS, M , <I> , such t h a t

(2.2)

P r o o f . We define a sequence of successively more refined factors B', s t a r t i n g
with B' : = B . I f (2.2) already holds t h e n we are done, so suppose t h a t
t h i s is not the case. T h e n by Corollary 2.5, we can find a refinement B"
of complexity Os ,M ,£(1) and some growth function d e p e n d i n g on s , IS, M, <I>

whose energy is larger t h a n t h a t of B' b y a factor » s, £ 1. On the o t h e r
h a n d , the energy clearly ranges between ° and 1. Thus a f t e r replacing B'
with B" and i t e r a t i n g this a l g o r i t h m at most Os, £(1) times we o b t a i n the
claim. _

One final i t e r a t i o n t h e n gives the full n o n - i r r a t i o n a l r e g u l a r i t y lemma .

P r o p o s i t i o n 2 . 7 . L e t I : [N] ~ [0 ,1], let s ~ 1, let IS > 0, and let F :
1R+ ~ 1R+ be a growth function . T h e n there e x i s t s a q u a n t i t y M = Os,£ ,;:-(1)
a n d a d e c o m p o s i t i o n

1= Inil + Isml + lunf

of I i n t o functions Inil' lunf : [N] ~ [ - 1 , 1 ] such that:

(i) (Jnil s t r u c t u r e d ) Inil equals a degree ~ s p o l y n o m i a l n i l s e q u e n c e of
c o m p l e x i t y ~ M .

(ii) (Jsml small) II Ismdl£2 [N] ~ IS.

(iii) (Junf very u n i f o r m ) I I I n i l l l u s + l [ N ] ~ I j F ( M ) .

(iv) ( N o n n e g a t i v i t y ) Inil and Inil + Isml take values in [0,1].
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P r o o f . We need a growth function F : ~+ - - t ~+, somewhat more r a p i d l y
growing t h a n F in m a n n e r t h a t d e p e n d s on F, s, c. We will specify
the exact r e q u i r e m e n t s we have of it l a t e r . We t h e n define a sequence
1 = M o ~ M 1 ~ . . . by s e t t i n g M o : = 1 and Mi+l : = F(Md.

Applying Corollary 2.6 r e p e a t e d l y , we may find for each i ;? 0 an s
factor B, of complexity Os,Mi(l) and a growth function d e p e n d i n g on s, M i ,

such t h a t each B, refines l3 i - 1 , and such t h a t

for all i ;? O.

By P y t h a g o r a s ' theorem, t h e energies £(l3d are non-decreasing, and
also range between 0 and 1. T h u s by the pigeonhole principle, one can find
i = OE(1) such t h a t

which by P y t h a g o r a s ' t h e o r e m again is equivalent to

Meanwhile, as l3 i is an s - f a c t o r and f is b o u n d e d , we can find a degree ~ s
polynomial nilsequence fnil : [N] - - t ~ of complexity Os,Mi(l) such t h a t

Since IEUIl3 i ) ranges in [0,1]' we may r e t r a c t fnil to [0, IJ also (note t h a t this
does not increase the complexity of fnil)' If we t h e n set funf : = f -IEUIl3i+l)
and fsm) : = IEUIl3i+l) - fnil, we o b t a i n the claim. -

R e m a r k . The a p p l i c a t i o n of the Hardy - L i t t l e w o o d maximal i n e q u a l i t y in
the proof of Corollary 2.3 makes for a r e a s o n a b l y t i d y a r g u m e n t . A more
direct a p p r o a c h would be to carve up [NJ into a p p r o x i m a t e level sets of nilse
quences , and t h e n to a p p r o x i m a t e the p r o j e c t i o n s onto the factors t h u s de
fined by nilsequences using the Weierstrass a p p r o x i m a t i o n theorem. T h e r e
are a n u m b e r of t e c h n i c a l i t i e s involved in this a p p r o a c h , chiefly involving
the need to choose the a p p r o x i m a t e level sets r a n d o m l y . This kind of ar
gument was employed , in a closely r e l a t e d c o n t e x t , in [27, C h a p t e r 7J . One
can also use utilise a r g u m e n t s based on the Hahn - B a n a c h t h e o r e m instead;
see [21]' [46], and [22, 23, 24J.
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O b t a i n i n g i r r a t i o n a l i t y . Our t a s k now is to replace the nilsequence fnil
a p p e a r i n g in P r o p o s i t i o n 2.7 with a highly "i r r a t ion a l" nilsequence as ad
vertised in the s t a t e m e n t of our main t h e o r e m , T h e o r e m 1.2. I t t u r n s out
to be sufficient to e s t a b l i s h the following claim.

P r o p o s i t i o n 2 . 8 . L e t s , Mo ~ 1, let F be a g r o w t h f u n c t i o n , and let f
Z --+ [0 ,1] be a degree ~ s n i l s e q u e n c e o f c o m p l e x i t y ~ Mo. T h e n t h e r e
e x i s t s an M = Os ,Mo , F ( l ) , such t h a t f (when r e s t r i c t e d to [NJ) is also a
( F ( M ) , N ) - i r r a t i o n a l degree ~ s v i r t u a l n i l s e q u e n c e o f c o m p l e x i t y ~ M at
scale N .

To e s t a b l i s h T h e o r e m 1.2 from this and P r o p o s i t i o n 2.7 one first applies
the l a t t e r result with F replaced by a much more r a p i d growth function F' ,
and t h e n one applies P r o p o s i t i o n 2.8 to the s t r u c t u r e d c o m p o n e n t fnil
o b t a i n e d in T h e o r e m 2.6.

I t remains to prove P r o p o s i t i o n 2.8 . Let s , M o, F, 'l/J be as in t h a t
p r o p o s i t i o n . By definition, we have 'l/J = Fo(go(n)f) for some degree ~ s
filtered nilmanifold ( G / f , G . ) of complexity ~ M o , a polynomial sequence
go E poly (Z, G.), and a function Fo : G / f --+ C which has a Lipschitz
norm of at most Mo. Since e takes values in [0 ,1], we may assume w i t h o u t
loss of g e n e r a l i t y t h a t F o is real , and by replacing Fo with the r e t r a c t i o n
m a x ( m i n ( F o , 1), 0) to [0,1] if necessary, we may assume t h a t F o also takes
values in [0,1] . Henceforth ( G / f , G.) , go , and F o are fixed.

F a c t o r i s a t i o n r e s u l t s . One of t h e main r e s u l t s of our p a p e r [30] was a de
c o m p o s i t i o n of an a r b i t r a r y polynomial nilsequence 9 on G I f into a prod
uct" (3g' "y, where (3 is " s m o o t h " , "y is " r a t i o n a l " , and g' ( n ) f is e q u i d i s t r i b 
u t e d inside some possibly smaller nilmanifold G ' / f ' . We need a similar
r e s u l t here, b u t with g' having the somewhat s t r o n g e r p r o p e r t y of being ir
r a t i o n a l t h a t we m e n t i o n e d in the i n t r o d u c t i o n . The notion of i r r a t i o n a l i t y
is discussed in more detail in A p p e n d i x A .

We will be also using t h e notions of s m o o t h and rat ional polynomial
sequences from [30]. Again, the basic definitions and p r o p e r t i e s of these
concepts are recalled in A p p e n d i x A.

Define a c o m p l e x i t y ~ M s u b n i l m a n i f o l d of ( G / f , G.) to be a degree ~ s
filtered nilmanifold (G' If', G~) of complexity ~ M, where each s u b g r o u p
G(i) in the f i l t r a t i o n G~ is a r a t i o n a l s u b g r o u p of the a s s o c i a t e d s u b g r o u p

9In o u r p ap er [30] t h e l e t t e r e was us ed for a s m o o t h nilsequ enc e , b u t we us e 13 here
to avoid c o n flict w i t h v a r i o u s uses of e to d e n o t e a sm all p o s i t i v e real n u m b e r .
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G(i) of c o m p l e x i t y ~ M, I " = G' n I' , a n d each e l e m e n t of t h e M a l ' c e v
basis of (G' j f ' , G : ) is a r a t i o n a l l i n e a r c o m b i n a t i o n of t h e Mal' cev basis
of (G j f , G.), where t h e coefficients all have h e i g h t ~ M . We define t h e total
dimen sion of such a n i l m a n i f o l d to be t h e q u a n t i t y 2::=0 dim ( G( i ) ) ; t h i s is

also t h e d i m e n s i o n of poly (Il , G.) ( t h a n k s to t h e Taylor series e x p a n s i o n ,
L e m m a A . I ) .

We make t h e easy r e m a r k t h a t if (G' [ i " ; G:) is a c o m p l e x i t y ~ M s u b n i l 
m a n i f o l d of (G j f , G.) for some M ~ Mo, a n d (G" [ I " ; G~) is a c o m p l e x i t y
~ M s u b n i l m a n i f o l d of (G' [I", G:) , t h e n (G" [ I " , G~) is a c o m p l e x i t y O M ( I )
s u b n i l m a n i f o l d of ( G j f , G.) .

O u r first l e m m a is very s i m i l a r in form to [30, L e m m a 7.9].

L e m m a 2 . 9 ( I n i t i a l f a c t o r i s a t i o n ) . Let (G' [I" , G:) be a complexity ~ M
subnilmanifold of ( G j f , G.) for some M ~ M o , let g' E poly (Il, G:), a n d
let A > 0 a n d N ~ 1 . Then a t least one o f the following s t a t e m e n t s hold:

(Irrationality) g' is ( A , N ) - i r r a t i o n a l in ( G ' j f ' , G : ) .

(Dimension reduction) There exists a factorisation

g' = f3g",

where f3 E poly (Il, G:) is (OM ,A(I), N) -smooth , g" E poly (Il, G~) takes
values in a subnilmanifold (Gil j f " , G~) o f ( G' [ I " , G:) o f s t r i c t l y smaller total
dimension a n d o f complexity OM,A(I) , a n d I E poly (Il , G:) is OM,A(I)
rational.

P r o o f . To make t h i s p r o o f a l i t t l e more r e a d a b l e , we d r o p one d a s h from
every e x p r e s s i o n . T h u s g' becomes g , G" becomes G' , a n d so on . S u p p o s e
t h a t g is not (A, N ) - i r r a t i o n a l . Recall (see L e m m a A . I ) t h a t g has a T a y l o r
e x p a n s i o n t h a t we may w r i t e in t h e form

n ( "n) = g g(~)g(~) g(~)us: ° 1 2 " ' 8 ,

where gi E G(i) for each i. It follows from L e m m a A .7 t h a t for some i,
1 ~ i ~ s, we can facto rise

gi = f3ig~'i ,

where g~ E G ( i ) lies in t h e kernel of some h o r i z o n t a l c h a r a c t e r ~i : G(i) - > ~

of c o m p l e x i t y OA,M(I) , I i E G(i) is O A , M ( I ) - r a t i o n a l in t h e sense t h a t
I f E f ( i ) for some m = OA , M ( I ) , -and f3i E G(i) has d i s t a n c e OA , M ( I j N i )
from t h e origin.
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We now divide into two cases, d e p e n d i n g on w h e t h e r i > 1 or i = 1.
F i r s t suppose t h a t i > 1. T h e n the Taylor expansion of 9 reads , with an
obvious n o t a t i o n ,

By c o m m u t a t i n g all the 13is to the left and all the , i s to the right , and
using the group p r o p e r t i e s of polynomial sequences (Theorem 1.6) , one can
rewrite this as

where

g'(n) : = g<i(n)g~(7)9>i(n)

and 9>i(n) is a n o t h e r polynomial sequence t a k i n g values in G(i+l)' Ob
serve t h a t g' is t h e n a polynomial sequence a d a p t e d to the s u b n i l m a n i 
fold ( G ' / f ' , G:) , where G ' / f ' = G / f and G(j) = G(j) for j =J i, b u t

G( i) = ker( ~D · This is indeed a s u b n i l m a n i f o l d , with complexity 0 A ,M (1) ;

note t h a t (G(l));:O is a f i l t r a t i o n , t h a n k s to our insistence in the definition

of i - h o r i z o n t a l c h a r a c t e r (cf. Definition A.6) t h a t [G(j) ' G ( i - i ) ] ~ ker(~~) for

all 0 ~ j ~ i . Meanwhile, 13P) is a (OA , M ( I ) , N ) - s m o o t h sequenc e and

,P) is a O A , M ( l ) - r a t i o n a l sequence, so we have t h e desired f a c t o r i s a t i o n in
the i > 1 case .

When i = 1, t h e above a r g u m e n t does not quite work, because G(l)

would be d i s t i n c t from G(O) and would thus not qualify as a f i l t r a t i o n . B u t
this can be easily remedied by performing an a d d i t i o n a l f a c t o r i s a t i o n

go = 130g~

where 130 E G' is a d i s t a n c e 0 A , M (1) from the identity, and g& lies in t h e
kernel of ~~ . This leads to a f a c t o r i s a t i o n of the form

g(n) = 13013rg'(nhr

where
g' (n) = g&g~ng~ 1 ( n)

and g~l is a polynomial sequence t a k i n g values in G(2)' One t h e n argues as

before , b u t now one sets b o t h G(O) and G(l) equal to the kernel of ~~ . •
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We can i t e r a t e t h e a bove lemma to o b t a i n t h e following r e s u l t , which
is a na logo us to [30 , Th eorem 1.19]. Apar t from d e alin g wit h i r r a t i o n alit y
ra th er t ha n e q u id ist r i b ut ion, t he following r esul t is so mewh a t differ en t t o
t h a t j u s t cit e d in t h a t on e r equ ir es a n arbi t r ar y ( r a t h e r t h an pol ynomial )
growt h fun c t i o n , bu t on e does n ot (of cour se ) n eed pol ynomi al compl exi t y
bo u n ds . A va ri a nt of [30 , T h eor em 1.19] was a lso given in [33 , T h e or em
4 .2] .

L e m m a 2 . 1 0 (Compl et e fa ctori s a t i o n ) . L et (G / f , G. ) be a degree ~ s
f i l t ered n i l m a n i f o l d o f com p lex i t y ~ M o , a n d l et g E poly (Z , G. ). For an y
g r o w t h f u n c t i o n F' , we can find a q u a n t i t y M o ~ M ~ OM , p ( l ) an d a
fac t o r i sation g = (3 g ' , wh ere:

(i) (3 E poly (Z , G.) i s ( O M ( l ) , N) -smooth;

(ii) g' E poly (Z , G.) i s ( F ' ( M ) , N) - i r r a t i o n a l in a s u b n i l m a n i f o l d
(G' / f ' , G:) o f ( G / f , G.) of com p l ex i t y O M ( l ) , and

(iii) , E pol y ( Z , G. ) i s O M ( l )-p e r i o d i c.

P r o o f . We u se an it er a t i v e a rg u me n t, set t ing (3 = , = id , g' = g ,
M = Mo , and (G' / f ' , G: ) = (G/ f , G. ) to be gin w i t h . In p a r ticul ar ,
(G', f ', G : ) is ini tiall y a s u b n il m a n ifo ld of (G / f , G.) of com p lex i ty O M ( l ).
I f g' is F ' ( M )-equidi s t r i b u ted in (G ' / f ' , G: ) t he n we a re done ; o t h er wise ,
by Lemm a 2.9 we m ay fa c t o r i se g' = (3' g" , ' wh er e c' i s ( O p (M ) ( l ) , N ) 
s m o ot h , , is O p (M ) ( I) - pe rio dic, a n d g" no w t a kes valu es in a s u b n ilma n 
ifold (G" I f " , G~) of (G ' / f ', G: ) of co m p lex ity O p (M ) ( l ) a n d small er t o t al
dim en sion t ha n (G' / r ' , c :) . We th en r epla ce (3 by f3f3'~, by , ' " g' by s" ,
(G' I f ' , G: ) by (G" I f " , G~) , a n d incre as e M to a qu an ti t y of t h e form
O p (M ) ( l ) , using Lemm a A.4 to con clu de t h a t th e n e\\, (3 is s m o ot h a n d
t h e n ew , is ra tion al. We t h en i t e r a t e thi s pr o cess. Sin ce the t o t al di
m ension of ( G / f , G.) is i n i t i a l l y OM o ( l ) , this proc e ss ca n i t e r a t e a t most
o Mo (1) times, and t h e claim follows. •

W i t h this lemma we can now e s t a b l i s h P r o p o s i t i o n 2.8 and h ence T h e
o re m 1.2. Let F' b e a r a p i d g r o w t h function (de p e n d i n g on c, M o, F)
to b e chosen l a t e r . We a p p l y Lemma 2.10, o b t aining s o me M with
Mo ~ M ~ O Mo , p ( l ) a n d a factori s a t i o n

7J; (n ) = F( (3 (n )g'(n ) , (n ) f )

wi t h (3 , g' a n d , h a vi n g t he prop er tie s d e scrib ed in t h a t lemm a.
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The sequence _, is O M ( I ) - r a t i o n a l and so, by Lemma A.4 , the o r b i t
n I---> , ( n ) f is periodic with some period q = OM(I) , and t h u s , ( n ) f d e p e n d s
only on n mod q . -

For each n , t h e r a t i o n a l i t y of , ( n) ensures t h a t , ( n ) f i n t e r s e c t s I ' in a
s u b g r o u p o f f of index O M ( I ) . Since there are only OM(I) different possible
values of , ( n ) f , we may t h u s find a s u b g r o u p I " of f of index OM(I) such
t h a t r- ~ , ( n ) f for all n .

We can t h u s express 'l/J as a v i r t u a l nilsequence

'l/J (n ) = F ( g ' ( n ) f ' }-n mod q, n l N )

where F : G If' x ZI qZ x IR is defined by the formula

F(x , a, y) : = F ( { 3 ( N y ) i , ( a ) f )

whenever y E kZ and by Lipschitz extension to all y E R where a
is any integer with a = a mod q, and i is any element of G such t h a t
i f ' = x. One easily verifies t h a t F is well-defined and has a Lipschitz norm
of O M ( I ) . Also, since g' was a l r e a d y (.1'(M), N) - i r r a t i o n a l in G If, and I "
has index OM(I) in I', we see t h a t g' is ( » M .1'(M) , N) - i r r a t i o n a l in Gf]",
P r o p o s i t i o n 2.8 now follows by replacing M by a s u i t a b l e q u a n t i t y of the
form O M ( I ) , and choosing .1" sufficiently r a p i d l y growing d e p e n d i n g on F .

3 . P R O O F OF T H E C O U N T I N G L E M M A

The p u r p o s e of this section is to prove the c o u n t i n g lemma, Theorem 1 .11.
We begin by recalling from the i n t r o d u c t i o n t h e definition of the Leibman
group G W •

D e f i n i t i o n 3.1 (The Leibman g r o u p ) . Let \It = ( 'l/JI, .. . , 'l/J t ) be a collection
of linear forms 'l/J I , .' " 'l/Jt : ZD - - t Z . For any i ~ 1, define \It[i] to be
the linear subspace of IR t s p a n n e d by the vectors ('l/Ji (n) , . . . , 'l/Jf (n)) for
1 ~ j ~ i and n E ZD. Given a filt ered n i l m a n i f o l d ( G / f , G . ) , we define
the L e i b m a n group G W <J G t to be the Lie s u b g r o u p of G t g e n e r a t e d by the
elements gf i for i ~ 1, gi E G(i)' and Vi E \It[i], with the convention t h a t if
V = (VI , . . . , Vt) t h e n

e . ( VI Vt )9 .= 9 , . . . ,g .
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Now might be a good time to r e m a r k explicitly t h a t we have i n t r o d u c e d
a slightly vulgar convention t h a t we hope will help the r e a d e r follow t h i s
section and o t h e r p a r t s of the p a p e r . Bold font l e t t e r s such as n E lR D

denote D - d i m e n s i o n a l vectors, whilst arrows such as v E lR t denote t-vectors.
Occasionally we shall write m ; : = dim ( lIt [i]).

When reading t h i s section, it might be found helpful to have a r u n n i n g
example in mind . We will take as an i l l u s t r a t i v e example t h e case D = 2,
t = 4 and lIt = ('l/Jl,"" 'l/J4), where 'l/Ji(n) = nl + in2 for i = 0 , 1 , 2 , 3 .
The s y s t e m lIt, of course, defines a 4 - t e r m a r i t h m e t i c progression. As we
r e m a r k e d in the i n t r o d u c t i o n the c o r r e s p o n d i n g Leibman group G W is also
known as the Hall-Petresco group Hp4(G) . The reader will easily confirm
t h a t in t h i s case we have

lIt [1] = lR(l, 1, 1, 1) EB lR(O, 1 , 2 , 3 )

and
1It[2] = lR(l, 1, 1, 1) EB lR(O, 1 , 2 , 3 ) EB lR(O, 0, 1 , 3 )

and

lIt [3] = lR(l, 1, 1, 1) EB lR(O, 1 , 2 , 3 ) EB lR(O, 0 , 1 , 3 ) + lR(O, 0, 0 , 1 ) = lR 4 .

Some work must be done before we can describe G"w = Hp4(G) in a p l e a s a n t
way. However we can already e s t a b l i s h the following lemma, whose s t a t e 
ment and proof go some way towards explaining the i n t r o d u c t i o n of the
Leibman group .

L e m m a 3 . 2 . Let lIt = ('l/Jl , " " 'l/Jt) be a collection of linear forms 'l/Jl, . . . , 'l/Jt :
'liP - Z . S u p p o s e t h a t ( G / r , G.) is a filtered n i l m a n i f o l d and t h a t 9 E
poly (Z, G.) is a p o l y n o m i a l sequence. Then the sequence gW : ZD _ Gt
defined by gW (n) : = (g( 'l/Jl (n)) , .. . , g ( 'l/Jt(n))) takes values in G W .

P r o o f . The sequence g( n) has a (unique) Taylor expansion

__ (7) (~)g(n) - gOgl .. . g8

with gi E G ( i ) for all i (see Lemma A . l ) . S u b s t i t u t i n g in, it follows t h a t

8 (("'1 (n)) ("'t<n)))
gW(n) = IIgi i , " ' , i ,

i=O

and it is i m m e d i a t e from the definition t h a t each element in this p r o d u c t
lies in Gil'. •
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The counting lemma, whose proof is the main objective of this section ,
was s t a t e d as T h e o r e m 1.11. Essentially , it s t a t e s t h a t glJl(n)r lJl is equidis
t r i b u t e d in C IJl I r lJl as n ranges over "n ice" subsets of "b ig" lattices, provided
t h a t the original sequence 9 is s u i t a b l y i r r a t i o n a l . We ·will recall what t h a t
means in due course, b u t our first task is to develop the basic theory of the
Leibman group C IJl •. At the moment , for example , we have not e s t a b l i s h e d
t h a t C IJl is a connected Lie subgroup of C t or t h a t C IJl I r lJl has the s t r u c t u r e
of a filtered nilmanifold . Nor have we developed tools for c a l c u l a t i n g inside
this group .

B a s i c f a c t s a b o u t t h e L e i b m a n g r o u p a n d n i l m a n i f o l d . We can endow
]Rt with the s t r u c t u r e of a c o m m u t a t i v e algebra over ]R by using the pointwise
p r o d u c t

x . f j = (XIYI , . . . , Xt yt}

and s e t t i n g r = (1, . .. , 1) to be the m u l t i p l i c a t i v e i d e n t i t y . W i t h this algebra
s t r u c t u r e , one can view the spaces W[i] defined in Definition 1.10 as the span
of the powers w ( n ) j for n E ' l P and 1 ~ j ~ i, where we view W as a
homomorphism from ' l P to 'l} . We have the following a l t e r n a t e definition
of the W[i].

L e m m a 3 . 3 (Depolaris a t i o n ) . \lJ[i] is the span of the p r o d u c t s

where 1 ~ j ~ i a n d n j , . . . , n j E 7iP.

P r o o f . Clearly W[i] is c o n t a i n e d in this span. To establish the reverse
c o n t a i n m e n t , we observe the e l e m e n t a r y d e p o l a r i s a t i o n i d e n t i t y

where W = ( W I , . . . , W j ) and Iwi : = WI + .. . + W j , a n d the claim follows . •

As an i m m e d i a t e consequence we have

C o r o l l a r y 3 . 4 ( F i l t r a t i o n p r o p e r t y ) . f o r J:!ny i , j ;? 0 , we have W[i] • 'lib] ~
w [ i + j ] .
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Let (G I f , G.) be a degree ~ s filtered nilmanifold . From Definition 1.10,
the Leibman group GiJ! is t h e s u b g r o u p of G t g e n e r a t e d by the group
elements g~i for i ;? 1, Vi E \lI[i], and gi E G(i) ' For any io ;? 1, let G&o) be

the s u b g r o u p of GiJ! g e n e r a t e d by those g f i with i ;? io, Vi E \lI[i], gi E G ( i ) '

with t h e convention t h a t G~) : = GiJ!.

L e m m a 3 . 5 ( F i l t r a t i o n p r o p e r t y for G~). G~:= ( G & ) ) : ' o is a filtration

on GiJ!. In o t h e r words, the G&) are n e s t e d with [G&), G&)] c G&+j) for all
i , j ;? 0.

P r o o f . I t suffices to check t h a t if gi E G ( i ) ' gj E G ( j ) , Vi = ( V i I , . . . , Vit) E

\lI[i] and Vj = (VjI, . . . , v j d E \lI[j) t h e n [ g f i , gJ i ] E G & + j ) ' But this fol

lows from t h e B a k e r - C a m p b e l l - H a u s d o r f f formula (see (C.2)), the f i l t r a t i o n
p r o p e r t y of G(i) and Corollary 3.4. •

T h e spaces \lI[i] form a flag

° ~ \lI[I] ~ . . . ~ \lI[s] ~ jRt

of subspaces which are r a t i o n a l (i.e . they can be defined over Q). From
a greedy a l g o r i t h m (and clearing d e n o m i n a t o r s ) we may thus find a basis
VI, . .. , Vms E \lI[s] with the following p r o p e r t i e s :

(i) ( I n t e g r a l i t y ) ih , .. . , Vm s all lie in ' I } ;

(ii) ( P a r t i a l span) For every 1 ~ i ~ S , VI, . . . , V mi span \lI[i] ;

(iii) (Row echelon form) For each 1 ~ j ~ m s , t h e r e exists l j , 1 ~ l j ~ t,
such t h a t Vj has a non-zero l j c o o r d i n a t e , b u t such t h a t Vjl has a zero
l j c o o r d i n a t e for all j < j ' ~ m s .

For i n s t a n c e , the basis

71 1 : = ( 1 , 1 , 1 , 1 ) ; 71 2 : = ( 0 , 1 , 2 ,3) ; 713:= ( 0 , 0 , 1 , 3 ) ; 71 4 : = (0,0,0,1)

we implicitly gave above for our r u n n i n g exa~pl~ is a l r e a d y in . t h i s form.

Fix such a basis . J For each basis element 'e; we can define the degree
deg ( Vj) of t h a t element to be t h e first i for which j ~ t t u , t h u s deg ( Vj) is

an integer between 1 and s, and Vj E \lI[ deg (vi) 1.
Observe t h a t an a r b i t r a r y element of GiJ! can be expressed as a p r o d u c t

of finitely many elements of the form 9Ji for ° ~ j ~ m; and gj E G ( d e g (Vi))'
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By many a p p l i c a t i o n s ' " of the B a k e r - C a m p b e l l - H a u sdorff formula (see
(C . l ) ) and Lemma 3 .5, we can now express any element of G W in the form

(3 .1)

where g j E G(d eg(vj)) for all l ~ j ~ m ;

Thus, in our r u n n i n g example, we have the explicit d e s c r i p t i o n of G W =
Hp 4 ( G ) as

{(gO,gOgl ,gOgrg2 ,gOg~g~g3) : go E G(O)' gl E G(l) ' g2 E G(2)' g3 E G(3)}'

Note t h a t from r e s u l t s on the Taylor expansion (see Lemma A . l ) this group
may also be identified as

{(g(O) , g ( I ) ,g(2) ,g(3)) : g E poly (Z , G . ) } .

The group n a t u r e of HP4(G) is t h e n easily deduced from Theorem 1.6, b u t
this p r e s e n t a t i o n is s o m e w h a t specific to the H a l l - P e t r e s c o case and we shall
not require it f u r t h e r .

From the row-echelon form one can verify i n d u c t i v e l y t h a t the repre 
s e n t a t i o n (3.1) is unique (this can be seen clearly by working with the
H a l l - P e t r e s c o example p r e s e n t e d above). This gives G W the s t r u c t u r e of
a c o n n e c t e d , simply c o n n e c t e d Lie group , with dimension

s

(3.2) dim (G W ) = L d i m (G( i)) (dim (W[i J ) - d i m ('1J[ i - l ] ) )
i=l

(with t h e convention t h a t '1J[oJ is t r i v i a l ) . A similar a r g u m e n t also shows t h a t
every element of G0o) can be expressed uniquely in the form (3 .1), where
now gj is c o n s t r a i n e d to lie in G ( max ( deg (Vj ),io)) r a t h e r t h a n G ( deg ( V j ) ) ' In
p a r t i c u l a r , by reading off the coefficients gj one a t a time , this implies the
p l e a s a n t i d e n t i t y

(3.3) W W ( )kG(i) = G n G(i) .

lOIndeed, one uses ( C . I ) and L e m m a 3 .5 to e x t r a c t o u t and collects all t erms w i t h
degree deg (Vj) = I , leaving only t erms w i t h base 9j in G ( 2 ) ' T h e n one e x t r a c t s o u t t h o s e
t e r m s w i t h degree 2 (merging t h e m w i t h t h e i = I t e r m s as ne cessary) , leaving only t e r m s
w i t h base in G ( 3) ' C o n t i n u i n g t h i s process gives the d esired f a c t o r i s a t i o n .
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R e m a r k . From Taylor expansion (see Lemma A . l ) we see t h a t the sequence
gill in (1.7) lies in poly (Z , G~). While we do not dire ctly use t h i s fact here ,
it may help explain why the f i l t r a t i o n G~ will plays a p r o m i n e n t role in the
proof of the c o u n t i n g lemma t h a t we will s h o r t l y come to.

Recall t h a t we normali sed the basis vectors Vj E zt to have integer
coefficients. As a consequence , we see t h a t if the g j are in r , t h e n the
expression (3.1) lies in r -. From t h i s (and many a p p l i c a t i o n s of Lemma 3.5)
we see t h a t r& ) : = r k n G&) is co c o m p a c t in G& ) for each i , and so

(Gill I r ill , G~) is a filtered nilmanifold. F u r t h e r m o r e , the same a r g u m e n t
shows t h a t the G&) are r a t i o n a l s u b g r o u p s of G k and so (Gill I r ill , G~) is a

s u b n i l m a n i f o l d of (G k I r k , G~).

T h e c o u n t i n g l e m m a : p r e l i m i n a r y m a n o e u v r e s . Now t h a t we have
verified t h a t Gill I rill is indeed a nilmanifold, we can begin t h e p r o o f of
T h e o r e m 1.11.

We begin with some easy r e d u c t i o n s . F i r s t , observe t h a t for fixed M ,
t h e r e are only finitely many possibilities for s , D , t , 'l1 , and (up to isomor
phism) t h e r e are only finitely many possibilities for ( G l r , G.) and r. T h u s it
will suffice to e s t a b l i s h the result for a single choice of s , D , t, 'l1 , (G I r , G.) ,
with t h e b o u n d s d e p e n d i n g on these q u a n t i t i e s . Hence, we fix these quan
t i t i e s and allow all implicit c o n s t a n t s to depend on these q u a n t i t i e s (thus,
in this section , we will not explicitly s u b s c r i p t out 0 ( 1 ) q u a n t i t i e s ) .

Similarly, because the space of Lipschitz functions with Lipschitz norm
0 ( 1 ) is p r e c o m p a ct in the uniform topology (by the Arzela-Ascoli t h e o r em) ,
it suffices to prove the desired b o u n d for each fixed F , as the uniformity in
F t h e n follows from an easy a p p r o x i m a t i o n a r g u m e n t . Thus we fix F and
allow all q u a n t i t i e s to depend on F.

Next, we observe t h a t we may normalise g(O) = id. Indeed, we may
factorise g(O) = co'o where da(CO, id) = 0 ( 1 ) and / 0 E r. F a c t o r i s i n g , we
o b t a i n

g(n) = cog'(nho

where g'(n) : = c % h a l g ( n h o ) . Note t h a t g'(O) = id and t h a t Taylor
coefficients of g' are given by g~ = l a l g i / o, and so g' is also (A , N ) - i r r a t i o n a l .
It is then an easy m a t t e r to see t h a t T h e o r e m 1.11 for 9 and F follows from
T h e o r e m 1.11 for g' and for the shifted function F'( x) : = F(cox) , which is
still Lipschitz with norm 0 ( 1 ) .
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Note t h a t we may assume t h a t A and N are large, as the claim is t r i v i a l
otherwise .

E q u i d i s t r i b u t i o n i n t h e L e i b m a n g r o u p . Let us recall what we are
t r y i n g to prove. In the c o u n t i n g lemma, T h e o r e m 1.11, our aim is to
show t h a t if g(n) is s u i t a b l y i r r a t i o n a l t h e n the o r b i t (g V>(n))nE(no+A)np

is e q u i d i s t r i b u t e d on the Leibman nilmanifold GIJ! IrlJ!. We shall proceed by
c o n t r a d i c t i o n , s u p p o s i n g this o r b i t is not e q u i d i s t r i b u t e d and deducing t h a t
g( n) could not have been i r r a t i o n a l . The reader should recall the definition
of i r r a t i o n a l in this context: it is given in Definition A .6.

Our main tool will be a mild g e n e r a l i s a t i o n of the " m u l t i p a r a m e t e r
Leibman c r i t e r i o n " , which is [30, T h e o r e m 8.6]. Here is the s t a t e m e n t we
shall use .

T h e o r e m 3 . 6 . S u p p o s e t h a t ( G / r , G.) is a filtered n i l m a n i f o l d o f com
p l e x i t y ~ M and t h a t g E poly (ZD, G.) is a p o l y n o m i a l s e q u e n c e for s o m e
D ~ M. S u p p o s e t h a t A ~ ZD is a l a t t i c e o f i n d e x ~ M, t h a t no E ZD has
m a g n i t u d e ~ M, and t h a t P ~ [ - N , N]D is a convex b o d y . S u p p o s e t h a t
8 > 0, and t h a t

I
L F ( g ( n ) r ) - [;~ \PI] 1 FI > 8N

D I IF IILip
nE(no+A)np G / r

for s o m e L i p s c h i t z f u n c t i o n F : G Ir --+ Co T h e n t h e r e is a n o n t r i v i a l
h o m o m o r p h i s m TJ G --+ lR which vanishes on r, has c o m p l e x i t y O M ( l )
and such t h a t

IITJ 0 g l l c oo([N]D) = 06,M(1) .

R e m a r k s . This differs from [30, T h e o r e m 8 .6] in several i n s u b s t a n t i a l ways .
On the one hand we have no concern here with the polynomial b o u n d s
t h a t were i m p o r t a n t in t h a t s e t t i n g . However, we are dealing here with a
s u b l a t t i c e A ~ ZD r a t h e r t h a n ZD itself, and with an a r b i t r a r y convex b o d y
P r a t h e r t h a n the box [N]D . This more general result can be deduced from
[30 , T h e o r e m 8.6] in a somewhat routine, t h o u g h slightly tedious, m a n n e r .
We sketch the details in A p p e n d i x B. The n o t a t i o n Coo ([N]D) is recalled
b o t h in the a p p e n d i x and l a t e r in this section .

L a t e r on, the n o t a t i o n will get a l i t t l e c o m p l i c a t e d . Let us, t h e n , first
apply T h e o r e m 3.6 to e s t a b l i s h the following very simple special case of the
c o u n t i n g lemma (it is , of course, the special case in which \II consists of the
single form 'l/Jl (n) = n l ) '
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L e m m a 3 . 7 ( I r r a t i o n a l implies e q u i d i s t r i b u t e d ) . Suppose t h a t ( G / r , G . )
is a filtered n i l m a n i f o l d of c o m p l e x i t y a t m o s t M and t h a t g : Z -4 G is an
(A, N ) - i r r a t i o n a l p o l y n o m i a l s e q u e n c e . Then we have the e q u i d i s t r i b u t i o n
p r o p e r t y

JEnE[N]F(g(n)r) = 1 F + OM( A - eM II F IILiP)
c t:

for all L i p s c h i t z F : G / r -4 <C a n d some CM > O.

P r o o f . S u p p o s e t h e conclusion is false . T h e n b y l l T h e o r e m 3.6 t h e r e is some
c o n t i n u o u s h o m o m o r p h i s m TJ : G - 4 l R which vanishes on [G, G] and r , has
c o m p l e x i t y 0 8 ( 1 ) , and for which IITJ 0 gllcoo[N] ~ 8- 0 (1 ) . Recall (cf. [30 ,
Definition 2.7]) w h a t this means : in t h e Taylor e x p a n s i o n

TJ 0 g( n) = 0 0 + 0 1 ( ~) + . . . + O s ( ; ) ,

t h e j t h coefficient OJ satisfies Il0jlllR /z ~ 8 - 0 ( 1) / N j for j = 1, . . . , s . I f t h e
sequence g is developed as a Taylor e x p a n s i o n

t h e n we of course have OJ = TJ(gj). Choose i maximal so t h a t t h e r e s t r i c t i o n
TJIC( i) is n o n t r i v i a l . T h e n c e r t a i n l y II TJ(gd IllR /z ~ 8 - 0 ( 1) / N i

. We claim t h a t

TJ is an i - h o r i z o n t a l c h a r a c t e r in t h e sense of Definition A .5 , a s t a t e m e n t
which will clearly c o n t r a d i c t t h e s u p p o s ed (A, N ) - i r r a t i o n a l i t y of 9 if 8 is a
sufficiently small power of 1 / A . To this end all we need do is confirm t h a t
TJ vanishes on G(i+l) ' r ( i ) and on [G(j) ' G ( i - j ) ] for 0 ~ j ~ i. T h e first of
these follows from t h e m a x i m a l i t y of i, whilst t h e second a n d t h i r d follow
i m m e d i a t e l y from the p r o p e r t i e s of 1] s t a t e d at t h e b e g i n n i n g of t h e proof .

•
Let us t u r n now to t h e more n o t a t i o n a l l y intensive gen eral case . Now,

we apply T h e o r e m 3 .6 to GIJ! /rlJ! to conclude t h a t t h e r e is a n o n - t r i v i a l con
t i n u o u s h o m o m o r p h i s m TJ : GIJ! -4 lR which maps rlJ! to Z, has c o m p l e x i t y
0 8 ( 1 ) , and satisfies

(3.4)

11 In fact here we only need t h e r a t h e r s i m p l e r I - p a r a m et er version , which is [30,
T h eor em 1.16J.
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Much as in the proof of Lemma 3.7, what this means is t h a t if 1] 0 gW (n) is
developed as a Taylor series in multi-binomial coefficients (j) = G:) . .. G~)

(see Lemma A . I ) , the coefficient OJ satisfies IIOjlllR /z «8 N - I j l . Our aim is

to use this i n f o r m a t i o n to c o n t r a d i c t the a s s u m p t i o n t h a t g(n) is (A, N)
i r r a t i o n a l .

Let us once again take i maximal such t h a t 1]!c'l' is nontrivial. Consid
( i )

ering again the Taylor expansion of g( n), we have

(3.5)

Take the basis ih, ih, . . . for \lI[i] described earlier. Then, since the vector

lies in \ l I l i ] , t h e r e is an expansion

for j = 1, . . . , i, where the Pj,k : 7iP - - - t lR are polynomials of degree at
most j , recalling t h a t mj : = dim (w li ]) . C o m p a r i n g with (3.5), we o b t a i n

(3.7)
i m j

(1] 0 gW)(n) = L L P j , k ( n ) 1 ] ( g J k ) .
j = l k=l

We are going to look at the coefficients eli of (3.7) for the monomial n ' : =

nil ... n~, where i = ( i l , ' ' ' ' iD) and Iii : = l i d + ... + lidl = i. We are
assuming t h a t every such coefficient satisfies lIeldllR/z «8 N : ' , Note also
t h a t

(3.8)
m i

eli = L (P i ,k)i1] (gfk) ,
k=l

where (Pi,k)i is the n i coefficient of Pi,k(n); this is because terms of t o t a l
degree i c a n n o t arise from the t e r m s j = 1, . . . , i - I in the sum on the right
hand side of (3.7).
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On the o t h e r hand by t a k i n g j = i in (3.6) we have
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(3.9) (P i , l ( n ) ) i i h + . . . + (P i ,mi(n))ivmi

= . , 1 . , ( 1 / J I ( e d l ' ' ' 1 / J I ( e D ) i V , . . . , 1 ! J t ( e d l ' ' ' ' l / J t ( e D ) i V )
2 1 · · · . 2 D ·

1 .Tt( )i 1 .Tt( )i V= . , . , 'J.' e l . . . 'J.' eD ,
2 1 · · · . 2 D ·

where ej = (0, ,1, . . . ,0) E ZD, the 1 being in the j t h position, and
\lJ(ej) : = ('l/Jl(ej), , 'l/J t ( ej ) ) E ~t.

C o m p a r i n g (3.8) and (3.9) and using the fact t h a t TJ is a homomorphism
on G'II, we o b t a i n

Thus, for each i with Iii = lill + ... + liDI = i, we have

(3.10)

To o b t a i n the desired c o n t r a d i c t i o n with the (A , N ) - i r r a t i o n a l i t y hypothesis
and thus complete the proof , it suffices (after t a k i n g A sufficiently large
depending on 8) to establish t h a t for at least one choice of i , the map ~i

G ( i ) ---+ lR defined by

is a n o n t r i v i a l horizontal i - c h a r a c t e r of complexity 08(1) .

The complexity bound follows from the fact t h a t the coefficients of
the forms 'l/Ji are integers of size 0 ( 1 ) a n d the B a k e r - C a m p b e l l - H a u s d o r f f
formula (Appendix C). T h a t at least one of these maps is n o n t r i v i a l follows
from t h a t fact t h a t TJ is n o n t r i v i a l on G&) and the fact t h a t the vectors

\ l J ( e d 1
• . • \lJ(eD)i V

, il +- . - + i D = i, span \lJ[ i] (a consequence of Lemma 3.3) .

F u r t h e r m o r e ~i always a n n i h i l a t e s r&) and G&+l) (by the asserted max

imality of i) . To qualify as an i - h o r i z o n t a l c h a r a c t e r we must also show t h a t
it vanishes on [GG)' G&_j)] for each 0 ~ j ~ i. To this end , note t h a t we
may factor
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where w E 'l1 U] and w' E 'l1[ i - j ] . Indeed, we may take
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for any indices j l , '" . i o with jt ~ it and j l + ... + in = i. whereupon
the relevant c o n t a i n m e n t s follow from Lemma 3.3 . Now if 9 E Grj) and

g' E G&_ j) are a r b i t r a r y t h e n we have

[ W 'W'j_ [ ']WW' ( d G W )9 , g = g , 9 mo ( i + I)

by the B a k e r - C a m p b e l l - H a u s d o r f f formula (C.2) . Applying n, which is
t r i v i a l on G&+l) by a s s u m p t i o n , we o b t a i n

the last s t e p being a consequence of the fact t h a t rJ has abelian image
and hence vanishes on [G w , G W ]. This concludes t h e proof of t h e c o u n t i n g
lemma , T h e o r e m 1.11.

4 . G E N E R A L I S E D V O N N E U M A N N T Y P E T H E O R E M S

In this section we recall a n u m b e r of r e s u l t s a s s e r t i n g the connection between
Gowers norms and various types of linear c o n f i g u r a t i o n . These results are
collectively known in the l i t e r a t u r e as "generalised von Neumann t h e o r e m s ".
The c o n n e c t i o n between Gowers norms (not called by t h a t name, of course)
and linear c o n f i g u r a t i o n s was first made in [17]. A fairly general result of
this type , which a p p e a r s in [31], is the following .

T h e o r e m 4.1 (Generalised von Neumann T h e o r e m ) . L e t ' l 1 = ('l/JI, . .. , 'l/Jt}
be a c o l l e c t i o n o f linear forms 'l/JI , . . . , 'l/J t : 'l!p - + Z for s o m e t, D ~ 1,
any two o f which are l i n e a r l y i n d e p e n d e n t . T h e n t h e r e e x i s t s an i n t e g e r
s = s('l1) w i t h t h e p r o p e r t y t h a t one has the i n e q u a l i t y

(4.1)

for all N ~ 1 and all i I , . . . , 1m [N] - + C b o u n d e d in m a g n i t u d e by 1.



A r i t h m e t i c R e g u l a r i t y and C o u n t i n g Lemmas 295

R e m a r k s . A n a t u r a l value of 8('1') comes from the p r o o f in [31], which
proceeds via 8 a p p l i c a t i o n s of t h e C a u c h y - S c h w a r z inequality. For this
reason Gowers and Wolf [22] call 8('1') t h e Cauchy -Schwarz complexity of
t h e s y s t e m \lJ. T h e r e is a l i n e a r - a l g e b r a recipe for c o m p u t i n g 8(\lJ) which
is not especially e n l i g h t e n i n g b u t sufficiently simple t h a t we can give it
here (see t h e i n t r o d u c t i o n to [31] for more d e t a i l s ) . If 1 ::;; i ::;; t and
8 ~ 0 t h e n we say t h a t \lJ has i - c o m p l e x i t y at most 8 if one can cover
t h e t - 1 forms {'l/Jj : j E [t] \ {i}} by 8 + 1 classes, such t h a t 'l/Ji does
not lie in t h e linear s p a n of t h e forms in a n y o n e of these classes. T h e n
8('1') is t h e s m a l l e s t 8 for which t h e s y s t e m has i - c o m p l e x i t y at most 8

for all 1 ::;; i ::;; t. Note, t h e n , t h a t t h e Cauchy - S c h w a r z c o m p l e x i t y of
t h e s y s t e m 'I' = { n I , n l + n2, . . . , n l + (k - 1)n2} c o r r e s p o n d i n g to a
k - t e r m a r i t h m e t i c progression is k - 2. As a final r e m a r k , let us note
t h a t T h e o r e m 4.1, as proved in [31, A p p e n d i x C], is r e g r e t t a b l y s o m e w h a t
difficult to u n d e r s t a n d as we had to e s t a b l i s h a more general r e s u l t in which
t h e f u n c t i o n s fi were b o u n d e d by an a r b i t r a r y p s e u d o r a n d o m measure, and
this is n o t a t i o n a l l y heavy. For a gentle e x p l a n a t i o n of t h e special case
'I' = { n l , n l + n 2 , n l + 2 n 2 , n l + 3 n 2 } (where 8 = 2) t h e r e a d e r may c o n s u l t
[26, P r o p o s i t i o n 1.11] . A sketch of t h e p r o o f of T h e o r e m 4.1 is also given
in [22, §2] . See also [5] for a v a r i a n t of these notions of c o m p l e x i t y in t h e
ergodic s e t t i n g , and for polynomial forms i n s t e a d of linear ones.

We will need a twisted version of t h e Generalised von N e u m a n n inequal
ity, in which an a d d i t i o n a l nil sequence of lower degree is i n s e r t e d . We shall
not need it for general linear forms, so we formulate j u s t t h e special case we
need.

L e m m a 4 . 2 ( T w i s t e d generalised von N e u m a n n t h e o r e m ) . Let k ~ 3, let
l« , .. . , A - I : [N] - - - t C be b o u n d e d in m a g n i t u d e by 1, let co, . . . , C k - I be
d i s t i n c t integers, and let F ( g ( n ) f ) be a degtee s; (k - 2) nilsequence o f
c o m p l e x i t y at m o s t M . Then

P r o o f . We i n d u c t on k, s t a r t i n g with the case k = 3 . T h e u n d e r l y i n g
nilmanifold G / f is t h e n a t o r u s (lR/Z)m with m = OM(1), and g(n) =
en + eo may be t a k e n to be linear . By a s t a n d a r d Fourier d e c o m p o s i t i o n
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we may assume t h a t F ( x ) = e (~ · x) for some ~ E zm with I~I = OM(l), in
which case we may rewrite the e s t i m a t e to be proven as

!JB:nE[NjlEdE[-N,Nlfo(n + cod)f~(n + cl d) f~ (n + C2 d ) I « k ,M i1g{ 21IfiIIU2[Nl', ,

where

fUn) = h ( n ) e ( - (C2 - cd-l~ .On) and f~(n) = h ( n ) e ( (C2 - cd-l~ ·On).

However it is easy to e s t a b l i s h the invarian'te p r o p e r t i e s IIfdlu2 = Ilf~lIu2
and IIhll u 2 = IIf~llu2 ' and so the result follows i m m e d i a t e l y from Theo
rem 4 .1.

Now suppose t h a t k ~ 4 and the claim has a l r e a d y been proven for
smaller k. By p e r m u t i n g indices and t h e n t r a n s l a t i n g n, it suffices to show
t h a t

(4.2)

I
k-l I

lEnE[Nl idE[-N , N j F ( g ( d ) r ) g Ji(n + Cid) « k ,M ,co ,... , C k - 1 Ilfk-llluk-I[Nl

under the a s s u m p t i o n t h at Co = O.

Re call from [30] t h a t we define a vertical character to be a c o n t i n u o u s
homomorphism ~ : G ( k - 2 ) / ( G(k-2)nr) --+ ~/z. We say t h a t F has vertical
frequency ~ if one has F(gk-2X) = e(~(gk-2))F(x) for all x E G/r and
gk-2 E G(k-2)' By a s t a n d a r d Fourier d e c o m p o s i t i o n in the vertical d i r e c t i o n
(e.g . by arguing e x a c t l y as in [30 , Lemma 3.7]) we may assume w i t h o u t loss
of g e n e r a l i t y t h a t F has a v e r t i c a l frequency ~ .

Applying the C a u c h y - S chwarz i n e q u a l i t y , we can bound the l e f t - h a n d
side of (4.2) by

« !lEnE[Nl ih,dE[-N , N j F ( 9 ( d + h)r) F ( g ( d ) r )

Because F has a v e r t i c a l frequency, F ( g ( d + h)) F ( g ( d ) r ) is a degree
~ (k - 3) nilsequence of complexity OM , k ( l ) (see [30, P r o p o s i t i o n 7.2]).
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Applying the i n d u c t i o n hypothesis, we may t h u s bound the above expres
sion by

(
2 )1/2

« M ,k ,CO , .. . ,C k- l EhE[-N,Njll~cihJilluk-2[N]

which by Holder 's i n e q u a l i t y can be b o u n d e d by

and the claim follows from the recursive definition of the Gowers norms . _

R e m a r k . T h e above a r g u m e n t is very similar to the s h o r t p r o o f p r e s e n t e d in
[33, A p p e n d i x G] t h a t s - s t e p nilsequences o b s t r u c t u n i f o r m i t y in the U s+!_

norm ( t h a t is , the inverse c o n j e c t u r e GI (s) is an if-and-only if s t a t e m e n t ) .

5 . O N A C O N J E C T U R E OF B E R G E L S O N , H O S T , AND K R A

We now apply the a r i t h m e t i c r e g u l a r i t y and c o u n t i n g lemmas to e s t a b l i s h
T h e o r e m 1.12, the proof of the c o n j e c t u r e of Bergelson , Host and K r a . Our
s t r a t e g y here can be viewed as a finitary analogue of the ergodic t h e o r y
a r g u m e n t s in [4], however t h e r e are some slight differences i n our a p p r o a c h
which we comment on at the end of this section .

It will suffice to prove the following claim.

T h e o r e m 5 . 1 . L e t k = 1 , 2 , 3 or 4, and suppose t h a t 0 < a < 1 and e > o.
Then for any N ~ 1 and any s u b s e t A ~ [N] o f d e n s i t y IAI ~ a N , one can
find a function J.L : Z - + IR+ such t h a t

(5.1)

and

(5.2)

such t h a t

E d E [ - N ,NjJ.t(d) = 1 + O(c)

I

sup J.t( d) « a , e 1
d€{ - N ,Nj
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Indeed, from (5.1), (5.3), we see t h a t we have
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for all d in a s u b s e t E of [ - N , N ] with IE d E [- N,N j1E (d ) JL ( d ) » a ,€ 1. (Here
we crucially use the t r i v i a l b u t f u n d a m e n t a l fact t h a t 1A is n o n n e g a t i v e .)
From (5.2) we conclude t h a t lEI » a ,€ N, and T h e o r e m 1.12 follows (after
s h r i n k i n g e by an a b s o l u t e c o n s t a n t ) . Conversely, it is not difficult to deduce
T h e o r e m 1.12 from T h e o r e m 5.1.

I t remains to e s t a b l i s h T h e o r e m 5 .1. We may assume t h a t N is large
d e p e n d i n g on 0 : , e as the claim is t r i v i a l otherwise (just take JL to be the
Kronecker d e l t a function at 0).

For k = l o n e can simply take JL == 1. For k = 2, we first observe t h a t

applying C a u c h y - S c h w a r z we conclude t h a t

The claim t h e n follows , with JL being the p r o b a b i l i t y density function of h - h '
as h, h' range uniformly in [ - e N , eN].

Now we t u r n to the cases k = 3 ,4. Here, one has to be more s o p h i s t i c a t e d
a b o u t how one chooses JL (for i n s t a n c e , by using a B e h r e n d set c o n s t r u c t i o n
it is not h a r d to see t h a t the previous choices of JL do not always work). Let
F : j R + - - - t j R + be a sufficiently r a p i d l y growing function d e p e n d i n g on 0 : , e
in a m a n n e r to be specified l a t e r . We apply T h e o r e m 1.2 with s : = k - 2 to
o b t a i n a q u a n t i t y M = O€ ,F(l) and a d e c o m p o s i t i o n

(5.4)

such t h a t

(i) Inil(n) is a ( F ( M ) , N) - i r r a t i o n a l degree ~ k - 2 v i r t u a l nilsequence of
complexity at most M and scale N;

(ii) isml has an L 2 [ N ] norm of at most E/IOO;

(iii) lunf has an U k - 1 [ N ] norm of at most l / F ( M ) ;

(iv) inil , Isml,Junf are all b o u n d e d in m a g n i t u d e by 1; and

(v) Inil and Inil + Isml are non-negative.
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I t is clear t h a t jIl!:nE[Njfsml(n) I = O(c:) , and f u r t h e r m o r e , by Theo
rem 4.1 ( s e t t i n g all b u t one of t h e functions equal to 1) we also have
IEnE[Njfunf(n) I = O(c:) if F grows r a p i d l y enough . T h e r e f o r e

(5.5)

T h e h e a r t of t h e m a t t e r is t h e following p r o p o s i t i o n .

P r o p o s i t i o n 5.2 ( B e r g e l s o n - H o s t - K r a for fnil). L e t k = 3 , 4 . T h e n t h e r e
e x i s t s a n o n - n e g a t i v e (k - 2 ) - s t e p n i l s e q u e n c e J-L : Z ~ lR+ of c o m p l e x i t y
Oa ,c ,M(l) o b e y i n g t h e n o r m a l i s a t i o n

(5.6)

and such t h a t

EdE[NjJ-L(d) = 1 + O(c:)

(5.7) En ,dE[Njfnil(n)fnil(n + d) . . . fnil( n + (k - l)d) J-L(d) ~ ( X k - O(c:) .

D e d u c t i o n o f T h e o r e m 5.1 f r o m P r o p o s i t i o n 5 . 2 . Using (5.4) , one
can e x p a n d t h e l e f t - h a n d side of (5 .3) into 3 k terms, one of which is (5.7).
As for t h e o t h e r t e r m s , any t e r m involving at least one copy of funf is of
size Oa,c , M ( 1 j F ( M ) ) by L e m m a 4.2 a n d t h e U k - 1 norm b o u n d on funf '
Finally, consider a t e r m t h a t involves at least one copy of fsml. Suppose
first t h a t we have a t e r m t h a t involves fsml (n). T h e n a f t e r p e r f o r m i n g t h e
average in d using (5 .6), we see t h a t t h i s t e r m is O(EnE[Nd fsml(n) I) , which
is O(c:) by t h e L 2 [ N ] b o u n d on Ism I and t h e C a u c h y - S c h w a r z i n e q u a l i t y .
Similarly for any t e r m t h a t involves f sml(n + i d ), a f t e r making a change of
variables (n /, d) := ( n + i d , d). P u t t i n g all this t o g e t h e r we o b t a i n t h e r e s u l t .

•
I t r e m a i n s , of course , to e s t a b l i s h P r o p o s i t i o n 5 .2. We may a s s u m e t h a t

N is sufficiently large d e p e n d i n g on (X , c:, M , as the claim is t r i v i a l o t h e r w i s e
by t a k i n g J-L to be a d e l t a function .

We first e s t a b l i s h t h e p r o p o s i t i o n in t h e easier of t h e two cases, namely
the case k = 3 . T h i s was previously considered in [25] . In t h i s case it is
a c t u a l l y easier to work with t h e (easier) weak r e g u l a r i t y lemma , P r o p o s i 
tion 2.7, in which t h e degree 1 p o l y n o m i a l sequence g(n) is not r e q u i r e d
to be i r r a t i o n a l . Note t h a t we have not made any use of i r r a t i o n a l i t y so
far, t h o u g h we shall do so l a t e r when discussing t h e case k = 4 . We may
identify G j r with (lRjZ)m for some m = GM(l) and, by m o d u l a t i n g F if
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necessary, we may s u p p o s e t h a t g(n) = On is linear with no c o n s t a n t t e r m ,
where 0 E IR m . T h e n

fnil(n) = F(nO) ,

where F : (IR/Z)m - - - 7 C has Lipschitz norm OM(1).

Let e' > 0 be a small n u m b e r d e p e n d i n g on e and M to be chosen l a t e r ,
and let B l , B2 ~ [ - N , N] denote be the two Bohr sets

B, : = {d E [ - c' N , e' N] : dist ( IR/ Z)m (Od , 0) :::; c' }

and
B2 : = {d E [ - c ' N, e' N] : dist(IR /Z)m (Od , 0) :::; e' /2}.

By the usual Dirichlet pigeonhole a r g u m e n t we see t h a t IB 2 1 » c' ,M N. Also,
from the Lipschitz n a t u r e of F, we see t h a t

whenever d E B , and n E [ - (1 - c' )N, (1 - c ' ) N ] . As a consequence, it
follows t h a t

for such d. However from (5.5) and Holder 's i n e q u a l i t y one has

(5.8)

P r o p o s i t i o n 5.2 (in the case k = 3) now follows by t a k i n g p(d) = C'I/J (Od ) ,
where e : (IR/Z)m - - - 7 [0 ,1] is an OM,c,(1)-Lipschitz function which is 1 on
B2 and 0 o u t s i d e Bi; C = OM,c,(1) is a s u i t a b l e n o r m a l i s a t i o n c o n s t a n t , and
by t a k i n g c' to be s u i t a b l y small.

I t is i m p o r t a n t to note here t h a t the error t e r m O(c) in (5.8) is uniform
in M , as otherwise the a r g u m e n t would not work (recall t h a t M will d e p e n d
on c). The dependence on M is i n s t e a d manifested where it does not
do significant damage to the a r g u m e n t , namely in the complexity of the
weight u.

We now t u r n to the k = 4 case of P r o p o s i t i o n 5.2. For simplicit y, let us
first consider the model case when fnil is a genuine nilsequence and not j u s t
a v i r t u a l nilsequence , t h a t is to say

(5.9) fnil(n) = F ( g ( n ) f )
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where ( G / f , G . ) is a degree ~ 2 filtered nilmanifold of complexity O M ( l ) ,
and 9 E poly (Il, G.) is ( F ( M ) , N) - i r r a t i o n a l . By Taylor expansion (see
Appendix A) , we have

g(n) = goi'igF)

for some gO,gl E G and g2 E G(2) ' The ( F ( M ) , N ) - i r r a t i o n a l i t y of 9
ensures c e r t a i n i r r a t i o n a l i t y p r o p e r t i e s on gl and g2 , t h o u g h we will not
need these p r o p e r t i e s explicitly here, as we will only be using t h e m t h r o u g h
the counting lemma (Theorem 1.11), which we shall be using as a black box .

Let 7r : G - - - t T 1 be the p r o j e c t i o n homomorphism to the torus 12

T:= G/( G(2l). T h e n

Let c' > 0 be a small q u a n t i t y d e p e n d i n g on e , M to be chosen l a t e r . We
set

J.t(d) : = c1[-e'N ,e 'N] (d)4>( 7r(gl)d) ,

where, much as in the analysis of the case k = 3 , 4> : T1 - - - t R+ is a s m o o t h
non-negative cutoff to the ball of radius e' centered a t the origin t h a t is
not identically zero, and c is a n o r m a l i s a t i o n c o n s t a n t to be cIiosen shortly.
From T h e o r e m 1.11 one has

E d E [ - e ' N ,e' N]4>( 7r(gdd) = r 4> + OF(M)->oo ;e',M(1) + oN->oo ;e' ,M(l) .i ;
Thus if we set

(5.10)

t h e n we have the n o r m a l i s a t i o n (5.6) , if F is sufficiently rapid, d e p e n d i n g on
the way in which e' depends on e, M , and N is sufficiently large depending
on c, e', M . From the bound on c we see t h a t J.t is a degree ~ 1 (and hence
also degree ~ 2) nilsequence of complexity Oe',M(l) .

We now apply the counting lemma, Theorem 1.11, to conclude t h a t

(5.11) En,dE[Njfnil(n)fnil(n + d)fnil(n + 2d)fnil(n + 3d)J.t(d)

= lew j r
W
F + OF(M)->oo ;e' ,M(1) + oN->oo ;e' ,M(l)

12Note t h i s is not q u i t e the same t h i n g as the horizontal t o r u s, which is so i m p o r t a n t
in [30] , which is ( G j r ) ab : = G j [ G , G ] r .
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where C IJl ~ C 4 is t h e L e i b m a n group a s s o c i a t e d to the collection W =

( 'l/Jo , 'l/J 1, 'l/J2 , 'l/J 3) : 'Ii} - t Z4 of linear forms 'l/Ji(n) : = n1 + in2, i = 0 , 1 , 2 , 3 ,
t h a t is to say t h e Hall - P e t r e s c o group Hp 4 ( C ) , and P : C IJI

- t C is t h e
f u n c t i o n

- 1F(xo, Xl, X2 , X3) : = C¢(1I"(X1)1I"(XO)- )F(xo)F(xI)F(X2)F(X3)

(here we use t h e i d e n t i t y 11" (9( n + d)) -111" (9( n)) = 1I"(9I)d , i m m e d i a t e l y
verified from t h e Taylor e x p a n s i o n ) .

We now do some c a l c u l a t i o n s in t h e H a l l - P e t r s e c o group very simil ar to
those in [4] . We saw in §3 t h a t

G
IJI
= {(90,9091,909r92,909~9~) : 9 0 , 9 1 E G , 92 E G ( 2 ) }

(note, of course , t h a t G ( 3) = id in t h e case we are c o n s i d e r i n g ) . For
our c a l c u l a t i o n s it is c o n v e n i e n t to use t h e following obviously e q u i v a l e n t
r e p r e s e n t a t i o n :

92 ,0, . . . , 9 2,3 E G (2) ; 92,092,~9~,292,~ = i d } .

Here we have t a k e n n o t e of t h e fact t h a t

T h i s last e q u a t i o n is q u i t e special in t h a t it e x h i b i t s a c e r t a i n " p o s i t i v i t y ",
as we shall see l a t e r ; t h i s is key to our a r g u m e n t . T h e l a t t i c e r lJl can be
s i m i l a r l y d e s c r i b e d by r e q u i r i n g 90 , 9 1 , 9 2 ,0, . . . , 9 2,3 to also lie in I ' , As a
consequence of t h i s , an a r b i t r a r y p o i n t of t h e nil manifold G IJI / r lJl can be
p a r a m e t e r i s e d u n i q u e l y as

(5.12) (9092 ,0, 909192,1, 9 0 9 r 92,2, 909~ 92 ,3) fIJI

where 9 0 , 9 1 lie in a f u n d a m e n t a l d o m a i n L:1 C G of t h e h o r i z o n t a l t o r u s T 1

(i .e. a s m o o t h manifold with b o u n d a r y on which 11" is a b i j e c t i o n from L: 1 to
T 1 ) , a n d 92 ,0, . . . ,92 ,3 lie in a f u n d a m e n t a l d o m a i n L:2 C G(2) of t h e vertical

torus T2 : = G ( 2 ) / f (2) s u b j e c t to t h e c o n s t r a i n t 92,092,f9~,292,j E I ' (2) ' For

such a p o i n t (5 .12), t h e f u n c t i o n F t a k e s t h e value

3

c¢( 11"(91)) I I F ( 9 0 9 1 f 2 , j f ) .
j = o
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On the s u p p o r t of <f>, 91 is a d i s t a n c e OM(c') from the i d e n t i t y (if the
f u n d a m e n t a l domain ~1 was chosen in a s u i t a b l y smooth fashion) , and so
by the Lipschitz n a t u r e of F and the boundedness of 90 we have

F(90gf92 ,j) = F ( 9 0 9 2 , j r ) + OM(c').

As a consequence, the integral fc'lt / r 'lt P can be expressed as

where all integrals are with respect to Haar measure .

Let ~ E T2 be a vertical c h a r a c t e r , i.e. a continuous homomorphism from
T2 to ~/7L For any x E G l f , we can define the vertical Fourier t r a n s f o r m
F(x,~) to be the q u a n t i t y

From the Fourier inversion formula we have

3J 92 '~3·· 'f2 , 3~'[2 . [I F(9092 , j r ) = ~ I F(90 ,~) 1

21
F(90, 3~) 1

2
.

92 ,092 ,192 ,2 92 , 3 = l d ) - 0 ~ET2

In p a r t i c u l a r , we have 13

3J 92'~3· ·'f2,3~'[2 . [I F(9092 , j f ) ~ IF(90,O)!4 .
9 2,092 ,192 ,2 92 , 3 = l d ) - 0

I n s e r t i n g this b o u n d and (5.10) into (5.13), we conclude t h a t

r F ~ r I F ( 9 0 f , O ) 1 4 - OM(c') - O . r ( M ) - > o o ; c ' , M ( l ) .
Jc'lt / r 'lt J 9o E L. l

From F u b i n i ' s theorem we have

13This is t h e " p o s i t i v ity " a l l u d e d to e a r l i e r . T h e a r g u m e n t is e s s e n t i a l l y t h a t used in
[4] and it is speci al to t h e k = 4 case , which is of co ur s e c o n s i s t e n t w i t h t h e failure of
T h e o r e m 5 .1 to e x t e n d to k ~ 5 .
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and from Theorem 1.11, (5.9) and (5.5) we have

I F = 0: + O(c-) + 0.r(M)-+OO j e: I,M(l) + ON-+OO j e: I , M ( l ) .
c tv

Applying Holder 's inequality, we conclude t h a t

and so (5.7) follows from (5 .11) , if c-' is sufficiently small d e p e n d i n g on e, M,
F is sufficiently r a p i d d e p e n d i n g on c- , and N is sufficiently large d e p e n d i n g
on e', M .

This concludes t h e proof of the k = 4 case of P r o p o s i t i o n 5.2 in the
special case when fnil(n) = F ( g ( n ) r ) with g i r r a t i o n a l . U n f o r t u n a t e l y
T h e o r e m 1.2 requires us to deal with the s o m e w h a t more general s e t t i n g of
v i r t u a l nilsequences , in which there is dependence on n mod q or nf N: T h e
e x t r a d e t a i l s required are fairly r o u t i n e b u t n o t a t i o n a l l y i r r i t a t i n g . Let us
now suppose, t h e n , t h a t

(5.14) fnil(n) = F ( g ( n ) r , n mod q, n I N ) .

We let c-' be as before , b u t modify J.L to now be given by

J.L(d) := q1qldc1[-e:IN ,e:INj(d)¢>( 1l"(gI)d) ,

with c still chosen by (5 .10). As before , one can use T h e o r e m 1.11 to
e s t a b l i s h (5.6).

Now consider the l e f t - h a n d side of the expression (5 .7) we are to b o u n d
in P r o p o s i t i o n 5 .2, t h a t is to say

(5.15) lEn,dE[Njfnil(n)fnil(n + d)fnil(n + 2d)fnil(n + 3d)J.L(d).

S p l i t t i n g into residue classes modulo q, we can express this as

3

clErE[qjlEnE[N/qjlEdE[- e:IN /q ,e:IN /q] I I F ( g ( q n + qid + - j r , r ,
i=O

We p a r t i t i o n [N I q] into intervals P of length L c-' N J (plus a r e m a i n d e r of
c a r d i n a l i t y O( e' N ) ) . We can t h e n rewrite the above expression as
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c l E p l E r E [ q j l E n E p l E d E [ - e ' N/q,e'N /q] I I F ( g ( q n + qid + r ) r , r,
i=O
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For each such expression , we can use the Lipschitz n a t u r e of F to replace
q(n + i r ) / N by q n p / N , where n p is an a r b i t r a r y element of P , losing only
an error of OM ( s ' ) . The above expression thus becomes

3

clEplErE[q]lEnEplEdE[- e'N/q ,e' N /qJ I I F ( g ( q n + qid + - j r , r , q n p / N )
i=O

x 1>( 7f(gl)qd) + OM(c') + ON-->oo ;e',M(1).

Because the o r b i t n 1 - + g ( n ) r is ( F ( M ) , N ) - i r r a t i o n a l , we see from Lemma
A.8 t h a t shifted t r a n s l a t e n 1 - + g(q(n + n p ) + r ) r is ( » M F ( M ) , N ) 
i r r a t i o n a l . We may t h e n argue as in the previous case and bound the above
average below by

) lEpE,.Elqll fair F( ., T, q n p / N ) I' - O(e) - OM(e')

- OF(M)-->oo ;e',M(l) - ON-->oo ;e' , M ( l ) .

Using T h e o r e m 1.11 again, we have

lEnEP!nil(qn + r) = r F ( · , r, q n p / N ) + OF(M)-->oo ;e' , M ( l ) + oN-->oo ;e' , M ( l )
JC / f

and so (5.15) is a t least

~ l E p l E rE[qlI lEnEP!nil(qn + r)1
4
- O(c) - OM(c')

- OF(M)-->oo;e',M(l) - oN-->oo ;e' , M ( l ) .

Now from (5.5) and d o u b l e - c o u n t i n g one has

lEplErE[q]lEnEP!nil(qn + r) = 0: + O( c)

and so, from Holder 's inequality, we deduce t h a t (5.15) is

~ 0:
4
- O(c) - OM(c') - OF(M)-->oo;e' , M ( l ) - ON-->oo;e',M(l).

P r o p o s i t i o n 5.2 now follows by once again choosing c' small enough de
pending on c, M , and choosing F rapid enough depending on e, and N
sufficiently large depending on c, e' , M.
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R e m a r k . Our a r g u m e n t s are similar to, b u t slightly different from, the
ergodic t h e o r y a r g u m e n t s in [4] . However it is likely t h a t the a r g u m e n t in
[4] can be t r a n s l a t e d to a finitary s e t t i n g ; we sketch how this would proceed
as follows , r e s t r i c t i n g a t t e n t i o n to the k = 4 case for concreteness. T h e goal
is to o b t a i n a lower b o u n d IE n E [ N ] f ( n ) f ( n + d ) f ( n + 2 d ) f ( n + 3 d ) ~ Q 4 _ 0 ( E )
for some positive density set of values of d. The analogue to the a r g u m e n t
in [4] would proceed by performing the r e g u l a r i t y lemma decomposition at
step s = 3 r a t h e r t h a n s = 2, so t h a t the error f u n f is tiny in the U 4 norm
and not j u s t the U 3 norm . From this and T h e o r e m 4 .1, one can show t h a t

is tiny whenever at least one of i I , 12, 13, f4 is equal to f u n f . As a
consequence , IE n E [ N ] i I ( n ) h ( n + d ) h ( n + 2 d ) f 4 ( n + 3 d ) is negligible for almost
all d . We can thus ignore the c o n t r i b u t i o n of f u n f . T h e r e m a i n d e r of the
a r g u m e n t proceeds along similar lines as above, b u t at one higher s t e p
( t h o u g h the 3-step nilsequences involved can quickly be reduced to 2-step
nilsequences, cf. [4, Section 8 .1] or Section 7 below) .

One of the i n n o v a t i o n s in this p a p e r is to i n t r o d u c e weights such as
/-l(d) , controlling the double average IEn , d E [ N ] f ( n ) f ( n + d ) f ( n + 2 d ) f ( n +
3d)f.L(d) r a t h e r t h a n controlling the single average I E n E [ N J f ( n ) f ( n + d ) f ( n +
2 d ) f ( n + 3d) for many values d. T h a n k s to the t w i s t e d generalised von
Neumann t h e o r e m (Lemma 4.2), the "complexity " of such double averages
is slightly less t h a n t h a t of the single averages, and in p a r t i c u l a r our proof
of T h e o r e m 1.12 requires only the inverse U 3 theorem from [28] r a t h e r t h a n
the more difficult inverse U 4 t h e o r e m from [33].

6. P R O O F OF S Z E M E R E D I ' S T H E O R E M

We t u r n now to the proof of Szemeredi's t h e o r e m . We deemed this r e s u l t
too famous to s t a t e in the i n t r o d u c t i o n but, for the sake of fixing n o t a t i o n ,
we recall it here now. I t is most n a t u r a l to e s t a b l i s h w h a t might be called
the " f u n c t i o n a l " form of the t h e o r e m which is a p r i o r i a s t r o n g e r s t a t e m e n t
( t h o u g h quite easily shown to be equivalent to the s t a n d a r d formulation by
an a r g u m e n t of Varnavides [57]) .
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T h e o r e m 6.1 (Szemeredi's theorem) . L e t a < a ~ 1, let k ~ 3, and let
N ~ 1. I f f : [ N ] - t [0,1] is a function with lEnE[N]f(n) ~ a then

A k ( J , I , .. . ,1) » k ,a 1,

where

is the m u l t i l i n e a r operator c o u n t i n g a r i t h m e t i c progressions.

We now prove this theorem. We fix k, a, and allow implied c o n s t a n t s to
depend on these q u a n t i t i e s . Our a r g u m e n t has some similarities with the er
godic t h e o r y proof of (a polynomial g e n e r a l i s a t i o n of) Szemeredi's theorem
in [6] , in p a r t i c u l a r in first reducing the problem to a problem concerning
nilsystems , which one then solves by the e q u i d i s t r i b u t i o n t h e o r y of such sys
tems. However, one of the key steps in [6], in which one shows t h a t multiple
recurrence is preserved under inverse limits, is more difficult to replicate
in the finitary s e t t i n g t h a n in the ergodic one (see [50]). Our a r g u m e n t
thus differs somewhat from [6] , most n o t a b l y by inserting a carefully chosen
weight f.1( n, d) before proceeding.

As usual , we begin by applying the r e g u l a r i t y lemma, T h e o r e m 1.2. In
view of the genera lised von N e u m a n n t h e o r e m , Theorem 4.1 , it is n a t u r a l
to apply this t h e o r e m with s = k - 2 (which, as remarked in §4, is the
C a u c h y - S c h w a r z complexity s = s(\l1) of the system \l1 of linear forms
n I , n i + n2 , · . . , n i + (k - l ) n 2 ) . I f we do so, with a small p a r a m e t e r c > 0
depending on a, k to be chosen l a t e r , and a growth function F depending
on a , k, e to be specified l a t e r , we o b t a i n a decomposition

(6.1) f ( n ) = fnil(n) + fsml(n) + funf(n)

where

(i) f n i l is a ( F ( M ) , N) - i r r a t i o n a l degree ~ k - 2 v i r t u a l nilsequence of
complexity ~ M and scale N ;

(ii) f s m l has an L 2 [ N ] norm of at most s;

(iii) funf has an U k - 1[N] norm of at most I / F ( M ) ;

(iv) f n i l , fsmh funf are all b o u n d e d in m a g n i t u d e by 1; and

(v) fnil and fnil + f s m l are non-negative .

As we shall soon see, the c o n t r i b u t i o n of funf can be quickly discarded
using the generalised von Neumann theorem. I f one could also easily discard
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t h e c o n t r i b u t i o n of t h e s m a l l t e r m f s m ! , t h e n m a t t e r s would s i m p l y r e d u c e
to v e r i f y i n g t h a t t h e c o n t r i b u t i o n of fnil is b o u n d e d away from zero, which
would be an easy c o n s e q u e n c e of t h e c o u n t i n g l e m m a . U n f o r t u n a t e l y t h e
s m a l l t e r m f s m ! is only m o d e r a t e l y s m a l l (of size O( e)) r a t h e r t h a n i n c r e d i b l y
s m a l l (e.g. of size 0 ( 1 I F ( M ) ) ), a n d so one h a s to t a k e a c e r t a i n a m o u n t of
care in d e a l i n g w i t h t h i s t e r m , which makes t h e a n a l y s i s s i g n i f i c a n t l y more
d e l i c a t e ! " .

We t u r n to t h e d e t a i l s . Much as t h e key to p r o v i n g T h e o r e m 1.12 was
to e s t a b l i s h P r o p o s i t i o n 5.2, t h e key to e s t a b l i s h i n g S z e m e r e d i 's t h e o r e m is
t h e following p r o p o s i t i o n .

P r o p o s i t i o n 6 . 2 (Szerneredi for fnil). Let fni! be as above, and let e > O.
Then there exists a function J.L : Z x Z - - - t 1R+ supported on the set

(6.2) { ( n , d) E Z x Z : d E [ - e N , eN]; n + i d E [N] for all i = 0, .. . , k - 1 }

with

(6.3) lEnE[N];dE [ - c N , c N j J.L(n, d) = 1 + O(e)

and with J.L bounded in magnitude by OM ,c(1), such that

(6.4) fnil(n + id) = fnil(n) + O(e)

whenever 0 ~ i ~ k - 1 and J.L(n, d) =1= 0, and such that one has the
equidistribution property

(6.5)

for all 0 ~ i ~ k - 1.

T h e c r u c i a l f e a t u r e of P r o p o s i t i o n 6.2 for us is t h a t , w i t h t h e e x c e p t i o n
of t h e u n i f o r m b o u n d on J.L, t h e e r r o r t e r m s here decay as e - - - t 0, even if t h e
c o m p l e x i t y b o u n d M on fnil is e x t r e m e l y l a r g e c o m p a r e d to l i e .

T h e r e a d e r may b e n e f i t from a few words a b o u t t h e role of t h e f u n c t i o n J.L.
S u p p o s i n g t h a t fnil(n) = F ( g ( n ) f ) is a g e n u i n e n i l s e q u e n c e , t h i s f u n c t i o n

14In t h e l a n g u a g e of e r g o d i c t h e o r y , t h e p r o b l e m here is t h a t t h e c h a r a c t e r i s t i c f a c t o r
is n o t n e c e s s a r i l y a n i l s y s t e m , b u t may merely be a p r o - n i l s y s t e m - an inverse l i m i t of
n i l s y s t e m s . A s h o r t , b u t not e n t i r e l y t r i v i a l , a r g u m e n t of F u r s t e n b e r g [11] shows t h a t
m u l t i p l e re c u r r e n c e is p r e s e r v e d u n d e r inverse l i m i t s . T h i s a r g u m e n t was a d a p t e d w i t h
som e d i f f i c u l t y to t h e f i n i t a r y s e t t i n g in [50] ; o u r a p p r o a c h here is d i f f e r e n t a n d e x p l o i t s
some a d d i t i o n a l e q u i d i s t r i b u t i o n p r o p e r t i e s of n i l s y s t e m s , as well as using a c a r e f u l l y
chosen weight /1(n, d).
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acts like a kind of "weight" on progressions ( n , n + d , , n + ( k - l ) d ) which
are "almost diagonal" in the sense t h a t g ( n ) f ::::; ::::; g( n + (k - l ) d ) I '
in G / f . The c o n d i t i o n (6 .5) reflects the fact t h a t the weighted n u m b e r of
almost diagonal progressions whose i t h p o i n t is n is roughly i n d e p e n d e n t
of n. This "non-con c e n t r a t i o n " of almost diagonal progressions u l t i m a t e l y
means t h a t t h e error f sml c a n n o t destroy too many of these progressions, a
fact t h a t is crucial for our a r g u m e n t .

Let us assume P r o p o s i t i o n 6.2 for now and see how it implies Theo
rem 6.1. We use (6.1) to e x p a n d out the form A k ( f , . .. , f) into 3 k t e r m s .
By T h e o r e m 4.1, any t e r m t h a t involves f u n f will be of size O ( I / F ( M ) ) ,
thus

(6 .6) A k ( f , . . . , f ) = Ak(fnil + fsml , ' .. , f nil + fsml) + O( 1 / F ( M ) ) .

Next , we use the weight /-l arising from P r o p o s i t i o n 6 .2 and the n o n - n e g a t i v 
ity of fnil + fsml g u a r a n t e e d by T h e o r e m 1.2 to write

Ak(fn il + fsmh' . . , fnil + fsml)

~M,e IEnE[NjidE[-eN ,eNj(fnil + fsml)(n) . . . (fnil + fsml) ( n + (k - l ) d ) /-l(n, d) .

We t h e n e x p a n d this l a t t e r average into the sum of 2 k t e r m s . T h e main
t e r m is

(6.7) IEnE[NjidE[-eN ,eN]fnil(n) . . . fnil( n + (k - 1 ) d ) /-l(n , d) ,

and the o t h e r t e r m s are error t e r m s , involving at least one factor of fsml.

Consider one of the error terms, involving the factor fsml(n + id) (say)
for some 0 ~ i ~ k - 1. We can b o u n d the c o n t r i b u t i o n of this t e r m by

IEnE[N] j dE [-eN , eN] I fsml(n + i d ) I /-l(n , d) ,

which by a change of variables n ~ n - id we can write as

IE nE[N] I fsml(n) IlEdE[-eN ,eNj/-l(n - id, d) .

By Cauchy - S c h w a r z , (6 .5) , and the L 2 [ N ] bound on fsml, this is O(c).

Finally, we look at the main t e r m (6.7) . Using (6.4) we can a p p r o x i m a t e

fnil(n) . . . fnil( n + (k - 1 ) d ) = fnil(n)k + O(c)

and so (using (6.3)) we can write (6.7) as

IEnE[N]!nil(n)klEdE[-eN ,eNj/-l(n, d) + O(c).
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Now, from (6.3) one has

lE n E[NjlE d E[-eN ,eNjJ1(n, d) = 1 + O(E)

B. Green and T . Tao

and hence by (6.5)

lEnE[N] 1 lEdE[-eN ,eNjJ1(n , d) - 11
2
= O(E).

In p a r t i c u l a r , by C h e b y s h e v ' s inequality, we have

lE d E[-eN,eNjJ1(n,d) = 1 + O(E 1
/
3
)

for all n E E , where E ~ [N] has c a r d i n a l i t y lEI ~ ( 1 - O( E 1 / 3) ) N . T h u s ,
for E small enough , we can bound (6.7) from below by

» lE n E[N]lE(n)fnil(n)k - O( E
1
/
3 )

.

Now from h y p o t h e s i s we have lEnE[N]f(n) » 1. From Cauchy - S c h w a r z we
have

lEnE[Njfsml(n) = O(E),

and from T h e o r e m 4 .1 we also have

i f : F is r a p i d enough. T h u s if E is small enough we have lEnE[Njfnil(n) » 1,
which implies t h a t lE n E[N]lE(n)fnil(n) » 1, and hence by Holder's i n e q u a l i t y

t h a t lEnE[Nj1E(n)f~il(n) » 1. P u t t i n g all this t o g e t h e r , we conclude t h a t
(6.7) is » 1 if E is small enough, and thus

Ak(Jnil + fsml, . . . , fnil + fsml) » M ,e 1.

I n s e r t i n g this b o u n d into (6 .6) we o b t a i n the claim, completing the proof of
Szemeredi 's t h e o r e m , i f : F is chosen sufficiently rapid.

P r o o f o f P r o p o s i t i o n 6.2. Let us first e s t a b l i s h this in the easy case
k = 3 . In this case, fnil is essentially q u a s i p e r i o d i c , which will allow us to
take J1( n, d) to be of the form

with J1( d) normalised by requiring

lE d E[-eN ,eN1J1(d) = 1 + O(E).
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It is t h e n easy to verify t h a t b o t h (6.3) and (6.5) follow from this normal
isation. To e s t a b l i s h the remaining claims in P r o p o s i t i o n 6.2, we use the
degree ( 1 n a t u r e of the o r b i t n f - - t g ( n ) f as in Section 5 to write fnil as

fnil(n) = F(nB)

for some B E (lRj/Z)D with D = O M ( I ) and some F (lRj/Z)D ---+ C of
Lipschitz c o n s t a n t O M ( I ) . If one then sets f1. to equal

( ) ._ I [ - e N , eN] I ( )
f1. d . - IBI IB d

where B is the Bohr s e t

and 0 > 0 is sufficiently small d e p e n d i n g on e, M, one easily verifies all t h e
required claims.

We now t u r n to the case k > 3 , which is h a r d e r because fnil is no longer
q u a s i p e r i o d i c , and so f1.( n , d) will have to depend more heavily on n and not
j u s t on d. By arguing as in the previous section we can normalise g(O) to
equal id. We may also assume N is sufficiently large d e p e n d i n g on e , M ,
since otherwise we may simply take f1.(n, d) = I[N](n)oo(d) where 00 is the
Kronecker d e l t a function at O. We may of course also assume t h a t e < 1.

We take an O M ( I ) - r a t i o n a l Mal'cev basis X 1 " " , X d i m ( G ) for the Lie
a l g e b r a 9 = log G a d a p t e d to the f i l t r a t i o n G. as described in [30, Appen
dix A]. For any radius r > 0, we define the "ball" B; in G to be the set of
all group elements of the form

(6.8)

where the t j are real numbers with t j ( r s + 1 - i whenever 1 ( i ( s a n d
j ( dim (G) - dim ( G ( i ) ) ' T h u s , when r is small , B ; is q u i t e "n a r r ow"
(of d i a m e t e r c o m p a r a b l e to r S

) when p r o j e c t e d down to GjG(2)' b u t is
relatively large when r e s t r i c t e d to the top order c o m p o n e n t G (s ) (of d i a m e t e r
c o m p a r a b l e to r) . This type of e c c e n t r i c i t y is necessary in order to make
B; a p p r o x i m a t e l y "normal " with respect to c o n j u g a t i o n s . Indeed , we have
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L e m m a 6 . 3 ( A p p r o x i m a t e n o r m a l i t y ) . L e t A, 6 > 0, and let 9 E G be such
t h a t dG(g, id) ~ A . Then we have the c o n t a i n m e n t s

(6.9)

whenever r > 0 is s u f l i c i e n t l y small d e p e n d i n g on A, 6, M .

P r o o f . We prove the second inclusion only, as the first is similar (and can
also be deduced from the second). T h e c o n j u g a t i o n action h 1---+ g h g - 1

on G induces a Lie algebra a u t o m o r p h i s m exp ( ad (log g)) : 9 ---+ g . I f we
c o n j u g a t e the group element (6.8) by g, we t h u s o b t a i n

dim (G)

exp ( ~ t ; e x p ( ad (logg)) ( X ; ) ) .

But if 1 ~ i ~ s a n d j ~ dim (G) - dim ( G(i))' we see from the B a k e r 
C a m p b e l l - H a u s d o r f f formula (C .2) t h a t

dim (G)

e x p ( a d ( l o g g ) ) ( X j ) = X j + L Cj , j ' X j ,

j ' = d i m ( G ) - d i m (G( i » ) + l

for some coefficients Cj , j ' of size 0 A , M ( r s + 1 - i ) . Collecting all the coefficients
t o g e t h e r , we o b t a i n the claim for r small enough. •

Let 0 < 6 < 1 / 1 0 be a small q u a n t i t y ( d e p e n d i n g on c, M) , let R be a
large q u a n t i t y d e p e n d i n g on the same p a r a m e t e r s , and let ro > 0 be an even
smaller 15 q u a n t i t y t h a n 6 ( d e p e n d i n g on e, M , 6, R) to be chosen l a t e r . For
each r with 0 < r < ro take a Lipschitz function <Pr : G ---+ ~+ of Lipschitz
norm O M ,r ,8(1) which is s u p p o r t e d on B; and equals one on B ( 1 - 8 ) T l and
choose these functions so t h a t <Pr ~ <P~ pointwise whenever 0 < r < r' < roo
For each such r, let <P r : G / f x G / f ---+ ~+ be the induced function

<pr(x,x') : = L <Pr(g) .
gEG : g x = x '

15Readers may find it h e l p f u l to keep t h e h i e r a r c h y of scales

1 " , 1 / k , C t » c » 1 1 M » 0 » 1 1 R » ro > r » 1/:F(M)>> u s » 0

in m i n d .



A r i t h m e t i c Regularity and Counting Lemmas 313

This function <I>r is s u p p o r t e d near the diagonal of G I f x G I f ; indeed,
<I>r(x , x') is only non -zero when x' E B r x , and f u r t h e r m o r e if x' E B(1-8)rX
t h e n <I>r(x , x') = 1. I f ro is chosen sufficiently small depending on M, ~, we
conclude from Lemma 6.3 t h a t we have the a p p r o x i m a t e s h i f t - i n v a r i a n c e

(6.10) <I>(1-38) r ( X , x') ~ <I>r(gx , gx ') ~ <I>(1+38)r(X, x')

whenever x , x ' E G / f and g E G i s such t h a t d c ( g , i d ) ~ R (say).

We now define our cutoff function J1 = J1r by

(6.11)
k - l

J1 r(n , d) : = Cr1 q\d 1[k eN ,(1-ke)N] (n)1[-8N ,8N] (d) I I <I>r ( g ( n ) f , g(n + i d ) f ) ,
i = l

wher e Cr > 0 is a n o r m a l i s a t i o n c o n s t a n t to be chosen later. This function,
as discussed immediately following the s t a t e m e n t of P r o p o s i t i o n 6.2, is a
s m o o t h cutoff to the set of "almost-diagonal" progressions in G I f . Specif
ically, J1r is s u p p o r t e d in (6.2) , and also in the region where g(n + i d ) f E
B r g ( n ) f , Idl ~ ~N , and qld for i = 0 , . . . , k - 1. From the Lipschitz n a t u r e
of F we thus have

F ( g ( n + i d ) r , (n + i d ) ( m o d q) , (n + i d ) I N )

= F ( g ( n ) f , n ( m o d q) , n l N ) + OM(ro)

for (n, d) in the s u p p o r t of J1r, which gives (6.4) for J1r if ro is sufficiently
small depending on c , M.

Next , we compute the e x p e c t a t i o n of J1r(n , d) , in order to work out what
the n o r m a l i s a t i o n c o n s t a n t Cr should be. Observe t h a t

(6.12) lE n E [Nj,dE [- eN ,eNj J1r (n , d)

= i ( l + O(c))Cr
qc

x lE n 'E[keN,(1- ke)N];dE[- 8N, 8N l;qld <I> r ( g (n JP , : . . , g ( n + (k - l)d) f ) ,

where <I>r : (G I f l ~ 1R+ is the function

(6.13)
k - l

<I>r(XO, ' " , X d - l ) : = IT <pr(xo, Xi).
i = l
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Observe t h a t <I> has a L i p s c h i t z norm of O M , r , 8 ( 1 ) . A p p l y i n g T h e o r e m 1.11,
we can express (6 .12) as

i ( 1 + 0 ( c ) ) C r ( ( <I>r+ O F ( M ) - > c x YMr8(1) + oN->oooMr8(1)) ,
qe } G>J! j r >J! ' " , "

where G W S;;; G k is t h e k t h H a l l - P e t r e s c o g r o u p , t h a t is to say the L e i b m a n
group a s s o c i a t e d to t h e collection IlJ = ('l/Jo, . . . ,'l/Jk-l) o f l i n e a r forms llJ(i) : =
(n, d) I - t n + id for i = 0, . .. , k - 1.

T h e group G W is a O M ( 1 ) - r a t i o n a l s u b g r o u p of c-, which itself has
c o m p l e x i t y O M ( 1 ) . Meanwhile, t h e f u n c t i o n <I>r equals 1 on a ball of r a d i u s
r O M (1 ) c e n t r e d a t t h e i d e n t i t y , and is b o u n d e d by 1 t h r o u g h o u t . We conclude
t h a t t h e q u a n t i t y

obeys t h e b o u n d s
r O M (1 ) « : M V r ~ 1.

F u r t h e r m o r e , from t h e p r o p e r t i e s of t h e f u n c t i o n s <Pr , we have t h e mono
t o n i c i t y p r o p e r t y

V ( 1 - 8 ) r ~ V r

for any 0 < r < ro. A p p l y i n g t h e pigeonhole p r i n c i p l e (using t h e fact t h a t
p o l y n o m i a l g r o w t h is always slower t h a n e x p o n e n t i a l g r o w t h ) , and choosing
5 » e , M 1 sufficiently small d e p e n d i n g on s, M, one can t h u s find a r a d i u s

ro > r » r o ,e,8,M 1

such t h a t we have t h e r e g u l a r i t y p r o p e r t y

(6.14) (1 - O ( c ) ) V r ~ V ( 1 - 3 8 ) r ~ v ( 1 + 3 8 ) r ~ (1 + O ( c ) ) V r ·

Note t h a t t h i s idea of picking a " r e g u l a r " r a d i u s o r i g i n a t e s , in a d d i t i v e
c o m b i n a t o r i c s , in B o u r g a i n ' s p a p e r [8]. Fix from now on a value of r w i t h
t h i s p r o p e r t y . I f we t h e n set

(6 .15)

we conclude t h a t

(6 .16)

qc
C r · _  . - 5v

r

Cr « : M , r o ,e 1
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E n E [ N j , d E [ - c N , c N j J l r ( n , d) = 1 + O(c) + 0 F ( M ) - > o o ;M ,c , r o ( 1 ) + ON->oo ;M,c,ro (1) .

This will give (6.3) provided t h a t ro is chosen to depend on M, e , 6, t h a t
:F is sufficiently rapid depending on s, and N is sufficiently large d e p e n d i n g
o n M , c.

Our remaining task, and the most difficult one, is to s t u d y the expression
in (6.5). T h a t is to say, we fix 0 ~ i ~ k - 1 and consider

(6.17)

Using (6.11), we can write this expression as

(1 + O(c)) ( : 6 c r ) 2 lEn E [ k c N , ( l - k c ) N ] IE d ,d I E [- 8 N ,8 N ]; qld,d '

<I>~2(g(n - i d ) r , . . . ,g( n + (k - 1 - i)d) I',

g( n - i d ' ) f , . . . ,g ( n + (k - 1 - i)d') f)

- k kwhere <I>~2 : (G I f ) x (G I f ) --+ 1R+ is the tensor square

<I>~2(X, x') : = <l>r(X )<I>r(x').

Applying T h e o r e m 1.11, we can thus express (6.17) as

(6.18) ( 1 + 0 ( c ) ) (;6 Cr )2

x (1 <1>0
2 + ° (1) + ° (1))G w ( i ) / r w(i ) r F ( M ) - > o o ;c , M ,ro N->oo ;c , M , r o

where G ' 1 I ( i ) C G 2 k is the Leibman group associated to the collection

,T. (i) . _ (nl. . nl. . n i l n / / )
' i ' . - 'fI O, z , · · · , ' f I k - l ,z, 'fIO, i ' . . . , 'fI k - l , i

of linear forms
'l/Jj,i : (n , d, d') f - - t n + ( j - i)d

and
'l/Jj, i : (n, d , d') f - - t n + ( j - i)d'

for j = 0 , . .. , k - 1.

We will be e s t a b l i s h i n g the following claim .
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C l a i m 6 . 4 ( A p p r o x i m a t e f a c t o r i s a t i o n ) . We have

B . Green an d T . Tao

(6.19)

P r o o f o f P r o p o s i t i o n 6 .2 a s s u m i n g C l a i m 6 . 4 . S u b s t i t u t e back into
(6.18) and use (6.15), (6.16) to conclude t h a t

1(6 .17) = 1 + O(e) + O.r(M)-->oo ;e,M, r o ( l ) + ON-->oo ;e,M , r o ( 1 ) .

This gives the result upon choosing ro sufficiently small depending on e, M ,
8, F sufficiently rapid depending on s, and N sufficiently large d e p e n d i n g
o n e , M .

I t remains to e s t a b l i s h Claim 6.4. For n o t a t i o n a l simplicity we e s t a b l i s h
only the claim i = 0 (the others being very similar) . The i n t u i t i o n behind
this claim (and behind the key assertion t h a t the number of almost-diagonal
progressions whose i t h t e r m is n does not depend on n) is t h a t the linear
forms ('l/Jo,o , .. . , 'l/Jk-l ,O) and ('l/Jo,o , " " 'l/J L l,O) are almost i n d e p e n d e n t of
each other, except for the fact t h a t they are coupled via the obvious i d e n t i t y

'l/Jo,o = 'l/J o,o'
One way to encode this formally is to note t h a t the Leibman group G ' v ( O )

is given by
H : = {(x ,x') E Gill X Gill : xo = xo},

a p r o d u c t of two copies of the H a l l - P e t r e s c o group Gill = Hp k ( G) fibred over
the zeroth coordinate. To prove this , one may note t h a t the c o n t a i n m e n t
Gill (0) ~ H is obvious. On the o t h e r hand, one may compute directly using
the dimension formula (3.1) t h a t

k - 2

dim ( Gill) = dim (G) + L dim ( G( i) )

i = l

and
k - 2

dim ( GiII (O)) = dim (G) + 2 L dim ( G( i))
i = l

and thus
dim (GiII(O)) = 2 dim (Gill) - dim (G) = dim (H),

and so since b o t h sides are connected, simply-connected n i l p o t e n t Lie groups
(and so b o t h are homeomorphic to t h e i r Lie algebras) we have GiII (O) = H.
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Write J; for the integral a p p e a r i n g in (6.19) , t h a t is to say

.- J - 1812 IJ; .- <I>r (x, x ).
(x , x ' ) E C lll I r lll XCIlI I r lll : xo=x~

317

Let R be some q u a n t i t y , and suppose t h a t d i s t c ( g , id) ~ R. T h e n by the
a l m o s t - i n v a r i a n c e p r o p e r t y (6.10) we have

I n t e g r a t e this over the ball BR : = {g E G : d i s t c ( g , i d ) ~ R} . T h e n we
o b t a i n

where A(X, x') is the number of 9 E BR for which Xo = gx~(mod f ) , or
equivalently

Choose r e p r e s e n t a t i v e s Xo , x~ in some f u n d a m e n t a l domain with Xo, x~ =
O M ( l ) . By a volume-packing a r g u m e n t and simple geometry we t h e n have

C o m p a r i n g with the above we have

and so by (6.14) we have

This gives the upper bound for Claim 6.4. The lower bound is proven
similarly. This concludes the proof of P r o p o s i t i o n 6.2 and thus Theorem 6.1.
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7. O N A T H E O R E M OF G O W E R S A N D W O L F

B. Green and T . Tao

Our aim in this section is to prove T h e o r e m 1.13, whose s t a t e m e n t we recall
now.

T h e o r e m 7.1 ( T h e o r em 1.13). L e t 1IJ = ( 'l/Jl , " " 'l/Jd be a c o l l e c t i o n of
linear forms 'l/J l , ,'l/Jt : '1.D - - - t '1. , a n d let s ~ 1 be an i n t e g e r such t h a t the
p o l y n o m i a l s 'l/J f + 1

, , 'l/J% +l are l i n e a r l y i n d e p e n d e n t . T h e n for any f u n c t i o n
J : [N] - - - t C b o u n d e d in m a g n i t u d e by 1 (and d e f i n e d to be zero o u t s i d e
of [N]) o b e y i n g t h e b o u n d IIJllu s+l[N] ~ {) for s o m e {) > 0 , one has

t

lEnE[NjD I I J( 'l/J i (n )) = oo-+o ;s ,D ,t,w(l).
i=l

Henceforth we allow all implied c o n s t a n t s to d e p e n d on d , t , s, 1IJ w i t h o u t
i n d i c a t i n g this e x p l i c i t l y . Let s' = s'(1IJ) be t h e C a u c h y - S c h w a r z c o m p l e x i t y
of t h e linear forms 1IJ , as defined in T h e o r e m 4.1. We may of course assume
t h a t s' > s, as T h e o r e m 1.13 is i m m e d i a t e otherwise. We may also assume
t h a t N is large d e p e n d i n g on {), since o t h e r w i s e t h e claim is t r i v i a l from a
c o m p a c t n e s s a r g u m e n t .

Let e > ° be a small n u m b e r d e p e n d i n g on {) to be chosen l a t e r , and
let F be a g r o w t h function d e p e n d i n g on e to be chosen later. Applying
T h e o r e m 1.2 at degree s' ( a f t e r first decomposing J as a linear c o m b i n a t i o n
of 0(1) functions t a k i n g values in [0 ,1]) , we can find a pos itive q u a n t i t y
M = Oc,F(1) and a d e c o m p o s i t i o n

(7.1) J = J n i l + Jsml + J u n f

where:

(i) J n i l is a ( F ( M ) , N) - i r r a t i o n a l v i r t u a l nilsequence of degree ~ s', com
plexity ~ M, and scale N;

(ii) Jsml has L 2 [ N ] norm at most c:;

(iii) J u n f has u s'+l[N] at most l / F ( M ) ;

(iv) All functions J n i l , f s m l , J u n f are b o u n d e d in m a g n i t u d e by 0(1) .

We apply this d e c o m p o s i t i o n to s p l i t t h e ex p r ess io n

(7.2)
t

lEnE[NjD I I J ( 'l/J i (n ) )
i=l
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as t h e s u m of 3 t t e r m s , in which each copy of f has been r e p l a c e d w i t h

e i t h e r fnih f s m l , or f u n f .

Any t e r m involving a t l e a s t one f a c t o r of f s m l can be easily seen to be of
size O(c) by c r u d e l y e s t i m a t i n g all o t h e r f a c t o r s by 1. By (4 .1), any t e r m
involving a t l e a s t one f a c t o r of f u n f is of size O( 1/ F ( M ) ) , which is also of
size O(c) if F is chosen to be sufficiently r a p i d l y growing d e p e n d i n g on c.
We can t h e r e f o r e express (7.2) as

t

lEnE[NjD I T f n i l ( 1P i(n)) + O ( c ) .
i = 1

By h y p o t h e s i s , we can w r i t e

fnil(n) = F ( g ( n ) r , n ( m o d q), n / N )

for some q w i t h 1 ~ q ~ M, some degree ~ s , ( F ( M ) , N) - i r r a t i o n a l ,
o r b i t n f---+ g ( n ) r of c o m p l e x i t y ~ M a n d some L i p s c h i t z f u n c t i o n F :
G/r x Z / q Z x lR. of norm a t most M . T h e mod q a n d A r c h i m e d e a n
b e h a v i o u r in f n i l are n o t h i n g more t h a n t e c h n i c a l a n n o y a n c e s , a n d we set
a b o u t e l i m i n a t i n g t h e m now. We e n c o u r a g e t h e r e a d e r to work t h r o u g h
t h e h e a r t of t h e a r g u m e n t , s t a r t i n g a t (7.3) below , in t h e model case f n i l =
F ( g ( n ) r ) . Let c' be a small q u a n t i t y d e p e n d i n g on c, M to be chosen
l a t e r ! " , We p a r t i t i o n [N] into p r o g r e s s i o n s P of s p a c i n g q a n d l e n g t h c' N,
plus a r e m a i n d e r set of size at most OM(I) . We can t h e n r e w r i t e t h e above
e x p r e s s i o n as

t

l E p l , " . , P D l E n E P l x " ' XPD IT f n i l ( 1P i (n ) ) + O( c) .
i = 1

We a b b r e v i a t e PI x . .. X PD as P . For a given P , o b s e r v e t h a t as n r a n g e s
in P , t h e r e s i d u e class of 1Pi(n) m o d u l o q is equal to a fixed class ap ,i, a n d t h e
value of 1P i ( P ) / N differs by a t most OM(c') from a fixed n u m b e r Xp ,i' We
may a s s u m e t h a t Xp,i E [0,1] for each i, o t h e r w i s e t h e i n n e r e x p e c t a t i o n is
zero (except for a few " b o u n d a r y " values of P which give a n e t c o n t r i b u t i o n
of O M ( c ' ) ) .

1 6 R e a d e r s may find it helpful to keep t h e hierarchy of scales

1 » c » 11M , 1/q » c' » 1 / F ( M ) » 8 » l i N > 0

i n m ind.
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I f e' is small enough d e p e n d i n g on c , M , the OM(c') error in the above
discussion can be a b s o r b e d in the O(c) error , and so we have

t t

lEnE[NjD IT f ( 1 /Ji(n)) = lEplEnEp IT F ( g ( 1 /Ji(n)) r , ap ,i, X P , i ) + O(c) .
i = 1 i = 1

We now apply T h e o r e m 1.11, which tells us the the r i g h t - h a n d side here is

(7.3) lEp k'!! I f '!! F p + O(c) + 0F(M)-+oo iM ,e,e,(l) + O N-+oo i M,e ,e,(l),

where as usual GIf! :s; G t is the Leibman group a s s o c i a t e d to the s y s t e m of
forms 'lJ = {'l/Jl, . . . , 'l/J t } , and here Fp : GIf! jflf! ---. C is the function

t

Fp ((gl , " " gdflf!) : = IT F ( g i f, ap ,i, X P , i ) '

i = 1

The h e a r t of the m a t t e r is to o b t a i n an u p p e r b o u n d on the q u a n t i t y
lEp Ic'!! If '!! F p a p p e a r i n g in (7.3) . To do this , of course , we need to make
use of the a s s u m p t i o n on the forms 'l/Jl,. '" 'l/J t , as well as the fact t h a t
IIfll u ' +1 :s; 6.

The a f o r e m e n t i o n e d a s s u m p t i o n , namely t h a t 'l/J f+ 1
, . . . ,'l/Jr 1 are linearly

i n d e p e n d e n t , implies t h a t 'lJ[8+l] is the whole of lR t which, in view of the
definition of the Leibman group GIf! , implies t h a t G( 8 + l ) :s; GIf! . By F u b i n i ' s
t h e o r e m , we thus have

where

t

(7.4) Fp,~8 ((gl ,'" , gt ) r lf! ) : = IT F~8 ( g i f , ap ,i, XP , i )

i = 1

and F~s is defined by averaging over cosets of the normal s u b g r o u p G ( s + I ) '

specifically

Since F was Lipschitz with norm OM(l) , we see t h a t F~8 is Lipschitz with
norm OM(l) also . Also, since F is b o u n d e d in m a g n i t u d e by 0 ( 1 ) , so is F~8'
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As the forms 'ljJf+1, . . . ,'ljJ%+1 are i n d e p e n d e n t , we see in p a r t i c u l a r t h a t
'ljJl is non-zero. This implies t h a t t h e p r o j e c t i o n of a w to the first c o o r d i n a t e
G is surjective. Meanwhile, from (7.4) and the bounded ness of F!(s we have
the crude u p p e r b o u n d

From F u b i n i ' s t h e o r e m , we o b t a i n the bound

(7.5)

To proceed f u r t h e r , we need a crucial smallness e s t i m a t e on F!(s:

P r o p o s i t i o n 7.2 (F!(s small in £ 2 ) . For a n y a E Z / q Z a n d x E [0,1], one
has

r I F!(s(o, a , x)!2 « O(e) + OM(e')
JG/r

P r o o f . By reflection s y m m e t r y we may assume t h a t x ~ 1 / 2 . We may also
round x so t h a t x = q n o / N for some no E [N/2q], as the e r r o r in doing so
can be easily a b s o r b e d by the Lipschitz p r o p e r t i e s of F!(s.

By c o n s t r u c t i o n , F!(s is i n v a r i a n t on G(s+ltCOsets, while F - F!(s
i n t e g r a t e s to zero on any such coset. In p a r t i c u l a r , F !(s(-, a, x) and
F - F ~s ( ' , a, x) are o r t h o g o n a l , and t h u s

r IF~s(.,a,x)12 = r FF~s(. ,a,x)o
JG/r JG/r

Applying T h e o r e m 1.11 (really j u s t the special case of this result a s s e r t i n g
t h a t ( g ( n ) r ) is e q u i d i s t r i b u t e d , cf. Lemma 3.7) and the Lipschitz n a t u r e
of FF!(s, t h e r i g h t - h a n d side can be w r i t t e n as

IEnE[e' N]F F!(s (g(qn +qno + a ) r , a, x) + O.r(M)-+oo ;M,e,e,(l) + ON-+oo i M ,e ,e,(l).

Let P be the progression { qn + qn« + a : n E [e' N] }. T h e n by a f u r t h e r
use of the Lipschitz p r o p e r t i e s of F, we can rewrite the above expression as

(7.6) IEnEpF(g(n)r, n mod q, n / N ) 'ljJ(n) + OM(e')
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1fJ (n ) := F~s(g(n)f,a,x).

Note t h a t , as a consequence of the G ( s + l t i n v a r i a n c e of F~s , 1fJ (n ) is a degree
~ s nilsequence of c o m p l e x i t y O M ( l ) . Now by (7.1) we have

F ( g ( n ) f , n mod q , n / N ) = fen) - funf(n) - fsml(n).

T h e c o n t r i b u t i o n of fsml(n) to (7.6) is O(c) by t h e Cauchy - S c h w a r z in
e q u a l i t y . Now c o n s i d e r t h e c o n t r i b u t i o n of f. Observe t h a t because F~s

is G(s+ 1 t i n v a r i a n t , 1fJ is a degree ~ s nilsequence of c o m p l e x i t y O M ( l ) .
Meanwhile, Ilfll u s + 1 [N ] ~ 8 by h y p o t h e s i s . A p p l y i n g t h e converse to t h e in
verse c o n j e c t u r e for the Gowers norms (first e s t a b l i s h e d in [28], t h o u g h for
a simple p r o o f see [33, A p p e n d i x G]) , we see t h a t

r E n E p f ( n ) 1fJ( n) = 08-+0 ;M ,c,c' (1).

Similarly, since Ilfunfllu s ' + l [N ] ~ l / : F ( M ) and s' ~ s , we have

rE n E p f (n ) 1fJ (n ) = OF(M)-+O ;M ,c , c , ( l ) .

P u t t i n g all of these e s t i m a t e s t o g e t h e r , we o b t a i n t h e claim. _

Applying t h i s b o u n d and (7 .5), we can t h u s b o u n d (7.3) in m a g n i t u d e by

O(c) + OM (c') + 08-+oo ;M ,c,c,(1) + 0F(M) -+oo ;M ,c , c , ( l ) + oN -+oo ;M ,c ,c,(l).

Choosing e' sufficiently small d e p e n d i n g on M and c, and choosing :F
sufficiently r a p i d l y growing d e p e n d i n g on E, and t h e n using t h e b o u n d
M = Oc , F ( l ) (and recalling t h a t N can be chosen large d e p e n d i n g on (5) ,
we conclude t h a t

IEnEINI" g I( 'i',(n)) I « t
whenever <5 is sufficiently small d e p e n d i n g on c . T h e o r e m 1.13 follows.

R e m a r k . I t seems c e r t a i n t h a t one can e x t e n d this r e s u l t to the case when
one has t d i s t i n c t functions II, . .. , ft : [N] - t C r a t h e r t h a n a single
function f : [N] - t C. The main change in the a r g u m e n t would be to use
a version of t h e r e g u l a r i t y lemma ( T h e o r e m 1.2) valid for several f u n c t i o n s
s i m u l t a n e o u s l y , in which one r e g u l a r i s e s t h e II, .. . , f t using the same d a t a
M , q , i c t v , G . ) , gO ( b u t allows each function Ii to be given a s e p a r a t e
Lipschitz f u n c t i o n Fi : G / f x Z / qZ x IR - t q . Such a r e s u l t could be
o b t a i n e d by s t r a i g h t f o r w a r d m o d i f i c a t i o n s to the p r o o f of T h e o r e m 1.2 , b u t
we do not p u r s u e this m a t t e r here .
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In this a p p e n d i x we collect a variety of facts and definitions concerning
polynomial sequences in n i l p o t e n t groups, all of which were required at some
point in the p a p e r proper. We take for g r a n t e d the definition of f i l t r a t i o n
e. and of the group poly (Zd, e.) of polynomial sequences 9 : Zd ---+ e
a d a p t e d to e.; these notions were recalled in the i n t r o d u c t i o n .

T a y l o r e x p a n s i o n s . Polynomial sequences may be described in t e r m s of
so-called Taylor expansions. In the lemma t h a t follows we make use of the
generalised binomial coefficients (~) are the generalised binomial coefficients

where

If i = (i l , . . . , id) E N D is a D - t u p l e of non-negative integers we define the
degree Iii : = i l + .. . + i o . Choose an a r b i t r a r y o r d e r i n g on N D with the
p r o p e r t y t h a t Iii ~ Ijl whenever i ~ j .

L e m m a A . I (Taylor e x p a n s i o n s ) . S u p p o s e t h a t 9 E poly (zD, e.). Then
there are unique Taylor coefficients gi E e l i l with the p r o p e r t y t h a t

g(n) = 11 gF)
iENd

for all n E Z D . Conversely, every Taylor expansion of this t y p e gives rise to
a p o l y n o m i a l sequence 9 E poly (zD, e.).

R e m a r k s . This is proven in [30 , Lemma 6.7]. Note t h a t , since e is
n i l p o t e n t , this is a finite expansion. In the case D = 1 (which will feature
most p r o m i n e n t l y in the p a p e r ) the it takes the form

Note how, from the p r e s e n t a t i o n of polynomial sequences as Taylor expan 
sions, it is by no means clear (and somewhat remarkable) t h a t they form a
group under pointwise m u l t i p l i c a t i o n ( T h e o r e m 1.6) .
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P o l y n o m i a l s e q u e n c e s t h a t vary slowly, in a c e r t a i n sense , are called
s m o o t h . We employ t h e following d e f i n i t i o n , which is t h e same as t h e one
given in t h e i n t r o d u c t i o n to [30].

D e f i n i t i o n A . 2 ( S m o o t h s e q u e n c e s ) . Let A be a p o s i t i v e p a r a m e t e r a n d
let N ~ 1 be an i n t e g e r . Let j3 E poly (Z , G.). We say t h a t j3 is (A, N ) 
s m o o t h if we have de(j3(n), id] ~ A a n d de(j3(n), j3(n + 1)) ~ A j N for all
n E [N].

Here de is a m e t r i c on t h e g r o u p G c o n s t r u c t e d using t h e M a l ' c e v basis,
see [30, D e f i n i t i o n 2.2]. T h e precise d e f i n i t i o n of t h i s m e t r i c is not t e r r i b l y
i m p o r t a n t for our a n a l y s i s .

In c o u n t e r p o i n t l " to t h e n o t i o n of a s m o o t h s e q u e n c e is t h a t of a r a t i o n a l
s e q u e n c e .

D e f i n i t i o n A . 3 ( R a t i o n a l s e q u e n c e s ) . Let A ~ 1 be an i n t e g e r , and let
( G j f , G . ) be a filtered n i l m a n i f o l d . T h e n an e l e m e n t 9 E G i s A - r a t i o n a l
if t h e r e is some q, 1 ~ q ~ A, such t h a t gq E f . I f '"'( E poly (Z, G.) is a
p o l y n o m i a l s e q u e n c e t h e n we say t h a t it is A - r a t i o n a l if '"'((n) is A - r a t i o n a l
for every i n t e g e r n.

We have t h e following b a s i c facts a b o u t s m o o t h a n d r a t i o n a l s e q u e n c e s :

L e m m a A . 4 (Basic f a c t s ) . L e t ( G j f , G . ) be a filtered n i l m a n i f o l d o f
c o m p l e x i t y ~ Mo . By a "sequence", we mean an e l e m e n t o f poly (Z, G . ) .
Then:

(i) T h e p r o d u c t o f two (A, N ) - s m o o t h s e q u e n c e s is O M o , A ( l ) - s m o o t h ;

(ii) T h e p r o d u c t o f two A - r a t i o n a l s e q u e n c e s is O M o , A ( l ) - r a t i o n a l ;

(iii) A n y A - r a t i o n a l s e q u e n c e is p e r i o d i c w i t h p e r i o d OMo , A ( I ) .

P r o o f . For (i) , see [30, L e m m a 10.1]; for (ii), see [30, L e m m a A . l l (v)];
a n d for (iii), see [30, L e m m a A.12 (ii)]. In fact t h e s e r e s u l t s hold in t h e
m u l t i p a r a m e t e r s e t t i n g , w i t h p o l y n o m i a l l y effective b o u n d s , b u t we will n o t
need t h e s e facts here. •

We t u r n now to an i m p o r t a n t new d e f i n i t i o n for t h i s p a p e r , t h a t of an
i r r a t i o n a l p o l y n o m i a l s e q u e n c e . In [30], much e m p h a s i s was p l a c e d on t h e

17 One could t a k e an "adelic" p e r s p e c t i v e here a n d view s m o o t h s e q u e n c e s as t h o s e t h a t
are local to t h e A r c h i m e d e a n place 0 0 , while r a t i o n a l s e q u e n c e s are t h o s e t h a t a r e local
to finite p l a c e s p .
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no t i o n of a n equi dis t ri bu te d pol y n o m i al s equ en c e g : Z ---+ G : on e for whi ch
t h e o r b i t (g (n ) f ) nE[N ] is clo s e t o e q u i d ist ri b u t e d o n G I f . T h e no ti on o f

a n irr a t i o n al s e q u en c e impli e s e q u i d ist r i b u t io n (see L e m m a 3.7 , whi ch is
a lso a s pe cia l case o f T heo re m 1.11 ) , bu t a lso e nco des a n asse r t io n t h a t t he
fil t r a t ion G. is in so me se nse " m in im a l" for t he se q ue nce . T o illu s t r a t e t he
differ en ce , le t u s t h i n k a bo u t a si m p le a be lia n case in w hic h G If is j u s t t he
uni t c i r cle ~/Z (w r i t t e n a d d it ive ly) , a n d g : Z ---+ ~ is a p ol y n o m i al

( A . l ) g( n) = ao + a l (7) + .. . + as ( : ) .

T h i s se q ue nce is a d a p t ed to t h e fil t r a t i o n in whi ch G ( i ) = ~ for i :::; s a n d
G ( i) = {O} for i > s. Qu a l i t a t i v ely s p e a k i n g , g is e q u id is t r i b u te d if a t le a st
on e of a l, . . . , a s is i r r a t i on al ; in c o n t r as t, g is ir r a t i on al w i t h r e s p e ct to
t h i s f i l t r a t i o n if it is as whi ch is i r r a t i o n al. N o t e t h a t if s > 1 a n d as
i s r a t i o n a l , t h en ( af t er r em ovin g t h e p e r i o d i c co m po ne nt as n s from g ) g
is n ow a d a p t e d to t he fil t r a ti on G~ in whi ch G(i) = ~ for i :::; s - 1 a n d

G (i) = {O} for i > s - 1 , w h ic h h as a s t r ict ly s m a lle r t o t a l dim ensi on. T h i s
b a sic e xa m p le is t he m od el for t he mor e so p h i s t i c a t e d r e sul t in L e m m a 2. 9 .

Le t u s t u rn n ow to t he p r e ci se d efini ti on in t he m or e ge ne r a l s e t t i ng o f
Li e g ro u p -v a l ue d p ol yn o mi al se q ue nces , in w h ich t h e r ol e of t he a i is pl a y ed
by t he T a y l o r coe fficie nts o f g. W e n e ed a pr e l i m i n ar y d efini t ion .

D e f i n i t i o n A.5 (i - ho r izo n t a l cha r a c t e rs) . Le t ( G / f , G . ) b e a filt er ed
nilm a n i f old o f d e gr e e ~ s w it h fil t r a t i o n G . = ( G (i )) : 0' T h en b y a n
i - hori z o n t a l charac te r we m e a n a co n t i n uo us h om om o r p h i sm fr om ~i :

G ( i ) ---+ IR whi ch vani sh e s o n G (i+I ) , f ( i ) a n d o n [ G ( j ) ' G ( i - j )] for a ny
o :::; j :::; i . We s ay t h a t s uc h a c ha r a c te r is n o n - t r i v ial if i t is n o t c o n s t a nt .
We c a n as sign a n o t i on o f co m p le x it y b y t a k i n g a M a l ' c ev b a s i s ad a p t ed t o
G . , wh er e u p o n on e ha s a n a t u r a l i s o m o r p h i s m G ( i ) / G ( i + I ) ~ IR k. W r i t i n g
'ljJ (gi ) for t h e c o o r d i n a t e s o f gi ( m o d G(i+I )B) , an y i - ho r izo n t a l c h a r a ct er h a s
t he f o r m ~i(gi) = iii. 'ljJ(g i) , for s o me v e c t o r i i i = (m l, , mk) of i n t e g er s.
W e m a y t he n d efin e t he com p lexi t y o f ~i t o b e Iml l + + I mkl.

T h e lis t o f s u bg ro u ps o n w hic h ~i is r e q u i r ed to v ani sh look s r a t h er
r e s t r i cti v e a n d s l ig h t ly unn a t u r al a t fir s t s ig ht . R ou ghl y s p e a k i ng , t h i s lis t is
in t e n d ed t o isol a t e t h a t b eh avi o u r whi ch ge n u ine ly "be lo ngs" t o t he d e gr e e i
p or ti on o f t he filt er ed nilm an ifold , as opp os ed to a r is ing fr om t h o s e te r m s
o f hi gh er o r lower d e g r e e , o r w h ic h di s a p p e ar a f t e r q u o t ie nt ing o u t by t he
la t t ice f .
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D e f i n i t i o n A . 6 ( I r r a t i o n a l i t y ) . Let ( G j f , G . ) be a filtered n i l m a n i f o l d
of degree :::; s with f i l t r a t i o n G. = (G (i) ):0' Let gi E G ( i ) ' Let
A, N > O. T h e n we say t h a t gi is (A, N ) - i r r a t i o n a l in G(i) if for every
non - t r i v i a l i - h o r i z o n t a l c h a r a c t e r ~i : G(i) ---+ IR of complexity s, A one has
II~i(gdll lRjz ~ A j N i. We say t h a t t h e sequence g(n) is (A , N ) - i r r a t i o n a l if

its i t h Taylor coefficient gi is (A , N ) - i r r a t i o n a l in G(i) for each i, 1 :::; i :::; s.

To u n d e r s t a n d t h i s d e f i n i t i o n , it is helpful to c o n s i d e r examples. We
leave it as an exercise to check t h a t in the a b e l i a n case (A.I) this a m o u n t s to
s t i p u l a t i n g t h a t t h e top coefficient of 9 is p o o r l y a p p r o x i m a t e d by r a t i o n a l s ,
t h u s IlqO:sll lR jz ~ A' JN S whenever 1 :::; q :::; A'.

A second i n t e r e s t i n g case to e x a m i n e is t h a t in which g(n) = gn is a linear
p o l y n o m i a l sequence a d a p t e d to the lower c e n t r a l series f i l t r a t i o n (Gd~o'

For t h e lower c e n t r a l series f i l t r a t i o n t h e r e are no n o n t r i v i a l i - h o r i z o n t a l
c h a r a c t e r s when i ~ 2, and l - h o r i z o n t a l c h a r a c t e r s are the same t h i n g as
h o r i z o n t a l c h a r a c t e r s in t h e sense of [30, Definition 1.5]. I t follows from this
and [30 , T h e o r e m 1.16] t h a t g(n) is i r r a t i o n a l if and only if ( g ( n ) f ) nE[N] is

e q u i d i s t r i b u t e d . Now p o l y n o m i a l sequences t h a t are not linear do not arise
n a t u r a l l y in e r g o d i c - t h e o r e t i c s e t t i n g s such as those c o n s i d e r e d in [4, 41]'
a n d t h u s t h e equivalence of t h e n o t i o n s of " i r r a t i o n a l " and "eq u id is t r i b u t e d"
in t h i s s e t t i n g e x p l a i n s why t h e former c o n c e p t has not a p p e a r e d in t h e
l i t e r a t u r e before. The need for it is a new f e a t u r e of t h e q u a n t i t a t i v e world,
as is t h e need for p o l y n o m i a l nilsequences themselves, for reasons e x p l a i n e d
on [30, §IJ.

T h e following t h i r d e x a m p l e is also edifying. Take g(n) to be any poly

nomial sequence on t h e Heisenberg group , for e x a m p l e g( n) = (~ Qt 1: ).
0 0 1

T h i s sequence is a p o l y n o m i a l sequence a d a p t e d to t h e lower c e n t r a l series
f i l t r a t i o n Go = G 1 = G, G2 = [G , G], G 3 = {id} , a n d it will be e q u i d i s t r i b 
u t e d in t h a t s e t t i n g for generic 0: , (3 , T ' However 9 is also a p o l y n o m i a l se
quence with r e s p e c t to some much flabbier f i l t r a t i o n s , for e x a m p l e the one in
which G(O) = G(l) = G(2) = . . . = G(10) = G, G(ll) = . . . = G(lOO) = [G, G]
and G(i) = {id} for i ~ 101. It is easy to check t h a t 9 is not i r r a t i o n a l in
t h i s s e t t i n g , and indeed i r r a t i o n a l i t y is somehow d e t e c t i n g the fact t h a t a
given f i l t r a t i o n G. is m i n i m a l for g. T h i s p o i n t is q u i t e clear in t h e p r o o f
of L e m m a 2.9 (which i t s e l f d e p e n d s on Lemma A.7 below), where the fail
ure of a sequence to be i r r a t i o n a l is used to c r e a t e a c o a r s e r f i l t r a t i o n for a
p o l y n o m i a l sequence r e l a t e d to g.
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L e m m a A . 7 . S u p p o s e t h a t ( G / f , G . ) is a filtered n i l m a n i f o l d of degree

~ s w i t h f i l t r a t i o n G. = (G(i) ):0 ' S u p p o s e t h a t 9 is n o t (A, N ) - i r r a t i o n a l .

T h e n t h e r e i s an i n d e x i, 1 ~ i ~ S , such t h a t the i t h Taylor c o e f f i c i e n t

gi factors as (3ig~ri , where (3i, g~, r i E G(i) ' g~ lies in t h e k e r n e l of s o m e
i - h o r i z o n t a l c h a r a c t e r ~i : G(i) ---+ IR of c o m p l e x i t y at m o s t A, de ((3i , id) =
OA , M ( N - i ) and r i is OA , M ( l ) - r a t i o n a l .

P r o o f . The proof is ( u n s u r p r i s i n g l y ) e x t r e m e l y similar to t h a t of [30,
Lemma 7 .9] . Reversing the definition of i r r a t i o n a l polynomial sequence,
we see t h a t t h e r e is an index i t o g e t h e r with an i - h o r i z o n t a l c h a r a c t e r ~i :

G(i) ---+ IR such t h a t II~i(9i)lllR/z ~ A / N i . I t is convenient at t h i s point to

work in a Mal'cev c o o r d i n a t e system a d a p t e d to G., whereby G ( i ) / G ( i+I)

may be identified with IRk and f ( i ) / G ( i + I ) with 71F I f gi E G(i) then, as

above, we write 7jJ(g) E IRk for the c o r r e s p o n d i n g c o o r d i n a t e s . T h e n ~i has
the form ~i(gi) = m.7jJ(g) for some vector m = (mI, ... , mk) of integers with
ImII + . .. + Imkl ~ A. Now by a s s u m p t i o n we have II m·7jJ(gdll IR / Z ~ A / N i

,

and t h e r e f o r e m.7jJ(gi) = r + O ( A / N i) for some integer r. I t follows from
simple linear a l g e b r a t h a t we may write 7jJ(gi) = t + i l + V, where m . i l = 0,
the c o o r d i n a t e s of v lie in b Z for some Q = 0 A (1) and each c o o r d i n a t e

of t i s O A ( 1 / N i ) . Now choose (3i E G(i) in such a way t h a t 7jJ((3i) = t
and de ((3i, id) = 0 A,M ( 1 / N i ) , choose an 0 A,M (1)- r a t i o n a l element r i E G (i)
with 7jJ(ri) = v, and finally choose g~ so t h a t gi = (3ig~ri ' T h e n one au
t o m a t i c a l l y has 7jJ(gn = il, which means t h a t g~ lies in t h e kernel of the
i - h o m o m o r p h i s m ~i' •

Finally, we record a convenient scaling lemma .

L e m m a A . 8 (Scaling lemma). L e t ( G / f , G . ) be a filtered n i l m a n i f o l d of
c o m p l e x i t y ~ M . I f 9 E poly (Z , G . ) is (A, N ) - i r r a t i o n a l , r E [ - N , N], a n d
1 ~ q ~ M, then t h e s e q u e n c e n f - - - t g(nq + r) is ( » M ,e A , c N ) - i r r a t i o n a l for
a n y c > o.

P r o o f . We need to show t h a t the i t h Taylor coefficient of n f - - - t g( nq + r) is
( » M,e A , c N ) - i r r a t i o n a l for each i ~ 0. Note t h a t we may assume i ~ M
since the filtered manifold has degree ~ M .

Fix i . We may q u o t i e n t out the nilmanifold by the normal s u b g r o u p s
G(i+I) and [ G ( j ) ' G ( i - j ) ] for 0 ~ j ~ i, since these do not affect the
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i r r a t i o n a l i t y of the i t h coefficient. We may then expand 9 as a Taylor series

g(n) = IT g;;) ,
j=O

and t h u s
i (qn+r)

g ( q n + r ) = I I g j j .

j=O

E x p a n d i n g out the binomial coefficient and using many a p p l i c a t i o n s of the
Baker - C a m p b e l l - H a u s d o r f f formula , we o b t a i n

for some gj E G(j) ; the point being t h a t the Baker - C a m p b e l l - H a u s d o r f f
term c a n n o t g e n e r a t e any t e r m s involving polynomials in n of degree i or
higher due to the fact t h a t the groups G ( i + l ) and [G(j) ' G ( i - j ) ] have been

q u o t i e n t e d out . As a consequence , we see t h a t the i t h Taylor coefficient
of n f - - + g(qn + r) is qi gi , and the claim is easily verified . •

A p P E N D I X B. A M U L T I P A R A M E T E R E Q U I D I S T R I B U T I O N R E S U L T

The p u r p o s e of this a p p e n d i x is to prove Theorem 3.6 , which we recall here
again.

T h e o r e m 3 . 6 . Suppose t h a t ( G / f , G.) is a filtered n i l m a n i f o l d o f com
p l e x i t y ~ M and t h a t 9 E poly ( ' l P , G.) is a p o l y n o m i a l sequence for some
D ~ M . S u p p o s e t h a t A ~ ' l P is a l a t t i c e o f i n d e x ~ M , t h a t no E 'liP has
m a g n i t u d e ~ M , and t h a t P ~ [ - N , N]D is a convex body. Suppose t h a t
5 > 0, and t h a t

" v o l ( P ) r D
L F ( g ( n ) f ) - [ZP : A] J( F > <5N 1IFIlLip

n E ( n o + A ) n p G / f
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for some L i p s c h i t z function F : G If ---+ C. Then there is a nontrivial
h o m o m o r p h i s m TJ G ---+ JR. which vanishes on I' , has c o m p l e x i t y O M ( l )
and such that

IITJ 0 gllc oo([N]D) = 08 ,M(1).

Recall from [30, Definition 8 .2] t h a t the norm IlgIIcoo([N]D) of a polyno

mial sequence g : [N]D ---+ JR. is given by the formula

I l g l l c oo([N]D) = sup N - l i l l l g i l l l R / z
iEND

where gi are the Taylor coefficients of g , thus

g(n) = L (~)gi.
iEND

We now prove the theorem , allowing all implied c o n s t a n t s to d e p e n d on
6 and M . We may assume t h a t N is sufficiently large d e p e n d i n g on 6, M ,
since the claim is trivial otherwise . A simple volume packing a r g u m e n t
(using [31, Corollary A.2]' for example , to control the b o u n d a r y terms)
shows t h a t

vol (P) D
I (no + A) n PI = [ZD : A] + ON_oo( N ) .

As a consequence, for N large enough we may s u b t r a c t off the mean of F
and normalise F to have Lipschitz norm 1 and mean zero, thus

L F ( g ( n ) f ) > > N D
.

nE(no+A)np

As A has index s; M i n ZD , it c o n t a i n s the s u b l a t t i c e qZD for some positive
integer q = 0(1). By the pigeonhole principle, we may thus find n l E ZD
of m a g n i t u d e 0 ( 1 ) such t h a t

L F ( g ( n ) f ) 1 _» N D ,

nE(nl + q Z D ) n p 1
and thus

L F ( g ( q n + n t } f ) » N D
.

nE z D n p '
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for some convex body p i c o n t a i n s in a ball of r a d i u s O(N) c e n t e r e d at t h e
origin.

By s u b d i v i d i n g p i into cubes of s i d e l e n g t h EN for some sufficiently small
E > a (and again using [31, Corollary A.2] to control t h e b o u n d a r y terms) ,
and t h e n a p p l y i n g the pigeonhole principle , we see t h a t

L F ( g ( q n + nt}r) » N D

nE z D n n 2 + [ c : N j D

for some E » 1 and n 2 = O(N). We can r e a r r a n g e this as

L F ( g ( q n + n 3 ) r ) » N D

n E Z D n [ c : N ] D

for some n3 = O(N) .

We may now invoke [30, T h e o r e m 8.6] to conclude t h a t t h e r e exists a
n o n t r i v i a l h o m o m o r p h i s m "7 : G - + lR which vanishes on r, has c o m p l e x i t y
0(1) and such t h a t

Applying [30, Lemma 8.4] we conclude t h a t

for some n o n - n e g a t i v e integer Q = 0 ( 1 ) . Shifting t h e Taylor e x p a n s i o n
by n 3, we conclude t h a t

The claim follows (with "7 replaced by Q"7) .

A p P E N D I X C. T H E B A K E R - C A M P B E L L - H A U S D O R F F F O R M U L A

Let G be a c o n n e c t e d , simply c o n n e c t e d n i l p o t e n t Lie group, and let exp :
9 - + G and l o g : G - + 9 be t h e a s s o c i a t e d e x p o n e n t i a l and l o g a r i t h m maps
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b e t w e e n G a n d i t s Lie a l g e b r a g. T h e B a k e r - C a m p b e l l - H a u s d o r f f f o r m u l a
a s s e r t s t h a t

e x p ( X I ) exp (X2) = e x p ( X l + X2 + ~[Xl,X2] + I I c n X n )
n

for any X l , X2, w h e r e 0: is a finite s e t of l a b e l s , C n are real c o n s t a n t s , a n d
X n are an i t e r a t e d Lie b r a c k e t of k l = kl ,n copies of X l a n d k2 = k 2 , n copies
of X 2 w h e r e k l , k 2 ~ 1 a n d k l + k 2 ~ 2 .

U sing t h i s f o r m u l a , it is a r o u t i n e m a t t e r to see t h a t for a n y 91,92 E G
a n d x E lR, we have

(C.1) ( 9 l 9 2 t = 9192 I I 92 a ( x )

n

w h e r e 0: is a f i n i t e s e t of l a b e l s , e a c h 9n is an i t e r a t e d of k l = kl ,n copies
of 91 a n d k2 = k 2 ,n copies of 92 w h e r e k l , k 2 ~ 1 a n d kl + k 2 ~ 2, a n d t h e
Qn : lR ---t lR are p o l y n o m i a l s of d e g r e e a t m o s t k l + k 2 w i t h no c o n s t a n t
t e r m .

In a s i m i l a r vein, for any 91,92 E G a n d X l , X 2 E lR, we have t h e f o r m u l a

(C.2) [ 9 f 1 , 9~2] = [91, 92]XIX2 I I 9~a(Xl,X2)

n

w h e r e 0: is a f i n i t e set of l a b e l s , e a c h 9n is an i t e r a t e d c o m m u t a t o r of
kl = kl ,n copies of 91 a n d k 2 = k 2 , n copies of 92 w h e r e k l, k 2 ~. 1 a n d
k l + k 2 ~ 3, a n d t h e P n : lR x lR ---t lR are p o l y n o m i a l s of d e g r e e a t m o s t k l
in X l a n d a t m o s t k 2 in X 2 which v a n i s h w h e n X l = 0 or X 2 = O.
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Y E T A N O T H E R P R O O F OF S Z E M E R E D I 'S T H E O R E M

BEN G R E E N a n d T E R E N CE TAO

To E nd re S z em er edi on th e occas ion of hi s 70t h birthday

Usin g t he d e n s i t y-in cr em ent s t ra te gy o f R o t h and C owe r s , we d eriv e Szern er edi 's
t heo re m on a r i t h me tic pr og r ess ion s from th e inver s e co n j e c t ur es C I (8) for th e
Co wers n o rm s , r ecen tly est ab lishe d b y t he au th or s a n d Zie gler in [ 8] .

1 . I N T R O D U C T I O N

In t h is n ot e we s ho w h ow Szem er edi ' s fam ou s t heo re m [10 , 11] on a rit h 
me t ic pr ogr e ssion s follows from t he in verse conject ure GI (s) for t he Gower s
n orm s , r e cen tl y e s t a b lis hed in [8J. Thi s pap er is d es ign ed as a coda to [6],
a n d in p ar ti cul ar we r efe r t he r ead er t o t ha t p ap er (or to man y oth er pl a ces
in t he lit er a t u r e ) for t he d efiniti on o f t h e followin g t erm s , whi ch we sh all u se
wi t h out f u r t h er com me nt : filt er ed n i l m a n i f o l d of com p l exi t y ~ M , p o l y n o 
m i al se que n ce, d egr ee ~ s p o l y n o m ial n ils equen ce of co m p le x i t y at m o st M ,
rat i o n a l p o l y n o m ial se q u e n c e , C o w ers n o r m , g en eral i s ed v o n N e u m a n n th e
or em a n d s m o o t h n e s s n or m C oo [N] .

Our main p o i n t is t o s h ow th at Szemer edi 's th eorem ca n a c t u a l l y b e
d eri ved r a t h e r eas ily from GI (s) . We g ave a differ ent d e d u c t i o n in [6], d e
s ign e d t o i l l u s t r at e t h a t for a lar ge class of th eor em s ( in clu d ing Szemer edi ' s
t heore m) i t ess ent ia lly s u ffic es to "ch e ck th e r esul t fo r nilsequ en ces". T h a t
a rg u ment was s ome w h a t com p l ic a t e d , no t le ast b ecau se i t r elied he avil y on
t he qu an ti t ati ve di s t r i b u ti on r esul t s for nilsequ en ces o b t a i ne d in [4].

T h e a rg u me nt we give h e r e i~ b as ed o n t h e d en s i t y-in cr em ent st r a t e g y o f
R o th [ 9J a n d G ower s [1, 2J . In fa c t o ur a rg u me nt is , s t ru c t ur a lly, t he sa m e
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as t h a t of Gowers e x c e p t t h a t we use t h e i n v e r s e t h e o r e m as a black box
r a t h e r t h a n prove, as Gowers did, a w e a k e r v e r s i o n of it.

T h e only r e m o t e l y new t e c h n i c a l r e s u l t in t h i s n o t e is t h e following. Here,

a n d e l s e w h e r e in t h e p a p e r , w r i t e d i a m s ( J ) : = S U P S 1 , S 2 E S dx ( j ( S l ) , ! ( S 2 ) )
w h e n e v e r f : S - - - t X is some f u n c t i o n from a s e t S i n t o a m e t r i c s p a c e
(X , d x ) .

T h e o r e m 1 . 1 . Let e > a be a real p a r a m e t e r , let s ~ 1 be an integer , a n d
let M be a c o m p l e x i t y parameter. Then there is a n u m b e r /\,s,M > a with
the following p r o p e r t y . Let ( F ( g ( n ) f ) ) n E Z be a degree ~ s p o l y n o m i a l
nilsequence o f c o m p l e x i t y a t m o s t M , and let P ~ Z be an a r i t h m e t i c pro
gression. Then we m a y p a r t i t i o n P into a disjoint union o f progressions Pi,
i = 1, . . . , m , each o f s i z e » M,€ IPIKs,M, such t h a t

diamj-, ( F ( g ( n ) f ) ) ~ c

for all i = 1, . . . . m .

R e m a r k . T h e p r o g r e s s i o n s Pi need n o t have t h e s a m e c o m m o n d i f f e r e n c e .

We prove t h i s t h e o r e m in §2, a n d d e d u c e S z e m e r e d i ' s t h e o r e m from i t
a n d t h e inverse t h e o r e m GI (s) in §3.

2. N I L S E Q U E N C E S A R E A L M O S T C O N S T A N T ON P R O G R E S S I O N S

In t h i s p a p e r t h e degree s of a n i l s e q u e n c e will n o t be p a r t i c u l a r l y i m p o r t a n t ,
so we s u p p r e s s m o s t m e n t i o n of it, r e c a l l i n g t h a t it is n o n e t h e l e s s b o u n d e d
by t h e c o m p l e x i t y p a r a m e t e r M . T h e r e a d e r m a y c a r e to n o t e t h a t , as a
c o n s e q u e n c e of t h i s , we do n o t need t h e full s t r e n g t h of GI (s) b u t only
a w e a k e r v e r s i o n in which c o r r e l a t i o n w i t h a n i l s e q u e n c e of d e g r e e Os(1)
( r a t h e r t h a n s) is o b t a i n e d . However, we know of no p r o o f t h i s r e s u l t t h a t
is e a s i e r t h a n t h e f u l l - s t r e n g t h v e r s i o n a n d we also know ( w i t h Ziegler) a
n o t e s p e c i a l l y p a i n f u l a r g u m e n t for d e d u c i n g t h e full v e r s i o n from t h e weak
one .

T h e goal of t h i s s e c t i o n is to prove T h e o r e m 1.1. By i n d u c t i o n on t h e
d i m e n s i o n of t h e u n d e r l y i n g n i l m a n i f o l d , t h e r e s u l t follows very q u i c k l y from
t h e following .
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P r o p o s i t i o n 2 . 1 . L e t the n o t a t i o n be as in T h e o r e m 1.1 above. T h e n we
may p a r t i t i o n P i n t o a disjoint union of progressions Pi, i = 1, . . . , m, each
o f l e n g t h » M ,c IPI"M , and such t h a t the following is true. F o r each i =

1, . . . , m there is a p o l y n o m i a l nilsequence ( F i ( h i ( n ) A i)) nEZ o f c o m p l e x i t y
OM (1) whose u n d e r l y i n g n i l m a n i f o l d has dimension s t r i c t l y less t h a n t h a t
of ( F ( g ( n ) f ) ) n E Z ' and such fhat

diame, ( F ( g ( n ) f ) - Pi ( h i ( n ) A i)) :::; E

for all i = 1, . . . , m.

We derive this result in t u r n from t h r e e lemmas . The first and its proof
are essentially [2, Corollary 5.6], a l b e i t formulated somewhat differently. I t
can be viewed as an analogue of Theorem 1.1 for polynomial phases.

L e m m a 2.2 (Polynomials are almost c o n s t a n t on progressions). L e t s ~ 1
be an integer. T h e n there is some "'s > a with the following property. L e t
cP : lR - + lR/Z be a p o l y n o m i a l phase o f degree s, and s u p p o s e t h a t P ~ Z is
a finite progression . Then we may p a r t i t i o n P into progressions PI, . . . , Pm,
IPil » s !PI" ' , such thatdiamp;(cP):::; I~ f o r i = 1, . . . , m .

P r o o f . Suppose t h a t !PI is sufficiently large in terms of s ; the result is t r i v i a l
otherwise, since we may p a r t i t i o n into progressions of length 1. I t suffices
to prove the weaker s t a t e m e n t t h a t we may p a r t i t i o n P into progressions
PI , .. . , Pm, IPil » s !PI" ' , such t h a t for each i there is a polynomial phase
cPi : lR - - t lR/Z of degre e at most s - 1 such t h a t

We may t h e n work by i n d u c t i o n on the degree to o b t a i n the lemma (with a
smaller value of "'s of course), using the fact t h a t

diam(cP) :::; diam(cP - cPs) + diam(cP s - cP s - I ) + ...

+ diam( cPI - cPo) + diam cPo :::; _1_ " " 1
2
< 2-.

100 L...J s 10
s

To o b t a i n the weaker s t a t e m e n t one invokes the following s t a n d a r d
d i o p h a n t i n e result essentially due to Weyl: t h e r e is some J s > a such
t h a t , for any a E lR/Z and any N ~ 1 , t h e r e is some n :::; I N such t h a t
II a n sllJR j z « s N - § ' .
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Supposing t h a t ¢(n) = ens + . . . and t h a t P has common difference
d and length N, we apply this result with 0: : = ed s . S u b d i v i d i n g P
into s u b p r o g r e s s i o n s Pi of length between N 8 s/ 2 and N 28 s/ 2 and common
difference dn gives the required s t a t e m e n t . Note t h a t such a s u b d i v i s i o n is
indeed possible since n ~ v'N and N is sufficiently large in terms of s. •

L e m m a 2.3 (Weyl-type e q u i d i s t r i b u t i o n t h e o r e m ) . Suppose t h a t ¢ : ]R---..

]RIll is a p o l y n o m i a l phase o f degree s, and t h a t diam[N] (¢) ~ lo' Then
there is some q = Os(1) such t h a t Ilq¢llcCXJ[N] = Os(1).

P r o o f . This follows i m m e d i a t e l y from [4, P r o p o s i t i o n 4.3] (the proof of
which can be read i n d e p e n d e n t l y of the rest of t h a t p a p e r , which we do not
rely on heavily in this note). Observe, however, t h a t it is quite classical and
essentially goes back to Weyl, being the s t a t e m e n t t h a t a polynomial phase
t h a t is not e q u i d i s t r i b u t e d has almost r a t i o n a l coefficients. •

L e m m a 2 . 4 ( F a c t o r i s a t i o n of polynomial sequences). L e t ( G / f , G.) be a
filtered nilmanifold o f c o m p l e x i t y M, a n d suppose t h a t 9 E poly (Il, G.).
Let TJ : G ---.. ]RIll be a horizontal c h a r a c t e r with L i p s c h i t z constant OM(l).
Suppose t h a t P is an a r i t h m e t i c progression and t h a t diamp(TJ 0 g) ~ lo'
Then there is a factorisation 9 = (3g'''(, where (3 , "( E poly (Il , G.) and:

(i),B is s m o o t h in the sense t h a t da(,B(n),,B(n')) = OM(5) whenever
n, n' E P and In - n'l ~ 51PI;

(ii)g' takes values in a connected O M ( l ) - r a t i o n a l subgroup G' ~ G with
dim (G') < dim (G) ;

(iii) "( is O M ( l ) - r a t i o n a l .

P r o o f . By rescaling linearly (and noting t h a t if g( n) lies in poly (Il, G.)
then so does g(an + b), cf. [6, Lemma A.8]) we may assume t h a t P = [N] .
Applying Lemma 2 .3 and replacing TJ by ij = qTJ, where q = OM(l), we
may assume t h a t IITJ 0 gllcCXJ[N] = OM(l). The result may now be proved
in e x a c t l y the same way as [4, P r o p o s i t i o n 9.2] ( a l t h o u g h t h a t result was a
l i t t l e more n o t a t i o n a l l y intensive, formulated as it was for m u l t i p a r a m e t e r
sequences). •

D e d u c t i o n o f P r o p o s i t i o n 2 . 1 . Select a n o n t r i v i a l h o r i z o n t a l c h a r a c t e r
TJ : G ---.. ]RIll with Lipschitz c o n s t a n t OM(l) . Apply Lemma 2.2 followed by
Lemma 2.4 to ¢ : = TJ 0 g , o b t a i n i n g a d e c o m p o s i t i o n of P into progressions
Pi such t h a t on each Pi we have a f a c t o r i s a t i o n 9 = (3g',,( of the s t a t e d
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t y p e . Note t h a t t h i s f a c t o r i s a t i o n d e p e n d s on i, b u t we s u p p r e s s t h i s for
n o t a t i o n a l convenience . S u p p o s e t h a t , ( n ) has p e r i o d q = O M ( l ) , so t h a t
, ( n ) f = , ( n ' ) f w h e n e v e r n = n ' ( m o d q). S u b d i v i d e Pi i n t o p r o g r e s s i o n s
P j ( t h i s is a c o n v e n i e n t a b u s e of n o t a t i o n ) whose c o m m o n difference is a
m u l t i p l e of q a n d whose l e n g t h is c e- ,MIPil, for a c o n s t a n t Ce- ,M > 0 to be
specified s h o r t l y . For each j , fix some ,0 = O M ( l ) such t h a t , ( n ) f = , o f
for all n E P j . T h e n if n E P j we have

Set Hj : = , ( j I G ' , o and A j : = H j n f . T h e n H j / A j is a n i l m a n i f o l d of
c o m p l e x i t y O M ( l ) , a n d c e r t a i n l y dim (H j ) = dim (G') < dim (G) , a n d t h e
p o l y n o m i a l s e q u e n c e hj(n) : = ' o l g ' ( n h o t a k e s values in H j . Pick some
no E P j, a n d define F j : H j / A j ---+ C by

Fj(x) : = F( {3(nohox).

T h e n F j is O M ( l ) - L i p s c h i t z a n d

d i a m e , ( F ( g ( n ) f ) - F j ( h j ( n ) A j))

= sup I F ( { 3 ( n h o ( ' o l g ' ( n h o ) f ) - F({3(noho( ' O l g ' ( n h o ) f ) I
n E P j

t h e l a s t line following if Ce- ,M is sufficiently small from t h e s m o o t h n e s s of {3
a n d t h e fact t h a t F has L i p s c h i t z c o n s t a n t O M ( l ) .

R e m a r k . An a l m o s t i d e n t i c a l a r g u m e n t a p p e a r s in [5, §2]. T h e r e , t h e r e a d e r
will find a more careful d i s c u s s i o n of t h e various r a t h e r rough a s s e r t i o n s we
have j u s t m a d e c o n c e r n i n g L i p s c h i t z c o n s t a n t s a n d t h e like .

3. P R O O F OF S Z E M E R E D I 'S T H E O R E M

We now t u r n to t h e d e d u c t i o n of S z e m e r e d i ' s t h e o r e m from P r o p o s i t i o n 2 .1.
As d e s c r i b e d in m a n y places (for e x a m p l e [2]) it follows easily by an i t e r a t e d
a p p l i c a t i o n of t h e following p r o p o s i t i o n .
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P r o p o s i t i o n 3 . 1 (Density i n c r e m e n t s t e p ) . Suppose t h a t k is an integer
and t h a t a E (0,1) is a p e r e m e t e r . , Then there is a n u m b e r No(k, a), a
function Wk ,n : JR+ --+ JR+ which tends to i n f i n i t y and a non-decreasing
function T : (0,1) --+ JR+ such t h a t the following is true. Suppose t h a t P is
a progression and t h a t A ~ P is a set of size alPl containing no n o n t r i v i a l
k - t e r m a r i t h m e t i c progression. Then either IPI :::; No(k, a), or else there
exists another a r i t h m e t i c progression P' ~ P, IP'I ~ w k ,n (IP'I) , together
with a set A' ~ P' with IA'I ~ (a + T(a)) IP'I which contains no nontrivial
k - t e r m a r i t h m e t i c progressions.

In applying this i t e r a t i v e l y to e s t a b l i s h Szemeredi 's theorem, the point
is t h a t the second a l t e r n a t i v e can only occur On(1) times before the density
of A' inside P' rises above 1, a c o n t r a d i c t i o n .

P r o o f . In this proof all implied c o n s t a n t s are allowed to depend on k and a .
By rescaling we may assume t h a t P = [N] . Suppose then t h a t A ~ [N]
is a set with cardinalit.y a N , b u t t h a t A c o n t a i n s no n o n t r i v i a l k - t e r m
progressions . Define f : = lA - al[N] to be the b a l a n c e d function of A , thus
lEnE[N]f(n) = O. Write

Ak(Jo, . . . , f k - I ) : = lEn , d f o ( n ) ! I ( n + d) . . . f k - I ( n + (k - 1 ) d )

for the m u l t i l i n e a r o p e r a t o r c o u n t i n g k - t e r m a r i t h m e t i c progressions, and
recall the generalised von N e u m a n n theorem, which s t a t e s t h a t

I Ak(Jo, .. . , J k - I ) 1« sup II Ii l I u k - l .
i=O, .. . ,k - 1

The expression I : = A k(IA, . . . , lA) is a normalised count of k - t e r m pro
gressions inside A, and we are s u p p o s i n g t h a t the only such progressions
are t r i v i a l ( t h a t is, have common difference 0). Therefore I :::; l i N . On
the o t h e r hand we may expand this as a sum of 2 k terms, the "main " t e r m
A k ( a , . .. , a) = a k plus a sum of 2 k - 1 o t h e r terms, each of which involves
at least one copy of f. Supposing t h a t N > No(k, a), the main t e r m is
much larger t h a n the c o n t r i b u t i o n of 1 / N from the t r i v i a l progressions , and
so one of these 2 k - 1 o t h e r t e r m s must be » 1. By the generalised von
N e u m a n n t h e o r e m this implies the crucial i n e q u a l i t y

Ilflluk-l » 1.

By the inverse t h e o r e m for the Gowers U k - I - n o r m (classical for k = 3 ,
proved in [3] for k = 4, in [7] for k = 5 and in the forthcoming p a p e r [8]
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in the general case) t h i s means t h a t t h e r e is a degree ~ (k - 2) polynomial
1 - b o u n d e d nilsequence ( F ( g ( n ) f ) ) n E Z of complexity 0 ( 1 ) such t h a t

I l E n f ( n ) F ( g ( n ) f ) I ~ 8,

where 8 » 1. Now we apply T h e o r e m 1.1 to p a r t i t i o n [N] into progressions
PI, . . . , Pm, each of l e n g t h » N C

, such t h a t d i a m j , ( F ( g ( n ) f ) ) ~ 8 / 2 for
each i. Choose, for each i, some point n ; E Pi . T h e n

8N = L L f ( n ) F ( g ( n d f ) ) + L L f ( n ) ( F ( g ( n ) f ) - F ( g ( n i ) f ) )
i nEPi i nEPi

~ l:= I L f(n)1 + 8N/2,
t nEPi

and t h e r e f o r e L:i I L:nEP i f(n)! ~ 8N/2. Adding to t h i s the e q u a l i t y

L L f ( n ) = 0
i nEP i

and a p p l y i n g the pigeonhole principle , we conclude t h a t t h e r e is at least one
progression Pi for which

I L f(n)1 + L f(n) ~ 8I P i l/ 2 ,
nEP i nEP i

which means t h a t
L f ( n ) ~ 8IP i l / 4 .

nEP i

This means t h a t the density of A' : = A n Pi in Pi is at least a + 8 / 4 , which
implies P r o p o s i t i o n 3 .1. •
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Th i s articl e is dedicat ed to P r o f ess or E n d r e S zem er edi on th e occasion o f his 70 t h

birthday. A m o n g h is m a n y re m ar k a ble co n t ri bu ti on s to com bin a t ori al

m a t h e m a t i cs and th eoretical com pu ter sc ie n ce i s a j ew el for onlin e problems fo r

part ially o rd er ed se t s: th e fa ct that h ( h + 1)/2 ant i chain s are r equir ed fo r an

onl in e a n t i ch ai n part i t i o n o f a pos et o f h eight h .

T h e line ar dis cr ep an cy of a p o s e t P is t h e least k for whi ch th er e is a lin ear
ex t e n s io n L of P such th at if x a n d y a r e i n c o m p a r a b l e in P , t h en IhL(x) 
hL(y) I :::; k , wh er e hL( X) is th e h ei ght o f x in L. In this p ap er , we co n si de r l i n e a r
dis cr e p a n c y in a n onlin e se t t i n g a n d devis e a n onlin e a lgo ri t h m t h a t c o n s t r u c t s
a lin e ar e x t e ns io n L of a po s et P so t h at IhL( x) - hL(y)1 :::; 3k - 1, wh en th e
l i n e a r discr ep anc y of P is k . This in equ a l i t y is b est p ossibl e , e ven for t h e class of
inte rval ord ers . F u r t h e r m o r e, if th e pos et P is a s em iord er , th en t h e i n e q u a l i t y
is i m p r o ved to IhL( x) - hL(y) I :::; 2k . Again , t h is r esult is b est po ssibl e .

1. I N T R O D U C T I O N

T h e c o n c e p t of lin ear d i s c r e p a n c y for finite p a r t i a l l y o r d e r e d s e t s (pos ets)
was i n t r o d u c e d by T a n e n b a u m , T r e n k , and F i s h b u r n in [9] a n d r e p r e s e n t s an
effo r t to model a n o t i o n of "fa irn es s", i.e. , i n c o m p a r a b l e el e m e n t s s h o u l d be
p l a c e d close t o g e t h e r in a l i n e a r e x t e n s i o n to avoid an i m p l i c i t c o m p a r i s o n
b e i n g m a d e when one has much gr e a t e r height t h a n t h e o t h e r .

In t h i s p a p e r , we will c o n s i d e r linear discr ep an cy in an online se t t i n g.
We will show t h a t t h e r e is an online a l g o r i t h m t h a t will c o n s t r u c t a lin ear
e x t e n s i o n L of a p o s e t P so t h a t a n y p a i r of i n c o m p a r a b l e p o i n t s in P a r e
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at d i s t a n c e at most 3k - 1 in L when the linear d i s c r e p a n c y of P i s k. When
t h e poset is a semiorder, this d i s t a n c e can be lowered to 2k. Both r e s u l t s
are best possible.

The r e m a i n d e r of this p a p e r is organized as follows . In the next section ,
we develop essential n o t a t i o n and terminology and discuss briefly some
r e l a t e d work t h a t m o t i v a t e s our line of research. The proofs of lower b o u n d s
for t h e i n e q u a l i t i e s in our main t h e o r e m s are given in Section 4, while the
proofs for u p p e r b o u n d s are given in Section 5.

2. N O T A T I O N , T E R M I N O L O G Y AND B A C K G R O U N D

A p a r t i a l l y ordered set (poset) P is a pair (X, P) where X is a finite ground
set and P is a reflexive, a n t i s y m m e t r i c and t r a n s i t i v e b i n a r y r e l a t i o n on X .
R a t h e r t h a n write (x, y) E P, it is more common to write x ::; y in P, and
we j u s t write x ::; y when the p a r t i a l order P is clear from the c o n t e x t . Of
course, we write x < y in P when x ::; y in P and x =f. y. D i s t i n c t p o i n t s x
and y a r e comparable in P when e i t h e r x < y in P or y < x in P: else they
are incomparable, in which case we write x II y i n P.

We let D ( x ) = {y E X I y < x} and call D ( x ) t h e down-set of x. The
up-set of x, U(x), is defined dually. We let Inc (x) = {y E X I y II x} and
define! ~(P) = maxxEX I I n c ( x ) l . T h r o u g h o u t this p a p e r , we a d o p t the
s t a n d a r d convention of d e n o t i n g a poset by a single symbol, so we write for
example, x E P , x < y in P and z " w in P .

For a positive integer n , let in] = { I , 2, . . . , n } , and let n denote a linear
order on n points, typically labeled as 0 < 1 < 2 < ... < n - 1. I f P and
Q are posets on disjoint g r o u n d sets, P + Q denotes the disjoint union of
P and Q. Also, when P does not c o n t a i n a s u b p o s e t which is isomorphic
to Q, we say P excludes Q.

T h e r e a d e r may find it helpful to consult T r o t t e r 's monograph [10]
and survey a r t i c l e [11] for a d d i t i o n a l b a c k g r o u n d m a t e r i a l on c o m b i n a t o r i a l
problems for p a r t i a l l y o r d e r e d sets.

I T h i s n o t a t i o n is n o n s t a n d a r d . In o t h e r s e t t i n g s , ~(P) d e n o t e s the m a x i m u m degree
in t h e c o m p a r a b i l i t y g r a p h of P .
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A p ose t P is ca lled a n interval order wh e n th er e ex ists a fun ction I as signing
to each e leme nt x E P a closed int er val I (x) = [l (x), r (x)] o f t he re al line
lR s uch t ha t x < Y in P if a n d on ly if r (x ) < l (y ) in lR. We ca ll t he famil y
{ [l ( x ) , r ( x )] : x E p} of int er val s an interval repres entat ion of P . It is
easy t o see t ha t whe n P is a n int er val ord er , it h as a n int er val repre sen t a t i o n
with dis t i n c t e n d p o ints. I t is a well-known r e s u l t of Fi s h b u r n [2] t h at a po set
is a n int erval ord er if a n d o n ly if it ex cl ud es 2 + 2.

A semi order is an inte rva l order ha ving a n int erval r e p r e s e n t a t i o n in
which a ll i n t e r v als h ave length 1. S c o t t and Suppe s [ 8] s h owe d t h a t an
int erval order is a sem ior d er if and only if it ex clu des 3 + 1.

2 . 2 . L i n e a r D i s c r e p a n c y

Le t P = ( X, P ) b e a p ose t . A lin e ar order L on X is ca lled a lin ear exte nsi on
of P if x < y in L wh en ever x < y in P . Wh en L is a lin e ar ex t e ns io n of
P a n d x E P , t he qu anti t y I {y E P lY :::; x in L} I is ca lled t he h eight of x
in L a n d is deno t ed h L( x ).

T h e lin ear discre pancy of a lin ear ex te ns ion L of P , d en ot ed ld (P , L ) , is
t he le as t n on-n eg a tiv e i nte ger k so t h a t I hL ( x ) - hL (y )1 :::; k when ever x II y
in P. Not e t h a t ld ( P , L ) = 0 if and onl y if P is a lin e ar ord er. Now le t
e&"( P ) d enot e t h e family of a ll lin ear ex te ns io ns of P . Th e li n ear di s cr epa n cy
of a p ose t P , d en o t ed ld ( P ) , is t he n defined by

Id ( P ) : = min {1d (P, L) : L E e&"( P ) }

We not e t h a t t h e p a r a m et er ld ( P , L) is called t he unc e r t a i n t y of L in [9].

F i s h b u r n , Tann enb aum a n d Tr enk [3] showed t h a t th e linear d i s c r e p a n cy
of a po set is equal to th e b a n d w i d t h of its co c o m p a r a b i l i t y g r a p h . The sam e
a u t h or s n o t e d in [9] th at it follows from th e work of Kloks , K r a t s c h , and
Muller [6] on bandw i d t h t h a t d et ermin ing wh e t h e r th e line ar dis cr ep anc y
of a p oset P is a t most k is NP- complet e.

In s p ite of t h e fact th a t t h e lin ear di scr epan cy of a p oset is difficult to
com p ute, it is very easy to a p p r oxima te. T h e followi n g res u lt (wit h differ ent
n ot ati on ) is given in [6].

T h e o r e m 1. I f P is a p os e t , t he n ld ( P , L ) :::; 3 l d ( P ) for ev ery lin ear
e x t e ns i on L o f P .
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T h e i n e q u a l i t y of T h e o r e m 1 is t i g h t for all d ~ 1. This can be seen by
c o n s i d e r i n g t h e following poset with 3d+ 1 points: let A, B, and C be chains
with d p o i n t s , d - 1 p o i n t s , and d points, respectively, such t h a t a < b < c
for all p o i n t s a E A, b E B , and c E C. Let x and y be t h e r e m a i n i n g
p o i n t s such t h a t x II a, x II b, x < c, Y > a, y II b, a n d y II c, for all a E A,
b E B , and c E C. T h e linear e x t e n s i o n with A < x < B < y < C has
d i s c r e p a n c y d, whereas t h e l i n e a r e x t e n s i o n with x < A < B < C < y has
d i s c r e p a n c y 3d.

We note here some key p r o p e r t i e s of linear d i s c r e p a n c y t h a t will prove
useful l a t e r in this p a p e r .

L e m m a 2.

(1) Linear discrepancy is m o n o t o n i c , i.e., i f P is a s u b p o s e t o f Q , t h e n
ld (P) ~ ld (Q) .

(2) I f P is an n - e l e m e n t antichain, then ld (P) = n - 1, so ld (P) >
w i d t h (P) - 1.

(3) ~(P)/2 ~ ld (P) ~ 2~(P) - 2.

T h e n o n t r i v i a l u p p e r b o u n d in t h e t h i r d s t a t e m e n t of Lemma 2 is proved
in [7], and we note t h a t it r e m a i n s open to s e t t l e w h e t h e r t h e u p p e r b o u n d
here can be improved to l(3.6.(P) - 1 ) / 2 J . Special cases have been resolved
in [1, 4 , 7, 9].

In discussions to follow , we say a linear e x t e n s i o n L of P is o p t i m a l if
ld ( P , L) = ld (P). I t is shown in [9] t h a t ld (P) = w i d t h (P) - 1 , when P is a
semi order . To see this , j u s t take an i n t e r v a l r e p r e s e n t a t i o n { [ l ( x), l (x) + 1] :
x EX} for P in which all e n d p o i n t s ar e d i s t i n c t . Let L be t h e linear
e x t e n s i o n of P defined by s e t t i n g x < y in L whenever l« < ly in JR .

In [4], Keller and Young show t h a t for an i n t e r v a l o r d e r P , ld (P) ~ ~(P)

with e q u a l i t y if and only if P c o n t a i n s an a n t i c h a i n of size ~(P) + 1. T h e y
also show t h a t this b o u n d is t i g h t even for i n t e r v a l o r d e r s of w i d t h 2.

3 . O N L I N E L I N E A R D I S C R E P A N C Y

In this p a p e r , we consider linear d i s c r e p a n c y in an online s e t t i n g . A B u i l d e r
c o n s t r u c t s a poset P from a class f!JJ of posets, one p o i n t at a time , and an
A s s i g n e r assembles a linear e x t e n s i o n L of P , one p o i n t at a time. Even



Online Linear Discrepancy o f Partially Ordered Sets 347

t h o u g h t h e p o s e t P a n d t h e l i n e a r e x t e n s i o n L change w i t h t i m e , we use
a single s y m b o l for each. W h e n B u i l d e r e x p a n d s t h e p o s e t P by a d d i n g a
new p o i n t x , he will list t h o s e p o i n t s p r e s e n t e d p r e v i o u s l y t h a t are (1) less
t h a n x in P , a n d (2) g r e a t e r t h a n x in P . Assigner will t h e n i n s e r t x i n t o a
legal p o s i t i o n in t h e l i n e a r e x t e n s i o n L she had p r e v i o u s l y c o n s t r u c t e d j u s t
before x e n t e r e d .

Given a class f!1J of p o s e t s a n d an i n t e g e r k ~ 1 , we will i n v e s t i g a t e
s t r a t e g i e s for B u i l d e r t h a t will e n a b l e him to c o n s t r u c t a p o s e t P from f!1J

w i t h ld (P) ~ k so t h a t Assigner will be forced to assemble a l i n e a r e x t e n s i o n
L of P w i t h ld (P , L) much l a r g e r t h a n k . We will also s t u d y a l g o r i t h m s
for A s s i g n e r t h a t will e n a b l e her to assemble a l i n e a r e x t e n s i o n L of P w i t h
ld (P , L) r e l a t i v e l y close to ld (P). Of course, t h e i n e q u a l i t y of T h e o r e m 1
looms large in our discussion.

We will c o n s i d e r two d i f f e r e n t ways in which B u i l d e r can c o n s t r u c t
i n t e r v a l o r d e r s a n d s e m i o r d e r s . One way is for B u i l d e r to c o n s t r u c t t h e
p o s e t one p o i n t a t a t i m e , j u s t by l i s t i n g t h e c o m p a r a b i l i t i e s for t h e new
p o i n t x. I t is easy for Assigner to be a s s u r e d t h a t B u i l d e r s t a y s w i t h i n t h e
a p p r o p r i a t e class by a p p e a l i n g to t h e i r c h a r a c t e r i z a t i o n in t e r m s of f o r b i d d e n
s u b p o s e t s .

However, we will also discuss t h e s i t u a t i o n where B u i l d e r c o n s t r u c t s
an i n t e r v a l o r d e r or a s e m i o r d e r by p r o v i d i n g an i n t e r v a l r e p r e s e n t a t i o n
one i n t e r v a l a t a t i m e . In t h i s s e t t i n g , B u i l d e r p r o v i d e s a closed i n t e r v a l
[l( x) , r( x)] ( w i t h r(x) = 1 + l(x) when P is a s e m i o r d e r ) for t h e new p o i n t .
As we will see, Assigner will find t h i s a d d i t i o n a l i n f o r m a t i o n q u i t e v a l u a b l e
in c o n s t r u c t i n g a l i n e a r e x t e n s i o n which has l i n e a r d i s c r e p a n c y close to t h e
o p t i m a l value.

W i t h t h i s n o t a t i o n a n d t e r m i n o l o g y in place , we c a n now give a formal
s t a t e m e n t of our p r i n c i p a l t h e o r e m s .

T h e o r e m 3. L e t k be a p o s i t i v e integer. There is an online algorithm szI
for Assigner so that:

(1) I f B u i l d e r c o n s t r u c t s an a r b i t r a r y poset P with ld (P) = k a n d
Assigner assembles a linear extension L using A l g o r i t h m szI , then
ld (P , L) ~ 3k - 1. This i n e q u a l i t y is best possible , even i f Builder is
required to constru ct an interval order.

(2) I f Builder c o n s t r u c t s an semiorder P with ld (P) = k a n d Assigner
assembles a linear extension L using A l g o r i t h m szI, then ld ( P , L) ~

2k. This in e q u a l i t y is best possible .
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We will also prove t h e following result when Builder provides an interval
r e p r e s e n t a t i o n .

T h e o r e m 4. L e t k be a p o s i t i v e integer. T h e r e is an online a l g o r i t h m 2
for A s s i g n e r so t h a t :

(1) I f B u i l d e r c o n s t r u c t s an i n t e r v a l order P w i t h ld (P) = k by p r o v i d i n g
an i n t e r v a l r e p r e s e n t a t i o n and A s s i g n e r a s s e m b l e s a linear e x t e n s i o n L
using A l g o r i t h m 2 , t h e n ld ( P , L) ~ 2k. T h i s i n e q u a l i t y is b e s t
possible.

(2) I f B u i l d e r c o n s t r u c t s a s e m i o r d e r P w i t h ld (P) = k by p r o v i d i n g an
i n t e r v a l r e p r e s e n t a t i o n and A s s i g n e r a s s e m b l e s a linear e x t e n s i o n L
using A l g o r i t h m 2 , t h e n L is o p t i m a l .

Before proceeding to the proofs of these two theorems, we pause to note
t h a t there is a s u b s t a n t i v e difference in the outcome when Builder is required
to give an interval r e p r e s e n t a t i o n online. On the o t h e r hand, it can be seen
in [5] t h a t for online chain p a r t i t i o n i n g (and online g r a p h coloring), t h e r e is
no d i s t i n c t i o n between t h e two versions.

4. L O W E R B O U N D S F O R O N L I N E L I N E A R D I S C R E P A N C Y

In this section, we provide s t r a t e g i e s for Builder which e s t a b l i s h lower
bounds for the inequalities in T h e o r e m s 3 and 4.

L e m m a 5. For each k 2: 1, B u i l d e r can c o n s t r u c t an i n t e r v a l order P w i t h
ld ( P ) = k so t h a t A s s i g n e r will be forced to a s s e m b l e a linear e x t e n s i o n L
w i t h ld ( P , L) 2: 3k - 1.

P r o o f . Builder c o n s t r u c t s a poset P as follows. F i r s t , he p r e s e n t s a k + 1
element a n t i c h a i n . After Assigner has linearly ordered these k + 1 elements,
Builder labels the L-Ieast p o i n t as x and the o t h e r s as members of an k
element a n t i c h a i n A. He t h e n p r e s e n t s a n o t h e r k+ l - e l e m e n t a n t i c h a i n , with
all elements of the new anti chain larger t h a n all elements of A U { $ } . After
assigner has e x t e n d e d L, Builder labels the L-largest element as z and t h e
o t h e r elements as as members of a k-element a n t i c h a i n D.

Builder t h e n p r e s e n t s two new elements u and y with

(1) a < u < d and a < y < d for all a E A and d E D , and
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(2) X < u < z, X II y and z II y.
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By s y m m e t r y (up to duality) , we may assume Assigner makes y > u in L.

Next, Builder i n s e r t s two a n t i c h a i n s , B a n d C , of sizes k - 1 and k - 2,
respectively, so t h a t :

(1) X , a < b < c < u in P, for all b E B a n d c E C.

(2) y II b a n d y II c , for all b (;: B a n d c E C .

Assigner must t h e n insert all elements of B as a block of k - 1 consecutive
elements i m m e d i a t e l y over t h e L - l a r g e s t element of A. Assigner must also
i n s e r t all elements of C as a block i m m e d i a t e l y over t h e highest element
of B . I t follows t h a t hL(y) - hL(X) = 3k - 1.

On t h e o t h e r hand, the linear order : A < X < B < y < C < u < z < D
shows t h a t Id (P) ::; k. Also, it is also easy to see t h a t P is an interval order
with r e p r e s e n t a t i o n

A = [ I , I ] ,

Y = [2,6]'

X = [1,2],

u = [5 ,5],

D = [7 ,7],

B = [3 ,3],

z = [6,7],

C = [4 ,4],

where A = [1 ,1]' for instance, d e n o t e s t h a t each element of A is r e p r e s e n t e d
by a copy of the interval [1,1]. •

We note t h a t the interval order P c o n s t r u c t e d in Lemma 5 is not a
semiorder, since it contains a s u b p o s e t isomorphic to 3 + 1. In fact, it
c o n t a i n s a s u b p o s e t isomorphic to 4 + 1 . We do not know w h e t h e r Assigner
can be forced to c o n s t r u c t a linear extension L with Id (P, L) = 3k - 1 if
Builder is r e s t r i c t e d to interval orders t h a t exclude 4 + 1. We have been
able to show t h a t within this class , Builder can force Assigner to assemble
a linear e x t e n s i o n L with ld ( P , L) ~ 2k + (k - 1) / 2 , b u t do not know if t h i s
is tight.

L e m m a 6. For each k ~ 1, B u i l d e r can c o n s t r u c t a s e m i o r d e r P w i t h
ld ( P ) = k so t h a t A s s i g n e r will be forced to a s s e m b l e a linear e x t e n s i o n L
w i t h Id ( P , L) ~ 2k .

P r o o f . Builder c o n s t r u c t s a poset P as follows . F i r s t , he p r e s e n t s an
a n t i c h a i n of size k + 1. When Assigner has linearly o r d e r e d these k + 1
elements , Builder labels the L-least element as X and t h e r e m a i n i n g elements
as members of a k-element a n t i c h a i n A . He t h e n p r e s e n t s a k-element
a n t i c h a i n B with
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(1) a < b in P , for all a E A a n d bE B, a n d

(2) x II b, for all b i n B .

Let b be t h e L - h i g h e s t e l e m e n t of B. It follows t h a t hL(b) - hL( x) = 2k ,
b u t t h e l i n e a r o r d e r A < x < B shows t h a t ld (P) ~ 2k. Also , it is c l e a r
t h a t P is a s e m i o r d e r . •

L e m m a 7. For each k 2': 1 , B u i l d e r can c o n s t r u c t an i n t e r v a l repres e n t a t i o n
o f an i n t e r v a l order P w i t h ld (P) = k so t h a t A s s i g n e r will be forced to
a s s e m b l e a linear e x t e n s i o n L w i t h ld ( P , L) = 2k .

P r o o f . B u i l d e r will c o n s t r u c t a p o s e t which is i s o m o r p h i c to 2k + 1 , which
has l i n e a r d i s c r e p a n c y k. He b e g i n s by p r e s e n t i n g t h e i n t e r v a l s [1,4k - 1]
a n d [2k , 2k]. I f A s s i g n e r s e t s [1 , 4 k - l ] < [2k,2k] in L, t h e n B u i l d e r p r e s e n t s
[2k + 1 , 2k + 1], [2k + 2 , 2k + 2]' . . . , [4k - 1 , 4k - 1 ] . A s s i g n e r has no choice
b u t to p u t t h e s e 2k - 1 i n t e r v a l s above [2k,2k] a n d t h e r e f o r e c o n s t r u c t s a
l i n e a r e x t e n s i o n L of (a copy of) 2k + 1 w i t h ld ( P , L) = 2k .

S i m i l a r l y , if A s s i g n e r m a k e s [2k,2k] < [1, 4k - 1] in L , B u i l d e r p r o c e e d s
to p r e s e n t [1,1]' [2,2]' . . . , [2k - 1, 2k - 1], a n d a g a i n A s s i g n e r is for ced to
a s s e m b l e a l i n e a r e x t e n s i o n L w i t h ld ( P , L) = 2k. •

5. U P P E R B O U N D S F O R O N L I N E L I N E A R D I S C R E P A N C Y

In t h i s s e c t i o n , we p r o v i d e a l g o r i t h m s for A s s i g n e r to use in a s s e m b l i n g
a l i n e a r e x t e n s i o n of a p o s e t c o n s t r u c t e d by B u i l d e r . We n o t e t h a t t h e s e
a l g o r i t h m s do n o t need to know a n y t h i n g a b o u t t h e class from which P
arises, a n d t h e y do n o t need to know a n y t h i n g a b o u t t h e l i n e a r d i s c r e p a n c y
of P . We focus first on p o s e t s c o n s t r u c t e d one p o i n t a t a t i m e , a n d l a t e r
c o n s i d e r t h e case w h e r e B u i l d e r p r o v i d es an i n t e r v a l r e p r e s e n t a t i o n of an
i n t e r v a l o r d e r (or s e m i o r d e r ) .

However , in o r d e r to m o t i v a t e t h e specifics of our a l g o r i t h m , we p a u s e
briefly to give e x a m p l e s s h o w i n g t h a t o t h e r r e a s o n a b l e s t r a t e g i e s a r e non
o p t i m a l , even for t h e class of s e m i o r d e r s .



Online Linear Discrepancy of Parti ally Ord ered S ets 351

5 . 1 . N a i v e o n l i n e l i n e a r d i s c r e p a n c y a l g o r i t h m s f o r s e m i o r d e r s

P e r h a p s the s i m p l e s t online linear d i s c r e p a n cy a l g o r i t h m t h a t Assigner
might use works as follows. When p r e s e n t e d with a new p o i n t x , t h e r e
is always a n o n - e m p t y set of p o s i t i o n s where x could be legally i n s e r t e d .
These p o s i t i o n s are always consecutive in the linear e x t e n s i o n L . A reason
able s t r a t e g y is to i n s e r t x as close to the middle of these allowable p o s i t i o n s
as possible , say r o u n d i n g down when t h e r e is an odd n u m b e r of them. We
refer to t h i s a l g o r i t h m as . 4 , since it places x in the middle of its allowable
range.

However, we claim t h at for each k ~ 1 , Builder can c o n s t r u c t a semi
order P with ld (P) = k so t h a t Assigner is forced to assemble a linear
e x t e n s i o n L with ld ( P , L) = 3k - 1, provided she uses a l g o r i t h m . 4 . As
in the proof of Lemma 5, Builder s t a r t s by p r e s e n t i n g two k + l - e l e m e n t
a n t i c h a i n s with all p o i n t s of one less t h a n all p o i n t s of the o t h e r . Builder
labels the L-least element as x and the L - g r e a t e s t element as z with t h e
remaining elements belonging to A U D so t h a t a < d in P , for every a E A
and d E D.

Builder t h e n p r e s e n t s an element y with

(1) x II y and z II y in P , and

(2) a < y < d in P , for all a E A and d E D .

Next, Builder p r e s e n t s t h e elements of an k - I - e l e m e n t a n t i c h a i n C with

(1) x < c, y II c and z > c in P , for all c E C, and

(2) a < c < d in P , for all a E A, c E C and d E D.

Using A l g o r i t h m . 4 , Assigner will place all elements of C as a block
of consecutive elements i m m e d i a t e l y under y. Assigner t h e n p r e s e n t s an
a n t i c h a i n B of size k - 1 with

(1) x II b, y II b a n d b < z in P , for all b E B , and

(2) a < b < c in P , for all a E A , b E B a n d c E C.

Assigner must then i n s e r t all elements of B as a block in between
the highest element of A and t h e lowest element of C . I t follows t h a t
hL(Y) - hL(X) = 3k - 1. On t h e o t h e r hand , t h e linear order A < x < B <
y < C < z < D shows t h a t ld ( P ) :::; k. F u r t h e r m o r e , P is easil y seen to b e
a semi order .
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We now c o n s i d e r a second a l g o r i t h m t h a t seems i n t u i t i v e yet fails to
be o p t i m a l . W h e n p r e s e n t e d w i t h a new p o i n t x , t h i s a l g o r i t h m i n s e r t s x
into t h e p o s i t i o n t h a t minimizes t h e l i n e a r d i s c r e p a n c y of t h e r e s u l t i n g l i n e a r
e x t e n s i o n , b r e a k i n g ties by p l a c i n g x as low as possible. Since this a l g o r i t h m
is in some sense g r e e d y in its o p e r a t i o n , we d e n o t e it by r,§. A l t h o u g h
we do not include t h e proof, it is s t r a i g h t f o r w a r d to modify t h e a r g u m e n t
for A l g o r i t h m JIt to verify t h e following claim: B u i l d e r can c o n s t r u c t a
s e m i o r d e r P , w i t h ld ( P ) = k, t h a t will force an Assigner using t h e r,§

a l g o r i t h m to o r d e r p o i n t s as x < A < B ' < y < B " < C < D < w,
where B ' U B " = B a n d IB'I = LIBI/2 J. T h i s l i n e a r e x t e n s i o n has l i n e a r
d i s c r e p a n c y r(k - 1)/21 + 2k.

We c o m m e n t t h a t it is not difficult to c o n s t r u c t e x a m p l e s showing
t h a t JIt, when a p p l i e d to g e n e r a l p o s e t s , can be forced to c o n s t r u c t lin
ear e x t e n s i o n s with l i n e a r d i s c r e p a n c y 3k ( r a t h e r t h a n 3k - 1) for p o s e t s of
l i n e a r d i s c r e p a n c y k .

5 . 2 . A n o p t i m a l o n l i n e l i n e a r d i s c r e p a n c y a l g o r i t h m

Let P be a p o s e t a n d let (x, y) be an o r d e r e d p a i r of e l e m e n t s from P . We
call (x, y) a critical pair if (1) x II y in P; (2) D ( x ) ~ D(y) in P; a n d
(3) U(y) ~ U(x) in P . If ( x , y ) is a c r i t i c a l p a i r a n d (y , x ) is not a c r i t i c a l
p a i r , t h e n we call (x, y) a one-way critical pair. A l i n e a r e x t e n s i o n L of a
p o s e t P is s a i d to reverse a c r i t i c a l p a i r (x, y) when y < x in L . T h e c o n c e p t
of c r i t i c a l p a i r s first s u r f a c e d in d i m e n s i o n t h e o r y , as it is easy to see t h a t
t h e d i m e n s i o n of p o s e t P is t h e l e a s t p o s i t i v e i n t e g e r t for which t h e r e e x i s t s
a family { L l ' L2, . . . , L t } of l i n e a r e x t e n s i o n s so t h a t for every c r i t i c a l p a i r
(x, y) in P , t h e r e is some i for which (x, y) is r e v e r s e d in Li. T h e r e a d e r
can find much more i n f o r m a t i o n on t h e role played by l i n e a r e x t e n s i o n s in
r e v e r s i n g c r i t i c a l p a i r s in [10].

By c o n t r a s t , l i n e a r d i s c r e p a n c y is all a b o u t preserving c r i t i c a l p a i r s , as
t h e following e l e m e n t a r y b u t i m p o r t a n t p r o p o s i t i o n (see [4]) prevails:

P r o p o s i t i o n 8. L e t P be a poset which is n o t a total order.

(1) I f L is a linear extension o f P and x and y a r e incomparable points
with hL(y) - hL(X) = ld (P, L) , then (x, y) is a critical pair in P .

(2) There exists an o p t i m a l linear extension L of P so t h a t i f (x, y) is a
critical pair r e v e r s e d by L, then (y , x ) is also a critical pair.
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Accordingly, the online a l g o r i t h m .91 we will define here endeavors to
c o n s t r u c t a linear e x t e n s i o n t h a t reverses few critical pairs. However, we
note t h a t in discussing c r i t i c a l pairs in an online s e t t i n g , it may h a p p e n t h a t
a pair (x, y) is c r i t i c a l at one moment in time b u t is no longer c r i t i c a l at a
l a t e r moment in time . The converse s t a t e m e n t c a n n o t hold.

Suppose a new point x enters the poset. Assigner considers t h e one-way
c r i t i c a l pairs of the form (x , u), where U has already e n t e r e d , as well as the
one-way c r i t i c a l pairs of the form (v, x) , where again v has a l r e a d y entered.
I f t h e r e are no one-way critical pairs of e i t h e r type, t h e n x is i n s e r t e d in any
legal position.

Suppose t h e r e are only one-way c r i t i c a l pairs of the form (x, u) b u t none
of t h e o t h e r type . Let let UQ be t h e lowest element of L for which ( x , u Q )

is a one-way c r i t i c a l pair . I n s e r t x in any legal p o s i t i o n which is u n d e r UQ .

T h e r e is such a position , since D ( x ) ~ D ( u Q ) . Dually, i f t h e r e are only one
way c r i t i c a l pairs of the form (v, x) b u t none of the o t h e r type, let VQ be t h e
highest element of L for which (vQ, x) is a one-way c r i t i c a l pair. I n s e r t x in
any legal p o s i t i o n over VQ .

We are left to consider t h e case where t h e r e are one-way c r i t i c a l pairs
of b o t h types . Now let UQ and VQ be defined as above . I n s e r t x in any legal
p o s i t i o n between UQ and VQ. In making t h i s s t a t e m e n t , we note t h a t UQ and
VQ can occur in e i t h e r order in L. I f VQ < UQ in L, t h e n some p o s i t i o n s
between UQ and VQ may be illegal, b u t t h e r e is at least one p o s i t i o n between
t h e m which is legal. On the o t h e r hand, if UQ < VQ in L, t h e n all p o s i t i o n s
between t h e m are legal.

To analyze t h e behavior of .91, we require the following e l e m e n t a r y
p r o p o s i t i o n .

P r o p o s i t i o n 9. I f (x, y) and (y, z) are critical pairs in a poset P , then
either x < z in P or (x , z) is a critical pair in P .

Next we e s t a b l i s h a key lemma concerning how .91 h a n d l e s a configura
tion we denote by C . This c o n f i g u r a t i o n consists of four p o i n t s x , y, z , w.
Among these p o i n t s , we require

(1) z ,> W , z > x, Y > w, and x II y in P , and

(2) (y,z) and (w,x) are c r i t i c a l pairs in P .

Note t h a t c o n d i t i o n s (1) and (2) imply t h a t (y,z) and (w,x) are in fact
one-way c r i t i c a l pairs.



354 M. T . Keller, N. Streib and W. T . Trotter

L e m m a 10. A l g o r i t h m d n e v e r c o n s t r u c t s a linear e x t e n s i o n L such t h a t
p o i n t s f o r m i n g a c o p y o f C are o r d e r e d as x < W < z < y in L, all p o i n t s
less t h a n x in L are less t h a n y in P , and all p o i n t s g r e a t e r t h a n y in L are
g r e a t e r t h a n x in P .

P r o o f . We argue by c o n t r a d i c t i o n . Consider t h e first time a copy of C is
placed according to t h e c o n d i t i o n s of t h e lemma. Notice t h a t t h e last p o i n t
p r e s e n t e d must be one of x , y, w, or z, as t h e r e l a t i o n s h i p s a m o n g s t only
those p o i n t s induce C. By duality, it suffices to consider only t h e cases
where x or W is the last p o i n t to e n t e r t h e poset.

We first consider the p o s s i b i l i t y t h a t x was t h e last point p r e s e n t e d .
Since x < W in L a n d (w, x) is a c r i t i c a l pair, t h e r e is a p o i n t x' such t h a t
(x, x') is a c r i t i c a l p a i r and x' < x in L . Since (x, x') is a c r i t i c a l p a i r , we
must have t h a t xiii y . This c o n t r a d i c t s t h e fact t h a t x, y, w, and z are
placed according to t h e c o n d i t i o n s of t h e lemma.

Now suppose W was t h e last p o i n t p r e s e n t e d . Since x < w in L a n d
(w, x) is a c r i t i c a l p a i r , t h e r e is a p o i n t W i such t h a t ( W i , w) is a c r i t i c a l
p a i r b u t w < W i in L. Now ( W i , x) is also a c r i t i c a l pair. Since ( W i , w) is a
c r i t i c a l pair, we must have W i < z and W i < y. Hence , {x , y, Z, W i } forms a
copy of C placed in t h e forbidden order at an earlier s t a g e , a c o n t r a d i c t i o n .

•
W i t h Lemma 10 in h a n d , we are in p o s i t i o n to analyze t h e p e r f o r m a n c e

of a l g o r i t h m d . We first consider the case of a r b i t r a r y posets in t h e
following lemma .

L e m m a 1 1 . L e t k 2: 1 . I f B u i l d e r c o n s t r u c t s a p o s e t P w i t h ld ( P ) = k,
a n d A s s i g n e r uses A l g o r i t h m d , she will a s s e m b l e a linear e x t e n s i o n L w i t h
ld (P, L) ::; 3k - 1.

P r o o f . Let L be t h e linear e x t e n s i o n of P assembled by Assigner. We show
t h a t ld (P, L) ::; 3k - 1. To t h e contrary, s u p p o s e t h a t ld (P, L) = 3k.
Consider t h e first moment in t i m e where t h e r e are p o i n t s x and y w i t h
x II y and hL(y) - hL(x) = 3k. Let 8 = {s I x < s < y in L} and note t h a t
/8/ = 3k - 1. Also note t h a t (x, y) is a c r i t i c a l pair in P .

Let M be an o p t i m a l linear e x t e n s i o n of P . In view of P r o p o s i t i o n 8 ,
we may assume x < y in M. Now let Z = {z E 8 I y < z in M} a n d
W = {w E 8 I w < x in M } . I t follows t h a t z II y for all z E Z, so IZI ::; k.
Similarly, IWI ::; k. On t h e o t h e r h a n d , since hM(Y) - hM(x) ::; k, we know
1 8 - (Z U W)I ::; k - 1. T h u s IZI = IWI = k and 18- ( Z U W)I = k - 1.
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Now let z be the M - l a r g e s t element of Z and let ui be the M - l e a s t element
of W . I t follows t h a t hM(X) - hM(W) 2': k , b u t since M is o p t i m a l , we know
hM(x) - hM(W) = k and t h u s (w, x) is a critical pair in P . Similarly , (y , z)
is a c r i t i c a l p a i r in P . Also z > w i n P . It follows t h a t x , w, z, and y form a
c o n f i g u r a t i o n C which L orders as x < w < z < y. F u r t h e r m o r e , all points
less t h a n x in L are less t h a n y in P and all p o i n t s g r e a t e r t h a n y in L
are g r e a t e r t h a n x in P since hL(y) - hL(X) = ld ( P , L) . This c o n t r a d i c t s
Lemma 10 . •

L e m m a 12. L e t k 2': 1. I f B u i l d e r c o n s t r u c t s a s e m i o r d e r P w i t h ld (P) = k,
a n d A s s i g n e r uses A l g o r i t h m d , she will a s s e m b l e a linear e x t e n s i o n L w i t h
I d ( P ,L):::; 2k.

P r o o f . Let L be the linear e x t e n s i o n of P assembled by Assigner . We
show t h a t ld ( P , L) :::; 2k. To the c o n t r a r y , suppose t h a t ld ( P , L) 2': 2k + 1.
Consider t h e first moment in time where t h e r e are p o i n t s x and y with x II y
and h L (y) - h L (x) 2': 2k + 1. Let S = {s I x < s < y in L} and note t h a t
lSI = 2k. Also note t h a t (x, y) is a c r i t i c a l pair in P .

Let M be an o p t i m a l linear e x t e n s i o n of P . In view of P r o p o s i t i o n 8,
we may assume x < y in M . Now let Z = {z E S I x < z in P } and
W = {w E S I w < y in P l . If Z = 0, t h e n x II s for every s E S, and since
x II y , we know t h a t ~(P) 2': 2k + 1 which would imply t h a t ld ( P ) 2': k + 1.
The c o n t r a d i c t i o n forces Z to be n o n e m p t y . Similarly, W =1= 0.

Choose z E Z and w E W . Since x II y , we must have z II y and w II x
in P . Since P is a semiorder and a semi order is a special case of an interval
order , we must have z > w in P . Observe t h a t in a semiorder, whenever we
have two d i s t i n c t i n c o m p a r a b l e p o i n t s u and v, t h e n (at least) one of (u, v)
and (v , u) is a c r i t i c a l pair. However, this implies t h a t b o t h of (y, z) and
(w , x ) are c r i t i c a l pairs in P , while n e i t h e r of (z,y) nor (x ,w) is a c r i t i c a l
pair. It follows t h a t x, w , z , and y form the c o n f i g u r a t i o n C in the order
forbidden by Lemma lf), a c o n t r a d i c t i o n . •

5 . 3 . O n l i n e i n t e r v a l r e p r e s e n t a t i o n s

We now t u r n our . a t t e n t i o n to t h e s i t u a t i o n where Builder c o n s t r u c t s an
interval order (or semiorder ) by providing an interval r e p r e s e n t a t i o n , one
interval at a time. Now Assigner will use the following a l g o r i t h m , which
we denote 2 ' . A new point x comes with an interval [l(x) , r ( x ) ] and this
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interval is fixed in time . Assigner will t h e n i n s e r t x into L so t h a t elements
are o r d e r e d by the left e n d p o i n t s of t h e i r intervals , i .e . , u < v in L whenever
l(u) < l(v) in R Ties can be broken a r b i t r a r i l y .

L e m m a 1 3 . L e t k ~ 1 . I f B u i l d e r c o n s t r u c t s an interval order P by
p r o v i d i n g an interval r e p r e s e n t a t i o n , with ld (P) = k, and Assigner uses
A l g o r i t h m 5£ , she will assemble a linear ex t en si on L with ld (P , L) ~ 2k .

P r o o f . Let L be the linear extension of P assembled by Assigner. We
show t h a t ld ( P , L) ~ 2k . To the contrary, suppose t h a t ld ( P , L) ~ 2k + 1.
Clearly, we may s t o p when L first violates the conclusion. So we may choose
points x and y so t h a t hL(y) - hL(X) = 2k + 1.

Let S = {s I x < s < y in L} . I f S ~ Inc (x) , t h e n it follows t h a t
l d ( P ) ~ r~(p)/21 ~ k + 1. So t h e r e is a point Z E S with x < z in P . I t
follows t h a t l (x) ~ r (x ) < l (z) ~ l (y) in ~, which is a c o n t r a d i c t i o n , since
it implies t h at x < y in P . •

We s t a t e the analogous result for semiorders, noting t h a t there is n o t h i n g
to prove, as we are simply r e s t a t i n g th e well-known c h a r a c t e r i z a t i o n of
o p t i m a l linear extensions of semiorders.

L e m m a 1 4 . L e t k ~ 1. I f B u i l d e r c o n s t r u c t s a semiorder P by p r o v i d i n g
an interval represent ation, with ld ( P ) = k and A s s i g n e r uses A l g o r i t h m 2 ,
then she will assemble an o p t i m a l linear ex t en si on L.

A c k n o w l e d g m e n t s . The a u t h o r s would like to t h a n k David M. Howard
and S t e p h e n J . Young for l i s t e n i n g to our a r g u m e n t s on this s u b j e c t and
helping us improve our e x p l a n a t i o n s .
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1. I N T R O D U C T I O N

Y. Kohayakawa, V . RodI, M . Schacht and J. Skokan

In t h e mid-seventies R u z s a and Szemeredi [25] solved a problem of Brown,
Erdos, a n d Sos [5] and e s t a b l i s h e d t h e so-called triangle removal lemma.
Loosely s p e a k i n g , t h e t r i a n g l e removal lemma a s s e r t s t h a t every g r a p h which
does not c o n t a i n many t r i a n g l e s can be made t r i a n g l e - f r e e by removing only
a few edges. More precisely, for a positive i n t e g e r n we denote by K n t h e
c o m p l e t e g r a p h with v e r t e x set [n] = {I , . . . ,n}. For two g r a p h s F and H
we say H is F-free, if H does not c o n t a i n a (not necessarily induced) copy
of F. For a g r a p h G = (V, E) we d e n o t e t h e minimum n u m b e r of edges t h a t
meet any t r i a n g l e in G by

T3(G) = min {IE'I : E ' ~ E and H = (V, E \ E ' ) is K 3-free}.

T h e o r e m 1 ( R u z s a & Szemeredi). For every 8 > 0 there e x i s t c > 0 and
no such t h a t e v e r y graph G = (V, E) with IVI = n ~ no t h a t contains at
m o s t c(~) copies o f K3 satisfies T3(G) :::; 8(~) . •

T h e o r e m 1 s t i m u l a t e d a g r e a t deal of research and several g e n e r a l i z a t i o n s
for g r a p h s and h y p e r g r a p h s are now known (see, e.g., [23] and t h e references
t h e r e i n and [10] for a new p r o o f of T h e o r e m 1). Moreover, it was a l r e a d y
shown in [25] t h a t T h e o r e m 1 yields a new p r o o f of R o t h ' s famous t h e o r e m
on a r i t h m e t i c progressions of l e n g t h t h r e e [24] (see [3] for t h e best known
q u a n t i t a t i v e b o u n d ) . We say a set of integers is AP3-free, if it does not
c o n t a i n a n o n - t r i v i a l t h r e e - t e r m a r i t h m e t i c progression, i.e., t h r e e d i s t i n c t
elements x, y, z such t h a t x + z = 2y. For a finite set of integers A we
d e n o t e t h e m a x i m u m size of an AP3-free s u b s e t of A by

r3(A) = max {IBI : B ~ A and B is AP3-free}

a n d we simply write r3(n) for r3 ([n]) .

T h e o r e m 2 ( R o t h ) . For every 0 > 0 there e x i s t s no such t h a t for all n ~ no
we have r3(n) :::; on . •

S p a r s e versions of T h e o r e m s 1 and 2 were s t u d i e d in t h e c o n t e x t of
r a n d o m d i s c r e t e s t r u c t u r e s . In p a r t i c u l a r , in [16] it was shown t h a t , for
any 8 > 0, with high p r o b a b i l i t y a r a n d o m s u b s e t s A ~ [n] with IAI =
C o n 1 / 2 satisfies r 3(A) :::; SIAl, where Co d e p e n d s only on 0 (see [26] for
g e n e r a l i z a t i o n s of this r e s u l t to a r i t h m e t i c progressions of l e n g t h k > 3
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and see [21] for an a l t e r n a t i v e proof for the case k = 3) . The techniques
developed in [16] can be used to o b t a i n a similar e x t e n s i o n of T h e o r e m 1
for s u b g r a p h s of r a n d o m g r a p h s . This extension asserts t h a t for every fixed
8 > 0 t h e r e exist con s t a n t s Co and Co > 0 such t h a t if p 2: C o n - 1 / 2 t h e n
a r a n d o m g r a p h r E G(n ,p) satisfies with high p r o b a b i l i t y the following:
every s u b g r a p h G ~ r t h a t c o n t a i n s at most cop3 G) copies of K 3 satisfies
T3(G) ~ 8p(~). Note t h a t T h e o r e m 1 c o r r e s p o n d s to the case p = 1 and
T h e o r e m 1 implies such a result for any c o n s t a n t p > O.

A n o t h e r example of a relative version of R o t h 's t h e o r e m a p p e a r s in
the work of Green [12] who showed t h a t , for the set of primes P, we
have r3(r n [nJ) = o(lr n [n]I) , i .e., any relatively dense s u b s e t of t h e
primes c o n t a i n s an a r i t h m e t i c progression of length t h r e e (see [14] for longer
a r i t h m e t i c progressions) .

We o b t a i n extensions of T h e o r e m s 1 and 2 for s u b g r a p h s of sparse
p s e u d o r a n d o m g r a p h s (see T h e o r e m 3) and for s u b s e t s of sparse pseudo
r a n d o m s u b s e t s of [n] (see T h e o r e m 4). Our proof is based on t h e sparse
regularity lemma [15, 17] and the main technical result p r e s e n t e d here (see
p a r t (a) of Lemma 9 below) .

2. N E W R E S U L T S

Next we define the notions of p s e u d o r a n d o m ness considered here . Roughly
speaking, p s e u d o r a n d o m d i s c r e t e s t r u c t u r e s " i m i t a t e " a t r u l y r a n d o m o b j e c t
of the same density. The s y s t e m a t i c s t u d y of p s e u d o r a n d o m g r a p h s was
i n i t i a t e d by T h o m a s o n [28, 29] and continued by Chung, G r a h a m , and
Wilson [7] and we will use a r e l a t e d concept here . In 'fa ct , Chung and
G r a h a m o b t a i n e d several g e n e r a l i z a t i o n s of those r e s u l t s for o t h e r discrete
s t r u c t u r e s and one of the p r o p e r t i e s of p s e u d o r a n d o m s u b s e t s of Z j n Z
s t u d i e d in [6] is r e l a t e d to our concept of p s e u d o r a n d o m s u b s e t s of [n].

2 . 1 . T h e t r i a n g l e r e m o v a l l e m m a for p s e u d o r a n d o m g r a p h s

We say a g r a p h I ' = (V , E) is (p, (3) -b ijumbled for p and (3 > 0, if all s u b s e t s
X , Y ~ V satisfy

I er(X , Y) - plXIIYI! ~ {3JIXIIYI ,
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where e r ( X , Y) = I{ (x,y) E X x Y : {x , y } E E(r)} I d e n o t e s t h e n u m b e r
of edges of r w i t h one e n d v e r t e x in X a n d t h e o t h e r end v e r t e x in Y , where
edges c o n t a i n e d in X n Y a r e c o u n t e d twice .

I t follows from C h e r n o f f ' s i n e q u a l i t y t h a t t h e b i n o m i a l r a n d o m g r a p h
G( n, p) is w i t h high p r o b a b i l i t y (p, ,B)-bijumbled for ,B = C...;pn for som e
sufficiently large c o n s t a n t C > 1, if pn - 3 log n - - - t 0 0 . On t h e o t h e r h a n d ,
it follows from t h e work of E r d o s and S p e n c e r [9] (see also [8]) t h a t for
every (p, ,B)-bijumbled n - v e r t e x g r a p h we have ,B = n( J p ( 1 - p)n) as long
as p(1 - p) > l i n .

A well known e x p l i c i t class of (p, ,B)-bijumbled g r a p h s are t h e so-called
(n, D , A)-graphs w i t h D = pn a n d A = ,B . , A n (n , D , A)-graph r is a D
r e g u l a r n- vert ex g r a p h which satisfies A 2:: {A2 ' I An I} , where D = Al 2::
A2 2:: .. , 2:: An are t h e eigenvalues of t h e a d j a c e n c y m a t r i x of r (see [2,
C h a p t e r 9] a n d [18] for more d e t a i l s ) .

O u r first r e s u l t a s s e r t s t h a t T h e o r e m 1 can be e x t e n d e d to s u b g r a p h s
G ~ r of (p, ,B)-bijumbled n - v e r t e x g r a p h s r , if ,B ::; 'Yp3 n for a sufficiently
small 'Y > O.

T h e o r e m 3. For e v e r y <5 > 0 there e x i s t c > 0 , 'Y > 0 , and no such t h a t the
following holds .

S u p p o s e r = (V, E r ) is a (p , 'Yp3 n )- bij um bl e d graph with n vertices and
p 2:: I I vn and let G = ( V , EG) S;;; r be a (not n e c e s s a r i l y i n d u c e d ) s u b g r a p h
o f r . I f G c o n t a i n s a t m o s t cP 3 G) copies o f K3, then T3(G) ::; <5 e ( r ) .

We r e m a r k t h e following:

(I) I t is easy to show t h a t for sufficiently small 'Y~ > 0 every (p, 'Y p2 n )
b i j u m b l e d n - v e r t e x g r a p h r c o n t a i n s (1 ± ~)p3 G) copies of K 3. Con
s e q u e n t l y , T h e o r e m 3 a s s e r t s t h a t if a s u b g r a p h G ~ r c o n t a i n s only
a small f r a c t i o n of t h e t r i a n g l e s of t h e sufficiently p s e u d o r a n d o m host
g r a p h r , t h e n G can be m ade t r i a n g l e - f r e e by r e m o v i n g a small frac
t i o n of t h e edges of r . In T h e o r e m 1 t h e c o m p l e t e g r a p h K n plays t h e
same role as r .

(II) Note t h a t T h e o r e m 3 a p p l i e s only to (p, ,B)-bijumbled n - v e r t e x g r a p h s
r with,B = 'Yp3 n for sufficiently small 'Y . Since,B = n(...;pn) for every
g r a p h w i t h p(1 - p) 2:: l i n , it follows t h a t T h e o r e m 3 only applies to
g r a p h s r of d e n s i t y p = p(n) = n( n - 1 / 5).

We believe T h e o r e m 3 is also t r u e for (p, ,B)-bijumbled n - v e r t e x g r a p h s
r w i t h ,B = 'Yp2 n, which would allow us to c o n s i d e r g r a p h s of d e n s i t y
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p ~ C n - 1 / 3 . On t h e o t h e r h a n d , Alon [1] c o n s t r u c t e d a (p,19yPn)
b i j u m b l e d n - v e r t e x g r a p h r w i t h p = n - 1 / 3 / 4 which is K3-free . T h i s
i n d i c a t e s t h a t such a s t r e n g t h e n i n g of T h e o r e m 3 would be " b e s t
p o s s i b l e ."

2 . 2 . R o t h ' s t h e o r e m f o r p s e u d o r a n d o m s e t s

For A ~ [n] we c o n s i d e r t h e d i s c r e t e F o u r i e r coefficients Ao(A) , . . . ,
A n - l ( A ) E C of A defined by

(1) ' " (27fi )Ak(A) = L.J exp ---:;; . ka .
a E A

Clearly, Ao(A) = IAI a n d we set

A(A) = max { I Ak (A) I : k = 1, . . . , n - I},

T h e o r e m 4 e x t e n d s T h e o r e m 2 to s p a r s e sets A ~ [n] for which A(A) is
"s m a l l. " A s o m e w h a t r e l a t e d r e s u l t a p p e a r s in t h e work of G r e e n a n d
Tao [13, P r o p o s i t i o n 5.1].

T h e o r e m 4. For every 15 > 0 th ere e x i s t , > 0 a n d no such t h a t for e v e r y
odd n ~ no a n d every A ~ [n] with A(A) ~ , I A I 3/n 2 we have r3(A) ~ 151::11 .

Very r o u g h l y s p e a k i n g , t h e c o n d i t i o n on A in T h e o r em 4 a s s e r t s t h a t
a c e r t a i n C a y l e y - t y p e g r a p h r ( A ) g e n e r a t e d by A on t h e v e r t e x set [n] is
an (n, IAI, ,IAI 3 /n 2 ) - g r a p h a n d , t h e r e f o r e , a (p, , p 3 n ) - b i j u m b l e d g r a p h for
p = IAI/n. T h i s allows us to a p p l y s i m i l a r t e c h n i q u e s as in t h e p r o o f of
T h e o r e m 3.

In view of R e m a r k (II) a f t e r T h e o r e m 3 we believe t h a t t h e c o n d i t i o n
on A(A) in T h e o r e m 4 can be r e l a x e d to A(A) ~ , I A I 2 / n .

2 . 3 . K e y t e c h n i c a l r e s u l t

T h e m a i n t e c h n i c a l r e s u l t b e h i n d t h e proofs of T h e o r e m s 3 a n d 4 , n a m e l y ,
Lemm a 9, c o n c e r n s t h e t h e o r y of p s e u d o r a n d o m p r o p e r t i e s , which are as
s e r t e d by t h e s p a r s e r e g u l a r i t y lemma. For t h e s t a t e m e n t of L e m m a 9 we
r e q u i r e a few d e f i n i t i o n s .
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D e f i n i t i o n 5 ( D I S C ) . Let G = (V , E) be a g r a p h a n d let X , Y ~ V
be d i s j o i n t . We say (X, Y) satisfies the d iscrepancy condition DISC (q,p , E)
in G for some q , p, a n d E > 0 if t h e following holds:

I eG(X', y ' ) - qlX'11Y'11 ::; EplX11Y1 for all X ' ~ X a n d Y' ~ Y.

As a s h o r t h a n d , we s h a l l s o m e t i m e s say ( X , Y)G satisfies DISC is». E) .

Note t h a t S z e m e r e d i 's r e g u l a r i t y l e m m a [27] a s s e r t s t h a t t h e v e r t e x set of
every n - v e r t e x g r a p h G can be p a r t i t i o n e d into a b o u n d e d n u m b e r of classes
VI U . . . U lit in such a way t h a t most p a i r s (Vi, ltj)G s a t i s f y DISC (q i j , p , E) ,
where

( )
eG(Vi, ltj)

% = dG Vi , ltj = IVillltjl a n d p = 1.

Since DISC (q,p, E) only gives useful i n f o r m a t i o n on t h e edge d i s t r i b u t i o n
of (X, Y)G if q > ep, S z e m e r e d i ' s r e g u l a r i t y l e m m a is m a i n l y s u i t e d for

a p p l i c a t i o n s to "d e n s e" g r a p h s G w i t h n (I V ( G) 1 2 ) edges . T h e first two
a u t h o r s o b s e r v e d t h a t S z e m e r e d i ' s r e g u l a r i t y l e m m a can be e x t e n d e d to
s u b g r a p h s G of s p a r s e g r a p h s r, p r o v i d e d t h e h o s t g r a p h r does not c o n t a i n
"d e n s e s p o t s ." In t h i s c o n t e x t p can be chosen to be e(r) / G) , i.e. , it c a n
t e n d to 0 as n t e n d s to infinity. For e x a m p l e , (p, ,B)-bijumbled g r a p h s r do
not c o n t a i n "dense s p o t s " as long as ,B ::; , p n for some small c o n s t a n t , > O.
C o n s e q u e n t l y , t h e s p a r s e r e g u l a r i t y l e m m a is a p p l i c a b l e to t h e g r a p h s G ~ r
s a t i s f y i n g t h e a s s u m p t i o n s of T h e o r e m 3. For t h e p r o o f of T h e o r e m 3 we will
need a c o r r e s p o n d i n g " c o u n t i n g l e m m a " for t r i a n g l e s in t r i p a r t i t e g r a p h w i t h
all t h r e e i n d u c e d b i p a r t i t e g r a p h s s a t i s f y i n g DISC (see L e m m a 11 below).
For t h a t we will show t h a t p a i r s (X, Y)G s a t i s f y i n g DISC will also s a t i s f y
t h e so called pair condition. For ( n o t n e c e s s a r i l y d i s t i n c t ) v e r t i c e s x a n d
x ' E V a n d a s u b s e t Y ~ V we w r i t e degG (x, Y) for t h e n u m b e r of n e i g h b o r s
of x in Y a n d we w r i t e degG( x, x ' , Y) for t h e n u m b e r of j o i n t n e i g h b o r s of x
a n d x' in Y. Moreover, we d e n o t e t h e sets of such n e i g h b o r s by NG(x, Y)
a n d NG(x, x ', Y)

D e f i n i t i o n 6 ( P A I R ) . Let G = ( V , E) be a g r a p h a n d let X , Y ~ V be
d i s j o i n t . We say ( X , Y ) s a t i s f i e s t h e pair condition P A I R ( q ,p ,<5') in G for
some q, p , a n d <5' > 0 if t h e following holds :

(2) L I degG( x, Y) - qlYl1 ::; 8 p ! X I I Y I ,
x E X

(3) L L I degG(x, x' , Y) - q21YII ::; 8p 2 1 X 1 2 1 Y 1 ·

x E X x / E X
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As a s h o r t h a n d , we shall sometimes say ( X , Y ) c satisfies PAIR (q,p , 0) .

I t is well known (see, e .g. , [7]) t h a t DISC and PAIR are equivalent in
t h e dense case , i.e. , for p = 1.

T h e o r e m 7 (DISC {::? PAIR (dense case)). For every a ' > 0 and 0 > 0
there e x i s t e > 0 and no such t h a t the following holds.

S u p p o s e G = (V, E) is a graph and X , Y ~ V are disjoint s e t s with
lXI , WI ~ no · T h e n the following s t a t e m e n t s hold :

(a) i f ( X , Y ) c satisfies DISC (q, 1 , c) for some q with a ~ q ~ 1, then it
also satisfies PAIR (q, 1,0) ;

(b) i f ( X , Y ) c satisfies PAIR (q, 1, c) for some q with a ~ q ~ 1 , then it
also satisfies DISC (q , 1,0) . •

T h e key t e c h n i c a l lemma p r e s e n t e d here asserts t h a t an analogue of
T h e o r e m 7 is t r u e for s u b g r a p h s of (p, ,B)-bijumbled g r a p h s r if (3 is suf
ficiently small. In fact , we can slightly relax the bijumbledness c o n d i t i o n
and consider a p a r t i t e version i n s t e a d . For simplicity we call this p r o p e r t y
jumbledness .

D e f i n i t i o n 8 (jumbledness ( p a r t i t e version)). Let r = (U U V , E r ) be a
b i p a r t i t e g r a p h and q, (3 > 0 be real numbers . We say I ' is (q, (3)-jumbled if

ler(X, Y) - qlXllYl1 ~ (3vlXIIYI for all X ~ U and Y ~ V .

Moreover, we say a k - p a r t i t e g r a p h r = (Vi u . . . U Vk, E r ) with k ~ 2 is
(q, (3)-jumbled if all induced b i p a r t i t e s u b g r a p h s r[Vi U Vj] for 1 ~ i < j ~ k
are (q, ,B)-jumbled.

Note t h a t b o t h discrepancy and j u m b l e d n e s s are two measures of pseudo
r a n d o m n e s s for graphs.

In the c o n t e x t of this p a p e r , discrepancy (DISC (q , p , c ) where e > 0
and t h e r a t i o q/p are c o n s t a n t s i n d e p e n d e n t of the size of t h e graph) is a
p r o p e r t y of s u b g r a p h s of G t h a t can be o b t a i n e d by an a p p l i c a t i o n of the
(sparse) r e g u l a r i t y lemma .

On t h e o t h e r hand , j u m b l e d n e s s will be a p r o p e r t y imposed on the host
g r a p h r ;;2 G. Typically the j u m b l e d n e s s a s s u m p t i o n is s t r o n g e r and c a n n o t
be ensured by an a p p l i c a t i o n of the r e g u l a r i t y lemma.
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L e m m a 9 (DISC {:} PAIR for s u b g r a p h s of j u m b l e d g r a p h s ) . For every
a E (0,1] and ° > 0 there e x i s t s E > 0 such t h a t for every 'fI > 0 there exist
I > 0 and no such t h a t for every n 2:: no the following holds.

S u p p o s e

(i) r = (U U V, E r ) is a b i p a r t i t e (p , ;3)-jumbled graph with lUI , IVI 2:: n
and p 2:: 1/ Vii ,

(ii) G = (U U V , E a ) is a subgraph o f r, and

(iii) X ~ U and Y ~ V with lXI, IYI 2:: 'fin .

Then the following s t a t e m e n t s hold :

(a) i f ;3 ::; 1P2n and ( X , Y ) a satisfies DISC (q,p, E) for some q with
ap::; q::; p, then ( X , Y ) a satisfies PAIR (q ,p,o);

(b) i f ;3 ::; 1P3 /2n and ( X , Y ) a satisfies PAIR (q,p, E) for some q with
ap::; q ::; p, then ( X , Y ) a satisfies DISC is:» . 0).

The main p a r t of this p a p e r is devoted to the proof of i m p l i c a t i o n (a)
of Lemma 9. The proofs of T h e o r e m s 3 and 4 rely on t h i s implication. On
the o t h e r hand, the proof of i m p l i c a t i o n (b) of the lemma can be e s t a b l i s h e d
along the lines of the a r g u m e n t for the dense case (Theorem 7(b)) . We
include the proof of p a r t (b) of Lemma 9 for completeness (see Section 5.1) .
We note t h a t the j u m b l e d n e s s a s s u m p t i o n on the host g r a p h r in p a r t (b)
is less r e s t r i c t i v e t h a n in p a r t (a). We believe t h a t the a s s u m p t i o n for
i m p l i c a t i o n (a) can be weakened (see Section 6)

O r g a n i z a t i o n

In Section 3 we deduce T h e o r e m 3 from Lemma 9(a) and the sparse reg
u l a r i t y lemma. Section 4 is devoted to the proof of T h e o r e m 4, which is
based on a t r i p a r t i t e v a r i a n t of T h e o r e m 3 (see T h e o r e m 10 below) . The
proof of the key technical result, Lemma 9, is deferred to Section 5 .
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The proof p r e s e n t e d here follows the s t a n d a r d proof of t h e Ruzsa - S z e m e r e d i
t h e o r e m , which is based on Szemeredi's r e g u l a r i t y lemma and the so-called
t r i a n g l e c o u n t i n g lemma. In fact, the proof of T h e o r e m 3 is based on the
sparse r e g u l a r i t y lemma [15 , 17] and an a p p r o p r i a t e t r i a n g l e c o u n t i n g lemma
for s u b g r a p h s of j u m b l e d g r a p h s (see Lemma 11 below) , which we deduce
from p a r t (a) of Lemma 9. F i r s t we s t a t e a t r i p a r t i t e version of T h e o r e m 3,
which will be convenient for the proof of Theorem 4 .

3 . 1 . T r i p a r t i t e v e r s i o n o f T h e o r e m 3

We shall show t h a t T h e o r e m 3 easily follows from t h e following t r i p a r t i t e
version .

T h e o r e m 10 ( t r i p a r t i t e version of T h e o r e m 3). For every 15 > 0 there e x i s t
c > 0, , > 0, a n d no such t h a t for every n ~ no the following holds .

S u p p o s e r = (VI U V2 U V 3 , E r ) is a t r i p a r t i t e (p, , p 3 n ) - j u m b l e d graph
with IViI ~ n for i E [3], p ~ l / y I n , a n d G = (VI U V2 U V 3 , E c ) ~ r is
a s u b g r a p h o f r . I f G contains at m o s t cp 3 IV II 1V 21 1V 31 copies o f K 3 , then
T 3(G) ~ l5e(r).

P r o o f : T h e o r e m 10 ::::} T h e o r e m 3. For any given <5 > 0 we set 15' = 15/6
and let c' and " > 0 be given by T h e o r e m 10. For T h e o r e m 3 we t h e n set
c = c' and , = , ' . F i n a l l y let n be sufficiently large and p ~ 1 / yin .

Let r = ( V , E r ) be a (p , , p 3 n ) - b i j u m b l e d g r a p h and let G = ( V , E c ) be
a s u b g r a p h of r which c o n t a i n s at most cp3 (~) copies of K 3.

We consider t r i p a r t i t e g r a p h s I " = ( V ' , E r,) 2 G' = ( V ' , E c ' ) defined
as follows

V' = V x [3]

and

E r ' ={ { ( u , i ) , (v , j ) } : { u , v } E E r and 1 ~ i < j ~ 3 } ,

E c ' = {{ (u,i), ( v , j ) } : { u , v } E E c and 1 ~ i < j ~ 3} .

I t follows from the definition of G' and I " t h a t e (r ' ) = 6 e ( r ) , IV' I = 3n ,
and the a s s u m p t i o n s on r a n d G yield
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(a) I " is a t r i p a r t i t e (p, , p 3 n)_ j u m b l e d g r a p h and

(b) G' c o n t a i n s at most 6 cp 3 G) :s; c' p3 n3 t r i a n g l e s .

C o n s e q u e n t l y , I " and G' satisfy the a s s u m p t i o n s of T h e o r e m 10 and , hence,
t h e r e exists a set of edges X ' ~ E C I such t h a t H' = (V', E C I \ X) is K 3 - f r e e

and
IX'I :s; 0' e ( f ' ) = oe(r) .

We consider the set of edges X which is the "pullback " of X ' in G , i.e . ,

X = { { u , v } : { ( u , i ) , (v , j ) } E X ' for some 1:S; i < j : S ; 3}.

Clearly IXI :s; IX'I :s; o e ( f ) and it is easy to check t h a t H = (V , E c \ X) is
K 3:' free. Therefore , 73 (G) :s; oe (I'). •

3 . 2 . T r i a n g l e c o u n t i n g l e m m a for s u b g r a p h s o f t r i p a r t i t e j u m b l e d
g r a p h s

The proof of T h e o r e m 10 o u t l i n e d here follows the lines of the s t a n d a r d
proof of T h e o r e m 1 , which is based on Szemeredi 's r e g u l a r i t y lemma and
a c o r r e s p o n d i n g t r i a n g l e c o u n t i n g lemma. In fact the sparse version of the
r e g u l a r i t y lemma applies to s u b g r a p h s of (p, , p 3 n ) -j u mb le d t r i p a r t i t e g r a p h s
and below we s t a t e an a p p r o p r i a t e t r i a n g l e c o u n t i n g lemma for s u b g r a p h s
of j u m b l e d graphs.

L e m m a 11. For every a E (0,1] a n d ~ > 0 there exists E > 0 such that for
all1J > 0 there exist , > 0 and no such that for every n 2': no the following
holds.

Suppose

(i) r = (VI U V2 U V3,Er) is a tripartite ( p " p 3 n ) - j u m b l e d graph with
IViI 2': n for i E [3] and p 2': 1 / y'ri,

(ii) G = (VI U V2 U V3 , E c ) ~ r is a subgraph o f r, and

( i i i ) u, ~ Vi with I o, I 2': 1Jn for i E [3].

I f ea'U» , U3) = q231U211U31 for some q23 with o p :s; q23 :s; P and for
j = 2 and 3 the pair (U I , U j ) c satisfies DISC (ql,j,P, E) for some ql ,j with
o p :s; ql,j :s; p , then the induced subgraph G[U I , U2, U3] contains at least
( 1 - ~)qI2qI3q23IUlI1U211U31 copies o f K 3·
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T h e o r e m 10 can be deduced from the sparse version of the r e g u l a r i t y
lemma and Lemma 11 by s t a n d a r d a r g u m e n t s and we omit t h e details here .
Below we deduce Lemma 11 from p a r t (a) of Lemma 9. In the proof we use
t h e following well known consequence of the Cauchy - S c h w a r z inequality.

L e m m a 12. For every u > 0 t h e r e e x i s t s J1 > 0 such t h a t for every m E N
and X l , . . . , X m , X E lR t h e following h o l d s . I f

t h e n

L X i 2:: ( 1 - J1)xm and
iE[m]

L x~ ~ (1 + J1)x 2 m ,

iE[m]

P r o o f : L e m m a 9(a) ~ L e m m a 11. Note t h a t the q u a n t i f i c a t i o n s of the
involved c o n s t a n t s in Lemma 9 and Lemma 11 are very similar. In fact,
t h e r e are only two differences. For an a p p l i c a t i o n of Lemma 9 we have to
make an a p p r o p r i a t e choice for 0 > 0 ( d e p e n d i n g only on a) and for the
proof of Lemma 11 we are given ~ > O.

Assume we are given a and ~ by Lemma 11. F i r s t we fix an a u x i l i a r y
c o n s t a n t

(4) a~
V = -

3

and let J1 = J1(v) be given by Lemma 12. T h e n we set

(5)

and let E = E( a, 0) be given by Lemma 9. Following t h e q u a n t i f i c a t i o n of
Lemma 11 let TJ be given. For t h i s TJ Lemma 9 yields an a p p r o p r i a t e choice
for 'Y. W i t h o u t loss of g e n e r a l i t y we may assume t h a t

(6)

Finally, let n be sufficiently large and suppose p 2:: 1 / Vii.
Let I', G, and U, be as in t h e s t a t e m e n t of Lemma 11. We have to show

t h a t G[U I , U2 , U3] c o n t a i n s at least (1 - ~)qI2qI3q23JUIIIU21IU31 t r i a n g l e s .
We will first show t h a t most pairs {U2 ' U3} E Er(U2 , U 3) have a "la r ge"
joint n e i g h b o r h o o d in the g r a p h G in UI. For t h a t we s t u d y t h e d i s t r i b u t i o n
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of t h e t r i a n g l e s in r w i t h one edge in E r(U2 , U 3) a n d t h e o t h e r two edges
in G. For a p a i r (U2, U3) E U2 X U3 we recall t h a t degG ( U2, U3, U1) d e n o t e s
t h e numb er of j o i n t n e i g h b o r s of U2 a n d U3 in U1 in t h e g r a p h G. Below we
will show t h e following two e s t i m a t e s .

(7) L { d e g G ( u 2 , U3 , U 1) : {U2, U3} E E r ( U 2, U3)}

~ (1 - ~) q12q13\U 1 1· p1U211U31,

(8) L { d e g b ( U2 , U3, Ud : {U2 , U3} E Er(U2, U3)}

::; (1 +~) Ql2Ql31Ul12 . PIU211U31 .

Before we verify (7) a n d (8), we finish t h e p r o o f of L e m m a 11 b a s e d on
t h o s e e s t i m a t e s .

T h e (p, 'Yp 3 n ) - j u m b l e d n e s s of r , c o m b i n e d w i t h (6), IU21 , IU 31 ~ 1Jn, a n d
p ::; 1, yields

Not e t h a t (7) a n d (8) show t h a t t h e a s s u m p t i o n s of L e m m a 12 are met for
m = ed U2, U3) a n d x = Q12Q13lU11. T h e r e f o r e

for all b u t a t most ver(U2 , U3) edges {U2, U3} E Er(U2, U 3) . R e m o v i n g t h o s e
e x c e p t i o n a l edges from G yields t h e following lower b o u n d on t h e n u m b e r
of t r i a n g l e s w i t h all t h r e e edges in G :

Since eG(U2, U 3) = Q231U211U3[ ~ op1U211U31, t h e choice of u in (4) c o m b i n e d
w i t h (9) yields

(eG(U2 , U 3 ) - v e d U 2 , U 3)) . (1-V)Q12q13l U11 ~ (1-~)Q12Q13Q23IU11IU21IU 31,

which c o n c l u d e s t h e p r o o f of L e m m a 11 b a s e d on e s t i m a t e s (7) a n d (8) . •
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P r o o f o f (7). Note t h a t the l e f t - h a n d side of (7) is the n u m b e r of t r i a n g l e s
in q U I , U2, U3] with b o t h edges incident to a vertex in UI being also p r e s e n t
in G and we have
(10)

L d e g c ( u 2 , u 3 , U I ) = L e r ( N G ( u I ,U2) ,NG(UI ,U3)) .
{U2 ,U 3 } E E r ( U 2 ,u3) u l E U l

The (p,1'p3 n ) - j u m b l e d n e s s of r yields

(11) er( NG(UI , U2), NG(UI, U3)) ~ pdegG(uI , U2) degG(uI, U3)

- 1'p3nVIU21IU31·

Moreover , by Lemma 9(a) , the choice of E and the a s s u m p t i o n of Lemma 11
imply t h a t (U I, U2)G and (U I, U3)G satisfy t h e pair c o n d i t i o n s
PAIR (qI2 , p , 0) and PAIR (qI 3, p, 0), respectively. In p a r t i c u l a r , for j = 2
and 3 ,

L I degG(uI, Uj) - QI , j I U j l l ::; OpIUIIIUjl·
u l E U l

As Ql ,j ~ op for j = 2 and 3, we have

for b o t h j = 2 and j = 3 for all b u t at most (1 - 2V8ja) lUI I vertices
UI E U I . Combining this with (10) , (11) and (12) yields

(13) L {degG(u2 ,U3 , U I) : {U2 ,U3} E E r ( U 2,U3)}

~ ( 1 - 2V6ja) l U l l · p ( l - V6) 2QI2QI3IU21IU31-IUI!"Yp3nVIU21IU 31 .

The choice of 0 in (5) ensures

( 1 - 2V6ja) ( 1 - V6) 2 ~ 1 - p,j6

and t h e choice of l ' in (6) t o g e t h e r with IU21, IU31 ~ 'fJn and Q12, Ql3 ~ ccp
gives

IU I!"Yp3 n v1U211 U31 ::; ~PQI2QI3IUIIIU21IU31.

Plugging the last two e s t i m a t e s into (13) yields (7) . •
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In the proof of (8) we will use the following e s t i m a t e , which is a conse
quence of the definition of j u m b l e d graphs.

F a c t 13. L e t r = (U U V, E ) be a b i p a r t i t e (p, ;3)-jumbled graph. L e t
X ~ U and Y ~ V and ~ > O. I f X satisfies one o f t h e following two
c o n d i t i o n s : e i t h e r d e g r ( x , Y ) ~ (1 + ~)pIYI for all x E X or d e g d x , Y ) ::;
(1 - ~)pIYI for all x E X , t h e n

•
P r o o f o f (8). We s t a r t with r e w r i t i n g the l e f t - h a n d side of (8) by summing
over all pairs of vertices in Ul . We o b t a i n

L { degb(u2, U3, Ul) : {U2, U3} E E r ( U 2, U 3)}

= L L er((Nc(ul,U~ ,U2),Nc(Ul ,U~,U3))
u l E U l u~ EUI

and, as in the proof of (7), a f t e r applying the j u m b l e d n e s s a s s u m p t i o n we
arrive at

::; L L pDC(Ul ' u~, U2, U 3) + 'Yp3 n J DC(Ul' u~, U2, U3),
u l E U l u~ EUI

where we set

I t is left to o b t a i n a p p r o p r i a t e e s t i m a t e s on d e g c ( U l , u~, U 2 ) and
d e g c ( U l , u~, U 3 ) . For t h a t we will a p p e a l to the pair condition, which yields
good e s t i m a t e s for those q u a n t i t i e s for "most " pairs ( U l ' uD E Ul x U 1 • For
t h e e x c e p t i o n a l pairs ( U l ' uD we will analyze the j o i n t n e i g h b o r h o o d of U l

and u~ in r and o b t a i n the required bounds from the j u m b l e d n e s s of r. For
t h a t we classify t h e pairs ( U l ' uD according to t h e i r degrees in G and I'.
More precisely, let 9 be t h e "good" pairs having the "right" j o i n t degree
in U2 and U3 :
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Clearly,

L p DC(Ul , U~ , U2 , U 3) + 'Yp3 n J DC(Ul , U~, U2, U 3)
(ul ,u~)Eg

3 7 3

::; IU 1 1
2 . p ( l + J8) 2ql2ql31U211U3! + IU112. 'Yp3 n 4Ql2ql31U211U31

::; (1 +~) pQl2Ql31U1!2IU21IU31,

where we used the choice of ° and 'Y from (5) and (6) and the a s s u m p t i o n s
on Ql ,j and IUjl for j = 2 and 3.

Hence, it is left to verify t h a t

(15) L pDC(Ul , u~, U2 , U 3) + 'Yp3 n J DC(Ul, u~ , U2 , U 3)
(Ul ,U~)~g

Lemma 9(a) , the choice of E, and t h e a s s u m p t i o n of Lemma 11 imply
t h a t (Ul,U2)C and (Ul,U3)C satisfy PAIR(QI2 ,p,O) and PAIR(QI3 ,p ,O)
respectively. Consequently, we have

(16)

For the c o n t r i b u t i o n of thos e 2V6jUI12 /a2 "ex ce p t io n a l" pairs we analyze
the j o i n t n e i g h b o r h o o d s of Ul and u~ in r :2 G . Indeed, we will show
t h a t (15) stays valid when we replac e G by r in DC(Ul ,U~ ,U2,U3) and
show

(17) L pDr(Ul ,U~,U2,U3) +'Yp3nJDr(ul,U~,U2,U3)
(Ul ,U~)~g

We split the pairs in (U 1 x U 1 ) \ g into the following t h r e e classes e, U
B 2 U B3:

s, = { (Ul, u~) E (U 1 x Ul) \ g : d e g r ( U l , u~, Uj) ::; 4p 21U j i for j = 2, 3} ,



374 Y. Kohayakawa , V. RodI, M. Schacht and J . Skokan

82 = { (UI, uD E (U 1 X U1) \ (Q U 8 1) : degr(u1 , Uj) ::; 2pIUji

for j = 2 , 3 } ,

and
8 3 = (U 1 X UI) \ (Q U 8 1 U 8 2) ,

Below we b o u n d t h e c o n t r i b u t i o n to (17) for each class s e p a r a t e l y .

C o n t r i b u t i o n o f p a i r s f r o m 81. The definition of 8 1 and (16) yield

(18) L p D r ( U1, u~, U2, U3) + 'Yp 3 n J Dr( U1 , u~ , U2 , U 3)
(ul , u D E B l

because of the choice of 0 in (5) and 'Y ::; T//36 in (6) and the a s s u m p t i o n s
on q1j and IUjl for j = 2 and 3.

C o n t r i b u t i o n o f p a i r s f r o m 82. Fix j E {2, 3} and let U1 E U1 be a vertex
with degr(u1 , U j) ::; 2plU jl. Let X ( U 1 , j ) be the set of vertices u~ E U 1 with

d e g d u 1 , u~ , Uj) > 4p21Ujl.

As r is (p,'Yp 3n)-jumbled, Fact 13 applied to X(U1 , j ) and a s u p e r s e t
Y ( U I , j ) ~ Nr(U1, Uj) in Uj c o n t a i n i n g precisely 2plUj! vertices gives

Consequently, since 'Y ::; T/2 and IUjl 2: nn for j = 1 , 2 , 3 we have

Finally, since degr(u1,U~ ,Uj) ::; degr(u 1,Uj) ::; 2plUji for all (U1,U~) E 82
and j = 2 , 3 we have
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(19) L p D r ( U l , u~ , U2 , U3) + "f p3 n J D r ( U I , u~ , U 2 , U3)
(Ul ,U~)EB2

375

wh er e we use th e ch oice of "f from (5) and t h e a s s u m p t i o n s on ql ,j and IUj I
for j = 2 and 3.

C o n t r i b u t i o n o f p a i r s from 8 3 • Th e a na lys is for tho se pairs is simil ar to
the one in t h e last case. For j E {2 ,3} let X j be t h e vertic es UI E U I with

Fact 13 a p p lied to X j a n d Y = U j yields

since "f ~ f]2. T h e r efore , we have 18 31 ~ 2"fp 4 1 U
11
2 a n d since degr(UI,U~, U j )

::::; IUjl for j = 2 and 3 we h ave

(20) L p D r ( U l, u~ , U2 , U3) + "f p3 n J D r ( U I ' u~ , U 2 , U3)
(ul,u~)EB2

wh ere we use "f ~ a 4 J1 f] / 72 .

Finally, we not e t h a t (18) , (19) a n d (20) impl y (17) , which con cl ud es
t h e proof of (8). •
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4. R O T H ' S T H E O R E M FOR P S E U D O R A N D O M S E T S OF I N T E G E R S

We prove T h e o r e m 4 in this section. We shall in fact consider p s e u d o r a n d o m
s u b s e t s of finite a b e l i a n groups. T h r o u g h o u t this section G is a finite a b e l i a n
group , of order n = IGI, which is assumed to be odd . ( R o t h ' s t h e o r e m was
generalized to this s e t t i n g by Brown and Buhler [4] . For a proof based
on the t r i a n g l e removal lemma, see [11] and for b e t t e r q u a n t i t a t i v e b o u n d s
see [20 , 19] .)

Let Xo, . . . , X n - l : G - + C be the n c h a r a c t e r s of G . We suppose Xo is
the p r i n c i p a l c h a r a c t e r , t h a t is, Xo(g) = 1 for all 9 E G.

Suppose now t h a t we are given a set A ~ G. Let

(21) Ak(A) = L Xk(a) E C
a E A

for all 0 ~ k < n . Clearly, Ao(A) = IAI. I f I Ak(A)1 ~ A for a l I I ~ k < n,
we say t h a t A is an (n, A)-subset of G or an (n, A)-set for s h o r t . We let

(22) r3(A) = max {IBI : B is an AP3-free s u b s e t of A } .

We shall prove the following result .

T h e o r e m 1 4 . For every 0 > 0 there e x i s t 'Y > 0 and no such t h a t for every
odd n 2 no the following holds.

S u p p o s e A is an (n, A)-subset o f an abelian group G o f order n a n d

(23)

The p r o o f of T h e o r e m 14 will be given in Section 4.2.
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4 . 1 . P r o o f o f T h e o r e m 4

377

Let us d e d u c e T h e o r e m 4 from T h e o r e m 14. Let us first s p e c i a l i z e t h e l a t t e r
t h e o r e m to G = 'llln'll. Let {) = exp (21riln). T h e c h a r a c t e r s x» (0 ~ k < n)
of 'llln'll are given by

(24) (x E 'llln'll).

T h e r e f o r e , t h e Ak(A) in (21) are given by (1). We c o n c l u d e t h a t t h e
h y p o t h e s i s in T h e o r e m 4 s i m p l y says t h a t A is an (n, A)-subset of 'llln'll
s a t i s f y i n g (23). T h e o r e m 14 tells us t h a t , for any 0 > 0, for s u i t a b l e 'Y
a n d no we have r3(A) ~ oiAI .

To finish t h e p r o o f of T h e o r e m 4 , we have to deal w i t h t h e issue t h a t an
a r i t h m e t i c p r o g r e s s i o n in 'llln'll is not n e c e s s a r i l y an a r i t h m e t i c p r o g r e s s i o n
in t h e i n t e g e r s . For i n s t a n c e , (5 , 2 , 6 ) is a 3 - t e r m a r i t h m e t i c p r o g r e s s i o n
w i t h difference 4 m o d u l o 7, as is (1 , 5 , 2 ) . T h i s is easy to h a n d l e , by m a k i n g
use of t h e following easy fact : let (a, b, c) be a triple of distinct integers with
o ~ a, b, c ~ n l 2 or with n l 2 < a, b, c ~ n , and suppos e that the residue
classes of a, b a n d c modulo n form a 3-term arithmetic progression, i.e. ,
a + c == 2b (mod n). Then (a, b, c) is an arithmetic progression in [n], i.e . ,
a + c = 2b.

Since , for any B ~ [n], e i t h e r IBn { 1, . . . , l n l 2 J} I 2:: IBI/2 or else we

have IBn { r nI21, · · . , n } I 2:: IB1/2, T h e o r e m 14 a p p l i e d to s u b s e t s of zt-a;
implies t h e d e s i r e d r e s u l t for s u b s e t s on [n]. . •

4 . 2 . P r o o f o f T h e o r e m 14

We shall p r e s e n t t h e p r o o f of T h e o r e m 14 in this s e c t i o n .

We s h a l l make use of a c e r t a i n t r i p a r t i t e g r a p h r = I'(A), defined in
t e r m s of t h e given (n , A) -set A ~ G .

D e f i n i t i o n 15 ( G r a p h r = r ( A ) ) . T h e t r i p a r t i t e g r a p h r = r ( A ) has
v e r t e x classes X l , X2 , a n d X3, where each X i is a d i s j o i n t copy of G. For
every Xl E X l , we join Xl to t h e v e r t i c e s Xl + a E X 2 a n d Xl + 2a E X 3 for
all a E A. Moreover , we join every X2 E X 2 to t h e v e r t e x X2 + a E X 3 for
all a E A.
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It is clear t h a t the b i p a r t i t e g r a p h r [ X I U X 2] induced by X l U X2 in I '
and the b i p a r t i t e g r a p h r [ X 2 U X 3] induced by X2 U X3 in I ' are isomorphic
in a n a t u r a l way. The b i p a r t i t e g r a p h r [ X I U X 3 ] induced by X l U X 3 in I '
is "similar " to those b i p a r t i t e g r a p h s , b u t one uses , so to speak , the set 2A
i n s t e a d of A to o b t a i n this g r a p h . In w h a t follows, we s t u d y these b i p a r t i t e
g r a p h s f l ( A ) ~ r [ X I U X2] ~ r[X2 U X 3] and f 2 ( 2 A ) ~ f [ X I U X3] t h a t
form f .

4 . 2 . 1 . T h e g r a p h f l = f l ( A ) . The two v e r t e x classes of f l = f l ( A )
are two disjoint copies X and Y of G . A vertex x E X is joined to a
vertex y E Y if y - x E A . Thus, the edges of f l = f l ( A ) = ( X U Y, Ed
are of the form (x, x + a) E X x Y, where x E X . and a E A. It is clear
t h a t f l is IAI-regular. The g r a p h I ' = r ( A ) defined above c o n t a i n s two
copies of f l ( A ) .

A key fact a b o u t I ' I = I ' I (A) is given in the following lemma, which
is a b i p a r t i t e version of t h e so called expander mixing lemma (see, e .g. , [2,
Corollary 9.2 .5]).

L e m m a 16. Suppose A is an (n, A)-subset o f G a n d let f l = f l ( A ) =
( X U Y, Ed be as defined above. Then, for any X ' ~ X and any Y' ~ Y,
we have

(25) le(x', Y') - I~IIX'IIY'II ~ AY!IX'IIY'I·

T h e p r o o f of Lemma 16 is given in Section 4.2.4 .

4 . 2 . 2 . T h e g r a p h f 2 = f 2(2A). Consider 2A = {2a : a E A} and
let f2 = f 2 ( 2 A ) be defined as follows: the v e r t e x classes of f2 are two
disjoint copies X and Y of G, and a vertex x E X is joined to a vertex y E Y
if Y - x E 2A. Thus , ·the edges of f 2 = f 2 ( 2 A ) = ( X U Y, E 2 ) are of the
form (x, x + 2a) E X x Y, where x E X and a E A. Since n is odd,
the map 9 f - - t 2g is a bijection on G, and hence 12AI = IAI. Therefore ,
f2 = f 2(2A) is IAI-regular. The g r a p h T = r ( A ) defined above c o n t a i n s a
copy of f 2 = f 2 ( 2 A ) .

Observe now t h a t , for all k, we have

(26) Ak(2A) = L X k ( 2 a ) = L X k ( a ) 2 .
a E A a E A
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Recall t h a t t h e c h a r a c t e r s Xk (0 ~ k < n) form a group t u n d e r pointwise
m u l t i p l i c a t i o n . As I t I = n is odd , t h e map Xk t---t X~ is a b i j e c t i o n on t ,
fixing t h e p r i n c i p a l c h a r a c t e r Xo. T h e r e f o r e ,

Moreover, >'o(2A) = 12AI = IAI. We have j u s t proved t h e following fact .

L e m m a 17. I f A ~ G is an (n , >')-set, then so is 2A and, in particular,
inequality (25) holds for f 2 = f 2 (2A ) = ( X U Y, E 2) for any X ' ~ X and
a n y Y ' ~ Y . •

An i m m e d i a t e c o r o l l a r y of L e m m a s 16 and 17 is t h e following crucial
fact a b o u t t h e g r a p h I ' = r ( A ) (see D e f i n i t i o n 15) .

C o r o l l a r y 18. Let A ~ G be an (n, >.)-set. Then I ' = f ( A ) is a ( I A I / n , >.)
jumbled tripartite graph (see Definition 8). •

4 . 2 . 3 . P r o o f o f T h e o r e m 1 4 . To prove T h e o r e m 14, it suffices to r u n t h e
well known d e r i v a t i o n of R o t h ' s t h e o r e m from t h e t r i a n g l e removal l e m m a
(see, e.g ., [25]) in our c o n t e x t . T h e o r e m 10 and C o r o l l a r y 18 will be c r u c i a l
here. .

For convenience , let us first make a simple r e m a r k , whose p r o o f is
i n c l u d e d for c o m p l e t e n e s s .

F a c t 19. Let A ~ G be an (n, >')-set, with IAI ~ 3 n / 4 . Then x ~ M / 2 .

P r o o f . We follow a p r o o f in, e.g. , [18] . Let M = (m xy) E {O , 1 } n x n be a
{O , 1 } - m a t r i x w i t h rows and c o l u m n s indexed by t h e g r o u p e l e m e n t s of G
and

{

I , i f y - x E A ,
m xy =

0 , o t h e r w i s e .

We d e n o t e by M * t h e c o n j u g a t e t r a n s p o s e of M . C o m p u t i n g t h e t r a c e
t r (M* M ) of M * M in two ways, we o b t a i n t h a t

(28) nlAI = t r (M* M) = L >.~ = IAI 2 + L >.~ ~ IAI 2 + >.2(n - 1 ) ,
O~k<n l~k<n

whence Xe ~ I A I ( l - jAI/n) ~ IAI/4, and the r e s u l t follows . •
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P r o o f o f T h e o r e m 14. Let <5 > 0 be given. We invoke T h e o r em 10 with <5/3
a n d o b t a i n positive co n s t a nt s c and I and let n b e a s u ffi cient ly larg e odd
int eger .

Let A ~ G be a n (n , A)-se t sa t isfyi n g (23) . Wi t h o u t loss of g e n e r a l i t y we
ma y assum e t h a t IA I ::; 3n /4 , s in ce , for an y ~ > 0 a n d IAI 2 ~n , Th eor em 14
follow s from t h e r esult of Brown and Buhl er [4].

T h erefore Fact 19 impli es t h a t th e (n , A)-s et s A must s a t i sfy A 2 M / 2 .
Cons equ e n t l y , (23) impli es t h a t I IA I 3 / n 2 2 M / 2 , which gives

(29)

Let p = IAI/n . We hav e j u s t seen t h a t p > 1 / Iii.
Suppose B ~ A is su ch t h a t IBI > <5IAI. We shall show t h a t B c o n t a i n s

a 3 - t e r m a r i t h m e t i c progr ession.

In o r d e r to do so , we consid er t h e g r a p h s r = r ( A ) a n d G = r ( B ) . I.e. ,
G is a t r ip a r t it e g r a p h with th e v e r t ex set X l U X 2 U X 3 co n s is t i n g of t h r ee
disjoint copies of G a n d { x , y} is an ed ge in G[X I U X 2] a n d G [ X 2 U X 3] if
y - x E B and it is an ed ge in G[X I U X 3] if y - x in 2B. Clearl y, G is a
s u b g r a p h of r = r ( A ).

C o r o l l a r y 18 te lls us th a t r = r ( A ) is a (p, A)-jumbled t r ip a r t i t e g r a p h .
T og e t h er with ass u m pt io n ( 23) , t h is impli es t ha t r is a (p , ' P 3 n) -j u mb led
t r i p a rt ite g r a p h . In view of Th eor em 10, thi s impli e s t h a t G ~ r sa ti sfies
on e of t he following prop er ti es:

(*) ei t he r G co nt a i ns m or e th an cp 3 n 3 = c lA I 3 t r ia ng les, or else

(recall t h a t we defined c and I invoking T h e o r em 10 with <5/3) .

Clearly , G is a s p a n n i n g s u b g r a p h of r and the ed ges of G are of th e form
( X l , X l + b) E X l X X 2 , ( X l , X l + 2b) E X l X X 3 , and ( X2 , X 2 + b) E X 2 X X 3 ,

wh er e X l E X l , X2 E X 2 , a n d b « B.

T h e g r a p h G c o n t a i n s s ome tri angles th a t a re triv ial: t r i a n g l e s whose
v e r t ex sets are of th e form { X l , X l + b, X l + 2b} , wh er e X l E X l , X l + b E X 2 ,

a n d X l + 2b E X 3 . Cle arl y, t hese t ri a n g les ar e p airwis e ed ge- d isjoi n t . Sin ce
t h e r e ar e niB I su ch t r i a n gles , we see t h a t T 3 ( G ) 2 nlBI > <5n IAI. In v iew
of a s s e r t i o n (*) abov e , we d educ e t h at G con t a i n s mor e t h a n cp 3 n 3 = clA I 3

t r ia ng les . Now n ot e t h a t , b ec au se of (29) , we h ave clAI 3 » nl A I 2 nlB I,
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t h a t is, t h e t o t a l n u m b e r of t r i a n g l e s in G is larger t h a n t h e n u m b e r of
t r i v i a l t r i a n g l e s in G. T h e r e f o r e G c o n t a i n s a n o n - t r i v i a l t r i a n g l e . Let t h e
v e r t e x set of such a n o n - t r i v i a l t r i a n g l e be {Xl, X2, X3} ( w i t h Xi E Xi for
all i). T h e n , for some b l , bz , and b3 E B with b l i- b3 , we have X2 = X l + b l,
X3 = X l + 2b 2 = X2 + b3. We deduce t h a t b l + b 3 = 2b2, and hence (b l, b 2, b 3)
is a 3 - t e r m a r i t h m e t i c p r o g r e s s i o n in B, as r e q u i r e d . •

4 . 2 . 4 . P r o o f o f L e m m a 1 6 . We follow t h e p r o o f of t h e e x p a n d e r mixing
lemma in , e.g., [18] (see also [2]) . We s t a t e and prove an a u x i l i a r y l e m m a
before t u r n i n g to L e m m a 16.

Let M = ( m X Y ) X E X , y E Y be t h e { O , I } - b i p a r t i t e adjacency m a t r i x of
f l = f l ( A ) , by which we mean t h a t m xy = 1 if X and y a r e a d j a c e n t in f l
and m xy = 0 o t h e r w i s e . Hence m xy = nA (y - x). Let us c o n s i d e r t h e
c h a r a c t e r s Xk as column vectors , w i t h t h e x t h e n t r y equal to Xk(X), Let us
also set

(30) 1 , r < n
Uk = ..;nXk E \l..-

for all 0 :::; k < n. Moreover , let U be t h e n x n m a t r i x whose k t h column
is Uk. In w h a t follows, we use t h e s t a n d a r d n o t a t i o n U* to d e n o t e t h e
c o n j u g a t e t r a n s p o s e of U.

L e m m a 20. L e t M , UO, . . . , U n - I , and U be as above ; T h e n the following
holds:

(i) T h e eigenvalues o f M are the Ak(A) (0 ::; k < n ) , with a s s o c i a t e d
e i g e n v e c t o r s Uk (0 ::; k < n) .

(ii) T h e Uk (0 ::; k < n) form an o r t h o n o r m a l basis o i C", T h u s U*U = In,
where In is the n x n i d e n t i t y m a t r i x .

(iii) We have

(31) M = L AkUkUk'
O~k<n

P r o o f . Let us c o m p u t e t h e p r o d u c t MXk. For any X E G, we have

(32) (MXk)x = L mxyXk(Y) = L n(y - X)xk(Y) = L Xk(X + a)
yEiG yEiG a E A

= Xk(X) L Xk(a) = Xk(X)Ak(A) ,
a E A
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whence (i) follows. For (ii) , we recall t h a t , for any k and £, we have

(33) L Xk(X)X£(x) = { n
x E G 0

if k = £

otherwise .

T h e r e f o r e (i i) follows. F i n a l l y , let us consider ( i i i ) . Since the U k form a
basis of en, it suffices to check t h a t M and the m a t r i x on the r i g h t - h a n d side
of (31) act the same way on the U k . For any fixed 0 ::; £ < n, recalling (ii),
we see t h a t

(34) ( L A k u k u t ; ) u £ = A£u£ue u£ = A£u£ = Mu£.
O:5,k <n

I d e n t i t y (31) follows and (i i i ) is proved. •

We are now ready to prove Lemma 16.

P r o o f o f L e m m a 16. Using p a r t ( i i i ) of Lemma 20, we can write M as
M o + E, where M o = Aououo and E = L::O <k <n Akukuk. Note t h a t , t h e n ,

(35) M o = Aououo = IAlxoXoln = ( J A l / n ) I n ,

where I n is the n x n m a t r i x all whose entries are 1.

To prove (25) , we let X ' ~ X and y ' ~ Y be fixed. I t is clear t h a t

(36) e ( X ' , y ' ) = l l x , M l l Y ' = l l X , M o l l y , + l l x , E l l y, .

In view of (35), we have

(37)

Now let us write l l x ' and l l y ' in the o r t h o n o r m a l basis formed by the U k

(0::; k < n):

(38)

and

(39)

l l x ' = L °kUk
O:5,k<n

l l y ' = L {3k U k ·

O:5,k <n



Triangle Removal L emm a for Pseudorandom Graphs

Again, by t h e o r t h o n o r m a l i t y of the Uk, we have

3 8 3

= I L AkUkJJkl:s L I A kUkJJk I :S A L IUkJJkl ,
l~k<n l~k<n l~k<n

which , by t h e Cauchy -Schwarz inequality, is at most

(41) L IJJkI 2 :s AII1l x'1I21l l l y ' l b = AJiX'lJiY'f.
l~k<n

I n e q u a l i t y (25) follows from (36), (37) , (40) , and (41) . •

5 . P R O O F OF T H E K E Y T E C H N I C A L L E M M A

Section 5.1 is devoted to the proof of p a r t (b) of Lemma 9. The main tool
in the proof of p a r t (a) of Lemma 9 is Lemma 21. We discuss Lemma 21
in Section 5.2 and deduce Lemma 9(a) from Lemma 21 in Section 5 .3. The
proof of Lemma 21 is d eferred to Section 5.4.

5 . 1 . PAIR i m p l i e s DISC

In t h i s section we prove i m p l i c a t i o n (b) of Lemma 9. The proof of t h i s
i m p l i c a t i o n " im it a t es" the well known proof of the dense case, i.e ., of the
i m p l i c a t i o n (b) of Theorem 7.

P r o o f o f L e m m a 9 p a r t (b). Let U and b > 0 be given . Applying
Lemma 12 with v = b/ 4 we o b t a i n J.1 > 0 and we set

(42)

For any given 'TJ > 0, we let,

(43)
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Finally, let n be sufficiently large and p ~ 1/.;n.
Let r = (U U V , E r ) , G = (U U V , E r ) , and sets X ~ U and Y ~

V satisfy assumptions ( i ) - ( i ii) of Lemma 9. Moreover, we suppose r is
(p,'Yp3 /2 n )- j u m b l ed and ( X , Y ) c satisfies PAIR (q , p ,E) for some q E [o:p ,p],
i .e . ,

(44)

and

L I d e g c ( x , Y) - qlYl1 ~ EplX11Y1
x E X

(45) L L I d e g c ( x , x', Y) - q 21Y11 ~ Ep 2 I X I 2 I Y I ·

x E X x ' E X

Let X ' ~ X and Y ' ~ Y. We will show t h a t

(46) I e c ( X ' , Y ' ) - qIX'IIY'11 ~ 8p1XIIYI·

F i r s t we consider the case in which at least one of the sets X ' or Y' is small.
Suppose IX'I < 81XI/2 or IY'I < 8IYI/2. In this case we have

qIX'IIY'1 ~ 8qlXIIYI ~ 8pIXIIYI·

Moreover, we infer from the (p , 'Yp3 /2 n ) - j u m b l e d n e s s of r combined with
lXI , IYI ~ 17 n , and p ~ 1 t h a t

e c ( X ' , Y ' ) ~ e r ( X ' , Y ' ) ~ pIX'IIY'1 + 'Yp 3/2 n y ' I X ' I I Y ' 1

8 'Y ~~
~ 2PlXIIYI + ~pIXIIYI ~ 8plXIIYI ~ qIX'I IY'1 + 8pIXIIYI,

which yields (46) for this case.

Now we assume IX'.! ~ 81XI/2 and jY'1 ~ 8 j Y j / 2 . In this case (44) yields

L I d e g c ( x, Y) - qlYl1 ~ L I d e g c ( x , Y) - qlYl1 ~ EplX11Y1
x E X ' x E X

(42)

~ p,qIX'11Y1

and , therefore,

(47) L d e g c ( y , X ' ) = L d e g c ( x , Y) ~ ( 1 - p,)qIX'IIYI·
y E Y x E X '
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S i m i l a r l y , since X ' ~ X , (45) yields

(42)L L I d e g G ( x , x', Y) - q21YII ~ cp 21XI 21YI ~ /-lq 2 I X ' 1 2
IY I

x E X ' x ' E X '

a n d , t h e r e f o r e ,

385

(48) L degb(Y , X ' ) = L L d e g G ( x , x', Y) ~ (1 + /-l)q 2IX'1 2IYI.

y E Y x E X ' x ' E X '

Owing to (47) a n d (48) , we infer from L e m m a 12 t h a t all b u t a t m o s t vlYI
v e r t i c e s Y E Y s a t i s f y

(49) I degG(Y, X') - qIX'!! ~ vq!X'I·

Since we chose v < &/2, we have

(50) eG(X', Y') ~ (1 - v)IY'I · (1 - v)qIX'1 ~ ( 1 - &)qIX'IIY'1

~ q I X ' I I Y ' I - &pIXIIYI·

On t h e o t h e r h a n d , t h e (p, , p 3 /2 n ) - j u m b l e d n e s s of r y i e l d s by F a c t 13 t h a t
all b u t a t m o s t

(51)

v e r t i c e s Y E Y ' we have

(52)

C o n s e q u e n t l y , owing to (49) , (51) , a n d (52) we have

(53) eG(X', Y') ~ I Y ' I · (1 + v)qIX'1 + v I Y ' I · 2p1X'1 + ~pIYI 'IX'!

~ qIX'IIY'1 + 3vPIXIIYI + ~pIYIIXI

~ qIX'IIY'1 + &p!XIIYI,

w h e r e we used v ~ &/4. F i n a l l y , (46) follows from (50) a n d (53) . •
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5 . 2 . I n h e r i t a n c e o f t h e p a i r c o n d i t i o n in n e i g h b o r h o o d s o f j u m b l e d
g r a p h s

Lemma 21 asserts t h a t t h e pair c o n d i t i o n of a dense g r a p h (i.e ., p = 1) is in
h e r i t e d on n e i g h b o r h o o d s of a (possibly sparse) sufficiently j u m b l e d graph.
More precisely, suppose t h a t B = (Xl U X 2 , EB) is a dense b i p a r t i t e g r a p h
t h a t has p r o p e r t y PAIR (Q , 1, J.t) for some c o n s t a n t Q > 0 and sufficiently
small J.t > O. F u r t h e r m o r e , let I ' = (U U V , E r ) be a b i p a r t i t e (p, 'Yp2 n )
j u m b l e d g r a p h with Xl , X 2 ~ U. Lemma 21 s t a t e s t h a t if'Y and J.t are suffi
ciently small, then for most vertices v E V the pair c o n d i t i o n PAIR (Q, 1, /I)
is i n h e r i t e d on the s u b g r a p h of B induced on the n e i g h b o r h o o d of v in f .

L e m m a 21. For every Qo > 0 and /I > 0 there exists J.t > 0 such t h a t
for every 1] > 0 there exist 'Y > 0 and no such t h a t for every n 2:: no the
following holds.

Suppose

(i) I ' = (U U V , E r ) is a bipartite (p, 'Yp2 n )-jumbled graph with p >
l l y n ,

(ii) Xl, X2 ~ U and Y ~ V with lXII , IX 2 1, IYI 2:: t m , and

( i i i ) B = ( X l U X2 , E B ) is an arbitrary bipartite graph .

Then the following s t a t e m e n t s hold:

(a) i f ( X I , X 2 ) B satisfies PAIR(Q , 1 ,J.t) for some Q with Qo:S Q:S 1, then
for all but at m o s t /l1Y1 vertices y E Y the pair

( N r ( y , X I ) , N r ( y , X 2 ) ) B

satisfies PAIR (Q , 1, /I);

(b) i f ( X I , X 2 ) B s a t i s f i e s D I S C ( Q , l ,J.t) for some Q with Qo:S Q:S 1, then
for all but at m o s t /l1Y1 vertices y E Y the pair

(Nr(Y, X l ) , N r ( y , X2)) B

satisfies DISC (Q, 1, /I).

From the equivalence of DISC and PAIR for dense g r a p h s (see Theo
rem 7), we infer t h a t s t a t e m e n t s (a) and (b) are equivalent, and for the proof
of Lemma 21 it suffices to verify only one of them . We will apply p a r t (b)
of Lemma 21 in the proof of Lemma 9(a) (see Section 5.4 below).
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5 . 3 . DISC i m p l i e s P A I R
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T h e p r o o f of L e m m a 9(a) is b a s e d on p a r t (b) of L e m m a 21 a n d we briefly
o u t l i n e t h e m a i n ideas below.

We will s t u d y an a u x i l i a r y g r a p h w i t h v e r t e x set X a n d edges corre
s p o n d i n g to p a i r s {x, x'} for which I d e g c ( x , x', Y)_q2IYII > ~q21YI for some
c o n s t a n t ~ d e p e n d i n g only on <5. We s p l i t t h o s e edges i n t o two s e t s d e p e n d i n g
on w h e t h e r d e g c ( x , x ' , Y) > (1+~)q2IYI or d e g c ( x , x', Y) < (1-~)q2IYI a n d
call t h e r e s u l t i n g g r a p h s B+ a n d B - . T h e a s s u m p t i o n t h a t L e m m a 9( a) fails
implies t h a t a t l e a s t one of t h e g r a p h s B+ or B - has e(I~I) edges for some e
d e p e n d i n g on a a n d <5 . S u p p o s e e(B+) = e(I~I) ( t h e a r g u m e n t for t h e o t h e r
case is very s i m i l a r ) . A p p l y i n g S z e m e r e d i ' s r e g u l a r i t y l e m m a (or ' a weaker
version e n s u r i n g j u s t one p a i r w i t h t h e d i s c r e p a n c y p r o p e r t y (see F a c t 22
below) to B+ shows t h a t t h e r e exist s u b s e t s X l a n d X2 ~ X such t h a t
( X I , X 2 ) B satisfies D I S C ( e , l , J L ) for some small c o n s t a n t ° < J L « ~ and,
hence , we can a p p l y p a r t (b) of L e m m a 21 to B = B + [ X I, X2] a n d I'. Since
I Nc(Y, X i ) I ~ (a - E ) N r ( y , X i ) for most y E Y a n d i = 1 , 2 , t h e c o n c l u s i o n
of p a r t (b) of L e m m a 21 yields good e s t i m a t e s on es ( N c ( y , X l ) , N c ( y , X 2))
for most y E Y . Based on t h i s a n d t h e r i g h t choice of c o n s t a n t s we will be
able to show t h a t t h e n u m b e r of t r i p l e s (XI,X2,y) E X l X X 2 X Y w i t h
X l E N c ( y , X I), X2 E Nc(Y , X 2), a n d { X I , X 2 } E E ( B ) is b o u n d e d from
above by (1 + ~)q2e(B)IYI. On t h e o t h e r h a n d , t h e d e f i n i t i o n of B+ im
plies t h a t t h e r e are more t h a n (1 + ~)q2e(B)IYI such t r i p l e s , which gives
t h e d e s i r e d c o n t r a d i c t i o n . In t h e p r o o f we will use t h e following fact , which
a s s e r t s t h a t every dense g r a p h c o n t a i n s a p a i r of l i n e a r size t h a t s a t i s f i e s
t h e d i s c r e p a n c y p r o p e r t y .

F a c t 22. S u p p o s e eo > 0, JL > 0, and B = ( X , E B ) is a graph w i t h
IEBI ~ eo('~I) . T h e n there e x i s t d i s j o i n t s u b s e t s X I , X 2 ~ X such t h a t

(a) ( X l , X2) B satisfies DISC to , 1, JL) for some e ~ eo and

1 0 0 / 2
(b) lXII, IX 2 1 ~ ( n for ( = eo It /4.

P r o o f . F a c t 22 follows from [22, T h e o r e m 1.1] a p p l i e d w i t h d = eo a n d
E = 3JL/4. •

P r o o f o f L e m m a 9 p a r t (a). F i r s t we define all c o n s t a n t s r e q u i r e d in t h i s
p r o o f . Let a > ° a n d <5 > ° be given. We set
(54)
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and for the a p p l i c a t i o n of Lemma 21 we define

(55)

and

(56)

5
(}o = 50

a2~(}o
v - -  - 64 .

For this choice of (}o and v Lemma 21 ensures the existence of some con
s t a n t p, > O. W i t h o u t loss of gen e r a l i t y we may assume t h a t

(57)

P r e p a r i n g for an a p p l i c a t i o n of Fact 22 we set

(58)

and for Lemma 9 we define c = c( a , 5) by

(59)

Following the q u a n t i f i c a t i o n of Lemma 9 , we are given some fJ > O. We set

(60) fJL .21 = fJ(·

For this choice of fJL .21 Lemma 21 yields IL .21 > 0 and for Lemma 9 we set

(61) 1 = min { I L.21, f J J f 1 3 , aJ~(}OfJfJL.2I/24}.

F i n a l l y , let n be sufficiently large and suppose p 2: 1/..;n.
After we fixed all c o n s t a n t s involved in the proof of Lemma 9 consider

b i p a r t i t e g r a p h s r = (U U V , E r ) and G = (U U V, E c ) and sets X <;;;; U and
y <;;;; V t h a t satisfy the a s s u m p t i o n s of Lemma 9. In p a r t i c u l a r , ( X , Y ) c
satisfies DISC (q,p,c) for some q 2: op. We want to infer t h a t (X, Y ) c
satisfies PAIR (q,p , 5) , i.e ., we have to verify t h a t (X , Y ) c satisfies (2)
and (3) in Definition 6.
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V e r i f y i n g (2) for ( X , Y)co As we will see, this is a simple consequence of
the given d i s c r e p a n c y p r o p e r t y of (X , Y ) c and the j u m b l e d n e s s of r. F i r s t
we note t h a t all b u t at most 81XI/6 vertices x E X satisfy

Otherwise t h e r e exists a set X ' ~ X with I X ' I ~ 8 / X I / 1 2 such t h a t for all
x E X ' e i t h e r d e g c ( x , Y) > (1 + 8/3)qIY! or degc(x, Y) < ( 1 - 8/3)qIYI. In
e i t h e r case , we would face

which would c o n t r a d i c t the a s s u m p t i o n t h a t (X , Y ) c satisfies DISC (q,p,c).

Fact 13 implies t h a t th e n u m b e r of vertices x E X with d e g r ( x , Y) ~

2plYI is b o u n d e d from above by ')'2 p2 n2/1Y1 . C o n s e q u e n t l y ,

8 8 n 2I : I d e g c ( x , Y) - qlYl1 ~ IXI . 3qlYI + 6 1X I . 2plYI + ')'2 p21Yf . IYI
x E X

~ 8p1XIIYI ,

where the last i n e q u a l i t y follows from q ~ p , t h e choice o f ' ) ' in (61) and
a s s u m p t i o n ( i i i ) of Lemma 9.

V e r i f y i n g (3) for ( X , Y)co For the proof of (3) we proceed by c o n t r a d i c 
tion . We consider the "b a d" pairs (x , x') E X x X for which d e g c ( x , x', Y )
d eviates s u b s t a n t i a l l y from q2\YI . F i r s t we consider the following sets of
bad pairs

B1 = { ( x , x') E X x X : d e g r ( x , Y) > 2 p I Y I } ,

B 2 = { ( x , x') E ( X x X) \ B 1 : d e g r ( x , x' , Y) > 4p2IYI} .

From the (p, ')'p2 n )-j u mb le d n ess of r , the c h o i c e ' ) ' in (61), and assump
tion ( i i i ) of Lemma 9 combined with Fact 13, it follows t h a t

2 2 n 2 8 2 2
IB 1 1 ~ ' ) ' p IYf · IX I ~ 3 P IXI .

For an u p p e r b o u n d on IB 2 1 we consider a vertex x E X with d e g r ( x , Y) ~

2pIY/. Applying Fact 13 to a s u p e r s e t of N r ( x , Y) with 2plYI elements
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implies t h a t t h e r e are at most ,),2pn2/ (2IYI) vertices x ' such t h a t
d e g r ( x , x', Y) > 4p 21YI. Consequently,

Combining those e s t i m a t e s on 18 1 1 a n d 18 21 with t h e a s s u m p t i o n t h a t (3)
fails , we infer

(62) L ! d e g G ( x , x ', Y) - q 2 1 Y II
(x ,X')~Bl UB2

In o t h e r words we have j u s t shown t h a t ignoring t h e c o n t r i b u t i o n of p a i r s
(x , x') E 81 U82 does not affect in an essential way t h e p r o p e r t y drawn from
t h e a s s u m p t i o n t h a t (3) fails .

Moreover, note t h a t t h e t o t a l c o n t r i b u t i o n of pairs (x, x') ~ 8 1 U 8 2 w i t h
!degG(x , x ', Y ) _ q 2 I Y I ! :::; oq 21YI/6 to t h e sum considered in (62) is at most

~q21X121YI ::; ~p2IXI2IYI .

Since, f u r t h e r m o r e , for all (x , x ' ) ~ 8 1 U 82 we have

t h e r e are at least o1X1 2/24 pairs (x, x') E (X x X) \ ( 8 1 U 8 2) such t h a t

(63) 2 0 2 (54) 2
!degG(x , x ', Y) - q IYI! > 6 q IYI = ~q IYI·

Next we consider the g r a p h s B + and B - with v e r t e x set X and edges
c o r r e s p o n d i n g to those pairs defined by

(64)
E ( B + ) = { {x, x'} : (1 + ~)q2IYI < d e g G ( x , x' , Y) :s 4p21YI a n d x =f x'}

and

E ( B - ) = { { x , x /} : degG(x, x', Y) < ( 1 - ~)q2IYI and x i= x ' } .
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Since t h e r e are at least 01X1 2 / 24 o r d e r e d pairs (x, x') for which (63) holds ,
for sufficiently large n we have

Below we assume e(B+) ~ eo(I~I) and remark t h a t the a r g u m e n t for the

case e ( B - ) ~ eo(I~I) follows t h e same lines.

Fact 22, combined with the choice of ( in (58), gives t h a t t h e r e exist
disjoint s u b s e t s Xl , X 2 ~ X such t h a t ( X I , X 2)B+ satisfies DISC (e,1,p,)
for some e ~ eo and lXII, I X21 ~ (IXI ~ (fJn = fJL.2ln (see (60)) .

Hence , it follows from p a r t (b) of Lemma 21 t h a t for all b u t at most
IIIYI vertices Y E Y we have t h a t

Based on (65) we o b t a i n e s t i m a t e s on the number of t r i p l e t s (XI ,x2,Y)
from Xl x X 2 X Y such t h a t { X I , X 2 } is an edge in B+ c o n t a i n e d in the
n e i g h b o r h o o d of y in G. Let

T = { (Xl , X2, y) E X l X X2 X Y :

Xl E Na(Y, X t } , X2 E Na(Y, X 2), and { X l , X2} E E ( B + ) } .

From the definition of B+ in (64) and t h e fact t h a t ( X I , X 2 ) B + satisfies
DISC (e, 1, p,) we infer

On the o t h e r hand ,

ITI = L e B+ ( N a (y , X I) , N a ( y , X 2) ) '
y E Y

Let Y ' = {Y E Y : d e g r ( y , Xd :s 2 p I X i i for i = 1 , 2 } . It follows from (65)
t h a t for all b u t at most IIIYI vertices y E Y ' we have
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::; e I N c ( y , X I ) I I N c ( y , X 2 ) 1 + v I N r ( y , X I ) I I Nr(y,X2)1

::; edegC(y, XI) degC(Y' X2) + 4vp 21X I I I X 21·

Fact 13 gives

Consequently,

ITI::; L (e d e g c ( y , X I ) d e g c ( y , X 2) + 4 v p 2I XIII X21)
y E Y '

2 ( 2 2 n
2

2 2 n
2

)+ vlYl · 4p IX I I I X 21 + , p IXII + , p I X21 · IX I I IX 2 1

and the choices of v in (56) a n d , in (61) , combined with lXII, IX 21 ~ 1JL .2In
and \Y\ ~ 1Jn and o ~ eo, yield

(67) ITI ::; e L degc(y , X l ) degc(Y, X 2) + ~eq2IXIIIX21IYI .
y E Y '

Finally, we appeal to the assumption of Lemma 9(a) s t a t i n g t h a t (X , Y ) c
satisfies DISC ( q , p , E) . As lXII , IX 21 ~ (IXI and q ~ o p we have for i = 1
and 2

I{y E Y : d e g c ( y , X i) > (1 + J E ) q I X i l } 1 ::; E~~i~1 ::; ~IYI

(59) ~a2 e
::; "64 IY I .

Since y'c ::; ~/24 we can further bound the right -hand side of (67) and
obtain

ITI ::; e l Y l · (1 + JE) 2q21XIIIX21 + ~~~elYl' 4p 21X I I I X 21

+ ~eq21XIIIX211Y1

::; (1 + ~) eq2\XIIIX21IYI,

which c o n t r a d i c t s (66) . •
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5 . 4 . P r o o f o f L e m m a 21

3 9 3

R e call t h a t i t s u ffices to pr ove p a r t ( a) of Lemm a 21 and t h e n p ar t ( b)
follows from T h eor em 7.

P r o o f o f L e m m a 21. Let eo a n d v be given. We fix a n a ux ilia ry cons t an t

(68)
v 2

v ' = -
100

and let f.L" > 0 b e g iven by Lemma 12 appli ed with i / ' = v' / 4 . Moreover ,
fix f.L' a n d ~ with 0 < f.L' ::; u" / 2 and 0 < ~ < min {f.L" / 6 , v' /4} so t h a t

(69)
(1 ,)2 " "
1-:~ ~ 1 - ~ and (1 + ~) J1 + f.L' ::; 1 + ~ .

Next le t f.L be sufficientl y s m a ll, so t h a t

(70)

,
(1 + f.L )4(1 + Jj:i) 2 ::; 1 + ~ .

For a ny given 7] > 0 , we le t

( 71)

Let n b e s u ffi cie nt ly lar ge a n d s u p p ose p ~ 1 / yIri.

Suppose t h e b i p a r ti t e gr aph I ' = (U U V , E r ) , t h e set s X I , X 2 ~

U , and Y ~ V , a n d th e bip a r t i t e gr aph B = (X l U X2 , EB) sati sfy
ass u m p t ion s ( i ) - ( i i i) of Lemma 21. Moreover, s u p p ose t h a t ( X I , X 2 ) B

sa t isfies PAIR (e , 1 , f.L) for s ome e ~ eo. We h ave to s h ow t h a t for a ll
b u t vlY! vertice s y E Y t h e p air c o n d i t i o n is inh erit ed in the s u b g r a p h
of B indu ced on t h e nei g h b o r h ood s o f y in I' , i.e. , ( Nr(y , XI) , Nr(y , X 2 ) ) B

sa t isfies P A I R ( ~, 1, v ). -,

In t he first s t ep we ex clu de all ver t ices y E Y for wh ich degr(Y , X I ) or
d eg d Y , X 2) d evia te s s u b s t a n t ia lly from it s "ex pec t a t ion ." For i = 1 and 2
we set
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Since r is (p, " ( p 2 n )- j u m b led a n d lXII, IX 21, IYI ~ rm, Fact 13 yields

2"(2 p 4 n2 2"(2 p 4 n2 4"(2 p21YI
IY*I ::; IYtl + 112*1 ::; e p 2 1 X I \ + e p2\X 21::; ~2"l2

Since p ::; 1, t h e choice o f " ( in (71) yields

(72)

For t h e r e s t of t h e p r o o f we will ignore t h e v e r t i c e s from Y" and t h e y will
be i n c l u d e d in t h e set of v!Y! e x c e p t i o n a l v e r t i c e s .

Next we s t u d y t h e t r i p l e t s ( X l , X2, y) E X l X X 2 X ( Y \ Y*) with {Xl , X2}
being an edge of B a n d { X l , y} a n d {X2, y} being p r e s e n t in r. We set

Y ' = Y \ Y*

a n d define

t l , l = L L degB ( X l , N r ( y , X 2))
y E Y ' X I E N r ( y , X l )

as well as

t l , 2 = L L d e g 1 ( X l , N r ( y , X 2)),
y E Y ' x I E N r ( y , X 1 )

t2,1 = L L d e g 1 ( x 2 , N r ( y , X I ) ) ,
y E Y ' X 2 E N r ( y , X 2 )

a n d

t2 ,2 = L L L d e g 1 (xI,x~,Nr(y,X-2))'
y E Y ' X I E N r ( y , X l ) x~ E N r ( y , X l )

Below we will verify t h e following b o u n d s on t l ,l a n d t2,2

(73)

a n d

(74)

Before we prove (73) a n d (74) we d e d u c e t h e c o n c l u s i o n of L e m m a 21 from
t h o s e e s t i m a t e s .
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Since I Nr(y, X l ) - plXll1 ~ ~plXll for all y E Y ' the number of
s u m m a n d s m considered in i t ,l is bounded by I Y ' I ( l + ~)pIXll . Hence , it
follows from (73) combined with the Cauchy-Schwarz inequality 2::::1 aT 2':

(2::::1 a i)2/ m t h a t

( 1 - ,)2 (69)

(75) t l ,22': 1 :~ e 2p 31X lIIX21 21Y'I 2': ( 1 - tt"/2)e2p 3IXlIIX212IY'I·

Moreover, owing to the i d e n t i t y

t l ,l = L L degB (x2 , N r ( y , X l))
y E Y ' X 2 E N r ( y , X 2)

the same a r g u m e n t gives

(76)

Similarly, since we can rewrite t2,1 as

t2 ,1 = L L L degB (xl , x~ ,Nr(y,X2))
y E Y ' X l E N r ( y , X d x~ E N r ( y , X d

the bound in (74) combined with the Cauchy-Schwarz i n e q u a l i t y yields

(77)
(69)

t2 ,1 ~ (1 + ~hh + tt' Q2p 31Xll21X211Y'I ~ (1 + tt" /2)Q2p 3IXlI2IX21IY'I·

In a very similar way we o b t a i n

(78)

Summarizing (75) - ( 7 8 ) , we showed t h a t (73) a nd (74) yield

"(79) I tl,2 - e2p 31XlIIX2121Y'II ~ ~ e 2p 31 XlIIX21 21Y'I

and

"(80) I t2 ,1 - e2p 31Xll21X211Y'II ~ ~ e2p31Xl121X211Y'I·

In p a r t i c u l a r , (73) gives
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and, similarly, (79) gives

Y. Kohayakawa , V. Rod] , M. Schacht and J . Skokan

Recalling the definition of Y', by Lemma 12 we see t h a t those e s t i m a t e s
yield

(81) !INB(XI , N r ( y , X 2 ) ) 1- QINr(y,X2)11

:::; IIN B ( x I , N r ( y , X 2)) 1- QPl X 211 +~QPIX21

:::; (~ +~) QPIX21:::; v'INr(y,X2)1

for all b u t at most v'(1 + ~)pIXIIIY'1 pairs (y, Xl) E Y X Xl with Xl E

Nr(Y, X l ) ' Let Y** ~ Y ' c o n t a i n those vertices y for which t h e r e are at
least vi Nr(y, X d l / 2 vertices Xl E Nr(y, X d such t h a t (81) fails. Since (81)
fails for at most v'(1 + OpIXIIIY'1 pairs and each y E Y** is c o n t a i n e d in
at least vi Nr(Y, X d 1/2 such pairs we have

(82) IY**I < 2 v ' ( 1 + ~)pIXIIIY'1 (~) ~IYI.
- v(1 - O p l X I I - 3

Recalling t h a t for y ¢:. Y* U Y** a "typical" v e r t e x Xl E N r ( y , X d satis
fies (81) a n d t h a t t h e r e are at most v I N r ( y , X d l / 2 " a t y p i c a l " vertices we
infer

(83) L I I N B ( x I , N r ( y , X 2)) 11- QI N r ( y , X 2)11
X 1 E N r ( y , X l )

which verifies t h e first p a r t of PAIR(Q ,1 , v ) (i .e. , (2)) for ( N r ( y , X I),
Nr(Y, X2)) B for all y E Y \ ( y * U Y**).

Next we deduce t h e second p a r t of PAIR (Q , 1, v) (i.e., (3)) for "most "
vertices y E Y \ (Y" U Y**) from (80) and (74) in a very similar m a n n e r .

In fact, (80), (74), - and ~ :::; p," / 6 imply

t2 ,1 ~ ( 1 - p,")(1 + ~)2Q2p3IXI12IX21IY'1
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and

By t h e definition of Y ' , Lemma 12 yields

(84) IINB(XI,x~,Nr(y,X2)) 1- e 2 I N r( y , X 2 )11

~ IINB(xI,x~ ,Nr(y,X2)) 1- e 2p1X 2 1! +~e2pIX21

~ (~ +~) e
2pIX 21 ~ v'I N r (y , X 2) !

397

for all b u t at most v ' ( l +~)2p2IXI12IY'1 t r i p l e t s (y,xI,X~) E Y X Xl X Xl
with Xl, X~ E N r ( y , X l ) ' Let Y*** ~ Y' c o n t a i n those vertices y for which

t h e r e are at least vi N r ( y , Xl) 12/2 vertices Xl , X~ E N r ( y , Xl) such t h a t (84)
fails . I t follows from t h e definition of y * * * t h a t

(85)

Finally, we note t h a t for all vertices y E Y \ ( y * U Y***) we have

(86) L L IINB(Xl ,X~ ,Ndy,X2)) 1- Q
2 1 Nr( y, X 2 ) 1\

X1ENr-{y , X l ) x~ ENr-{y , X l )

which verifies (3) for ( N d y , Xl), N d Y , X 2)) B for all y E Y \ ( y * U Y***).

I n e q u a l i t i e s (83) and (86) imply t h a t for every y ~ Y* U Y** U Y***
t h e pair ( N r ( y , X I ) , N r ( y , X2)) B satisfies PAIR tu , 1, v) . Moreover, owing
to (72), (82), and (85), we have

IY* U Y** U Y***I ~ vlYI.

T h i s concludes t h e p r o o f of p a r t (a) of Lemma 21. I t r e m a i n s to verify (73)
and (74) . •
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P r o o f o f (73). In o r d e r to verify (73) we have to e s t i m a t e t h e n u m b e r of
t r i p l e t s (Xl , X2, Y) E X l X X 2 X Y' such t h a t {Xl, X2} is an edge of B and Xl
and X2 are n e i g h b o r s of y in r.

We recall t h e a s s u m p t i o n t h a t ( X I , X 2 ) B satisfies PAIR(Q,1,fL) and,
t h e r e f o r e ,

L I d e g B ( x I , X 2) - QIX 2 11 ~ fLIX I I I X 2 1·
x I E X l

C o n s e q u e n t l y ,

(87)

Moreover, owing to Fact 13 all b u t a t most

(88)

vertices Xl E X I s a t i s f y

(89)

F i n a l l y , for every v e r t e x Xl for which (89) holds a n o t h e r a p p l i c a t i o n of
Fact 13 yields t h a t

(90) d e g r (x2 , N r ( X I ' Y ' ) ) ~ ( 1 - f L ) p d e g r ( x I ' Y ' ) ~ ( 1 - fL)2 p21Y'1

for all b u t a t most

vertices X2 E X 2. S u m m a r i z i n g (88) - ( 9 1 ) , we infer t h a t for all b u t a t most
2fLIX I I I X 2 1 pairs of vertices (Xl , X2) E X l X X 2 we have

d e g r ( x I ' X2 , Y ' ) ~ (1 - fL)2 p2IY'I .

C o m b i n i n g this with (87) yields

t1,1 ~ ( e B ( X I, X 2) - 2fLIX IIIX21) . ( 1 - fL)2 p21Y'1

which concludes t h e p r o o f of (73) . •
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P r o o f o f (74) . In order to verify (74) we will find an u p p e r b o u n d on the
n u m b e r of 5-tuples (XI ,x~ ,y , x2 , X~) satisfying y E Y ' , X l , X~ E N r ( y , X l ) ,

X2, X~ E N r ( y , X 2) , with X l , X~ , X2, and x~ s p a n n i n g a cycle of length 4
in B.

F i r s t we a p p e a l to the a s s u m p t i o n t h a t ( X l , X2) B satisfies PA I R (g , 1, JL)
and , hence ,

L L IdegB(xI , X~ ,X2) - {l1X 211 ::; JLIX 1 1
21 X21·

x I E X l X~ EXl

C o n s e q u e n t ly, all b u t at most

(92)

(93)

T h r ee app lications of Fact 13 yie ld the following e s t i m a t e s :

(A) All b u t at mo st

(94)

vertices Xl E X l sa t isfy

(95)

(96)

(98)

( B ) For every Xl E X l satisfying (95) , a ll b u t at most

" '?p4 n2 (95) "(2 p2 n2 (71)

JL 2 p 2 1 N r ( X I , Y ') I ::; JL2( 1 - JL)pIY ' 1 ::; JLp l X I I

vertices X~ E X I satisfy

(0) For every ( x I , xD E X l X X l s a t i s f y i n g (93) , a ll b u t at most

"(2 p4 n 2 ( 9 3) "(2 p 2 n 2 (71)
< < JLp 2 1YI

p 2 p 2 I N B ( Xl ' Xl , X 2) 1 - p 2 ( 1 - ~)e2IX21 -



400

vertices y E Y ' satisfy
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For the proof of the upper bound on t2 ,2 we consider the following "ex cep
tional" 5-tuples (XI,x~,y,x2, X~) E x l x Y ' x X i :

7i = { ( X l , X~, y, X 2, X~ ) : (95) fails for X l and X2, x~ E N r ( y , X 2)} ,

72 = {(XI,x~ ,y,x2,X~) : (95) holds for X l b u t (97) fails for x~,

y E Nr(XI' Y ' ) , and X2, x~ E N r ( y , X 2 ) } ,

73 = {(XI,x~,y,x2,X~) : (95) holds for X l , (97) holds for x~ ,

b u t (93) fails for (XI,X~), y E Nr(XI, X~, Y ' ) ,

and X2, x~ E N r ( y , X 2)} ,

and

14 = { ( X l , X~ , y , X2, X~) : (95) holds for X l , (97) holds for x~ ,

(92) holds for ( X l , x~), b u t (99) fails for y and X2, x~ E Nr(y, X 2)} .

We note t h a t

(100) t2 ,2 S 17i1 + 1721 + 1731 + 1141

+ IX l 1
2
. (1 + JL)2 p2IY'I · (1 + JL)2 p2( 1 + v1i) 2 e 4 1X 2 1

2 ,

where the last t e r m s t a n d s for the 5-tuples (XI,x~,y,x2,X~) for which (93) ,
(95) , (97) , and (99) hold. Since I N r ( y , X 2 ) 1 S (1+~)pIX21 for every y E Y '
the e s t i m a t e s from (92)-(99) imply

(96)
1721 :::; I X I I · p , p I X I I · (1 + p,)pjY'I · (1 + ~)2p2IX212 ,

1731 (~) ~IXI12 . (1 + JL)2 p2IY'I · (1 + 0 2 p21 X21 2 ,
e
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and

Applying these e s t i m a t e s to (100) gives

t2,2 ::; JLp2IXII·IXII · I Y ' I · (1 + ~)2p2IX212

+ I X I I · JLPIXII· (1 + JL)pIY'I · (1 + ~)2p2IX212

+ v1L IX I 1 2 . (1 + JL)2 p2IY'I ' (1 + ~)2p2IX212
f12

+ IX l 1
2 . JLp 2IY'I · (1 + ~)2p2IX212

+ IX 1 1
2
. (1 + JL)2 p 2 I Y ' I ' (1 + JL)2 p2(1 + v1L) 2 f1 41X 2 1

2

::; (1 + JL')f14p4IXI12IX212IY'I,

401

where t h e last i n e q u a l i t y follows from the choice of JL from (70) , which

ensures v1L(1 + JL)2(1 + ~)2 / f12 ::; JL' f14 / 5 and (1 + JL)4 (1 + v1L) 2 ::; 1 + JL' /5 .
This concludes t h e proof of (74) . •

6. C O N C L U D I N G R E M A R K S

In t h i s p a p e r , we prove an e x t e n s i o n of the well known t h e o r e m of Ruzsa and
Szemeredi for s u b g r a p h s of (p, 'Yp3 n )- b ij u mb le d g r a p h s r with sufficiently
small 'Y > 0 (see Theorem 3) . It would be i n t e r e s t i n g to find weaker
a s s u m p t i o n s for the host g r a p h r which allow one to prove the same result.
In p a r t i c u l a r , one can ask if t h e j u m b l e d n e s s c o n d i t i o n in T h e o r e m 3 can be
replaced by (p , ,8) - b i j u m b l e d n e s s for some ,8 > 'Yp3 n . Our a p p r o a c h t a k e n
here is based on an a p p ro p r ia t e t r i a n g l e c o u n t i n g lemma (Lemma 11) , for
the p r o o f of which we needed ,8 = 'Yp3 n . We note t h a t t h e t r i a n g l e c o u n t i n g
lemma fails to be t r u e if,8 = 145 p 2 n . Indeed , Alon [1] has c o n s t r u c t e d (p, ,8)
b i j u m b l e d g r a p h s with n vertices for p = n - I / 3 / 4 and ,8 = 145 p 2 n which
c o n t a i n no t r i a n g l e at all. Using a b l o w u p - t y p e c o n s t r u c t i o n one o b t a i n s
(p, 145p 2 n ) - b i j u m b l e d g r a p h s r p for any p with n - I / 3 < v = 0(1) which are
triangle-free . Since all s u b g r a p h s of r p are t r i a n g l e -free, t h e conclusion of
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Lemma 11 can hold only for (p, ,B ) - b ij u mb led g r a p h s with ,B < 145 p 2 n . We
believe t h a t u n d e r t h e a s s u m p t i o n ,B = o(p2 n) Lemma 11 is t r u e . Such a
result would imply t h a t T h e o r e m 3 holds even if 'Yp3 n is replaced by 'Y p 2 n
a n d t h e c o n d i t i o n on A(A) in Th eor em 4 is replaced by A(A) ~ 'YIAI 2 In.

In t h e p r o o f of th e t r i a n g l e c o u n t i n g lemma , we make use of t h e implica
tion "D I S C implies PAIR " (see p a r t (a) of Lemma 9) , which was e s t a b l i s h e d
und er th e c o n d i t i o n t h a t ,B ~ 'Y p 2n . Note t h a t t h e reverse i m p l i c a t i o n (see
Lemma 9( b)) holds u n d e r a less r e s t r i c t i v e a s s u m p t i o n , nam ely, ,B ~ 'Yp 3/2n.
F i n d i n g the t h r esholds for ,B u n d e r which th ese i m p l i c a t i o n s are valid re
mains an open problem.
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A L M O S T A L L H - F R E E G R A P H S H A V E T H E

E R D O S - H A J N A L P R O P E R T Y

MARTIN LOEBL , B R U C E REED , ALEX S C O T T ,
A N D R E W THOMASON and S T E P H A N THOMA SSE

Erdos a n d H a j n al co njec t ure d t h a t , for eve ry g r a p h H , th er e ex is ts a const a n t
c ( H ) > 0 su ch t h a t eve ry H - f r ee gr aph G ( t h a t is , not c o n t a i n i n g H as an i n d u ced

sub gr aph) must cont ain a clique or a n ind ep end ent set of si ze a t least IGI€(H) .
We prov e th at th er e ex is t s c ( H ) su ch t h a t a l m ost e very H - f r ee gr aph G

has t h is prop e r t y , mean ing t h a t , a m o n gst th e H - fr ee g r a p h s with n verti ces, th e
p r o p o r t i o n h aving th e prop erty t ends to on e as n - + 0 0 .

1. I N T R O D U C T I O N

S z e m e r e d i ts R e g u l a r i t y Lemma is a powerful tool with a p p l i c a t i o n s in many
fields. This pap er dis cusses one of its a p p l i c a t i o n s in e x t r e m a l g r a p h theory.

A class of g r a p h s 'P is said to have the E r d o s - H a j n a l p r o p e r t y if t h e r e
is a positive c o n s t a n t E = E(P) such t h a t every g r a p h G E 'P c o n t a i n s a
homog eneous set of size at least IGI €: , where a homogeneous set is e i t h e r
a clique or an indep endent set. Let Forb (H) be the class of g r a p h s not
c o n t a i n i n g the g r a p h H as an induced s u b g r a p h . Erdos and H a j n a l [7]
conjec t u r ed t h a t Forb (H) h as t h e Erdos - H a j n a l p r o p e r t y .

Given a class of g r a p h s 'P, we write -p» for the members of P having
vertex set {I , . . . , n}. In p a r t i c u l a r , we will focus on 'PH = Forb (H) , which
we will sometimes simply write as P . Our i n t e n t i o n in t h i s note is to prove
the following theorem.

T h e o r e m 1 . For any graph H, there is a sub-class QH C PH which has
the Erdos - H a j n a l prop e r t y , with IQHI /IPHI ~ 1 as n ~ 0 0 .



406 M. Loebl , B. Reed , A . S cott , A . Thomason and S . Tbomesse

T h e E r d o s - H a j n a l c o n j e c t u r e i t s e l f r e m a i n s open e x c e p t in a few cases.
E r d o s a n d H a j n a l t h e m s e l v e s proved t h a t t h e c o n j e c t u r e holds for t h o s e
g r a p h s H o b t a i n a b l e r e c u r s i v e l y from K , by d i s j o i n t union a n d c o m p l e m e n 
t a t i o n . T h e y also proved it for t h e p a t h of l e n g t h t h r e e . Alon, P a c h a n d
Solymosi [3] showed t h a t t h e class of g r a p h s for which t h e c o n j e c t u r e holds is
closed u n d e r r e p l a c e m e n t ; t h i s m e a n s if H , F l , . . . ,Fk s a t i s f y t h e c o n j e c t u r e
a n d V ( H ) = {VI , . . . , V k } , t h e n so does t h e g r a p h H ( F l , . . . , F k ) , o b t a i n e d
from d i s j o i n t copies of F l , . . . ,Fk by j o i n i n g every v e r t e x in F; to every ver
t e x in F j precisely if V i V j E E ( H ) (for i n s t a n c e , if H satisfies t h e c o n j e c t u r e
t h e n so does any g r a p h o b t a i n e d by blowing up t h e v e r t i c e s of H into cliques
or i n d e p e n d e n t s e t s ) . By a very different m e t h o d , C h u d n o v s k y a n d S a f r a [6]
proved t h e c o n j e c t u r e for t h e bull, t h e s e l f - c o m p l e m e n t a r y g r a p h of o r d e r 5
c o m p r i s i n g a t r i a n g l e a n d two p e n d a n t edges .

T h e size of PH for a r b i t r a r y H has received a lot of a t t e n t i o n . L e t t i n g
x( H) d e n o t e t h e c h r o m a t i c n u m b e r of H, we see t h a t any g r a p h G which
can be p a r t i t i o n e d i n t o X(H) - 1 s t a b l e s e t s o b v i o u s l y c o n t a i n s no i n d u c e d
copies of H . C o n s i d e r i n g a fixed p a r t i t i o n of n v e r t i c e s into X(H) - 1 p a r t s
each of which has size w i t h i n , 1 of x ( l l ) - l ' and c o u n t i n g all t h e g r a p h s
where t h e only edges go b e t w e e n p a r t i t i o n e l e m e n t s we see t h a t t h e r e are

a t l e a s t 2(1- X ( l ; ) - l +o(l))(~) g r a p h s in PH' In t h e same vein , if G c a n n o t be
p a r t i t i o n e d into a cliques a n d b s t a b l e sets, t h e n a s i m i l a r a r g u m e n t shows
t h a t IPHI ~ 2(1- a~b + o ( l ) ) G )

P r o m e l a n d S t e g e r [9] showed t h a t t h i s lower b o u n d is not too far from
t h e t r u t h .

D e f i n i t i o n 2. T h e colouring n u m b e r r ( H ) of a g r a p h H is t h e s m a l l e s t
i n t e g e r k ~ 1 such t h a t , for every i n t e g e r 0 ::; £ ::; k, t h e v e r t i c e s of H can
be p a r t i t i o n e d into £ cliques a n d k - £ i n d e p e n d e n t s e t s .

P r o m e l a n d S t e g e r [9] proved :

Let P( a , b) be t h e class of g r a p h s whose v e r t i c e s can be p a r t i t i o n e d into
a cliques a n d b i n d e p e n d e n t sets. A n o t h e r way of w r i t i n g t h e P r o m e l - S t e g e r

t h e o r e m is t h a t , if P = Forb ( H ) t h e n Ipnl = 2(1-1 / t + O ( 1 ) ) G ) , where

t = max { a + b : P( a, b) ~ P for some a , b} .
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The t h e o r e m in this form was e x t e n d e d to all h e r e d i t a r y p r o p e r t i e s P by
Alexeev [1] and by Bollobas and T h o m a s o n [5jl.

For H = 0 4 and H = Os , P r o m e l and Steger [8, 10] proved a much
s h a r p e r result by finding a very w e l l - s t r u c t u r e d class Q with Q c P =
Forb (H) and IQn\/lpnl - - - t 1 as n - - - t 0 0 . Note t h a t our aim in T h e o r e m 1
is to do j u s t this- where the class Q has the Erdos - H a j n a l p r o p e r t y . In the
case H = 04 they showed t h a t Q = P(1 , 1) works. Clearly the class P(1 , 1)
has t h e Erdos - H a j n a l p r o p e r t y , and indeed if G E P(1 , 1 ) t h e n G can be
p a r t i t i o n e d into two homogeneous sets, one of which must have size linear
in IGI . For H = Os they showed t h a t the class Q of generalized split graphs
works. A g r a p h G is a generalized split g r a p h e i t h e r if its vertices can be
p a r t i t i o n e d into two classes U and W with G[U] being a disjoint union of
cliques and G[W] being a single clique, or else the c o m p l e m e n t G of G
has this p r o p e r t y . Here again the class Q has the E r d o s - H a j n a l p r o p e r t y ,
a l t h o u g h since Q is d o m i n a t e d by g r a p h s in which the cliques in G[UJ have
size a r o u n d log IGI , we do not get a p a r t i t i o n of G into two pieces each of
which c o n t a i n s a homogeneous set of size linear in t h e i r order. Nevertheless,
almost every generalized split g r a p h does have a linear size homogenous set
since in a t y p i c a l generalized split g r a p h , b o t h W a n d U will have a b o u t
half the vertices (see [10]).

I t would be of i n t e r e s t to d e t e r m i n e for which g r a p h s H the following
p r o p e r t y holds:

(*) almost every g r a p h in PH has a homogeneous set of linear size.

We will not a t t a c k this problem here. We do however make a few re
marks. F i r s t we note t h a t a g r a p h has no induced p a t h on t h r e e vertices pre
cisely if it is a disjoint union of cliques. So, as discussed above , for H = P3,
we have t h a t for almost every g r a p h G w i t h o u t H as an induced s u b g r a p h ,
the largest homogeneous set in G has size 8 (I V ( G) I I log I V (G) I ). We do
not know of any g r a p h o t h e r t h a n P3 (and possibly P 4 ) which does not sat
isfy (*). These two g r a p h s are e x c e p t i o n a l , in t h a t they satisfy T = 2. We
wonder if (*) holds for all o t h e r graphs. To this end we note t h a t McDi
armid and Reed claim t h a t for almost every g r a p h H, almost every g r a p h in
PH c o n t a i n s a homogeneous set of linear size. F i n a l l y we note t h a t our ap
proach to proving t h a t a g r a p h H satisfies (*) is to show t h a t almost every

1 A class P of g r a p h s t h a t is closed u n d e r i n d u c e d s u b g r a p h s is called h e r e d i t a r y . C l e a r l y
Forb ( H ) is h e r e d i t a r y , as is Forb (H) , t h e class of g r a p h s none of whose i n d u c e d s u b g r a p h s
is in t h e class H. Every h e r e d i t a r y p r o p e r t y P is of t h e form P = Forb (H) for some H
( j u s t t a k e H to b e those g r a p h s not in P) .
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g r a p h in PH has a p a r t i t i o n into T(H) - 1 linear sized pieces, one of which
cont a i ns a homogeneous set which has size linear in its order.

Clearly, if H is a g r a p h for which we can take Q to be the union of t h e
P( a , b) C PH with a + b = t , t h e n Theorem 1 and (*) hold for H . Very
recently, Balogh a n d B u t t e r f i e l d [4] have c h a r a c t e r i z e d the g r a p h s H for
which this is possible : t h e y call such H " c r i t i c a l " . The remarks above show
t h a t C 4 is c r i t i c a l b u t C 5 is not. Curiously it t u r n s out t h a t , for e ~ 6, C e
is not critical if e is even , b u t C e is critical if e is odd .

Given t h a t T h e o r e m 1 is weaker t h a n the Erdos - H a j n a l c o n j e c t u r e and
t h a t it is known in special cases , we aim to give a proof t h a t is s h o r t . In
p a r t i c u l a r , we make no effort to optimize c(H). The r e s u l t s mentioned above
all begin with a p p l i c a t i o n s of Szemeredi's R e g u l a r i t y Lemma , t o g e t h e r with
the Erdos - S t e n e t h e o r e m and Ramsey 's t h e o r e m and p e r h a p s the E r d o s 
Simonovits s t a b i l i t y t h e o r e m . (The exception to t h i s is Alexeev [1]' who
uses only an extension of the Sauer - S h e l a h lemma .) We shall not use t h i s
machinery a p a r t from one of the basic consequences of Szemeredi's Lemma
common to all the cited papers. Our proof also relies on a new o b s e r v a t i o n
a b o u t p a r t i t i o n i n g H into T(H) - 1 sets (Lemma 3). Surprisingly, in order
to prove this o b s e r v a t i o n , we need the fact from [6] t h a t the E r d o s - H a j n a l
conj e c t u r e is t r u e for the bull .

Becaus e it rests on Lemma 3 , our proof of T h e o r e m 1 does not imme
diat ely ex t e n d to all h e r e d i t a r y prop erties P . Alon, Balogh , Bollobas and
Morris [2] have recently described, for any h e r e d i t a r y p r o p e r t y P, a prop
e r t y Q with Q C P and IQnl/lpnl - > 1 as n - > 0 0 . T h e g r a p h s in Q have
a p a r t i t i o n into t sets each of which is "somewhat homogenous" , in a well
defined way. However, it is not evident w h e t h e r t h e Erdos - H a j n a l p r o p e r t y
c a n be derived from this d e s c r i p t i o n .

2. P R O O F OF T H E O R E M 1

The p r o o f combines the following simple lemma with some, by now s t a n d a r d ,
r e g u l a r i t y lemma machinery .

L e m m a 3. L e t t ~ 1. Th en there is a finite set F t o f graphs, such t h a t
Forb(F) has the Erdos - H a j n a l p r o p e r t y for all F E F t , a n d the vertices o f
a n y graph H with T( H) = t + 1 can be p a r t i t i o n e d into t sets each i n d u c i n g
a graph in Ft.
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P r o o f . Let H be any graph with T(H) = t + 1. By the definition of T(H),
the vertices of H can be p a r t i t i o n e d into t + 1 i n d e p e n d e n t sets h , . . . , I H 1
and also into t + 1 sets G 1 , . . . , G t + ! inducing cliques. For any i n d e p e n d e n t
set I of H, IGi n I I ~ 1 holds for all 1 ~ i ~ t + 1, and so III ~ t + 1. In
p a r t i c u l a r this is t r u e for IIjl for all i , and so IHI ~ (t + 1)2 . S y m m e t r i c a l l y
no clique of G has more t h a n t + 1 elements.

I f IHI < (t + 1)2 we may assume t h a t It+! = {VI, .. . , v s } where s ~ t.
T h e n p u t Vj = t, U {Vj} for 1 ~ j ~ s and p u t Vj = t, for s < j ~ t.

I f IHI = (t + 1)2, since T(H) = t + 1 t h e r e is a p a r t i t i o n of the vertices
of H into t i n d e p e n d e n t sets J l ' . . . , J t and a set D ' i n d u c i n g a clique . Since
IJjl ~ t + 1 for all j and IDI ~ t + 1, it follows t h a t all these sets have size
exactly t + 1, so write D = {WI, . . . , w H d . Then p u t Vj = J j U {Wj} for
1 ~ j < t and let vt = J t U { W t , W H l } '

In each case, we o b t a i n a p a r t i t i o n V ( H ) = VI U . . . U vt; let F j be the
s u b g r a p h induced by Vj. For j < t the g r a p h F j consists of a s t a r t o g e t h e r
with isolated vertices. Note t h a t the s t a r K 1 ,s equals K 2 ( K l , K s ) (here we
are using the replacement n o t a t i o n from the i n t r o d u c t i o n ) and K 1 ,s t o g e t h e r
with i isolated vertices equals K 2 ( K 1 ,s , K i ) , so each g r a p h F j , j < t satisfies
the E r d o s - H a j n a l property. Let F t = F t o g e t h e r with i isolated vertices,
where F is connected. Then F is o b t a i n e d from the bull by replacing vertices
with (possibly empty) i n d e p e n d e n t sets, and then F t = K 2 ( F , K i ) . Thus F t
also satisfies the Erdos - H a j n a l property.

Finally, let F t be the set of all graphs t h a t can arise in the procedure
above . •

In the case when IHI = (t + 1)2 we could i n s t e a d have o b t a i n e d F t
by d i s t r i b u t i n g I H 1 amongst h, . . . , It, but this would require the p a t h of
length 4 to satisfy the E r d o s - H a j n a l property, which is c u r r e n t l y unknown.
Note t h a t graphs with T(H) = t + 1 and IHI = (t + 1)2 do exist, at least
if t + 1 is a prime power. Take V ( H ) = IF;+ l ' Each pair of vertices lies in
exactly one line, whose g r a d i e n t is one of 0,1, . . . , t, 0 0 . ,T h e t + 1 parallel
lines of each g r a d i e n t form a p a r t i t i o n of the vertex set . For finite g r a d i e n t s
m ~ t make m of these lines cliques and the o t h e r t + 1 - m lines i n d e p e n d e n t
sets ; for m = 0 0 make all the lines cliques.

We remarked earlier t h a t Szemeredi 's Lemma is f u n d a m e n t a l in the
s t u d y of the number of H-free graphs. In fact by making use of earlier
work we can avoid many of the technicalities involved. Lemma 3.5 in
the pioneering work of Promel and Steger [9] is entirely a d e q u a t e for our
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p u r p o s e s b u t we b o r r o w i n s t e a d [5, T h e o r e m 3.1], which is very s i m i l a r .
It is p h r a s e d in t e r m s of t h e d e n s i t y of b i p a r t i t e g r a p h s , which has t h e
n a t u r a l m e a n i n g , a n d 7]-regularity, which has i t s u s u a l m e a n i n g in r e l a t i o n
to S z e m e r e d i ' s L e m m a : however, it is n o t n e c e s s a r y to know t h i s m e a n i n g
in o r d e r to follow t h e p r o o f of T h e o r e m 1. A coloured partition 1f is a
c o l o u r i n g of t h e edges of t h e c o m p l e t e g r a p h K m w i t h colours red , blue,
g r e e n a n d grey, w h e r e m is t h e order of n , d e n o t e d 11f1. Given a g r a p h
G a n d c o n s t a n t s 0 < '\,7] < 1 we say t h a t a p a r t i t i o n of t h e v e r t i c e s
of G i n t o 11f1 classes VI," " Yin 1 satisfies 1f w i t h r e s p e c t to ,\ a n d 7] if

IVII :S 1V2/ :S . .. :S IYl1(d :S IVII + 1 a n d t h e p a i r (Vi, Vj) is n o t 7]-regular
only if i j is grey, a n d o t h e r w i s e 0 :S d(Vi , Vj) :S '\ , x < d(Vi, Vj) < 1 - ,\ or
1 - x :S d(Vi , Vj) :S 1 a c c o r d i n g as i j is red, g r e e n or blue. Here d(Vi , Vj)
s t a n d s for t h e d e n s i t y of t h e b i p a r t i t e g r a p h b e t w e e n Vi a n d Vj. We say
t h a t G satisfies 1f if t h e r e is a p a r t i t i o n of G s a t i s f y i n g n .

S z e m e r e d i 's R e g u l a r i t y L e m m a [11] a s s e r t s t h a t , given '\, 7] a n d some
i n t e g e r £, t h e r e e x i s t s an i n t e g e r L = L(£, 7]) such t h a t any g r a p h G s a t i s f i e s
some c o l o u r e d p a r t i t i o n 1f w i t h r e s p e c t to ,\ a n d 7] , w h e r e £ :S 11f1 < L a n d
w h e r e 1f h a s at m o s t 7](1;1) g r e y edges . T h e following p r o p o s i t i o n , r o u g h l y
s p e a k i n g , s t a t e s t h a t if t h e p r o p o r t i o n of g r e e n edges in 1f exceeds I - l i t t h e n
G c o n t a i n s every s m a l l m e m b e r of P( a , b) for some (a , b) w i t h a + b = t + 1.

P r o p o s i t i o n 4 ([5, T h e o r e m 3.1]). L e t t , h E N and 0 < '\, v < 1 be
given . Then there e x i s t p o s i t i v e c o n s t a n t s £0, 7]0, and no with the following
property. L e t 1f be a coloured p a r t i t i o n with 11f1 ~ £0, h a v i n g a t m o s t 7]0(1;1)

grey edges and a t least ( l - l / t + v ) e;l) green edges. Then there are integers
a and b with a + b = t + 1 , such t h a t every graph o f order a t least no t h a t
satisfies 1f with respect to ,\ and 7]0 contains every m e m b e r o f P( a , b) with
a t m o s t h vertices as an i n d u c e d subgraph .

W i t h our l e m m a a n d t h e r e g u l a r i t y l e m m a in h a n d , we are in a p o s i t i o n
to finish t h e p r o o f of T h e o r e m 1.

P r o o f o f T h e o r e m 1. Let P = Forb (H) a n d let t = r ( H ) - 1. N o t e
t h a t , as in t h e p r o o f of L e m m a 3, IHI :S (t + 1)2, so we may a s s u m e t ~ 1.
F u r t h e r m o r e , if r ( H ) = 2 t h e n (as t h e E r d o s - H a j n a l p r o p e r t y holds for
K2, K2 U K I , P4 a n d C4) we are done, so we may a s s u m e t ~ 2. By t h e
d e f i n i t i o n of r ( H ) t h e r e e x i s t a, b w i t h a+b = t a n d P(a, b) c P. T h e g r a p h s
of o r d e r n formed by a d d i n g edges b e t w e e n a cliques a n d b i n d e p e n d e n t s e t s

are all in P, a n d hence I pnl ~ 2(1-I /t+o(I))(~).
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Let F t be t h e class given by Lemma 3. For each F in F t let er be such
t h a t for every g r a p h G , e i t h e r G c o n t a i n s F as an induced s u b g r a p h or G
c o n t a i n s a homogenous set of size at least IGI EF. Let e be the m i n i m u m of
t h e CF.

Let Q be t h e class of g r a p h s G E P c o n t a i n i n g a homogeneous set of
size IGI E

/
2
, so Q has the Erdos - H a j n a l property. Let R = P - Q. We shall

show t h a t IRnl/lpnl---t 0 as n - - - t 00; t h a t is , IQnl/lpnl---t 1 as required.

Our a p p r o a c h is s t r a i g h t f o r w a r d . Szemeredi 's R e g u l a r i t y Lemma tells
us t h a t for large enough n, every g r a p h in R n satisfies one of a c e r t a i n class
of coloured p a r t i t i o n s . We count the n u m b e r of elements of R " by summing
the n u m b e r of elements satisfying each p a r t i t i o n . F o r t h w i t h the details .

We set h = jHI and pick A, v to certify c e r t a i n i n e q u a l i t i e s given below.
Choose TJo, eo and no satisfying P r o p o s i t i o n 4 with respect to h, t, A, and u ,
We choose e ~ eo and TJ ::; TJo which satisfy some i n e q u a l i t i e s given below.
We choose L satisfying the Szemeredi R e g u l a r i t y Lemma for this choice of
A, TJ and e. Let G E P" for some n ~ no . T h e n G satisfies some 1f with
r e s p e c t to A, TJ where e ::; 11f1 < L a n d 1f has at most TJ(I;I) grey edges.

We want to b o u n d the n u m b e r of g r a p h s of R n s a t i s f y i n g a p a r t i c u l a r
p a r t i t i o n 1f with respect to a given A and TJ. We a c t u a l l y b o u n d the n u m b e r
of p a r t i t i o n s of g r a p h s in R n which satisfy 1f , which is larger. We do so by
summing over each p a r t i t i o n of V , the number of g r a p h s in R " for which
t h i s p a r t i t i o n satisfies n with r e s p e c t to A, TJ . If Vi, Vj c o r r e s p o n d s to a green
edge or a grey edge t h e n t h e r e are at most 2 1 V; l lVj l ways to join Vi to Vj .
B u t for red and blue edges t h e r e are at most 2 cl V; I I "J 1 where c - - - t 0 as A - - - t O.
F u r t h e r m o r e , t h e r e are at most G) 111f1 edges within t h e p a r t i t i o n classes.
So l e t t i n g n g be the p r o p o r t i o n of green edges of the p a r t i t i o n we see t h a t
the t o t a l n u m b e r of g r a p h s G such t h a t this p a r t i t i o n satisfies 1f is at most

(1)

Since we know t h a t pn has at least 2 ( 1 - f + o ( 1 ) ) G ) elements, an easy com
p u t a t i o n yields t h a t for large n t h e number of g r a p h s s a t i s f y i n g p a r t i t i o n s
with n g < 1 - t - TJ - 2c - ~ is o( Ipnl) .

In c o u n t i n g these graph p a r t i t i o n s satisfying 1f for which n g is larger,
we need to exploit the fact t h a t we are only c o u n t i n g g r a p h s in R " , Since
H ~ P(a , b), P r o p o s i t i o n 4 t h e r e f o r e implies t h a t we need only consider t t

with at most (1 - l i t + v) (1;1) green edges.

The proof of the following two lemmas is p o s t p o n e d to the end of the
proof.
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L e m m a 5. I f 1f co n t a i ns s edge di sj oin t cli q ues o f s ize t all o f whose edges
are g reen t he n t he t ota l n u m b er o f g ra p hs in n n for wh ich a g ive n p ar ti ti on

(n - S +TJ + c+ ...L )( n)
s a t is fies 1f i s at m os t 2 9 1 6 t

2 1" 1 2 1" 1 2 .

L e m m a 6. I f n g excee ds 1 - t2 1 + 2b an d 1 1f1 i s s u flicie n t l y l arg e t he n t h ere

are at l eas t 11f1 2 / 4t 4 e dge di sj oin t cliq ues o f size t in n all o f whose e dges are
g reen .

W it h t hese two lemm as in h and , it is st ra ight forwa r d to pro ve t he
t he o re m. We cho ose ). so t ha t c is less t ha n 1O~Ot6 ' We cho ose 1/ = 1O~Ot6 '
We choose £ su ch th a t £ ~ m ax ( lo, 1000t 6 ) a n d so t h a t Lemm a 6 a p p lies for
11f1 ~ £, a n d we ch o ose 7] ~ min (7]0 , 1O~Ot6)'

Now, we hav e t h a t 7] + C + 1;1 ~ lOgO t 6 ' So, if 1f is a p a r t i t i o n for whi ch

n g < 1 - t2
1
+ 2b t he n t he re a re at most 2 (1- t ~1 +~ )(~ ) gra p hs G in R "

for wh ich a given p ar t i t i on s a t isfies 1f . On th e ot he r h and for a ny p ar ti ti on
1f wit h n g ~ 1 - t2 1 + 2b we kn ow by P r o p osi ti on 4 t h a t n g ~ 1 - t + 1/.

Hen ce , comb in i ng Lemm as 6 a n d 5 , we see t h a t at m os t 2 (1 - +- ~ + 100~t6 ) G)
g ra p hs in n n s a t isfy t t . So , in e it he r case, t he re are at most 2 (1- +- 1O~t6 )(~)
grap hs in n n for which a p ar ti cul ar p ar t it io n s a t isfies 1f . Bu t t he nu m b er
of choices for t t is i n d ep e n d e nt of n , a nd t h e numb e r of p a r ti ti o n s of t he

ve r t e x set is L " which is o( 2 (~)) . So for la r ge n, t he nu m b er of e lements of

n n is 0 ( 2( 1-+ )(~) ) a n d h en ce In nl = o( I pnl) . T h is com p letes t he p ro of o f
t he lemm a a n d t he t heorem . _

I t r em ains o n ly to pr ove t he t wo lemm as.

Th e secon d on e is st ra ight for wa r d. We s im p ly gree d ily rip o u t t he e dges
of a gree n clique of s i ze t in 1f until no su ch cliqu es r em ain. T u r a n 's th eor em
te lls us t h a t wh en we sto p, onl y (1 - t2 1 )(1;1) gree n edge s ca n r em ain .

Bu t by as s u m p t io n 1f h a s at le a st (1 - t2 1 + 2b ) (1; 1) gree n ed ges. So we

mu s t h ave ripp ed o ut at le as t (1 + 0(1)) (1 ;1) /2 t 2 e dges a n d h en ce a t le as t

(1 + 0(1)) (1 ;1) / t 4 cliqu es which is at leas t ( 1; 1) / 4t 4 for lar ge eno ug h 11f1.
W it h t he pr o of o f Le m m a 6 com p lete d , we t urn to t h e pr o of of Lemm a 5 .

P r o o f o f L e m m a 5. For ea ch gree n cliqu e C , we le t m e be t he s u m of
IViIIVjI over every t wo p a r t ition classes Vi a nd Vj in C. We cla im th a t for
eac h of t he s cliques , h a vi n g fixed t he edges wit hin t h e p ar ti ti on classes ,
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n 2

t h e r e are at most 2 m c-16t21rr12 ways to pick t h e edges w i t h i n t h e green edges
of t h e clique. Combining this with our earlier analysis leading to (1) t h e n
yields t h e desired result.

It r e m a i n s to prove t h e claim . By Lemma 3, t h e r e is a p a r t i t i o n V ( H ) =
VI U . . . U vt such t h a t each Vi induces a sub g r a p h Pi t h a t belongs to
Ft . Let G be any g r a p h in nn and let C be a green clique , say with
vertices c o r r e s p o n d i n g to VI, . . " vt. Let p be a prime between n/4tl7f1
and n/3tl7f1 (which can be found provided n is large enough). Because G
c o n t a i n s no large homogeneous set, and each Pi satisfies t h e E r d o s - H a j n a l
p r o p e r t y with c o n s t a n t EF i 2': E, we can pick out p v e r t e x - d i s j o i n t copies

F P ) , .. . ,Fi(p) of Pi in G[Vi] for each i. For 1 :::; T, S :::; p , consider t h e t - t u p l e

(
(r) p , ( r + s ) p ( r + ( t - I ) S ) ) h . di k d I hF I ' 2 , . . . , t , w e r e III lees are t a en mo u 0 p. For eac

t - t u p l e , t h e r e is at least one way to join t h e classes to o b t a i n a copy of H;
on t h e o t h e r h a n d , as p is prime, no pair of t - t u p l e s coincide in more t h a n
one c o o r d i n a t e , and so no edge between classes is s p a n n e d by more t h a n
one t - t u p l e . As t h e r e are p2 t - t u p l e s , it follows t h a t t h e n u m b e r of ways of
filling in t h e edges between V I , " " vt is at most 2 m c - p 2 :::; 2 m c - n 2 /I6t217r12 .

T h e desired r e s u l t follows . •

T h i s c o m p l e t e s the proof of t h e lemma a n d our t h e o r e m .
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R E G U L A R I T Y P A R T I T I O N S A N D T H E T O P O L O G Y

O F G R A P H O N S

LAsZLO LOV A s z and B A L A z s SZEGEDY

D edicated to E n d r e Sze me re di on th e occasion of h is 70th birthday

In this p a p e r we hi ghli ght a t opologi cal as pec t of th e gra p h limit th eory. We
in t r oduc e t h e r epr es en t ati on of a gr a p h o n on a uniqu e m e t r i c s pace a n d we r elat e
t he dim en sion o f t h is m e tr ic s pace t o the size of r egul a ri t y p ar ti ti on s. We pr ove
t h a t if a g ra p ho n h as an ex cl u de d indu ced s u b- big ra p h t he n t he und erl ying m etri c
s pace is co m p act a n d h as finit e pa ckin g dim en si on. I t i mp l ies in p ar ti cul ar t h a t
s uch gra p ho ns h a ve r egul ari t y p ar t i t i on s o f p olyn om i al size.

1. IN T R O D U C T I O N

On e ca n d efine con vergen ce of a growing g r a p h seq ue nce [4 , 3 , 5], a n d
con s t r u c t a limi t obj ect to s u ch a sequ ence [11] in the form of a symm e t r i c
me a s u r a b l e function W : J x J - - t [0 ,1], wher e J is a ny p r o b a b i l i t y sp a ce
(one may assum e h er e t h at J = [0 , 1] with th e Leb esgu e me asure , b u t thi s
is not always conveni ent) . We ca ll t h e pair (J, W ) a g r a p h o n .

T h e goa l of this p ap er is t o s h ow t h a t one can in t r o d u c e al so a topolo gy
o n J (in fact , a m etri c) , a n d t h a t topologic al prop e r t i es of tqis spa ce
a re r el a t e d to co mb i n a t oria l prop e r t i e s of the gr aph on (or -o f the gr a p hs
wh ose limit it r epr esent s ). A r ela t ed metric was i n t r odu ced in [121 , a n d th e
to po logy on J was u sed in [ l'a] .

T h e t he ory o f gr aph limit s is' t ied t o th e R egul ari t y Lemma of Szem er edi
[14 , 15] in severa l ways. In [12] it was s h own t h a t t he R e g u l a r i t y Lemm a
is eq uiva lent t o t he com p a c t ness o f t he s pa ce o f g rap ho ns in a n a p p ro p ria te
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metric , and also to a "dimensionality" of p a r t i c u l a r graphons. This p a p e r
relates to the l a t t e r result.

The metric in question is simply t h e £1 metric on functions W(x , .) ,
x E J. This metric itself can be weird (it may not even be defined on
all p o i n t s of J) . We show in Section 3 t h a t every g r a p h o n is "e q u iva le nt "
(technically : weakly isomorphic , see the end of Section 2) to a g r a p h o n
(J , W) with special p r o p e r t i e s : J is a complete s e p a r a b l e metric space, and
the p r o b a b i l i t y measure on J has full s u p p o r t . We call such graphons pure.
We also prove t h a t t h e pure version of a g r a p h o n is uniquely d e t e r m i n e d
up to changing the function W on a O-set in each row . We define a n o t h e r
metric in which J is c o m p a c t , and c h a r a c t e r i z e t h e cases when the two define
the same topology . We prove t h a t several i m p o r t a n t functions defined on
J are continuous in t h i s topology , which shows t h a t it is indeed the "r igh t"
topology to define on J.

In Section 4 we show t h a t topological p r o p e r t i e s of pure g r a p h o n s are
r e l a t e d to t h e i r g r a p h - t h e o r e t i c p r o p e r t i e s . Our main result s t a t e s t h a t i f
we exclude any bipartite graph from the graphon, then J must be compact
and finite dimensional.

In [12] it was shown t h a t weak r e g u l a r i t y p a r t i t i o n s of a g r a p h o n (J , W)
(which generalize weak r e g u l a r i t y p a r t i t i o n s of g r a p h s in a n a t u r a l way)
c o r r e s p o n d to covering J with sets of small d i a m e t e r . In Section 5 we give
a s t r o n g e r and cleaner version of t h i s result. Combined with the r e s u l t s in
Section 4 , we o b t a i n the following fact : I f a g r a p h does not c o n t a i n a fixed
b i p a r t i t e g r a p h F as an induced s u b - b i g r a p h , t h e n it has polynomial size
s t r o n g r e g u l a r i t y p a r t i t i o n s (in t h e error bound c).

A m o t i v a t i o n for our p a p e r comes from e x t r e m a l c o m b i n a t o r i c s . In [13]
we s t u d y t h e s t r u c t u r e of g r a p h o n s t h a t arise as unique solutions of ex
t r e m a l problems involving the densities of finitely many s u b g r a p h s (we call
such g r a p h o n s finitely forcible). Such g r a p h o n s come up n a t u r a l l y in ex
t r e m a l g r a p h theory. Quite i n t e r e s t i n g l y , all the examples of finitely forcible
g r a p h o n s p r o d u c e d in [13] have a c o m p a c t and finite dimensional u n d e r l y i n g
metric space. The question arises w h e t h e r every e x t r e m a l problem (involv
ing a finite number of s u b g r a p h densities) has a s o l u t i o n of this type .

F i n a l l y we mention t h a t g r a p h limit theory has a close connection to the
t h e o r y of d y n a m i c a l systems . P r o b a b i l i t y , spaces with measure preserving
a c t i o n s can often be endowed by a n a t u r a l topology in which the action
is continuous. T h e c o r r e s p o n d i n g t h e o r y is called topological dynamics .
Informally speaking , we can say t h a t the r e l a t i o n s h i p between g r a p h o n s
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and topological g r a p h o n s is similar to the r e l a t i o n s h i p between dynamics
and topological dynamics .

2 . P R E L I M I N A R I E S

We make a technical b u t useful d i s t i n c t i o n b etween b i p a r t i t e g r a p h s and
b i g r a p h s . A bipart ite graph is a g r a p h (V , E) whose node set has a p a r t i t i o n
into two classes such t h a t all edges connect nodes in different classes. A bi
graph is a t r i p l e (U1, U2 , E) where U 1 and U2 are finite sets and E ~ U 1 X U2.
So a b i p a r t i t e g r a p h becomes a b i g r a p h if we fix a b i p a r t i t i o n and specify
which b i p a r t i t i o n class is first and second . On the o t h e r hand, if F = (V, E)
is a g r a p h , t h e n (V, V, E') is an a s s o c i a t e d bigraph, where E' = {(x, y) :
x y E E} . This b i g r a p h is o b t a i n e d from F by a s t a n d a r d c o n s t r u c t i o n of
doubling t h e nodes .

I f G = (V, E) is a graph, t h e n an induced sub-bigraph of G is d e t e r m i n e d
by two s u b s e t s S , T ~ V , and its edge set consists of those pairs (x, y) E
S x T for which x y E E (so this is an induced s u b g r a p h of t h e b i g r a p h
a s s o c i a t e d with G).

Let J, = (n i , A i, '7ri) (i = 1 , 2 ) be ( s t a n d a r d ) p r o b a b i l i t y spaces . A mea
s u r a b l e function W : J 1 x h ---+ [0, 1] is called a bigraphon . A graphon is
a special b i g r a p h o n where J1 = J2 = J and W is s y m m e t r i c : W ( x , y) =
W ( y , x ) for all x , y E J.

For a fixed p r o b a b i l i t y space J, g r a p h o n s can be considered as elements
of the space Loo(J x J). The norm t h a t it most i m p o r t a n t in t h e i r is s t u d y
is, however, not the L oo norm , b u t the cut-norm , d efined by

II Wllo = sup J W( x, y) dx dy .
S ,Tr:;;,J

' S x T

We will also use t h e L1 norm

IIWll1 = J I W ( x ,y)1 dxdy .
J x J

A g r a p h o n ( J , W) is called a stepjunction, if t h e r e is a p a r t i t i o n of J into
a finite n u m b e r of m e a s u r a b l e sets Sl , . . . , Sn so t h a t W is c o n s t a n t on every
S; x S j ' The p a r t i t i o n classes will be called the steps of the s t e p f u n c t i o n .
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Every g r a p h F = (V, E) can be c o n s i d e r e d as a g r a p h o n , if we c o n s i d e r
V as a finite p r o b a b i l i t y space with t h e uniform m e a s u r e , and E, as t h e
i n d i c a t o r f u n c t i o n of a d j a c e n c y . We can resolve t h e a t o m s into i n t e r v a l s of
l e n g t h 1 /1V1, to get a g r a p h o n ([0 ,1], Wp) (which is a s t e p f u n c t i o n ) . More
explicitly, we s p l i t [0,1] in IVI equal i n t e r v a l s L i , and define W p ( x , y) =
E( i, j) for i x E L , and y E L j . T h i s g r a p h o n is weakly isomorphic to (V, E)
(see below).

In a s i m i l a r way, every b i g r a p h can be c o n s i d e r e d as a finite b i g r a p h o n ,
and defines a b i g r a p h o n ([0,1], [0 , 1], W p ) .

R e m a r k 2 . 1 . We could consider a f u r t h e r version of t h i s n o t i o n , when
JI = J2 b u t W is not necessarily s y m m e t r i c . Such a s t r u c t u r e arises as the
limit o b j e c t of a c o n v e r g e n t sequence of d i r e c t e d g r a p h s with no p a r a l l e l
edg es , and t h e r e f o r e can be called a digraph on. We do not need t h e m in
t h i s p a p e r .

Every b i g r a p h o n (JI , h , W) can be c o n s i d e r e d as a l i n e a r kernel o p e r a t o r
L I ( J I ) - + L o o ( h ) , defined by

f f - ' J W(. , y ) f ( y ) dy .

J

Of course, t h i s o p e r a t o r r e m a i n s well-defined if we increase t h e s u b s c r i p t in
LI in t h e d o m a i n and lower the s u b s c r i p t in L oo in t h e range. In t h e case of
a g r a p h o n (J, W) , it is useful to consider it as an o p e r a t o r L2(J) - + L2(J) ,
since it is t h e n a H i l b e r t - S c h m i d t o p e r a t o r , and a rich t h e o r y is a p p l i c a b l e .
In p a r t i c u l a r , we know t h a t it has a d i s c r e t e s p e c t r u m .

If (JI, Jz, U) and (J2 ' h , W) are two b i g r a p h o n s , we can define t h e i r
operator product (JI , J 3, U 0 W) by

(U 0 W ) ( x , y) = J U(x, z ) W ( z , y) dz.

h

(We will w r i t e dz i n s t e a d of d1r2(Z) , where 1r2 is t h e m e a s u r e on J2: i n t e g r a t 
ing over h means t h a t we i n t e g r a t e w i t h r e s p e c t to t h e p r o b a b i l i t y m e a s u r e
of h . )

T h e n o t i o n of t h e d e n s i t y of a g r a p h in a g r a p h o n has been i n t r o d u c e d
in [7]. Here we need several versions , which u n f o r t u n a t e l y leads to some



R e g u l a r i t y Partitions and the Topology o f Graphons 4 1 9

messy n o t a t i o n . For a g r a p h o n (J, W) a n d g r a p h F = (V , E ) , we a s s o c i a t e
a v a r i a b l e Xv E J with every node v E V , and define

t(F, W; x) = I I W ( x u , x v) ,
UVEE(F)

t(F, W) = J t ( F , W; x) dx .

JV

We can t h i n k of t( F, W) as " c o u n t i n g s u b g r a p h s isomorphic to F " . We also
need t h e i n d u c e d version :

tind(F, W ; x ) = I I W(xu , x v)
u V E E ( F )

I I
u, v E V

u v ' f - E ( F )

(1 - W (xu, xv) )

tind(F, W) = J tind(F, W; x) dx .

JV

For any s u b s e t 5 ~ V, we define t s ( F , W ; . ) : JS ---+ IR by i n t e g r a t i n g only
over variables c o r r e s p o n d i n g to V \ 5 : I f x' and x" d e n o t e t h e r e s t r i c t i o n s
of x E JV to 5 and V \ 5 , r e s p e c t i v e l y , t h e n

t s ( F , W ; x') = J t ( F , W; x ) dx".

JV \S

Note t h a t to(F , W) = t ( F , W) and t v ( F , W ; . ) = t(F, W; .) .

These q u a n t i t i e s have obvious analogues for b i g r a p h s a n d b i g r a p h o n s .
For a b i g r a p h o n o ; h , W) and b i p a r t i t e g r a p h (U 1 , U2 , E) , we i n t r o d u c e
variables Xu E J l (u E U 1 ) and Yv E h (v E U2), and define

Again , we define an induced version:

tfnd(F, W ; x , y ) = I I W(Xi ,Yj) I I ( 1 - W(X i , Y j ) )
i j E E ( F ) i E U l , j E U 2

i j ' f - E ( F )
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Assume t h a t s u b s e t s S, ~ U, are specified. We define t h e function

by

t~1 ,S2(F, W ; x' , y') = J J tb(F , W; x, y) dy" dx",

J U l \ 5 1 J U 2 \ 5 2
1 2

where, similarly as above, x' and x" denote t h e r e s t r i c t i o n s of x E J f l
to 81 and U 1 \ 8 1 , respectively, a n d similarly for y . We can define
tfnd jSl ,S2 (F, W) (x', y') analogously.

Two g r a p h o n s (J, W) and (J ', W ' ) are weakly isomorphic if for every
g r a p h F, t(F, W) = t(F, W ' ) . Various c h a r a c t e r i z a t i o n s of weak isomor
phism were given in [2]. Every g r a p h o n is weakly isomorphic to a g r a p h o n
on [0 ,1] (with t h e Lebesgue m e a s u r e ) , and also to a (possibly different)
g r a p h o n which is twin-free in t h e sense t h a t W ( x ,.) and W ( x ' , .) differ on
a set of positive measure for all x i=- x'.

3. T H E T O P O L O G Y OF G R A P H O N S

3 . 1 . T h e n e i g h b o r h o o d d i s t a n c e

Let (J, W) be a g r a p h o n . We can endow t h e space J with a d i s t a n c e
function by

r w ( x , y ) = I I W ( x , . ) - W(y,·)111·

This function is defined for a l m o s t all pairs x , y; we can delete those p o i n t s
from J where W ( x , . ) rf. L 1 ( W ) (a set of measure 0), to have rw defined on
all pairs. I t is clear t h a t r w is a pseudo m e t r i c (it is s y m m e t r i c and satisfies
t h e t r i a n g l e i n e q u a l i t y ) . We call r w t h e neighborhood distance on W .

We also define m e t r i c s on b i g r a p h o n s , endowing t h e spaces J 1 and h
with d i s t a n c e functions by

r 1 ( x , y ) = II W ( x , . ) - W ( y , ·)111

r2 (x , y) = II W ( ., x) - W (., y) 111 ( x , y E h ) .

T h e s e functions are defined for a l m o s t all pairs x, y.
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E x a m p l e 1. L et Sk d en ot e t he uni t s p he re in ~k+1, co ns i de r t h e u n i f o r m
pr ob abili t y m e a s u r e o n it , a n d let W ( x , y ) = 1 if x · y ~ 0 a n d W ( x , y ) = 0
ot he r w ise . T h en (Sk, W) is a g ra p h o n , in w hic h t he n ei gh b o r h o o d di s t an ce
o f t wo p o i n t s a, b E Sk is j u s t t he ir s p he r ica l d i s t a nce ( no r m a l i zed b y
di v i d i n g by 1f ) .

E x a m p l e 2. L e t (M , d) b e a m e t r i c s p a ce, a n d le t 1f b e a B or el p r o b a b i l i t y
m e a s u r e o n M . As s u m e t h a t t he di am et er o f M is a t m o s t 1. T h en d ca n
b e v iewed as a g ra p ho n o n (M , d ). For x, y E M , we h a v e

rd( x , y ) = J Id ( x , z ) - d(y , z)1 d1f( z) :S J d(x , y )d1f( z ) = d( x ,y) ,

M M

s o t h e i d e n t i t y m a p (M, d) - - - t ( M , rd) is c o n t r a c t i v e . T h i s i m p l i e s t h a t if
(M , d) is c o m p a c t , a n d / or finit e d i m e n s i o n al ( i n m any se nses of d i m e n s i o n ) ,
t h en s o is ( M, r d) ' F or m o s t "e ve ry d ay" m e t r i c s paces lik e (like seg me n ts,
s p he res, or ball s ) r d (x, y ) ca n b e b o u n d ed from be low b y n ( d( x, y )) , in
w h ich case ( M, d) a n d ( M , rd) a re h o m e o m o r p h i c .

Mor e ge ne r a lly, if F : [0 ,1] - - - t [0 ,1] is a co nt in u o us fun c t i o n , t he n
W(x, y) = F ( d ( x ,y ) ) d efin es a g ra p h o n , a n d t he id en ti t y m ap ( M , d) - - - t

(M , r w ) is co nt i n uo us .

E x a m p l e 3. F i n i t el y for cibl e gr a p h o ns , m en ti on ed in t he in t r o d u c ti on ,
g ive in t er es t i n g ex a m p les, for who s e d et ail s we r efer t o [13] . On e cl as s
i s s te p f u c t io ns (e q u iva le nt to fini t e weig h t e d g ra p hs) , w h ich wer e pro v ed to
b e finit el y forcibl e b y Lovasz a n d Sos [10J ; for t hese, t he u n d erl y i n g m e t r i c
s pace is finit e. O t h er e xa m p les i n t r o d u ced in [1 3J pro vid e as u n d erl yin g
t opol ogi e s a n in t er v al , t he C an t or se t, a n d t he o ne - po i n t co m p ac t i fica t io n
o f N.

3 . 2 . P u r e [ b i J g r a p h o n s

A bigr a p h o n (J I , Jz , W ) is pur e if (Ji ' ri ) is a co m p lete se p a ra b le m e t ric
s p a c e a n d t h e p r o b abili t y m e a s u r e h as full s u p po r t ( i .e. , e ve ry op en se t h as
po s i t i v e m e a s u r e ). T h i s d efini ti on i n c l u d es t ha t r i ( x , y ) is d efin ed for a ll
x, y E J, a n d r i ( x , y) > 0 if x =1= y , i. e. , t he bi gr a p h on h as n o "t w in p oin t s ".
W e say t h a t a g ra p ho n is pur e, if t he u n d erl yin g m e t r ic p rob abil i t y s pace is
c o m p lete, se p a ra b le a nd t he p r o b abili t y m e asu r e h as full s u p po r t .
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T h e o r e m 3 . 1 . E v e r y {biJgraphon is w e a k l y i s o m o r p h i c to a p u r e {biJ
graphon.

R e m a r k 3 . 2 . It was shown in [2] t h a t every g r a p h o n is weakly isomorphic
to a g r a p h o n on a s t a n d a r d p r o b a b i l i t y space with no p a r a l l e l p o i n t s , which
means t h a t for any two p o i n t s x , x' E J, W (x, .) and W (x', .) differ on a set
of positive measure. T h e o r e m 3.1 can be considered as a s t r e n g t h e n i n g of
this result.

P r o o f . We give t h e p r o o f for b i g r a p h o n s ; t h e case of g r a p h o n s is similar. We
assume t h a t J l and h are s t a n d a r d p r o b a b i l i t y spaces; t h i s can be achieved
s i m i l a r l y as for g r a p h o n s . Let T l be the set of functions f E L d h ] such
t h a t for every L l - n e i g h b o r h o o d U of i. t h e set { x E Jl : W ( x , . ) E U} has
positive measure.

C l a i m 3 . 3 . For a l m o s t e v e r y p o i n t x E -li, W ( x , . ) E Ti ,

Indeed, it is clear t h a t for a l m o s t all x E h , W ( x , . ) E L d h ] . Every
function 9 E L d h ] \ T l has an open n e i g h b o r h o o d U g in L d h ] such t h a t
7rl{X E Jl : W ( x , . ) E U g } = O. L e t I / = U9~Tl U g . Since L l [ h ] is
s e p a r a b l e , U equals t h e union of some c o u n t a b l e s u b f a m i l y {U gi : i E N}
and t h u s 7rl { x E Jl : W(x ,.) E U} = O. Since if W ( x , . ) fj. T l t h e n
W ( x , . ) E U , this proves t h e Claim .

Clearly Tl i n h e r i t s a m e t r i c from L d h ] , and it is complete and s e p a r a b l e
in t h i s metric. The functions W ( x , . ) are everywhere dense in T l ( W ) and
have m e a s u r e 1. It also i n h e r i t s a p r o b a b i l i t y m e a s u r e 7r~ from J l t h r o u g h

7r~(X) = 7rI{ X E J, : W ( x , . ) E X } .

So Tl is a c o m p l e t e s e p a r a b l e m e t r i c space with a p r o b a b i l i t y measure on
its Borel sets . I t also follows from t h e definition of Tl t h a t every open set
has positive measure .

Define W : T l x h - . [0,1] by W ( f , y) = f ( y ) for f E T l and y E h .

T h e n we can replace Jl by T l and W by W, to get a weakly isomorphic
g r a p h o n . Similarly , we can replace h by T 2 · •

We say t h a t two g r a p h o n s (J, W) and (J ' , W') are i s o m e t r i c if t h e r e
is an i s o m e t r i c b i j e c t i o n 1> : J - . J' t h a t is m e a s u r e preserving, and
W '(1)(x) ,1>(Y)) = W(x ,y) for a l m o s t all x , y E J. T h e definition for
b i g r a p h o n s is slightly more c o m p l i c a t e d : two b i g r a p h o n s ( J l , h , W) and
(JL J~ , W ' ) are i s o m e t r i c if t h e r e are isometric , measure p r e s e r v i n g bijec
tions 1>1 : Jl - . J{ a n d 1>2 : h - . J~ such t h a t W ' ( 1>l(X), 1>2(Y)) = W(x , y)
for a l m o s t all (x, y) E J l X h .
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T h e o r e m 3 . 4 . I f two pur e {biJ gr aph on s a re weakl y is om orph ic , th en t h e y
a re is om etri c .

P r o o f . We d es crib e t he p roo f for g ra p ho ns. T heorem 2 . 1 (a) in [2] says
t h a t if two g rap ho ns ( J , W ) a n d ( J ' , W ' ) a re weak ly isomo r p h ic , a n d t hey
h a ve n o t w ins, t h en one ca n d elet e O- s et s 8 ~ J and 8 ' ~ J' s uc h t h a t
t he re is a bij e cti ve m e a s u r e pr es er vin g m ap ¢ : J \ 8 --. J' \ 8 ' s uc h t h a t
W ' ( ¢(x) , ¢ ( y ) ) = W(x ,y) for a lmos t a ll (x,y) E J x J. We m a y even
ass u me t h a t for every x E J \ 8 , W ' ( ¢(x) , ¢ (y ) ) = W(x, y) h old s for a l most
a ll y (a n d vi ce ve rsa), s i nce t h is ca n b e ac h ieved by d ele tin g f u r t h er O- s et s.
C lea rly ¢ pr es er ves t he m e tri c.

We a ls o know t h a t J \ 8 is d en s e in J (si nce ( J, W) is p u r e a n d so it s
prob abili t y m ea sur e h a s full s u p p o rt ), a n d s o J is t he com p let io n of J \ 8
( and s im i l a rl y for J'). Hen ce ¢ ex te n d s to a n is om e t r y b e tw een J a n d J ' ,
which s h ows t h a t (J , W ) a n d (J' , W') a re isom e t r ic g ra p ho ns . •

R e m a r k 3 . 5 . I s p u r it y t he ul tim a t e norm aliz a ti on of a g ra p ho n? T h er e is
st ill so me fre edom left: we ca n cha nge t he va l ue of W o n a sy m met ric s u bset
of J x J t h a t in t er s ec t s eve r y fiber J x { v} in a set o f m e a s u r e O. We ca n
t a ke t h e int egr al of W (which is a m e a s u r e w o n J ) , and t he n t he d eri va ti ve
o f w whe reve r t his ex ists . T h i s way we get bac k W a l most every whe re , a n d
a well d efined va l ue for so me fur t h er p oi nt s. W h a t is left u nd efine d is t he
set of "ess e n t ia l d iscont in u ity " o f W (of m e as ur e 0) . I t wou ld b e in t er es t i n g
to re l a t e t h is set to comb i n a t o ria l pr op er ti es of W .

3 . 3 . D e n s i t y f u n c t i o n s o n p u r e [ b i ] g r a p h o n s

T h e following t e chni cal L e m m a will b e ver y u seful in t he st u dy of rw a n d
r ela t ed di st an ce fun ct ion s.

L e m m a 3 . 6 . (a) L e t (J , W ) b e a grap h on , F, a grap h , an d 8 ~ V , a n
ind ep end ent s et o f n od es. Th en the fun c tion t = ts ( F, W ;.) : J S --. lR
sat is fies

jt ( x ) - t (x' )j < IEI~asxrw (xi , xD .

(b) L e t ( J 1' h , W ) be a bigraph on , le t F = (U 1 , U2, E ) b e a bigr aph ,
an d l e t S; ~ U, b e s uch th a t n o e dge con nects 8 1 to 8 2 . T he n t he fun c ti on
t = t~l,S2 ( F, W , .) : J f l x J i, 2 --. lR sat is fies

I t(x , y) - t(x ' , y') I ~ lEI m a x {I!la x r 1 ( Xi , x D , !!lax r2(Yj , yj) } .
t E S l J E S 2
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R e m a r k 3 . 7 . (i) It follows t h a t the functions t in (a) and (b) are Lipschitz
(and hence continuous).

(ii) In b o t h p a r t s (a) and (b) of the Lemma, t h e g r a p h F could have
multiple edges.

P r o o f . We describe the proof of (a) ; the proof of (b) is similar. For each
i E U \ S, let Xi = x~ be a variable and y = (Xi : i E U \ S). Let
E = {U1V1 , ' " u m v m}, where we may assume t h a t Vi E U \ S. Then

t ( x ) - t ( x ' ) = J I T W ( x u i , x v J d y - J ITW(X~i,X~i)dY
j U \ S t = 1 j U \ S t = 1

= f J n W ( X U i , X v J ( W ( x U j , X V j ) - W(x~j'x~)) nW(X~i ,x~J,dY
3 = 1 j U \ S t <3 s >»

and hence

I t ( x ) - t(x')1 ::; f J I W ( x u j , X Vj) - W(x~j,X~j) I dy.
3 = 1 j U \ S

By the a s s u m p t i o n t h a t Vi E U \ S, we have XVj = X~j for every i , and so

m

I t ( x ) - t ( x ' ) 1 ::; Lrw(xuj'x~)::; IEI~a:rw(xi,xD,
j = 1

which proves the assertion. •

Lemma 3.6 has an i m p o r t a n t corollaries for pure g r a p h o n s , which are
closely r e l a t e d to Lemma 2.8 in [13] . We do not f o r m u l a t e all versions, j u s t
a few t h a t we need.

C o r o l l a r y 3 . 8 . L e t (J, W ) be a p u r e graphon, a n d let F be a graph a n d l e t
S ~ V , where S is i n d e p e n d e n t . T h e n t s ( F , W ; x ) is a c o n t i n u o u s f u n c t i o n
o f X E JS .

Applying this when F is a p a t h of length 2, we get :

C o r o l l a r y 3 . 9 . For e v e r y p u r e graph on (J, W), W o W is a c o n t i n u o u s
f u n c t i o n on J .
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A n o t h er appli c a ti on of Coroll ar y 3.8 gives :

4 2 5

C o r o l l a r y 3 . 1 0 . L e t ( J , W ) be a p u r e gr aphon , a n d l e t F I , . . . , F m be
g rap hs wh os e n o d e set co n t a ins a com m on set S , which is ind e p e n d en t in
each . L et T ~ S , a n d l e t a I , . . . , a m be r eal n u m b ers . L e t x E J T , a n d
ass ume t ha t t he e q uat i on

( 1)
m

L a i t S ( F i , W j X , y ) = 0
i = l

hold s for a l m o s t all y E J S \ T . T h e n it hold s for all y E J S \ T .

P r o o f . By Corollar y 3.8 , t h e left h a n d side of (1) is a co nt i n uo us function
of (x , y) , and so it r em ain s a cont in u ou s function of y if we fix x . Hence the
se t wh er e it is not 0 is an ope n s u b s e t of J S \ T. Since th e g r a p h o n is pur e ,
it follows t h a t t h is set is e it he r em pt y of has p ositi ve me asur e. •

We formul at e on e s im ila r coroll ar y for bigr aph on s .

C o r o l l a r y 3 . 1 1 . L e t ( J I , J 2 , W ) b e a pu re bigraphon , a n d l et F I , . . . , F m
be bigr aph s w i t h t he sa me bip ar ti t ion class es U I a n d U2 . L e t a l, . . . , a m be
real n u m b ers . A s s u m e t h a t t he e q uat i on

(2)
m

Lait~l (Fi ' W j x) = 0
i = l

h old s for almo s t all x E Jf l. Th en it hold s for all x E Jf l.

3 . 4 . T h e s i m i l a r i t y d i s t a n c e

I t t u r n s out (it was alr e ad y not ed in [12]) t h a t t he di s t a n c e function r w ow
d efined b y t h e op e r a t o r sq u a re o f W is al so closely r elat ed to combin a t o r i a l
pr o p e r t i e s of a gr aph on. We ca ll this t h e si mi lari ty di s t a n ce (for r eason s
t h at will b e come cle a r lat er ). In ex p licit t erm s , we h ave

( 3) r w o w ( a , b ) = JJ W ( a, y ) W ( y , x) d y - J W ( b, y) W ( y, x) d y d x

J J J
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= JJ W ( x , y ) ( W ( y ,a) - W(y ,b)) dy dx.

J J

E x a m p l e 4. In E x a m p l e 1, we have seen t h a t the n e i g h b o r h o o d d i s t a n c e is
j u s t the spherical d i s t a n c e . It is not h a r d to see t h a t 1 - 2(W 0 W)(x, y) is
j u s t the spherical d i s t a n c e of x and y, and from here, the s i m i l a r i t y d i s t a n c e
is within c o n s t a n t factors of the n e i g h b o r h o o d d i s t a n c e .

R e m a r k 3 . 1 2 . Let X , Y , Z be i n d e p e n d e n t uniform r a n d o m points from J ,
then we can rewrite the definitions of these d i s t a n c e s as

(4) r w ( a , b) = E x I W ( X , a ) - W ( X , b ) l ,

(5) rwow(a, b) = E X ! E y ( W ( X , Y J ( W ( Y , a ) - W ( Y , b ) ) ) I .

This formulation shows t h a t t h i s d i s t a n c e can be c o m p u t e d with a r b i t r a r y
precision from a b o u n d e d size sample. We do not go into the d e t a i l s of this.

L e m m a 3 . 1 3 . I f (J, W ) is a pure graph on , then the s i m i l a r i t y distance
rwsw is a metric.

So (J, rwow) is a metric space , and hence Hausdorff. We will show l a t e r
t h a t it is always compact.

P r o o f . The only n o n t r i v i a l p a r t of this lemma is t h a t rwow(x, y) = 0
implies t h a t x = y. The c o n d i t i o n rwow(x, y) = 0 implies t h a t for almost
all U E J we have (W 0 W)(x, u) = (W 0 W)(y, u), or more explicitly

J ( W ( x , z) - W(y, z)) W(z, u) dz = O.

J

Using t h a t (J, W) is pure, Corollary 3.11 implies t h a t this holds for every
u E J. in p a r t i c u l a r , it holds for u = x and u = y. Taking the difference,
we get t h a t

J ( W ( x ,z) - W ( y , z ) ) ( W ( z , x ) - W ( z , y ) ) dz = 0,

J

and hence W(x, z) = W(y, z) almost everywhere. Using again t h a t (J, W)
is pure , we get t h a t x = y . •
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For every x E J , t h e f u n c t i o n W( x , .) is in Loo(J), a n d hence t h e weak
t o p o l o g y of L 1 (J) gives a t o p o l o g y on J . I t is well known t h a t when
r e s t r i c t e d to Loo(J) , t h i s t o p o l o g y is t h e weak-« t o p o l o g y on Loo(J), and
hence it is m e t r i z a b l e , and the u n i t ball of Loo(J) is c o m p a c t in it ( A l a o g l u ' s
T h e o r e m ) . A sequence of p o i n t s (x n ) is convergent in t h i s t o p o l o g y if a n d
only if

L W ( x n , y) dy - + L W ( x , y) dy

for every m e a s u r a b l e set A ~ J . We call t h i s t h e weak topology on J . We
need t h i s name only t e m p o r a r i l y , since we are going to show t h a t rwow
gives a m e t r i z a t i o n of t h e weak t o p o l o g y.

T h e o r e m 3 . 1 4 . For any pure graphon, the m e t r i c rwow defines e x a c t l y
the weak t o p o l o g y .

P r o o f . F i r s t we show t h a t t h e weak t o p o l o g y is finer t h a n t h e t o p o l o g y of
( J , rw ow ). S u p p o s e t h a t X n - + x in t h e weak t o p o l o g y , and c o n s i d e r

r w o w ( x n, x) = j j ( W ( x n , y ) - W ( x , y ) ) W ( y , Z ) d Y dz .

J J

Here t h e inner i n t e g r a l t e n d s to 0 for every z , by t h e weak convergence
X n - + x. Since it also r e m a i n s b o u n d e d , it follows t h a t t h e o u t e r i n t e g r a l
t e n d s to O. T h i s implies t h a t X n - + x in ( J , r w o w ) .

From here , t h e e q u a l i t y of t h e two topologies follows by g e n e r a l a r g u 
m e n t s : t h e weak t o p o l o g y is c o m p a c t , and t h e c o a r s e r top ology of rwsw is
H a u s d o r f f , which implies t h a t t h e y are t h e same . _

C o r o l l a r y 3 . 1 5 . For every pure graph on ( J , W), the space ( J , rw ow) is
compact.

To c o m p a r e t h e t o p o l o g y of (J, rw) with these, n o t e t h a t for any two
p o i n t s x, y E J, we have

(6) r w o w ( x , y) ::; r w ( x , y) ,

which implies t h a t the t o p o l o g y of ( J , rw) is finer t h a n t h e t o p o l o g y of
( J , r w o w ) .
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3 . 5 . C o m p a c t G r a p h o n s

L . L o v e s z and B. S z e g e d y

G r a p h o n s for which t h e finer space (J, r w ) is also c o m p a c t seem to have a
special i m p o r t a n c e in c o m b i n a t o r i c s . Let us call such a g r a p h o n a c o m p a c t
g r a p h o n .

P r o p o s i t i o n 3 . 1 6 . A pure graph on (J , W ) is compact i f a n d only i f (J, r w )
a n d ( J , r w o w ) define the same topologies.

P r o o f . I f t h e topologies ( J , r w ) and ( J , r w o w ) are t h e same , t h e n ( J , r w )
is c o m p a c t by C o r o l l a r y 3.15. Conversely, if (J, r w ) is c o m p a c t t h e n , by t h e
a r g u m e n t used before in t h e p r o o f of T h e o r e m 3.14, t h e coarser H a u s d o r f f
topology of (J, r w o w ) must be t h e same. _

E x a m p l e 5. Let J = [0 , 1 ] ' f ( y ) = l l o g ( l / y ) J , a n d define

{

X f (Y ) ' if x > 1 / 2 and y ~ 1 / 2 ,

W ( x , y) = Y f ( x ) , if x ~ 1 / 2 and Y > 1 / 2 ,

0, o t h e r w i s e ,

where x = 0 .XIX2 . . . and Y = O.YIY2 . . . are t h e b i n a r y e x p a n s i o n s of x and
Y, r e s p e c t i v e l y . T h e n selecting one p o i n t from each i n t e r v a l [2- k + 1 , 2 - ( k ) ] ,

we get an infinite n u m b e r of p o i n t s in ([0,1], r2) m u t u a l l y at d i s t a n c e 1 / 4 ,
so ( J , r w ) is not c o m p a c t , b u t by C o r o l l a r y 3 .15, ( J , r w o w ) is c o m p a c t . So
t h e two topologies are different .

We conclude this section with an o b s e r v a t i o n r e l a t i n g t h e topology of J
to s p e c t r a l theory.

L e m m a 3 . 1 7 . L e t (J , W ) be a pure graphon. Then every eigenfunction
f E L2(J) of W as a kernel operator belonging to a nonz ero eigenvalue is
continuous in the m e t r i c r w - w ( a n d therefore also in r w ) .

P r o o f . I t suffices to prove t h a t f is c o n t i n u o u s in ( J , r w ) , since we can
apply t h e a r g u m e n t to the g r a p h o n (J, W o W ) , which also has f as an
eigenvector.

F i r s t , we have

I f(x)1 = ,~,Il W ( x , y ) f ( y ) dyl ~ 1~lllflll ~ 1~lllflb,
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a n d so f is b o u n d ed . We kn ow by C o r o l l a r y 3.9 t h a t W o W is c o n t i n u o u s
in (J , r w ) , a n d h en ce so is

f = ;2 ! (W o W )( x , y ) f ( y ) d y . •

J

4. T H I N G R A P H O N S

4 . 1 . T h e m a i n t h e o r e m

We s ay t h a t a b i g r a p h o n W is th in if t h e r e is a b i g r a p h F su ch t h a t
t rnd(F, W) = O. Trivi all y , if W is t h i n , t h en so is it s co m p le m en t a r y
bi gr a p h o n 1 - W.

We ca ll a gr a p h o n t h i n if it is t h i n as a bi gr a p h o n . (Not e : for t h i s , i t
is not e n o u g h t o r equir e tind(F , W) = 0 for s om e bip a r t i t e g r a p h F. F or
ex ampl e , co ns ide r t he gra p ho n U : [ 0, l J 2 - t [O, l J d efined b y U ( x , y ) =
U (y , x) = 1/2 if x E [0, 1/2J a n d y E (1/2 ,1 ]' a n d U(x , y ) = 1 o t h e r w i s e . A s
a b igra p h o n , t h is is no t t h in, bu t sa ti sfies tind( F , W ) = 0 for eve ry bi gr a p h
w i t h a t le a s t 3 n od es in o ne o f t he clas ses .

T h e (u pper) packing di m en sion of a m e t r i c s p a ce (M , d ) is d efined as

. log N (€ )
hm sup 1 ( / ) '
£ - + 0 og 1 e

wh er e N( €) is t h e m a x i m u m numb er of p o i n t s in M m u t u a l l y a t d i s t a n c e a t
le a s t E , So t h i s dim ensi on is finite if and onl y if t h er e is a d 2:: 0 such t h a t
eve ry set of p o i n t s m u t u ally a t di s t a n c e at least E: h a s a t mo st € - d e l e m e n t s .
I t is eas y to see t h a t we co u ld us e i n s t e a d of N (E:) t h e m i n i m u m n u m b e r of
sets of d i a m e t e r at mo st € cove r in g t h e space .

Our m ain goal is to prove:

T h e o r e m 4 . 1 . I f a pur e bigraphon ( J 1 , h , W) is t h i n , t he n (a) W ( x , y ) E
{O , I} alm os t e very w he re, (b) J 1 , h are com p act, an d (c) J 1 , h have finit e
p ackin g dim en sion.

R e m a r k 4 . 2 . T h e p r o o f will s ho w t h a t if tind( F , W) = 0 for a b i g r a p h F
wit h k n od es , t he n t he p a ckin g d i me ns io n of J i is b o u n d ed b y 2k .



4 3 0 1. L ov es z and B. S z e g e d y

Befo r e giv i ng t h e p roo f, we descr i be a class of e x a m p les , an d t he n reca ll
so me fa c t s a bo ut t he Vap nik - C er von enki s d i me nsion .

E x a m p l e 6. Le t V be a finite or c o u n t a b le set , 1r , a pro ba b il ity m e a s u r e o n
V , and de fine J I = [O , I ] v , h = [0, 1] x V , wit h t h e power meas ure J-li on
J I and t h e p rod u ct m e a s u r e J-l2 on h . We define a b igra p hon on J I x h by

W ( x , y) = I t ::; xi

for x = ( X i : i E S) and y = (t, i) . We ca n m e t ri ze t h is b igra p ho n by

r l ( X , X ') = L 1r (i ) lx i - x~ 1
i E V

for x = ( X i : i E S) , X' = (x~ : i E S) E J I , a n d

I { It - t 'l
r2(Y , Y ) =

t + t ' - 2tt '

if i = 1' ,

ot he rw ise.

for y = (t , i) , y ' = (t ' , i') E h .
I f V is finit e , t hen (JI , rr) h as dim en s io n lVI , wh i le ( h , r2) h as d i

mens ion 1, an d b o t h a re com p a c t . T h e s e facts a lso follow if we o bserve
t h a t W is t h in . I nd ee d , if F d e n o t e s t h e m a t c h ing w it h IVI + 1 edges ,
t h e n t fnd(F, W) = 0 , s ince amo ng any IVI + 1 p oin t s in Jz , t he re are
two po ints of t he for m y = (t, i) a n d y ' = (t ' , i) wit h t < t ' , a n d t he n
W ( . , ( t , i ) ) ~ W ( . , ( t ' , i ) ) .

I f V is infini t e , t he n ( J I , r i ) is infinit e di m en s ion al b ut com p a c t , whi le
( h , r 2 ) is n ot com p a c t .

E x a m p l e 7. Let J I = J 2 = [0,1]' a n d let W ( x , y) = x f ( y ) , wh er e X =
0. XI X2 . . . is t h e bin ary ex pa ns io n of x, and f(y) = flo g (l / y ) l . T h en for
- a d I - a I I h ( ') - " , " , 0 0 2 - k l I IX - .XI X 2 · · · a n x - ,x I x2 .. . we a ve r l x, x - L...-k =l Xk - x k ,

a n d fr om h er e is easy to see t h a t ([0 ,1], n) is com p a c t . Fur t h ermor e , if
S ~ [0, 1] is a set of p oin t s mu t u all y m o r e t ha n 2- n a pa r t , t he n a ny t wo
e leme nts of S mu s t differ in o ne of t he ir fir s t n di gi t s , a n d so t he i r numb er
is a t m os t 2 n . H en ce t he p a ckin g dim en sion o f ( [0, 1], r i) is 1.

O n t he ot her h a n d , se lecti ng a p oin t Yk E [2- k , 2 - (k- I )], we get an

infini t e numb er of p oin t s in ([ 0 , 1], r2) mu t u all y a t di s t an ce 1 / 2 , so t h is
space is n o t com p a c t and infini t e dim en sion al.
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4 . 2 . V a p n i k - C e r v o n e n k i s d i m e n s i o n

4 3 1

For any set V and family of s u b s e t s H ~ 2 v , a set S ~ V is called .sncrzered,
if for every X ~ S t h e r e is a Y E H such t h a t X = Y n S. T h e Vapnik
Cervon enkis d i m e n s i o n or V C - d i m e n s i o n d i m y c ( H ) of a family of sets is
t h e s u p r e m u m of c a r d i n a l i t i e s of s h a t t e r e d sets [16] . For us, S will be always
finite.

Let V be a p r o b a b i l i t y space and H, a family of m e a s u r a b l e s u b s e t s of V .
A finite s u b f a m i l y H' is qualitatively independ ent if all t h e 21'H'1 a t o m s of t h e
set a l g e b r a t h e y g e n e r a t e have p o s i t i v e m e a s u r e . T h e dual essent ial Vapnik
Cervon enk is dimen sion , or briefly D E - d i m e n s i o n , of H is a s u p r e m u m of all
c a r d i n a l i t i e s of q u a l i t a t i v e l y i n d e p e n d e n t s u b f a m i l i e s of H .

We recall two basic facts a b o u t VC-dimension:

L e m m a 4 . 3 ( S a u e r - S h e l a h L e m m a ) . I f a family H o f s u b s e t s o f an m 

e l e m e n t set has VO-dimension k , then

IHI ~ 1 + m + ... + (7).
For a family H of sets, we d e n o t e by T(H) t h e m i n i m u m c a r d i n a l i t y

of a set m e e t i n g every m e m b e r of H . T h e following basic fact a b o u t VC
d i m e n s i o n was proved by Koml6s , P a c h and Woeginger [9], b a s e d on t h e
r e s u l t s of Vapnik and Cervonenkis [16] (we do not s t a t e it in its s h a r p e s t
form) :

T h e o r e m 4 . 4 . L e t J be a p r o b a b i l i t y s p a c e and, H a family o f m e a s u r a b l e
s u b s e t s o f J such t h a t every A E H has measure a t least c . S u p p o s e t h a t
H has finite VO-dimension k. Th en

1 1
T(H) ~ 8 k - I o g - .

c c

We need a couple of f u r t h e r facts. For a family H of sets , let H ( 6 ) H =
{ A 6 B : A , B E H } .

L e m m a 4 . 5 . For every family o f sets, d i m y c ( H ( 6 ) H ) ~ 10 d i m y c ( H ) .

P r o o f . Set k = d i m y c ( H ) . L e t S be a s u b s e t of V = UH w i t h m e l e m e n t s
t h a t is s h a t t e r e d by H ( 6 ) H ) . T h e n every X ~ S arises as X = ( A 6 B ) n S ,
where A , B E H. Since ( A 6 B ) n S = (A n S ) 6 ( B n S), t h e n u m b e r of
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different sets of the form A n 8 is a t least 2 m / 2 . By the Sauer - S h e l a h
Lemma , this implies t h a t

2 m / 2 < 1 + m + ... + (m)- k '

whence m ~ 10k follows by s t a n d a r d c a l c u l a t i o n . •

L e m m a 4 . 6 . L et H be a family of measurable sets in a p r o b a b i l i t y space
with YO-dimension k such t h a t 7 l ' ( A 6 B ) 2:: E for all A , B E H . Then
IHI ~ (80k)k E - 2k.

P r o o f . Consider the family H' = H ( 6 ) H . Every A E H' has 7l'(A) 2:: liE ,
and d i m v c ( H ' ) ~ 10k by Lemma 4 .5. Hence by T h e o r e m 4 .4, we have

1 1
T(H') ~ 8 0 k - I n - .

E E

Let 8 S;;; UH be a set of size T(H') meeting every s y m m e t r i c difference
A 6 B (A, B E H). T h e n t h e sets 8 n A, A E H are all different . By t h e
Sauer - S h e l a h Lemma, this implies t h a t

IHI ~ 1 + 181 + ... + ('~I) < 181 k ~ (80k~ In ~) k < (80k)k E - 2 k •

4 . 3 . V C - d i m e n s i o n a n d g r a p h o n s

L e m m a 4 . 7 . Let ( h , h , W ) be a pure 0-1 valued bigraphon. Then W is
thin i f and only i f the D E - d i m e n s i o n of the family R w = { s u p p (W ( x , .) ) :

x E T 1 } is finite .

P r o o f . Suppose t h a t this dimension is infinite . We claim t h a t tfnd ( F , W)
> 0 for every b i p a r t i t e g r a p h F = (U, U', E). Let 8 S;;; J 1 be a set such t h a t
the subfamily { s u p p ( W ( x , .)) : x E T 1 } is q u a l i t a t i v e l y i n d e p e n d e n t . To
each i E U, assign a value X i E 8 bijectively. By Corollary 3.11, the set of
p o i n t s y E h such t h a t supp ( W ( . , y)) n 8 = { X i : i E N ( j ) } has positive
measure for each j E U'. Hence t~d(F, W) > O.

Conversely, suppose t h a t k = d i m ( R w ) is finite. Let F d e n o t e the
b i p a r t i t e g r a p h with k + 1 nodes in one class U and 2 k + l nodes in the o t h e r
class U', in which the nodes in U' have all different n e i g h b o r h o o d s . T h e n
tfnd(F, W) = O. •
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R e m a r k 4 . 8 . T h e p r o o f above in fact gives t h e following q u a n t i t a t i v e r e s u l t :
tfnd(F, W) = 0 for some b i g r a p h F w i t h k nodes in its s m a l l e r b i p a r t i t i o n
class if a n d only if d i m D E ( R w ) < k .

P r o o f o f T h e o r e m 4 . 1 .

(a) S u p p o s e t h a t t h e b i g r a p h F = (U 1 , U2 , E) satisfies tfnd(F, W) = O.

T h e n for a l m o s t all x E J f l , we have t t l ,ind(F, W ; x) = O. By Corol

lary 3.11, it follows t h a t t t l ,ind (F, W; x) = 0 for every x. In p a r t i c u l a r ,

t t l , i n d ( F , W; Xo, · · · , xo) = 0 for all Xo E J 1. B u t for t h i s s u b s t i t u t i o n ,

t b (F W · ) - ! I I W( .)dF(j ) (1 W( .)) IUll-dF(j)Ul, ind , ,Xo, . .. , x o - Xo, YJ - Xo, YJ ,
V2 j E h

J 2

a n d so for every Xo we m u s t have W(xo, YO) E {O, I} for a l m o s t all Yo .

(b) By T h e o r e m 3.16 it suffices to prove t h a t if W ( x n , .) , n = 1 , 2 , . . .
weakly converges to l , i .e .,

lim" . ! W( x n, y) dy -> ! f ( y ) dy
n - t o o

S S

for every m e a s u r a b l e set S ~ J2 , t h e n it is also c o n v e r g e n t in L 1 .

C l a i m 4 . 9 . The weak l i m i t function f is almost. everywhere 0-1 valued.

S u p p o s e not, t h e n t h e r e is an E > 0 a n d a set Y ~ h w i t h p o s i t i v e
m e a s u r e such t h a t E ::; f ( x ) ::; l - E for x E Y . Let Sn = s u p p ( W ( x n , .) ) nY.
We select, for every k ~ 1, k indices n l , . . . nk so t h a t t h e B o o l e a n a l g e b r a
g e n e r a t e d by Snl ' . . . Snk has 2 k a t o m s of p o s i t i v e m e a s u r e . I f we have t h i s
for some k, t h e n for every a t o m A of t h e B o o l e a n a l g e b r a

>.(A n Sn) = ! W( x, Yn) dx - - - - t ! f ( x ) dx

A A

a n d so if n is large e n o u g h t h e n

~>'(A) ::; >.(A n Sn) ::; (1 - ~) >.(A) .

( n - > o o ) ,

I f n is large e n o u g h , t h e n t h i s holds for all a t o m s A, a n d so Sn c u t s every
p r e v i o u s a t o m i n t o two s e t s w i t h p o s i t i v e m e a s u r e , a n d we can choose
n k + l = n.
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Bu t t h is m ean s t h a t t he D E-dim en sion o f t he s u p po r t s of t he W (x , . ) is
infin ite , cont ra d ict i ng Le m m a 4 . 7 . T h i s pr oves C la im 4.9 .

So we kn ow t h a t f ( x) E {O , I} fo r a l m ost a ll x , an d h en ce

Ilf- W (., Yn ) ll l = J ( l - W ( x , Y n ) ) d x + J W(x,Yn)dx~ O.
{ / = 1 } { / = O }

T h us W(. , Yn) - - t f in L 1 , w hic h we wa n te d to p rove .

(c) Le t F = (U 1 , U2 , E) be a bi g r a p h s uc h t h a t t fnd( F , W ) = 0 , a n d le t
U, = [k i l o We s how t h a t t he p a ckin g dim en sion of J l is a t m os t 2k 2 . To t h is
en d , we s how t h a t if a ny two e leme n ts of a finit e set Z ~ J l a re a t a di st an c e
at le a s t c, t h en IZI ::; c ( k 2 )C 2k2 . Let H = { s u p p ( W (x , . ) ) : x E Z } , t h en

( 7)

for a ny t wo di s tin ct sets X , Y E H .

Le t A b e t he uni on of a ll a t o ms o f t he set a lgeb ra ge ne r a t e d by H
t h a t h a ve m e a s u r e O. C lea rly A itse lf h as m e a s u r e 0 , a n d h en ce t he famil y
H' = { X \ A : X E H } st ill h as prop er t y ( 7) .

We cla i m t h a t H' h as VC-d ime nsio n less t han k 2 . Ind eed , s u p pose t h a t
h \ A co n t a i ns a s h a t t e red set 8 wit h 181 = k 2 . T o eac h j E U 2 , assig n
a p o i n t qj E 8 b i j e c t ive ly. T o eac h i E U 1 , assign a poi nt Pi E Z suc h
t h a t qj E s u p p ( W ( p i ' .)) if a nd o n ly if i j E E . T h i s is p ossibl e s i nce 8 is
s h a t t e re d . Now fixin g t h e Pi , for eac h j t here is a s u bset of h of p osi ti ve
m e a s u r e w hose p oin t s are co n t a ine d in e x a c t ly t he sa me m emb er s of H ' as qj ,
s ince qj ~ A . Thi s me a n s t h a t t he fun ct ion t = t~l ,ind ( F , W ; .) : V / 1

- - t IR
satisfies t(p) > O. C o roll a r y 3 . 11 impli es t h a t t ( x ) > 0 for a p osi tiv e fr a c t ion
o f t he cho ices of x E Ji 1

, a n d h en ce t f nd (F , W ) > 0 , a cont ra d ict io n .

Appl ying Lemm a 4. 6 we con cl u de t h a t IZI = IHI ::; ( 80k 2)k 2 C 2 k2.

4 . 4 . H e r e d i t a r y p r o p e r t i e s a n d t h i n b i g r a p h o n s

A g ra p h prop er t y P is a class o f finit e g ra p hs clos ed und er i s o m o r p h i sm.
T h e pr op er t y is ca lled h eredi t ary , if whe never G E P , t he n eve ry i n d u ced
s ubg rap h is a lso in P.

Le t P be any gra p h pro pe rty. We d en o t e by P it s closure , i .e . , t he
class of g r a p ho ns ( J, W) t h a t a r ise as lim it s of g r a p h seq ue nces in P. For
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every g ra p ho n W , let I ( W ) d en o t e t he set of t hose gra p hs F for whi ch
t in d ( F , W ) > O. C lea rly , I ( W ) is a h er edi t a r y gra p h pr op er t y.

Le t P b e a h er e di t ar y pro p e r t y of gra p hs . T he n

(8)

Ind eed , if F tf. P , t hen t ind( F , G ) = 0 for every G E P , s i nce P is h er edi t ar y.
T h i s impli es t h a t t ind ( F , W ) = 0 for a ll W E P , a n d so F tf. I ( W ).

Equ ali t y do es n ot a lways h old in (8) . For exa m p le, we ca n a lways a d d
a bi gr aph G a n d a ll it s indu ced s u bg r a p hs t o P with ou t cha ng in g P . As a
less t r iv ia l exa m p le, consi de r a ll bi gr a p h s with d egr ees b ound ed by 10. Thi s
pr op er t y is h er edi t ar y, a n d P consis ts of a s i ngle bi gr aph on (th e identic all y
o fun cti on).
P r o p o s i t i o n 4 . 1 0 . For a h er e d i t a r y prop er ty P of gr ap hs eq ualit y hold s
in (8) i f a n d only i f for e very gr ap h G E P a n d v E V ( G ) , i f we a d d a n ew
n od e v ' a n d con nec t i t to a ll n eighbor s of v, t he n a t l east on e of th e t wo
grap hs o bta i n e d by j oinin g or n o t joinin g v a n d v ' h as prop ert y P.

P r o o f . Su p pose t h a t t h is con d it ion hold s . Le t F E P h a ve n n od e s , a n d le t
F ( k ) d en ot e a gra p h i n P o b t a i ne d from F by a r ep eti ti on o f t h is o p e r a t ion
so t h a t ea ch ori gin al n o d e h as k co p ies . Th en t in d ( F , F (k ) ) ~ l i n n. Let
W b e t he limi t gra p ho n of some s u bse q ue nce of t he F (k) (k - - - t (0), t he n
W E P . F ur t h erm or e , clea rly tind( F, W ) > 0 , and so F E I (W ).

Converse ly, ass u me t h a t F = (V, E ) E I ( W ) fo r some W E P , s o t h a t
tind( F, W) > O. Let F ' a n d F" b e t h e two gra p hs o b t a i ne d from F by
do ub li ng a n od e v (vv ' ¢ E ( F ' ) , bu t v v ' E E( F " ) ) , t hen

J ti nd( F, W ; x) d x > 0
JV

impli es t ha t t h er e is a p os itiv e m ea sur e of choices for t h e valu e s of X u

( u E V ( F ) \ v), for whi ch th e set X of t h e choice s of X v with tind(F, W ; x ) > 0
h as po sitiv e m ea sur e . Cle arl y eit he r W( x , y) < 1 fo r a p ositiv e m e a sur e of
cho ices of ( x , y) E Y o r thi s h old s for W( x , y ) > O. On e o r t h e a lte r n a t ive,
say t he first on e , h old s fo r a p ositi ve m e asur e of cho ices for t he valu e s of X u

(u E V( F ) \ v) . Bu t t he n t( F ' , W ) > O. •

All of t he a bove n oti on s a n d s i m p le fa ct s exte n d to bi g r a p h s a n d bi 
gra p ho ns t r ivia lly.

Let us t u rn t o t hi n gra p ho ns a n d b igr a p h o n s. T h e s ign ificance of t h in
b igra p ho ns is s u p po r t e d by t he following o bse r v a t ion:
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P r o p o s i t i o n 4 . 1 1 . Let P be a h e r e d i t a r y bigraph p r o p e r t y t h a t does not
contain all bigraphs. Then every bigraphon in its closure is thin.

P r o p o s i t i o n 4.11 and T h e o r e m 4.1 imply :

C o r o l l a r y 4 . 1 2 . Let P be a h e r e d i t a r y bigraph p r o p e r t y t h a t does not
contain all bigraphs. Then for every pure bigraphon (JI , Jz , W ) in its
closure, W is 0-1 valued almost everywhere, and h a n d h are compact and
their dimension is bounded by a finite n u m b e r depending on P only.

By this c o r o l l a r y , we can define , for every n o n t r i v i a l h e r e d i t a r y p r o p e r t y
of b i g r a p h s , a finite d i m e n s i o n . It would be i n t e r e s t i n g to find f u r t h e r
c o m b i n a t o r i a l p r o p e r t i e s of t h i s dimension.

T h e n a t u r a l a n a l o g u e of t h i s c o r o l l a r y for g r a p h p r o p e r t i e s fails to hold.

E x a m p l e 8. Let P be t h e p r o p e r t y of a g r a p h t h a t it is t r i a n g l e - f r e e . T h e n
every b i p a r t i t e g r a p h o n is in its closure, b u t such g r a p h o n s need not be 0-1
valued , and t h e i r t o p o l o g y need not be finite d i m e n s i o n a l or c o m p a c t .

However, if we include t h e (seemingly) s i m p l e s t of t h e conclusions of
C o r o l l a r y 4.12 as a h y p o t h e s i s , t h e n we can e x t e n d it to all g r a p h s . A g r a p h
p r o p e r t y P is r a n d o m -free, if every W E P is 0-1 valued a l m o s t everywhere.

T h e o r e m 4 . 1 3 . Let P be a h e r e d i t a r y random-free graph property. Then
for every pure graph on (J, W ) in its closure, J is compact and finite dimen
sional.

Before proving t h i s t h e o r e m , we need some p r e p a r a t i o n .

L e m m a 4 . 1 4 . For a h e r e d i t a r y graph p r o p e r t y P , the following are equiv
alent:

(i) P is random-free;

(ii) there is a bigraph F such t h a t tind(F, W ) = 0 for all W E P;

(iii) there is a b i p a r t i t e graph F with bipartition (UI, U 2) such t h a t no
graph obtained from F by adding edges within UI and U2 has p r o p e r t y P.

P r o o f . (i) ~ (iii) : Assume t h a t (iii) does not hold , t h e n for every b i g r a p h
F t h e r e is a g r a p h F E P and a p a r t i t i o n V (F) = { U I CF), U2 (F)} such

t h a t t h e b i g r a p h between U I ( F ) a n d U2(F) is i s o m o r p h i c to F . We want
to show t h a t P is not r a n d o m - f r e e .

Let ( F I , F2 , ' .. ) be a quasi r a n d o m sequence of b i g r a p h s w i t h edge den
sity 1 / 2 , with t h e same n u m b e r of nodes in each b i p a r t i t i o n class . C o n s i d e r
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the g r a p h s F n , and let F~ and F~ denote the s u b g r a p h s of t ; induced by
Ui (F n ) and U2 (F n ) , respectively. By selecting a subsequence we may as
sume t h a t the g r a p h sequences (F{, F~, . . . ) (F{', F~', . . . ) are convergent. By
Lemma 4.16 in [5], we can order the nodes of F~ so t h a t WF~ converges to
a g r a p h o n ([0,1], W') in the cut norm 11 .110' and similarly , WF:: converges

to a g r a p h o n ([0, 1], W") in the cut norm . We order the nodes of t; so
t h a t the nodes in F~ precede the nodes of F~, and keep t h e above o r d e r i n g
otherwise. T h e n t r i v i a l l y W t ; converges to the g r a p h o n

{

W ' ( 2X' 2 Y ) if X,Y < 1 / 2 ,

U(x, y) = W " ( 2 x - 1, 2y - 1) if x, y > 1 / 2 ,

1 / 2 otherwise.

So U E P is not 0-1 valued, and so P is not random-free .

(ii) =? (i) : Suppose t h a t P is not random-free, and let (J, W) E P be
a g r a p h o n t h a t is not 0-1 valued almost everywhere. T h e n by T h e o r e m
4 .1, it is not t h i n as a b i g r a p h o n , which means t h a t for every b i g r a p h
F = (Ul, U2 , E) , trnd(F, W) > 0, so (ii) is not satisfied.

(iii) =? (ii) : Consider a b i g r a p h F = (U 1 , U2, E) as in (iii), and consider
it as a b i p a r t i t e g r a p h on V = U; U U2 (we assume t h a t Ul n U2 = 0).
Suppose t h a t it does not satisfy (ii), t h e n t h e r e is a g r a p h o n W E P such
t h a t tind(F, W; x) > 0 for a positive measure of choices of the x E JV. For
every such choice, we define a g r a p h F ' by connecting those pairs {i, j } of
nodes of F for which W ( X i , X j ) > 0 and e i t h e r i , j E U 1 or i , j E U 2 . The
same s u p e r g r a p h F ' will occur for a positive measure of choices of the Xi,
and for this F' we have tind(F' , W ) > 0, so using (8), we get F' E I ( W ) ~ P,
a c o n t r a d i c t i o n . •

P r o o f o f T h e o r e m 4 . 1 3 . By Lemma 4.14, t h e r e is a b i g r a p h F such t h a t
tb(F , W) = 0 for all W E P. T h u s T h e o r e m 4 .1 implies the a s s e r t i o n .
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5. R E G U L A R I T Y P A R T I T I O N S

5 . 1 . W e a k a n d s t r o n g r e g u l a r i t y p a r t i t i o n s

L. L o v e s z and B . S z e g e d y

The R e g u l a r i t y Lemma of Szemeredi [14, 15], and various weaker and
s t r o n g e r versions of it are basic tools in the s t u d y of large g r a p h s and
g r a p h o n s [12]. Our goal is to show t h a t it is also closely r e l a t e d to the
topology of g r a p h o n s .

Let (J , W) be a g r a p h o n and P, a p a r t i t i o n of J into m e a s u r a b l e sets with
positive measure. For x E J, let S(x) denote the p a r t i t i o n class c o n t a i n i n g x.
Define

f p ( x ) = 1r(SI(x)) J f ( x ) d x
S ( x )

for a function f E L l (J), and

Wp(x , y) = 1r( S(x))I 1r( S(y)) J W(x, y) dx.
S ( x ) x S ( y )

We say t h a t P is a weak regularity p a r t i t i o n with error e, if IIW - Wpllo ~ c.

We define a S z e m e r e d i p a r t i t i o n of a g r a p h o n with error c as a p a r t i t i o n
P = {Sl U . . . u S d of J into m e a s u r a b l e sets such t h a t

(9) I (W - Wp,H)1 ~ c

for every function H : J x J - t [0 ,1] t h a t is 0-1 valued and whose s u p p o r t
is t h e union of p r o d u c t sets ~j = R~j x R~j ~ Si X Sj (i, j E [k]). To relate
t h i s to the weak p a r t i t i o n s , we note t h a t IIW - Wpllo ::; e can be expressed
as (9) for all functions h of t h e form l S x T . (The f o r m u l a t i o n above is not a
direct g e n e r a l i z a t i o n of S z e m e r e d i ' s definition , b u t it is closest in our s e t t i n g ;
cf. [12].)

A strong regularity p a r t i t i o n of a g r a p h was i n t r o d u c e d by Alon , Fischer,
Krivelevich and M. Szegedy [1]. Here the e r r o r is specified by an infinite
sequence £, = (co , f1 , " ' ) of positive numbers . Again r e c a s t i n g it in our
s e t t i n g , P is a s t r o n g r e g u l a r i t y p a r t i t i o n with error E of a g r a p h o n (J, W)
if t h e r e is a g r a p h o n ( J , U) such t h a t

and
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Ev en st ro nge r would b e , of co urse , to r equir e t h a t II W- Wp lll :S e
(eq u iva len tly , ( 9) h old s for a ll m e a s u r abl e fun cti on s H : J x J - - - t [ - 1 , 1]).
In t h is case we ca ll P a n ultra - s t r o n g regularity p a r t i t i o n wit h er ro r f.

T h e followin g r e sul t is a g ra p ho n ve rs io n of t h e or igina l Szem er edi ' s
R egul ari t y Lemm a [1 4 , 15], its "wea k" form du e to Fri e ze a n d K arm an [8],
a n d i t s s t r o n g form du e to Alon , Fi s ch er , Kri velev ich a n d M . Szegedy [ 1] .
I t was pr oved for g r a p ho ns in [12].

T h e o r e m 5 . 1 . L e t ( J , W ) b e a grap h on on a n ato m less prob abili t y s p a c e .
Th en

(a) for e very f > 0 { J, W ) h as a Sz eiu et edi p ar ti ti on with err or f int o
no mor e than T ( f ) clas s es , wh ere T ( f ) dep end s on ly on f ;

(b) for every e > 0 (J , W ) has a weak r egul arit y p a r t i t i o n with error f

i n t o no mor e th an 2 2 / £ 2 class es.

(c) for e very se q uence E = (fo , f l " " ) o f p osi ti v e n u m b ers , ( J , W ) h as
a st rong regulari t y p arti tion o f ( J , W ) wi th error E in t o n o m ore t ha n T (£ )
class es , wh ere T (£ ) d ep end s on ly on E.

R e m a r k 5 . 2 . (i) We n o t e t h a t eve ry g ra p ho n h as a n ul t r a- s t r o n g p ar ti ti on
w it h er r o r f b y s t a n da r d r esul t s in a na lys is , bu t t h e nu m b er of classes ca n n o t
b e b o u n d ed unif orml y b y a ny fun cti on of f .

(i i) In t he u su al formul a ti on , p ar t i t i o n s in t h e R egul ari t y Lemm a a r e
e q u i t a b le, i .e . , t h e p ar ti ti on classes a re as eq ua l as p ossibl e. For g ra p ho ns
o n a t o m less prob abili t y s p a ces , t h e cla ss es ca n b e r eq ui re d t o h ave t he sa m e
m e a sur e. In fa ct , it is e as y to see t h a t t h e p a r ti ti on s co n s t ruc te d e .g . in
C o r o l l a r y 5.4 a n d T h eor em 5 .8 b elow can b e r ep ar ti ti on ed s o t h a t t h e class e s
will b e as eq u a l a s p ossibl e , t h e e r r o r is a t mo st d oubl ed, a n d t h e numb er
of cla ss es is in cr eas ed by a fa c t o r of a t most fl / f 1-

Sever al o t h e r an al y ti c as p e c t s a n d versi on s of t h e R egul a r i t y Lemm a
wer e prov ed in [12 ]. On e of t hese r e s u l t s m ad e a co n nec t io n b etw een
r e gul ari t y p ar t i t i on s a n d p ar ti ti on s of J int o set s wit h s ma ll di am et er in
t h e r w s w m e t r ic. Her e we pro ve a st r o nge r , clea n er vers ion of t h a t r esul t ,
a n d t he n s h ow how to co m b i n e it wit h our r esul t s o n t h in g r a p ho ns to
get b et t er b o u n d s o n t h e numb er o f p ar ti ti on class es in we ak r e gul ar it y
p ar ti ti on s of thi s g r a p h o n s .
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5 . 2 . V o r o n o i c e l l s a n d r e g u l a r i t y p a r t i t i o n s

1. L o v e s z and B. S z e g e d y

We show t h a t Voronoi cells in the metric spaces (J , Rw) and (J, Rwow) are
i n t i m a t e l y r e l a t e d to different versions of the R e g u l a r i t y Lemma.

Let (J, d) be a metric space and let 1f be a p r o b a b i l i t y measure on its
Borel sets. We say t h a t a set 8 ~ J is an average e-nei, if fJ d(x, 8 ) d1f(x)
::; f .

Let 8 ~ J be a finite set and S E 8. The Voronoi cell of 8 with center
S is the set of all p o i n t s x E J for which d(x, s) ::; d(x, y) for all y E 8 .
Clearly, the Voronoi cells of 8 cover J. (We can break ties a r b i t r a r i l y to get
a p a r t i t i o n . )

T h e o r e m 5 . 3 . Let (J, W ) be a graphon, and let e > O.

(a) L e t 8 be an average s-uet. in the m e t r i c space (8, rwow) . Then the
Voronoi cells o f 8 form a weak regularity p a r t i t i o n with error a t m o s t 8JE.

(b) L e t P = {JI, . . . , J d be a weak regularity p a r t i t i o n with error f .

Then there are p o i n t s Vi E Ji such t h a t the set 8 = { V I , . . . , V k } is an
average ( 4 f ) - n e t in the m e t r i c space (8,rwow).

P r o o f . (a) Let P be the p a r t i t i o n into the Voronoi cells of 8. Let us write
R = W - Wp. We want to show t h a t IIRllo ::; 8JE. I t suffices to show t h a t
for any 0-1 valued function f,

(10) ( j , R f ) ::; 2.;E.

Let us write 9 = f - fp, where f p ( x ) is o b t a i n e d by replacing f ( x ) by the
average of f over the class of P c o n t a i n i n g x. Clearly ( j p , R f p ) = 0, and
so

(11)
( j , R f ) = (g, R f ) + ( j p , R f ) = ( j , Rg) + ( j p , Rg) ::; 211Rgil l ::; 211R911 2 .

For each x E J, let <p(x) E 8 be the center of the Voronoi cell c o n t a i n i n g x,
and define W ' ( x , y ) = W ( x , ¢ ( y ) ) and similarly R ' ( x , y ) = R ( x , ¢ ( y ) ) .
T h e n using t h a t (W - R)g = Wpg = 0, W - W' = R - R' and R'g = 0, we
get

IIRglI~ = (Rg, Rg) = ( W g, (R - R')g)

= (Wg, (W - W')g) = (g, W(W - W')g)



R e g u l a r i t y Partitions and the Topology o f Graphons 441

::; II W ( W - W ' ) I I ! = JJ W(x, y)(W(y, z) - W ( y , <p(z)) dy dxdz
J2 J

= J r w ( z , <p(z)) = E x ( r w ( X ,S)) ::; c .

J

This proves (10).

(b) Suppose t h a t P is a weak Szemeredi p a r t i t i o n with e r r o r c. Let
R = W - Wp, t h e n we know t h a t IIRllo ::; c.

For every x E J , define

F ( x ) = J J R(x, y)W(y , z) dy dz.
J J

T h e n we have

J F ( x ) d x = J s ( x , z ) R ( x , y ) W ( y , z ) d x d y d z ,
J J 3

where s(x , z) is the sign of J R(x, y)W(y , z) dy. For every z E J,

J s(x , z)R(x, y)W(y, z) dx dy ::; 211Rllo ::; 2c,
J2

and hence

(12) J F( x) dx ::; 2c .
J

Let x, y E J be two p o i n t s in t h e same p a r t i t i o n class of P . T h e n
Wp(x, s) = Wp(y, s) for every s E J, and hence

rwow(x, y) = J J ( W ( x , s) - W(y, s)) W(s , z) ds dz
J J

= JJ ( R ( x , s ) - R ( y , s ) ) W ( s , z ) d s dz
J J
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::; J J R( x, s ) W ( s , z) ds dz + J J R(y, s ) W ( s , z) ds dz

J J J J

= F(x) + F(y).

For every set T E P , let VT E T be a point "below average " in the sense
t h a t

1 JF( VT) ::; 7r(T) F(x) dx,
T

and let S = {VT : T E Pl. T h e n using (12),

E x d ( X , S) ::; L J d(x, VT) dx ::; L J ( F ( x) + F(VT)) dx
TEP T TEP T

::; J F(x) dx + L >'(T)F(VT) ::; 2 J F ( x ) dx ::; 4e.
J TEP J

This proves t h e T h e o r e m . _

T h eorems 5 .3 and 4 .1 imply the following Corollary (we prove a s t r o n g e r
r e s u l t in t h e next section).

C o r o l l a r y 5 . 4 . For e v e r y bigraph F = (V, E ) t h e r e is a c o n s t a n t CF > 0
such t h a t i f G is a graph n o t c o n t a i n i n g F as an i n d u c e d s u b - b i g r a p h , t h e n
for e v e r y s > 0, G has a weak r e g u l a r i t y p a r t i t i o n w i t h e r r o r e w i t h a t m o s t
c F e - 2 1V 1 classes.

R e m a r k 5 . 5 . The conclusion does not remain t r u e if the s u b g r a p h we
exclude is n o n b i p a r t i t e . Any b i p a r t i t e g r a p h will t h e n satisfy the condition,
and some b i p a r t i t e g r a p h s are known to need an e x p o n e n t i a l (in l i e) n u m b e r
of classes in t h e i r weak r e g u l a r i t y p a r t i t i o n s .
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We conclude with deriving b o u n d s on the size of t h e Szemeredi p a r t i t i o n s
and a p p r o x i m a t i o n s in L I , using the packing dimension of (J , r w ) . In the
g r a p h t h e o r e t i c case, this c o r r e s p o n d s to a p p r o x i m a t i o n in edit d i s t a n c e .

L e m m a 5 . 6 . L e t W be a graphon such t h a t (J, r w ) can be covered by m
balls of radius e . Then there is a s t e p f u n c t i o n U with m ( l / e ) m s t e p s such
t h a t IIW - UIII :s 2e.

R e m a r k 5 . 7 . I f W is 0-1 valued, t h e n the bound on the n u m b e r of classes
can be improved to m2 m .

P r o o f . Let P = { J I , h , . . . , J m } be a p a r t i t i o n o[;>.J into m e a s u r a b l e sets
such t h a t for every i t h e r e is Xi E J with II W(Xi , ' ) - W(x, .) 111 :s E for every
X E k Let W'( x , y) = W(Xi, y) for x E Ji ' t h e n t r i v i a l l y IIW - W'1I1 :s e.
Let Q i be a p a r t i t i o n of J into l / e m e a s u r a b l e classes so t h a t W ( X i , ' ) varies
a t most e on each class of Q i. For x E J, and y E S E Q i , define

U(X , y) = 1rtS) is W'(x, z) dz.

T h e n clearly I U(x , y ) - W ' ( x , y)1 :s e for all x , y E J , and hence IIU - W i l l :s
IIU - W'1I1 + IIW - W'III :s 2e. It is obvious t h a t U is a s t e p f u n c t i o n in
t h e p a r t i t i o n g e n e r a t e d by P and QI , . . . , Qm , which has at most m ( l / e ) m
classes . _

We o b t a i n from this lemma:

T h e o r e m 5 . 8 . L e t W be a graph on such t h a t (J, r w ) has p a c k i n g dim en
sion d, then for every 0 < e < 1 it has an u l t r a - s t r o n g p a r t i t i o n with error e
and with at m o s t e - O ( e -

d
) classes.

P r o o f . Consider a maximal packing in (J , r w ) of balls with radius e / 8 ;
this consists of m = O ( c d ) balls. The balls with the same centers and
with radius e/4 cover J , so Lemma 5.6 t h e r e is a s t e p f u n c t i o n U with

m(4/e)m :s e - ce -
d
steps such t h a t IIW - UII I :s e/2. For the p a r t i t i o n

P into the steps of U, we have

(the first i n e q u a l i t y follows by easy c o m p u t a t i o n ) . _
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For t h i n g r a p h o n s , we get a s t r o n g e r b o u n d .

L . Lovtisz and B . S z e g e d y

T h e o r e m 5 . 9 . L e t W be a t h i n graph on in which a bigraph F = (V , E) is
e x c l u d e d as an i n d u c e d s u b - b i g r a p h . T h e n for e v e r y 0 < e < 1 , it has an
u l t r a - s t r o n g p a r t i t i o n w i t h error e and with o( c 2 1V 12) classes.

P r o o f . T h e o r e m 4 .1 implies t h a t W is 0-1 valued a n d it has finite packing
dimension a t most 21V1. S i m i l a r l y to t h e p r o o f of lemma 5.6, let P =
{ J I , h , . . ·, J m } be a p a r t i t i o n of J with m = O ( c IV 1) into m e a s u r a b l e sets
such t h a t for every i t h e r e is an Xi E J with II W(X i , ') - W(x, .)111 :::; E for
every X E Ji . Let W ' ( x , y) = W(X i, y) for x E J i , t h e n IIW ' - Will:::; c. Let
S, be t h e s u p p o r t of t h e f u n c t i o n W(Xi , .) , and let A b e t h e set of a t o m s of
the Boolean a l g e b r a g e n e r a t e d by { 8 1 , 82, . . . , 8 m } with positive measure.
For every a t o m a E A, let Fa ~ [m] d e n o t e t h e index set {i I a ~ 8d and
let :F d e n o t e t h e set s y s t e m {Fa I a E A}. Since F is not an i n d u c e d su b
b i g r a p h , :F has V C - d i m e n s i o n less t h a n lVI , and so by l e m m a 4 .3 we o b t a i n
t h a t IAI :::; O( m lVl - 1 ) . T h e j o i n t refinement P2 of A a n d P is of size at

most O( c2IFI2). T h i s c o m p l e t e s t h e p r o o f since W ' is a s t e p f u n c t i o n with
s t e p s in P2 . •

I t is easy to see t h a t in t h e d e f i n i t i o n of u l t r a - s t r o n g r e g u l a r i t y p a r t i t i o n s
of 0-1 valued gr a p h o n s , we can replace Wp by a 0-1 valued s t e p f u n c t i o n with
t h e same s t e p s , a t t h e cost of d o u b l i n g the error. T o g e t h e r with R e m a r k
5 .2 , we can a p p l y this to a (large) finite g r a p h G. To s t a t e the r e s u l t , we
need a d efinition. Let H be a simple g r a p h , and let us replace each node v
of H by a s et S v of "t w in " nodes , where two nodes x E 8 u and y E S v are
c o n n e c t e d if and only if uv E E ( H ) . For each U E V ( H ) , e i t h e r co n n ect all
pairs of nodes in 8 u , or none of t h e m . We call every g r a p h o b t a i n e d t h i s
way a blow-up of H .

C o r o l l a r y 5 . 1 0 . For e v e r y bigraph F there is a c o n s t a n t CF > 0 such t h a t
i f G is a graph n o t cont aining F as an i n d u c e d s u b - b i g r a p h , then for e v e r y
c > 0, we can change clGI 2 edges of G so t h a t the r e s u l t i n g graph is a

blow-up of a graph with a t m o s t C F c 2 1F 12 nodes .

Let us say t h a t a g r a p h o n W has p o l y n o m i a l L 1 - compl ex i t y if t h e r e is
a d > 0 such t h a t for every e > 0 t h e r e is a s t e p f u n c t i o n W ' with O ( c d )

s t e p s s a t i s f y i n g II W - W ' l l I :::; c. We can define p o l y n o m ial D - c o m p l e x i t y
a n a l o g o u s l y . As we have p o i n t e d o u t , p o l y n o m i a l D - c o m p l e x i t y corr e s p o n d s
to t h e finite d i m e n s i o n a l i t y of t h e m e t r i c sp ace of W o W . T h e o r e m 5.9
implies t h a t every t h i n g r a p h o n has p o l y n o m i a l L 1 - c o m p l e x i t y .
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I f W has polynomial complexity, t h e n the s t r u c t u r e of W can be de
scribed by a polynomial number (in l i e ) of real p a r a m e t e r s with an error e
in the a p p r o p r i a t e norm. The set of g r a p h o n s with polynomial complexity
is closed under many n a t u r a l o p e r a t i o n s such as o p e r a t o r p r o d u c t , tensor
p r o d u c t , etc .

It could be i n t e r e s t i n g to s t u d y o t h e r aspects of this complexity notion.
We offer a c o n j e c t u r e relating our complexity notion to e x t r e m a l combina
torics. I t is s u p p o r t e d by examples in [13].

C o n j e c t u r e 5 . 1 1 . Let F I , F 2 , . . . , F n be a set of finite graphs, ts , t 2 , " " t-«

be real numbers in [0,1] and S be the set of graphons W with t ( F i ' W) = t i
for 1 :::; i :::; n . T h e n S is either e m p t y or it contains a graphon of polynomial
LI-complexity.
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E X T R E M A L P R O B L E M S F O R S P A R S E G R A P H S

JAROSLAV NESETIUL* and P A T R I C E OSSONA DE MENDEZ

Dedicated to Endre S z e m e r e d i on the (unbelievable) occasion of his

s e v e n t i e t h birthday

We s u r v e y some of the r e c e n t r e s u l t s r e l a t e d to t h e s t u d y of s p a r s e g r a p h s using
t h e nowhere dense - somewhere dense dichotomy. P a r t i c u l a r l y we e x t e n d known
r e s u l t s r e l a t e d to p r o p e r t y t e s t i n g , s u b l i n e a r e x p a n d e r s , R a m s e y n u m b e r s a n d
FO model checking . All t h i s is done u n d e r t h e same u m b r e l l a of nowhere dense
a n d b o u n d e d e x p a n s ion classes in many of t h e i r i n c a r n a t i o n s .

We c o n c e n t r a t e on e x t r e m a l ( m o s t l y g r a p h t h e o r y ) r e s u l t s leaving a l g o r i t h m i c
and s t r u c t u r a l a s p e c t s to o t h e r occasions.

1. I N T R O D U C T I O N

Consider t h e following ( a d m i t t e d l y too general and imprecise) problems:

1 . Does a g r a p h have a small s e p a r a t o r ?

2. Do g r a p h s present a good model for the n e i g h b o r h o o d s t a t i s t i c s ?

3. Are the ("generalized ") Ramsey numbers of g r a p h s linear?

4. Is t h e r e a simple p r o c e d u r e to check the validity of a F i r s t O r d e r
formula on graphs?

A l t h o u g h these are questions from various areas and none of t h e m uses
t h e word " e x t r e m a l " , in fact all of these questions may be viewed as various

" S u p p o r t e d by g r a n t IM0545 of t h e Czech M i n i s t r y of E d u c a t i o n .
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i n s t a n c e s of e x t r e m a l problems: ' t h e y ask for special p a r t i t i o n s , homomor
phism and a s y m p t o t i c . It is also easy to see t h a t in all of these problems we

i.
have to p u t some r e s t r i c t i o n on the g r a p h s to be considered: in the full gen-
e r a l i t y for finite g r a p h s (and in case 4 for s t r u c t u r e s ) the answers to all of
our questions are known to be negative. But not only t h a t the answer t e n d s
to be negative even for g r a p h s which have many (or "m o d e r a t e ly many")
edges, what is usually d e s c r i b e d by the t e r m dense g r a p h s . In t h e c o n t e x t
of this p a p e r dense g r a p h s have not only O ( n 2 ) edges b u t even O( n1+ c )

edges (n is t h e n u m b e r of vertices). Even such edge sizes do not g u a r a n t e e
a positive answer to the above questions .

Dense g r a p h s have been extensively s t u d i e d in the c o n t e x t of e x t r e m a l
g r a p h theory. The prime example here is the o u t s t a n d i n g Szemeredi Regu
l a r i t y Lemma ( s h o r t l y SRL) [88] which s t a t e s t h a t any dense network has
p r o p e r t i e s which are close to the ones of a r a n d o m g r a p h . In p a r t i c u l a r , a
large dense network c a n n o t be too irregular. This s t r u c t u r a l result is one
of the c o r n e r s t o n e s of c o n t e m p o r a r y c o m b i n a t o r i c s (and one would like to
say of m a t h e m a t i c s in general). I t also led to manifold a p p l i c a t i o n s and
g e n e r a l i z a t i o n s , see e.g . [51, 50, 62, 90, 35]. We believe t h a t this result and
various a s p e c t s of it are covered on many places in t h i s volume. T h u s we
can be brief. But we want to mention explicitly t h a t SRL was a m o t i v a t i o n
for a large p a r t of our research covered in this p a p e r .

For positive answers to the above problems we have to look at i n s t a n c e s
with very few edges . For example Ramsey problem (3)'-b.as a positive answer
for b o u n d e d degree g r a p h s (see [24]) and it is an old . p r o b l e m w h e t h e r the
degeneracy (or the Maximal Average Degree, MAD) suffices here. We
p r e s e n t r e s u l t s on this in Section 5. In c o n t r a s t , t h e S e p a r a t o r P r o b l e m
(i.e . 1) has the negative answer even for cubic graphs. In this l a t e r case t h e
answer is positive for p l a n a r g r a p h s [57], for g r a p h s with a fixed genus [41]
and, more generally, for g r a p h s which exclude a fixed minor [6, 5] . This
aspect will be t r e a t e d in a more general s e t t i n g in Section 6. Also for o t h e r
t h r e e problems the positive answer requires special i n s t a n c e s which could
be d e s c r i b e d as sparse (for example, in P r o b l e m 3 one considers b o u n d e d
degree p l a n a r graphs, see [15, 36]).

It seems t h a t the very notion of s p a r s i t y of g r a p h s depends on the
p a r t i c u l a r problem considered . Yet in this p a p e r we p r e s e n t a classification
of g r a p h classes which clarifies t h e b o u n d a r y between sparse and dense
i n s t a n c e s and which proved to be useful in many concrete a p p l i c a t i o n s and,
p a r t i c u l a r l y , in all of the above problems . For us, a class of g r a p h s will
always mean a class of non-isomorphic graphs.
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As such s p a r s i t y seems to be an elusive and typically "fuzzy" notion.
P e r h a p s t h e best way to define it is by means of s t a b i l i t y with respect
to some o p e r a t i o n s . This a p p r o a c h is taken in this p a p e r . We employ
t h e m i x t u r e of geometric and c o m b i n a t o r i a l a p p r o a c h and define (time)
r e s o l u t i o n of a g r a p h and of a class of g r a p h s . This in t u r n leads to the
s u r p r i s i n g l y general dichotomy of classes of g r a p h s - t h e r e are nowhere
dense classes and classes which are somewhere dense. This is s t a t e d in
Section 3 a f t e r we i n t r o d u c e all the relevant notions in Section 2. In
Section 4 we show how this dichotomy , which may a p p e a r on the first
glance a r b i t r a r y , can be described in several very different ways. In fact
all the basic e x t r e m a l c o m b i n a t o r i a l p a r a m e t e r s seem to be s u i t a b l e for
the d e s c r i p t i o n of this dichotomy . T h u s in Section 3.1 we deal with edge
densities, in Section 4 .1 with the c h r o m a t i c number X , in Section 4.2 with the
i n d e p e n d e n c e n u m b e r Ct, in Section 4.3 with orderings and coloring numbers .
All this shows t h a t the nowhere dense - somewhere dense dichotomy is not
j u s t accident or a c o m b i n a t o r i a l curiosity b u t r a t h e r a n a t u r a l dichotomy
which is s t a b l e and r o b u s t .

b o u n d e d
d e g r e e

b o u n d e d
e x p a n s i o n

Nowhere dense classes

d e n s i t y

S o m e w h e r e dense classes

•

T h e r e is f u r t h e r evidence which goes beyond the o , X, w . Very recently
this list was complemented by the c o u n t i n g densities (which can be seen
as a possible answer to the above P r o b l e m 2 ; see Section 10) and also
by the r e s u l t s in m a t h e m a t i c a l logic: the nowhere dense - somewhere dense
dichotomy r e l a t e s to the dividing line between ( h e r e d i t a r y ) classes of g r a p h s
for which t h e model checking problem for F i r s t O r d e r formulas is Fixed
P a r a m e t e r T r a c t a b l e and those classes for which the problem is h a r d (and
in fact with undecidable t h e o r y ) , see [27, 30]. This provides a nearly
s a t i s f a c t o r y answer to P r o b l e m 4.
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Some of t h e s e a p p l i c a t i o n s will be m e n t i o n e d in Section 5, 6, 7 in g r e a t e r
d e t a i l . T h e core of t h e s e a p p l i c a t i o n s is a p o s s i b i l i t y to a p p r o x i m a t e ( w i t h
a r b i t r a r y precision) any g r a p h in a nowhere dense class by a g r a p h defined
by finitely many d a t a . Technically t h i s takes the form of Low Tree D e p t h
D e c o m p o s i t i o n which , as an i l l u s t r a t i o n , we f o r m u l a t e here for t h e case of
a b o u n d e d e x p a n s i o n class C:

T h e o r e m 1 (Low Tree D e p t h D e c o m p o s i t ion - L T D D ) . For e v e r y b o u n d e d
e x p a n s i o n class C a n d for e v e r y p o s i t i v e i n t e g e r p t h e r e e x i s t s an i n t e g e r
N = Nip, C) such t h a t e v e r y g r a p h G = (V, E) E C h a s a d e c o m p o s i t i o n
V = VI U . . . U V N w i t h t h e following p r o p e r t y :

G r e s t r i c t e d to any s e t UCvi : i E 1) where III :::; p, h a s tree d e p t h a t
m o s t III .

(See Section 4.1 for more d e t a i l s . )

As t h ere are only finitely many core g r a p h s w i t h t r e e d e p t h :::; p, a Low
Tree D e p t h D e c o m p o s i t i o n can be a p p r o x i m a t e d by a finite set of d a t a and
t h i s d e c o m p o s i t i o n is much in t h e s p i r i t of SRL. Also many a p p l i c a t i o n s of
LTDD s h a r e a s i m i l a r i t y with SRL.

T h e research covered by t h i s p a p e r is r e l a t e d to recent d e v e l o p m e n t s
based on t h e s t u d y of h o m o m o r p h i s m s of g r a p h s (and s t r u c t u r e s ) . T h e
main idea is to s t u d y t h e local s t r u c t u r e of a large g r a p h G by c o u n t i n g the
h o m o m o r p h i s m s from various small g r a p h s F into G ( t h i s r e l a t e s to t h e a r e a
called p r o p e r t y t e s t i n g ) , and to s t u d y the global s t r u c t u r e of G by c o u n t i n g
its h o m o m o r p h i s m s into various small g r a p h s H ( s o m e t i m e s i n t e r p r e t e d as
t e m p l a t e s ) . R e g u l a r i ty is viewed here as a s t r u c t u r a l a p p r o x i m a t i o n in a
p r o p e r m e t r i c and also as a convergence . For a survey of t h i s d e v e l o p m e n t
see [20]. T h i s a p p r o a c h proved to be v e r y f r u i t f u l and r e l a t e s (among
o t h e r s ) to t h e n o t i o n of q u a s i - r a n d o m g r a p h s , see e.g. [23], and to t h e full
c h a r a c t e r i z a t i o n s of t e s t a b l e g r a p h p r o p e r t i e s , see e .g. [7, 20].

In t h i s p a p e r we take a different a p p r o a c h via t h e h o m o m o r p h i s m order.
We shall see t h a t in this s e t t i n g , a t a p r o p e r level of g e n e r a l i t y , some of
t h e r e s u l t s for dense g r a p h s can be e x t e n d e d to t h e world of sufficiently
s p a r s e classes of g r a p h s . Moreover, in Section 10 ( a n d also in Section 4.4)
we shall see t h a t these two a p p r o a c h e s are a c t u a l l y not so different and t h a t
t h e nowhere dense - somewhere dense d i c h o t o m y can be c h a r a c t e r i z e d by
c o u n t i n g functions .

A l t h o u g h in most of t h i s p a p e r we deal with g r a p h s , t h e r e s u l t s can be ex
t e n d e d to o r i e n t e d g r a p h s , h y p e r g r a p h s and to general r e l a t i o n a l s t r u c t u r e s
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by means of a p p r o p r i a t e c o n s t r u c t i o n s (such as Gaifman g r a p h , 2-section,
or b i g r a p h of incidence) .

2. G E O M E T R I C D E R I V A T I O N - G R A P H R E S O L U T I O N

2 . 1 . R e s o l u t i o n in t i m e

Let us review some basic notions which will be used.

We work with finite simple u n d i r e c t e d graphs, except when explicitly
s t a t e d otherwise and we denote by 9 the class of all such g r a p h s .

We use s t a n d a r d graph t h e o r y terminology. However we find it useful
to i n t r o d u c e the following : for a g r a p h G = (V, E), we denote by IGI the
order of G ( t h a t is: IVI) and by IIGII the size of G ( t h a t is: lEI).

The distance in a graph G between two vertices x and y is the minimum
length of a p a t h linking x and y (or 0 0 if x and y do not belong to the same
c o n n e c t e d c o m p o n e n t of G) and is d e n o t e d by d i s t c ( x , y).

A class C of g r a p h s is h e r e d i t a r y if every induced s u b g r a p h of a g r a p h
in C belongs to C, and it is m o n o t o n e if every s u b g r a p h of a g r a p h in C
belongs to C.

As m e n t i o n e d above, the notion of s p a r s i t y of g r a p h s is a fuzzy notion.
F i r s t it does not r e l a t e to any p a r t i c u l a r g r a p h b u t r a t h e r to a set , or
sequence, or a class of graphs. Secondly the notion should be ( c e r t a i n l y
from naive point of view) i n v a r i a n t to some small changes in a graph. T h i r d ,
to be a sparse g r a p h is clearly a global p r o p e r t y and the p r o p e r t y should
be h e r e d i t a r y . Combining these o b s e r v a t i o n s and m o t i v a t e d by numerous
p a r t i c u l a r cases we are led to t h e following definitions:

For any g r a p h s H a n d G and any integer d, the g r a p h H is said to
be a shallow m i n o r of G at depth d ([78] a t t r i b u t e t h i s notion, called
t h e n low depth m i n o r to Ch. Leiserson and S. Toledo) if t h e r e exists a
s u b s e t {Xl, . . . , x p } of G and a collection of disjoint s u b s e t s VI, . . . , V p of
vertices of G, each inducing a c o n n e c t e d s u b g r a p h of G, such t h a t X i E Vi,
every vertex in Vi is at d i s t a n c e at most d from X i in the s u b g r a p h of G
induced by Vi , and so t h a t H is a s u b g r a p h of the g r a p h o b t a i n e d from G
by c o n t r a c t i n g each Vi into X i and removing loops and m u l t i p l e edges (see
Fig. 1).
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Fig. 1. A shallow minor of d e p t h r of a g r a p h G is a simple s u b g r a p h of a minor of G
o b t a i n e d by c o n t r a c t i n g v e r t e x disjoint s u b g r a p h s with r a d i u s at most r

T h e set of all shallow m i n o r s of G a t d e p t h d is d e n o t e d by G 'V d. In
p a r t i c u l a r , G'VO is t h e set of all s u b g r a p h s of G . Hence we have t h e following
non d e c r e a s i n g s e q u e n c e of classes:

G E G 'V a s: G 'V 1 s: . . . s: G 'V d s: ... s: G 'V 0 0 .

We e x t e n d t h i s d e f i n i t i o n to a r b i t r a r y class of g r a p h s C by:

C 'V d = U G 'V d.
GEe

C o n s e q u e n t l y , we have t h e following h i e r a r c h y of classes

C s: C 'V a s: C 'V 1 s: ... s: C 'V d s: ... s: C 'V 0 0 .

We call t h i s s e q u e n c e m i n o r resolution of t h e class C a n d d e n o t e it by C\I.
Note t h a t C 'V a is t h e m o n o t o n e c l o s u r e of C a n d t h a t C 'V 0 0 is t h e m i n o r
closed class g e n e r a t e d by C.

2 . 2 . T h e N o w h e r e D e n s e - S o m e w h e r e D e n s e D i c h o t o m y

T h e m i n o r r e s o l u t i o n of a class leads to a c l a s s i f i c a t i o n of classes a n d to t h e i r
i n t e r e s t i n g p r o p e r t i e s . T h e following are t h e key d e f i n i t i o n s of t h i s p a p e r :
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D e f i n i t i o n 1. An infinite class of graphs C is somewhere dense if t h e r e
exists an integer d such t h a t C 'V d = g. In o t h e r words: C is somewhere
dense if every graph is a b o u n d e d d e p t h shallow minor of a g r a p h in C.

I f an infinite class is not somewhere dense, it is nowhere dense.

It follows directly from the definition of the minor resolution t h a t a
class C is nowhere dense if and only if for every i the s u p r e m u m of w( G) for
G E C 'V i is finite (here w( G) is the the clique number of g r a p h G, i.e . the
maximal order of a complete g r a p h in G) . (It is p e r h a p s s u r p r i s i n g , as we
shall see in Section 3.3, t h a t nowhere dense classes may be defined by t h e i r
independence number as well.)

For r e l a t i o n a l s t r u c t u r e s we can define analogous notions using incidence
graphs (or Gaifman graphs). Of course, for oriented graphs we can consider
the underlying u n d i r e c t e d graphs. For the sake of simplicity, in this p a p e r
we i l l u s t r a t e our results mostly on classes of u n d i r e c t e d graphs.

We t h i n k of the graph resolution as evolving in time . C o m p a r i n g the
classes in the resolution C\I of a class C with the whole class graph of all
simple graphs, t h r e e different s i t u a t i o n s may occur.

The first possibility is t h a t t h e r e exists a time T = T( C) such t h a t
C 'V T = C 'V 0 0 = graph:

- - - - - - - - - - - -- - -
- - - - - - - - - - - - - - - - - - - - -
- - - - - - - - - - - - - - - - -

- - - - - - - - - -- ....
~-~-"""""'::::---- " ,

- - - - - - - - - - - - -- - - - - - - - - - - - - -

_ _ C 'V I r. = y m p h

C 'V t

C 'V2
- - C 'V I
- C 'VO
- C

This is the case when C is somewhere dense . Such a s i t u a t i o n suggests
t h a t p r o p e r t i e s of the class C could be o b t a i n e d by t r a n s p o r t i n g general
p r o p e r t i e s of dense graphs backwards .

The second possibility is t h a t the class C'Voo is equal to graph, a l t h o u g h
C \ l t is s t r i c t l y included in graph for each t:
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- - - - - - - - - - - - - -

- - - - - - - - - - - - - -

- - - - - - - - - - - -- - - - - - - - - - - - - -

'\-.. _ - C V = 9 m p h

, - , - - - - C V t

C V 2
C V I
cva
C

This is the case when C is nowhere dense b u t not included in a p r o p e r
minor closed class . Such a s i t u a t i o n allows us to "m eas ur e" every g r a p h in
the light of the minor resolution of C, by associating to each graph G the
minimum integer t such t h a t G E C 'V t . The i n t e r e s t of this scaling s t a n d s
in its universality (it applies to every graph) and its extension (its set of
values is not finite) .

The t h i r d possibility is t h a t the class C 'V 0 0 is s t r i c t l y included in g r a p h :

Cv

C v t

~\---C V2

r.....'-.~~::-- C v 1
_ _ _ c~-,,~:-- C v a

c

This is the case when C is included in a p r o p e r minor closed class. The
minor resolution may t h e n be used to get finer i n f o r m a t i o n s a b o u t a subclass
with smaller density.
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3. T R I C H O T O M Y

3 . 1 . C l a s s i f i c a t i o n b y E d g e D e n s i t i e s
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Let C be an infinite class of g r a p h s and let f : C --+ ~ be a g r a p h i n v a r i a n t .
Let Inj (N, C) be the set of all injective mappings from N to C. T h e n we
define:

l i m s u p f ( G ) = sup l i m s u p f ( < / > ( i ) )
GEC ¢ E I n j (N,C) i - s c o

Notice t h a t lim SUPGEC f( G) always exists and is e i t h e r a real n u m b e r
or ±oo.

T h e o r e m 2 (Trichotomy t h e o r e m ) . L e t C be an i n f i n i t e class of g r a p h s
( a s y m p t o t i c a l l y n o t all edgeless). T h e n t h e l i m i t

- . . log II Gil
£dens (C") = hm h m s u p -'-::"'~7-

i - s e o G E C " i log IGI

may t a k e o n l y t h r e e values , n a m e l y 0, 1 and 2. Moreover, we have:

{

a, i f f SUPGEC IIGII < 0 0 ,

£dens (C") = ° or 1, i f f C is n o w h e r e dense,

2, i f f C is s o m e w h e r e dense.

For a proof see [75] . It can be seen easily t h a t £dens (C") = ° if and only
if the class C c o n t a i n s only g r a p h s with at most k o edges . These e s s e n t i a l l y
f i n i t e classes are i n t e r e s t i n g . A prime example is the class of all core g r a p h s
with tree d e p t h b o u n d e d (see Section 3.1 for the definition of t h e tree d e p t h ) .

3 . 2 . C l a s s i f i c a t i o n s b y t o p o l o g i c a l r e s o l u t i o n

A g r a p h G' is a s u b d i v i s i o n of a g r a p h G if G' arises from G by adding
vertices (of degree 2) on the edges of G. Thus in the "topological sense" we
have t h e same g r a p h : all edges of G are replaced by simple openly disjoint
p a t h s . I f all these p a t h s have length ::; 2d + 1 we say t h a t G' is a p-shallow
s u b d i v i s i o n of G. Conversely, we say t h a t H is topological shallow m i n o r at
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depth d of a g r a p h G if t h e r e exists a s u b g r a p h H ' of G such t h a t H ' is a
shallow s u b d i v i s i o n of H a t d e p t h d.

Having defined t h i s we can p r o c e e d s i m i l a r l y as for t h e shallow minors
and define the n o t i o n of t o p o l o g i c a l minor resolution:

T h e set of all t o p o l o g i c a l shallow minors of G a t d e p t h d is d e n o t e d by
G V d. In p a r t i c u l a r , G V 1 is t h e set of all s u b g r a p h s of G. Hence we have
t h e following non d e c r e a s i n g sequence of classes:

G E G V ° ~ G V 1 ~ G V 2 ~ . . . ~ G V d ~ . . . ~ G V 0 0 .

We e x t e n d t h i s d e f i n i t i o n to a r b i t r a r y g r a p h class C by :

C V d = U G V d .
GEC

C o n s e q u e n t l y , we have t h e following h i e r a r c h y of g r a p h classes

C ~ C V ° ~ C V 1 ~ C V 2 ~ . . . ~ C V d ~ . . . ~ C V 0 0 .

We call t h i s sequence topological m i n o r r e s o l u t i o n of class C and d e n o t e
it by C~. Note t h a t C V 1 is t h e m o n o t o n e closure of C a n d t h a t C \ l 0 0 is
t h e t o p o l o g i c a l minor closed class g e n e r a t e d by C.

T h e o r e m 3 ( T r i c h o t o m y t h e o r e m ( t o p o l o g i c a l v e r s i o n ) ) . Let C be an
i n f i n i t e class o f graphs ( a s y m p t o t i c a l l y n o t all edgeless). Then the l i m i t

- - . . log IIGII
£dens (CV') = .lim h m s u p - - " - - ' "

z - + o o GEC~i log IGI

m a y o n l y take three values, n a m e l y 0, 1 and 2. Moreover, we have:

{

a, i f f SUPGEC II Gil < 0 0 ,

£dens (C~) = ° or 1, i f f C is nowhere dense,

2, i f f C is somewhere dense.

S u r p r i s i n g l y , not only t h e limit

I · I' log II Gilim im sup - - " - - , - ' -
i - s c o GEC~i log IGI
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l + c
1

1 + 2c
2 - d o g (2(t - T(C)) + 1)

T(C) T'(C) T(C) + k(c) t (log scale)

Fig. 2. E v o l u t i o n of the u p p e r log a r i t h m i c density f d e ns (C\7) of the topological
resolution of a typical somewh ere dens e class C

can take only t h r e e values (namely 0 ,1 and 2) b u t this limit is t h e same as
the one defined by the minor resolution . For a proof of T h e o r e m 3 see [75].
(This e x t e n d s work of Zdenek Dvorak [28, 29].)

Also, t h e p r o p e r t y t h a t t h e r e exists a c r i t i c a l value r(C) at which the
topological resolution stabilizes to graph is equivalent to t h e existence of
a c r i t i c a l value r(C) at which t h e minor resolution s t a b i l i z e s to graph .
Notice t h a t , according to T h e o r e m 3 , the existence of a c r i t i c a l value r(C)
is equivalent to the existence of a value T( C) such t h a t t h e r e exists c > 0
with

lim sup log IIGII = 1 + c .
G E C v T ( C ) log IGI

Moreover, t h e difference between r ( C) and T( C) is a c t u a l l y b o u n d e d by a
function of E (see Fig .2) .

Note t h a t for nowhere dense classes, the a s y m p t o t i c b e h a v i o r of the
resolution varies . For i n s t a n c e , the class '03 of g r a p h s with maximum degree
at most 3 is such t h a t '0 3 \J 0 0 = graph b u t '0 3 V 0 0 = '0 3.

Why do we s t a t e this topological v a r i a n t of shallow minors, when we
t h e n claim j u s t analogous results? The main reason is t h a t this connection
is s u r p r i s i n g and n o n - t r i v i a l . The fact t h a t minors and topological minors
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lead to the same classification of classes is i n t e r e s t i n g in the c o n t e x t of
g r a p h - m i n o r t h e o r y where minors and topological minors lead often to very
different results (as d e m o n s t r a t e d for example by R a j a s and R a d w i g e r ' s
conjectures) , see [75 , 71] for more d e t a i l s .

4 . E Q U I V A L E N C E S - E V E R Y T H I N G G O E S

4 . 1 . C l a s s i f i c a t i o n by D e c o m p o s i t i o n - C h r o m a t i c N u m b e r s

The building blocks of our d e c o m p o s i t i o n s will be induced by trees .

A rooted forest is a disjoint union of r o o t e d trees. The height of a vertex
x in a r o o t e d forest F is the n u m b e r of vertices of the p a t h from the root (of
the tree to which x belongs to) to x and is noted height (x, F). The height
of F is the maximum height of the vertices of F. Let x, y be vertices of F.
The vertex x is an ancestor of y in F if x belongs to the p a t h linking y and
the root of the tree of F to which y belongs to. The closure clos (F) of a
rooted forest F is the g r a p h with vertex set V (F) and edge set { {x , y} : x
is an a n c e s t o r of y in F, x i= y} . A r o o t e d forest F defines a p a r t i a l order
on its set of vertices: x S F y if x is an a n c e s t o r of y i n F. The c o m p a r a b i l i t y
g r a p h of t h i s p a r t i a l order is obviously clos ( F ) .

The tree-depth t d (G) of a g r a p h G is the minimum height of a rooted
forest F such t h a t G ~ clos (F) [67] (see Fig . 3) .

Clos ( F )

=

c

Fig . 3 . T h e t r e e - d e p t h of t h e 3 x 3 grid is 4

A p r i n c i p a l p r o p e r t y of the class of all g r a p h s with td (G) S k i s t h a t
t h i s class is finite when r e s t r i c t e d to core g r a p h s (or core s t r u c t u r e s , see
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e .g. [47]) . This hold s mor e gene ra lly for colore d gra p hs a n d for r ela tion al
st ruc t ures in gen eral. Thi s h a s a lso a numb er of conseq ue nces . For ex ampl e
t he clas s of all gr a p hs with t d (G) :::; k is well qu asi ord er ed with r esp e ct
to indu ced s u bg ra p h ord erin g. Nev e r t h e l e ss one s h o u ld r e m a r k t h a t t he
numb er of core gra p hs with t d (G) :::; k h as a n Ackerm ann gr owt h .

In [6 7] we in t r odu ced t he following p ar am etriz ed gene ra liza t ion of t h e
ch ro m a t ic numb er: for a ny int eger p , Xp( G ) d eno t es t he minimum numb er
of colo rs on e s ha ll use to color t he vertic es of G in s uc h a wa y t h a t for
every s u bse t I of a t mos t p colors , t h e s u b gra p h G I of G indu ced by th e
verti ces with color in I h as t ree- de p t h a t mos t III- Thus Xl is t h e u sual
ch r om a t ic numb er of a gra p h (i .e. no edg e is mon o chr om atic) and X2 is a
minimal coloring with t he prop e r t y t h a t no p a th wi t h 4 vertices gets less
t h an 3 colors.

T h ese generaliz ed chr om ati c numbers c h a r a ct eriz e nowhere dens e clas ses
([69 , 75]):

T h e o r e m 4. L e t C b e a n i n f i n i t e clas s of gr aph s. Th en the following
con d i t i on s are eq ui valen t :

• C is nowh ere d en s e ,

. . log X (G)
• for every in t eg er p , hm sup I iG I = a

GEe og

T h u s a ny g r a p h G in a (fixed) nowher e d en se class C ca n b e de comp osed
into a s ma ll numb er of classes s uch t h a t the subgr aph s induc ed by an y:::; p
clas ses of th e p a r ti tion h ave com po ne nts of onl y finit ely man y (homomor
phi sm) t yp es . Su ch a d ecomp osi tion is called Low Tr ee D epth D ecompos it ion
- L T D D and it has b e en m e n t i o n ed in the I n t r o d u cti on. Th e p a r a m et er p
ex p res ses the pr ecision of t h e d ecomposition. Moreover s uch a low t r ee
d e p t h d e c o m p o s i t i o n ca n b e found in almost linear numb er of steps. This
h a s a n u m b e r of al g o r i t h m i c conseq ue n ces which a re not cover ed her e , see
[66 ,69].

4 . 2 . C l a s s i f i c a t i o n by I n d e p e n d e n c e

In t he con te xt of r el ati viza tion s o f firs t-ord er hom om orphi sm pre serv a t i o n
t he o re ms t o s peci fic classes o f st r u c t ures , Anu sh Dawar [2 6] in t r o d u ced th e
following n otion of qu asi- wid en ess:
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Let r 2: 1 be an i n t e g e r . A s u b s e t A of v e r t i c es of a g r a p h G is r
indep e n d e n t if t h e d i s t a n c e b e t w e e n any two d i s t i n c t e l e m e n t s of A is s t r i c t l y
g r e a t e r t h a n r. Note t h a t if we d e n o t e by o A G ) t h e m a x i m u m size of an
r - i n d e p e n d e n t set of G, t h e n 0:1 (G) is t h e u s u a l i n d e p e n d e n c e n u m b e r 0 : ( G)
of g r a p h G.

A class of g r a p h s C is q u a s i - w i d e if t h e r e is a f u n c t i o n s : N ---+ N such
t h a t for every i n t e g e r s d a n d m, every s u f f i c i e n t l y big g r a p h G E e (i.e. of
o r d e r a t l e a s t F ( d , m)) c o n t a i n s a s u b s e t S of size a t most s = s( d) so t h a t
t h e g r a p h G - S c o n t a i n s a d- i n d e p e n d e n t set of v e r t i c e s of size at l e a s t m
(see Fig. 4).

Xi ·~----

Fig. 4. For e ve r y m , e ve r y s u f f i c i e n t l y l a r g e G E e co n t a i n s a s u b s e t S of siz e a t m o s t
s (d ) so t h a t G - S has a d - i n d e p e n d e n t s et of siz e m

T h e q u a s i - w i d e p r o p e r t y is not h e r e d i t a r y . T h u s we i n t r o d u c e t h e fol
lowing , s t r o n g e r version :

A class of g r a p h s C is u n i f o r m l y q u a s i - w i d e if t h e r e is a f u n c t i o n s :
N ---+ N such t h a t for every int egers d a n d m, every s u f f i c i e n t l y big s u b s e t
A of v e r t i c e s of a g r a p h G E e (i.e . such t h a t IAI 2: F(d, m)) is such t h a t
G c o n t a i n s a s u b s e t S of size a t m o s t s = s ( d ) so t h a t G - S c o n t a i n s a
d - i n d e p e n d e n t set of v e r t i c e s of size a t l e a s t m i n c l u d e d in A (see Fig. 5)

It a p p e a r s t h a t u n i f o r m q u a s i - w i d e n e s s is s t r o n g l y r e l a t e d to our classi
fication:

T h e o r e m 5. L e t C be an i n f i n i t e class o f graphs. Then the following
c o n d i t i o n s are equivalent:

• C is nowhere dense,

• the h e r e d i t a r y closure o f C is quasi-wid e ,

• C is u n i f o r m l y quasi-wide.
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Fig. 5 . For every m , every sufficiently large s u b s e t A of a g r a p h G E e includes a
d - i n d e p e n d e n t set of size m a f t e r the d e l e t i o n of at most s(d) vertices of G

This is a n o n - t r i v i a l result with several consequences, see [72] .

4 . 3 . C l a s s i f i c a t i o n by V e r t e x O r d e r i n g

As a g e n e r a l i z a t i o n of notions of a r r a n g e a b i l i t y and coloring n u m b e r Kier
s t e a d and Yang i n t r o d u c e d in [49] two new series of i n v a r i a n t s coli, and
wcols, t h a t is: the coloring number of r a n k k and the weak coloring number
of r a n k k.

Let L be a linear order on the vertex set of a g r a p h G , and let x, y
be vertices of G. We say y is weakly k-accessible from x if y < L X and
t h e r e exists an x - y - p a t h P of l e n g t h at most k (i .e. with at most k e d g e s )
with minimum vertex y with respect to < L (see Fig. 6) . T h e vertex y is
k-accessible from x if y < L X and t h e r e exists an x - y - p a t h P of l e n g t h a t
most k with minimum vertex y and second minimum v e r t e x x with respect
to < L .

Let Q k ( G, L, x) and R k ( G, L, x) be the sets of vertices t h a t are respec
tively weakly k-accessible and k-accessible from x:

Q k ( G , L , x ) = {y : 3x - y p a t h P such t h a t m i n P = y}

Rk(G , L , x ) = { y : 3x - y p a t h P such t h a t m i n P = y and

min (P - y) = x}

The weak k-coloring number wcolk(G) and the k-coloring number
coh, (G) of G are defined by:

wcolk(G) = 1 + min max I Qk(G , L , v)l ,
L v E V ( G )
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G

Fig . 6. T h e v e r t e x y is weakly 8-accessible from x

colk(G) = 1 + min max I Rk(G, L, v)l.
L VEV(G)

<

Of course for k = 1 we have wcols] G) = colk( G) in which case t h e s e two
n o t i o n s are e q u a l 1 + t h e d e g e n e r a c y of g r a p h G.

I t is easy to see ([49]) t h a t t h e s e two g r a p h i n v a r i a n t s are p o l y n o m i a l l y
d e p e n d e n t :

T h e s e p a r a m e t e r s form two n o n - d e c r e a s i n g s e q u e n c e s . T h e s e q u e n c e of
w e a k - c o l o r i n g n u m b e r s has t h e t r e e - d e p t h as its m a x i m u m :

col (G) = w c o l j (G) ~ wcol , (G) ~ . . . ~ wcolj, (G) ~ . . . ~ wcolg; ( G)

= t d (G).

G e n e r a l i z e d coloring n u m b e r s are s t r o n g l y r e l a t e d to t h e m a x i m u m den
s i t y of shallow m i n o r s : it has been proved by X . Zhu t h a t t h e r e e x i s t s
p o l y n o m i a l s Fk such t h a t t h e following holds:

T h e o r e m 6 ([91]). For every h a l f i n t e g e r 1 k a n d every graph G:

T h i s p o l y n o m i a l d e p e n d e n c e leads to t h e following c h a r a c t e r i z a t i o n :

T h e o r e m 7. L e t C be an i n f i n i t e class o f graphs . T h e n the following
c o n d i t i o n s a r e equivalent:

1 W h e n k is not an i n t e g e r , an a p p r o p r i a t e g e n e r a l i z a t i o n of G'V k has to be used [76, 91].
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• C is nowhere dense ,

. . log col (G)
• for every m t e g e r p, h m s u p 1 I~I = 0,

GEC og

. . log wcol (G)
• for every integer p, h m s u p 1 I~I = 0 .

GEC og

4 . 4 . C l a s s i f i c a t i o n b y C o u n t i n g

463

T h e t r i c h o t o m y t h e o r e m ( T h e o r e m 2) is r e l a t e d to c o u n t i n g t h e n u m b e r s of
copies of K2 in a graph. T h i s may be e x t e n d e d (using t h e d e c o m p o s i t i o n
t h e o r e m ) if we consider h o m o m o r p h i s m or induced copies of any n o n - t r i v i a l
g r a p h F . (Recall t h a t hom (F, G) d e n o t e s t h e n u m b e r of h o m o m o r p h i s m s
from F to G and t h a t ( # F ~ G) d e n o t e s t h e number of induced s u b g r a p h s
of G which are isomorphic to F.)

T h e o r e m 8. L e t F be a (connected) non trivial graph (i.e. with a t least
one edge) . Then the following l i m i t s

. . log hom (F ,' G)
h m h m s u p 1 IGI '
t - t O O GEC'Vi og

. . l o g ( # F ~ G)
h m h m s u p 1 IGI '
t - t O O GEC'Vi og

and

1 . li log hom (F , G)
. 1m tm s u p ,
t - t OO GEC~i log IGI

. . l o g ( # F ~ G)
.l i m h m s u p 1 IGI
t - t OO GEC~i og

can o n l y take the values - 0 0 , 0 ,1 , . . . , a (F ) and IFI , where a ( F ) stan'ds for
the i n d e p endence n u m b e r o f F . Moreover , C is somewhere dense i f and only
i f the l i m i t is IFI .

For a p r o o f , see [74] . T h e r e is more to this t h a n meets t h e eye . T h e
recent t h e o r y of g r a p h limits developed by Lovasz w i t h his c o a u t h o r s , see e.g .
[59 , 60, 62 , 61] deals with c o u n t i n g of h o m o m o r p h i s m s from small g r a p h s ,
or a l t e r n a t i v e l y , w i t h p r o b a b i l i t i e s t h a t a r a n d o m map is a h o m o m o r p h i s m .
In this c o n t e x t t h e last a l t e r n a t i v e d e s c r i p t i o n is very pleasing.

T h e r e are o t h e r a l t e r n a t i v e d e s c r i p t i o n s of nowhere dense - somewhere
dense d i c h o t o m y . We refer to t h e f o r t h c o m i n g book [76] .
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5 . A p P L I C A T I O N I : S M A L L R A M S E Y N U M B E R S

Ramsey t h e o r y is a domain of (very) large numbers , see e.g. [46], [65] .
However t h e r e are exceptions: one of t h e m are game versions of Ramsey
problems, see [14], and the o t h e r one is the d e t a i l e d analysis of (generalized)
Ramsey numbers defined for an a r b i t r a r y g r a p h G as t h e least integer r( G) ,
the Ramsey number o f G , so t h a t for every g r a p h H of order at least r(G)
e i t h e r H or its complement c o n t a i n s G as a s u b g r a p h . When the g r a p h G is
sparse t h e n we can e x p e c t small Ramsey numbers (and in many cases ex a ct
results). Such r e s u l t s often belong more to g r a p h t h e o r y t h a n to Ramsey
theory. B u t this is not the case with the linear Ramsey numbers where the
analysis involves t e c h n i q u e s from the very h e a r t of Ramsey theory.

In this p a p e r we will only consider simple loopless g r a p h s . Let G be a
graph. I t follows from Ramsey 's t h e o r e m t h a t t h e r e exists a least integer
r(G) , the Ramsey number of G, so t h a t for every g r a p h H of order at least
r( G) e i t h e r H or its complement c o n t a i n s G as a s u b g r a p h . A family of
g r a p h s F is a Ramsey linear family if t h e r e exists a c o n s t a n t c = c( F) such
t h a t r( G) :::; cn for every G E F of order n. In 1973, B u r r and Erdos [21]
formulated the following c o n j e c t u r e .

C o n j e c t u r e 1 . For each p o s i t i v e integer p , there e x i s t s a c o n s t a n t Cp so
t h a t , i f G is a p-degenerate graph on n vertices , then r( G) < cpn .

In 1983 C h v a t a l , Rodl, Szemeredi , and T r o t t e r [24] proved (in one of
t h e first a p p l i c a t i o n s of SRL) t h at the c o n j e c t u r e holds for g r a p h s with
b o u n d e d maximum degree (improved in [44], t i g h t b o u n d s for b i p a r t i t e case
in [45]) . This result has been e x t e n d e d to p - a r r a n g e a b l e g r a p h s by Chen
and Schelp [22] .

Recall t h a t a g r a p h G is p-arrangeable (concept i n t r o d u c e d in [22]) if its
vertices can be o r d e r e d as VI , V2, . . . , V n in such a way t h a t IN L i ( N s; ( V i ) ) I :::;
q for each 1 :::; i :::; b I , where L, = { V I , V2, . . . , Vi } , R i = {Vi+1 , Vi+2, . . . , v n } ,

and NA(B) denotes the neighbors of B which lie in A.

In [22], t h e a u t h o r s proved t h a t p l a n a r g r a p h s are p - a r r a n g e a b l e for some
p . In [83], Rodl and T h o m a s prove t h a t g r a p h s c o n t a i n i n g no s u b d i v i s i o n of
K q are p - a r r a n g e a b l e for some p d e p e n d i n g on q. T h e b o u n d on the Ramsey
n u m b e r of p - a r r a n g e a b l e g r a p h s was improved by E a t o n [31] and t h e n by
G r a h a m , Rodl and Rucinski [44] .

The B u r r - E r d o s c o n j e c t u r e is known to hold for s u b d i v i d e d g r a p h s [3]
(improved in [56]) . Moreover, some f u r t h e r progress toward t h e c o n j e c t u r e
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may also be found in [53], [54], [55]. A general survey of what is known on
Ramsey numbers may be found in [79].

In [73] we give a new sufficient c o n d i t i o n for a g r a p h to be p - a r r a n g e a b l e
using the e x t r e m a l edge densities in the beginning of the resolution , more
precisely using

" o ( G ) = sup IIHII d " (G) IIHII
v I I an V I = sup IHI·

HEG'VO H HEG'V1

In [68] we defined these invariants \70, \7 1, and generally

IIHII
\7 d(G) = sup IHI .

HEG'V1

These i n v a r i a n t s are called grads (from " G r e a t e s t Reduced Average Den
s i t y " ) . Using this n o t a t i o n we can formulate the B u r r - E r d o s c o n j e c t u r e and
our results in a concise form.

C o n j e c t u r e 2 ( A l t e r n a t e form of B u r r - E r d o s c o n j e c t u r e ) . There e x i s t s a
function f : lR - - - t lR such t h a t for any graph G o f order n:

r(G) < f ( \ 7 o ( G ) )
n

In [73] we show t h a t for any g r a p h G its a r r a n g e a b i l i t y can be a c t u a l l y
b o u n d e d as a function of \71 (G) only. Combining this with [44] we obtain:

T h e o r e m 9. There e x i s t s a function f : lR - - - t lR such t h a t for a n y graph G
o f order n :

More precisely :

Also, combining our results with those of [86, 87] we get a slightly
s t r o n g e r off-diagonal version :
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[3]

[8 3J

C o r o l l a r y 10. There e x i s t s a function 9 : ]R2 --+ ]R such t h a t for any graphs

G I l G 2 :

Figure 7 i n d i c a t e s inclusion of some of the g r a p h classes r e l a t e d to t h e
Erdos - B u r r conjecture.

____ ------~ linearly b o u n d e d Ramsey numbers
A

C o n j e c t u r e [2 1] :

k - d e g e n e r a t e d : b o u n d e d V' 0 (G)

~ [221

s u b d i v i d e d g r a p h s

____ ----------~ p - a r r a n g e a b l e - - - - - - '

1[73 ]
b o u n d e d V'1 (G)

I
b o u n d e d expansion : V'T (G) < C (r) (\fr)

1[66 1

' - - - - - - - - - - - - no K p s u b d i v i s i o n

~l
p r o p e r minor closed: V'T (G) < C (\fr)

I
p l a n a r g r a p h s

b o u n d e d degree

Fig . 7. I n c l u s i o n of l i n e a r Ramsey g r a p h classes
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6 . A p P L I C A T I O N II: V E R T E X S E P A R A T O R S

4 6 7

Let G be a g r a p h of o r d e r n . Recall t h a t an a - v e r t e x separator of G is a
s u b s e t S of vertices such t h a t every c o n n e c t e d c o m p o n e n t of G - S c o n t a i n s
at most a n vertices .

6 . 1 . S u b - e x p o n e n t i a l w - e x p a n s i o n

A c e l e b r a t e d t h e o r e m of L i p t o n and T a r j a n [57] s t a t e s t h a t any p l a n a r g r a p h
has a s e p a r a t o r of size 0 ( ..[ii) . Alon , Seymour and T h o m a s [5] showed t h a t
excluding Ki, as a minor ensures t h e existence of a s e p a r a t o r of size at most
O(h 3 / 2 . . [ i i ) . G i l b e r t , H u t c h i n s o n , and T a r j a n [41] f u r t h e r proved t h a t g r a p h s
w i t h genus 9 have a s e p a r a t o r of size O( J91i) (this r e s u l t is o p t i m a l ) .
P l o t k i n et al. [78] i n t r o d u c ed t h e concept of lim ited-depth m i n o r ex cl us io n
a n d have shown t h a t exclusion of small l i m i t e d - d e p t h minors implies t h e
ex is te n ce of a small s e p a r a t o r .

Precisely, P l o t k i n et al. prove in [78] t h a t any g r a p h excluding Kh as a
d e p t h 1 minor (i.e . any g r a p h G such t h a t Kh ~ G \J 1) has a s e p a r a t o r of
size O ( l h 2 l o g n + n i l ) hence proving t h a t excluding a Ki, minor ensures t h e
e x i s t e n c e of a s e p a r a t o r of size 0 ( h..[ii log n). T h ey proved t h e following:

T h e o r e m 11 ([78]). Given a graph with m edges and n nodes , and i n t e g ers
l a n d h , there is an O ( m n l l ) t i m e algorithm t h a t will either p r o d u c e a
K h - m i n o r o f d e p t h a t m o s t l l o g n or will find a s eparator o f size a t m o st
O( n i l + 4lh 2 I o g n ) . •

T h e w - expansion of a class C is t h e m a p p i n g (from N to N U {oo})

i t - + sup w(G) ,
G E C ' l i

where w( G) s t a n d s for t h e clique number of G , i .e, t h e o r d e r of t h e l a r g e s t
c o m p l e t e sub g r a p h of G. Notice t h a t a class has b o u n d e d w-expansion if
and only if it is nowhere dense.

A class C has s u b - e x p o n e n t i a l w-expansion if

. l o g w ( G )
h m s u p sup . = O.
i --> oo G E C ' l i '/,

T h e o r e m 12. L e t C be a class of graphs with s u b - e x p o n e n t i a l w-expansion.
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Then the graphs of order n in C have separators of size s( n) = o( n)
which m a y be c o m p u t e d in t i m e O( n s ( n ) ) = o(n 2 ) .

As r a n d o m cubic g r a p h s almost surely have bisection width at least
0.101n [52], they have almost surely no s e p a r a t o r of size smaller t h a n n / 2 0
I t follows t h a t if log f (x) = (log 2)x, the g r a p h s have no s u b l i n e a r s e p a r a t o r s
any more. This shows the o p t i m a l i t y of T h e o r e m 12.

7. A p P L I C A T I O N III: P R O P E R T Y T E S T I N G , W E A K

H Y P E R F I N I T E N E S S

7 . 1 . P r o p e r t y t e s t i n g

P r o p e r t y t e s t i n g has been i n t r o d u c e d by Blum, Luby and Rubinfeld [17]
and Rubinfeld and S u d a n [84] (in the c o n t e x t of p r o g r a m t e s t i n g ) , and by
Arora , Lund, Motwani, Sudan, and M. Szegedy [10] and Arora and Safra
[11] (in the c o n t e x t of p r o b a b i l i s t i c a l l y checkable proofs). Testing g r a p h
p r o p e r t i e s was first i n v e s t i g a t e d by Goldreich, Goldwasser , and Ron [42].
From a " m a t h e m a t i c a l " p o i n t of view, the main i n g r e d i e n t s of p r o p e r t y
t e s t i n g are:

• a r a n d o m sampling of a large s t r u c t u r e ,

• a s u i t a b l e notion of d i s t a n c e between objects.

Let P be a class of g r a p h s (called graph property in this c o n t e x t ) .
A g r a p h G is said to have p r o p e r t y P if G E P; it is said to be e - j a r for
s a t i s f y i n g P if no g r a p h at d i s t a n c e at most e from G satisfies P. A t e s t i n g
a l g o r i t h m (or tester) for g r a p h p r o p e r t y P and a c c u r a c y e is an a l g o r i t h m
t h a t d i s t i n g u i s h e s with p r o b a b i l i t y at least 2 / 3 between g r a p h s satisfying P
from g r a p h s t h a t are s-far from satisfying it . More precisely, the p r o p e r t y
t e s t i n g a l g o r i t h m

• should a c c e p t with p r o b a b i l i t y at least 2 / 3 every i n p u t g r a p h t h a t
belongs to P,

• should reject with p r o b a b i l i t y at least 2 / 3 every i n p u t g r a p h t h a t
has d i s t a n c e more t h a n e from any g r a p h in P, i.e. if its s-far from
s a t i s f y i n g P.
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Here , t h e p r o b a b i l i t i e s are t a k e n over t h e coin tosses of t h e t e s t e r .

However, from t h e original "co m p u t a t io n a l" p o i n t of view , t h e n o t i o n
of p r o p e r t y t e s t i n g is a bit t r i c k i e r : i n s t e a d of defining a d i s t a n c e b e t w e e n
o b j e c t s , we first have to define an e n c o d i n g A of t h e o b j e c t s , a n d to c o n s i d e r
t h e d i s t a n c e of two o b j e c t s given by t h e r a t i o of the e d i t d i s t a n c e b e t w e e n
t h e e n c o d i n g s by t h e "l en g t h" of t h e encoding. Also, on has to precise w h a t
"local " queries are allowed to t h e t e s t e r .

A g r a p h p r o p e r t y P is testable if for any E > 0, t h e r e is a c o n s t a n t t i m e
r a n d o m i z e d a l g o r i t h m t h a t can d i s t i n g u i s h with high p r o b a b i l i t y b e t w e e n
g r a p h s s a t i s f y i n g P from those t h a t ar e s - f a r from s a t i s f y i n g it .

One s h o u l d notice t h a t t h e i n t r o d u c t i o n of the p a r a m e t e r e will make
some p r o p e r t i e s impossible to d i s t i n g u i s h . P r e c i s e l y , two p r o p e r t i e s P and
Q are i n d i s t i n g u i s h a b l e if for every E > 0 t h e r e exists N = N ( c ) such t h a t :

• for every g r a p h G E P w i t h o r d e r at least N t h e r e exists H E Q with
t h e same o r d e r such t h a t dist (G , H) < e ,

• for every g r a p h H E Q with o r d e r a t least N t h e r e exists G E P with
t h e same o r d e r such t h a t d i s t ( G , H) < E .

As proved in [4] (in t h e c o n t e x t of dense g r a p h s , b u t easily e x t e n d e d to t h e
general case), if two p r o p e r t i e s are i n d i s t i n g u i s h a b l e t h e n e i t h e r t h e y are
b o t h t e s t a b l e or none of t h e m is t e s t a b l e .

7 . 1 . 1 . D e n s e g r a p h s . In t h e c o n t e x t of dense g r a p h s , t h e s t a n d a r d en 
coding is given by t h e a d j a c e n c y m a t r i x of t h e g r a p h , a n d t h e local queries
c o r r e s p o n d to checking the a d j a c e n c y of two s a m p l e v e r t i c e s . T h e e n c o d i n g
of a g r a p h of o r d e r n is t h e n (~) , a n d two g r a p h s G and G' of o r d e r n will
be s - f a r if one has to change a t least cG) a d j a c e n c i e s in G to get a g r a p h
i s o m o r p h i c to G'.

D e s p i t e t h e a p p a r e n t s y m m e t r y of t h e definition, it s h o u l d be n o t i c e d
t h a t t h e fa ct t h a t a p r o p e r t y P is t e s t a b l e is not r e l a t e d to t h e fact t h a t ...,p
is t e s t a b l e . For i n s t a n c e , Alon et al. [4] proved t h a t any f i r s t - o r d e r p r o p e r t y
of t h e form "3\1" is t e s t a b l e while t h e r e exist some f i r s t - o r d e r p r o p e r t i e s of
t h e form " \1 3" which are not t e s t a b l e .

T h e s t u d y of p r o p e r t y t e s t i n g in t h e c o n t e x t of dense g r a p h s is u s u a l l y
b a s e d on SRL [89]. Using t h i s s t r u c t u r a l l e m m a , Alon a n d S h a p i r a proved
t h a t every h e r e d i t a r y p r o p e r t y is t e s t a b l e [9, 7] and t h e n e x t e n d e d t h i s r e s u l t
to m o n o t o n e p r o p e r t i e s [8] . T h e g e n e r a l i z a t i o n of S z e m e r e d i ' s r e g u l a r i t y
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lemma and of the removal lemma to h y p e r g r a p h s [82,81] allowed Rodl and
Schacht to prove t h a t every h e r e d i t a r y h y p e r g r a p h p r o p e r t y is t e s t a b l e [80]
and also , with A v a r t , t h a t every monotone 3 - g r a p h p r o p e r t y is t e s t a b l e
[13]. The t e s t a b i l i t y of h e r e d i t a r y p r o p e r t i e s has been f u r t h e r e x t e n d e d
to p a r t i t e h y p e r g r a p h p r o p e r t i e s by Ishigami [48] and to multiple d i r e c t e d
p o l y c h r o m a t i c g r a p h s and h y p e r g r a p h s by A u s t i n and Tao [12].

7 . 1 . 2 . U l t r a s p a r s e g r a p h s . In t h e c o n t e x t of sparse graphs, i n s t e a d of
coding g r a p h s by an adjacency m a t r i x one can use adjacency lists. This is
p a r t i c u l a r l y s u i t a b l e when s t u d y i n g sparse g r a p h s [43]. In this l a t t e r case,
two g r a p h s of order n are at d i s t a n c e e if one can be o b t a i n e d from the o t h e r
by means of at most c( n + m) edge deletions or edge a d d i t i o n s .

In t h e case where the i n p u t g r a p h s are b o u n d to have maximum degree
at most D. the ratio of t h e Hamming d i s t a n c e between t h e adjacency lists of
two g r a p h s of order n and size D.n a c t u a l l y defines the d i s t a n c e between t h e
two graphs. In this s e t t i n g , p r o p e r t i e s t h a t were t e s t a b l e in the dense case
may not be t e s t a b l e in the sparse case, and conversely. For instance, some
p r o p e r t i e s which are t r i v i a l l y t e s t a b l e in t h e dense case (such as acyclicity
or c o n n e c t i v i t y ) are still t e s t a b l e in the b o u n d e d degree model b u t in a non
obvious way, and o t h e r p r o p e r t i e s which are t e s t a b l e in the dense model,
such as b i p a r t i t e n e s s , are not t e s t a b l e in the b o u n d e d degree model [43] . In
p a r t i c u l a r , the fact t h a t b i p a r t i t e n e s s is not t e s t a b l e in the b o u n d e d degree
model shows t h a t not every monotone p r o p e r t y is t e s t a b l e in this model. If
one seeks for an analog of t h e result of Rodl and Schacht in the b o u n d e d
degree model, one will have to add f u r t h e r r e s t r i c t i o n s to the t e s t e d p r o p e r t y .

7 . 2 . H y p e r f i n i t e C l a s s e s

A s y m p t o t i c p r o p e r t i e s of classes of finite g r a p h s with b o u n d e d degree can be
s t u d i e d using a notion of convergence which is the local weak convergence,
as s t u d i e d in [15] and [2]. In [85], Schramm e x t e n d e d the s t u d y of the
local weak convergence of g r a p h s by noting its p r o p e r t i e s in r e l a t i o n to
h y p e r f i n i t e classes of g r a p h s . A class C of (finite) g r a p h s is hyperjinite if
for every positive real e > a t h e r e exists a positive integer K (c) such t h a t
every g r a p h GEe has a s u b s e t of at most c IGI edges whose deletion leaves
no c o n n e c t e d c o m p o n e n t of order g r e a t e r t h a n K ( c ) . A l t h o u g h this notion
a p p e a r e d implicitly in t h e l i t e r a t u r e (i.e. , [58]) , as far as we know Elek
[32, 33, 34] was t h e first to give it a name and propose its s y s t e m a t i c study.
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In [16] , B e n j a m i n i , S c h r a m m a n d S h a p i r a showed t h a t every minor
closed g r a p h p r o p e r t y can be t e s t e d w i t h a c o n s t a n t n u m b e r of q u e r i e s in t h e
b o u n d e d degree model (see also [25]). For i n s t a n c e , p l a n a r i t y is t e s t a b l e in
t h e b o u n d e d degree model. A c t u a l l y , t h e y prove a much s t r o n g e r t h e o r e m :

T h e o r e m 13 ([16]). E v e r y h y p e r f i n i t e m o n o t o n e graph p r o p e r t y is testable.

Using a d e t a i l e d a n a l y s i s of b o u n d e d e x p a n s i o n classes w i t h an sub
e x p o n e n t i a l g r o w t h we will now e x t e n d t h e r a n g e of a p p l i c a t i o n s of t h i s
r e s u l t .

7 . 3 . W e a k l y h y p e r f i n i t e c l a s s e s

A class C of g r a p h s is weakly hyperjinite if for any f > 0 t h e r e e x i s t s K (f)
such t h a t every G E e has a s u b s e t of at most flGI v e r t i c e s whose d e l e t i o n
leaves no c o n n e c t e d c o m p o n e n t of o r d e r g r e a t e r t h a n K.

A l t h o u g h it is obvious t h a t in o r d e r to be h y p e r f i n i t e a m o n o t o n e class
of g r a p h s needs to b o u n d t h e m a x i m u m degrees of its e l e m e n t s . However,
weakly h y p e r f i n i t e classes may c o n t a i n g r a p h s with u n b o u n d e d m a x i m u m
degrees. Moreover, it is clear t h a t any h y p e r f i n i t e class is also weakly
h y p e r f i n i t e a n d t h a t these two n o t i o n s coincide for classes of g r a p h s w i t h
b o u n d e d m a x i m u m degrees

T h e r e l a t i o n b e t w e e n t h e two n o t i o n s will be made precise by t h e fol
lowing t h e o r e m :

T h e o r e m 1 4 . For a p o s i t i v e integer D, denote by b. D the class o f the
graphs h a v i n g m a x i m u m degree a t m o s t D . L e t C be a m o n o t o n e class of
graphs with b o u n d e d average degree.

The class C is weakly h y p e r f i n i t e i f a n d only i f for every integer D the
class C n b. D is h y p e r f i n i t e .

A key a d v a n t a g e of t h e n o t i o n of weak h y p e r f i n i t e class is its c o n n e c t i o n
w i t h t h e e x i s t e n c e of s u b l i n e a r v e r t e x s e p a r a t o r s .

7 . 3 . 1 . T r e e - d e p t h , T r e e - w i d t h a n d V e r t e x S e p a r a t o r s . T h e following
i n e q u a l i t i e s b e t w e e n t r e e - w i d t h , p a t h w i d t h a n d t r e e - d e p t h are easy to prove
[18] : for any g r a p h G it holds

tw (G) ::; pw (G) ::; t d ( G).
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L e m m a 15. L e t G be a graph of order n and let SG : {I , . . . , n} ---> N be
defined by

S G ( i ) = max min {lSI : S is a -2
1
- v e r t e x separator of G[A]}

IAI:Si ,
A~V(G)

Then:

!og 2 n

sG(n) ~ t d ( G ) < L SG ( ; )
i = O

Relative sizes of vertex s e p a r a t o r s for g r a p h s in a class C may be s t u d i e d
t h r o u g h the function < : N ---> N defined by:

c;(n) = sup min {lSI : S is a ~-vertex s e p a r a t o r of G}.
GEC, IGI:Sn 2

Hence , if C is h e r e d i t a r y we have

~(n) = sup sG(n ).
GEC

I n s t e a d of c , it will be convenient to consider a real valued concave sub
linear a p p r o x i m a t i o n of c;. This will be achieved by t h e following s t a n d a r d
c o n s t r u c t i o n : The convex conjugate of a lower semi-continuous function ¢ :
X ---> JR U {(X)} is the function ¢* : X * ---> JR U {(X)} (where X is a real
normed vector space and X * is its dual space) defined by

¢ *(x * ) = sup {(x* , x ) - ¢( x) : x E X } .

The conve x biconjugate ¢** of ¢ (i.e . the convex c o n j u g a t e of the convex
c o n j u g a t e of ¢) is also t h e closed convex hull of ¢, i.e . the largest lower
s e m i - c o n t i n u o u s co nvex function smaller t h a n ¢. Hence if ¢ is is convex and
lower s e m i - c o n t i n u o u s t h e n ¢** = ¢.

For a non-decreasing function f : N ---> JR+ we define j ( x ) = -g**( - x ) ,
where

g( x) = f ( l x J ) + ( x - l xJ) (J(fxl) - f ( l x J ) ) .

T h e function j is t h e n the smallest u p p e r c o n t i n u o u s concave function
g r e a t e r or equal to f . I t is non-decreasing if f is non-decreasing .



E x t r e m a l Problems for Sparse Graphs

Hence , according to Lemma 15 we have for a h e r e d i t a r y class C:

<;(n) = sup sc(n) ::; sup t d (G)
cec CEC , ICI::;n

::; ~(n) .
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Moreover, as <; and ~ are bounded by the same linear functions, j is
s u b l i n e a r if and only if f is s u b l i n e a r . This is the basis of the following:

P r o p o s i t i o n 16. Let C be a m o n o t o n e class of graphs . The following
properties are equivalent :

1. the graphs in C have sublinear v e r t e x s e p a r a t o r s :

. min {lSI : S is a ! - v e r t e x s e p a r a t o r of G } _ .
llI~:YP IGI - 0 ,

2. the graphs in C hav e sublinear sc :

lim sup sc(n) = 0;
n~ooGEC n

3. the function <; defined by C is sublinear:

lim sup <;(n) = 0;
n~oo n

4. the graphs in C have sublinear tree-width:

. tw (G)
llI~:~P 1 G I = 0;

5. the graphs in C have sublinear tree-depth:
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Let C be a m o n o t o n e class of g r a p h s , such t h a t each G E C has a ~-vertex

s e p a r a t o r of size a t m o s t <;( IGI) = o( IGI). We s h a l l s t a t e a c o n s e q u e n c e
of t h e e x i s t e n c e of s u b l i n e a r v e r t e x - s e p a r a t o r s . O u r r e s u l t will follow from
an e x t e n s i o n of an o p t i m i z a t i o n r e s u l t of L i p t o n a n d T a r j a n [57], which is
s t a t e d in L e m m a 18 a n d w h i c h is bas ed on t h e p r o p e r t y of ~ e x p r e s s e d by
t h e following l e m m a .

L e m m a 17. Let G E C h a v e order n and let 11 : V ( G ) ---t [0,1] be a
p r o b a b i l i t y measur e. Then V ( G ) can be split into parts A , B , e such t h a t
lei ::; ~(2n), m a x (IAI, IBI) ::; 2 n / 3 and m a x (I1(A),I1(B)) ::; 2/311{G) and
no v e r t e x in A has a neighbor in B .

L e m m a 18. Let G E C have order n, let 11 : V ( G ) ---t [0,1] be weights with
total sum a t m o s t 1 ii.e. L : v E V ( G ) I1(V) ::; 1) and let 0 < E < 1 be a p o s i t i v e
real.

Then there e x i s t s a s e t C of cardinality at m o s t 3~(2En/3)/E such t h a t
no connected c o m p o n e n t o f G - e has a weight greater than E.

As a c o n s e q u e n c e we d e d u c e t h e following r e s u l t s a b o u t h y p e r f i n i t e n e s s .

T h e o r e m 19. L e t C be a m o n o t o n e class o f graphs with sublinear v e r t e x
separators. Then , for every p o s i t i v e real E > 0 there exists an integer K
such t h a t every graph G E e has a s u b s e t o f vertices S o f cardinality a t
m o s t EIGI whose deletion leaves no connected c o m p o n e n t o f order greater
than K .

C o r o l l a r y 20. L e t C be a m o n o t o n e class o f graphs with sublinear vertex
separators and bounded average degree and let D be a p o s i t i v e integer .

Then the subclass ofC i n c l u d i n g those graphs in C which have m a x i m u m
degree a t m o s t D is h y p e r f i n i t e .

C o m b i n i n g w i t h o u r r e s u l t s a b o u t v e r t e x s e p a r a t o r s we a r r i v e to t h e
following:

T h e o r e m 21. L e t P be a m o n o t o n e class o f graphs with s u b - e x p o n e n t i a l
w-expansion .

Then the p r o p e r t y G E P is testable in the bounded degree model.

P r o o f . T h i s is a d i r e c t c o n s e q u e n c e of T h e o r e m 13, T h e o r e m 12 a n d Corol
l a r y 20 . •
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A specific example of classes which are nowhere dense are classes with
b o u n d e d expansion. These classes have been i n t r o d u c e d in [66]. A class
C has bounded expansion if t h e r e exists a function f : N - + IR (called
expansion function) such t h a t

\fd E N sup IIGII:::; f ( d ) .
GEC"Jd IGI

For an extensive s t u d y of b o u n d e d expansion classes we refer the reader
to [68], [69], [70], [28], [29], [77].

(See [77] for the definition of stack and queue numbers. This paper
contains f u r t h e r examples of b o u n d e d expansion classes.)

As for nowhere dense classes, several equivalent c h a r a c t e r i z a t i o n s exist
for classes with bounded expansion. In fact most of these c h a r a c t e r i z a t i o n s
are m i n i a t u r e of c h a r a c t e r i z a t i o n s of nowhere dense classes in the sense
t h a t nearly linear bounds (resp. n o ( l ) bounds) are replaced by linear ones
(resp. c o n s t a n t bounds). We give a sample of c h a r a c t e r i z a t i o n s ( e x t e n d i n g
T h e o r e m 1).

T h e o r e m 2 2 . L e t C be a class of graphs. The following p r o p e r t i e s are
equivalent:

• C has b o u n d e d expansion ;

• for every integer p, sup Xp(G) < 00;
GEC

• for every integer p, sup col p ( G) < 00;
GEC

• for e v e r y integer p, sup X(G) < 00;
GEC"Jp

• for e v e r y integer p there e x i s t s a graph Up with o d d - g i r t h a t least
2p + 1 such t h a t every s u b d i v i s i o n with o d d - g i r t h a t least 2p + 1 of a
graph in C has a h o m o m o r p h i s m to Up.

Thus any g r a p h G in a (fixed) bounded expansion class C can be decom
posed into a fixed number N p ( G) of classes such t h a t the s u b g r a p h s induced
by any ::; p classes of the p a r t i t i o n have c o m p o n e n t s of only finitely many
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Fig . 8 . C l a s s e s w i t h B o u n d e d E x p a n s i o n

( h o m o m o r p h i s m ) types. Thus p is t h e n p a r a m e t e r expr essing the precision
of such d e c o m p o s i t i o n . Moreover such d e c o m p o s i t i o n can be found in a
linear n u m b e r of steps. Not surprisingly, this has a n u m b e r of a l g o r i t h m i c
consequences ([66, 69J .
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Bound ed expan sion clas ses not on ly g a t h e r most of t he usual s p a r se classes
o f gr aphs , b u t t h ey a lso ca pt ure s p a rse r a n d o m gr aph s:

Th e G (n, p) mod el o f r and om gr a p hs is t h e mos t com m on r a n d o m g r a p h
mod el , see e .g . [1 9] . In t h is mod el , a gr a p h wi t h n ve r t ices is b u i l t , wh er e
e ac h e d ge a p p ea rs ind ep end entl y wi t h probabili t y p. I t is fr e q u e n t l y con
side re d t h a t p m ay b e a fun ction of n, henc e th e not a t i o n G ( n , p( n )) .

On t h e one hand , th e or de r of t he largest com p lete (topolo gical ) minor in
G ( n , p l n ) is well-s t u d i ed . Recall t h a t a p r o p e r t y of r a n d o m g r a p h s holds as 
y m p t o t i cally almo st s u rely (a.a.s.) if, over a sequ en ce of draws , its probabil
ity converges to 1. I t is known since the work of Lu czak , P i t t e l and Wierm an
[63] t h a t r a n d o m g r a p h s G( n , p ( n ) ) with p(n) - l i n « n - 4 / 3 are asymp-

t o t i c a l l y almost sur ely pl an ar , wh ereas those with p(n) - l i n » n - 4 / 3 as
y m p t ot ica lly almost s ure ly con t a i n u n b o u n d ed clique minor s. F o u n t o u l a k i s
et al. [39] proved t h a t for ever y c > 1 t h ere ex ists a co ns t a n t 8( c ) s u ch
t ha t as y m p t o t i cally almos t s ure ly th e maximum or de r h ( G (n , c] n )) of a
com p let e minor of a gra p h in G( n , c l n ) s a t is fies th e in e q u a l i t y 8 ( c ) J T i :::;
h ( G (n , c l n ) ) :::; 2yCii. Also , Aj t a i , Komlo s a n d Szem er edi [1 ] proved t h a t
as long as t he ex pecte d d egr ee (n - l )p is at le as t 1 + c a n d is o( J T i ) ,
t he n asy m p t ot ica lly a lmost s ure ly t he ord er of t he lar ges t com p lete t op o
logical m inor of G ( n , p ) is a lm ost as large as t he maximum d egr ee, which is
8 (log n ] log log n).

I t is known t h a t t he numb er o f s h o r t cycles of G (n , d i n ) is b o u n d ed.
More pr ecisely, t he ex pect e d numb er of cy cles of len gth t in G ( n , d i n ) is

a t most (e 2 dI 2 )t. I t follow s t ha t t he exp ect ed valu e E( w(G V r)) of th e
clique size of a s ha llow t op ologica l minor of G a t d e p t h r is b o u n d ed by
a p p r o x i m a t e l y (Cd) 2r .

Fox and Sudakov [40] proved t h a t G(n, d i n ) is as y m p t ot ica lly almost
surely (16d , 16d)-degen e r a t e , wh er e a g r a p h H is said to b e (d, ~) -degenerate

if t h er e ex is t s an ord ering V I , . . . , V n of its vertices su ch t h a t for each V i , t h e r e
ar e at most d vertic es V j adj acent to Vi with j < i, and t h ere are at most ~

s u b sets of t h e form N ( V j ) n { V I , . . . , Vi } for some n eighbor V j of Vi with j > i
(r ec a ll t h a t the n eighborh o od N (vj ) is t h e set of vert ices t h at are ad j a c e n t
to V j ) . A modified vers io n of thi s proof has been u sed b y the a u t h o r s and
D. R. Wood to pr ove :

T h e o r e m 23 ( [7 7]) . For each int eger d t h er e ex is ts a b o u n d e d exp an sion
class R d such t h a t G ( n , d i n ) al m os t s ure l y belon gs t o R d.
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In this section we give a few examples of nowhere dense classes.

9 . 1 . C l a s s i c a l S p a r s e C l a s s e s

Fig. 9 shows the inclusion map of some i m p o r t a n t h e r e d i t a r y nowhere dense
classes which were s t u d i e d in c o m b i n a t o r i a l as well as a l g o r i t h m i c c o n t e x t .

9 . 2 . S i m p l i c i a l G r a p h s

A k - d i m e n s i o n a l simplex, or k - s i m p l e x , is the convex hull of k + 1 affinely
i n d e p e n d e n t p o i n t s in jRd space. A d - d i m e n s i o n a l s i m p l i c i a l complex is
a collection of k-simplexes, k ::; d, closed under s u b - s i m p l e x and inter
section. For example, a 3-dimensional simplicial complex is a collection
of cells (3-simplexes), faces (2-simplexes) , edges (I-simplexes) and vertices
(O-simplexes). A d - d i m e n s i o n a l s i m p l i c i a l graph is the collection of edges
and vertices of a d-dimensional simplicial complex . T h e aspect ratio of a
body is its d i a m e t e r .divided d t h root of its volume [64J . The volume of
a regular d-simplex, d-cube, and d-ball of unit d i a m e t e r are respectively
2 - d / 2 J ( I + I / d l , d-d /2 and 2 - d 7r d / 2 / ( d / 2 ) ! . Hence the a s p e c t r a t i o s of a d-

simplex, d-cube, and d-ball are respectively O: s = 2 1 / 2(d!)1 /d(d + 1)-1 /(2d) ' "
V 2 d / e , o : c = Jd, and O:b = 27r- 1 / 2(d/2)!1/d ' " J2d/(e7r) . A simplicial g r a p h
of aspect r a t i o 0: means a simplicial g r a p h coming from a complex in which
every d-simplex has aspect r a t i o a t most 0 : .

Classes of simplicial g r a p h s with b o u n d e d a s p e c t r a t i o exclude big shal
low complete minors as proved by P l o t k i n , Rao and S m i t h [78]. I t follows
t h a t such classes are nowhere dense. However we d o n ' t know if they have
b o u n d e d expansion .

A n a t u r a l question arises: which classes are nowhere dense b u t do not
have b o u n d e d expansion . This problem relates to Erdos - H a j n a l problem
a b o u t high g i r t h high c h r o m a t i c s u b g r a p h s in high c h r o m a t i c graphs. This
is going to a p p e a r elsewhere.
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A s y m p t o t i c a l l y
£dens (C V ) = -edgeless

~

I
B o u n d e d size £d e ns (C V ) s 0

~
B o u n d e d d e g r e e P l a n a r £de ns (C V ) ::; 1

' - - - ; ----...-.
B o u n d e d g e n u s - Locally b o u n d e d

t r e e - w i d t h

~ ~
E x c l u d e d m i n o r - Locally e x c l u d e d

m i n o r

~ ~
E x c l u d e d B o u n d e d Locally b o u n d e d

t o p o l o g i c a l m i n o r - e x p a n s i o n - e x p a n s i o n

L - ~

Almos t wide
o w h e r e d e n s e ~- Q u a s i wide

~

£dens (C V ) = 2 S o m e w h e r e dense

F i g. 9. Inclusion map of some import ant hereditar y n owhere de nse classes

9 .3. H i g h G i r t h G r a p h s
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A s t a n d a r d ex a m p le of a m o n o t o n e nowhere d ense class of g r a p h s is the
class of t h e g r a p h s whose m a x i m u m degree does not exceed some function
of t h e g ir t h, i. e. B 1> = { G : ~ (G ) ~ ¢ ( g i r t h (G)) } . Wh en ¢ is u n b o u n d e d ,
su ch a class con t a i n s g r a p hs with order n, gi r t h a t least 1 / f ( n ) , and de grees
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k ~ n f ( n ) for some u n b o u n d e d function f hence fails to have b o u n d e d
expansion.

10. C O U N T I N G - D E G R E E S OF F R E E D O M S

1 0 . 1 . I n t r o d u c t i o n

A homomorphism from a g r a p h F to a g r a p h G is an adjacency preserving
m a p p i n g from the vertex set of F to the vertex set of G. When considering
a series of larger and larger g r a p h s , c o u n t i n g the n u m b e r of homomorphisms
from small t e s t g r a p h s or c o u n t i n g the number of induced copies of a small
p a t t e r n is a main tool in the s t u d y of a possible limit of the sequence. For
i n s t a n c e , t h i s is the case when one considers the convergence c r i t e r i a for
dense g r a p h s (as defined by LOV3sZ et al. [20], linked to SRL) and t h e one
for h y p e r f i n i t e g r a p h s (as defined by Elek and L i p p n e r [37], linked to a
f i n i t a r i z a t i o n of Farell - V a r a d a r a j a n ergodic d e c o m p o s i t i o n t h e o r e m ) .

One of the main differences between these two a p p r o a c h e s lies in the
n o r m a l i z a t i o n needed to t r a n s f o r m t h e number of induced copies of a fixed
p a t t e r n into a "density " and more precisely in the e x p o n e n t of the order
of the g r a p h which is used to divide the number of copies. This e x p o n e n t
i n t u i t i v e l y measures how i n d e p e n d e n t the a s s i g n m e n t s of the vertices of the
p a t t e r n g r a p h may be . In a way t h i s c o r r e s p o n d s to the "degree of freedom"
of the p a t t e r n in g r a p h s of the class.

In the dense case, it is n a t u r a l to consider t h a t each vertex of the p a t t e r n
could be considered i n d e p e n d e n t l y and thus to consider, for a small t e s t
g r a p h F and a large g r a p h G the p r o b a b i l i t y t h a t a r a n d o m map from
V ( F ) to V ( G ) will be a homomorphism. Notice t h a t t h e number of induced
copies of F in G may be easily derived from the number of homomorphisms
from F to G b u t t h a t the notion of homomorphism can benefits from the
i n d e p e n d e n c e a s s u m p t i o n to ease t h e e s t i m a t i o n s and t h e c o m p u t a t i o n s .
The considered density is t h u s

(1) t ( F G) = hom (F , G)
, I G I I F I '

(Recall t h a t hom (F, G) s t a n d s for t h e number of h o m o m o r p h i s m s from F
to G).
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Now consider the u l t r a - s p a r s e case - for i n s t a n c e in the case of bounded
degree g r a p h s excluding a minor. A random map from a t e s t g r a p h F to a
large u l t r a - s p a r s e g r a p h G is unlikely to be a homomorphism (except if F
is edgeless). However, there are obviously only finitely many isomorphism
types of the balls B; (v) for v E V ( G) , and it easily follows t h a t the number
of copies of F in G will be at most linear in the order of G and t h a t the
considered d e n s i t y should be

(2)
( # F c;, e )

dens (F, G) = IGI '

where ( # F c;, e) s t a n d s for the number of induced copies of F i n G.

When s t u d y i n g large graphs belonging to an infinite class of graphs C
and fixing a small t e s t graph F , the n a t u r a l question is to d e t e r m i n e w h e t h e r
t h e r e could exist a "n a t ur a l" e x p o n e n t f(F, C) and a c o r r e s p o n d i n g n a t u r a l
density function

(3)
( # F c ; , e )

dens- (F , e ) = f ( F C ) '
lei '

This m o t i v a t e s a s t u d y of the asymptotic upper logarithmic density of F
in C, t h a t is of the limit

. log ( # F c;, e)
h m s u p I lei .
GEC og

In general, this value is not an integer. For i n s t a n c e , consider the class
Co of g i r t h at least 5 (i.e. the class of 03 - and 04-free graphs) and the class
C 1 which are s u b g r a p h s of the C a r t e s i a n p r o d u c t of a g r a p h in Co and the
complete g r a p h K2 (see Fig . 10). Recall t h a t the Cartesian product G o H
of two graphs e and H is the g r a p h with vertex set V ( e ) x V ( H ) in which
two vertices ( u , x ) and ( v , y ) are a d j a c e n t if u = v and { x , y } E E ( H ) or
x = y a n d {u, v} E E( e). Obviously, b o t h Co and C 1 are a d d a b l e (i.e. closed
by disjoint union) and monotone (i.e. closed under s u b g r a p h s ) and we have

(4)

from which follows

(5)

1
. log ( # K 2 c;, e ) _ ~
i m sup I IGI - 2'
GECo og

lim sup log ( # 0 4 c;, e) = ~ .
GEC! log IGI 2



482 J . N e s e t t il an d P. Ossona d e M end ez

F ig . 10. Co nst ructio n o f a g ra p h, all s u bg r a p hs o f wh ich h av e O (n 3
/
2
) ed ges a n d

O(n 3
/
2
) C 4 ' s

Of co ur se , we su sp ec t t h a t t h e as ymp t o t i c upp er loga ri t h m ic d e n s i t y
of g ra p hs in C 1 will pl a y a n i m p o r t a n t rol e b u t t h e r ela t i o n might b e not
o bv ious as if on e co ns ide rs t he cla ss P of pl a n a r g ra p hs we hav e

(6)

a lt ho ug h

( 7)

. log ( # 0 4 ~ G ) 3 . log ( # 0 4 ~ G)
hm sup I IGI = 2 > - = h m sup I IG I '
GE P og 2 GEC! og

. log II G il 3 . log II GII
hm sup I IGI = 1 < - = hm sup I IGI '
G E P og 2 GE C! og

However (to comp lem en t T h eorem 8) t h er e is n ev e r t h eles s a differen ce
in t h e b ehavior of t h e limit

. log ( # F ~ G)
h m s u p I IG I
GE C og

for n owh ere den se and som ewh er e dense h er e d i t a r y class es C:

1 0 . 2 . N o w h e r e d e n s e cl a s s e s

T h e or em 8 cha r a c t e ri zes nowh er e d ens e clas s es by m ean s of the i n t e g r a l i t y
a n d b o u n d i n g of t he upp er logari t h m i c d en si ti es in t he r e s o l u t i o n . T h e
esse nt ia l p ar t of t he p r o o f of T h eor em 8 is of a n ind ep end en t in t er est. I t
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r e l a t e s to t h e class i t s e l f (not t h e r e s o l u t i o n l i m i t ) and e x p r e s s e s a n e c e s s a r y
i n t e g r a l i t y c o n d i t i o n for a class to be n o w h e r e dense (showing , for i n s t a n c e ,
t h a t t h e class C 1 above is not n o w h e r e d e n s e ) .

T h e o r e m 2 4 . L e t C be an i n f i n i t e n o w h e r e d e n s e h e r e d i t a r y class o f g r a p h s
a n d l e t F be a fixed g r a p h w i t h a t l e a s t one edge and s t a b i l i t y n u m b e r o:(F) .
T h e n t h e l i m i t

(8)
. l o g ( # F ~ G)
h m s u p I IGI
GEe og

b e l o n g s to { - 0 0 , 0 ,1 , . . . , o: ( F ) } .

A l t h o u g h we know t h a t t h e values of t h e limit (8) need not to be an
i n t e g e r (for a s o m e w h e r e dense class), we are n a t u r a l l y led to t h e q u e s t i o n
of d e t e r m i n i n g its p o s s i b l e values for s o m e w h e r e dense h e r e d i t a r y classes C.
For i n s t a n c e , it is easy to see t h a t in t h e case where F = K2, t h e above l i m i t
can t a k e any value in {-oo , O} U [1 ,2] (for a s u i t a b l e choice of a m o n o t o n e
s o m e w h e r e d e n s e class C) .

We can prove a r i g i d i t y r e s u l t for T h e o r e m 24: every s u f f i c i e n t l y large
g r a p h G in a nowhere dense class C w i t h m a n y copies of F c o n t a i n s a large
" r eg u l a r" s u b s t r u c t u r e w i t h a t l e a s t t h e s a m e l o g a r i t h m i c d e n s i t y of copies
of F. T h i s s u b s t r u c t u r e is a s i m p l e g e n e r a l i z a t i o n of t h e n o t i o n of sunflower
(or d e l t a - s y s t e m ) i n t r o d u c e d by E r d o s a n d R a d o [38] .

F 1
" . ; ' X~~ _ _ ~

F

." . . . .

F ig . 11. A generalized (3 , F ) - s u n f l o w e r

We f o r m u l a t e t h i s more p r e c i s e l y using t h e following n o t i o n :
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Let F , G be graphs. A (k, F) -sunflower in G is a (k+ 1 ) - t u p l e (C,;::i, . . . ,
Fk) , such t h a t C ~ V(G), r , is a family of s u b s e t s of V(G), such t h a t C
and all the sets in the Fi'S are pairwise disjoint, and such t h a t t h e r e exists
a p a r t i t i o n ( K , Y1, .. . , Y k ) of V ( F ) so t h a t (see Fig. 11):

• t h e r e is no edge between vertices in Yi and vertices in } j for i =1= i ,

• t h e r e exists an isomorphism /'0 : G[C] ---. F[K] from the s u b g r a p h
of G induced by C to the s u b g r a p h of F induced by K ,

• for each 1 ::; i ::; k and each Xi E Fi t h e r e exists an isomorphism
ex, : G[X i ] ---. F[Yi],

• for any choice of Xl E F1 , . . . , X k E Fk the m a p p i n g /'Xl ", . , X k from
C U Ui Xi to V ( F ) whose r e s t r i c t i o n to C is /'0 and whose r e s t r i c t i o n
to Xi is ex, (for 1 ::; i ::; k) is an isomorphism from G[CUUi Xi] to F.

We prove t h a t every sufficiently large sparse g r a p h which c o n t a i n s many
copies of a fixed g r a p h F includes a large (F, k)-sunflower (where s p a r s i t y is
measured in t e r m s of generalized c h r o m a t i c numbers Xp) . This is expressed
by t h e following t h e o r e m :

T h e o r e m 25 (Clearing and S t e p p i n g up [74]). L e t F be a graph of order
p a n d let 0 < E < 1. Then there e x i s t p o s i t i v e reels c and T ( d e p e n d i n g on
both F a n d E) such t h a t every graph G which contains more than IGlk+c
copies of F a n d which is such t h a t Xp(G) < clGlc/

p
a c t u a l l y contains a

(k + 1, F ) - s u n f l o w e r (C, F1," " Fk+1) where

Let us end this p a p e r with the following result.

The p r o p e r t y not to include a shallow s u b d i v i s i o n of a large complete
g r a p h is c h a r a c t e r i s t i c to nowhere dense classes. Also, nowhere dense classes
are uniformly quasi-wide , w h a t implies t h a t for these classes the existence
of a long p a t h in a g r a p h of the class is sufficient to g u a r a n t e e the existence
of a long induced p a t h . Also, the non-existence of a long p a t h in a g r a p h
is c h a r a c t e r i s t i c to classes with b o u n d e d t r e e - d e p t h . Finally, classes with
b o u n d e d t r e e - d e p t h have the p r o p e r t y t h a t every sufficiently large g r a p h
a d m i t s a n o n - t r i v i a l s y m m e t r y .

P u t t i n g t o g e t h e r these p r o p e r t i e s leads us to the following ( a d m i t t e d l y
inprecise) t h e o r e m (see Fig. 12 and [76] for details):
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T h e o r e m 26. E v e r y large graph either has a non-trivial s y m m e t r y or it
contains a long i n d u c e d p a t h or it contains a shallow s u b d i v i s i o n o f a large
c o m p l e t e graph.

or

. .. .. . .. .. .. .... )(( .. - - -- • .. ..•
o r

Fig . 12. Ev ery l a r g e g r a p h eit h e r has a non t r i v i al au t o m o r p h i s m , or includes a long
induc ed p a t h , or includes a sh allow s u b d i v i s i o n of a larg e co m p let e g r a p h

P e r h a p s in sparse e x t r e m a l g r a p h t h e o r y we have to deal with symme
t r i e s too .
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A finite set A of integers is s q u a r e - s u m - f r e e if t h e r e is no s u b s e t of A sums up to a
square. In 1986, Erdos posed t h e p r o b l e m of d e t e r m i n i n g t h e l a r g e s t c a r d i n a l i t y
of a s q u a r e - s u m - f r e e s u b s e t of {I , . . . , n} . Answering this q u e s t i o n , we show t h a t
this m a x i m u m c a r d i n a l i t y is of o r d e r n 1 / 3+ o ( 1 ) .

1. I N T R O D U C T I O N

Let A be a set of numbers. We d e n o t e by S A t h e collection of finite p a r t i a l
sums of A,

SA : = { LX; B e A, 0 < IBI < 0 0 } .

x E B

For a positive integer l ::; IAI we denote by I" A the collection of p a r t i a l sums
of l elements of A,

l* A : = { LXi B c A, IBI = l } .
x E B

Let [x] denote t h e set of positive integers at most x. In 1986, Erdos [5]
raised t h e following question:

Q u e s t i o n 1 . 1 . W h a t is the m a x i m a l c a r d i n a l i t y o f a s u b s e t A o f [n] such
t h a t SA contains no s q u a r e ?

' T h e a u t h o r s are p a r t i a l l y s u p p o r t e d by NSF and AFORS g r a n t s .
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We denote by S F ( n ) the maximal c a r d i n a l i t y in question . Erdos ob
served t h a t

(1)

To see this, consider t h e following example

E x a m p l e 1 . 2 . Let P be a prime and k be the largest integer such t h a t
kp::; n . We choose P of order n 2 / 3 such t h a t k = n( n l / 3 ) and 1 + · · + k < p .
T h e n t h e set A := {p, 2p, . . . , kp} is square-sum-free .

R e m a r k 1 . 3 . The fact t h a t p is a prime is not essential. The c o n s t r u c t i o n
still works if we choose p to be a square-free number, namely, a n u m b e r of
the form p = PI . . . PI where Pi are different primes .

Erdos [5] c o n j e c t u r e d t h a t S F ( n ) is close to t h e lower bound in (1).
S h o r t l y after Erdos ' p a p e r , Alon [1] proved the first n o n - t r i v i a l u p p e r b o u n d

(2) S F ( n ) = 0 C o ; n ) .

Next , Lipkin [9] improved to

(3)

In [2], Alon and Freiman improved the b o u n d f u r t h e r to

(4) S F ( n ) ::; n 2 / 3 + o ( I ) .

The l a t e s t development was due to Sarkozy [11], who showed

(5) S F ( n ) = O( V n l o g n ) .

In this p a p e r , we o b t a i n the a s y m p t o t i c a l l y t i g h t b o u n d

(6) S F ( n ) ::; n l / 3 + o ( I ) .

T h e o r e m 1 . 4 . There is a c o n s t a n t C such t h a t for all n ~ 2

(7)

In fact, we are going to prove the following (seemingly) more general
t h e o r e m
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T h e o r e m 1 . 5 . There is a c o n s t a n t C such t h a t the following holds for all
sufHciently large n. L e t d be p o s i t i v e integer less than n 2 / 3 ( l o g n ) - c a n d
A be a s u b s e t of c a r d i n a l i t y n 1 / 3 ( l o g n ) C of [n/d]. Then there e x i s t s an
integer z such t h a t dz 2 E SA.

T h e o r e m 1.4 is the special case when d = 1. F u r t h e r m o r e , T h e o r e m 1.4
implies many special cases of T h e o r e m 1.5. To see this, choose A to have
the form A := {db I b E B} where B is a subset of [n/ d] and d is a square
free-number. T h e n finding a s q u a r e in SA is the same as finding a number
of the form dz 2 in S B .

I f one replaces squares by higher powers, t h e n t h e problem becomes
easier and a s y m p t o t i c b o u n d s have been o b t a i n e d earlier (see next section).

Notations. We use L a n d a u a s y m p t o t i c n o t a t i o n such as 0 , 0 , 8 , a
t h r o u g h o u t t h e p a p e r , under the a s s u m p t i o n t h a t n - - ? 0 0 . N o t a t i o n such
as 8 c ( . ) means t h a t the hidden c o n s t a n t in 8 d e p e n d s on a (previously
defined) q u a n t i t y c. We will also omit all unnecessary floors and ceilings.
All l o g a r i t h m s have n a t u r a l base. As usual, e(x) means exp (21fix) =
cos 21fX + i sin 21fx.

2. T H E M A I N I D E A S

T h e general s t r a t e g y for a t t a c k i n g Q u e s t i o n 1 .1 is as follows . One first
t r i e s to show t h a t if IAI is sufficiently large , t h e n SA should c o n t a i n a large
a d d i t i v e s t r u c t u r e . Next , one would argue t h a t a large a d d i t i v e s t r u c t u r e
should c o n t a i n a square.

In previous works [1, 2, 9 , 11], t h e additive s t r u c t u r e was a (homoge
neous) a r i t h m e t i c progression. (An a r i t h m e t i c progression is homogeneous
if it is of the form { l d , (l + l)d, .. . , (l + k)d} .) I t is easy to show t h a t if

P is a homogeneous AP of l e n g t h Com 2 / 3 in [m], for some large c o n s t a n t
Co , t h e n P c o n t a i n s a square. Notice t h a t the set SA is a s u b s e t of [m]
where m := lAin. Thus, if one can show t h a t SA c o n t a i n s a homogeneous
AP of length C o m 2 / 3 , t h e n we are done. Sarkozy could prove t h a t t h i s is
indeed the case, given IAI 2: C l \ / n l o g n for a p r o p e r l y chosen c o n s t a n t C 1 .

This also solves ( a s y m p t o t i c a l l y ) the problem when squares are replaced by
higher powers , since in these cases, the lower b o u n d (which can be o b t a i n e d
by modifying E x a m p l e 1.2) is O( vn) .
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U n f o r t u n a t e l y , ..;n is t h e l i m i t of t h i s a r g u m e n t , since t h e r e are e x a m p l e s
of a s u b s e t A of [n] of size n(..;n) where t h e l o n g e s t AP in SA is much

s h o r t e r t h a n (lAin) 2 / 3 . In o r d e r to p r e s e n t such an e x a m p l e , we will need
t h e following d e f i n i t i o n (which will play a c r u c i a l role in t h e r e s t of t h e
p a p e r ) .

D e f i n i t i o n 2 . 1 ( G e n e r a l i z e d a r i t h m e t i c p r o g r e s s i o n - G A P ) . A g e n e r a l i z e d
a r i t h m e t i c p r o g r e s s i o n of r a n k r is a set of t h e form

I f all t h e s u m s Xl a l + . . .+ X d a d are d i s t i n c t , we say t h a t Q is proper. I f ao =
0 , we say t h a t Q is homogeneous. ( H o m o g e n e o u s a r i t h m e t i c p r o g r e s s i o n
t h u s c o r r e s p o n d s to t h e case r = 1.) We call Ls ; .. . . L ; t h e sizes of Q a n d
a l , . . . , a r its s t e p s .

E x a m p l e 2 . 2 . C o n s i d e r

w h e r e q i ~ q2 ~ n 3 / 4 are d i f f e r e n t p r i m e s a n d N = l6onl /4. I t is easy to
show t h a t A is a p r o p e r G A P of r a n k 2 a n d SA is c o n t a i n e d in t h e p r o p e r
G A P

{ q l X l + q2 X2 11 ~ X i ~ 1 + . . . + N}.

T h u s , t h e l o n g e s t AP in SA has l e n g t h a t m o s t 1 + ... + N = e( n l / 2 ) ,

while A has c a r d i n a l i t y e( n l / 2 ) .

T h e key fact t h a t e n a b l e s us to go below ..;n a n d reach t h e o p t i m a l
b o u n d n l / 3 is a r e c e n t t h e o r e m of Szemeredi a n d Vu [12] t h a t showed t h a t
if IAI 2: C n l / 3 for some s u f f i c i e n t l y large c o n s t a n t C, t h e n SA does c o n t a i n
a large p r o p e r G A P of r a n k a t m o s t 2.

L e m m a 2 . 3 ([12]). There are p o s i t i v e c o n s t a n t s C a n d c such t h a t the
following holds. I f A is a s u b s e t o f [n] o f c a r d i n a l i t y a t least C n l / 3 , then SA
contains either an A P Q o f length clAI 2 or a proper G A P Q o f rank 2 and
c a r d i n a l i t y at least c1A1 3

.

I d e a l l y , t h e n e x t s t e p would be s h o w i n g t h a t a large p r o p e r G A P Q
(which is a s u b s e t of [lAin]) c o n t a i n s a s q u a r e . T h a n k s to s t r o n g t o o l s
from n u m b e r t h e o r y , t h i s is n o t t o o h a r d ( t h o u g h not e n t i r e l y t r i v i a l ) if Q
is h o m o g e n e o u s . However, we do not know how to force t h i s a s s u m p t i o n .
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T h e a s s u m p t i o n of homogeneity is essential , as w i t h o u t this , one can
easily run into local o b s t r u c t i o n s . For example , if Q is a GAP of t h e form

where b o t h a l and a2 are divisible by 6 , b u t ao == 2 (mod 6) , t h e n clearly
Q c a n n o t c o n t a i n a s q u a r e , as 2 is not a s q u a r e modulo 6.

In order to overcome this obstacle, we need to add several twists to the
plan . F i r s t , we are going to use only a small s u b s e t A' of A to c r e a t e a large
GAP Q. Assume t h a t Q has the form

(Q can also have r a n k one b u t t h a t is the simpler case.) Let q be the g.c.d
of a l and a2. I f ao is a s q u a r e modulo q, t h e n there is no local o b s t r u c t i o n
and in principle we can t r e a t Q as if it was homogeneous.

In the next move, we t r y to add the r e m a i n i n g elements of A (from
A" : = A\A') to ao to make it a s q u a r e modulo q. This , however, faces
a n o t h e r local o b s t r u c t i o n . For i n s t a n c e , if in the above example , all elements
of A" are divisible by 6 , t h e n ao will always be 2 (mod 6) no m a t t e r how
we add elements from A" to it.

Now comes a key point. A careful analysis reveals t h a t having all
elements of A" divisible by the same integer (larger t h a n one , of course)
is the only o b s t r u c t i o n . T h u s , we o b t a i n a useful dichotomy: e i t h e r SA
c o n t a i n s a s q u a r e or t h ere is an integer d > 1 which divides all element s of
a large s u b s e t A" of A.

Now we keep working with A". We can write this set as {db I b E B}
where B is a s u b s e t of [n/ d]. In order to show t h a t SAil c o n t a i n s a square, it
suffices to show t h a t S B c o n t a i n s a number of the form d z 2 . This explains
the necessity of T h e o r e m 1.5.

A nice feature of the above plan is t h a t it also works for t h e more
general problem considered in T h e o r e m 1.5. We are going to i t e r a t e , s e t t i n g
new A : = A" of the previous step. Since the n u m b e r of i t e r a t i o n s (i.e.,
the n u m b e r of p's) is only O ( l o g n ) , if we have IA"I 2': (1 - ( l o : n ) C )IAI in

each s t e p , for a sufficiently large c o n s t a n t c, t h e n the set A" will never be
e m p t y and t h i s g u a r a n t ees t h a t t h e process should t e r m i n a t e at some point ,
yielding t h e desired result.

In t h e next lemma , which is the main lemma of the p a p e r , we. p u t these
a r g u m e n t s into a q u a n t i t a t i v e form.
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L e m m a 2 . 4 . The followings holds for any sufficiently large constant C . Le t
p be positive integer less than n 2 / 3 ( l o g n ) - c and A be a subset o f [nip] o f
cardinality n 1 / 3 ( l o g n ) C . Th en there exists A' c A of cardinality IA'I <
n 1 / 3 ( l o g n f /3 such that one of the followings holds (with A" := A \ A ' )

• SA' contains a GAP

Q = {r + qx I 0 :::; x :::; L}

2 /3 C /4 n 2 / 3 ( l o g n ) C / 12 2where L ?: n ( l o g n ) and q :::; p and r =. p z (mod q)
for some integer z.

• SA' contains a proper GAP

Q = { r + q ( q 1 x1 +q2 X2) 10:::; Xl:::; L 1, 0:::; X2:::; L2, (Q1 ,Q2) = I}

such that min (L 1, L 2) ?: n 1 / 3 ( l o g n ) C /4, L 1L2 ?: n(1ogn)C/2, Q :::;

nl /~/6 and r =. p z2 (mod Q) for some integer z.
(log n) p

• There exists an integer d > 1 such that dla for all a E A " .

Given t h i s lemma, we can argue as before a n d show t h a t a f t e r some
i t e r a t i o n s , one of t h e first two cases m u s t occur. We show t h a t in t h e s e
cases t h e G A P Q should c o n t a i n a n u m b e r of t h e form pz2, using classical
tools from n u m b e r t h e o r y (see Section 9 and Section 10).

T h e p r o o f of L e m m a 2.4 is t e c h n i c a l and r e q u i r e s a p r e p a r a t i o n involving
tools from b o t h c o m b i n a t o r i c s a n d n u m b e r theory. T h e s e tools will be t h e
focus of t h e n e x t two s e c t i o n s .

3. T O O L S F R O M A D D I T I V E C O M B I N A T O R I C S

T h i s s e c t i o n c o n t a i n s tools from a d d i t i v e c o m b i n a t o r i c s , which will be useful
in t h e p r o o f of Lemmas 3 .7 a n d 2.4 . Let X, Y be two sets of n u m b e r s . We
define

X + Y : = {x + y I x E X, Y E Y } ; X - Y : = {x - y I x E X, Y E Y } .

A t r a n s l a t e of a s et X is a set X ' of t h e form X ' : = {a + x I x E X } . For
i n s t a n c e , every G A P is a t r a n s l a t e of a homogeneous G A P .

T h e first tool is t h e so-called Covering lemma, due to R u z s a (see [10] or
[14, L e m m a 2.14]).
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L e m m a 3 . 1 (Covering Lemm a). A s s u m e t h a t X , Y are finite se ts of
i n t e g ers. T h e n X is co ver ed by a t mo st IX + Y I / I Y I tran slat es of Y - Y .

T h e second tool is t h e powerful inver se t h eor em of Fr e i m a n [6] , [14,
Ch a p t er 5]

L e m m a 3 . 2 ( F r e i m a n ' s inver se t he o re m ) . L et , b e a give n po s i t i v e n u m b e r .
L e t X be a set in Z s uch t h a t IX + X I ::; ,I X I. Th en t he re ex is ts a proper
G A P P o f r a n k a t mo st d = d b ) and cardinali ty 0 "(( I XI) t h a t contains X .

Assume t h a t Q is a GAP , Q = {ao + X l al + . . . x - a; : 0 ::; Xi ::; L i ,
1 ::; i ::; r } . For any t > 0 , d e n o t e by tQ t h e set

{tao + x l a l + .. . + x - a ; : 0 ::; Xi ::; t L i , 1 : : ; i ::; r } .

We say t h a t Q is t - p r o p e r if tQ is p r o p e r . In gen eral , a G A P is not
necessarily t - p r o p e r . However, one can embed it int o a t - p r o p e r one with
so me small loss (see [3 , 4], [14, T h e o r e m 3.40]).

L e m m a 3 . 3 ( E m b e d d i n g into prop er G A P ) . L e t Q b e a G A P o f rank r
in a torsion -free group G , an d l et t 2:: 1. Th en th ere ex is ts a t - p r o p er G A P
Q' with r a n k a t m o s t r a n d IQ' I ::; ( 2 t r r 6 r 2 1QI. Furth ermor e , i f Q is n ot
p r o p e r , we ma y choos e Q' t o h a v e r a n k a t mo s t r - 1.

Nex t , a s s u m e t h a t A is a d en se s u bse t of a GAP Q, t he n t h e i t e r a t ed
s u mse t s k A c o n t a i n s a s t r u ct ure s i m il a r to Q (see [12, L e m m a 4.4]' [13,
L e m m a B3]).

L e m m a 3 . 4 ( S a r k o zy - t y pe t h eor em in p r o g r ession s). L e t Q be a prop er
G A P in a torsion-fr e e gro up o f r a n k r . L e t X c Q b e a s u b s e t su ch t h a t
IXI 2:: 81QI for s ome 0 < 8 < 1. T h e n th ere exi st s a p o s i t i v e i n t e g er
1 ::; m « o,r 1 such t h a t m X con t ains a G A P Q' of rank r and size 8 o ,r (IQI) .
Furthermore, the gen erators o f Q' are b o u n d ed m u l t i p l e s o f the generators
o f Q. I f Q and X are s y m m etric , then Q' can be ch osen to be s y m m e t r i c.

A more g e n e r a l r e s u l t holds when we replace on e s e t by m a n y sets from
t h e same G A P (see [12 , L e m m a 5 .5]).

L e m m a 3 . 5 (Sarkoz y -t yp e t h e o r em in progression s , gen eraliz ed form). L et
Q be a p r o p e r G A P in a t orsi on - fr e e group of r ank r. L et 0 < 8 ::; 1
b e a given c o n s t a n t . Then t h er e exi sts a p o s i t i ve in t eger 1 ::; m « o ,r 1
s u ch t h a t the following hold s. I f Xl , ... , X m C Q and IXi l 2: 8 1QI , th en
Xl + . . , + X m con tain s a G A P Q' o f r a n k r and size 8 o ,r{ IQI) . F u r t h e r m o r e ,
t he g e n e r a t o r s o f Q' are b o u n d ed m u l tiples o f th e g en erator s o f Q .
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We say t h a t a GAP Q = {ao + X l al + . . . Xdad I 0 ~ Xi ~ L d is positive
if its s t e p s ai's are positive. A useful o b s e r v a t i o n is t h a t if t h e e l e m e n t s of Q
are p o s i t i v e , t h e n Q i t s e l f can be b r o u g h t into a p o s i t i v e form.

L e m m a 3 . 6 . A G A P with p o s i t i v e elements can be brought into a p o s i t i v e
form.

P r o o f . ( P r o o f of L e m m a 3 .6.) Assume t h a t

Q = {an + x l a l + ... +Xdad I 0 ~ Xi ~ L i}.

By s e t t i n g Xi = 0, we can conclude t h a t ao > O. W i t h o u t loss of
g e n e r a l i t y , assume t h a t al, . . . , aj < 0 and a j + 1 , " " ad > O. By s e t t i n g
Xi = 0 for all i > j and Xi = L i , i ~ j , we have

a~ : = ao + a l L l + .. . a j L j > O.

Now we can r e w r i t e Q as

Q : = {a~+xl(-al)+" '+Xj(-aj)+xj+1aj+1+ " ' + X d a d I 0 ~ Xi ~ L d ,

c o m p l e t i n g t h e proof. •

Since we only deal w i t h p o s i t i v e i n t e g e r s , t h i s l e m m a allows us to assume
t h a t all G A P s arising in t h e p r o o f are in positive form .

Using t h e above tools and ideas from [12] , we will prove L e m m a 3.7
below , which a s s e r t s t h a t if a set A of [nld] is sufficiently dense, t h e n t h e r e
exists a small set A ' c A whose s u b s e t sums c o n t a i n a large GAP Q of small
r a n k . F u r t h e r m o r e , t h e set A" = A\A' is c o n t a i n e d in only a few t r a n s l a t e s
of Q . T h i s lemma will serve as a base from which we will a t t a c k L e m m a 2.4 ,
using n u m b e r t h e o r e t i c a l tools discussed in t h e n e x t section.

L e m m a 3 . 7 . The following holds for all s u f f i c i e n t l y large c o n s t a n t s C. Let
p be p o s i t i v e integer less than n 2 / 3 ( l o g n ) - c and A be a s u b s e t o f [nip] of
c a r d i n a l i t y n l / 3 ( l o g n ) C . Then there e x i s t s a s u b s e t A' o f A o f c a r d i n a l i t y

IA'I ~ n l / 3(1ogn)C /3 such t h a t one o f the followings holds (with A" . 
A \ A ' ) :

• SA' contains an A P

Q = {r + qx I 0 ~ X ~ L}

where L 2: n 2 / 3 (log n f /2 and there exist m = 0(1) different n u m b e r s
8 l , . . . , 8 m such t h a t A" C { 8 l , " " 8 m } + Q .
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• SA' contains a proper GAP
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Q = {r + a1X1 + a2X2 10::; Xl ::; L 1 , 0::; X2 ::; L 2}

such that L 1L2 2:: n ( l o g n ) C /2 and there exist m = 0 ( 1 ) numbers
Sl , . . . , Sm such that Aft C {Sl, . . . , S m } + Q .

R e m a r k . The proof a c t u a l l y gives a b e t t e r lower b o u n d s for L 1L2 in the
second case ( 2 0 / 3 i n s t e a d of 0 / 2 ) , b u t t h i s is not i m p o r t a n t in a p p l i c a t i o n s .

4. T O O L S FROM N U M B E R T H E O R Y

Fourier Transform and Poisson summation . Let f be a function with
s u p p o r t on Z . The Fourier t r a n s f o r m f is defined as

1 ( w ) : = 1 f ( t ) e ( - w t ) dt.

T h e classical Poisson s u m m a t i o n formula asserts t h a t

(8)
0 0 1 0 0 ~(21rm)L f ( t + n T ) = T L f T e ( m t / T ) .

n = - o o m = - o o

For more d e t a i l s , we refer to [8, Section 4.3J.
Smooth indicator functions. We will use the following well-known con

s t r u c t i o n (see for i n s t a n c e [7, T h e o r e m 18J for details) .

L e m m a 4 . 1 . Let <5 < 1/16 be a positive constant and let [M , M + NJ be
an interval. Then there exists a real function f satisfying the following

• 0::; f ( x ) ::; 1 for any X E R.

• f (x) = 0 i f X ::; M or x 2:: M + N.

• f ( x ) = 1 i f M + <5N ::; x ::; M + N(1 - <5) .

• I f(>.) I ::; 161(0) exp ( - <51>.NI 1
/
2
) for every A.

A Weyl type estimate . Next , we need a Weyl type e s t i m a t e for expo
n e n t i a l sums.
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L e m m a 4 . 2 . For a n y p o s i t i v e c o n s t a n t e t h e r e e x i s t p o s i t i v e c o n s t a n t s
a = a ( c ) and c(c) such t h a t t h e following holds. L e t a, q be c o - p r i m e
i n t e g e r s , e be a real n u m b e r , a n d I be an i n t e r v a l o f l e n g t h N . L e t M be a
p o s i t i v e n u m b e r such t h a t M N ~ qI+c. T h e n ,

L L e (amz 2

+ emz) ::; c (M -IN + M N) (log M Nt.
Iml~M z E I q vf7j
m#O

Q u a d r a t i c residues. Finally, and most relevant to our problem, we need
the following lemma, which shows the existence of integer solutions with
given c o n s t r a i n s for a q u a d r a t i c e q u a t i o n .

L e m m a 4 . 3 . T h e r e is an a b s o l u t e c o n s t a n t s D such t h a t t h e following holds.

L e t al , . . . , ad, r , p , q be i n t e g e r s such t h a t p, q > a and ( a l , " " ad, q) = 1.
T h e n t h e e q u a t i o n

(9)

has an i n t e g e r s o l u t i o n (z, X l , . . . Xd) s a t i s f y i n g a ::; Xi ::; ( p q ) I / 2 ( l o g q)D.

The rest of the p a p e r is organized as follows. T h e proof of the combi
n a t o r i a l s t a t e m e n t , Lemma 3.7, comes first in Section 5 . We t h e n s t a r t the
number t h e o r e t i c a l p a r t by giving a proof for Lemma 4 .2. The verification
of Lemma 4.3 comes in Section 7. After all these p r e p a r a t i o n s , we will be
able to e s t a b l i s h Lemma 2.4 in Section 8. T h e proof of the main result ,
T h e o r e m 1.5, is p r e s e n t e d in Sections 9 and 10.

5. P R O O F OF L E M M A 3 .7

We r e p e a t some a r g u m e n t s from [12] with c e r t a i n modifications. The e x t r a
i n f o r m a t i o n we want to get here (compared with w h a t have a l r e a d y been
done [12]) is the fact t h a t the set A " is covered by only few t r a n s l a t e s of Q.
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5.1. An a l g o r i t h m
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Le t A' be a s u bset of car d ina lity IA' I = n 1 / 3(10gn f / 3 and le t A" : = A \ A '.
By a simp le comb i n a t o r i a l a r g u m e n t (see [ 12 , Lem m a 7.9]), we can find in A '
disjoi nt s u b s e t s A~, . . . , A~i such t h a t IA~I ::; 20 10g 2 1A' i and l it A~I ~ IA'I/2
whe re

( 10) it ::; 10 10g21 A' i and m l = IA'II ( 40 10g 2 1 A ' I) .
(For t he d efiniti on of i* A see t he b eginnin g of t he int r o du cti on . )

W it ho ut loss o f genera lity, we ca n ass ume t h a t m l is a p ower of 4. Let
B 1 , . . . , B mi b e s ubsets of ca rd ina lity bl = IA' I/ 2 of t he sets it A~ , . . . , it A~i

r esp ectiv ely. Following [12 , Le mm a 7.6]), we will run an a lgorit h m wi t h t he
B i ' s as inpu t . T h e goal of t h is a lgor i t h m is to pr o du ce a GAP which h a s
n ice r el a ti on s wi t h A " (wh ile st ill n ot as goo d as t he G AP we wan t ed i n
t he lem m a ). In t he next few p a r a g ra p hs , we are going to d es crib e t h is
a lgor it h m.

At t he firs t step , set Br : = B 1 , . . . , B In i : = B mi a n d let ~l. =

{B r , . .. , B In i } ' Let h be a la r ge co n s t a nt to be d e t e r m ined la t er.

At the (t + l )- t h step , we choose i n d ices i, j a nd elements a t , . . . , a h E A"
t h a t maximizes t h e ca r d i n a lit y of U~=1 ( B; + Bj + ad ) (if t h e r e are many

choices, choose one a r b i t r a r i l y) . Define Bi + 1
' to be the unio n . D elet e

from A" t he u sed elements a l , . . . , a h, an d remove from ~t t he used sets
B; , Bj. F i n d t he next maximum u nion UZ=1 B; + Bj + a k wit h r es p ect to
t he u p d a t ed sets ~ l and A " .

A h h d 14 B t + I ' B t+ 1 ' Bss ume t at we ave c r e a t e m t + l : = m t sets 1 , . . . , m t + i ' y
t he algorit h m, we h a ve

I Bi+ 1' 1 ~ .. . ~ I B~~i'l : = b t + 1 .

Now for each 1 ::; i::; mt+1 we choose a s u bset B;+1 of ca r d i na lity exact ly

b t +1 i n B ;+I'. Th ese mt +1 sets (of t h e sa me car d ina lity) from a collec
t ion ~t+\ wh ich is t he out p u t of the (t + l )- t h step .

Si nce m t + l = m t / 4 , t here a re st ill m t / 2 unu se d sets B ; left in ~ t.

W i t h o ut loss of genera lity , ass ume t h a t t hose a r e Bi , . · . , B :nt/ 2' W it h a

s light ab use of n o t a ti on , we use A " at every step, a ltho ugh t h is set loses
a fe w e lements each time. (The n um b er of de leted e le me n t s is very sma ll
c o m p a r e d to the size of A" .)

Let it+1 : = 2i t + 1. Observ e t h a t
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(11)

• It ::; 2 t i } (by d e f i n i t i o n ) ;

• b t ::; l t n / p (since U~=l ( B ; - l + B~-l + ad) C [ltn/p]) ;

•
h

I U B; + B; + ad I ::; bt+l
d = l

for all 1 ::; i < j ::; m t l 2 a n d a I , . . . , a h E A" (by t h e a l g o r i t h m , as it
always chooses a u n i o n w i t h m a x i m u m size).

Now let c be a large c o n s t a n t a n d k be t h e l a r g e s t index such t h a t
bi 2:: Cbi-l for all i ::; k. T h e n we have

ckbl ::; bk ::; l k n / p .

Since b l = IA'I/2 a n d lk ::; 2 k i} , we deduce an u p p e r b o u n d for k ,

i } n
k ::; logc/2 - b .

IP

Next , by t h e d e f i n i t i o n of k, we have bk+l ::; cbi: By (11) , t h e following
holds for all u n u s e d s e t s Bf , B j ( w i t h 1 ::; i ::; j ::; m k / 2 ) a n d for all
a l , . . . , a h E A":

h

I U (Bf + B j + ad) I::; bk+l ::; Cbk = c l B f l ·
d = l

In p a r t i c u l a r

holds for all 2::; i ::; m k / 2 .

By P l u n n e c k e - R u z s a e s t i m a t e (see [14 , C o r o l l a r y 6 .28]) , we have

I B~ + B~I ::; c21 B~I·

I t t h e n follows from F r e i m a n 's t h e o r em, T h e o r e m 3 .2 , t h a t t h e r e e x i s t s a
p r o p e r G A P R of r a n k Oc(l) , of size Oc(l)1 B~I such t h a t R c o n t a i n s B f .
F u r t h e r m o r e , by L e m m a 3.1 , B f is c o n t a i n e d in c t r a n s l a t e s of B f - Bf,
t h u s B f is also c o n t a i n e d in O c(1) t r a n s l a t e s of R .

Before c o n t i n u i n g , we would like to p o i n t o u t t h a t t h e p a r a m e t e r h has
n o t yet p l a y e d any role in t h e a r g u m e n t s . T h e freedom of choosing h will
be i m p o r t a n t in w h a t follows. We are going to o b t a i n t h e d e s i r e d G A P Q
( c l a i m e d in t h e lemma) from R by a few a d d i t i o n a l o p e r a t i o n s .
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5 . 2 . C r e a t i o n o f m a n y s i m i l a r G A P s
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One problem with R is t h a t its c a r d i n a l i t y can be significantly smaller t h a n
the b o u n d s on Q in Lemma 3 .7. We want to o b t a i n larger G A P s by a d d i n g
many t r a n s l a t e s of R . While we c a n n o t do e x a c t l y this, we can do nearly
as good by the following a r g u m e n t , which c r e a t e s many GAPs which are
t r a n s l a t e s of each o t h e r and have c a r d i n a l i t i e s c o m p a r a b l e to t h a t of R.

By the pigeon hole principle , for i ~ mk/2, we can find a set B~ C Bf
with c a r d i n a l i t y 8 c ( 1 )b k which is c o n t a i n e d in one t r a n s l a t e of R.

By Lemma 3.5, there exists g = O c(1) such t h a t B~ + .. . + B~ con
t a i n s a p r o p e r GAP Ql of c a r d i n a l i t y 8 c (1 ) IRI. C r e a t e Q2 by s u m m i n g
B~+l"'" B~g, and so on. At t h e end we o b t a i n ~ = 8 c ( 1)m k such GAPs.
We can require t h e Qi'S to have the p r o p e r t i e s below

• r a n k (Qi) = r a n k (R) = Oc(l);

• IQ il = 8 c ( 1 ) I R I = 8 c ( 1)bk ;

• each Qi is a s u b s e t of a t r a n s l a t e of gR . Thus by Lemma 3 .1, R is
c o n t a i n e d in Oc(1) t r a n s l a t e s of Qi - Qi ;

• the j - t h size of Qi is different from j - t h size of R by a ( m u l t i p l i c a t i v e )
factor of order 8 c (1) , for all j ;

• the j - t h s t e p of Qi is a multiple of the j - t h step of R for a ll j ;

Thus, by the pigeon hole principle and t r u n c a t i o n (if necessary) we can
o b t a i n m' = 8 c (m k) GAPs , say, Ql, . . . , Qm ', which are t r a n s l a t e s of each
o t h e r . An i m p o r t a n t remark here is t h a t since t h e Qi are o b t a i n e d from
s u m m i n g different B 's , the sum Ql + ... + Qm l is a s u b s e t of SA'. The
desired GAP Q will be a s u b s e t of this sum .

5 . 3 . E m b e d d i n g A"

In this s t e p , we embed A" in a union of few t r a n s l a t e s of a GAP Ql of
c o n s t a n t rank.

We set the (so far untouched) p a r a m e t e r h to be sufficiently large so
t h a t

8 c ( 1) = h > cIBfl/IB~I.
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Let d be the largest n u m b e r such t h a t t h e r e are d elements a1 , . . . , ad of A"
for which the sets Bi + B~ + a ; are disjoint. Assume for the moment t h a t
d ~ h, t h e n we would have

h

I i~ (B; + B; +a;) I = hi B; + B;I :2: hlB;1 > cl Btl

However, this is impossible because

h h

U (Bi + B~ + a i ) C U (Bf + B~ + a i )
i = l i = l

and the l a t t e r has c a r d i n a l i t y less t h a n cl Bf I by definition . Thus we have
d < h. So d = Oc(1).

Let us fix d elements a I , . . . , ad from A" which a t t a i n e d the disjointness
in the definition of d. By the m a x i m a l i t y of d, for any a E A" there exists
a; so t h a t (Bi + B~ + a) n (Bi + B~ + a i ) =1= 0. Hence

Thus A " is cover ed by at most d = O c ( l ) t r a n s l a t e s of 2R - 2R. On the
o t h e r h a n d , since R is c o n t a i n e d in O c ( l ) t r a n s l a t e s of Q1 - Q1, 2R - 2R
is c o n t a i n e d in O c(1) t r a n s l a t e s of 4Q1 - 4Q1. I t follows t h a t t h a t A" is
covered by O c(1) t r a n s l a t e s of Q1.

T h e r e m a i n i n g problem here is t h a t Q1 does not yet have t h e required
r a n k and c a r d i n a l i t y . We will o b t a i n these by a d d i n g the Q i t o g e t h e r (recall
t h a t these GAPs are t r a n s l a t e s of each o t h e r ) and using a r a n k r e d u c t i o n
a r g u m ent , following [12] (see also [14, Chapter12]) .

5 . 4 . R a n k r e d u c t i o n

Let P be the homogenous t r a n s l a t e of Q1 (and also of Q2, . . . , Qm l ) . Recall
t h a t

and also
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Set l : = min {m', IA'I/2lk+d . Recall t h a t IA'I = n 1 / 3 ( l o g n ) C / 2 , h ::;
10 10g21A'1 and b 1 = IA'I/2. By choosing c and C sufficiently large , we
can g u a r a n t e e t h a t

(12)

and also

(13)

Now we invoke Lemma 3.3 to find a large GAP in lP. Assume , w i t h o u t loss
of generality, t h a t l = 2 8 for some integer s. We s t a r t with Po : = P and
f o : = l. I f 2 8 Po is proper, t h e n we stop. I f not, t h e n t h e r e exists a smallest
index i l such t h a t 2 i1 Po is p r o p e r b u t 2 i1 +1 Po is not.

By Lemma 3.3 (applying to 2 i1 Po) we can find a GAP B which contains
2 h Po such t h a t rank (B) < T : = rank (2 i1 Po).

By Lemma 3.4, t h e r e is a c o n s t a n t 9 = 8 c ( 1) su ch t h a t the set
2 9 ( 2 i1 Po) contains a proper GAP PI of rank equals rank (B) and cardi
nality 8 c (1 ) 12 i1 Po I. Set f 1 : = f o / 2 i1 + 9 if f o / 2 i1 + 9 2: 1 and proceed with
P1 , f 1 and so on. Otherwise we stop.

Observe t h a t if 2 i j P j is p r o p e r , t h e n 12 ij Pjl = ( 1 + 0 ( 1 ) ) 2i jrj lPj l, where
Tj is the rank of Pj .

As the rank of Po is O c(1) , and T j + l ::; Tj - 1, we must stop after
8 c (1) steps . Let Q' be the p r o p e r GAP Q' o b t a i n e d when we stop. I t
has rank d' , for some int eger d' < T and c a r d i n a l i t y at least 8 c ( 1)f g' I P ol =
8 c ( 1 )Zd'IPI. On the o t h er hand , since a t r a n s l a t e of ZP is c o n t a i n e d in B A' ,
IQ'I ::; I A ' l n / p ::; IA'ln, t h a t is 8 c (1 )l d' IP I ::; IA'ln . Because of (13) , this
holds only if d' ::; 2.

5 . 5 . P r o p e r t i e s o f Q

By the Covering Lemma 3.1 and by the definition of Pj 's , Pi is c o n t a i n e d in
O c(1) t r a n s l a t e s of PHI for all i 2:: O. At the s t a r t i n g point , we know t h a t A"
is contained in O c(1) t r a n s l a t e s of Po. Since t h e r e are only Oc(1) different
Pi's , a t the last step we conclude t h a t A" is covered by O c(1) t r a n s l a t e s
of Q'.

F u r t h e r m o r e , Q' is a s u b s e t of lP . Thus a t r a n s l a t e Q of Q' lies in
Q1 + ... + Qm' C B A" This Q has rank 1 ::; d' ::; 2 and c a r d i n a l i t y IQI =
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IQ'I 2 8(1)ld'IA'I· (The right hand side satisfies the lower bounds claimed
in Lemma 3.7 , t h a n k s to (12) .) This is the GAP claimed in Lemma 3.7 and
our proof is complete .

6 . P R O O F OF L E M M A 4 .2

I f q is a prime , the lemma is a corollary of the well known Weyl's e s t i m a t e
(see [8]. We need to add a few a r g u m e n t s to handle the general case . The
following lemma will be useful.

L e m m a 6 . 1 . L e t T(n) be the n u m b e r o f p o s i t i v e divisors o f n. For any
given k 2 3 there e x i s t s a p o s i t i v e c o n s t a n t (3(k) such t h a t the following
holds for every n.

T(n) = o, ( L T(d l ( k ) ) .
din

d~nl/k

P r o o f o f L e m m a 6 . 1 . We can set (3(k) = k log (k + 1) . We factorize t i in
the following specific way

u v

n = ITpf i IT q; i
i = 1 j = 1

where PI S . . . S Pu, qi S . . . S qv are primes and ai 2 k > b j 2 1. Set

T h e n d S n l / k by definition and

(k + l)k T(d) iJ(k) = (k + 1 )k 2 l f J k log ( k + l ) IT (l ~ J + 1) k log ( k + l )

t = 1

u

2 (k + l)V IT (1 + ai) 2 T(n) ,
i = 1

completing the proof. •
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Now we s t a r t the proof of Lemma 4.2. Let

(
am z

2
)8 := L L e - + B m z

Iml::=;M z E I q
m¥O
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Following Weyl's a r g u m e n t , we use Cauchy-Schwarz and the t r i a n g l e in
equality to o b t a i n

8 2 ~ 2M L L e ( a m ( Z l - Z;)(ZI + Z2) + Bm(zl - Z2)) .
Iml::=;M Zl ,Z2EI
m¥O

For convenience, we change the variables, s e t t i n g u : = Zl - Z2, v : = Z2, t h e n

8 2 < 2M L L e ( a m u
2
+ Bmu) L e ( 2 a m u v )

- Iml::=;M lul::=;N q v E l , v e t - u q
m¥O

~2M L L L e ( 2 a m u v ) .
ImJ::=;M lul::=;N v E l , v E I - u q
m¥O

Next, using the basic e s t i m a t e (see [8, Section 8.2], for i n s t a n c e )

we o b t a i n t h a t

To e s t i m a t e the right hand side , let N; be the number of pairs (m, u) such
t h a t 2amu = r (mod q). (In what follows, it is useful to keep in mind t h a t
a and q are co-primes.) We have

(14) 8(M,N,q)2~2M(NoN+ L (Nr+Nq-r)~).
1::=;r::=;q/2
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To finish t h e proof , we a re going to deri ve a (u n ifor m) bound for t he
N i. '«. For ° ::; r ::; q - 1 let ° ::; r a ::; q - 1 b e t he onl y numb er s uch t h a t
ar a == r (mo d q). T h u s 2am u == r (mo d q ) is eq u ivalen t wi t h 2mu == r «

(mo d q).

Fir s t we consid er t he case r =J. 0 , thu s r « =J. 0 . Wri t e 2m u = r a + sq . I t is
clea r t h at r « + s q =J. ° for a ll s. Since 2m u::; 2M N , we h a ve ls i ::; 2M N /q .
For each given s t h e numb er of s uch pair s (m, u) is b ound ed by T (r a + s q) .

Choose k = m ax (~+ 2 , 3 ) , t he n M N / q 2: ( M N) 2/k by th e assump tion

M N 2: q1+ c: . It follow s from Lemma 6 .1 t h a t , for r =J. 0 ,

N r ::; L T(r a + s q ) = o, ( L T(d) {3 (k ) ( L 1))
Is l ::;2 M N / q d S : . ( M N ) l /k Is l S:. 4 M N / q

dlr a +sq

= o, ( L T(d l (k ) (4~: + 0(1 ) ) )
d S:. ( M N ) l / k

= D C: (~N L T (dr (k ) + O( ( M N ) l /k+O(l )) )

dS:.(M N ) l /k

Notic e t h a t l::d <x T(d) {3 (k ) « x log {3 ' (k) x for so me p ositiv e con s t a n t j3 ' ( k)
d e p e n d i n g on j3~k) (see [8 , Section 1.6], for inst an ce). By s u m m a t ion by
p a r t s we deduce t h a t

for some positive c o n s t a n t 13 " (k) d e p e n d i n g on 13 ' (k).
Now we consider th e case r = 0. Th e eq ua t ion 2m u = sq has at

most T(Sq ) solut ion p air s (m , u) , ex cep t when s = 0 , th e case t h a t h as
2M sol u t ion s {(m ,O); Iml::; 2 M , m =J. O}. T h u s we h ave

N o ::; 2M + L T ( Sq ) ,
Is l S:. 2 M N / q , # 0
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a n d h e n c e ,

No = o, ( 2 M + M ; 10gj3l1(k) ( M N ) ) .

C o m b i n i n g t h e s e e s t i m a t e s w i t h (14), we c a n c o n c l u d e t h a t

S ( M , N , q ) «c ( M V N + M N j 0 i ) 1 0 t ' i ( M N )

for some s u f f i c i e n t l y large c o n s t a n t a = a(E).

7. P R O O F OF L E M M A 4 .3
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We a r e going to need t h e following s i m p l e fact.

F a c t 7 .1. L e t al, . . . , am, q be i n t e g e r s such t h a t (al , " " am, q) = 1. T h e n
we c a n s e l e c t a d e c o m p o s i t i o n q = ql . . . ql of q a n d l d i f f e r e n t n u m b e r s

ail" '" ail of {al , " " am} (for some l 2: 1) such t h a t

( qi, qj) = 1 for every i i- j a n d (aij' qj) = 1 for every j .

P r o o f o f F a c t 7 . 1 . Let q = q~ .. , q~ be t h e d e c o m p o s i t i o n of q i n t o p r i m e
powers. For each q~ we a s s i g n a n u m b e r a~ from {al , ' ' ' ' am} s u c h t h a t
(q~, aD = 1 ( t h e s a m e a; may be a s s i g n e d to m a n y qj) . Let ai / s be t h e
c o l l e c t i o n of t h e a~ 's w i t h o u t m u l t i p l i c i t y . Set qj to be t h e p r o d u c t of all q~

a s s i g n e d to aij' •

T h e core of t h e p r o o f of L e m m a 4.3 will be t h e following p r o p o s i t i o n ,
which is b a s i c a l l y t h e case of one v a r i a b l e in a s l i g h t l y m o r e g e n e r a l s e t t i n g .

P r o p o s i t i o n 7 . 2 . There is a c o n s t a n t s D such that the following holds.
For given integers g, h, p, t , Z l ; g , h , p > 0 there exist integers x E
[0, (ph)I /2(log h)D] a n d Z2 such that gx + pzr + tk == pZ§ ( m o d h), where
k = (g, h) .

L e m m a 4 .3 follows from F a c t 7.1 a n d P r o p o s i t i o n 7.2 by an i n d u c t i v e
a r g u m e n t . I n d e e d , by t h e above fact we may a s s u m e t h a t q = qi . . . ql w h e r e
(ai , qi) = 1 , a n d so

(ai , q) I ql .. . q l - l ·

Now if L e m m a 4 .3 is t r u e for l - 1 v a r i a b l e s , i.e. t h e r e are a p p r o p r i a t e

X l , · · · , Xl-I s u c h t h a t alXI + .. . + a l - I X I - I + r = p zr + t q , . . . q l - l ' T h e n
we a p p l y P r o p o s i t i o n 7 .2 for q = h, 9 = al to find Xl. I t t h u s r e m a i n s to
j u s t i f y P r o p o s i t i o n 7.2 .
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P r o o f o f P r o p o s i t i o n 7 . 2 . W i t h o u t loss of generality we assume t h a t
h ~ 3. As k = (g, h), we can write 9 = ka, h = kq where (a, q) = 1. We
shall find a solution in the form Z2 = Zl + zk . Plugging in Z2 in this form
and simplifying by k, we end up with the e q u a t i o n

ax + t == pkz 2 + 2pZ1Z (modq) .

or equivalently,

(15) x == apkz 2 + 2apz1z - at (modq)

where a is the reciprocal of a modulo q, aa == 1 (mod q).

Our t a s k is to find x E [0, (ph)1 /2(logh)D] such t h a t (15) holds for some

integer z. Notice t h a t if q is small and D is large t h e n (ph) 1/2 (log h) D ~

(log 3)D, therefore the interval [0 , (ph) 1/2] contains every residue class mod
ulo q; as a result, (15) holds trivially. From now on we can assume t h a t q

is large ,

(16)

where c, a are c o n s t a n t s arising from Lemma 4.2 with E = 1 / 3 .

Let s = (pk, q); so we can write pk = sp', q = sq' with (p' , q') = 1.

Let D be a large c o n s t a n t (to be d e t e r m i n e d later) and set

L : = (sq)1 /2(10gq)D /2 and 1 : = [L ,2LJ.

Note t h a t
ph = pkq = sp'q ~ sq.

Thus we have
I e [0 , (ph) 1/2 (log h)D] .

Let f be a s m o o t h function defined with respect to the interval I (as in

Lemma 4 .1). For fixed z E [1 , qJ the numbers of x in [0, (sq)1 /2 lo gD q]
satisfying (15) is at least

N , : = L f ( apkz 2 + 2ap z1 z - at + m q ) .
m E Z

By Poisson s u m m a t i o n formula (8)

N z = L ~ f ( m ) e ( ( a Pkz 2
+ 2ap z1 z - a t ) m ) .

m E Z q q q
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By summing over z E [1, q] we o b t a i n

N:= tN z = ~ L l ( m ) te ((a Pkz 2
+ 2ap z

l
z - at)m) .

z=1 q m E Z q z=1 q
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To conclude the proof, it suffices to show t h a t N > O. We are going to
show (as fairly s t a n d a r d in this area) t h a t the sum is d o m i n a t e d by the
c o n t r i b u t i o n of the zero term.

By the t r i a n g l e inequality, we have

IN - 1(0)1 < ~ L 1 1 (m) I i: ((a PkZ 2
+ 2a pZ 1 z ) m )

q m E Z , m;i:O q z=1 q

Let 11 , 12 be a sufficiently large c o n s t a n t and let

L
' .= 11q(1ogq)1'2
. L

Set

and

1 ~ 1~(m)1S 2 ' - - L f -
. - q Im[:SL' q

m;i:O

We t h e n have

In what follows , we show t h a t b o t h SI and S2 are less t h a n 1(0)/4 .
E s t i m a t e for SI . I t is not hard to show t h a t

L exp ( - JXIkI) < ~ for 0 < x < 1.
X

k E Z

To see this , observe t h a t

1 0 0 2L exp ( - JXk) ::; exp ( - JXt) dt = - ,
k2:1 0 X
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where the integral is e v a l u a t e d by changing variable and i n t e g r a t i o n by
p a r t s .

Thus

~ ~ exp ( _ J~ko ) .

From the p r o p e r t y of f (Lemma 4 .1) we can deduce t h a t

3 1 ~ 161(0) L exp ( - ovILm/ql) ,
Iml 2 ,), l q( l~ qfI2

which , via (17) and since q ~ 3, implies

given t h a t we choose 11, 12 sufficiently large.

E s t i m a t e for 3 2 . We have

~ (liP' z2 2li P Z l z m )
L..-Je , + .
z = 1 q q

We shall choose D > 12.

Set

11 : = (6(D: 1 2 ) ) D-
12

F i r s t , we observe t h a t

L'q = 2 / 1q 2 (1 o g q )' 2 = 2 / 1q 3/ 2 _ 2 / 1 q, I / 2 q ~ q,4 /3 11ql /6 .
(sq)I /2(1ogq)D sl /2(1ogq)D-

'2
( l o g q ) D -

'
2 ( l o g q ) D -

'
2

I t is not h a r d to show t h a t the function ql /6 / (log q ) D - 12 , where q ~ 3 ,
a t t a i n s its minimum at q = exp ( 6( D - / 2 ) ) . Therefore, by the choice of 11 ,
we have
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Next, L e m m a 4.2 a p p l i e d for E = 1 / 3 ( a n d w i t h t h e m e n t i o n e d c a n d a)
yields

t e (a p l
:
2
+ 2a p

Z 1 zm)
z = 1 q q

I t follows t h a t

8
2
< 4Cflq(logq)Q+'Y2 1(0) = 4c"Y1 (log qy:t+'Y2 1(0).
- ( . j S i i l o g D q) R (logq)D

Now we choose D , , 2 so t h a t D - , 2 - a = 1. T h u s ,1 = (6(a + l ) / e ) 0+1 ,
a n d

82 ~ 4Cfl(logq)Q+ 'Y2 1(0) = 4c( 6(a + l ) / e) Q+ l 1(0) ~ 1 ( 0 ) / 4
(logq)D logq

where t h e l a s t i n e q u a l i t y comes from (16). •

R e m a r k 7 . 3 . We can also use B u r g e s s e s t i m a t e to have an a l t e r n a t i v e p r o o f
w i t h a s l i g h t l y b e t t e r b o u n d . However , an i m p r o v e m e n t in t h i s s e c t i o n does
not improve t h e m a i n t h e o r e m .

8. P R O O F OF L E M M A 2 . 4

We first a p p l y L e m m a 3.7 to o b t a i n a large p r o p e r G A P Q of r a n k 1 or 2.
By t h i s l e m m a , we have A" C {81' . . . , 8 m } + Q , where m is a c o n s t a n t .

Let S, = A" n (s, + Q) for 1 ~ i ~ m. We would like to g u a r a n t e e t h a t
all S, are large by t h e following a r g u m e n t .

I f S, is s m a l l e r t h a n n 1/ 3(logn)3C /1O , t h e n we d e l e t e it from A" a n d a d d
to A' . T h e new s e t s A' , A" a n d Q s t i l l s a t i s f y t h e claim of L e m m a 3 .7 .
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On the o t h e r hand, t h a t the t o t a l number of elements added to A' is only
O ( n 1 / 3(logn)3C /1O = o( IA'I), thus the sizes of A' and A" hardly changes.

From now on, we assume t h a t lSi/2=: n 1 / 3(logn)3C /lO for all i.

For convenience, we let
,
s i : = s; + r.

Thus every element of S; is c o n g r u e n t with s~ modulo q .

8 . 1 . Q h a s r a n k o n e

In this subsection, we deal with the (easy) case when Q has rank one. We

write Q = {r + qx I 0 ~ x ~ L} where L 2=: n 2 / 3(logn)C /2 .

Since Q C SA' C [~IA'I], we have

IA'ln n 2 / 3
q < - - < - - - . , . . - 
- pL - ( l o g n ) C /6 p '

By s e t t i n g C (of Lemma 3.7) sufficiently large comp ared to D (of Lemma
4.3) , we can g u a r a n t e e t h a t

(18)

Let d : = (S I + r, .. . , S m + r , q) = (si, .. . , s~, q). If d > 1 t h e n all elements
of A " are divisible by d, since A " are covered by {SI , " " sm} + Q. Thus we
reach the t h i r d case of the lemma and are done.

Assume now t h a t d = 1. By Lemma 4 .3 , we can find 0 ~ X i ~

(pq) 1/ 2 (log q) D such t h a t

(19) s i x l + . . . + s~xm + r == pz2 (modq).

Pick from Si'S e x a c t l y X i elements and add them t o g e t h e r to o b t a i n a
n u m b e r s. The set s + Q is a t r a n s l a t e of Q which satisfies the first case of
Lemma 2.4 and we are done.
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8.2. Q h a s r a n k t w o
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In t h i s section, we consider t h e ( h a r d e r ) case when Q has r a n k two . T h e
main idea is similar to the r a n k one case , b u t the t e c h n i c a l details are
s o m e w h a t more tedious . We write

Q = r + q(ql X + q2Y) I 0 :::; x :::; L 1 , 0:::; Y :::; L2

where L 1 L 2 = IQI2: n l o g 2c
/ 3 n .

As Q is p r o p e r , either ql 2: L 2 or q2 2: L 1 holds. Thus qL 1 L 2 :::; I A ' l n / p ,
which yields (with room to spare)

(20)
n 1 / 3

q < C / '- ( l o g n ) 6 p

We consider two cases. In the first (simple) case , b o t h L 1 and L2 are large .
In t h e second , one of them can be small .

C a s e 1. m i n ( L 1 , L 2) 2: n 1 / 3 ( l o g n f /4. Define d := (s~ , .. . ,s~,q) and
argue as in the previous section. I f d > 1, t h e n we end up with the t h i r d
case of Lemma 2.4. I f d = 1 t h e n apply Lemma 4.3. T h e fact t h a t q is
sufficiently small (see (20)) and t h a t I S, I is sufficiently large g u a r a n t e e t h a t
we can choose X i elements from Si. At the end, we will o b t a i n a GAP of
r a n k 2 which is a t r a n s l a t e of Q and satisfies the second case of Lemma 2.4 .

C a s e 2. min (L 1 , L2) :::; n 1 / 3 ( l o g n)C/4. In this case the sides of GAP Q
are unbal anced and one of t h e m is much larger t h a n the o t h e r . We are
going to exploit this fact to c r e a t e a GAP of rank one (i.e ., an a r i t h m e t i c
progression) which satisfies the first case of Lemma 3 .7, r a t h e r t h a n t r y i n g
to c r e a t e a GAP of rank two as in the previous case .

W i t h o u t loss of g e n e r a l i t y , we assume t h a t L 1 :::; n 1 / 3 ( 1 0 g n ) C /4. By t h e

lower b o u n d on L 1 L 2 , we have t h a t L 2 2: n 2 / 3 ( l o g n f /4. This implies

IA'ln n 2 / 3
qq2 < - - < / 1 '

- p L 2 - ( l o g n ) C 2 p

Again by s e t t i n g C sufficiently large compared to D , we have

(21)

Creating a long a r i t h m eti c progression. In the rest of the proof we make
use of A" and Q to c r e a t e an AP of type { r' + qq2X2 I 0 :::; X2 :::; L2, r' = pz2
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(mod qq2)}. This gives t h e first case in Lemma 3.7 and thus completes the
proof of this lemma.

Let 8 be an element of { 8 1 , . . . , 8 m } . Since 8 is c o n t a i n e d in a t r a n s l a t e
of Q, t h e r e is a n u m b e r s such t h a t any a E S satisfies a == s + tqq1
(mod qq2) for some 0 ::; t ::; L 1 (for i n s t a n c e , if a E S, t h e n a == s~ + tqq1
(mod Qq2)). Let T d e n o t e the multiset of t ' s o b t a i n e d this way. Notice
t h a t T could c o n t a i n one element of m u l t i p l i c i t y lSI. Also recall t h a t

\S\2: n 1 / 3(1ogn) 3C /1O.

For 0 ::; 1 ::; ISI/2, let m ; and M, (respectively) be the minimal and
maximal values of the sum of 1 elements of T. Since 0 ::; t ::; L 1 for every
t E T, by swapping s u m m a n d s of nu with those of M l ' we can o b t a i n a
sequence m; = no ::; . . . ::; nl = M, where each t i , E l*T and ni+1 - n; ::; L 1
for all relevant i.

By c o n s t r u c t i o n , we have

(22) [ml, Mz] c {no , . . . ,nz} + [0, L 1 ] c l*T + [0 , L 1 ].

Next we observe t h a t if 1 is large and M, - t r u is small, t h e n T looks like
a sequence of only one element with high multiplicity. We will call this
element the essential element of T.

P r o p o s i t i o n 8 . 1 . A s s u m e t h a t ~(n1/3(logn)3C/1O :S 1 :S ! n 1/ 3(logn)3C/1O

and M, - m; < ! n 1/ 3(logn)3C /1O. Then all but at m o s t 1 n 1 / 3 ( l o g n ) 3 C /1O
e l e m e n t s o f T a r e the same.

P r o o f o f P r o p o s i t i o n 8 . 1 . Let t1 ::; t2 ::; .. . ::; tl be the 1 smallest
elements of T and ti ::; . .. ::; t~ be the 1 largest. By the u p p e r b o u n d on 1
and lower b o u n d on lSI = ITI, ti 2: tl· On the o t h e r hand, M; - m; =

(ti - t1) + ... + (t~ - tl)' T h u s if M; - ttu < ! n 1 / 3(1ogn)3C/1O ::; 1 - 1 t h e n
t~ = t; for some i . The claim follows. •

The above a r g u m e n t s work for any S among S l , . . . , S m . We now asso
ciate to each S, a m u l t i s e t T i , for all 1 ::; i ::; m.

S u b c a s e 2 . 1 . The hypothesis in Proposition 8.1 holds for all T i . In this
case we move to A' those elements of S; whose c o r r e s p o n d i n g p a r t s in
T i is not t h e essential element. The number of elements moved is only
o( n 1 / 3(1ogn)3C/10) , which is negligible compared to b o t h IA'I and IA"I .
F u r t h e r m o r e , the p r o p e r t i e s claimed in Lemma 3.7 remain u n c h a n g e d and
t h e size of new S; are now at least 1n1/3(1ogn)3C /1O.
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Now co n s ide r t h e e lements of A" with r esp e ct to m odulo qq2. Sin ce e ach
T; h as onl y t h e esse nt ia l e leme nt , th e elem en t s of A" pr odu ces at mos t m
r esidu e s Ui = s~ + t iqq1 , each o f mul t i p l i c i t y a t le ast

wher e t h e last in equali t y comes from (21 ). D efine d = (U1, . ' " Um , qq2) a n d
pro ceed as usual , a p p ly ing Lemm a 4 .3.

S u b c a s e 2 . 2 . Th e h ypoth esis in Proposition 8.1 does n ot hold for all T c.
We ca n assume t h a t , wi t h r esp ect to T 1 , Mz - mi 2 i n 1 / 3(lo g n ) 3 C /1O for

a ll i n 1 / 3(logn) 3C /10 S 1 S ! n 1 / 3(10gn)3 C /1O. Fr om now on , fix an 1 in this
int erval.

Next , for a t echnical r ea son , we ex t r ac t from 8 1 a very s m a ll p a r t 8~

of ca r d i n a l i ty n 1 / 3(lo g n)C /5 a n d set 8~ = 8 1 \8~. Le t T b e t h e mul ti set
asso ciate d w i t h 8~. We ca n ass u me t h a t T sa t isfies t h e hypo t h e sis of thi s
s u b case .

D efine d : = (s~ , . . . , s~, q). As usual , t he case d > 1 le ad s to th e t h i r d
case of L e m m a 2.4 , so we ca n ass u me d = 1. By Lemm a 4 .3 , t he re ex ist
in t eger s

a n d k , Zl s uch t h a t

(23)

For i 2: 2 we pi ck from S, exac t ly X i e le men ts a t , .. . , a~i ' a n d for i = 1 we
pick X l e lem e n t s al, . . . , a~l from S~ and add th em t og e t h er. By (23) t h e
following holds for some int eger k',

(24)
m Xi

L La~ + (ls~ + r) = p zr + k'q.
i = l j = l

F u r t h e r m o r e , b y P r o p ositi on 7.2 , as q = (qq1 ' qq2) , t here ex ist 0 S X <
(p QQ2) 1/2 log D( qq2) a n d k " , Z2 s uch t h at

(25) QQ 1 X + p z r + ( k ' + m l Q1)Q = p zi + k " Q q2 ,

p z ; + k ' q + (x + mz) q q1 = p zi + kIf Q Q2 .



518 H . H . Nguyen and V . H . Vu

On t h e o t h e r h a n d , recall t h a t [ml, MzJ C l*T + [0, L 1] (see (22)) , we have

{ls~ + r + [ml, MzJqqI} C l* S~ + r + [0, L 1]qq1 ( m o d qq2) .

T h u s

(26) ls~ + r + (x + mdqq1 E l* S~ + r + [0, L 1]qq1 (modqq2)'

C o m b i n i n g ( 2 4 ) , ( 2 5 ) a n d (26) we infer t h a t t h e r e e x i s t l e l e m e n t s a1, . . . , al
of S~ , a n d t h e r e e x i s t 0 ::; u ::; L 1 a n d v such t h a t

m X i

L L aJ + a1 + ... + al + r + uqq, = pz~ + vqq2·
i = l j = l

Hence, 2::::1 2::j~l aJ+a1 + . ·+al+Q c o n t a i n s t h e AP { (pZ~+vqq2)+qq2x2 I
o :s X2 :s L2} , c o m p l e t i n g S u b case 2.2 .

F i n a l l y , one checks easily t h a t t h e n u m b e r of e l e m e n t s of A" involved in
t h e c r e a t i o n of pz~ in all cases is b o u n d e d by O( n 1 / 3 1o g C / 5 n) = o( IA'I),
t h u s we may p u t all of t h e m to A' w i t h o u t loss of g e n e r a l i t y .

9. P R O O F OF T H E O R E M 1.5 : T H E R A N K O N E C A S E

Here we c o n s i d e r t h e (easy) case when Q (in L e m m a 2.4) has r a n k one.
In t h i s case, SA' c o n t a i n s an AP Q = {r + qx I 0 ::; x ::; L} , w h e r e

L?: n 2 / 3 ( l o g n f /4 as in t h e first s t a t e m e n t of L e m m a 2.4. We are going to
show t h a t Q c o n t a i n s a n u m b e r of t h e form pz2.

W r i t e r = pZ5 + tq for some 0 ::; Zo ::; q . Since r is a s u m of some
e l e m e n t s of A', we have

T h u s

(27)
n 4 / 3 (log n) C / 3

- pq :s t ::; - - - - - ' - - - - = - - - - - ' - - - - 
pq



Squares in S u m s e t s

The interval [t/pq, (t + L)/pq] contains at least two squares because

(
L ) 2 n 4 / 3 ( l o g n ) C /2 t
- > > 1 0 - + 2 0 .
pq - (pq)2 - pq
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Thus , we can find an integer Xo ~ 0 such t h a t ;q < x6 < (xo + 1)2 ::; t~: .

It is implied t h a t (since 0 ::; Zo < q)

(28) t ::; pqx6 + 2pzoxo ::; t + L .

Set z := Zo + qx«. We have

pz2 = p Z5 + q(pqx6 + 2p zoxo).

On the o t h e r h a n d , by (28) , the right hand side belongs to

pZ5 + q[t, t + L] = p Z5 + tq + q[O , L] = r + q[O , L] = Q.

Thus , Q contains p Z2, completing the proof for this case .

10. P R O O F OF T H E O R E M 1.5 : T H E R A N K T w o C A S E

In this case , we assume t h a t SA' contains a proper GAP as in the second
s t a t e m e n t of Lemma 2.4. We can write

where

• min (L 1 , £2) ~ n 1 / 3 ( l o g n ) C /4 ,

• L 1 L 2 ~ n ( l o g n f /2 ,

• and r = pZ5 + tq for some integers t and 0 ::; Zo ::; q.

I n 4 / 3(1ogn) C / 3
Since r is a sum of some elements of A , we have 0 ::; r ::; p ,

and so
n 4 / 3 (log n) C/3

- pq ::; t ::; - - - - - ' - - - - = - - - - ' - - 
pq
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W i t h o u t loss of generality, we assume t h a t q2L2 ~ q1L1. Because Q is
p r o p e r , e i t h e r q2 ~ L 1 or q1 ~ L2. On t h e o t h e r h a n d , if q2 < L 1 t h e n
L 2 ~ qi, which is impossible by the a s s u m p t i o n . Hence,

Now we write Q = { p z 5 + q(q1x1 + q2X2 + t) I 0 ~ Xl ~ L 1, 0 ~ X2 ~ L 2 ,
(q1' q2) = 1} and notice t h a t if we set w : = Zo + zq t h e n

pw 2 - pZ5 = p(zo + qz)2 - p Z5 = q( p qz2 + 2pzoz).

T h u s if t h e r e is an i n t e g e r z satisfies

t h e n pw 2 E Q, and we are done w i t h this case. T h e rest of the p r o o f is
t h e verification of t h e following p r o p o s i t i o n , which shows t h e existence of a
desired z.

P r o p o s i t i o n 1 0 . 1 . There e x i s t s an integer z which satisfies (29).

P r o o f o f P r o p o s i t i o n 1 0 . 1 . T h e m e t h o d is similar to t h a t of Lemma 4.3,
relying on Poisson s u m m a t i o n .

Set a : = pq and b : = 2pzo. Notice t h a t since 0 ~ Zo ~ q, 0 :s: b :s: 2pq =
2a. Our t a s k is to find a z such t h a t

Define (with foresight ; see (31)) I x : = [L1/8, L1/4J and

(Notice t h e t h a t t h e lower b o u n d s on L 1 , L 2 and t h e u p p e r b o u n d on pq
g u a r a n t e e t h a t t h e expressions u n d e r t h e s q u a r e r o o t s are positive.)

Since r + qq1L1 + qq2L2 = pZ5 + tq + q(q1L1 + q2L2) E Q, it follows t h a t
(with max (Q) d e n o t i n g t h e value of t h e l a r g e s t element of Q)
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Thus
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(30) IIzl 2:: ~ (q2 L2 - q1 L I / 4 ) a - 1

4 q 2 L 2 + q l L l / 8 + t
a

By the definitions of Ix and I z , we have , for any x E Ix and Z E I z

Thus, for any such pair of x and z, if az 2 + bz - q1X - t is divisible by q2,
t h e n y : = (az 2 + bz - q1X - t ) / q 2 is an integer in [1 , L 2 ] . We are now using
the ideas from Section 7, with respect to modulo q2 and the intervals I x , I z .

Let q1 b e the reciprocal of q1 modulo qz (recall t h a t (q1 ' q2) = 1) . Let
! be a function given by Lemma 4 .1 with respect to the interval Ix . For a
given z E I z, the number of x E Ix satisfying (29) is at least N z, where

N , : = L ! ( q 1 a z 2 + Q1 bz - Q1 t + mQ2) '
m E Z

By applying Poisson s u m m a t i o n formula (8) and summing over z in I z we
o b t a i n

I t suffices to show t h a t N > O. Similar to the proof of Lemma 4 .3, we
will again show t h a t the right hand side is d o m i n a t e d by the c o n t r i b u t i o n
at m = O. By t r i a n g l e inequality, we have

Let , be a sufficiently large c o n s t a n t and let
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We have

where
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and

To conclude the p r o o f , we will show t h a t b o t h 51 and 52 are o( !(Ojyz l
) .

Estimate for 51' By the p r o p e r t y of f,

5 < 1(O)II z l
1 _

q2

By (17), and as in is large (q2 ~ L; > n I / 3 ) , the inner sum is 0(1), so

(32)

as desired.

Estimate for 52. Let q' = (IlIa, q2)' We can write

(33)

T h e n

52 ::; 1(0) L
q2 Iml~L'

m~O

By Lemma 4 .2 t h e r e are a b s o l u t e c o n s t a n t s c, a such t h a t
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T o s how t h a t 82 = o( i(0j~ Iz I) , it s u ffices to s how t h a t
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(34)

a nd

(35)

L' (log n t = o( J j I J )

L ' ( l o g n t = o(q~)

T o veri fy ( 34) , notice t h a t by (30) , we h a ve

II z lLI = n ( L Iq2
L
2 ) .

n 2/ 3 ( l o g n f / 6

T h u s

IIzl = n ( IIzIL~ ) = n ( LIL~ )
L, 2(log n) 2Q q~(log n)2Q+2')' L 2q 2n 2/ 3(log n )C /6+2 Q+ 2 ')"

Since ( L 1 L2)2 ~ ( n (log n)C/2 ) 2 = n 2 log C n a nd L 2q2 = O ( max ( Q) ) =

O ( p-1 n 4/ 3(lo g n )c / 3) , t he las t fo rmul a is w( l) if we set C s u fficien tly lar ge
compa re d to 0: and / . Thi s proves ( 34) .

As a r esul t ,

1(0) L' J j I J ( l o g n ) Q = o(1(O) II zl/qz) .
q2

Now we tu rn to (35) . R eca ll t h a t q2 = q' q2 and q' = (Q1a , q2) = (a, q2) (as
q1 a nd q2 are co-p r imes) . T h us

q2 ?:. q2 = q2 .
a pq

To s how (35), it s uffices to show t h a t

q2 = w ( L' 2(log n )2 Q)
pq

wh ich ( t aking int o accou nt t he d efiniti on of L' ) is eq u iva lent to

q2 LI = w (pqq~(logn)2Q+2')') .

M u lt ip ly ing b o t h sides wit h L Z q2 1
, i t r edu ces to

L IL 2 = w ( p q q2 Lz( logn)zQ+z ')') .

Now we u se t he fa c t t h a t qqz L2 = O ( m a x (Q ) ) = O ( p - 1 n4/3( l o g n ) c /3)

and the lower b ou n d s L 1 L 2 ~ n ( l o g n f / 2 an d L 1 ~ n 1 / 3 ( l o g n f / 4 . T he
claim follows by s e t t i n g C sufficiently lar ge compar ed to 0: and / , as usua l.
O ur p r o of is com pleted.
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1. I N T R O D U C T I O N

T h e problem in th e t i t l e seemed to be o u t of reach of any m e t h o d s before
2004. We have still no answer for it, and it is no s u r p r i s e t h a t we will not
answer it in t h e p r e s e n t work e i t h e r . However, in t h e last few years t h e
following d e v e l o p m e n t s arose in c o n n e c t i o n with t h e a b ove problem .

T h e o r e m A (Green and Tao [10]). The primes cont ain ar bi t r arily long
a r i t h m e t i c progressions .

T h e o r e m B ( G o l d s t o n , P i n t z , Y i l d m m [8]) . I f the lev el '19 o f d i s t r i b u t i o n o f
primes exceeds 1 / 2 , then there e x i s t s a p o s i t i v e d ~ C 1 ( 'I9 ), s uch t h a t there
are i n f i n i t e l y m a n y generalized twin prime pairs n, n + d . I f '19 > 0 .971 we
have C 1 ('19) = 16.

Let us call a k - t u p l e H = {hd~=l consisting of n o n - n e g a t i v e integ ers
admissible if it does not cover all residue classes modulo any prime p .
T h e o r e m B was t h e consequence of t h e s h a r p e r r e s u l t t h a t if '19 > 1 / 2 and
k 2: C 2 ( 'I9 ) , t h e n any admissible k - t u p l e H, t h a t is t h e set n + H c o n t a i n s at
least two primes for infinitely many values of n .

" S u p p o r t e d by a T K A G r a n t s K72731, K67676 a n d ERC-AdG .228005.
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We say t h a t '13 is a level of d i s t r i b u t i o n of p r i m e s if for every A > 0 and
c > 0 we have

(1.1 )
N NL m t F L log p - - ( ) « c , A A .

q~N{}-e (a,q)=1 p~N ip q (log N)
p = a ( q )

T h e fact t h a t '13 = 1/2 is an a d m i s s i b l e level of d i s t r i b u t i o n of primes
is t h e c e l e b r a t e d Bombieri - V i n o g r a d o v t h e o r e m . T h i s j u s t missed an un
c o n d i t i o n a l p r o o f of t h e e x i s t e n c e of i n f i n i t e l y many g e n e r a l i z e d twin prime
pairs. However, t h e i r t h e o r e m was c r u c i a l in t h e p r o o f of

(1.2) A li . f Pn+ 1 - Pn 0
t i = im m =

n - > o o 10gPn
[8] ,

and in its i m p r o v e m e n t (log2 x = log log x)

(1.3) 1 · . f Pn+ 1 - Pn <im m 2 0 0
n - > o o y!log Pn (log2 Pn)

[9].

Assuming t h e E l l i o t t - H a l b e r s t a m c o n j e c t u r e [1] to be a b b r e v i a t e d l a t e r
by EH , which s t a t e s t h a t '13 = 1 is an a d m i s s i b l e level, or, j u s t a s s u m i n g t h a t
{) > 0.971 we o b t a i n e d in [8] i n f i n i t e l y many gaps of size a t most 16 in t h e
sequence of primes, t h a t is C 1 ( 0 .971) = 16. In t h e following let p' d e n o t e
t h e prime following p.

T h e aim of t h e p r e s e n t work is to combine t h e m e t h o d s of [10] and [8] in
o r d e r to show, even in a s t r o n g e r form with c o n s e c u t i v e primes P, p' = p + d ,
t h e following r e s u l t .

T h e o r e m 1. I f the level {) o f d i s t r i b u t i o n of primes exceeds 1/2, then there
e x i s t s a p o s i t i v e d ~ C 1 ('13) so t h a t there are a r b i t r a r i l y long a r i t h m e t i c
progressions of primes P such t h a t p' = p + d is the prime following p for
each e l e m e n t of the progression. I f {) > 0.971 then the above holds for
some d with d ~ 16.

In such a way we can show a positive answer to a weaker form of
t h e q u e s t i o n m e n t i o n e d in t h e t i t l e (where twin primes are s u b s t i t u t e d by
g e n e r a l i z e d twin primes) u n d e r t h e u n p r o v e d c o n d i t i o n t h a t t h e e x p o n e n t
1/2 in t h e Bornbieri - V i n o g r a d o v t h e o r e m can be improved to a {) = 1 / 2 + 8 ,
where 8 is an a r b i t r a r i l y small, b u t fixed positive n u m b e r . We have to
n o t e , however, t h a t such a q u a n t i t a t i v e l y t i n y i m p r o v e m e n t is p r o b a b l y
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very difficult . For e x a m p l e , t h e G e n e r a l i z e d R i e m a n n H y p o t h e s i s ( G R H )
t r i v i a l l y implies t h a t '19 = 1/2 is a d m i s s i b l e b u t it does n o t p r o v i d e any
a d m i s s i b l e level b e y o n d t h a t .

O u r a n a l y s i s , more exactly, T h e o r e m 5 will show t h a t t h e answer for t h e
q u e s t i o n in t h e t i t l e would be p o s i t i v e if one could show 7r2 (x) 2: ex / log2 x
for t h e n u m b e r of twin p r i m e s up to x.

2 . T H E M E T H O D S OF G R E E N - T A O A N D

G O L D S T O N - P I N T Z - Y I L D I R I M

At t h e first sight it seems t h a t t h e r e is no s e r i o u s p r o b l e m in c o m b i n i n g t h e
m e t h o d s of [10] a n d [8] in o r d e r to show T h e o r e m 1, since [10] uses weights
from S e l b e r g 's sieve

(2 .1) R
AR(n) := L p(d) log d'

d~R, din

a n d a p p l i e s t h e m e t h o d of G o l d s t o n a n d Y i l d i n m [11] to c o n s t r u c t a pseudo
r a n d o m m e a s u r e where t h e set of p r i m e s has p o s i t i v e d e n s i t y . S i m i l a r
weights are used in t h e p r o o f of T h e o r e m B in [8]. T h e r e are, however,
very i m p o r t a n t differences as well.

1) T h e weights (2 .1) a n d t h e m e t h o d used by G o l d s t o n a n d Y i l d m r n
[11] led only to t h e weaker r e s u l t ~ = 1 / 4 . T h e value of t h e p a r a m e t e r R
was a very small power of t h e size of t h e primes p ~ N . In t h i s a p p r o a c h of
G o l d s t o n a n d Y i l d m m p r i m e s were s e a r c h e d in a d m i s s i b l e t u p l e s (a k - t u p l e
H is called a d m i s s i b l e if it does not cover all residue classes mod p for any
p r i m e p)

a n d t h e y used t h e weights

(2.3)
k

AR(n ; H) : = I I AR(n + hi)'
i = l

2) In t h e work [8] yielding T h e o r e m B a n d (1.2) , it was c r u c i a l to use

t h e m a x i m a l possible value of R s a t i s f y i n g R 2 :::; N{)-c ( t h a t is, R = N 1?2
c
)
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allowed by t h e known i n f o r m a t i o n (1.1) a b o u t primes. A d d i t i o n a l l y , t h e
weights (2.3) had to be r eplaced by ( t h e factor l / ( k + l)! is insignificant
here , it serves j u s t for n o r m a l i z a t i o n )

(2.4)

. . _ 1 ~ k+l R
AR(n , H, k + l) . - (k + l)! L JL(d) log d'

dIP-H(n )
ss«

k

Prt(n) : = I I (n + hd
i = l

with l a n d k being b o u n d e d b u t a r b i t r a r i l y large , l = o(k).

I f one imposed any u p p e r b o u n d on at least one of k or l , our m e t h o d
would not lead to ~ = 0 in (1.2). Similarly if we had at our disposal j u s t
any level {) < 1 / 2 (say {) = 0.49999) we would not be able to deduce ~ = 0
(it would lead however to ~ ~ co({)), with co({}) ~ 0 as {) ~ 1 / 2 ) . In case
of T h e o r e m B , if one uses k and l with min (l , k) ~ Co , t h e n beyond {) > 1 / 2
we would need {) > 1 / 2 + c(C o).

3) T h e main difficulty is t h a t t h e n u m b e r of generalized twin primes up
to X , p r o d u c e d by T h e o r e m B did not yield a lower b o u n d for t h e m beyond
the very weak implicit b o u n d

(2.5) N 1 - C ( k ) / l o g l o g N .

(2.6)

T h i s is far from t h e e x p e c t ed o r d e r of m a g n i t u d e ( t h e s i n g u l a r series 6 ( d ) =
6 ( {O , d } ) is defined in (5.5))

6 ( d ) N 6 ( d ) 1 r ( N )
---'~- ' "
log2 N 1 0 g N

which is still j u s t a d e n s i t y of size c] log N among the primes. We also
do not know w h e t h e r t h e primes Pn s a t i s f y i n g Pn+l - Pn < 7J 10gPn have a
positive d e n s i t y if 7J < 1 / 4 . It will t u r n out, however, t h a t the first p a r t of
t h e p r o o f (Section 6) can help to answer this q u e s t i o n positively too. We
shall r e t u r n to this problem in a l a t e r work.

3. T H E P R I N C I P A L I D E A OF T H E P R O O F

T h e seemingly s i m p l e s t s o l u t i o n , to work with t h e same weight function dur
ing t h e whole p r o o f , seems to be impossible , due to t h e reasons m e n t i o n e d
in Section 2. So we will use two different weight functions:
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(i) t h e first one of t y p e (2.4) to p r o d u c e t h e generalized twin prime pairs
( w i t h an R = N1J /2- €) , a f t e r w a r d s

(ii) t h e second one of t y p e (2 .3) w i t h a different R = N 8 , with a small
value of o.

However, this still does not solve our problem t h a t we are not able to
p r o d u c e a good lower b o u n d for t h e n u m b e r of generalized twin primes .
How do we find t h e set (or, more precisely t h e p s e u d o r a n d o m m e a s u r e 1/)
where t h e generalized twin primes p r o d u c e d in t h e first s t e p are c o n t a i n e d
with positive d e n s i t y ? In case of t h e primes in Green - T a o ' s t h e o r e m this
set was t h e set of "almost primes" , more precisely t h e m e a s u r e (2.1).

I t is of c r u c i a l i m p o r t a n c e t h a t t h e generalized twin prime pairs n, n + d
(n E N I ) were p r o d u c e d in [8] as two primes w i t h i n a set of t y p e

(3.1) {n + hd :=1 : = n + H, H admissible.

T h e main idea is to embed these twin primes into t h e set of a l m o s t prime
k - t u p l e s with p a t t e r n H; more precisely to consider j u s t t h a t p a r t N 2 C N 1

for which t h e o t h e r c o m p o n e n t s n + h j are a l m o s t primes (we could simply
say t h a t all c o m p o n e n t s are a l m o s t primes since primes are considered
themselves as a l m o s t primes). In t h e usual l i t e r a t u r e a l m o s t primes P;
are considered as n u m b e r s w i t h a b o u n d e d n u m b e r of prime factors. (A P;
n u m b e r is by definition a n u m b e r w i t h at most r prime factors.) T h e sieve
m e t h o d s p r o d u c i n g almost primes usually a u t o m a t i c a l l y p r o d u c e a l m o s t
primes s a t i s f y i n g

(3.2) c > 0, fixed,

where P - (n) denotes t h e least prime factor of n . On t h e o t h e r h a n d ,
n u m b e r s with p r o p e r t y (3.2) are a u t o m a t i c a l l y P; a l m o s t primes for any r 2:
L 1 / c J. It will be i m p o r t a n t in t h e sequel t h a t t a l k i n g a b o u t a l m o s t primes we
need in t h e proofs always t h e s t r o n g e r sense (3.2) . C o n c e r n i n g a l m o s t primes
we have to m e n t i o n an analogue of t h e Dickson - H a r d y - L i t t l e w o o d prime k
t u p l e c o n j e c t u r e for almost primes, proved first by H a l b e r s t a m a n d R i c h e r t
[12] (cf. T h e o r e m 7.4) and l a t e r in a s h a r p e r form by H e a t h - B r o w n [13] . Let
O ( n ) d e n o t e t h e n u m b e r of prime divisors of n.

T h e o r e m C . For any a d m i s s i b l e k - t u p l e H we have i n f i n i t e l y m a n y values
k

o E n such t h a t P1t(n) = I1 (n + hi) is a PK a l m o s t p r i m e w i t h K:::; C3(k) ,
i = l

t h a t is, O ( P 1 t ( n ) ) :::; C 3(k) .
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H a l b e r s t a m and R i c h e r t proved a d d i t i o n a l l y

(i) P - ( n + hi) ? n c / k (i = 1,2, . . . , k) , C 3(k) = (1 + 0(1)) k log k,

where c = 2/5 can be chosen if k is large enough, while H e a t h - B r o w n showed
t h a t t h e r e are infinitely many n values with

2
(ii) m a x O ( n + hi) ~ (1 + 0(1)) - 1 - l o g k.

i : ; ' k o g 2

T h e o r e m C raises the problem, w h e t h e r we can combine it with Theo
rem B in order to show the existence of infinitely many n values such t h a t
all elements n + hi are almost primes and at least two of them are primes
under the h y p o t h e s i s 73 > 1/2. I t t u r n s out t h a t it is "easier" to prove a
common g e n e r a l i z a t i o n of T h e o r e m s A, B, and C t h a n j u s t of T h e o r e m s A
and B. In fact our s t r a t e g y in proving T h e o r e m 1 will be as follows.

Step 1. We show t h a t the p r o c e d u r e of T h e o r e m B yields in fact for most
of the "good " values of n not j u s t two primes in the k - t u p l e considered, b u t
also almost primes for each c o m p o n e n t n + hi, i ~ k.

Step 2. We show t h a t a l t h o u g h the p r o d u c e d generalized twin primes
p r o b a b l y do not form a set of positive density within the set of all generalized
twin primes, however, the p r o d u c e d n values with at least two primes n + hi
form a set of positive density among all n ' s s a t i s f y i n g P - ( n + h d > n C1 ( k )

for each hi E 'H.

Step 3. To show t h a t the measure v ( n ) derived from t h e weight function
AR(n; 1t) with the new p a r a m e t e r R = N tJ (with a small positive c o n s t a n t 5)
is a p s e u d o r a n d o m measure and the p r o d u c e d t u p l e s form a set of positive
measure .

In t h i s way we o b t a i n a common g e n e r a l i z a t i o n of T h e o r e m s A, B a n d C,
t h e r e b y a s h a r p e r form of T h e o r e m 1 as follows.

T h e o r e m 2. L e t us suppose t h a t f) = 1 / 2 + 5 > 1/2 is a level o f d i s t r i b u t i o n
o f primes. L e t H = {hil ~1 be an admissible k - t u p l e with k ? C o ( 73) =
(211/251 + 1) 2. Then we have with some values b, ~ C3(k), with at least
two o f the b, 's being equal to 1, a r b i t r a r i l y long a r i t h m e t i c progressions o f n
values such t h a t O ( n + h i) = bi, P - ( n + h i) > n C1 ( k ) . I f 7 3 ? 0 .971 then this
is true for k ? 6. Further, the same is true with a t least two consecutive
primes in the set n + H.

R e m a r k . In o t h e r words, for sufficiently large k ? C o ( f)) t h e same multi
plicative s t r u c t u r e of n + 1 t (i.e. O ( n + h i) = bi) c o n t a i n i n g at least two primes
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and almost primes elsewhere , a p p e a r s a r b i t r a r i l y many times with equal dis
tances among t h e neighboring c o n s t e l l a t i o n s (i.e . the n values , t h e r e b y the
primes n + h i and n + h j forming an a r i t h m e t i c progression). We can even re
quire t h a t n - i - h ; should have the same e x p o n e n t p a t t e r n , where t h e m u l t i s e t
( a l , ' " , a j ) is defined as the e x p o n e n t p a t t e r n of n (see [6]) if

(3.3) I I Q>

n = P V i
t
, P V i E P.

R e m a r k . We can not d e t e r m i n e in advance the places of t h e two primes in
t h e c o n s t e l l a t i o n , n e i t h e r the values of b v a p a r t from b; :S C 3 ( k ) . However,
they will be the same for each t r a n s l a t e d copy, t h a t is , for each element n
of t h e a r i t h m e t i c progressions.

R e m a r k . I f we had b; = 1 (i = 1, .. . , k), t h a t is , C 3 ( k ) = 1, this would
c o n t a i n Dickson 's c o n j e c t u r e a b o u t prime k-tuples , also called the H a r d y 
L i t t l e w o o d prime k-tuple c o n j e c t u r e .

R e m a r k . The lower bound k ~ (2f1/2<51 + 1) 2 can be improved if <5 is not
too small.

4. F U R T H E R R E S U L T S A B O U T G E N E R A L I Z E D T W I N P R I M E S

T h e e x e c u t i o n of Steps 1 and 2 reveals a l r e a d y i n t e r e s t i n g p r o p e r t i e s of the
weights (2.4) and (coupled with o t h e r a r g u m e n t s in some cases) yields or
helps to yield i m p o r t a n t consequences, such as the positive p r o p o r t i o n of
small gaps of size at most 'fllog P between consecutive primes P and p' for
any 'fl > O. T h e r e f o r e it is worth f o r m u l a t i n g the result of these steps as t h e
following s e p a r a t e theorem.

T h e o r e m 3. Suppose t h a t the level o f d i s t r i b u t i o n o f primes is {) = ~ +
<5 > ~. I f 'H = { h d f=l is any admissible k - t u p l e with k ~ C o ( {) ) =
(2 f1/2<51 + 1) 2 , then the n u m b e r o f n :S N for which n + 'H contains a t
least two consecutive primes and almost primes in each c o m p o n e n t s a t i s f y i n g
P - ( n + h v ) > n C1 ( k ) is a t least

(4 .1) c~ (1i) ~
log N
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for a s u i t a b l e sequence N = N ; - t 0 0 with some ~ ('H) , d e p e n d i n g on 'H.
Choosing a simple k - t u p l e with a small d i a m e t e r we obtain a t least

(4.2)
N

c2(k) k '
log N

generalized twin prime pairs n, n + d with a difference

(4.3)
1

d ~ C*('19) := (1 + 0(1)) k l o g k = (2 + 0(1)) 6 - 2 log S'

I f the E l l i o t t - H a l b e r s t a m c o n j e c t u r e or a t least {) > 0.971 holds then we
obtain a t least

( 4.4)
N

C l - 
log'' N

generalized twin prime pairs n , n + d with a p o s i t i v e d ~ 16 .

R e m a r k . It is a c t u a l l y t h e n u m b e r (4.1) of t h e o b t a i n e d k - t u p l e s which
enables t h e use of the p r o c e d u r e of Green and Tao (with a p a r a m e t e r
R < N c(k ,m) , where m is t h e n u m b e r of t e r m s in the a r i t h m e t i c progression)
to assure t h e existence of a r b i t r a r i l y long a r i t h m e t i c progressions among t h e
k - t u p l e s n + 'H with t h e above p r o p e r t i e s .

T h e ea rl ies t known w r i t t e n f o r m u l a t i o n of t h e twin prime c o n j e c t u r e
seems to be due to de Polignac [14] from t h e year 1849. T h i s c o n j e c t u r e
was a l r e a d y a b o u t prime pairs w i t h a general even difference d. This also
i n d i c a t e s t h a t t h e original twin prime c o n j e c t u r e arose p r o b a b l y a l r e a d y
earlier . I f d = 2 or 4 t h e n a p a i r of primes n, n + d must be clearly a
c o n s e c u t i v e p r i m e - p a i r if n > 3. On t h e o t h e r h a n d , this is p r o b a b l y not
t r u e for all prime pairs w i t h d 2: 6 . This would follow for example from
t h e special cas e k = 3 of t h e Dickson - H a r d y - L i t t l e w o o d prime k - t u p l e
c o n j e c t u r e , s t a t i n g t h a t any admissible k - t u p l e c o n t a i n s infinitely many
prime k-tuples. The original d e Polignac c o n j e c t u r e [14] s t a t e d t h a t for
any even d

(4.5) n , n + d are consecutive primes for infinitely many values n .

A weaker form of t h i s c o n j e c t u r e would be t h a t for any even d

(4.6) n, n + d ar e b o t h primes for infinitely many values n.
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As long as in general nearly n o t h i n g was known a b o u t e i t h e r (4.5) or
(4.6) t h e r e was not much reason to discuss the difference between (4.5)
and (4.6) . Now, in view of our T h e o r e m B, under the plausible hypothesis
f) > 1 / 2 it seems to be worth to discuss these aspects. To formulate the
results more easily we i n t r o d u c e the following definitions.

D e f i n i t i o n 1. We will call an even number d a de Polignac number in the
s t r o n g sense (briefly s t r o n g de Polignac number) if (4.5) is t r u e for it .

D e f i n i t i o n 2. We will call an even number d a de Polignac number in the
weak sense (briefly weak de Polignac number) if (4.6) is t r u e for it .

Let us denote the set of all s t r o n g and weak de Polignac numbers ,
respectively , by V 8 and V w ' The fact t h a t for k > C o ( f)) every admissible k
t u p l e H contains infinitely many times at least two primes implies t h a t the
set V w of weak de Polignac numbers has a positive lower density depending
on f). However , the earlier results could not show t h a t a p a r t from the
smallest element do of V w any of the others would satisfy (4.5) due to
the possible existence of a n o t h e r prime between n a n d n + d, if d E V w ,

d > do . In such a way we did not have any more i n f o r m a t i o n a b o u t
V 8 beyond V 8 i- 0. This is still highly n o n - t r i v i a l (and still not known
u n c o n d i t i o n a l l y ) since w i t h o u t any hypothesis the following t h r e e a s s e r t i o n s
are clearly equivalent:

(i) t h e r e exists at least one s t r o n g de Polignac number (V 8 i- 0),
(ii) t h e r e exists at least one weak de Polignac number (V w i- 0),
(iii) t h e r e are infinitely many bounded gaps between consecutiv e prim es,

t h a t is, lim inf(Pn+l - Pn) < 0 0 .
n~oo

Now, Theorem 3 changes this great difference a b o u t our present knowl
edge of the c a r d i n a l i t y of the weak and s t r o n g de Polignac numbers , namely ,
t h a t under the a s s u m p t i o n f) > 1 / 2

(4.7) 4 ( V w ) ~ c ( f ) ) , whereas IV 8 1 ~ 1,

where 4 ( X ) denotes the lower density, IXI the c a r d i n a l i t y of a set X .

In fact, T h e o r e m 3 implies with some relatively easy e l e m e n t a r y argu
ments the following

T h e o r e m 4. Let us suppose t h a t the primes have a level o f d i s t r i b u t i o n
f) = ~ + 8 > ~ . L e t k = (2f1/281 + 1) 2, P : = P ( k ) : = IT p. Then

p~k

Theorem 3 is true in the stronger form t h a t n + H contains a t least two
consecutive primes.
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C o r o l l a r y 1. We have (p is Euler's t o t i e n t function)

J . P i n t z

(4.8) d(D ) > d(D ) > r.p (P ) ro-.J ro-.J 8
4

- w - - s - P k ( k - 1 ) k 2 l o g k 2 e / ' l o g ( 1 / 8 )

as 8 - t O. I f EH or a t least '0 > 0 .971 is true then

(4.9)

R e m a r k . The above t h e o r e m shows t h a t under the E l l i o t t - H a l b e r s t a m
c o n j e c t u r e at least a p p r o x i m a t e l y 1.78 p e r c e n t of all even numbers a p p e a r
infinitely often as the difference of two consecutive primes, t h e r e b y s a t i s f y i n g
the original de Polignac c o n j e c t u r e (4.5). F u r t h e r m o r e , the set of such even
numbers has a positive lower density for any level '0 > 1 / 2 of the d i s t r i b u t i o n
of primes.

5 . P R E P A R A T I O N F O R S T E P 1. N O T A T I O N

In this section we will make p r e p a r a t i o n s for the proof of Theorem 3, which
is a refinement of T h e o r e m B . Since we will follow t h e version of [7] we will
r e i n t r o d u c e here its n o t a t i o n and describe t h e necessary changes to o b t a i n
the same result with the e x t r a r e q u i r e m e n t t h a t (in case of '0 > 1 / 2 ) a p a r t
from t h e two primes we o b t a i n almost primes with P - ( n + h i) > n C1 ( k ) in
all c o m p o n e n t s . We call the r e a d e r ' s a t t e n t i o n here t h a t a different n o t a t i o n
will be used in Section 10, when we describe the changes in the p r o c e d u r e
of [10], since u n f o r t u n a t e l y the same variables k, hI , . . . , hk refer to different
q u a n t i t i e s in the works [7] and [10].

Let n ro-.J N mean N < n ~ 2 N , let P denote t h e set of primes, and let
k, l be a r b i t r a r y b o u n d e d integers with k ~ 1, l ~ 0, log2 N = log log N ,

(5.1)

(5.2)

H « l o g N « l o g R « l o g N , H - t 0 0 ,

where 'H is an admissible k-tuple. For t h e aim of l a t e r use in o t h e r works
we allow here H - t 0 0 , whereas for the present work it would be enough
to s u p p o s e H ~ C(k) . C o n s t a n t s c, C , « may be different at different
o c c u r r e n c e s and they might d e p e n d on k , l a n d {) , as well as the c o n s t a n t s
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implied by « , and 0 symbols ( w i t h o u t i n d i c a t i n g the dependence) ; log I I x
denotes the v-fold i t e r a t e d l o g a r i t h m i c function. We use the n o t a t i o n nH(p)
and its m u l t i p l i c a t i v e extension nH(d) for squarefre e d to denote the set of
residue classes n mod d for which

(5 .3)
k

d I PH(n) : = I I (n + lti) ~ n E nH(d),
i = l

where we write simply n E nH(d) i n s t e a d of n( mod d) E nH(d) . F u r t h e r ,
in accordance with (2.4) we define
(5.4)

A R (n ; 1i , a ) := 11 AR(d ;a) , AR(d;a) := M~~) ((log ~) J
nE~}H(d)

where y+ = Y for y 2': 0 and 0 otherwise. Let O( n) = log n if n E P and 0
otherwise. The singular series is defined, as usual , by

(5.5)

where IXI denotes the c a r d i n a l i t y of t h e set X. Theorem B was the imme
d i a t e consequence of Lemma 1 and the case h E 'H of Lemma 2 of [7] . The
following two lemmas were proved in [7] for a r b i t r a r y b u t b o u n d e d k 2': 1,
l 2': O.

L e m m a 1. For a s u f f i c i e n t l y large C > C ( k , l) and R ~ VN j ( l o g N ) c we
have

(5.6)

5 0 ('H) : = L AR(n; 'H, k + l)2
n r v N

= 6('H) ( 2 l ) N ( l o g R)k+21 + O ( N ( l o g N ) k + 2 1 - 1 ( l o g N) C)
( k + 2 l ) ! l 2 .

L e m m a 2. S u p p o s e the level o f d i s t r i b u t i o n o f p r i m e s is {) and E > O. T h e n
for R ~ N({}-e) /2 we have for h ~ H, I i = 1i('H, h) = :nH(h) = 1 i f h E 'H,
I i = O i f h t / : ' H

(5.7) 51 (1t, h) : = L O(n + h)AR(n ; 'H, k + l)2
n r v N
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= 6 ( H U {h}) (2(l + /'i;))N(lO R)k+21+~
(k + 2l + /'i;)! 1 + /'i; g

+ o( N ( l o g N)k+21+~-1(log2 N) C).
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R e m a r k . A l t h o u g h [7] c o n t a i n s t h e c o n d i t i o n 1 > 0, b u t t h e p r o o f works
for 1 = 0, too .

T h e p r o o f of T h e o r e m B follows from t h e s e lemmas by

(5.8) L ( L B(n + h) - l o g 3 N ) A R ( n ;H, k + l)2
n " - ' N h E H

= 6 ( H ) ( 2 l ) N l N(l R)k+21
( k + 2 l ) ! 1 og og

(
k · 2 ( 2 l + 1 ) ' I 3 - c )

x (k + 21 + 1)(1 + 1) . - 2 - - 1 + 0(1) > 0

if t h e c o n s t a n t s '13 , k , 1 s a t i s f y t h e c r u c i a l i n e q u a l i t y

(5.9)
k 2l + I_ Q- , - - - - - - v > 1

k + 2l + 1 l + 1 '

since e can be chosen a r b i t r a r i l y small a f t e r k and 1 are chosen.

T h e c r u c i a l p r o p e r t y of t h e weights A R ( n ; H , k + l)2 to be proved is
t h a t it is c o n c e n t r a t e d so s t r o n g l y for a l m o s t prime k - t u p l e s s a t i s f y i n g
P : ( PH (n) ) > R''1 for any 'TJ < c( k, l) t h a t t h e sum of t h o s e weights

AR(n;H , k + l ) 2 (n r v N) for which P - ( P H ( n ) ) < R'f/ , is negligible com
p a r e d with t h e t o t a l sum for all n r v N if N ~ 0 0 , 'TJ ~ 0 (k, l , H being
fixed) . T h e same is t r u e for t h e weighted sum of primes ( d . Lemmas 2
a n d 5) , a l t h o u g h t h i s is not needed to prove T h e o r e m s 1-4.

6. T H E E X E C U T I O N OF S T E P 1

T h e m e n t i o n e d p r o p e r t y of t h e sieve weights AR(n; H, k+l) can be e x p r e s s e d
by t h e following lemmas . T h e signs ~ a n d 0 , 0 will always be allowed to
d e p e n d on k and l.
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L e m m a 3. Let N co < R ::; V N / q ( l o g N r C , q E P , (3 : = l o g q / l o g R ,
(3 < co , where CO and C are suitably chosen constants depending on k and l.
Then we have

(6.1)

This i m m e d i a t e l y implies

L e m m a 4. Let NCO < R ::; N 1/ (2+TJ) (log N) < , "., > o. Then we have

(6.2) L AR(n; H, k + 1)2 « "., L AR(n; H , k + 1)2.
n - - N n~N

(P7-l(n) ,P(R7J)) > 1

R e m a r k 1. In some cases we need to use an analogue of (6.2) with the
p r o d u c t of t h e weights AR(n; H , k + h ) and AR(n ; H , k + 1 2 ) in place of
AR(n; H , k + 1)2 with different values of h a n d 12. However, a simple use of
Cauchy 's i n e q u a l i t y reduces the e s t i m a t e s of these q u a n t i t i e s to (6.2). The
sam e applies to Lemma 6 , which is a simple consequence of Lemma 4.

I f the above sum is t w i s t e d by primes we can only prove an analogue of
Lemma 4.

L e m m a 5. Let N CO ::; R ::; N(~-E: )/ (2+TJ ) (log N) - c , 0 < "., < CO , c > o. Let
h : : ; H , and K = 1 i f b « H , K = 0 i f h ~ H. Then

(6.3)
n~N

(P7-l(n) ,P (R7J) ) > l

« "., L ()(n + h ) A R ( n ; H, k + 1)2
n~N

+ O( N ( (log2 N)C( (log N)k+21+"-1 + (log N)k+l-~))).

R e m a r k 2. We will not i n v e s t i g a t e in the present work the d e p e n d e n c e
of the sign « on k and l, a l t h o u g h it has some significance for some
a p p l i c a t i o n s .

R e m a r k 3. In the present a p p l i c a t i o n s Lemma 5 will not be used. However,
it has a significance in o t h e r a p p l i c a t i o n s and also here if the dependence
on k and 1 is also considered. At any r a t e the proof of Lemmas 3-5 will be
very similar.
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P r o o f o f L e m m a 3 . We will follow the proof of [7] and j u s t point out the
differences. In e v a l u a t i n g the expression (1.4) in [7] we have to take into
c o n s i d e r a t i o n the e x t r a condition q I P1t(n) {:} n E o'1t(q) which has to be
added to the conditions n E 0'1t(d1) , n E 0'1t(d 2 ) . Therefore the c r i t i c a l
q u a n t i t y T in the main t e r m N T will take now the form N T ;

(6.4)

Due to t h e m u l t i p l i c a t i v e p r o p e r t y of 0'1t this will mean t h a t the main t e r m
will be now

(6.5) with

wher e i; can be expressed similarly to [7] by the new g e n e r a t i n g function

F q = F t . F q , wher e S = ( 8 1 , 8 2 ) and Fq(s) is up to the missing t e r m for
p = q the same as F in [7]:

(6.6)

Analogously to (1.5) of [7] we can define now

(6.7)

The a p p e a r a n c e of the t e r m F f ( s ) in Fq(s) causes a d d i t i o n a l difficulties

in e v a l u a t i n g the expression Tq compared to t h a t of the analogous q u a n t i t y T
of [7]. We have , namely
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where J(O') means i n t e g r a t i o n over the vertical line Re z = ( J ' .

This means t h a t due to the n u m e r a t o r of the last t e r m above we need
to e v a l u a t e (or at least e s t i m a t e ) i n t e g r a l s of the form

(6.9)

where analogously to [7] we define

(6.10)

however, in c o n t r a s t to [7], where R 1 = R2 = R we have here now , R1 =
R2qj with j = ±1, so

(6.11) R ' - R a1 · - 2, a : = 1 + a , - 2 c o < a < 2co.

F i r s t we will consider the changes in the c o n t r i b u t i o n of the main t e r m
c o r r e s p o n d i n g to t h e residue 81 = 82 = O. This t e r m is now, by an a r g u m e n t
similar to [7],

where we wrote S l = s , S2 = s~, and G 1 , G 2 , G3 are circles with IS11 =
l si = f2 , I S 21 = f2/ 2 , I~I = 1 / 2 , respectively, with a small f2 > O. Using t h e
analogue of (1.6) of [7] for Gq(s) we can write ~,o as

(6.13)

~,O(R1, R 2) = (~q~O~~?! (log R2)k+2l~,1 (a) + O( (log N)k+2l-1(log2 N)C) ,

since g: J Zq(O , 0) « (log2 Nr if j ~ G(k, l). The main t e r m is

1 J (a + ~)k+2l
(6 .14) ~,l(a) : = 21r i (~+ l)k~l+1 d~

C3
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where
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~ h[ (~)' {( 1 + 1 : <) k (1 + a + <)2I}] (~O

(
2l ) I= l (1 + a)k+l + ~ 1 j ( a ) ,

(6.15)

(6.19)

[
. k]. . _ ( l ) (2l)! l+j ( d ) J ( a)

1 j ( a ) . - j l ! ( l + j ) ! ( l + a ) d~ 1+1+~ e=o'

We r e m a r k here t h a t the simpler case R 1 = R2 <=> a = 1 yielded i m m e d i a t e l y
~,l (1) = (~l) in [7] . Due to j ~ 1 the j t h derivative has the form

( d)j-l{ ( a )k-l ( - 1 ) }
(6.16) d~ k a 1 + 1 +~ (1 +~)2 '

so , a f t e r t a k i n g again derivatives j - 1 ( 2 0 ) times we o b t a i n

(6.17) 1 j ( a ) « a for j = 1 ,2 , . . . , l

which , finally, by (6.14)-(6.15) , yields

(6.18) ~,l (a) = ~,1 (1 + a) = (~l) + O( a).

R e m a r k . As mentioned after (6.15) , (6.14) implies i m m e d i a t e l y

T, (1) = _ 1 J ( 1 + 0
2e
d~= ( 2 l ) .

q ,l 27fi ~l+l l
03

We will show below t h a t with a l i t t l e e x t r a effort we can show the explicit
d e p e n d e n c e on k and l:

(6.20) T : = ~,1(1 + a) - ~,1(1) « (k + l3 / 2 ) a if a:::; 4
1k'

We have, namely for 1:::; i-: k , C 4 = {~; I~I = 1 - fL}

(6.21) T: = _ 1 J ( ( 1 + a + Ok{ (1 + a + ~)21 - (1 + ~)21}
27f i ~1+1(1 + ~)k

C4

+ (1 + ~)21 { (1 + a + ~)k - (1 + ~)k} ) d

~l+l (1 + ~)k ~
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= _ 1 J( ~)k(I+~+a)21_(I+~)21 d1.
27ri 1 + 1 + ~ ~1+1

04

1 J (1 + ~)21 { ( a) k }
+ 27ri ~1+1 1 + 1 + ~ - 1 d~

04

: = T1 ,1 + T2 ,1 + T 1 ,2 + T2 ,2,

541

where the first index refers to the first and 2 nd integral , resp., the 2 n d

index refers to 11 + ~I ~ 1 / 2 and 11 + ~I ~ 1 / 2 , resp. Now we have by

( 1 - . 1 ) - ( 1 + 1 ) / / 1 a < 1 / 4 k (21) ' - ' ~
21 ' " - ' I ~ VI

(6.22)
1 ( ' 2 ) 2 1 1

T 1 1 + T2 1 ~ la . 2 21 + ka . 2 21 ' " 1 - !:..- . -" ~ l2 l
i = l

(6.25)

~ (~l)a(l3/2 + k) ,

(6.23) T ' ,2 + T 2 ,2 « ~ ~ {e'~' La or' + Of (e '~' - 1) }

~a+ka~ka.

(6.22) - ( 6 . 2 3 ) imply an explicit form of (6.18) as

Hence an easy calculation shows t h a t the c o n t r i b u t i o n of the residue at
81 = 82 = ° in the value of i ; in (6.8) is

~ a Gq(O, 0) (lOgR)k+21(2l) + O((logR)k+21- 1l og C N)
( k + 2 l ) ! l 2 ,

where a = - l o g q / l o g R = -13 or l o g q / l o g ( R / q ) = 13/(1-13), and
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since I DH (q) I ::; min (q - 1 , k) because 11. is admissible.

We need also a more careful t r e a t m e n t in the error t e r m e s t i m a t i o n ,
since the earlier relation R 8

1 +
8
2 « 1 for lSI + s21 = ( l o g N ) - 1 (cf. (1.7)

(1 .9) of [7]) is no longer t r u e if R 81
+ 8 2 is replaced by Rf1 R~2 with R 1 =1= R2

(Rl = R , R2 = R t q or reversed) .

However, due to the s y m m e t r y of SI and S2 in (6.9) we may suppose
during the e s t i m a t i o n of (6.9) t h a t R2 ::; R 1 . In this case (1 .7) of [7] remains
valid since in the shifted integral for SI E £3 , S2 E £2 (£2 and £3 are defined
as in [7] by £2 : C2/ (2 log U) + it , It I ::; U /2 , £ 3 : - C 2 / log U + it , It I ::; U
with U = exp ( J l o g N ) ) we have , similarly to [7], b u t now by Re S2 > 0

(6 .27) I R 1 8 1 R2 82 I ::; I Rl 81 + 8 2 1 ::; R l - c 2 / (210g U) « exp[ - c J log N) .

F u r t h e r , in the secondary t e r m , writing C( S2) : lSI + s21 = (log N ) - 1
we o b t a i n again, with the same not a t i o n as in [7] ,

(6.28)

I : = - 2
1
. J{ R e s } dS 2

7r~ 8 1 = - 8 2

£2

(6.29)

since R2::; R 1 , R es2 = c 2 / ( 2 I o g U ) > 0, and e v e r y t h i n g else remains valid ;
yielding the same e s t i m a t e as in (1.9) of [7] :

(6.30)

During the proof we used t h a t the only difference between the present
Gq(s) and G(s) of [7] (and similarly with F and Z) is t h a t (due to I DH(q)1 ::;
min (k , q - 1))

(6.31)

Zq(s) = Gq(s) = Fq(s) = (1- IDH(q)1
Z(s) G(s) F(s) q
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in b o t h region s R e s1 , R e s 2 E ( - C 3 , C 3 ) and R e s1 , R e s 2 2 0 , s ay, if
C3 < CO (k ) is chosen sufficientl y s m a l l.

Fin all y t h e l a s t int egral , S l E L 3 , S 2 E L 4 : - cd log U + i t , It I ~ U/2
r e m a i ns t o be o( ex p ( - c J log N ) ) as in [7 ]' which finish es t h e p r o o f of
Lemm a 3.

Summ a t i o n over a ll prim es q ::; R'fJ gives a n upp er est im a t e for t he LHS
of (6. 2) a n d y iel d s Lemm a 4, in v iew of ( 6 .4) , (6 .5) , (6 . 2 5 ) - ( 6 . 27) , (6. 30),
(6 .3 1) , s i nce

(6.32 )
" I Ort (q) I log q
L....J 1 R « "7.
q~R'1 q og •

T h e p r o o f of L e m m a 5 r u n s a g a in s i m i l a r l y to t h a t of t h e a n a l o g o u s
L e m m a 2 of [7] . T h e n eeded ch anges are e s s e n t i a l l y t h e s ame as des crib ed
abov e , so we will b e bri ef. F i r s t we r e m a r k t h a t d u r i n g t h e a p p l i c a t i o n s
o f t he B o m b i e r i - V ino gr ado v t he o re m or it s h yp o t h e tic al i m p r o v e m e n t ( 1. 1 )
t h e ex ist enc e of a prim e q ~ R 'fJ with t h e ext r a co n d it ion q I Prt (n ) mean s
t h a t we n eed now t he s t ro nge r co n d it io n

(6. 33) [q d d ] < R 2+'fJ < N { ) - c, 1 , 2 _ _ ,

(6.35)

wh ich , h owever , a p p e a rs in t he s t a t e m ent of our Lemm a 5.

W i t h t h i s ch a n ge in our ass u m p t i o n t he sub s ti t u t i o n of t he co nt r i b u t i o n
o f t he p r i m es b y it s ex p e c t e d cont ri b ut io n, t he a na logues o f formul a e (2.4 ) 
(2 .6) a n d t he di spl ay ed in equ ali t y following ( 2 .6) in [ 7] r e m a i n valid wi t h
t he cha nge t h a t [d 1 , d 2 J h as to b e r epla ced a lways by [q , d b d 2 J. Aft er t h is
s u b s t it ut io n , we a r r ive aga i n a t t he a n a l o gou s qu an ti t y

( 6 .34)

IT ( L O ( ( b + h , P ) ) ) = ( l o + ( q ) l - l ) IT ( I O + ( p ) l - l ) ,
pi [ q , d l , d 21 b( m o d p) pl[ d l , d 21

~~~ p~

wh er e 0+ corr e s p o n d s to t h e s et H+ = H U {h} (and as r e m a r k e d in [7] ,
IO+ (p )1 = p ca n occ ur now alr ead y ) and o(m) = 1 if m = 1 , 8(m) = 0 if
m i= 1.

T h i s y i el ds now , simil arl y to ( 6 . 4 ) - ( 6 .5) t o t h e s l ight ly modifi ed a na l ogue
of T * in ( 2 . 7) of [7], to t he ex p ress ion s

N (I O+( q)1 - 1) T *
q - 1 q
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with

(6.36)

J . Pintz

(6 .37)

J * - p # . P* P*(s) - I I ( 1 _ I n+(p)1 - 1 (.-!:.- + .-!:.- _ _ 1 _ ) )
q - q q , q - p _ 1 pSI p S2 pSI +S2 .

p # q

The whole t r e a t m e n t of the error t e r m s is the same as in case of
Lemma 3 , the only change being in the main t e r m and in the singular series.
We have to d i s t i n g u i s h two cases ( a l t h o u g h as mentioned earlier Case 2 is
not needed for the present work) .

Case 1. h E H. In this case H+ = H U { h } = H, m = 1, n+(d) = n'H(d)
for every d, the singular series is according to [7], (6.31) and (6.37) now

(6.38) G~(O, 0) = 6 q ( H + ) = I I (1 _ I n+p(p) I) (1 _ ~) -(k+1)
p ; f q

« 6 ( H + ) = 6 ( H )

and the same reasoning as in [7], the t r a n s l a t i o n k - t k - 1, l - t l + 1 gives
the result, since , if n + h E P, t h e n

(6.39)

Case 2. h rt. H. In this case H+ = H U {h} , m = 0, n+(p) = k + 1 for
p > k and H+ is not necessarily admissible. However, n+ (p) = p may occur
only for p :=:; k + 1 since n+(p) :=:; k + 1. If n+(p) = p is the case for some
p =1= q , t h e n as remarked in [7] the corresponding Euler p r o d u c t vanishes
at 81 = 0 or 82 = 0, the main t e r m lacks (G~(O , 0) = 6 q (H +) = 0) and
the error t e r m is the same or a c t u a l l y smaller. Finally if the only prime for
which n+(p) = p holds is p = q:=:; k + 1, t h e n by 6 (H U {h}) = 0 we use
the t r i v i a l consequence of Lemma 2 :

(6.40)

L O(n + h)AR(n; H , k + l)2 :=:; L O(n + h)AR(n ; H , k + l)2
n~N n~N

( P / t ( n ) , P ( R ' l ) ) > 1
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R e m a r k . In most a p p l i c a t i o n s we can replace L e m m a 5 w i t h t h e following
s l i g h t l y weaker a s s e r t i o n , which is a t r i v i a l c o n s e q u e n c e of L e m m a 4.

L e m m a 6. L e t N CO < R :s N 1 /(2+1J) (log N) - 0 . Then we have for any
h:S H

(6.41)

L O(n + h)AR(n ; H, k + 1)2 « 'f/ log N L AR(n; H, k + 1)2 .
n~N n~N

(P1i(n) ,P(R'7)) > l

L e m m a 6 can r e l a t i v e l y well s u b s t i t u t e for L e m m a 5 if h E H a n d t h e
d e p e n d e n c e of t h e c o n s t a n t s on k a n d I in t h e « s y m b o l is not i n v e s t i g a t e d ,
since by L e m m a s 1 a n d 2 we have in fact for h E H

(6.42) log R L AR(n; H; k + 1)2 r v C(k, l) L O(n + h)AR(n; H, k + 1)2

w i t h a c o n s t a n t C(k, l) d e p e n d i n g only on k a n d l , so t h e r i g h t - h a n d sides
of (6.41) a n d (6.42) are really t h e same o r d e r of m a g n i t u d e as a f u n c t i o n
of R a n d N, sinc e log R::=::: log N by (5.1) .

7. T H E E X E C U T I O N OF S T E P 2. P A R T I A L P R O O F OF T H E O R E M 3

As m e n t i o n e d a l r e a d y in t h e p r e v i o u s s e c t i o n , L e m m a 4 a n d its t r i v i a l conse
quence L e m m a 6 , t o g e t h e r w i t h L e m m a s 1 a n d 2 p r o v i d e a l r e a d y sufficient
i n f o r m a t i o n a b o u t primes in a l m o s t p r i m e k - t u p l e s to prov e T h e o r e m s 1
a n d 2.

We have, namely, s i m i l a r l y to (5.8), by L e m m a s 1, 2 , 4 a n d 6, for
R = N('O-c)/(2+1J) > (3N)1/4

(7.1) L ( L O ( n + h ) - I O g 3 N ) A R ( n ; H , k + l ) 2
n~N hE1t

( P 1 i ( n ) , P ( R ' 7 ) ) = l

6 ( H ) (2l) k + 2 l
= (k + 2l)! I N l o g N ( I o g R )
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(
k 2(21 + 1) 1) - e )x . . - + 0(1]) - 1 + 0(1) .

k + 21 + 1 1 + 1 2 + 1]

J . P i n t z

I t is easy to see t h a t for any given 1) = ~ + <5 > ~, if 1 a n d k ] ! are chosen
s u f f i c i e n t l y large, t h e n

(7.2) k 21 + 1 (1 <5)
k + 21 + 1 . l + l 2 + > 1.

Now we can choose c a n d 1] = c(k , 1, 1)) s u f f i c i e n t l y s m a l l as to have

(7.3) I : ( I : B ( n + h ) - l O g 3 N ) A R ( n ; H , k + 1 ) 2
n " , N h E R

(PH(n) , P ( R ' I ) ) = l

» k , I ,H ,1J N log N(log R)k+21 .

However , if (H-{(n) ,P(RT/)) = 1, R > (3N)1 /4, t h e n any PH(n) has at
most k . ~ p r i m e d i v i s o r s , so we have

(7.4) (
4k / ) 22 2 T/ k+l

I AR(n; H , k + 1) I < (k + 1)! (log R)

Now if we have at m o s t one p r i m e a m o n g n + hi (i = 1 , 2 , . . . , k), t h e n
L,hEH B( n + h) - log 3N < 0, so we o b t a i n for t h e n u m b e r of n's in [N,2N]
w i t h a t l e a s t two p r i m e s a m o n g ( n + h i ) a n d a l m o s t p r i m e s in all c o o r d i n a t e s
n + h j w i t h P - ( n + hj) > n TJ / 4 t h e lower e s t i m a t e

(7.5) c(k , 1, H, 1)) N k > c'(k , 1, H, 1)) N k
(log R) (log N )

as r e q u i r e d by (4 .1) of T h e o r e m 3. We r e m a r k t h a t t h e d e p e n d e n c e on 1
a n d H can be o m i t t e d , since for k - t 0 0 we will choose 1 = ( Jk - 1) / 2 (ef.
(8 .1)) , f u r t h e r we have for any a d m i s s i b l e k - t u p l e H

1 ( k ) ( l)-k2: IT -. IT 1 - - 1 - - 2: C3 (k ).
<2k P >2k P Pp - p
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The e x t r a a s s e r t i o n t h a t we have at least two primes n + hi and n + h j
in some p o s i t i o n (i, j ) and we have the same number b s of prime divisors
of n + h s (s =1= i, i , 1 ~ s ~ k) for all elements n of t h e progression,
is a t r i v i a l consequence of the fact t h a t the n u m b e r of the possible vectors

b = (b 1 , . . . , b k ) is b o u n d e d (by ( l / c l ( k ) ) k ) if all n + h s c o m p o n e n t s are free

of prime factors below n 1 / CI (k) . This means t h a t at least one c o n f i g u r a t i o n ,
t h a t is, one vector b (with at least two entries equal to 1) occurs at least
c 4 ( k ) N / log" N times , fully describing the m u l t i p l i c a t i v e p a t t e r n of n + 1{ by
O( n + h s ) = b s , where O( n) denotes here t h e number of prime divisors of n.
We may mention t h a t we could require beyond O ( n + h s ) = b s for all n also
the s t r o n g e r p r o p e r t y t h a t the e x p o n e n t p a t t e r n As = { a s l , a s 2 , . . . , a s j a}
of n + Ii; should be the same for all elements n of the progression . Namely,
due to the t r i v i a l r e l a t i o n b s = a s l + ... + as j a' any vector b = (b 1 , . . . , bk)
gives rise only to a bound ed n u m b e r of possibilities for t h e values ast. Hence
at least one of t h e m has to a p p e a r at least c 5 ( k ) N / ( l o g N ) k times for n ' s
up to N .

8. H o w T O C H O O S E T H E P A R A M E T E R S k, l A N D A S M A L L 11 k

F O R A G I V E N D I S T R I B U T I O N L E v f u L i n C O N T I N U A T I O N OF T H E

P R O O F OF T H E O R E M 3

In order to prove Theorem B , f u r t h e r our present T h e o r e m s 1 and 2 the
values of t h e p a r a m e t e r s k, l could be optimized to yield a minimal k for
a given rJ = 1 / 2 + 0 > ~ by the aid of c o m p u t e r s as long as 0 is not too
small (0 ~ 1 / 1 0 , for example, see the t a b l e after (3.4) on p . 832 in [8]). The
crucial i n e q u a l i t y to be satisfied is our (7 .2) .

In view of the above , we will focus our a t t e n t i o n to small values of 0
(which means large values of k and l) , a l t h o u g h our a r g u m e n t holds for any
o E (0 , 1 / 2 ] . An easy c a l c u l a t i o n gives t h a t if we did not require l to be
an integer, t h e n for a given k the expression on the l e f t - h a n d side of (7.2)
would be maximal for I = ( Jk - 1) / 2 , i.e, k = (21 + 1)2 and t h e n its value

is for I ~ (20)-1

(8 .1)
> (21 + 1)2 . _21_+_1 . _ I +_1
- 2 (I + 1) (2l + 1) I + 1 21

k
k - 1 '

We r e m a r k t h a t if 0 = 1 / 2 (rJ = 1) for example, t h e n this a r g u m e n t
would give l = 1, k = 9, whereas I = 1, k = 7, rJ > 20/21 already
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s a t i s f i e s (7.2). A f u r t h e r i m p r o v e m e n t is p o s s i b l e in t h i s case ( a t l e a s t for
{) > 4( 8 - J i 9 ) / 1 5 = 0.97096 . . . ) by c h o o s i n g i n s t e a d of t h e single o p t i m a l

l = 1 a l i n e a r c o m b i n a t i o n of t h e weight f u n c t i o n s AR(n; H , k + l)(log R ) - l
for l = a a n d l = 1. T h e n t h e a r g u m e n t works for k = 6 a l r e a d y as shown
in S e c t i o n 3 (cf. (3 .11) - ( 3 .16)) of [8]. Since all o u r e a r l i e r a r g u m e n t s r e m a i n
e s s e n t i a l l y valid if i n s t e a d of a single weight f u n c t i o n AR(n; H , k + l) we
choose a l i n e a r c o m b i n a t i o n of t h e m ( u s i n g R e m a r k 1 a f t e r L e m m a 4), t h e
a r g u m e n t s (6.11) - ( 6 . 1 6 ) of [8] t o g e t h e r w i t h o u r p r e s e n t ones in S e c t i o n s
5 - 7 prove T h e o r e m s 1-4 for {) ~ 0 .971.

In o r d e r to c o n s t r u c t an a d m i s s i b l e k - t u p l e Hk = { h d ~=I w i t h a s m a l l
d i a m e t e r d(Hk) : = hk - hI, we c a n a g a i n o b t a i n help from c o m p u t e r s for
r e l a t i v e l y s m a l l values of k (cca. k < 100) as s h o w n by t h e t a b l e a f t e r (3.4)
in [8]. However , for any value of k we can choose H as t h e first k p r i m e s
e x c e e d i n g k, {Pv+!, . . . ,Pv+k}, w h e r e Pv ~ k < pv+!. T h i s set c l e a r l y does
n o t cover t h e r e s i d u e class a for p ~ k , while for P > k = IHI it c l e a r l y c a n
n o t cover all r e s i d u e cl asses m o d p. On t h e o t h e r h a n d t h e d i a m e t e r of Hk
is by t h e p r i m e n u m b e r t h e o r e m , t h a t is , by Pn r v n log n

(8.2) d(Hk) = Pv+k - P v + ! = (1 +0(1)) { ( k + IO~ k ) log k - k } r v k log k

if k - > 0 0 (which o c c u r s for 8 - > 0). T h i s is a s y m p t o t i c a l l y p r o b a b l y close
to o p t i m a l , since in g e n e r a l a s e t H of n u m b e r s up to X a v o i d i n g a t l e a s t
one r e s i d u e class mod P for any P ~ k is h e u r i s t i c a l l y of size a t m o s t

(8.3) ( 1) 1X 1 - - - . xII P er log c '

w h e r e a s o u r s e t above has a s o m e w h a t l a r g e r d e n s i t y r v l / l o g P v + k r v

1 / log k.

9. H o w DO W E G E T S T R O N G D E P O L I G N A C N U M B E R S ?

C O M P L E T I O N OF T H E P R O O F OF T H E O R E M 3

In t h i s s e c t i o n we will show t h a t we o b t a i n a t l e a s t c 2 ( k ) N / l o g k N n u m b e r s
n up to N , w h e r e n + hi a n d n + h j are consecutive p r i m e s . Let w i t h a fixed
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sufficiently small Cl (k )
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(9.1)

B ( i , j , N ) = { n ~ N ; n + h i E P, n + hj E P , P - ( P r t ( n ) ) > n C1(k)} ,

(9.2) {
. . . . . I B ( i , j , N ) ! l o g k N }

T = (~ ,J) ; J '>», lim sup N > 0 ,
N-+oo

and let us choose any given pair {s, t} E T with minimal value of t - s .
T h e n for any hJ.L E (h s , ht) t h a t is for s < J-l < t we must have clearly

(9.3)
. I B(J-l , t, N) Ilog k N
lim sup N = 0 ,
N-+oo

so all c o m p o n e n t s n + hJ.L between n + h s and n + h t are almost always
composite if n E B(8 , t, N ) as N ---t 0 0 .

On t h e o t h e r hand , if we have an a r b i t r a r y h E (h s , ht), h tt H , t h e n the
a s s u m p t i o n n + h E P implies for u: = H u h

(9.4)

However, by the Selberg sieve (see T h e o r e m 5.1 of [12], or our present
Lemma 1, with the choice R = nC 1(k)) the number of such n ~ N is for
all N

(9.5)

which means t h a t for a given fixed H , this case might h a p p e n also rarely.
This , t o g e t h e r with (9.3) shows t h a t the number of n ~ N where T h e o r e m 3
is t r u e with two consecutive primes is, similarly to (4.1) , at least

(9.6)
N

( c l ( k , 1 t ) + 0(1)) k '
log N

for some sequence N = N; ---t 0 0 .



550

10. A p P L I C A T I O N OF T H E M E T H O D OF G R E E N AND T A O .

P R O O F S OF T H E O R E M S 1 AND 2

J. P i n t z

Since T h e o r e m 2 is a more general form of T h e o r e m 1, it is clearly sufficient
to prove j u s t T h e o r e m 2. This is now relatively s t r a i g h t f o r w a r d as we
have already proved T h e o r e m 3. So we have for any admissible A with
r ~ (2 f1/281 + 1) 2 elements a set N* (A) = N* c N at our disposal with
the p r o p e r t i e s t h a t with some i, j E {l, .. . , r } and some b, ~ C(r) we have
for n E N *

(10.1)

(10.2)

(10.3)

n + a; and n + aj are consecutive primes,

I {n '" s, n E N * } I ~ c~(A)lO;N

for some sequence N = N ; ---. 0 0 . As r e m a r k e d at t h e end of Section 7 the
c o n d i t i o n D(n + as) = b, can be replaced by the even s t r o n g e r c o n d i t i o n
t h a t the e x p o n e n t p a t t e r n of n + as should be Q s = { as! , . . . , asjs } .

This set N * has a positive u p p e r density in the set j j of all integers
s a t i s f y i n g

(10.4)

due to the a l r e a d y m e n t i o n e d T h e o r e m 5.1 of [12], or our Lemma 1 (cf.
(9.4) - ( 9 .5)).

R e m a r k . The above f o r m u l a t i o n shows t h a t the g e n e r a l i z a t i o n of the some
what h e u r i s t i c d e s c r i p t i o n , a p p e a r i n g in many works of Green and Tao t h a t
d u r i n g t h e i r proof t h e primes are embedded into the set of almost primes
with positive ( u p p e r ) density can be proved in an exact form ((10.1)-(10.4))
in our case as well.

The proof now follows closely t h a t of Green and Tao (cf. Sections 9 
10 and the A p p e n d i x of [10]). Our t a s k is made even easier by the recent
w o r k of B i n b i n Z h o u [16], w h e r e h e p r o v e d t h e e x i s t e n c e of a r b i t r a r i l y l o n g
a r i t h m e t i c progressions of Chen primes, where for t h e sake of convenience
he defined p to be a Chen prime if

E P fl( + 2 ) < 2 P - ( p + 2 » _ p l /10p , H P _ ,
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and used t h e lower b o u n d e N / log2 N for t h e n u m b e r of Chen primes
below N.

In fact we can formulate our r e s u l t in t h e following general form .

r
T h e o r e m 5. L e t A = {al , . . . , a r } ~ [O , A ] n Z , P A ( n ) = n ( n + a i) . Let

i = l

P : (n) denote the least prime divisor o f n. Let the set No s a t i s f y

with c l ( r ) , c 6 ( A ) > 0 for a sequence X = X ; - - - t 0 0 . Then No contains
k - t e r m a r i t h m e t i c progressions for any k > O.

R e m a r k . This is clearly a g e n e r a l i z a t i o n of t h e r e s u l t s of Green - T a o (r =
Cl = 1) and Zhou (r = 2, Cl = 1/10) .

R e m a r k . T h e t e r m s of t h e a r i t h m e t i c progression of l e n g t h k are below N if
N > N O ( C l ' C6, r , A, k) and t h e i r t o t a l n u m b e r is at least C 7 ( C l , C6 , r , A , k ) N 2 /

logrk N .

R e m a r k . T h e o r e m 5 t r i v i a l l y shows t h a t t h e twin primes really c o n t a i n
a r b i t r a r i l y long a r i t h m e t i c progressions if t h e i r n u m b e r up to X, 1r2(X) ~ x ]
log2 x . This r e s u l t is i m p l i c i t l y c o n t a i n e d in [16J as well.

R e m a r k . P - ( P A (n)) ~ n Cl implies t h a t A is admissible , since o t h e r w i s e
P A (n) would have a fixed prime divisor p ::; r.

R e m a r k . Since t h e proof is analogous to t h a t in [16], which in fact is
analogous to t h a t in [10] we will p o i n t out only t h e e s s e n t i a l differences.

R e m a r k . T h e above said s t r o n g analogy is only t r u e if A is considered to
be fixed, more precisely if

(10 .6) A ~ [1 , A] with a fixed A .

O t h e r w i s e , when A is allowed to increase with N, serious difficulties may
occur w i t h t h e linear form p r o p e r t y unless A is r e l a t i v e l y small c o m p a r e d
to N.
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As the r e a d e r observed we changed our set H to A, the elements hi to
a; and the size k to r, c o m p a r e d with Sections 1-9. This is necessary since
H and k are used in [10] (and [16]) to denote o t h e r q u a n t i t i e s , namely our
aim is to show the existence of k - t e r m a r i t h m e t i c progressions in N* .

T h e definition of W = W ( N ) and w = w ( N ) remain the same,

(10.7)

(10.9)

where w = w ( N ) and t h e r e b y W = W ( N ) is a function of N , sufficiently
slowly growing to infinity with N.

In the following we will suppose t h a t n E N*. In t h i s case (n + ai, W) =
1. Following Zhou (Section 2) we will choose a b mod W with (Wm + b +
tu, W) = 1, t h r o u g h first choosing a b p mod P for every prime p I W with
b p ¢. - a i ( mod p) and t h e n applying the chinese r e m a i n d e r t h e o r e m to
o b t a i n b == b p ( mod p) for each p I W. Since we have for any p e x a c t l y
p - I 0A(P) I possibilities for b p (where 0A(P) = { - a i mod P};=l ' as in
Section 5), we o b t a i n for the c a r d i n a l i t y of the set X w of possible choices
of b mod W the q u a n t i t y (we note t h a t we can suppose r < A < W - - t (0)

(10.8) IXwl = W IT ( 1 - IO~(p)l) IT (1-~)
p:S:A A<p:S:w(n)

~ W G ( A ) n (1- ~r ~ W G ( A ) ('P~)r

for every admissible set A with a uniform c o n s t a n t C ( A ) . I f we do not
i n d i c a t e in the following d e p e n d e n c e on e i t h e r A , r or k any more, t h e n we
o b t a i n by (10.3)

. L i n E [Ck N, 2ck N] ; W n + b E N*I » l:k~N '
~XW g

where Ck = 1 / ( 2 k ( k + 4)!), since P - ( P A ( W n + b)) > n C > W implies
( W n + b + a i , W ) = 1 {:} b E X w . T h u s by (10.8) we can choose a fixed
residue class b mod W ( d e p e n d i n g on A ) , a ~ b < W , such t h a t the set
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Our m easure v is similarl y to (2.5) of [16] defined now on ZN by
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{

(
<p (W ) ) r IT AR ( W n + b + ai )2 i f n E [ck N , 2ck N]

( 10 .11) v (n ) : = W i=l log R ,

1 o t h erwi se

wh er e A R is given in ( 2. 1), R < N C1 ( r ) will b e ch ose n as a sufficiently s m a ll
power of N , t h e r eby sati sfying

(10.12) ( W n + b + ai , I I p) = 1 for n E X ;
p S:.R

du e to the crucial c o n d i t i o n (10.2) and the definition of X in (10.10), t a k i n g
into account t h a t W Ck > 1 by W - - - t 0 0 . Now (10.12) implies t r i v i a l l y for
n E [ c k N ,2 ckN] and W n + b E N* t h a t is for n E X

( 10 . 13)

This mean s t h a t d efining (in a na logy with (2 .1) of [16])

( 10. 14)

we h ave

_ { <P ( WW ) log (W n + b)
AA(n ) : =

o

if W n + b E N *

o t he rw ise

(10.15)

The proof t h a t v(n) satisfi es the k - p s e u d o r a n d o m n ess p r o p e r t y follows
t h a t of [16], which again follows the proof of [10] which ar e essentially the
s pe cia l cases r = 2 and r = 1 of our case. T h e fact t ha t v is a measure , t h a t
is , E(v) = 1 + 0(1) is th e s pe cia l case of th e linear form p r o p e r t y (m = 1 ,
b = 1 , 'l/J 1 (x) = Xl , B = [c ", N, 2c ", N ]) . The proof of the linear form condi ti on
run s com p le te ly an alogously to t h a t of [16] (which is nearl y the same as t h a t
of [10]) , a cru cia l point b eing her e t h a t if a prim e p > W would s a t i s f y

( 10. 16) pi W ( t L i/X l + b l ) + b + a u and p i w ( t L il Xl +b l ) + b + a v ,
1=1 1 = 1
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t h en obviou sly p I au - a v , which is a c o n t r a d i c t i o n since

J . Pin t z

(10.17)
A = {al ," " a r} ~ [1, A] A is b o u n d e d , w = w ( N ) --+ 00 as N --+ 00 .

Hen ce, for u =1= v Oi(X) + au == Oi(X) + a v == a ( m o d p) is impossible.
(This s t e p is not valid if we allow A --+ 00 with A ~ w ( N ) . ) Concerning
t h e analogue of P r o p o s i t i o n 2.10 of [16], or (9.10) of [10] according to which
t h e measure v satisfies the 2 k - l - c o r r e l a t i o n c o n d i t i o n , the main difference is
t h a t the role of ~ is played here (cf. P r o p o s i t i o n 2.6 of [16] or P r o p o s i t i o n 9.6
of [10]) by the q u a n t i t y

(10.18) ~= IT (h i - h j ) IT ( W ( h i - h j ) + a u - a v) « N 3
( ';' ) ( ; )

l~i<j~m

which , however, still obeys the e s t i m a t e (10.15) of [10], namely

(10.19) ~ « R O m ,r(1) .

A f t e r w a r d s , the analogue of Lemma 2.9 of [16] or Lemma 9 .9 of [10] is
here again slightly more difficult, in the sense t h a t we need the generalized
Holder 's i n e q u a l i t y i n s t e a d of the s t a n d a r d case , applied in [16], to infer
t h a t with the n o t a t i o n 1 = [1 , N], S(n) = TI ( W n + au - a v) we h ave

l~u<v~r

(10.20) E ( I I (1 + p - l /2) O m ,r,q(l) I I) = Om ,r,q(l).
p j n S ( n ) , p > w

The q u a n t i t y on the l e f t - h a n d side is , namely , with the n o t a t i o n B = (;) + 1

(10.21)

(
. : ( ) l / B~ E IT (1 + p-~) I I IT E IT (1 + p-~) I I

p i n l~u<v~r p ! W n + a u - a v
p > w p > w

since (1 + p - l /2) BO m ,r ,q(l) ~ 1 + p - l /8 if p > w --+ 00 as N --+ 00.

T h e n the rest of Lemma 2.9 of [16] can be followed using again the crucial
p r o p e r t y (10.17).

So we o b t a i n , similarly to [16] and [10] for every value of k a c t u a l l y
cN 2 / (log N r k k- t e r m a r i t h m e t i c progressions in the set N* (A), where c
d e p e n d s on r , A, k , and A = {ad;=l' This proves our T h e o r e m 5 , and
c o n s e q u e n t l y T h e o r e m s 1 and 2, too.
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Let us s u p p o s e t h a t any admissible k - t u p l e H produces at least two consec
utive primes infinitely often . T h e n this p h e n o m e n o n clearly occurs infinitely
often for prime pairs n + hi, n + h j in the same position, i .e . we have at least
one s t r o n g de Polignac number d among hi - h j (i > j). The q u e s t i o n is:
at least how many different d's do we get by choosing all possible admissible
sets H with elements at most H , if H is large (H ---... (0) . Let

(11.1) P : = P(k) : = I I p ,
p -<5.k

wher e we can clearly suppose P I H , as t h e size of k and t h e r e b y P remains
fixed and H ---... 0 0 .

In order to show a d m i s s i b i l i t y we may suppose t h a t we choose all ele
ments of all k - t u p l e s H from the set

(11.2)

M : = { m :::; H ; (m, P) = I} , having M := IMI = <p~) H elements ;

t h e r eby excluding the residue class 0 for each p :::; k. Since every admissible
k - t u p l e H gives rise to at least one s t r o n g de Polignac n u m b e r d, we o b t a i n
at least (~) s t r o n g de Polignac numbers below H , c o u n t e d with m u l t i p l i c i t y
according to t h e k-tuples H. A fixed value d might app e ar as the difference
of two elements of 'H with at most M - 1 choices for t h e larger element
and a f t e r w a r d s the smaller element is d e t e r m i n e d uniquely. F u r t h e r m o r e ,
we have (~:~}) choices for the r e m a i n i n g k - 2 elements of H . This implies
t h a t we o b t a i n at least

(11.3) (~) M

k(k - 1)
H<p(P)

P k ( k - 1)

different s t r o n g de Polignac numbers d until H, which proves (4.8).

In case of '19 2: 0.971 we can work with k = 6 tuples, so P 30,
<p(30) = 8 , which proves (4 .9), hence T h e o r e m 4 is proved completely.
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12 . F U R T H E R P R O B L E M S

J . P i n t z

I t is clear from our work t h a t S t e p s 1 a n d 2 ( L e m m a s 3-6) led to some new
i n f o r m a t i o n a b o u t p r i m e s in t u p l e s , in p a r t i c u l a r a b o u t t h e frequency of t h e
o c c u r r e n c e of two p r i m e s in any a d m i s s i b l e k - t u p l e for {) > 1 / 2 ( T h e o r e m 3)
a n d t h a t u n d e r t h e same c o n d i t i o n we have more t h a n one even d, in fact
a p o s i t i v e p r o p o r t i o n of a ll n u m b e r s , which a p p e a r i n f i n i t e l y many t i m e s as
t h e difference of two conse c u t i v e p r i m e s . We m e n t i o n e d t h a t L e m m a 4 m i g h t
help to d e d u c e u n c o n d i t i o n a l l y t h a t a p o s i t i v e p r o p o r t i o n of gaps b etween
c o n s e c u t i v e p r i m e s are less t h a n 'fJ logp for any fixed 'fJ > O. T h e q u e s t i o n
still arise s: does t h e c o m b i n a t i o n of t h e two m e t h o d s of [10] a n d [8]-[9] yi eld
also some u n c o n d i t i o n a l r e s u l t s ? T h e answ er is yes . We m e n t i o n a few of
t h e m .

T h e o r e m 6. L e t 1{ = {h i}7=1 b e an a d m i s s i b l e k - t u p l e for a n y k 2: 1. T h e n
there e x i s t a r b i t r a r i l y long a r i t h m e t i c p r o g r e s s i o n s o f p r i m e s n such t h a t all
n + h i ' s are a l m o s t p r i m e s a n d w i t h s o m e v e c t o r s 0 i = (<l i 1 ' . . . , <li j i )

(12.1)

for all values o f n in t h e progression . (Here bi = L:1~S~ji <l is :s: I / C 1 ( k ) . )

I t is not a c o n s e q u e n c e of t h e s t a t e d r e s u l t s b u t using t h e m e t h o d of [4] 
[6] in c o m b i n a t i o n w i t h t h a t of [10] one can show t h e following u n c o n d i t i o n a l
r e s u l t s .

T h e o r e m 7. L e t 1{ = {h i}7=1 be a n y a d m i s s i b l e k - t u p l e for a n y k 2: 3.
T h e n t h e r e e x i s t a r b i t r a r i l y l o n g a r i t h m e t i c p r o g r e s s i o n s o f n values such
t h a t for som e i, j E {I , . . . , k } , i =1= i , n + hi a n d n + h j are s e m i p r i m e s ( t h a t
is p r o d u c t o f two d i f f e r e n t p r i m e s , i.e . h a v i n g e x p o n e n t p a t t e r n ( 1 , 1 ) ) and
t h e r e e x i s t s o m e v e c t o r s O s for s E {I , . . . , k} , s =1= i, j such t h a t

(12 .2) P - ( n + h s ) > n C1 ( k ) , n + h s has ex p on en t p a t t e r n O s '

C o r o l l a r y . T h e r e e x i s t a r b i t r a r i l y long a r i t h m e t i c p r o g r e s s i o n s o f general
i z e d twin s e m i p r i m e pairs (q , q + d) where d = 2 , 4 or 6. T h e s a m e is t r u e
for d = 6D or 12D for a n y i n t e g e r D.

T h e o r e m 8. L e t 0 = ( < l 1 ' . . . , < l j ) be a n y e x p o n e n t p a t t e r n which i n c l u d e s
a t l e a s t one <li = 2 a n d a t least t h r e e d i f f e r e n t e n t r i e s equal to 1. T h e n
t h e r e e x i s t a r b i t r a r i l y l o n g a r i t h m e t i c p r o g r e s s i o n s o f n u m b e r s n such t h a t
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all n a n d n + 1 in the progreSSion have e x p o n e n t p a t t e r n 0 : . In particular
we have a r b i t r a r i l y long a r i t h m e t i c progressions o f integers n s a t i s f y i n g
s i m u l t a n e o u s l y

(12.3) w(n) = w ( n + 1 ) = 4 , n ( n ) = n ( n + 1 ) = 5 , d(n) = d ( n + 1 ) = 24.

The above assertion is true i f the t r i p l e t ( 4 , 5 , 2 4 ) is s u b s t i t u t e d by (4 + B,
5 + B, 24 . 2 B ) or ( 5 , 5 + B , 24 . (B + 1)) for any B ~ O. The same is true
(not necessarily s i m u l t a n e o u s l y ) for any o f the equations

(12.4)
w(n) = w(n + 1) = A, O(n) = O(n + 1) = B , d(n) = d(n + 1) = 0 ,

where A, B , C are any integers with A ~ 3, B ~ 4 , 2 4 1 C.

The above is a far-reaching g e n e r a l i z a t i o n of t h r e e c o n j e c t u r e s of Erdos
[2] and Erdos - M i r s k y [3], respectively , asking w h e t h e r t h e r e exists an infinite
set of numbers n satisfying (not necessarily s i m u l t a n e o u s l y )

(i) w(n) = w ( n + 1) (w(n) is the n u m b e r of d i s t i n c t prime divisors of n),

(ii) O(n) = n ( n + 1) (O(n) is t h e t o t a l number of prime divisors of n) ,

(iii) d(n) = d(n + 1) (d(n) is the n u m b e r of divisors of n).

We mention t h a t Theorems 6 - 9 need a p a r t from a v a r i a n t of the Green 
Tao m e t h o d sketched in our p r e s e n t Section 10 also a v a r i a n t of t h e m e t h o d
of [8] , due to S . W . G r a h a m , D. Goldston , C. Yildmm and t h e present
a u t h o r . In c o n t r a s t to this, in T h e o r e m 6 - which is a g e n e r a l i z a t i o n
of R e n y i ' s result [15] a b o u t the existence of infinitely many primes with
p + 2 = PK for some large K - t h e m e t h o d of [8] -[9], our Lemma 4, can
be replaced by a result c o n t a i n e d implicitly in T h e o r e m 10 .7 of H a l b e r s t a m
and Richert [12].

A l t h o u g h we do not know w h e t h e r any given n u m b e r d a p p e a r s infinitely
many times as t h e difference of two semi primes, we are able to prove the
following r a t h e r general

T h e o r e m 9. There exists an admissible k - t u p l e 'H = {O, hI, . . . , h k - I } for
any k ~ 1 such t h a t there are arbitrarily long a r i t h m e t i c progressions o f
e e u i i p t i m e s qj with the p r o p e r t y t h a t all n u m b e r s q j + h i (i = 1,2, . . . , k - l )
are s e m i p r i m e s , too.

Some f u r t h e r results, which are not connected with the Green - T a o
m e t h o d , b u t which form a p a r t of the proof of T h e o r e m s 7 - 9 , are the fol
lowing
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T h e o r e m 1 0 . L e t H be an admissible k - t u p l e with k 2:: 3. The n u m b e r o f
those n ' s up to N for which n + H contains at least two semiprimes and
almost primes in all o t h e r c o m p o n e n t s n + h s is

(12 .5) 2:: c~(1t) ~ .
log N

T h e o r e m 1 1 . The n u m b e r o f integers n s a t i s f y i n g any o f the equations

(12 .6) w(n) = w(n + 1) = A , A fixed, A 2:: 3 ,

(12.7) n ( n ) = n ( n + 1) = B , B fixed, B 2:: 4,

(12.8) d(n) = d(n + 1) = C , C fixed, 24 I C

as well as the n u m b e r o f integers h a v i n g an e x p o n e n t p a t t e r n i n c l u d i n g
{2, 1, 1 , 1} is

(12.9)
N

» log3 N '

where the c o n s t a n t i m p l i e d by the » s y m b o l depends on A , B or C ,
respectively.

In p a r t i c u l a r , (12.3) has at least c N / l o g 3 N s o l u t i o n s below N. We re
m a r k t h a t t h e e x p e c t e d n u m b e r of s o l u t i o n s would be C6N (log2 N)C 7 /log2 N.

To t h e p r o o f of T h e o r e m s 7-11 we shall r e t u r n in a l a t e r work. Theo
rem 6 a c t u a l l y follows from t h e r e s u l t s of Sections 6 and 10 of our p r e s e n t
work , more precisely from Lemmas 1, 2, 4, 6 and T h e o r e m 5.
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D I R A C - T Y P E Q U E S T I O N S F O R H Y P E R G R A P H S 

A S U R V E Y
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Dedicated to Endre S z e m e r e d i on the occasion of his 70th birthday

In 1952 Dirac [8] proved a c e l e b r a t e d t h e o r e m s t a t i n g t h a t if the minimum de
gree 8( G) in an n - v e r t e x g r a p h G is at least n / 2 t h e n G c o n t a i n s a H a m i l t o n i a n
cycle. In 1999, K a t o n a and K i e r s t e a d i n i t i a t e d a new s t r e a m of research de
voted to s t u d y i n g similar questions for h y p e r g r a p h s , and s u b s e q u e n t l y , for per
fect matchings. A pivotal role in achieving some of the most i m p o r t a n t results in
b o t h these areas was played by E n d r e Szemeredi . In this survey we present the
c u r r e n t s t a t e - o f - a r t and pose some open problems .

1. I N T R O D U C T I O N

A k - u n i f o r m h y p e r graph, or k - g r a p h for s h o r t , is a pair H = ( V , E ) , where
V : = V ( H ) is a finite set of vertices and E : = E ( H ) ~ (D is a family of k
element s u b s e t s of V. Whenever convenient we will identify H with E ( H ) .
A m a t c h i n g in H is a set of disjoint edges of H , and a m a t c h i n g c o n t a i n i n g
all vertices of H is called p e r f e c t .

T h e r e are several notions of a hypercycle. Berge [2J defined a hypercycle
of length m in a h y p e r g r a p h H as an a l t e r n a t i n g sequence of m vertices
and m edges X l , e l , X 2 , e 2 , . . . , X m , e m , X l such t h a t { X i , X i + l } ~ e: for all

' R e s e a r c h s u p p o r t e d by NSF g r a n t DMS-080070.
t R e s e a r c h s u p p o r t e d by Polish g r a n t N201036 32/2546 . P a r t of research performed at

Emory University, A t l a n t a .
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i = 1,2, , m , where X m + l = X l . Observe t h a t t h e r e may be o t h e r vertices
t h a n X l , , X m in the edges of a Berge cycle and t h a t t h e r e are several
nonisomorphic Berge hypercycles of length m . B e r m o n d et al. [3] s t u d i e d
the existence of H a m i l t o n i a n Berge cycles under some degree conditions.
Also, more recently, t h e r e has been some i n t e r e s t in R a m s e y - t y p e questions
for H a m i l t o n i a n Berge cycles (see, e.g., [10].)

However, following t h e p a p e r by K a t o n a and K i e r s t e a d [13] , a n o t h e r
notion of a h y p e r g r a p h cycle has become g r a d u a l l y more and more p o p u l a r .

D e f i n i t i o n 1 . 1 . For 0 ::;; i ::;; k - 1 a (k, i)-cycle is a k-graph whose vertices
can be ordered cyclically in such a way t h a t the edges are segments of t h a t
cyclic order and every two consecutive edges share e x a c t l y l vertices (see
Figure 1 I). A Hamiltonian i-cycle in a k-graph H is t h e n defined as a
(k , i)-cycle in H c o n t a i n i n g all vertices of H.

Fig . 1. A ( 5 , 2 ) - c y c l e a n d a (5 , 3 ) - c y c l e

The notion of a (k, i)-cycle, unlike the Berge hypercycle , is unique up to

isomorphism. Let us denote by 0 : ,1 the (k, i)-cycle on s vertices. Observe
t h a t s must be divisible by k - i and the cycle has s / ( k - l ) edges. F u r t h e r 
more, if we write k = t( k - i) + r, where 1 ::;; t ::;; k and 0 ::;; r ::;; k - i - I
are uniquely d e t e r m i n e d by k and l; t h e n s / ( k - i) ~ t + 1. In p a r t i c u l a r ,
s ~ k + 1 for i = k - 1 while s ~ 2(k - i ) for i < k / 2 .

If, in a d d i t i o n , k - i divides k then a (k, i)-cycle is regular of degree
k / ( k - i) . Otherwise, its minimum degree is l k / ( k - l)J and maximum
degree is r k / (k - l) 1. Note also t h a t for i = 0 an i-cycle reduces to a
m a t c h i n g .

1 All figures p r e p a r e d e l e c t r o n i c a l l y by E m o r y s t u d e n t s , D o m i n g o s D e l l a m o n i c a J r . a n d
S a n g j u n e Lee
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Given a k - g r a p h H a n d d vertices VI , . . . , v« E V ( H ) , 1 S d S k - 1,
we denote by degH ( V I , . . . ,Vd) t h e degree of the d - t u p l e {VI , . . . , Vd} in H ,
t h a t is , the n u m b e r of edges of H which c o n t a i n VI , . . . ,Vd . For a v e r t e x
V E V ( H ) , let H(v) d e n o t e the link of V in H t h a t is ,

In p a r t i c u l a r , I H(v)1 = degH(v),

F u r t h e r , let

For d = 1, 5 d ( H ) is the o r d i n a r y minimum vertex degree in H. Observe
t h a t 5 d ( H ) S G=~)·

D e f i n i t i o n 1 . 2 . Let d, k, 1, and n s a t i s f y 1 S d S k - 1 and k - 1 divide n ,
We define h~(k, n) to be the smallest integer h such t h a t every n - v e r t e x
k - g r a p h H s a t i s f y i n g 5 d ( H ) ~ h c o n t a i n s a H a m i l t o n i a n I-cycle .

As m e n t i o n e d before, for 1 = 0 , a H a m i l t o n i a n I-cycle in a k-graph H
becomes a perfect m a t c h i n g in H. Moreover, any H a m i l t o n i a n (k - I ) - c y c l e
c o n t a i n s a m a t c h i n g of size l n ] k J. Hence , not s u r p r i s i n g l y , t h e r e s u l t s for
H a m i l t o n i a n cycles and perf ect (or almost perfect) m a t c h i n g s are r e l a t e d .

To our knowledge, the first r e s u l t r e l a t i n g the minimum degree and t h e
existence of a large ( t h o u g h , far from p e r f e ct) m a t c h i n g in a k - g r a p h was
o b t a i n e d by Bollobas , Daykin, and Erdos in [4]. I t was f u r t h e r e x t e n d e d to
perfect m a t c h i n g s by Daykin and Haggkvist in [7].

D e f i n i t i o n 1 . 3 . Let d, k, r , and n satisfy 1 S d S k - 1 and k divide
n - r , We define m'd(k , n) to be t h e smallest integer m such t h a t every
n - v e r t e x k - g r a p h H satisfying 5 d ( H ) ~ m c o n t a i n s a m a t c h i n g M ' with
I V (M) I = n - r .

In Sections 2 and 3 , r espectively, we summarize what we know a b o u t the
p a r a m e t e r s h~(k, n) and m~(k, n) . We present b o t h , a s y m p t o t i c and exact
r e s u l t s , some with sketches of proofs , as well as pose several open questions.
We also discuss the k - p a r t i t e case and some o t h e r r e l a t e d topics.

T h r o u g h o u t the p a p e r we will be giving a p a r t i c u l a r i n t e r e s t to the
cases when d = k - 1, 1 = k - 1, a n d / o r r = O. We will be t h e n
s u p p r e s s i n g the s u b s c r i p t or t h e s u p e r s c r i p t , or b o t h , respectively. For
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i n s t a n c e , md(k, n) = h~(k, n) will s t a n d for t h e s m a l l e s t i n t e g e r m such t h a t
every k - g r a p h on n v e r t i c e s w i t h n divisible by k a n d bd 2:: m c o n t a i n s a
p e r f e c t m a t c h i n g . For f u t u r e references we s u m m a r i z e our n o t a t i o n here.

S u m m a r y o f n o t a t i o n : For n divisible by k - I

• h~(k , n) = min { h : bd(H) 2:: h:::} H c o n t a i n s a H a m i l t o n i a n I-cycle}

• hl(k, n) = h L I (k, n)

• hd(k, n) = h~-I(k, n)

• h(k, n) = h t i ( k , n),

a n d for n - r divisible by k

• md(k, n) = min { m bd(H) > m :::} H c o n t a i n s a m a t c h i n g M ,

I V ( M ) I = n - r}
• mT(k, n) = m k - I (k, n)

• md(k, n) = m~(k, n)

• m(k, n) = mLl (k, n).

T h e p a r a m e t e r s h~(k, n) a n d m:i(k, n) are o f t e n r e f e r r e d to as D i r a c - t y p e
t h r e s h o l d s . So far, all known r e s u l t s a n d c o n j e c t u r e s i n d i c a t e t h a t t h e Dirac
t h r e s h o l d s are a s y m p t o t i c to cG=~), for some 0 < c < 1. T h e r e f o r e , t h e
following o b s e r v a t i o n can be useful.

R e m a r k 1 . 4 . Since , by simple a v e r a g i n g ,

we have for every c > 0 t h a t

C o n s e q u e n t l y ,

I (n-d)hd(k,n) 2:: c k _ d

implies

implies

( n- (d- 1))b d - I ( H ) 2:: c k _ (d _ 1) .

I (n-(d-1))
hd_l(k ,n) 2:: c k _ (d - 1 )



D i r a c - t y p e Questions for Hypergraphs - a S u r v ey

and

565

l (n-(d-1))
h d_ 1 ( k , n ) ~ C k _ (d - 1 ) implies l (n-d)hd(k, n) ~ C k _ d '

and similar i m p l i c a t i o n s hold for the p a r a m e t e r m:i(k, n) as well.

2 . H A M I L T O N C Y C L E S

For most of t h i s section we will deal with th e case d = k - 1 and l = k - 1
and set h(k , n) = h t i ( k , n) for convenience (see S u m m a r y of n o t a t i o n in
Section 1). Also for convenience, we will call Hamiltoni an (k - 1)-cycles j u s t
H a m i l t o n i a n cycles, and k-graphs c o n t a i n i n g such cycles - H a m i l t o n i a n .

In 1952 Dirac [8] proved t h a t h(2, n) = r n/21. The two following g r a p h s
show t h a t t h i s result is t i g h t : t h e union of two complete g r a p h s 2 K r n /21
(with one v e r t e x in common when n is odd) and the complete b i p a r t i t e
g r a p h Krn /21-1 ,Ln /2J+l' The first D i r a c - t y p e r esult for h y p e r g r a p h s was
o b t a i n e d by K a t o n a and K i e r s t e a d who proved in [13] t h a t

I n- k + 3j ( 1 )2 ~h(k,n)~ 1 -
2k

n + O k ( l ) .

As a proof of the lower bound they provided the following c o n s t r u c t i o n of
an e x t r e m a l k - g r a p h He:

C o n s t r u c t i o n 2.1 ([13]). Let V = V ' U {v} , IVI = n ~ k 2 + 1. Split
V' = x u Y , where, IXI = L n 2 1 J and WI = fn 2 1 l The edges of Ho are

all k-element s u b s e t s 5 of V such t h a t IX n 51 i= L~J or v E 5 . It is shown

in [13] t h a t H o is not H a m i l t o n i a n , while bk-l (H o) ~ L n-~+l J. Thus,

I
n- k+1j In-k+3jh(k,n)~bk-l(Ho)+l= 2 +1= 2 .

K a t o n a and K i e r s t e a d (implicitly) c o n j e c t u r e d t h a t t h e i r lower b o u n d is
t h e correct value of h(k, n). Recently, this has been confirmed for k = 3 ,
first a s y m p t o t i c a l l y [22], t h e n e x a c t l y [27]' solving also the c o r r e s p o n d i n g
H a m i l t o n i a n p a t h problem.
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T h e o r e m 2.2 ([27]). L e t H be a 3-graph on n vertices, where n is suffi
c i e n t l y large.

1. I f o2(H) ~ In/2J then H has a Hamiltonian cycle. Moreover, for
every n there exists a 3-graph H n such t h a t o(H n ) = In/2J - 1 and
H n does not have a Hamiltonian cycle . In other words, h(3, n) = l ~ J.

2. I f o2(H) ~ r n/21 - 1 then H has a Hamiltonian path . Moreover, for
every n there e x i s t s a 3-graph H n such t h a t o(H n ) = r n/21 - 2 and
H n does not have a Hamiltonian p a t h .

A n analogous q u e s t i o n r e g a r d i n g the Dirac t h r e s h o l d for H a m i l t o n i a n
cycles in k - g r a p h s remains open .

P r o b l e m 2 . 3 . Prove t h a t h ( k , n) = l n-~+3 J for all k ~ 4.

As a step toward solving this problem, it was proved in [24] t h a t
h ( k , n) r v ~n, t h a t is , h ( k , n) = (1 + 0(1)) ~n, for all k ~ 3 .

T h e o r e m 2 . 4 ([24]). Let k ~ 3, "( > 0, and let H be a k-graph on n
vertices, where n is s u f f i c i e n t l y large. I f Ok-l(H) ~ (1/2 + "()n edges, then
H is Hamiltonian . In o t h e r words, h ( k , n) r v ~n.

A sketch of the proof of T h e o r e m 2.4 from [24] is p r e s e n t e d in Section 2 .2 .

2 . 1 . D i r a c t h r e s h o l d s f o r l o o s e ( r) H a m i l t o n i a n c y c l e s

For two integers, a and b, let us write alb if a divides b. As an (almost)
i m m e d i a t e consequence of T h e o r e m 2.4 we can a s y m p t o t i c a l l y d e t e r m i n e
the value h l ( k , n) of t h e Dirac t h r e s h o l d for H a m i l t o n i a n i-cycles for all
1 :s: i :s: k - 1 satisfying the congruence (k - i ) I k.

C o r o l l a r y 2.5 ([19]). I f (k - i ) I k and (k - i ) I n, then hl(k, n) r v ~n.

P r o o f . We will show first t h a t h l ( k , n) :s: G + 0(1) )n. Since (k - i ) I k and

(k - i ) I n, every H a m i l t o n i a n (k - I j - c y c l e C~,k-l c o n t a i n s a H a m i l t o n i a n

i-cycle C~,l (indeed , take every (k - i ) t h edge of C~,k-l) . Thus, we have

hl(k, n) :s: h ( k , n) = (~+ 0(1)) n,

where the e q u a t i o n follows from T h e o r e m 2.4.
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For t h e lower bound, assume first t h a t , in a d d i t i o n to (k - l) I k and

(k - l ) I n, we also have kin. T h e n , by t a k i n g every k~l t h edge of C~,l, we

can find a perfect m a t c h i n g C~,o inside C~,l . Thus , in this case,

By the lower b o u n d (2) given in Section 3 we know t h a t

1
m(k , n ) ~ 2 n - k ,

which completes t h e proof if kin.

I f k does not divide n t h e n still hl(k , n) f " V ~n because hl(k, n) ~ ~n - k
by a simple a r g u m e n t from [19] which uses the following c o n s t r u c t i o n s .

C o n s t r u c t i o n 2 . 6 . Let HI = (V, E) where V = A u B, ~n - 1 ::; IAI ::;
~n+~ , IAI is odd , and E consists of all e E (~) such t h a t lenvi is even. Let

H2 = (V, E) where V = A u B, IAI = I~n l, and E consists of all e E (~)
such t h a t lenvi is odd. It is easy to check t h a t <5k-I(H i ) ~ n / 2 - k , i = 1,2.
Moreover, it follows by a p a r i t y a r g u m e n t t h a t HI c o n t a i n s no H a m i l t o n i a n
l - c y c l e if k~l is odd , while H2 c o n t a i n s no H a m i l t o n i a n l - c y c l e if k~l is even

and k~l is odd. The r e m a i n i n g case, when k~l and k~l are even, can be
reduced to one of the two previous cases. _

In the m e a n t i m e , the value of hl(k , n) has been d e t e r m i n e d a s y m p t o t i 
cally for all 0 ::; l ::; k - 1 , t h a t is , also when k - l does not divide k . F i r s t ,
Kiihn and O s t h u s proved in [17] t h a t h I ( 3 , n ) f " V i n and c o n j e c t u r e d t h a t
h I ( k , n ) f " V 2 ( L I ) n . This c o n j e c t u r e was proved in [14], and i n d e p e n d e n t l y

in [12], where Han and Schacht generalized it f u r t h e r , o b t a i n i n g the asymp
t o t i c formula hl(k, n) f " V 2 ( L l ) n for a l I I : : ; l < ~k . In t u r n , Han and Schacht
c o n j e c t u r e d the right result for all values of l which was finally proved by
Kiihn, Mycroft, and Osthus in [15] .

T h e o r e m 2 . 7 ([15]). I f k - l does not divide k a n d (k - l ) I n, then

l n
h (k , n) f " V I k l .- (k - l )k-l

(Note t h a t r k~ll = 2 for l < k / 2 . )
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So, t he s it u a t i o n is qu it e pec u lia r as our n ex t exa m ple s hows. Let k = 10.
T h en t he asy m p t o t ic va l ues of h l (10 , n) for [ = 0 ,1 , 2 , . . . , 9 a re ~ , 1

18'
11 6 ,

1 1 1 1 1 1 1
14 ' 1 2 ' 2" ' 1 2 ' 12 ' 2"' 2" '

T h e lower b o u n d in t h e a bove t h e o r em co mes from t he followi ng con
s t r u cti on whi ch s heds so me light on t he ori gin of t h e cu m be rs o m e formul a.

C o n s t r u c t i o n 2 . 8 . Le t H 3 = (V, E) wh er e V = A u B ,

I t follows t h a t r5 k - 1 ( H 3 ) = IAI. R e call t h a t every H a m i l t oni an l-cycle h a s
m = n / ( k - l) e dges a n d m a x i m u m d egr ee b. = r k~ll. If t h e r e wa s a
H amil t oni an [-cy cle in H 3 , t h en A would b e it s ver t ex cover. Howe ver ,

IA I x t1 = (I r 61~k - I) 1- 1 ) x r k ~ /1 < n / ( k ~ I) ,

a cont ra d i c t io n.

I t see m s t h at it will b e very h a r d to pinp oint t h e valu e of hl ( k , n )
p r e cis ely.

P r o b l e m 2 . 9 . D et er m i n e t he e x a c t va l ue o f hl ( k , n) for all k ~ 3 , 0 ::; 1 ::;
k - 1 a n d all (s ufficie n t l y l arg e ) n .

So far t h is has bee n so lved for k = 3 , 1 = 2 in [2 7] (see T h eor e m 2.2
ab ove ) a n d for k ~ 3, 1 = 0 in [2 3] (see T h eor e m 3.4 in Sect ion 3) .

2 . 2 . A n o u t l i n e o f t h e p r o o f o f T h e o r e m 2 . 4

In t h is sect io n we ass u me t h a t r5 k - 1 ( H ) ~ ( 1/ 2 + , ) n for , > 0 a nd
s u fficient ly s ma ll wit h r esp ect to k . T h e pr o of in [ 24] is b u i lt a ro u n d t he
n o ti o n of a n abso rb ing p a t h . A k - u n i f o r m ( t i g h t ) p a th P of len gt h s is a
k - g r a p h wit h s vertices a n d s - k + 1 edges whose ve r t i c e s ca n b e o r de re d
V I , . . . . u, in s uc h a way t h a t eve ry k consec ut ive ve rtices form a n edge
(eac h p a t h has e x a c t ly tw o s uch o r de ri ngs). T h e se q ue nces (V I , . . . , Vk - 1)

and ( v s , . . . , Vs - k + l ) a re ca lled th e en d s of P , a n d we say t ha t P c o n n e c ts
t h em.
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L e m m a 2 . 1 0 (Absorbing Lemma, [24]). There exists a p a t h A in H
(called a b s o r b i n g ) with I V ( A ) I :s 16k,yk- I n such t h a t for every s u b s e t
U C V \ V ( A ) of size lUI :s 2 k - 4 , 2 k n there is a p a t h A u in H with
V ( A u) = V ( A ) U U and such t h a t Au has the same ends as A.

In o t h e r words , the above lemma asserts t h a t there is one, not too long
p a t h such t h a t every not too large s u b s e t of vertices can be "absorbed" into
the "interior" of this p a t h .

The idea of the proof of T h e o r e m 2.4 can be described in t h r e e steps
(see Figure 2).

O u t l i n e o f p r o o f o f T h e o r e m 2 . 4 .

1. Fix an absorbing p a t h A g u a r a n t e e d by Lemma 2.10.

2. Build a cycle C of length at least n - 2 k - 4 , 2 k n c o n t a i n i n g A.

3. Applying the absorbing p r o p e r t y of A to the set U = V ( H ) \ V ( C ) ,
insert U into A, o b t a i n i n g a H a m i l t o n i a n cycle C H A M in H.

11 : : - _

Fig. 2. A bird 's view of the p r o o f of T h e o r e m 2.4

Below we explain how these t h r e e steps are implemented.

S t e p 1. The absorbing p a t h will be. c o n s t r u c t e d from absorbing se
quences.

D e f i n i t i o n 2 . 1 1 . Given a vertex v, we say t h a t a (2k - 2)-element sequence
of vertices x = (Xl, .. . , X 2 k - 2 ) absorbs v in H if

• for every i = 1, . . . , k - 1 we have { X i , X i + l , ' " , X i + k - d E H ( t h a t is,
x spans a p a t h in H) and

• for every i = 1, . . . , k we also have { X i , Xi+ I , . . . , X i + k - 2, v} E H ( t h a t
is, x spans a (k - I ) - u n i f o r m p a t h in the link H ( v) of v in H).
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I f x is a c t u a l l y a segment of a p a t h P and v is not a vertex of P , t h e n P
can "a b so r b " v by replacing t h e edges { X i , X i + l , . . . , X i + k - d, i = 1, . . . , k - 1 ,
by { X i , X i + l , . ' . , X H k - 2 , v}, i = 1, . . . , k. This way, the segment x of P is
replaced by the new segment x' = ( X l , " " X k - l , v, X k , · . · , X 2 k - 2 ) .

A key feature of a b s o r b i n g sequences is t h a t t h e r e are plenty of them.

C l a i m 2 . 1 2 . For e v e r y v E V ( H ) , there are a t least

2 k - 2 k - l 2 k - 2, n

s e q u e n c e s a b s o r b i n g v in H.

P r o o f . While c o n s t r u c t i n g a v - a b s o r b i n g sequence x = ( X l , " " X 2 k - 2 ) ,

t h e r e is no r e s t r i c t i o n on t h e vertices X l , . . . , X k - 2 o t h e r t h a n they should be
different from v . Thus, X l , . . . , X k - 2 can be chosen in precisely (n - 1 h - 2
ways. By the degree a s s u m p t i o n applied to the set { X l , . . . , X k - 2 , v}, t h e r e
are at least (1/2 + , ) n vertices X k - l such t h a t { X l , . . . , X k - I , V } E H.

By the degree a s s u m p t i o n applied to the sets { X l , . . . , X k - l } and
{ X 2 , . . . , X k - I , V } , t h e r e are at least 2 , n + k - 2 > 2 , n vertices Xk such
t h a t

{ X I , . . . , x d E H a n d { X 2 " " , X k , V } E H.

(See Fact 3.1 in [24] for d e t a i l s . ) Similarly, for each i = k + 1, . . . , 2 k - 2,
t h e r e are at least 2 , n + k - 2 vertices Xi such t h a t

Among them, at least 2 , n + k - 2 - (i - k) 2 2 , n satisfy Xi =I X l , . . . , X i - k '

A l t o g e t h e r , this implies t h a t t h e r e are at least

sequences x = ( X l , . . . , X 2 k - 2 ) a b s o r b i n g v . •

The c o n s t r u c t i o n of an a b s o r b i n g p a t h consists of two phases:

1(a) Selecting a small n u m b e r of disjoint, absorbing sequences such t h a t
each v e r t e x is a b s o r b e d by many of them;

1(b) C o n n e c t i n g these sequences into one p a t h .
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P h a s e l ( a ) . We select r a n d o m l y , with p r o b a b i l i t y p = " ( k + I / n 2 k - 3 ,
a family n of (2k - 2)-element sequences x of vertices . By s t a n d a r d proba
bilistic a r g u m e n t and by Claim 2.12 it follows t h a t with positive p r o b a b i l i t y
n c o n t a i n s a subfamily F of at most 2 " ( k + I n d i s j o i n t sequences such t h a t for
every v e r t e x v at least 2 k - 4 "( 2 k n of these sequences are v - a b s o r b i n g (see [24]
for d e t a i l s ) .

P h a s e 1 ( b ) . This phase is executed with the help of the connecting
lemma from [24], the proof of which is o m i t t e d here .

L e m m a 2 . 1 3 ( C o n n e c t i n g Lemma , [24]). I f 8 k - I ( H ) ~ ( 1 / 2 + " ( ) n then ,
for e v e r y two d i s j o i n t (k - I ) - e l e m e n t sequences of vertices of H, there is a
p a t h in H of l e n g t h a t m o s t 2k/"(2 which c o n n e c t s t h e m .

We use Lemma 2.13, b u t with "(/ 2 i n s t e a d of "(, to connect , one by one ,
all sequences of F o b t a i n i n g an a b s o r b i n g p a t h . This is possible , because
t h e whole p a t h will have at most

vertices, and t h u s , at any given time of the c o n n e c t i n g p r o c e d u r e , t h e
s u b h y p e r g r a p h H* s p a n n e d by the r e m a i n i n g vertices will have

8 k - 1 (H *) ~ ( 1 / 2 + "()n - 1 6 k l - I n > ( 1 / 2 + "( /2)n > ( 1 / 2 + ,,(/2) I V ( H * ) I,
for sufficiently small "( > O.

S t e p 2. T h e process of finding a long cycle c o n t a i n i n g A, can be broken
up into t h r e e phases:

2(a) Selecting a small "r ese r voi r set " R such t h a t IRI = 2 k - 5 "( 2 k n , R n
V ( A ) = 0, and H[R] i n h e r i t s t h e degree p r o p e r t y of the e n t i r e k
g r a p h H, scaled down to its size.

2(b) C o n s t r u c t i n g , via The Weak R e g u l a r i t y Lemma, a c o n s t a n t size col
lection of long, disjoint p a t h s in H ' = H [v \ ( V (A) U R) ], covering

all b u t at most 2 k - 5 "( 2 k l V ( H ' ) I vertices of H' .

2(c) C o n n e c t i n g these p a t h s and the absorbing p a t h A into one cycle,
utilizing a small chunk of R .

P h a s e 2(a) is necessary, since toward the end of the c o n n e c t i n g phase 2(c),
t h e r e will be only few vertices left outside the p a t h u n d e r c o n s t r u c t i o n , and
t h u s available for connecting. We make sure , however, t h a t this residual
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p a r t of H ' will c o n t a i n a small "copy" of H , n a m e l y H [ R ] or its large
p o r t i o n H [ R ' ] , R' c R, a n d so , we will be in p o s i t i o n to a p p l y an a n a l o g of
L e m m a 2.13 to it.

P h a s e 2 ( a ) .

L e m m a 2 . 1 4 ( R e s e r v o i r L e m m a ) . T h e r e e x i s t s a s u b s e t R e V \ V ( A ) of
size I RI = l2 k - 5 , 2 k n J such t h a t for e v e r y (k - 1 ) - e l e m e n t s e t S C V we
have

(1)

P r o o f . Select R randomly. By C h e r n o f f 's b o u n d , w i t h high p r o b a b i l i t y , t h e
set R will s a t i s f y (1). •

P h a s e 2 ( b ) .

L e m m a 2 . 1 5 ( P a t h Cover L e m m a ) . A l l b u t a t m o s t 2 k - 5 , 2 k l V ( H ' ) I

vertices of H ' = H [ V \ ( V ( A ) U R ) ] can be covered by a t m o s t m = m { t )
v e r t e x - d i s j o i n t p a t h s Pi , . . . , Pm.

P r o o f . See [24]. •

P h a s e 2 ( c ) . In t h i s final p h a s e of S t e p 2, we use a l e m m a which was
i m p l i c i t l y proved in [24].

L e m m a 2 . 1 6 ( R e s t r i c t e d c o n n e c t i n g L e m m a ) . L e t R be as in L e m m a 2.14.
T h e n for e v e r y two d i s j o i n t , (k - I ) - e l e m e n t s e q u e n c e s (Xl, . . . , X k - l ) a n d
(YI, . . . , Y k - l ) o f vertices of H, t h e r e is a p a t h P in H of l e n g t h a t m o s t
8 k h 2 + 2(k - 1), which c o n n e c t s t h e m a n d such t h a t

V ( P ) \ { X I , . . . , X k - I, Y I , . . . , Y k - l } c R .

P r o o f . By p r o p e r t y (1) t h e r e exist d i s t i n c t v e r t i c e s U I , , U k - l E R
a n d V I " " , V k - 1 E R such t h a t Qx = ( X I " . . , X k - I , U I , , U k - l ) a n d
Q y = (YI, .. . , Y k - l , V I , . . · , V k - l ) form p a t h s in H. Now, we can a p p l y
L e m m a 2.13 w i t h , / 2 to t h e k - g r a p h H[R] and t h e s e q u e n c e s ( U l , . . . , U k - I )

a n d ( V I , . . . , V k - l ) , o b t a i n i n g a p a t h Q of l e n g t h 8 k h 2 c o n n e c t i n g t h e m .
T h e n , t h e p a t h P = Q x Q Q y c o n n e c t s (Xl, . . . , x k - d w i t h (YI , . .. , Y k - l )

a n d has l e n g t h I V ( Q ) I + 2(k - 1) . •

Now, we are r e a d y to prove t h e m a i n l e m m a of t h i s phase.
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L e m m a 2 . 1 7 (Long Cycle L e m m a ) . There is in H a cycle C o f l e n g t h a t
least n - 2 k - 5 , 2k n c o n t a i n i n g A .

P r o o f . We p e r f o r m m + 1 a p p l i c a t i o n s of L e m m a 2.16, w i t h , / 3 i n s t e a d
o f , / 2 , to large s u b s e t s R' ~ R , a n d c o n n e c t all p a t h s PI, . . . , Pm, as well
as t h e a b s o r b i n g p a t h A , into one long cycle C in H . S u p p o s e t h a t a t
some p o i n t we are to c o n n e c t an end (Xl," " X k - l ) of one p a t h w i t h an end
(Yl , . . . , Y k - l ) of a n o t h e r p a t h . Let us d e n o t e t h e yet unused p o r t i o n of R by
R' . Since we c o n n e c t only 0 ( 1 ) times , each t i m e using only 0 ( 1 ) vertices
of R, t h r o u g h o u t t h e p r o c e d u r e we m a i n t a i n t h a t IR'I = IRI - 0 ( 1 ) >
( I - , / 6 ) I R I , and t h u s , by p r o p e r t y (1) of R , for every (k - I ) - e l e m e n t set
S C V we still have

IN H(S) n R'I ~ ( 1 / 2 + , /2)IRI - (IRI - I R ' I ) > ( 1 / 2 + , /3)IRI
\

> ( I / 2 + , / 3 ) I R ' I ·

Hence, we a p p l y L e m m a 2 .16 w i t h , / 3 i n s t e a d o f , / 2 , and so , t h e o b t a i n e d
c o n n e c t i n g p a t h s are of l e n g t h s a t most I 8 k h 2 + 2(k - 1).

Let T be t h e set of vertices of H' not covered by t h e p a t h s PI , . . . , Pm.
Only a s u b s e t R' of R and t h e set T are uncovered by t h e cycle C . T h e
union of t h e s e two sets has size a t most IRI + ITI ::; 2 k - 4 , 2 k n (see F i g u r e 3) .

•

Fig . 3 . P h a s e 2(c) of t h e proof of T h eorem 2.4

S t e p 3. Let U = R' U T. Note t h a t lUI ::; 2 k - 4 , 2 k n . Let A u be t h e
p a t h as defined in Lemma 2 .10 . T h e n , replacing A with A u in C yields a
H a m i l t o n i a n cycle in H .

T h i s c o m p l e t e s t h e o u t l i n e of t h e p r o o f of T h e o r e m 2.4 .
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2 . 3 . H a m i l t o n c y c l e s i n h y p e r g r a p h s w i t h l a r g e v e r t e x m i n i m u m
d e g r e e

T h e r e are v i r t u a l l y no r e s u l t s on h~(k, n) for d :::; k - 2. Her e we consider
the smallest unsolved case : k = 3 a n d d = 1.

Two c o n s t r u c t i o n s set t h e b o u n d h l (3, n ) ~ (~+ o ( I ) ) ( n 2 1) . One is
o b t a i n e d by modifying the h y p e r g r a p h H o from C o n s t r u c t i o n 2.1. We now
take V = x u Y, where /YI rv 21XI ( i n s t e a d of /YI rv IXI) and all triples 8
of vertices with 18 n XI i- 1 as the e d ges. Let Hb be t h e o b t a i n e d 3 - g r a p h .
T h e n

(j1(Hb) = max ((/Y1 2-
I ) + ('~I), ('XI 2 - I ) + ( l X I - I ) /YI)

rv~(n~I).

and , likewise in Ho , t h e r e is no H a m i l t o n i a n cycle in Hb .
The oth er c o n s t r u c t i o n is very similar to t h e h y p e r g r a p h H3 described

in C o n s t r u c t i o n 2.8. We define H4 as a h y p e r g r a p h on the vertex set
V = X U Y , where IXI = n/3 - 1, and with the edge set con sis t i n g of
all t r i p l e s int e r s e c t i n g X . Th en, ag ain , o l ( H 4 ) rv Hn~l) and H 4 h as no
H a m i l t o n i a n cycle.

Note t h a t (for n divisible by 3) the hyp e r g r a p h H4 does not even have a
perfect m a t c h i n g . As we will see in Section 3 (see T h e o r e m 3.4 below , proved
in [11]) , t h e t h r e s h o l d m l ( 3 , n) for t h e existence of a perfect m a t c h i n g is , in
fact, (~+ o( 1 ) ) (n 2 1) . J u d g i n g by th e s i m i l a r i t i e s between Dirac t h r e s h o l d s
for perfect m a t c h i n g s and H a m i l t o n i a n cycles in various s i t u a t i o n s , it was
t e m p t i n g to co nj ect ur e t h a t hI (3, n ) rv ml (3, n). However, even showing
t h a t hI (3 , n) :::; c(n 2 1) for some c < 1 does not seem to be completely trivial.
In our p r e l i m i n a r y r e c o n n a i s s a n c e of this problem , by a d a p t i n g t h e original
proof from [24] and using T h e o r e m 3.4 along the way, we were able to o b t a i n
only t h e u p p e r b o u n d h l (3, n ) :::; U~ +T')( n 2 1) . Very recently we learned
from E n d r e t h a t he knows how to prove t h a t , indeed , h l (3, n ) rv ml(3 ,n) .

E n d r e 's insight and the existing results showing t h a t h(k , n) rv m(k , n)
for all k suggest t h a t t h e same is t r u e in general.

C o n j e c t u r e 2 . 1 8 . For a l I I : : : ; d :::; k - 1 ,
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Note t h a t formula (4) and C o n j e c t u r e 3.6 in Section 3 .2 specify the value
of md(k , n).

2 . 4 . T h e k - p a r t i t e c a s e

Unlike m a t c h i n g s (see the next section) t h e r e are very few results on the
H a m i l t o n i c i t y of p a r t i t e h y p e r g r a p h s . For graphs , Moon and Moser [20]
extended Dirac 's theorem to b i p a r t i t e graphs . Later, t h e a u t h o r s of [5]
provided a g e n e r a l i z a t i o n to balanced k - p a r t i t e graphs. Here we t r e a t briefly
the case of k-p a r t i t e k-graphs , k 2:: 3.

A k-graph H is k - p a r t i t e if its vertices can be p a r t i t i o n e d into k classes,
V ( H ) = VI U . . . U Vk , in such a way t h a t for every edge e E H and each
i = 1, . . . , k, we have [e n Vii = 1. Given such a p a r t i t i o n , we call a set
of vertices 8 legal if for each i = 1, . . . , k , 18 n Vii ::; 1. We denote by
o'(H) := OLI (H) the minimum of d e g H ( 8 ) taken over all legal (k - 1)
tuples 8 in H .

An a d a p t a t i o n of the proof of T h e o r e m 2.4 leads to the following result,
which, in t u r n , implies Theorem 2.4 by t a k i n g a random k - p a r t i t i o n .

P r o p o s i t i o n 2 . 1 9 . L e t k 2:: 3 , "( > 0, and let H be a k - p a r t i t e k-graph on
kn vertices with a given equitable p a r t i t i o n VI, .. . , Vk, IViI = n , where n is
s u f f i c i e n t l y large. I f O~_l (H) 2:: ( 1 / 2 + "()n edges, then H is Hamiltonian .
Moreover, there is a k - p a r t i t e k-graph Ho on kn vertices and with an
equitable p a r t i t i o n such t h a t O~_l (H o) ~ l ! n J an d Ho does not have a
Hamiltonian cycle.

To o b t a i n H o , we modify C o n s t r u c t i o n 2.1.

C o n s t r u c t i o n 2 . 2 0 . Given k and n, let X = Xl U · · . U X k , Y = Y I U · · , U Y k ,

and Vi = Xi U Yi , i = 1, . . . , k, where all sets X i and Yi are pairwise
disjoint , l k n / 2 J ::; lXI, IYI ::; fkn/21 , IXI + WI = kn, and , for i = 1, . . . , k,
In/2J ::; lXii, IYiI ::; fn/21, and IViI = n .

Let Ho b e a k-graph with V = VI U . . . U Vk = X U Y whose edge
set consists of all k-element subsets 8 of V such t h a t IX n 81 =1= l~J and

18 n (Vi) I ::; 1 , i = 1 , 2 , . . . , k. Being a s u b h y p e r g r a p h of the k-graph
from C o n s t r u ction 2 .1 , this new Ho is not H a m i l t o n i a n e i t h e r . Moreover,
for every (k - I ) - e l e m e n t subset 8 of V, if IX n 81 E {l~J - 1 , l~J} , t h e n

degHo (8) E {lXii , IYiI} = { In/2J, f n / 2 1 } , while if IXn81 tf- {l~J - 1 , l~J}
t h e n degHo (8) = I Vi I = n, where i is the unique index such t h a t 8 n Vi = 0.
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Th e proof of th e m ain p a r t of P r o p o s i tion 2.19 follow s th e lines of t h e
proof of T h e o r e m 2.4 from [24], o u t l i n e d in Se ction 2.2 . I t onl y needs t o be
s u bs t a nt ia lly a l t e r e d in the con s t r u ction of the ab sorbin g p a t h . Below we
pro vid e d etai ls of t h is modified a bs or b i n g sche me .

Not e t h a t on e very p a t h or cycle t he cyclical ord er in which th e first ed ge
meet s t he sets VI , . . . , V k is m a i n t a i n e d by all s u bs e q ue nt edges . W i t h o u t
loss of g e n e r a l i t y, we ch o ose VI , V 2 , " " V k as t he ca n on ica l ord er , and will b e
assuming t h a t t h e a b s o r b i n g p a t h we build as well as the final H a m i l t o n i a n
cycle will follow t h a t order.

We will use two different a b s o r b i n g s t r a t egies d e p e n d i n g on w h e t h e r a
given set of k vertices which is to be a b s o r b e d forms an edge in H or not.

Fig. 4. A b s o r b i n g se q ue nc e , k = 4 , t h e p a r t i t i o n se t s m ark ed by differ ent s ymbol s

D efi n i t i o n 2 . 2 1 . For an edge e = {vi , . .. ,vd E H , where Vi E Vi ,
i = 1, . . . , k , we say th a t a (2k - 2)-e lement seq u e nce of vertices x =
( X l , ' ' ' ' X2 k - 2 ) , absorbs e in H if

(a) X l E V2 , X2 E V3 " " , X k - 1 E V k , X k E V I , . . . , X 2 k - 2 E V k - l ,

(b) for every i = 1, . . . , k - 1 , we have { X i , Xi + l , . . . , X i + k - l } E H ( t h a t is ,
x spans a p a t h in H) ,

(c) for every i = 1, , k - 1 , we have { X i , " " X k - l , VI , . . . , vd E H , and

(d) for every i = 2, , k, we have { V i , " " V k , X k , . . . , X k - 2+ i } E H . (P rop -
erties (c) a nd (d) tog e t h e r imply t h a t the sequence x ' = ( X l , . . . , X k - l ,

V I , . . . , Vk , X k , " " X 2 k - 2 ) s p a ns a p a t h i n H .)

I f x is a c t u a l l y a segment of a p a t h P and VI , V 2 , . . . , V k are not on P ,
t h en P can "a bso r b" all these vertices by replacing t h e segment x with th e
new segment x ' (see Fig. 4).

In the final stage of the proof of P r op os it ion 2.19 the above absorbing
t e c h n i q u e can be used for as long as t h e r e ar e e d ges induced by the verti ces
r e m a i n i n g o u t s i d e the long cycle . W hen th e set of s uch vertices becomes
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i n d e p e n d e n t , we use a s w a p p i n g device which will exchange some k vertices
o u t s i d e t h e cycle w i t h a set of k vertices which form an edge of H, allowing
us to use a g a i n t h e a b s o r b i n g device and a b s o r b t h e released v e r t i c e s back
into t h e cycle.

Co

Fig . 5. Swapping sequ en ce, k = 4 , the p a r t i t i o n sets m arked by diff e r e n t symbols

D e f i n i t i o n 2 . 2 2 . For a set S = { V I , . . . , V k } c V ( H ) , where Vi E Vi,
i = 1, , k, we say t h a t a (k 2 + 2k - 2)-element sequence of vertices
x = ( X l , , X k 2 + 2 k - 2 ) , is edge-swapping f o r S if

(a) X l E V 2 , X 2 E V 3 , . . . , X k - 1 E V k , X k E V I , , , , , X k 2 + 2 k - 2 E V k - l ,

(b) t h e sequence x s p a n s a p a t h PI in H ,

(c) t h e sequence x with each X i k + i - l r e p l a c e d by Vi, i = 1, .. . , k , s p a n s a
p a t h P2 in H , and

(d) eo : = { X k , X 2 k + l , " " X k 2 + k - d E H .

I f x is a c t u a l l y a segment of a p a t h P and VI , V2 , . . . , Vk are not on P,
t h e n P can "swap" t h e vertices X k , X 2 k + l , X 3 k + 2 " " x k 2 + k - 1 for V I , V 2 , · . . , Vk

by r e p l a c i n g PI with P 2 , and t h u s , releasing t h e vertices of eo from P (see
Fig. 5).

So, our a b s o r b i n g s t r a t e g y is as follows: c r e a t e two , d i s j o i n t , not too
long p a t h s : an a b s o r b i n g p a t h A c o n t a i n i n g many a b s o r b i n g sequences for
each edge of H , a n d a s w a p p i n g p a t h B c o n t a i n i n g many e d g e - s w a p p i n g
sequences for each k-element set of vertices of H.

To successfully c o m p l e t e t h i s t a s k all we need are two s t a t e m e n t s
a n a l o g o u s to Claim 2 .12. Let us begin with c o u n t i n g , for a given edge
{ VI , . . . , V k } E H , t h e n u m b e r of a b s o r b i n g sequences .

C l a i m 2 . 2 3 . For every edge { V I , . . . , V k } E H , there are a t least , k - I n 2 k - 2

absorbing sequences in H.
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P r o o f . As for each i = k - 1 , k - 2, . . . , 1 , d e g H ( x i + l , " " X k - l ' V I , . · . , V i ) ~

(1/2 + "y')n, there are at least ( n / 2 ) k - 1 choices of X k - l , " " X l , selected in
t h a t order. Then, each of X k , . . . , X 2 k - 2 must be a common neighbor of two
(k - 1 ) - t u p l e s of a l r e a d y existing vertices, and so t h e r e are at least, roughly,
( 2 " y ' n ) k - 1 choices of these vertices. A l t o g e t h e r , we have at least " y ' k - I n 2 k - 2

such sequences . _

C l a i m 2 . 2 4 . For every set S = {VI, . .. , vd c V (H) , there are a t least
2 k 2 - k"y'k 2

n k 2 + 2 k - 2 e d g e - s w a p p i n g sequences in H.

P r o o f . For a given set S = {VI , ,vd c V (H), we will proceed s y s t e m a t -
ically and count , for each i = 1, , k 2 + 2k - 2, t h e n u m b e r of choices of X i ,

given t h a t X l , . . . , X i - l have been already selected. T h e r e are , roughly, n
choices for each of X l , . . . , X k - 2 as t h e r e are no c o n s t r a i n t s on them. T h e
vertex X k - l must be a neighbor of { X l , " " X k - 2 , vr} and t h e n , Xk must be
a neighbor of { X l , . . . , x k - I } , yielding at least n / 2 choices of each. The
vertices X k + l , " " X 2 k - 1 are each a common neighbor of two (k - I ) - t u p l e s
of a l r e a d y existing vertices, one on the p a t h P I , t h e o t h e r on P 2 . This
is also t r u e for X 2 k l a l t h o u g h for a different reason. Indeed, the p a t h s P I

and P 2 run t o g e t h e r between X k + l and X2k , however X2k must be a com
mon neighbor of { X k + l , " " X 2 k - l } and { X k + 2 , " " X 2 k - l , V 2 } . Then, X2k+1

has to be a neighbor of only one (k - I ) - t u p l e (the one on P I , namely
{ X k + I , . . . , X 2 d ) . This p a t t e r n continues for the next k - 2 intervals of
length k + 1, until we reach x k 2 + k - 1 which, in a d d i t i o n , has to be a neigh
bor of X k , X 2 k + l , ' " , X k L 2 ' I t is crucial for t h e success of our c o n s t r u c t i o n
t h a t no vertex needs to be a common neighbor of t h r e e or more already
existing (k - I ) - t u p l e s .

Hence, a l t o g e t h e r , t h e r e are at least

choices of the entire edge-swapping sequence. _

The rest of the proof of a k- p a r t i t e version of the a b s o r b i n g lemma follows
m u t a t i s m u t a n d i s the proof from [24] described in Section 2.2, except t h a t
we need to be careful to m a i n t a i n the canonical order on all p a t h s we build.
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T h e r e are several r e s u l t s on D i r a c - t y p e degree t h r e s h o l d s for perfect m a t c h 
ings in k - g r a p h s . To some e x t e n t , t h e y resemble t h e r e s u l t s for H a m i l t o n i a n
cycles and are often o b t a i n e d by m e t h o d s based on s i m i l a r ideas, most no
t a b l y , -t h e idea of a b s o r p t i o n . In this section we give an overview of such
r e s u l t s .

Recall t h a t t h e D i r a c - t y p e t h r e s h o l d m'd(k, n) has been i n t r o d u c e d in
Defintion 1.3 a n d t h a t we s u p p r e s s t h e s u b s c r i p t d when d = k - 1 as well as
we s u p p r e s s t h e s u p e r s c r i p t r when r = 0, t h a t is, when we consider perfect
m a t c h i n g s (see t h e S u m m a r y of n o t a t i o n in Section 1).

For g r a p h s , an easy a r g u m e n t shows t h a t m(2, n) = n / 2 . Since, for
n divisible by k, every H a m i l t o n i a n cycle c o n t a i n s a perfect m a t c h i n g , it
follows from [24] t h a t m ( k , n) :s n / 2 + o(n) . In [16], Kiihn a n d O s t h u s
s h a r p e n e d this b o u n d to m ( k , n) :s n / 2 + 3k 2 J n log n, using a r e s u l t for
the k - p a r t i t e case which t h e y had shown first (see S u b s e c t i o n 3.4). This
was f u r t h e r improved in [23] to m ( k , n) :s n / 2 + C l o g n, using t h e idea of
a b s o r p t i o n . T h e a u t h o r s of [25] found a fairly simple p r o o f of t h e i n e q u a l i t y
m ( k , n) :s n / 2 + k / 4 , based on a b e a u t i f u l idea of Aharoni, Georgakopoulos,
and S p r i i s s e l [1] (see S u b s e c t i o n 3.4) .

This last b o u n d is very close to t h e t r u e value of m ( k , n). Indeed,
c o n s t r u c t i o n s p r e s e n t e d in [26] yield t h e lower b o u n d

(2)

m ( k , n) 2 t(n, k) : =

n / 2 + 3 - k

n / 2 + 5 / 2 - k

n / 2 + 3 / 2 - k

n / 2 + 2 - k

if k/2 is even and n / k is odd,

if k is odd and (n - 1)/2 is odd,

if k is odd and (n - 1)/2 is even,

otherwise .

Moreover, t h e main result of [26] shows t h a t , in fact , t h e r e is e q u a l i t y
in (2) .

T h e o r e m 3 . 1 ([26]). For all k 2 2 , m ( k , n) = t ( k , n), w h e r e t(k , n) is g i v e n
by (2).

W h e n c o m p a r i n g with P r o b l e m 2.3, we see t h a t t h e c o n j e c t u r e d Dirac
t h r e s h o l d for a H a m i l t o n i a n cycle and t h e above t h r e s h o l d for a perfect
m a t c h i n g differ only by an a d d i t i v e t e r m of a b o u t k/2. In fact, we know
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t h a t they coincide for k 2 and differ .by at most one for k = 3 (see
T h e o r e m 2.2).

To prove T h e o r e m 3 .1, two cases are s e p a r a t e l y considered in [26] . When
H is "close" to one of t h e c r i t i c a l k-graphs yielding the lower b o u n d (2) ,
one can find a perfect m a t c h i n g in H by "b ru t e force" If , on the o t h e r hand,
H is far from the c r i t i c a l k-graphs, we apply a version of the a b s o r b i n g
technique.

The a b s o r b i n g c o n f i g u r a t i o n s used in [23] and [26] (as well as in [11]),
a l t h o u g h different from each o t h e r , follow the same p a t t e r n : given a set
8 C V ( H ) , \81 = k , a m a t c h i n g Mj is 8-absorbing if the vertex set V ( M I ) U 8

spans in H a m a t c h i n g M 2 of size I M I I + 1. Consider a m a t c h i n g M and
a set 8 , 8 n V ( M ) = 0. I f M c o n t a i n s an 8 - a b s o r b i n g m a t c h i n g M I , t h e n
one can absorb 8 into M by swapping M I for M 2 .

T h e idea of the proofs in [23] and in the "far-from-critical" case in [26]
is now t r a n s p a r e n t and similar to the idea described in the O u t l i n e of the
proof of T h e o r e m 2.4:

• F i n d a relatively small m a t c h i n g MA such t h a t for every set 8 c V ( H ) ,
181 = k, t h e r e is an 8 - a b s o r b i n g m a t c h i n g in MA.

• Build a m a t c h i n g M ' in H' = H - V ( M A ) which leaves only a set 8
of k vertices u n m a t c h e d .

• Apply the a b s o r b i n g p r o c e d u r e to 8.

Building the almost perfect m a t c h i n g M ' requires itself a version of
the a b s o r b i n g t e c h n i q u e which works for as long as t h e r e are more t h a n
k vertices uncovered. Adding t h e last edge r e p r e s e n t a more significant
difficulty. In the next s u b s e c t i o n we will see t h a t if we allow even one
vertex to be uncovered the t h r e s h o l d drops significantly. A m a t c h i n g of size
n / k - k + 2 can be , however, c o n s t r u c t e d by a s t a n d a r d greedy a p p r o a c h .

3 . 1 . A l m o s t p e r f e c t m a t c h i n g s

Here we p r e s e n t r e s u l t s a b o u t mT(k, n) for r > O. The following c o n s t r u c t i o n
yields t h e lower b o u n d

for all r > O.
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C o n s t r u c t i o n 3 . 2 . W i t h n = r (mod k), let A and B be disjoint sets of
sizes IAI = nkr - 1 and IBI = n -IAI. Let H; be a k - g r a p h on V = Au B
consisting of all k-element s u b s e t s S of vertices which i n t e r s e c t A. T h e n
the l a r g e s t m a t c h i n g of H; has size at most IAI, and thus, it has at most
klAI < n - r vertices .

In [26] we e s t a b l i s h e d t h a t

(3)
n - r

m r ( k , n) = - k -

holds for all r 2: k(k - 2). This was shown by a fairly simple a r g u m e n t
involving a greedy a l g o r i t h m .

Also, using a version of the a b s o r p t i o n m e t h o d , with the sets S of size
k + 1, it was proved in [26] t h a t for all r > 0

n - r n
- k - ~ m r ( k , n) ~ k + O ( l o g n ) .

This r e s u l t s t a n d s in a s t r i k i n g c o n t r a s t with T h e o r e m 3 .1 , where the
t h r e s h o l d is a r o u n d n / 2 . Hence , from the Dirac t h r e s h o l d p e r s p e c t i v e , an
almost perfect m a t c h i n g a p p e a r s much sooner t h a n a prefect one .

Note t h a t for 0 < r < k we have nkr = l f J which is the size of the
l a r g e s t m a t c h i n g one can possibly have if n is not divisible by k. We feel
t h a t the o (log n) t e r m , b r o u g h t in by the t e c h n i c a l i t i e s of the a b s o r p t i o n
m e t h o d , should not be there.

P r o b l e m 3 . 3 . Prove (or disprove) t h a t m r ( k , n) = lfJ for all 0 < r < k.

In particular, is it true t h a t i f n =1= 0 (mod 3) and 8 2 (H ) 2: l~J then there

is a m a t c h i n g in H of size l ~ J ?

3 . 2 . T h e p a r a m e t e r m'd(k, n) f o r 1 ~ d ~ k - 2

P i k h u r k o [21] proved t h a t for all d 2: k/2

(4)

His proof is in p a r t based on the ideas from [16]. Similarly as in [16] he
proved first a r e l a t e d result for k - p a r t i t e k - g r a p h s (see Subsection 3.4).
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Mor eover , in view of R e m a r k 1.4 it was sufficient to prove the lower b o u n d
in (4) only for d = k - 1 and the u p p e r b o u n d in (4) only for d = f k / 2 l

The case d < k / 2 seems to be much h a r d e r . The c o n s t r u c t i o n s yielding
.(2) t o g e t h e r with C o n s t r u c t i o n 3.2 applied with r = 0 give the following ,
general lower b o u n d :

As for t h e u p p e r b o u n d , Han , Person , and Scha cht [11], by a similar
m e t h o d as in [21], proved first t h a t for all 0 ~ d ~ k - 1,

(6)

T h a t is , i f f o r a k - g r a p h H, 6d(H) is a t least as large as t h e R-H-S of (6) t h e n
H c o n t a i n s a m a t c h i n g covering all b u t k( d - 1) vertices. T h e n , combining
(6) with the a b s o r p t i o n m e t h o d , they improved (6) in t h e lower range of d
by showing t h a t for 1 ~ d < k / 2

(7) ( k - d ) (n - d)
md(k ,n)~ - k - + o ( l ) k - d '

Note t h a t for d = k - 1 , (6) is a s y m p t o t i c a l l y the same result as (3). For
d = 1, on t h e o t h e r hand , (6) is a s y m p t o t i c a l l y equivalent to an old result
of Daykin and Haggvist [7] .

In the same p a p e r [11] t h e a u t h o r s improved (7) in t h e smallest case
of k = 3, d = 1, achieving a s y m p t o t i c a l l y the lower b o u n d (5):

T h e o r e m 3 . 4 ([11]).

A crucial ingredient of t h e proof in [11] was a s t r o n g version of the
Absorbing Lemma for m a t c h i n g s , an analog of Lemma 2.10 from Section 2.2 .

L e m m a 3 . 5 ([11]' Lemma 10). For a l l , > 0 and integers k > d > 0 there
is an no such t h a t for all n > no the following holds : Suppose t h a t H is
a k-graph on n vertices with 6d(H) ~ (1/2 + 2,)(~=~) , then there exists a
m a t c h i n g M : = Mabs in H such t h a t
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(i) IMI < ,.ykn/k , and

(ii) for e v e r y s e t W C V \ V ( M ) o f size at m o s t IWI ::; '"'(2k n and divis
ible by k t h e r e e x i s t s a m a t c h i n g in H covering e x a c t l y t h e v e r t i c e s
o f V ( M ) U W .

This success p r o m p t e d Him , Person , and Schacht to c o n j e c t u r e t h a t (5)
is the c o r r e c t a s y m p t o t i c s of md(k, n).

C o n j e c t u r e 3 . 6 ([11]). For all 1 ::; d < k / 2 ,

Observe t h a t with d = 1 the above coefficient equals ~ for k = 3 , ~~ for
k = 4 , and ~~~ for k = 5. However, for d = 2 and k = 5 it is !.

Very recently , M a r k s t r o m and the second a u t h o r [19] lowered slightly the
general b o u n d (7) by using some ideas b e h i n d T h e o r e m 3.4. They proved
t h a t for all 1 ::; d < k / 2

(8) ( k - d 1 ) (n - d)md(k, n ) : : ; - k - - kk-d + 0(1) k _ d .

In the smallest unknown case, k = 4 , i n e q u a l i t y (7) yields a bound
m l ( 4 , n ) : : ; (~~ + 0 ( 1 ) ) ( n 3 1) . I t follows from (8) t h a t m l ( 4 , n ) : : ; (~~ +
o( 1) ) (n 3 1) . By some tedious case by case analysis t h e coefficient can be

lowered f u r t h e r to ~~ (see [19]) , still far from the c o n j e c t u r e d ~I.

3 . 3 . F r a c t i o n a l p e r f e c t m a t c h i n g

A r e l a x a t i o n of the notion of a perfect m a t c h i n g can be o b t a i n e d by allow
ing the inclusion of fractional edges into a matching. A fract ional perfect
matching in a k-graph H = (V , E) is a function w : E - t [0, 1] s u c h t h a t for
each v E V we have I : e 3 v w( e ) = 1. I t follows t h a t if an n - v e r t e x k-graph
has a f r a c t i o n a l perfect m a t c h i n g t h e n I : e E H w(e) = 1} , which justifies t h e
name.

For every 1 ::; d ::; k - 1, let

m'd(k, n) = min { m : bd(H) 2: m = = = } H c o n t a i n s a fractional

perfect m a t c h i n g } .
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It was proved in [23] t h a t m'k-l (k, n) :::; f n / k 1, so, again, t h e t h r e s h o l d
is much lower t h a n t h a t for p e r f e c t m a t c h i n g s . Moreover, C o n s t r u c t i o n 3.2
w i t h IAI = f n / k l - 1 p r o v i d e s an n - v e r t e x k - g r a p h w i t h Ok-l = f n / k l - 1
which has no f r a c t i o n a l p e r f e c t m a t c h i n g . Hence, we have t h e following
r e s u l t .

T h e o r e m 3 . 7 ([23]). m ' k _ l ( k , n ) = f n / k l

T h e p r o o f of T h e o r e m 3.7 utilizes t h e F a r k a s L e m m a (see, e.g., [6] or
[18]) which a s s e r t s t h a t a s y s t e m of e q u a t i o n s y A = b, y 2: 0, is solvable if
a n d only if t h e s y s t e m A x 2: 0, b x < 0, is unsolvable.

Let A : = A H be t h e i n c i d e n c y m a t r i x of a h y p e r g r a p h H w i t h rows
r e p r e s e n t i n g t h e edges a n d c o l u m n s r e p r e s e n t i n g t h e v e r t i c e s of H. We
a p p l i e d F a r k a s ' L e m m a w i t h t h i s A a n d w i t h b = 1 - t h e v e c t o r of l e n g t h n
whose all e n t r i e s are equal to 1, and showed t h a t , u n d e r t h e a s s u m p t i o n
Ok-l(H) 2: f n / k l t h e s y s t e m of i n e q u a l i t i e s A x 2: 0 , I x < 0 , has no
s o l u t i o n s . Hence, t h e r e is a s o l u t i o n to y A = 1, Y 2: 0, which d e t e r m i n e s a
f r a c t i o n a l p e r f e c t m a t c h i n g w(e) = Ye for all e E H .

I t t u r n s o u t t h a t f r a c t i o n a l m a t c h i n g s can be used to give an a l t e r n a t i v e
p r o o f of T h e o r e m 3.4, a n d p o s s i b l y even to s e t t l e C o n j e c t u r e 3.6 in full
g e n e r a l i t y . I n d e e d , t h e following r e l a t i o n holds.

T h e o r e m 3 . 8 . For e v e r y 1 :::; d :s; k - 1 a n d e v e r y a > °
m d ( k , n ) (1 m ' d ( k , n ) )
( n- d) :::; m a x 2' (n-d) + a
k-d k-d

for s u f f i c i e n t l y large n.

O b s e r v e t h a t , t r i v i a l l y , m'd(k, n) :::; md(k, n). T h e r e f o r e , if m'd(k, n) 2:
.! (n-d) t h e n
2 k-d

(9) m'd(k, n) r v md(k, n)

T h e p r o o f of T h e o r e m 3.8 is b a s e d on T h e o r e m 1.1 in [9]. An i m m e d i a t e
c o r o l l a r y of t h a t r e s u l t a s s e r t s t h e e x i s t e n c e of an a l m o s t p e r f e c t m a t c h i n g
in a k - g r a p h w i t h all degrees a l m o s t equal a n d all p a i r degrees much s m a l l e r
t h a n t h e v e r t e x degrees (see t h e R e m a r k a f t e r T h e o r e m 1.1 in [9]). Here we
f o r m u l a t e t h i s c o r o l l a r y in t h e following lemma.
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L e m m a 3 . 9 ([9]). For all k , e > b and a > 3 there exists r = r ( £) and
no = no(r) such that i f n > no and H is an n-vertex k-graph satisfying

1. (1 - r ) D < degH (v ) < (1 + r ) D for some D and all v E V , and

2. c5 2 ( H ) < D / ( l o g n ) a

then H contains a matching Maim covering all but a t most en vertices.

The second tool is the S t r o n g Absorbing Lemma 3.5 (see previous sec
tion) .

S k e t c h o f P r o o f o f T h e o r e m 3 . 8 . Assume t h a t there exists a c o n s t a n t
o < c < 1 such t h a t m:t(k, n) r v cG=~). This is not a re s t r i c t i o n at all , as we

know by (5) t h a t m:t(k, n) = e ( (~=~) ). For any a > 0 consider an n- v e r t e x
k - g r a p h H, n large , with

(
n - d )

c5 d (H ) > (c + a ) k _ d .

Set , = a / 2 and £ = (a/2)2k. T h e proof consists of four steps.

1. F i n d an a b s o r b i n g ma t ching M abs sati sfying p r o p e r t i e s (i) and (ii) of
Lemma 3.5. Set H' = H \ V (M abs )' Note t h a t c5d(H') ~ (c+a/2)(~=~).

2. Select a s p a n n i n g s u b h y p e r g r a p h H" of H' sa t isfyin g the a s s u m p t i o n s
of Lemma 3.9 with D = nO. 2 , r = 0(1) any a > 0 , and n ~ no (a).

3. F i n d an almost perfect m a t c h i n g Maim in H" by a p p l y i n g Lemma 3.9.
Note t h a t 1 V ( M al m )! ~ (1- £)1 V ( H ' ) j and t h u s , 1 V(MalmUMab s) I ~
(1 - £)n.

4. E x t e n d MalmUMab s to a perfect m a t c h i n g of H by using t h e a b s o r b i n g
p r o p e r t y (ii) of Mab s with respect to W = V ( H ' ) \ V(Mal m). •

In view of r e l a t i o n (9) , in order to prove C o n j e c t u r e 3.6 it is sufficient
to show t h a t

( ( k - l)k -d) (n - d)
m:t(k , n ) r v 1 - - k - k - d .

This is work in progre ss . We h ave heard from E n d r e t h a t he knows how to
d e t e r m i n e m l (3 , n ) ex ac tl y.
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3 . 4 . T h e k - p a r t i t e c a s e

V. Rodl and A. Rucinski

Recall from S e c t i o n 2.4 t h a t 0' ( H ) : = O~_l ( H ) is t h e m i n i m u m of degH (8)
t a k e n over all legal (k - I ) - t u p l e s of v e r t i c e s 8 in a k - p a r t i t e k - g r a p h H.
T h r o u g h o u t t h i s s u b s e c t i o n , we a s u m e t h a t t h e k - p a r t i t i o n V ( H ) = VI U

. . . U Vk satisfies IVII = ... = IVk I = n .

In [16] , K u h n a n d O s t h u s showed t h a t if

O~-I ( H ) ~ n / 2 + J 2 n log n

t h e n H has a p e r f e c t m a t c h i n g . I m p r o v i n g t h i s r e s u l t , A h a r o n i , Geor
g a k o p o u l o s , a n d Spriissel o b t a i n e d in [1] a s u r p r i s i n g l y s t r o n g r e s u l t .

T h e o r e m 3 . 1 0 ([1]). I f for every (k - I ) - t u p l e o f v e r t i c e s (VI, . . . , V k - I ) E
VI X " ' X V k - l w e h a v e d e g H ( v l , . . . , V k - t } > n / 2 a n d f o r e v e r y ( v 2 " " , v k ) E
V2 X " ' X V k w e h a v e d e g H ( v 2 " " , v k ) ~ n / 2 , t h e n H h a s a p e r f e c t m a t c h i n g .
C o n s e q u e n t l y , i f o ' ( H ) > n / 2 t h e n H c o n t a i n s a p e r f e c t m a t c h i n g .

T h e r e is an e x a m p l e in [16] (see also E x a m p l e 1 in [1]) of a k - p a r t i t e
k - g r a p h H o w i t h k even a n d n = 2 (mod 4) , such t h a t O~_l ( H o ) = n / 2 a n d
Ho does not have a p e r f e c t m a t c h i n g . For all o t h e r values of k a n d n o n e
ca n p r o v i d e s i m i l a r c o n s t r u c t i o n s w i t h <5~_I (H o ) 2: n / 2 - 1 , leaving op en
t h e pos s i b i l i t y t h a t t h e r e s u l t from [1] can b e s t r e n g t h e n even f u r t h e r .

P r o b l e m 3 . 1 1 . A s s u m e t h a t k is even or n i= 2 (mod 4) . I s i t t r u e t h a t
i f O~_I ( H ) ~ n / 2 t h e n H has a p e r f e c t m a t c h i n g ? I f so , is it s u f f i c i e n t to
i m p o s e t h i s degree b o u n d o n l y on two t y p e s o f legal (k - I ) - t u p l e s , s i m i l a r
to Jrheorem 3 .107

In [1] several o t h e r open p r o b l e m s and c o n j e c t u r e s are posed. We j u s t
q u o t e two of t h e m here. T h e first one is r e l a t e d to m l (k, n) in t h e non
p a r t i t e case . Note t h a t 1 - (1 - l / k ) k - l < 1 - l / e a n d c o m p a r e with
P r o b l e m 3 .6 above.

P r o b l e m 3 . 1 2 ([11). Is it t r u e t h a t i f c5~ ( H ) ~ ( I - I / e ) n k - 1 t h e n t h e r e is
a p e r f e c t m a t c h i n g in H ?

A n o t h e r p r o b l e m from [1] is to prove t h e following c o n j e c t u r e . For a
s u b s e t I ~ [k] of indices, let us call a s u b s e t 8 of vertices of H an I - t u p l e if
181 = II I a n d 8 n Vi i= 0 if a n d only if i E I. ( O b s e r v e t h a t if 8 is an I - t u p l e
t h e n , in fact, for all i E I , we have 18 n Vii = 1.)
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C o n j e c t u r e 3 . 1 3 ([1]). Let I be a subset of [k] . I f d e g ' ( S ) > ~nk-III for

every I - t u p l e S, and d e g ' ( S ) > ~nlII for every Uk] \ I ) - t u p l e S, t h e n H has
a perfect m a t c h i n g .

This c o n j e c t u r e was a s y m p t o t i c a l l y verified by Pikhurko in [21] , while
its fractional version was proved in [1] (cf. Section 3.3 for the definition) .

For d < k - 1, t h e r e are also D i r a c - t y p e results r e l a t i n g o~ with perfect
and almost perfect matchings . Already in 1981 , Daykin and Hiiggvist proved
t h a t

o~(H) 2:: k ~ 1 (n k - 1 - 1 )

g u a r a n t e e s a perfect matching. This was e x t e n d e d in [11]: if

t h e n H contains a matching covering all b u t k( d - 1) vertices , and so, a
perfect m a t c h i n g for d = 1.

The o t h e r e x t r e m e case, d = k - 1, has been also s t u d i e d in [16]. I t was
proved t h e r e t h a t if

O~_l ( H ) 2:: r n / k 1
t h e n t h e r e is a m a t c h i n g in H covering at least n - (k - 2) vertices from each
p a r t i t i o n class Vi, i = 1, . . . , k . I t is, p e r h a p s , int er esting to compare this
result with the results of Subsection 3 .1 and consider the following analogue
of P r o b l e m 3 .3.

P r o b l e m 3 . 1 4 . Is it true for every k - p a r t i t e k-graph H t h a t i f O~_l ( H ) ~

r n / k 1 then H has a m a t c h i n g covering a t least n - 1 vertices from each
p a r t i t i o n class?

3 . 5 . O t h e r p a c k i n g s

In this section we briefly discuss F - p a c k i n g s , t h a t is, tilings of a h y p e r g r a p h
with vertex disjoint copies of F . Given two h y p e r g r a p h s , F and H , an F 
packing in H is a set of vertex disjoint copies of F in H. An F - p a c k i n g
is perfect if it covers all vertices of H . For n divisible by I V (F) I, let
pd(k, n ; F ) be the smallest integer p such t h a t whenever a k-graph H on
n vertices, with n divisible by I V ( F ) I , satisfies od(H) 2:: p t h e n H contains
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a p e r f e c t F - p a c k i n g . In p a r t i c u l a r , when F = K t ) is a single edge , t h e n

Pd(k , n; Kkk)) = md(k , n) is t h e D i r a c t h r e s h o l d for p e r f e c t m a t c h i n g s .

Unlike for g r a p h s , t h e r e are very few r e s u l t s a b o u t degree c o n d i t i o n s
g u a r a n t e e i n g p e r f e c t F - p a c k i n g s in h y p e r g r a p h s . Below we p r e s e n t two
p r o b l e m s , b o t h a s s u m i n g t h a t k = 3 a n d d = 2.

In [17] t h e a u t h o r s s t u d y , among o t h e r t h i n g s , packings of copies of a

(3 , I ) - c y c l e d 3
, 1) on 8 vertices , 8 even (see Definition 1.1). In t h e s m a l l e s t

case of 8 = 4 , t h a t is , t h e u n i q u e 3 - g r a p h with 4 vertices and 2 edges , t h e y
show t h a t

(10)

T h i s seems s u r p r i s i n g , since the o b t a i n e d t h r e s h o l d is a b o u t twice s m a l l e r
t h a n t h e t h r e s h o l d for p e r f e c t m a t c h i n g s . For 8 :2: 6, t h e value of

P2(3, n; C~3,1)) r e m a i n s unknown , e x c e p t for large 8 when P2(3, n; C~3,1)) r v

n/4 , b u t unlike in (10), here t h e a s y m p t o t i c s is also as 8 - - - t 0 0 (see T h e o r e m
1.2 in [17]).

As for t h e lower b o u n d , a c o n s t r u c t i o n provided in [17J yields t h a t

P2(3 , n ; C~3,1)) :2: r 8/41 n.
8

T h i s is q u i t e i n t e r e s t i n g , since it shows t h a t for a fixed s not divisible by
4 , t h e t h r e s h o l d c o n s t a n t is s t r i c t l y larger t h a n ~ (e.g. , it is a t least ! for
s = 6).

P r o b l e m 3 . 1 5 . Determine P2(3,n;C~3,1)) , 8 ~ 6 , s e v e n .

Similar lower b o u n d s are claimed in [17J for k > 3 with ~ r e p l a c e d by
1

2 ( k - l ) .

In [21], P i k h u r k o i n v e s t i g a t e d a challenging p r o b l e m of d e t e r m i n i g

P2 ( 3 , n; Ki 3
) ) , where Ki 3

) is t h e c o m p l e t e 3 - g r a p h on 4 vertices, and ob
t a i n e d b o u n d s

3 (3 ) 2 + JIO
4 n - 2 : S P 2 ( 3 , n ; K 4 ):s 6 n + O ( J n l o g n ) ,

where t h e u p p e r b o u n d was also proved , i n d e p e n d e n t l y , by Keevash and
Sudakov ( u n p u b l i s h e d ) . T h e r e is some i n d i c a t i o n t h a t t h e t r u t h may lie a t
t h e lower end. Indeed , a n o t h e r r e s u l t from [21J s t a t e s t h a t for n ~ 15 , if

8 2 ( H ) > ~n - ~- 4 4 '
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then there is a Ki 3
) -packing in H covering all b u t at most 14 vert ices.

However , one should remember t h a t d ivisibility h as a big impact on t he
D ir a c t h r e s h o l d s for (almost) perfect matchings ; compare , for instance . i t h e
values of m(3, n) and m 1 (3, n).

P r o b l e m 3 . 1 6 . D e t er m in e P2( 3 , n ; Ki 3 ) ) .

A c k n o w l e d g e m e n t s . Many t h a n k s to Endre for his longstandi ng friend 
sh ip , generosity, and the good time we have had t o g e t h e r while working on
the D ir a c P r oj ect. We a lso t h a n k Domin gos Della mon ica for his valuab le
remarks on t he manuscrip t.
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T O W A R D S A N O N C O M M U T A T I V E P L U N N E C K E - T Y P E

I N E Q U A L I T Y

IMRE Z. RUZSA *

T o E n d r e S z em er edi

W e r elax th e a s s u m p t i on of com m u t a t iv it y in cer t a in Pliinn ecke-t ype in equ alit ies .

1. I N T R O D U C T I O N

P l i i n n e cke [3] d e velop ed a g ra p h -t he o r e t ic m e t h o d t o est i m a t e t he den sit y of
s u m s e t s A + B , wh er e A has a po sitive den sit y a n d B is a b asi s. I p u b l i shed a
s i m p l ified ve rs io n of hi s pro of [5, 6] . Ac coun t s of t h is m e t h od ca n b e found
in M a l o u f [1 ], Na t h an s on [2], T ao a n d Vu [11] a n d t he a u t h o r' s l ec t u r e
not e s [8].

T h e s im p les t ins t a n ce of P l i i n n e c k e 's i n e q u a l i t y for finit e s e t s go e s as
follows.

T h e o r e m 1 . 1 . L et l < h b e integers , A , B set s in a c o m m u t a t i v e group
and writ e IAI = m , IA + lBI = a m . Th ere exist s an X c A , X =1= 0 such
th at

( 1.1 )

P l i i n n ecke d e d u c e d hi s r e s u l t s from a p r o p e r t y of t h e dire ct ed g r a p h
b u i l t on t h e s e t s A , A + B , .. . , A + h B as ver ti ces (i n h + 1 differ ent

• Aut ho r was s u p po r t e d by E R C - Ad G Gr an t No. 228 005 and Hu n gari an Na t ional
Found a ti on for Scien tifi c R esea r ch ( O T K A) , Gr ant No . 6 1908 an d No. 72731.
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copies of the group), where from an x E A + i B edges go to each x + b E

A + (i + l ) B . This p r o p e r t y (which he called "co mmut a t iv it y" ) is the
following . I f x , Y , Zl , . . . , Z n are d i s t i n c t vetices such t h a t there is an edge
from x to y, and from y to each Zi , t h e n there are dist inct vertices Yl, . .. , Yn
such t h a t there are vertices from x to each Yi, and from Y i to Zi; also, the
same p r o p e r t y is required for the graph o b t a i n e d by reversing the direction
of all vertices . The fact t h a t the a d d i t i o n graph has this p r o p e r t y follows
from the possibility of replacing a p a t h from x to x + b + b ' t h r o u g h x + b
by a p a t h t h r o u g h x + b ', so c o m m u t a t i v i t y of a d d i t i o n and the a s s u m p t i o n
t h a t we add the same set B r e p e a t e d l y seemed to be central ingredients of
this method . Still, it is possible to relax these assumptions. In this paper
we discuss the possibility to relax commutativity.

To motivate our approach first we mention some of the most frequently
used consequences t h a t miserably fail in a n o n c o m m u t a t i v e setting. Our
examples use a free group, which is "very n o n c o m m u t a t i v e " ; it is possible
t h a t for groups "nearer" to c o m m u t a t i v e ones in some sense some results
can be extended .

The case l = 1 of (1.1) tells us

consequently

For h = 2 and B = - A this means t h a t if IAI = m, IA - AI ~ a m , then
12AI ~ a 2 m . This fails in n o n c o m m u t a t i v e groups. To see this, take a free
group with generators a , b and p u t

(1.2) A = {ia + b : 1 ~ i ~ m } .

Then b o t h difference sets A - A and - A + A have 2m - 1 elements, while
12AI = m 2

•

For h = 3 and B = A we get t h a t if IAI = m, 12AI ~ a m , then
13AI ~ a 3 m . This also fails. To see this , in the same group p u t

(1.3) A = {a, 2a, . . . , ma, b} .

We have IAI = m + 1, 12AI = 4m and 13AI > m 2 since all the elements
ia + b + j a , 1 ~ i , j ~ m are distinct.
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I asked w h e t h e r an e s t i m a t e of 13AI can be given under the (clearly
necessary) a d d i t i o n a l a s s u m p t i o n t h a t

m a x I A + a + A I ~ a m .
a E A

An affirmative answer is given by Tao [10] in the form of aem. Tao
works in a more general s e t t i n g and he is not i n t e r e s t e d in e s t i m a t i n g the
e x p o n e n t Cj it would be of some i n t e r e s t to specify a value of C here.

Next we mention some results t h a t do not require c o m m u t a t i v i t y . An
i n e q u a l i t y of mine [4] asserts t h a t

(1.4) IXIIY - ZI ~ IX - Y I I X - ZI·

This has the following consequences: if IAI = m, 12AI ~ a m , t h e n
I - A + AI ~ a 2 m and IA - AI ~ a 2 m .

We r e m a r k t h a t the s e p a r a t i o n of the two cases in the above corollary
is not superfluous , in a n o n c o m m u t a t i v e group 1- A + AI and IA - AI can
be very different (of course, w i t h o u t the a s s u m p t i o n on 2A).

Indeed , in the same free group p u t

A = {ia + b : 1 ~ i ~ m} U {ia : 1 ~ i ~ m } .

T h e n IAI = 2m and

- A = { - b - j a : l : S j : S m } U { - j a : l : S j : S m } .

Here A - A contains the 2m 2 different elements ia ± b - j a , while

- A + A = { ( i - j ) a } U{ ( i - j ) a + b } U{ - b + ( i - j ) a } u { - b + ( i - j ) a + b } ,

a l t o g e t h e r 4m elements.

So if the sumset is small , b o t h difference sets are small w i t h o u t commu
t a t i v i t y , b u t t h e r e is no converse.

Between double and triple sums we have the following inequality w i t h o u t
c o m m u t a t i v i t y [7]:

(1.5) IX + Y + ZI 2
~ IX + YIIY + ZI max IX + y + ZI·

y E Y

In a c o m m u t a t i v e group, the middle y at the end does not m a t t e r and
we do not need to take the maximum. In general , however, the maximum
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c a n n o t be o m i t t e d or be r e p l a c e d by an average, even in t h e case of i d e n t i c a l
sets . An e x a m p l e is given by X = Y = Z = A with t h e set A of (1.3).

We have IAI = m + 1, 12AI = 4m and 13AI > m 2 as m e n t i o n e d .
F u r t h e r m o r e , from t h e m + 1 sets A + Y + A, y E A only one is of size m 2 ,

namely t h e one with y = b, all t h e o t h e r s have O( m) e l e m e n t s .

For reasons t h a t will be a p p a r e n t soon, our n o n c o m m u t a t i v e i n e q u a l i t i e s
will use different s u m m a n d s . An e x t e n s i o n of t h e case l = 1 of T h e o r e m 1.1
to different s u m m a n d s (in t h e c o m m u t a t i v e case) can a l r e a d y be found in
my p a p e r [5] and s o u n d s as follows.

T h e o r e m 1 . 2 . L e t A, B 1 , . . . , B h be finite s e t s in a c o m m u t a t i v e group and
w r i t e IAI = m, IA + Bil = a i m , for 1 ~ i ~ h . T h e r e e x i s t s an X c A,
X =1= 0 such t h a t

(1.6)

Our n o n c o m m u t a t i v e a t t e m p t s s t a r t from t h i s r e s u l t . T h e s i m p l e s t , and
possibly most i n t e r e s t i n g case was a l r e a d y i n c l u d e d in t h e l e c t u r e note [8]
and s o u n d s as follows.

T h e o r e m 1 . 3 . L e t A , L, R be s e t s in a ( t y p i c a l l y n o n c o m m u t a t i v e ) group G
and w r i t e IAI = m, IL + AI = a m , jA + RI = 13m. T h e r e is an X c A,
X =1= 0 such t h a t

(1.7) IL + X + RI ~ af3lXI·

T h e reason t h a t t h i s r e s u l t is t r u e is t h a t t h e r e is a kind of c o m m u t a t i v i t y
h i d d e n here . An a d d i t i o n from t h e left c o m m u t e s with an a d d i t i o n from
t h e right : (x + y) + z = x + (y + z) ; t h i s s o r t of c o m m u t a t i v i t y is called
" a ss o cia t i v it y" . T h e o b s t a c l e to f u r t h e r e x t e n s i o n seems t h a t t h e r e are no
more d i r e c t i o n s , we c a n n o t add from above and below. To h a n d l e more
s u m m a n d s we need an e x t r a c o n d i t i o n .

D e f i n i t i o n 1 . 4 . A collection of sets B 1 , . . . , Bk in a ( n o n c o m m u t a t i v e )
g r o u p is e x o c o m m u t a t i v e , if for all x E Bi, Y E B j with i =1= j we have
x + y = y + x .

T h e o r e m 1 . 5 . L e t A, L1 , L2 , . . . , Lk, R 1 , R2, . . . , R; be s e t s in a group G
a n d w r i t e IAI = m, IL i + AI = a i m , i = 1, , k , IA + R j l = { J j m
j = 1 , . . . , l. A s s u m e t h a t b o t h c o l l e c t i o n s L 1, , Lk and R 1, . . . , Rl a r e
e x o c o m m u t a t i v e . T h e r e is a set X C A, X =1= 0 such t h a t
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The seemingly different role of the sets L; and R; can be unified as
follows . The following k + I sets, as sets of o p e r a t i o n s on G, act in an
e x o c o m m u t a t i v e way:

- m u l t i p l i c a t i o n of elements of L; from the left,

- m u l t i p l i c a t i o n of elements of R; from the right.

I t is the set A t h a t has a really different position. We express this by
p u t t i n g the previous results in a different context. We do not need any
s t r u c t u r e on the set A; the i m p o r t a n t t h i n g is t h a t the o t h e r sets act on A.
To express this, we take an ( u n s t r u c t u r e d ) f u n d a m e n t a l set G, a set A c G;
a group P, which is the group of p e r m u t a t i o n s of G, and sets B, C P. We
write

B (A) = { b( a) : b E B, a E A} ;

the composition of p e r m u t a t i o n s will be d e n o t e d by simple j u x t a p o s i t i o n ,
so t h a t

T h e o r e m 1.6. Let G be a set, and let P be the group of p e r m u t a t i o n s
of G. L e t A C G, and let B l , . . . , B h be an e x o c o m m u t a t i v e collection of
subsets of P. Write IAI = m, IBi(A)1 = aim. Then there is an X C A,
X =1= 0 such t h a t

(1.9)

The previous theorem can be o b t a i n e d as follows . Any 9 E G induces
two p e r m u t a t i o n s corresponding to a d d i t i o n from left and right,

19(x) = 9 + x , rg(x) = x + g.

From the sets L, and R; we make subsets of P in a n a t u r a l way,

L~ = {lg : g E L d , R~ = {r g : 9 E ~},

and T h e o r e m 1.6 yields T h e o r e m 1.5.

In the last sections we will show how to find a large subset X with a
similar property, and c o n t r a s t the problems of passing from two s u m m a n d s
to t h r e e , and from t h r e e to more.
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2. P L U N N E C K E ' S C O M M U T A T I V E G R A P H S

1. Z. Ruzsa

In this section we list those r e s u l t s on g r a p h s t h a t we shall apply l a t e r .
Proofs can be found in [5, 6], [1] , [2], [8]. (Pliinnecke 's original work [3]
proceeds slightly differently.)

We consider d i r e c t e d g r a p h s 9 = (V, E) , where V is the set of vertices
and E is t h a t of t h e edges. I f t h e r e is an edge from x to y , t h e n we
also write x ---t y. A g r a p h is s e m i c o m m u t a t i v e , if for every collection
(x; y; Z I , Z2, . . . , Z k ) of d i s t i n c t vertices such t h a t x ---t y and y ---t Zi t h e r e are
d i s t i n c t vertices YI, . . . , Y k such t h a t x ---t Yi and Yi - - - t Zi . 9 is c o m m u t a t i v e ,
if b o t h 9 and the g r a p h 9 o b t a i n e d by reversing the d i r e c t i o n of every edge
of q are s e m i c o m m u t a t i v e .

Our g r a p h s will be of a special kind we call layered. By an h - l a y e r e d
g r a p h we mean a g r a p h with a fixed p a r t i t i o n of the set of vertices

into h + 1 disjoint sets (layers) such t h a t every edge goes from some Vi-I
into Vi.

For X , Y c V , we define the image of X in Y as

i m ( X , Y ) = {y E Y : t h e r e is a directed p a t h from some x E X to y} .

The m a g n i f i c a t i o n ratio is defined by

. {lim(Z,Y)1
p ( X , Y) = mm IZI

For a layered g r a p h we write

z c X, Z1' 0} .

Now P l i i n n e c k e ' s main result can be s t a t e d as follows.

1/ .
L e m m a 2.1 (Pliinnecke [3]). In a c o m m u t a t i v e layered graph Pj J is
decreasing.

T h a t is, for j < h we have Ph ~ p~/j . An obvious (and t y p i c a l l y the
only available) u p p e r e s t i m a t e for Pj is IYjI/lVol. This yields the following
corollary (in fact, an equivalent a s s e r t i o n ) .
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L e m m a 2 . 2 . L et j < h b e in t eg ers , g a com m u tat ive lay ered grap h on th e
lay ers Vo , . . . , Vh· Wri t e lVol = m, 1 \tJ 1 = s . Th ere is a n X c Vo , X =1= 0
s uch t ha t

I im (X , Vh)1 ::; ( s / m ) hfjIX\ .
-e-

D e f i n i t i o n 2 . 3 . Let g' = (V' , E' ) and g" = (V " , E " ) b e h-Iayered g ra p hs
wi t h layer s V/ and V /" res p . T h eir layered produ ct is t he h-Iayer ed g r a p h on
t he la yer s Vi = \Ii' x \Ii ", whe re t wo ver tic es (x ' , x ") E Vi a n d (y' , y" ) E Vi+ 1

a re con ne c t ed if b o t h x ' - - t y' a n d x " - - t y". Thi s gra p h will b e d en ot ed
b y g = g'g" . For r ep ea t ed p r o d u cts with id enti c al fa ct or s t he usual power
no t a t i o n gn will b e u sed .

Ob serve t h a t thi s is a p r o p e r s u b gr a p h of t h e usual p r o d u c t of th ese
gra p h s.

L e m m a 2 . 4 . The lay ered p r o d u c t of c o m m u t a t i ve grap hs is c o m m u t a t i v e
as well.

L e m m a 2 . 5 . M agnifi cati on rati os ar e mul tipli cativ e: i f g , g' , g" ar e h
lay ered grap hs with m agnifica tion r atio s /-l i , /-l ~ , /-l~' , r esp. , a n d g = g'g" ,
t he n /-l i = /-l~/-l~' for all i .

3. P R O O F OF T H E O R E M 1.6

We build a n h-l a yer ed gra p h o n 2 h cop ies of th e fu n d a me n t a l se t G. A t yp
ica l ver t ex will b e a p a ir (x , I ) , wh er e x E G a n d I c H = {I , 2 , . . . , h}.
Su ch a vert ex will r esid e at level III. T h u s , level j is com pose d of (~) p a r t s ,
cor res p o n d i n g to th e j - elem ent s u bse ts of H. From a v e r t e x ( x , I) t h er e is
a n e d ge into (y , J) if J is o f th e form J = I U { j } wi t h j ¢:. I a n d y = b(x)
with so me b E B j. Our gra p h will not c o n t a i n all s uc h v e r t i c es and e d ges ;
a t level 0 we keep exac t ly t h e vertices c o r r e s p o n d i n g to eleme n t s of our set
A , a n d a t high er levels th ose t h at c a n be reached t h r ough a direct ed p a t h .
At level j t h i s mean s eleme nts of t h e form

( b i l b i 2 . . . b i j (a), { i I , . . . , i j } ) ,

wh er e a E A , 1 ::; i l < .. . < i j , b i u E B i u . Note t h a t s uch a n eleme nt a rises
from j! p a t h s , corr e s p o n d i n g t o t he p e r m u t a t i o n s of t he s u bsc ri p t s i u . Our
ai m is to p r ove t h a t t he ma gnific a ti on ra tio of thi s gra p h sat is fies

/-l h ::; a l . . . a h ·



598 1. Z. Ruzsa

This will proceed in t h r e e stages. F i r s t , we deduce some e s t i m a t e in
t e r m s of th e a i. Next, we improve this e s t i m a t e to one t h a t will be a
c o n s t a n t worse t h a n the d esired bound. Finally, we remove the c o n s t a n t .

The first e s t i m a t e will follow from P l i i n n e c k e ' s t h e o r e m , Lemma 2.2 of
the previous section. In order to apply this result we need to show t h a t our
g r a p h is c o m m u t a t i v e , a n d to e s t i m a t e IVII.

To see c o m m u t a t i v i t y , take a typical edge , which goes from an (x,1) to
a (y , J), J = I U i , Y = b(x) , b E B j . From y edges bo to elements of the
form (b'(y) , J U k ) , where k fj. J and b' E Bi, We replace such a sequence

(x , 1) - t (b( x ) , I U {j}) - t (b' b( x ) , I U {j , k })

of edges by

( x J ) - t ( b ' ( x ) , I U { k } ) - t (bb'( x ) . , I U { k , j } ) .

We have bb' = b'b by e x o c o m m u a t i v i t y , so the last elements are the same
as before . The m iddle elements are clearly all different. Observe t h a t t h e y
may be in different "com p on en t s " of the level, and the c o m p o n e n t of the
original middle element (y , J) is avoided .

We also have to check this possibility of r e p l a c e m e n t for the inverse
graph. This is performed in a completely analogous m a n n er.

By definition, VI is the disjoint union of sets of size B i ( A ) , hence

Lemma 2 .2 gives our first e s t i m a t e

(3.1)

I f all t h e a i are equal , this is hh times the desired b o u n d ; if they are
different, it is worse. In the n e x t stage we reduce the general case to the
case of equal a i .

To t h i s end take h positive integers n I , .. . , n h and embed our set G into

We replace A by its n a t u r a l image

A' = { (a , 0, . . . ,0) : a E A } .
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We replace each b E B, by n i new elements. For t E Zni this will be

and we p u t

Clearly
B:(A ') = B ( A ) x {O} x . . . X Zni X . . . x {O},

so
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(3.2)

I B:(A ') I = cy~m, CY~ = catu.

For each X ' C A', which is t h e image of an X C A, t h e set B~ .. . B~ ( X ' )
will have e l e m e n t s with t h e first c o o r d i n a t e in B 1 . . . B h ( X ) a n d t h e o t h e r s
a r b i t r a r y , so

C o n s e q u e n t l y t h e new h ' t h m a g n i f i c a t i o n r a t i o will be

Applying (3.1) for the sets A', B~, . . . , B~ we o b t a i n

n l . . . nh/1h ~ (~= t u t x ; r.
I f we take i n t e g e r s n i so t h a t all p r o d u c t s niCYi are equal , say n i = n / CY i

w i t h a s u i t a b l e n, t h e n (3.2) becomes

(3.3)

T h i s c o m p l e t e s t h e second stage.

In t h e t h i r d stage we remove t h e c o n s t a n t hh. This will be done by
t h e m e t h o d of t a k i n g d i r e c t powers. We will a p p l y L e m m a 2.5 to a c e r t a i n
g r a p h . This will be an "ex t r a ct " of t h e g r a p h previously used.

W r i t e B = B 1 • • • Bi; Consider the following l - l a y e r e d ( b i p a r t i t e ) di
r e c t e d g r a p h g l . T h e first collection of vertices Va are the e l e m e n t s of set
A , a n d t h e second collection of vertices VI are t h e elements of set B ( A )
( t a k e n in two different copies of t h e f u n d a m e n t a l set G to make t h e m dis
j o i n t ) . T h e edges go from any a E A to each b 1 • . . bh(a), b i E Bi, T h e image
of an X C A in VI is e x a c t l y B ( X ) , c o n s e q u e n t l y t h e m a g n i f i c a t i o n r a t i o
/11 WI) of this g r a p h is e x a c t l y our /1h above.
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Consider now the layered power gr = glgl .. . gl . By Lemma 2.4 , the
magnification r a t i o of this g r a p h is

(3.4)

On the o t h e r hand, this g r a p h is isomorphic to a g r a p h c o n s t u c t e d from
powers of our set. Let P; be t h e group of p e r m u t a t i o n s of Gr. S t r i c t l y
speaking , the direct power P" of the set of p e r m u t a t i o n s is a r a t h e r different
o b j e c t t h a n a p e r m u t a t i o n of Gk, b u t there is a n a t u r a l homomorphism r.p :
P " - t Pr given by

Clearly for any X c G and Y e P we have

In p a r t i c u l a r , we have

We can apply the second stage result to the sets A r, r.p( Bn to conclude t h a t
t h e r e is an X C A r such t h a t

Thi s means t h a t the magnification r a t i o of the I-layered g r a p h gr b u i l t
using Ar and r.p(B r) in the place of A and B satisfies

(3.5)

On the o t h e r hand it is easy to see t h a t this g r a p h gr is isomorphic to gr.
(This would not hold if we used the complete h-layered g r a p h s i n s t e a d . )

Combining (3.4) and (3.5) and t a k i n g r ' t h roots we o b t a i n

J-lh ~ hh /r a l . . . a r '

Since t h i s is t r u e for a r b i t r a r y r , we conclude

as wanted .
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4. F I N D I N G A L A R G E S U B S E T
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Typically the set X whose existence is a s s e r t e d in our theorems is a p r o p e r
subset of the s t a r t i n g set A. However, once we can find some subset,
by r e p e a t i n g the selection we can find a subset t h a t contains 99% of the
elements of A .

T h e o r e m 4 . 1 . L e t G be a set, and let P be the group of p e r m u t a t i o n s of G.
L e t A c G, and let Bi , . .. , Bh be an e x o c o m m u t a t i v e collection of subsets
of P . Write IAI = m, I Bi(A)1 = a im. Write B = Bl .. . Bh, '19 = a l . . . ah.

(a) L e t an integer a be given , 1 S a S m . There exists an X c A, IXI ~ a
such t h a t

(4.1) I B ( X ) I S 'l9m h( m - h + (m _ 1 ) - h + .. . + (m - a + l ) - h

+ ( I X I - a) (m - a + 1)-h).

(b) Let a real n u m b e r t be given , 0 S t < m. There e x i s t s an X c A,
IXI > t such t h a t

(4.2)

I B ( X ) I s'I9m h (h ~ 1 ((m - t ) l - h - m l - h) + ( I X I - t) (m - t ) - h ) .

(c) L e t a real n u m b e r E be given, 0 ::; E < m. There exists an X c A,
IXI > (1 - E)m such t h a t

(4.3)

P r o o f . To prove (a) , we use i n d u c t i o n on a . The case a = 1 is T h e o r e m 1.6.
Now suppose we know it for a ; we prove it for a + 1. The a s s u m p t i o n gives
us a set X, IXI ~ a with a bound on IB(X)I as given by (4.1) . We want
to find a set X' with IX'I ~ a + 1 and

(4.4) I B ( X ' ) I
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I f IXI 2:: a + 1, we ca n pu t X ' = X. I f IXI = a , we a p p ly T h eor em 1.6
t o t he set s A ' = A \ X , B l , . . . , B i : In doing t h is t he numb er s a i s ho u ld
b e r epl a ced by

T h i s gives us a set Y e A \ X s uc h t h a t

I B (Y ) I ~ 19 ' IY I
with

19 ' = I I a~ ~ 19 (m r: a ) h

a n d we p u t X ' = X u Y.

T o prov e p a r t (b) we appl y (4 .1) w i t h a = [t] + 1. T h e ri ght s id e of (4 .2)
can b e w r i t t en as 19m h fci X' f( x) dx , where f (x ) = (m - x r h for 0 ~ x ~ t,
a n d f (x ) = (m - t) - h for t < x ~ IXI. Sinc e f is in cr easin g , t h e inte gral is
2:: f (O ) + f (l ) + . .. + f ( I X I - 1 ) . T h i s ex cee ds t h e righ t s ide of (4. 1) by a
te r mwise co m p a ris o n .

To pr ove p a r t (c) we divid e t h e right h and s i de of (4. 2) by lXI, a n d by
easy ca lcu l us find t h a t t he qu oti en t is an in cr e asin g fun cti on of IX I. H en ce
it ass u m es its m a x i m u m a t IXI = m ; we m ak e t h is s u b s t it ut io n , and t he n
s u bs t it u t e t = ( 1 - c ) m t o r edu ce it to form (4.3) . •

We f o r m u l a t e se pa ra t e ly t h e cas e c o r r e s p o n d i n g t o T h eorem 1.3.

T h e o r e m 4. 2. L et A, L , R be sets in a group G an d write IAI = m ,
IL + AI = a m , IA + RI = (3 m .

(b) L et a real n u m b er t be given , 0 ~ t < m . There e x i s t s an X c A ,
IXI > t s uch t h a t

(4.5)
m l X I - t2IL + X + RI ~ a (3m 2 .
(m - t)

(4 .6)

(c) L e t a real n u m b er e b e gi ven , 0 ~ c < m. Th ere ex is ts an X C A ,
IXI > (1 - c) m s uch t h a t

I L + X +RI ~ a (3IXI (~-1).
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(4.7)

P a r t (c) of t h e above s t a t e m e n t for the case of identical sets sounds as
follows .

C o r o l l a r y 4 . 3 . Let A be a finite set in a group G and write IAI = m,
IA+AI = a m .

Let a real n u m b e r c be given, 0 ::; e < m. There exists an X c A ,
IXI > (1 - c)m such t h a t

13XI ::; IA + X + AI ::; a;3IXI (~ - 1) .
We shall see in the next section t h a t from three s u m m a n d s we can pass

to any larger n u m b e r , so in p a r t i c u l a r IkXI will be small. W i t h a minimal
e x t r a effort we can e s t i m a t e some mixed sums involving A and X , b u t only
those involving at most two copies of A.

5. T w o , THREE , MANY

To deduce a c a r d i n a l i t y e s t i m a t e for a t r i p l e sum using double sums is
difficult in t h e c o m m u t a t i v e case and impossible in t h e n o n c o m m u t a t i v e
one. However, from t h r e e to larger numbers it is easy and can be done j u s t
by i t e r a t e d a p p l i c a t i o n of my i n e q u a l i t y (1.4) which we r e p e a t here :

(5.1) IXIIY - ZI ::; IX - YIIX - ZI·

This o b s e r v a t i o n was first done in R u z s a - T u r j a n y i [9]. I t was f o r m u l a t e d
only for sets of integers ; t h e proof works for any c o m m u t a t i v e group and
gives t h e following . If IAI = m, 13AI ::; a m , t h e n

IkA - lAI ::; a k + l m .

The a u t h o r s were unaware of P l i i n n e c k e ' s result, by which this conclu
sion can be drawn from the weaker a s s u m p t i o n j z z l ] ::; a m . They were not
i n t e r e s t e d in n o n c o m m u t a t i v e g e n e r a l i z a t i o n s either. The a r g u m e n t given
t h e r e a u t o m a t i c a l l y gives some n o n c o m m u t a t i v e e s t i m a t e s ; however, in the
n o n c o m m u t a t i v e s e t t i n g t h e r e are many sum-difference expressions to esti
m a t e , and this requires some modifications , which we describe below.

A less explicit form can be found in Tao [10] .
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To express our result s in a concise way, we i n t r o d u c e t h e following
n o t a t i o n . For an integer vector

we write

negative c o o r d i n a t e s are i n t e r p r e t e d as

( - k ) X = k( - X ) = - ( k X ) .

T h e o r e m 5 . 1 . L e t A , B be finite sets in a group and write

m = min {IAI, IBI} .

L e t k = (k 1 , . . . , k h ) be a ve c t o r with ki = ± 1 .

(a) I f I A + B - A I ~am, then

(5 .2) IA + k B - AI ~ ahm.

(b) I f I A + 2 B I ~ a m , then

(5.3) IA + k B - AI ~ a 2 h m .

In p a r t i c u l a r , by p u t t i n g B = A or B = - A we o b t a i n the following.
Let IAI = m , and assume t h a t t h e size of one of the t r i p l e sum-differences
± A ± A ± A is at most a m . T h e n , for six of t h e possible eight combina
tions of signs, we conclude t h a t any h-fold sum-difference c o m b i n a t i o n has
c a r d i n a l i t y at most a 2 h m . The two cases not covered are A - A + A and
- A + A - A, and for these such a conclusion c a n n o t be drawn. Indeed,
consider example (1.2). For this set these sums are small, as well as all
a l t e r n a t i n g sums A - A + A - A + ... , b u t A + A is large.

P r o o f . F i r s t we prove p a r t (a) . We use i n d u c t i o n on h. The case h = 1 is
the a s s u m p t i o n (observe t h a t A - B - A = - ( A + B - A), so it is small) .

Suppose we know it for h - 1. P u t k' = (k 1 , . . . , k h - 1 ) and apply (5.1)
for X = A , Y = k' B, Z = - k h B .

To prove p a r t (b) we first apply (5.1) with X = - B , Y = A + B , Z = A .
T h e n

Y - Z = A + B - A ,

X - Y = - B - B - A = - ( A + 2B)
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and
x - Z = - B - A - (A + B).

Since clearly
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IA+BI ~ IA+2BI ~ a m ,

we have the a s s u m p t i o n of p a r t (a) with 0 2 in the place of a , and p a r t (b)
follows from p a r t (a). •

R E F E R E N C E S

[1] J . L. Malouf, On a t h e o r e m of Pliinnecke concerning t h e sum of a basis and a set
of p o s i t i v e d e n s i t y , J. Number Theory, 54.

[2] M . B. N a t h a n s o n , A d d i t i v e number theory: Inverse problems and the geometry o f
s u m s e t s , S p r i n g e r , 1996.

[3] H . Pliinnecke, Eine z a h l e n t h e o r e t i s c h e Anwendung der G r a p h t h e o r i e , J. Reine
Angew . Math., 2 4 3 (1970) , 1 7 1 -183.

[4] 1. Z. Ruzsa , On the cardinality of A + A and A - A , C o m b i n a t o r i c s ( K e s z t h e l y 1976),
Coll. M a t h . Soc . J . Bolyai, vol. 18, N o r t h - H o l l a n d - Bolyai T a r s u l a t , B u d a p e s t ,
1978, pp . 933-938.

[5] 1. Z. Ruzsa, An a p p l i c a t i o n of g r a p h t h e o r y to a d d i t i v e n u m b e r theory, Scientia,
Ser. A, 3 (1989), 97-109.

[6] 1. Z. Ruzsa, A d d e n d u m to: An a p p l i c a t i o n of g r a p h t h e o r y to a d d i t i v e n u m b e r
theory, Sci entia, Ser. A, 4 ( 1 9 9 0 / 9 1 ) , 93-94 .

[7] 1. Z. R u z s a , Cardinality questions about s u m s e t s , A d d i t i v e C o m b i n a t o r i c s (Prov
idence, RI, USA) (A . Granville, M. B. N a t h a n s o n , and J . Solymosi, eds.), CRM
P r o c e e d i n g s and L e c t u r e Notes, vol. 43 , American Math. Soc ., 2007, pp. 195 - 2 0 5 .

[8] 1. Z. Ruzsa, S u m s e t s and s t r u c t u r e , C o m b i n a t o r i a l n u m b e r t h e o r y and a d d i t i v e
g r o u p t h e o r y , Advanced courses in m a t h e m a t i c s , CRM B a r c e l o n a , B i r k h a u s e r ,
Basel - B o s t o n - Berlin , 2009, pp . 87 - 2 1 0 .

[9] 1. Z. R u z s a and S . T u r j a n y i , A note on a d d i t i v e bases of integers, Publ. Math .
Debrecen, 32 (1985) , 101-104.

[10] T. Tao, Product set e s t i m a t e s for n o n - c o m m u t a t i v e groups, a r X i v : m a t h / 0 6 0 1 4 3 1 v 2 .

[11] T. Tao and V. H. Vu, A d d i t i v e combinatorics, C a m b r i d g e U n i v e r s i t y Press, Cam
bridge, 2006.

Imre Z. Ruzsa
A l f r e d R e n y i I n s t i t u t e of M a t h e m a t i c s
Budapest, Pf. 127
H-1364 Hungary

e - m a i l : ruzsa~renyi.hu



B O l Y A I SOCIETY
M A T H E M A T I C A L STUDIES , 21

A n I r r e g u l a r M i n d
( S z e m e r e d l is 70)

pp . 6 0 7 - 617 .

Q U A S I R A N D O M M U L T I T Y P E G R A P H S

JOEL SPENCER

1. Q U A S I R A N D O M N E S S

T h e notion of q u a s i r a n d o m g r a p h s has received much a t t e n t i o n in the last
de cades . T h e idea is t h a t a g r a p h need only satisfy c e r t a i n p r o p e r t i e s . W i t h
t h e s e p r o p e r t i e s a g r a p h will share many o t h e r p r o p e r t i e s with s u i t ably
defined r a n d o m g r a p h s . This very general idea applies to many o t h e r
s t r u c t u r e s , b u t here we r e s t r i c t ours elves to graphs , w i t h o u t d i r e c t i o n , loops,
or m u l t i p l e edges.

D e f i n i t i o n 1. Let H = ( V ( H ) , E ( H ) ) and G = ( V ( G ) , E ( G ) ) be g r a p h s .
A map ¢ : V ( H ) - + V (G) is a h o m o m o r p h i s m if

{ x , y } E E ( H ) => { ¢ ( x ) , ¢ ( y ) } E E ( G )

We set T ( H , G) equal the n u m b e r of such h o m o m o r p h i s m s . L e t t i n g n =

I V ( G ) I , we set t ( H , G) = T ( H , G ) n - I V ( H ) I .

Let p E [0 ,1]. Let G n be a se q u en ce of g r a p h s, G n h aving n vertices.
Limits below are always for G = G n as n - + 0 0 .

T h e o r e m 1 . 1 . The f o l l o w i n g are equivalent:

1. t ( H , G) - + pIE(G)1 for every H w i t h at most four v e r t i ces.

2. t ( H , G) - + pIE(G)1 for every H .

A sequence G n is called quas i r a n d o m if it has the above p r o p e r t i e s . Such
a s equen ce has many of the p r o p e r t i e s of r andomly g e n e r a t e d G (n , p). The
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above result was known to many in the 1980s, and p e r h a p s before. A p a p e r
of Chung, G r a h a m and Wilson [1] played a key role in the p o p u l a r i z a t i o n of
this idea. There these two p r o p e r t i e s and several more were given, and
it was shown t h a t they were all equivalent, t h u s making the notion of
quasi r a n d o m n e s s a r o b u s t one. For t h i s a u t h o r t h e "s ur p ri se" was t h a t
if t h e G n e m u l a t e d G(n,p) with respect to t(H, G) for the finite n u m b e r
of H with at most four vertices t h e n it would e m u l a t e G ( n , p ) with respect
to any t ( H , G).

1 . 1 . M u l t i t y p e g r a p h s

T h e r e is a n a t u r a l g e n e r a l i z a t i o n of G ( n , p ) to m u l t i t y p e graphs. Let DATA

consist of

1. A positive integer K

2. a i E (0,1]' 1 :::; i :::; K , with L~l a i = 1

3. P i j E [0,1] for 1 :::; i , j :::; K, with P i j = P j i

T h e n the r a n d o m g r a p h G(n; DATA) consists of n vertices split into sets Vi
of size n a i (technically, of course, t h e r e is a roundoff here) such t h a t when
x E Vi and y E Vj the pair x, y is a d j a c e n t with p r o b a b i l i t y P i j '

For any fixed H, we let t(H, DATA) denote the limiting value of the
e x p e c t e d value t( H, G(n; DATA)). L e t t i n g V ( H ) = {I, . . . , s} , for each
choice of 1 :::; 'l/J(1), . . . , 'l/J(s) :::; K t h e e x p e c t e d n u m b e r of ¢ with ¢(i) E V 7jJ(i)

would be t h e p r o d u c t of the sizes na7jJ(i) times t h e p r o d u c t of the P7jJ(i) ,7jJU)

over all {i, j} E E ( H ) . Normalizing, t(H, DATA) is the sum over all such
choices of the p r o d u c t of the a7jJ(i) times the p r o d u c t of the P7jJ(i),7jJU) over
all { i , j } E E ( H ) .

T h e c e l e b r a t e d Szemeredi R e g u l a r i t y Lemma s t a t e s t h a t , speaking
roughly, any g r a p h can be a p p r o x i m a t e l y e s t i m a t e d by a G(n ; DATA) where
K ( t h e n u m b e r of types) is b o u n d e d .

1 . 2 . T h e L o v a s z - - S o s R e s u l t

Lovasz and Sos [2] showed the following deep g e n e r a l i z a t i o n of T h e o r e m 1.1.
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T h e o r e m 1 . 2 . For each choice of DATA there is a constant L such that the
following are equivalent:

1. t ( H , G) ~ t ( H , DATA) for every H with at most L vertices.

2. t ( H , G) ~ t(H, DATA) for every H.

T h e o b j e c t in t h i s note is to give an a l t e r n a t e proof to T h e o r e m 1.2 in
a q u i t e general, b u t not t o t a l l y general , case.

D e f i n i t i o n 2. We say t h a t DATA is nice if the values

K

d i == L C ¥ j P i j , 1:S i :S K

j = l

are d i s t i n c t .

Note t h a t din will be the e x p e c t e d degree of a vertex in Vi in the r a n d o m
g r a p h G(n; DATA). The a s s u m p t i o n t h a t DATA is nice will allow us to s e p a r a t e
the vertices. We shall show T h e o r e m 1.2 under this a d d i t i o n a l a s s u m p t i o n .
We will r e s t r i c t our counts t ( H , G) to r a t h e r specific H.

1. For a ~ 0, STAR ( a ) consists of a vertex v and a neighbors.

2. For a l , a 2 ~ 0, EDGESTAR(al,a2) consists of vertices V I , V2, a l neigh
bors of V I , a2 neighbors of V2, with V I , V2 a d j a c e n t .

3. For a l , a 2 , a 3 , a 4 ~ 0, C Y C L E S T A R ( a l , a 2 , a 3 , a 4 ) consists of vertices V I ,

V2, V3, V4, a l neighbors of V I , a2 neighbors of V2, a3 neighbors of V3,

a4 neighbors of V4, with V I , V2, V3, V4 forming a 4-cycle in t h a t order.

W i t h these definitions, we can s t a t e our result:

T h e o r e m 1 . 3 . Let DATA be nice. Assume that t ( H , G) ~ t ( H , DATA) for
every H o f the forms

1. STAR ( a l ) for ° :S a l :S 2 K

2. EDGES TAR ( a ! , a2) for ° :S a I , a2 :S 2 K - 2

T h e n t e l l , G) --. t e l l , DATA) for e v e r y l l .
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R e m a r k . This result shows t h a t we may take L = 8 K - 4 in Theorem 1.2 ,
given the a d d i t i o n a l c o n d i t i o n t h a t DATA is nice. It remains an open q u e s t i o n
as to the best value of L as a function of K, b o t h with and w i t h o u t the
a s s u m p t i o n t h a t DATA is nice. When K = 1 , s t a n d a r d q u a s i r a n d o m n e s s , it
is known t h a t L = 4 is the c o r r e c t result.

2. T H E S I E V E

Let X be a real valued r a n d o m variable . Let al , . . . , or be d i s t i n c t real
numbers .

T h e o r e m 2 . 1 . I f

(1)

(2)

then , a l m o s t surely, X takes on one of the values al , . . . or .

This is i m m e d i a t e as the variable is n o n n e g a t i v e . For 1 ::; i ::; T set

.( )- IT ( x - a j ) 2
9z x - 2

j # i (a i - aj)

The function 9i acts as a sieve, t a k i n g the value one when x = a i and the
value zero when x = aj , j =f. i.

T h e o r e m 2 . 2 . I f (1) holds then

E [ 9 i ( X ) ] = P r [ X = ail

In a p p l i c a t i o n we will deal a s y m p t o t i c a l l y with a sequence X n .

T h e o r e m 2 . 3 . L e t X n be u n i f o r m l y bounded. L e t a l , " " or be d i s t i n c t
real n u m b e r s . I f

(3)

then , a s y m p t o t i c a l l y a l m o s t surely, X n = a; + 0(1) for s o m e 1 ~ i ~ T .

T h e o r e m 2 . 4 . Under the a s s u m p t i o n s of T h e o r e m 2.3, w i t h 9i given by (2),
i f E [ g i ( X n ) ] approaches a l i m i t Pi then P r [x, = ai + 0(1)] = Pi + 0(1).
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Let NDEG (v), the normalized degree of v , be given by n - 1 deg (v) . T h e n , for
any integer al ~ 0,

(4) n - 1 L NDEG ( v t l = t( STAR (al), G)
v E V ( G )

Thus for any polynomial f (x) = L.7:a f3ixi ,

(5)
2 K

n - 1 L f(NDEG(v)) = L f3i t ( STAR ( i ) , G )
v EV ( G ) i=O

Let c; satisfy a s s u m p t i o n 1.3 of T h e o r e m 1.3. T h e n

(6) nl~~n-l L f(NDEG(v)) = nl~~E[n-l L f ( N D E G ( v ) ) ]
v E V ( G n ) v

where v on t h e right ranges over the vertices of G(n; DATA). Now set f ( x ) =
TI~l (x - di)2 , the d i given by Definition 2. In G( n ; DATA) a s y m p t o t i c a l l y
almost surely all v E Vi have NDEG (v) = d i + 0(1), so t h a t f(NDEG (v)) =
0(1) , and hence the right hand limit of (6) is zero . T h u s the left h a n d limit
of (6) is zero. From Theorem 2.3 we deduce:

L e m m a 3 . 1 . A l m o s t all v E G n have NDEG (v) = d i + 0(1) for some
1 ~ i ~ K .

For 1 ~ u ~ K we now set V u equal those vertices v with NDEG (v) =
d u + 0(1) . We let V ex t denote all o t h e r vertices , so t h a t lV e xtl = o(n) .

Now, for 1 ~ i ~ K , set f = 9 i in (6) wher e we set a j equal the
normalized degree dj . The right h a n d limit of (6) is D:i so the left h a n d
limit of (6) is D:i . The value 9 i (NDEG (v)) is 1 + 0(1) when v E Vi, 0(1) when
v E Vj with j i= i, and 0(1) for t h e o(n) o t h e r vertices v. Thus t h e left
h a n d side is n-11ViI + 0(1). We deduce:

L e m m a 3 . 2 . For 1 ~ i ~ K , IViI ,...., nca .
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Here we shall count the edges {v, w} with v E Vi , w E Vj, i =I=- j .

Let x( v, w) be one if v, w a r e a d j a c e n t , zero otherwise. For any a ~

a l , a 2 ~ 2 K - 2,

where t h e sum is over v,w E V ( G ) . For any polynomial f ( x , y )
" , , 2 K - 2 (3 r s
u r , s = O r s x Y ,

2 K - 2

(7) n - 2 L f ( N D E G (v),NDEG (w))X(v ,w) = L (3rs t ( EDGESTAR (r , s ) , G )
r,s=O

We apply this with a sieve polynomial f ( x , y) = g i ( X ) g j ( y ) with gi, gj
given by Definition (2) where, again, the al, . . . , o « are the normalized
degrees dl, .. . . d« . T h e n f(NDEG (v),NDEG (w)) = 1 + 0(1) when v E Vi
and w E Vj , f(NDEG(v),NDEG(w)) = 0(1) when v E Vi, and w E Vj' for
any ( i f , ) ' ) =I=- ( i , j ) , and f(NDEG (v),NDEG (w)) = 0 ( 1 ) whenever v E ~xt or
w E V e x t . Therefore

(8) n - 2 L f(NDEG (v), NDEG (w)) xCv, w) r v n - 2 L L xCv, w)
v E V ; W E \ ! j

The right h a n d side is n - 2 times the number of edges of Vi x Vj. In
G(n; DATA) this has e x p e c t e d value D:iD:jPij . From A s s u m p t i o n 1.3 of Theo
rem 1.3 we deduce:

L e m m a 4 . 1 . For 1 ~ i < j ~ K, Vi x Vj has IViI'IVjlpij(1 + 0(1)) edges.

The same a r g u m e n t works for i = j , t a k i n g care to not d o u b l e c o u n t
edges. T h e result:

L e m m a 4 . 2 . For 1 ~ i ~ K, Vi has (IViI 2 / 2 ) Pii (1 + 0(1)) edges.
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Here we shall count the cycles {VI, WI, V2 , W 2 } with VI, V2 E Vi, WI, W2 E Vj,
i =I j . Let X ( V I , WI, V2, W 2 ) be one if VI, WI, V2, W2 forms a cycle (in t h a t
o r d e r ) , zero otherwise. For any 0 ~ a I , a2, a3, a4 ~ 2 K - 2,

= n - 4 L NDEG (vd a 1 NDEG ( W l t 2 NDEG ( V 2 ) a 3 NDEG ( W 2 t 4 X ( V I , WI , V2 , W 2 )

where the sum is over VI , WI, V2, W2 E V ( G ) . For any polynomial f ( x , y, z, w)
' \ ' 2 K - 2 (.? r s r' s'= L.Jr ,s , r ' , s ' = O f J r s r ' s ' X Y z W ,

(10) n - 4 L f ( NDEG (VI), NDEG (WI), NDEG ( V 2 ) , NDEG ( W 2 ) ) X ( VI, WI, V2, W 2 )

2 K - 2

L ( 3 r s r ' s , t ( EDGESTAR (r , s, r', s'), G)
r , s , r ' ,s'=O

We apply t h i s with a sieve polynomial f ( x , y , z, w) = gi(X)gj(y)gi(Z)gj(w)
with [Ii, gj given by Definition (2). Set

(11)
X = X ( V I , W I , V 2 , W 2 ) = f(NDEG (vI),NDEG (wI),NDEG ( V 2 ) , NDEG ( W 2 ) )

T h e n X = 1 + 0(1) when VI, V2 E Vi and WI , W2 E Vj; X = 0(1) when none
of V I , WI, V2, W2 are in V e x t b u t t h e above does not occur; X = 0 ( 1 ) when
one (or more) of VI, WI, V2, W2 are in ~xt. Therefore, with p r o b a b i l i t i e s and
e x p e c t a t i o n s over the uniform i n d e p e d e n t choice of vertices VI, WI, V2, W2 E
V ( G ) ,

(12) n - 4 L f(NDEG (VI), NDEG (WI), NDEG ( V 2 ) , NDEG ( W 2 ) ) X ( V I , WI , V2, W 2 )

= E [ X ]

r v P r [VI, V2 E Vi, WI, W2 E Vj, X ( V I ' WI , V2, W 2 ) = 1]

In G(n; DATA) (12) has e x p e c t e d value o:;o:JPt. From A s s u m p t i o n 1.3 of
T h e o r e m 1.3 we deduce :

L e m m a 5 . 1 . For 1 ~ i < j ~ K , Vi x Vj has IVi1 21Vj12 p t ( 1 + 0(1)) cycles.
Here a c y c l e is an o r d e r e d ( V I , W I , V 2 , W 2 ) w i t h V I , V 2 E Vi, W I , W 2 E Vj a n d
a d j a c e n c i e s {VI, WI}, { W I , V 2 } , { V 2 , W 2 } and { W 2 , V I } .
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T h e sam e ar gum en t works for i = i , t a k ing ca re not to double count
e dges . T h e r esult:

L e m m a 5 . 2 . For 1 ~ i ~ K , Vi h as I Vil 4 pti ( 1 + 0 (1 ) cy cles. H ere a cy cle is
a n or dere d (V I , WI , V2, W2) wit h VI , V2 , W I , W2 E Vi an d adjace n cies { VI , wI},
{ WI , V2} , {V2, W2} an d { W2' vi }

6. T H E F I N A L S T E P S

Her e we show t h a t Th eor em 1.3 follows from Lemm as 3.1 , 3.2, 4.1 , 4.2 ,
5 .1 , 5.2 . The m e t h o d s are s t a n d a r d , we includ e th em for comp letenes s.
Fir st con s id er the impli c a t i o n s of Lemmas 4.1 , 5 .1 on the r e s t r i c t ion of G
to Vi x Vj . Let us ca ll t h e set s top and b o t t o m , T , B r espectiv ely with
ITI '" n a , IBI '" n {3 , so t h a t T x B has ' " ITI · IBI . P ed ges {tl ' b l } a n d
' " ITI 2 ·IBI

2
. p 4 ord er ed cycles (tl ' bl , ta , b 2 ) . T h en l : : v ET d eg (v) '" ITI · I B l p

so

(13) L d eg 2 (t ) 2 IT I ' I B I 2 p 2 (1 + 0 (1 ))
t ET

For bl , b2 E B let N ( b l , b2) d en ot e t h e numb er of t E T a dj ace n t t o t h e m
b o t h . T h en

L N (b l , b2) = L d eg 2 ( t ) 2 I T I ' IB I2p2(1 + 0 (1 ))
t

so t h a t

But l:: N 2(b
l , b2) counts pairs tl , tz , b o t h a d j a c e n t to b l , b 2 , which is a count

on o r d e r ed 4-cycles t i , b l , ta , b2 and t h u s , from Lemma 5 .1 is ' " ITI2IB/2p4.
Thu s in equa liti es (13, 14) mu st b e asymp t o t i c e q ua lit ies from which we
d edu ce t h a t as y m p t o t i cally almo st all t E T ha ve d eg (t) '" IBI and t h a t
asy m p t ot ica lly almost a ll b l , b: E T have N (b l , b 2 ) '" ITl p 2. R eversing t h e
r ol e s o f T , B g i v e t wo a n a l o g o u s r e s u l t s . S i m i l a r a r g u m e n t s w o r k i n t h e

i = j (i n te rn a l e dges) cas e . S u m m a r i z i n g :

L e m m a 6. 1. Und er th e ass um p t i ons o f L e m m as 3 .1, 3 .2 , 4 . 1, 4 .2, 5.1 , 5 .2 ,
l e t tin g Vi , 1 ~ i ~ K , b e give n by L e m m a 3.2 we h ave
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1. (i =J j ) All but o(n) V E Vi are adjacent t o " , PijlYjI w E Yj.

2. (i =J j ) All but 0(n 2 ) d i s t i n c t VI,V2 E Vi are adjacent t o " , PTjlYjj
w E Yj.

3. All but o(n) v E Vi are adjacent t o " , PiilViI w E Vi .

4. All but 0(n 2 ) d i s t i n c t VI , V2 E Vi are adjacent t o " , PTilViI w E Vi .

Now fix a g r a p h H on v e r t i c e s 1, . . . , u. We need show t ( H , G) ---+

t(H, DATA). For each 1 ~ 'ljJ(I), . . . , 'ljJ(u) ~ K let t(H, G , 'ljJ) d e n o t e «»
t i m e s t h e n u m b e r of h o m o m o r p h i s m s 4> : H ---+ G w i t h 4>(i) E V1/J(i)' As
I~xtl = o(n) , t h e c o n t r i b u t i o n to t(H, G) from o t h e r 4> is 0 ( 1 ) . S i m i l a r l y
let t(H, DATA, 'ljJ) refer to «» t i m e s t h e e x p e c t e d n u m b e r of such r e s t r i c t e d
h o m o m o r p h i s m s . T h u s it suffices to

t ( H , G ,'ljJ) ---+ t ( H , DATA, 'ljJ)

for an a r b i t r a r y fixed 'ljJ.

We c o u n t t h e h o m o m o r p h i s m one v e r t e x at a time. S u p p o s e Vj = 4>(j),
1 ~ i < s have been chosen. We need select w = V S ' I t m u s t be in
t h e p a r t i c u l a r class Vb, w i t h b = 'ljJ(s). F u r t h e r , it m u s t have a d j a c e n c i e s
to c e r t a i n of t h e p r e v i o u s l y chosen v e r t i c e s . R e n u m b e r i n g for convenience
s u p p o s e w = u, need be a d j a c e n t to VI , . . . , VR.

Call (Vl, . . . , V R ) nice if Vi E V1/J(i) for 1 ~ i ~ R. For nice (Vl, o o . , V R )
set X ( V I , . . . , VR) e q u a l t h e p r o p o r t i o n of w E Vb a d j a c e n t to all V I , · . . , vn.
In G s a t i s f y i n g t h e L e m m a t a we c o n s i d e r X a r a n d o m v a r i a b l e , w i t h Vi

r a n g i n g u n i f o r m l y over V1/J( i) ' I t now suffices to show:

L e m m a 6 . 2 . Under the above a s s u m p t i o n s

(15)
R

X = X ( V I , . . . , VR) = I I p b ,1/J(i) + 0 ( 1 )
i = I

for all but o(n R ) choices o f nice VI, . · · , VR.

To show L e m m a 6.2 it suffices to show

(16)
R

E [ X ] = I I p b ,1/J(i) + 0(1)
i = I
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and

(17)
R

E [ X 2] = IIp~,¢(i) + 0(1)
i = I

J. S p e n c e r

as t h e n Var [X] = 0(1) and the desired c o n c e n t r a t i o n follows.

For W E Vb set Y = Y ( w ) equal the p r o p o r t i o n of nice VI, . . . , VR with
W a d j a c e n t to each Vi. Consider Y as a random variable with W chosen
uniformly from Vb . T h e n

(18) E[X] = E [ Y ]

as b o t h represent the p r o b a b i l i t y t h a t W is a d j a c e n t to each Vi when W E Vb
and Vi E V¢( i) are selected uniformly. (This essential step can be t h o u g h t
of as counting K I,R in two ways, over the choice of nice VI, . . . , VR or over
the choice of W E Vb.) From Lemma 6.1, all but o(n) choices of W E Vb
have a p r o p o r t i o n Pb ,r + 0(1) of neighbors in V r for each 1 :::; r :::; K . For
these v , Y (w) f " V TI Pb, ¢( i ) + o( 1) . As 0 :::; Y :::; 1 t a u t o l o g i c a l l y , this implies
E[Y] f " V TIPb ,¢(i) + 0(1) so t h a t (18) gives (16).

For WI, W2 E Vb set Z = Z(WI , W2) equal the p r o p o r t i o n of nice VI, . . . , VR
with b o t h WI , W2 a d j a c e n t to each Vi . Consider Z as a random variable with
WI , W2 ch osen uniformly from Vb . Th en

(19)

as b o t h represent the p r o b a b i l i t y t h a t WI, W2 are b o t h a d j a c e n t to each Vi
when WI, W2 E Vb and Vi E V¢(i) are selected uniformly. (This essential
step can b e t h o u g h t of as counting K2 ,R in two ways, over the choice of nice
VI , . . . , VR or over the choice of WI , W2 E Vb ') From Lemma 6.1, all but 0 ( n 2 )
choices of WI , W2 E Vb have a p r o p o r t i o n p~ r + o( 1) of common neighbors in,

v;. for ea ch 1 :::; r :::; K . For these WI ,W2, Z(WI,W2) = [TIPb , ¢(i)]2 + 0(1).

As 0 :::; Z :::; 1 tautologically, this implies E[Z] f " V [TIPb ,¢( i)]2 so t h a t (19)
gives (17).
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Not ions of pse u d o r a n d o m n ess and (imp licit ly) of i n d i s t i n g u i s h a b i l i t y arise in sev
e r a l key re s ult s in a d d i t i v e com b in a t o r ics . In t h i s ex po s it or y p a p er , we s how how
se ve r a l res u lts can b e t r a n s l at ed from t he a n a lytic l a n gu a g e of norms , d e c o m p o 
s i t i o n s , a n d t r a n s f e r e n c e to th e co m p u te r sci en ce la n g u a ge of i n d i s t i n g u i s habili ty ,
simu l a b i l i t y and ps eudo e n t r o p y. Som e of t h ese r esu lt s , on ce s o re for mu l a t e d ,
ca n b e given "co m p u te r s cienc e p r o o f s" whi ch ar e q u a n t i t a t i v el y b e t t er in som e
r es p ec t s , a n d which hav e s o me a p p lic a t io n s.

We discus s var ian t s o f t he Szem er edi r eg ul ar it y lemm a for g r a p h s ; t he inve rs e
t h eo re m s for th e Gower s unif o r m i t y norms ; a ke y ste p in th e "t r a ns fere n c e" r esu l t s
of Gr een , Tao and Ziegler ; and variou s "d eco m p os it io n " r e s u l t s .

1 . I N T R O D U C T I O N

We o u t l i n e h ow t h e com p u t e r science noti on s of "pseudo ra n do m n ess " , "in 
di s t i n gui s h a b i l i t y " a n d "sim u lab ili t y " , which a rise i n com p u t a t io na l co m
pl exi t y t heo ry a n d in t he foun d a ti on s of cry ptog ra p hy, ca n be used to r efor
mu l a t e severa l r esul t s in a d d i t ive comb i n ato rics , w hich a re u su all y s t a t e d in
t he a na lyt ic lan gu a ge of n or m s a n d d ecomp osi ti on s .

We d is cu ss the following p o i n t s .

• T h e n oti o n of "q u as i r a n d o m ness" of a grap h , in t r o du ced by C hu ng,
G ra ham and Wi lson [6] and T h om as on [41], can be d efined in t e r m s

' T h is m a t e ri a l is b as ed upon work s u p p o r t ed by th e N a t i o n a l Scien ce Fo u n d a t i on
und er g r a n t No . C C F - 0 729 13 7 a n d by t h e B SF und er gr a n t 2006060.
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of t h e c o m p u t e r science n o t i o n of p s e u d o r a n d o m ness of d i s t r i b u t i o n s :
a g r a p h is q u a s i r a n d o m if and only if t h e uniform d i s t r i b u t i o n over
its edge set is i n d i s t i n g u i s h a b l e from t h e uniform d i s t r i b u t i o n over
all v e r t e x pairs by t h e family of a d v e r s a r i e s defined by c h a r a c t e r i s t i c
functions of p a r t i a l cuts.

Similarly, t h e n o t i o n in which a regular p a r t i t i o n of a g r a p h (as given
by t h e Szemeredi r e g u l a r i t y lemma [35, 36]) gives an "a p p r ox i m a t io n "
of t h e g r a p h can be f o r m u l a t e d in t e r m s of i n d i s t i n g u i s h a b i l i t y of t h e
given g r a p h from a g r a p h derived from t h e r e g u l a r p a r t i t i o n .

• A l t h o u g h t h e n o t i o n of " q u a s i r a n d o m n e s s " of functions defined by t h e
Gowers u n i f o r m i t y norm [15 , 16] is i n c o m p a r a b l e with the c o m p u t e r
science notions of p s e u d o r a n d o m n e s s and i n d i s t i n g u i s h a b i l i t y , t h e re
cently proved Gowers i n v e r s e conjectures can be seen as a s s e r t i n g t h a t
two functions are close in Gowers norm if and only if t h e y are indis
t i n g u i s h a b l e by a c e r t a i n set of a d v e r s a r i e s .

• Several "d ecom p os it io n " r e s u l t s in a d d i t i v e c o m b i n a t o r i c s [20 , 46, 24,
23], as well as various versions of t h e Szemeredi r e g u l a r i t y lemma [35,
36, 8, 2, 39] can be generalized to " r e g u l a r i t y lemmas for functions ",
which, s t a t e d in c o m p u t e r science language, a s s e r t t h a t every high
e n t r o p y d i s t r i b u t i o n is i n d i s t i n g u i s h a b l e from a h i g h - e n t r o p y efficiently
c o m p u t a b l e (and s a m p l a b l e ) d i s t r i b u t i o n . A "we a k r e g u l a r i t y lemma
for functions" in which all c o m p l e x i t y p a r a m e t e r s are polynomial can
be proven using c o m p u t e r science t e c h n i q u e s [43].

• T h e G r e e n - T a o t h e o r e m [20] t h a t t h e primes c o n t a i n a r b i t r a r i l y long
a r i t h m e t i c progressions is proved by c o n s t r u c t i n g a "dense model " of
t h e prime n u m b e r s , showing t h a t t h e primes and t h e dense model are
" i n d i s t i n g u i s h a b l e " in a sense t h a t has i m p l i c a t i o n s for the c o u n t i n g
of a r i t h m e t i c progressions, a n d using t h e fact t h a t t h e dense model
must have many long a r i t h m e t i c progressions from S z e m e r e d i ' s the
orem . A more a b s t r a c t "d e n se- m o d el t h e o r e m " can be proven w i t h
c o m p u t e r science t e c h n i q u e s and fully polynomial p a r a m e t e r s and has
a p p l i c a t i o n s to c r y p t o g r a p h y [32, 7, 27, 30].

O v e r v i e w o f t h e p a p e r . In Sections 2 and 3 we define t h e c o m p u t e r sci
ence n o t i o n s of i n d i s t i n g u i s h a b i l i t y , p s e u d o r a n d o m n e s s and s i m u l a b i l i t y of
d i s t r i b u t i o n s , a n d in Section 4 we define t h e c o m b i n a t o r i a l n o t i o n of quasi
r a n d o m g r a p h and s t a t e t h r e e versions of t h e Szemeredi r e g u l a r i t y lemma .
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In Section 5 we give a first simple example of "t r a ns la t ion " to t h e c o m p u t e r
science definitions, by showing how to formulate the notion of q u a s i r a n d o m 
ness of g r a p h as a notion of p s e u d o r a n d o m n e s s of a d i s t r i b u t i o n , and how
to i n t e r p r e t r e g u l a r i t y lemmas as s i m u l a b i l i t y results. We define the Gowers
u n i f o r m i t y norms in Section 6, and s t a t e the recently e s t a b l i s h e d Gowers
inverse conjectures; we view t h e Gowers inverse c o n j e c t u r e s as c h a r a c t e r i z 
ing the Gowers uniformity in t e r m s of i n d i s t i n g u i s h a b i l i t y . We tie several
s t r a n d s t o g e t h e r in Section 7, in which we s t a t e various " r e g u l a r i t y lem
mas for functions" , which arise as n a t u r a l g e n e r a l i z a t i o n s of the r e g u l a r i t y
lemmas for g r a p h s (when the l a t t e r are formulated in t e r m s of i n d i s t i n 
g u i s h a b i l i t y ) ; p a i r i n g such lemmas with the Gowers inverse c o n j e c t u r e s one
o b t a i n s (weak versions of) d e c o m p o s i t i o n results of Green and Tao and of
Gowers and Wolf. Finally , in Section 9 we show how t h e t r a n s f e r e n c e result
in the proof of t h e G r e e n - T a o t h e o r e m t h a t the primes c o n t a i n a r b i t r a r i l y
long a r i t h m e t i c progressions , can also be seen in t e r m s of i n d i s t i n g u i s h a b i l 
ity, and it has a c o m p u t a t i o n a l analog with a p p l i c a t i o n s to c r y p t o g r a p h y .

F u r t h e r r e a d i n g . While the main goal of this p a p e r is to i l l u s t r a t e via
several examples a " d i c t i o n a r y " between a d d i t i v e c o m b i n a t o r i c s and com
p u t e r science, we hope t h a t we will also inspire the c o m p u t e r s c i e n t i s t reader
to learn more a b o u t additive c o m b i n a t o r i c s and the m a t h e m a t i c i a n reader
to learn more a b o u t c o m p u t e r science . The former is referred to the book
of Tao and Vu [44] and to the e x t r a o r d i n a r y blog m a i n t a i n e d by Terry Tao
at t e r r y t a o . w o r d p r e s s . com. For t h e l a t t e r , a g r e a t s t a r t i n g point is a
m o n o g r a p h by Oded Goldreich [13] , which i n t r o d u c e s t h e reader to pseudo
r a n d o m n e s s and the f o u n d a t i o n s of c r y p t o g r a p h y . A b r o a d t r e a t m e n t of all
areas of c o m p u t a t i o n a l complexity is given in the recent book of Arora and
B a r a k [1].

2. I N D I S T I N G U I S H A B I L I T Y AND P S E U D O R A N D O M N E S S

I n d i s t i n g u i s h a b i l i t y and p s e u d o r a n d o m n e s s are two f u n d a m e n t a l notions in
m o d e r n c r y p t o g r a p h y ; their f o r m a l i z a t i o n in t h e work of Blum, Goldwasser,
Micali and Yao [3 , 10, 47] marked the s t a r t of the rigorous a p p r o a c h to
definitions of s e c u r i t y in the early 1980s.
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D e f i n i t i o n 1 ( I n d i s t i n g u i s h a b i l i t y ) . I f X and Y a r e two d i s t r i b u t i o n s over
a finite set n, and F is a class of boolean functions f : n ~ {a, I}, t h e n
we say t h a t X and Y a r e e - i n d i s t i n g u i s h a b l e by F if

Vf E F. I ]P> [ f ( x) = 1] - ]P> [f(Y) = 1] I ~ e
X " ' X y",y

or, equival ently

v ! E F . I x~x [f(x)] - y~y [f(Y)] I ~ c .

When F is defined as the ( a p p r o p r i a t e l y quantified) class of efficiently
c o m p u t a b l e a l g o r i t h m s , and e is small , t h e n when two d i s t r i b u t i o n s are
i n d i s t i n g u i s h a b l e we have t h a t , "from t h e point of view" of a l g o r i t h m s
from F, t h e r e is almost no obs ervable difference between the d i s t r i b u t i o n s .
I f we t h i n k of the a l g o r i t h m s from F as " s t a t i s t i cal t e s t s " , t h e n they d e t e c t
almost no s t a t i s t i c a l difference between th e d i s t r i b u t i o n s . Indeed, if we take
F to be the class of all boolean functions f : n ~ {a , I} , t h e n X and Y
are e - i n d i s t i n g u i s h a b l e by F if and onl y if t h e i r total v a r i a t i o n distance is
at most c.

In a c o m p u t a t i o n a l s e t t i n g , one usually s t u d i e s an a s y m p t o t i c set
ting in which t h e r e is a collections (or ensembles) of d i s t r i b u t i o n s X =
Xl , .. . , X n , . . . , indexed by a p a r a m e t e r n which usually denotes the length
of t h e bit s t r i n g s in the s u p p o r t of X n ( t h a t is , X n is a d i s t r i b u t i o n over
t h e sample space {O , I } n ) . T h e n two e nsem b les X and Y a r e computa 
t i o n a l l y i n d i s t i n g u i s h a b l e if for every two polynomials p, q and for every
sufficiently large n we have t h a t X n and Y n are I / q ( n ) - i n d i s t i n g u i s h a b l e
by SIZE (p( n)) , the set of functions c o m p u t a b l e by c i r c u i t s of size at most
p( n) . In t h i s p a p e r , we will work with the "con cr et e" notion involving only
single d i s t r i b u t i o n s as in Definition 1.

The notion of i n d i s t i n g u i s h a b i l i t y o r i g i n a t e d with t h e work of Gold
wasser and Micali [10] on the p r o p e r formal definition of s e c u r i t y for encryp
tion . In one of t h e i r two definitions (which they prove to be equivalent) , an
e n c r y p t i o n scheme is secure if (simplifying a b i t ) , for every two messages m l

and m2, t h e ensemble of d i s t r i b u t i o n s of possible e n c r y p t i o n s (th e definition
requires e n c r y p t i o n to be a p r o b a b i l i s t i c process) of m l is c o m p u t a t i o n a l l y
i n d i s t i n g u i s h a b l e from the d i s t r i b u t i o n of possible e n c r y p t i o n s of m2, where
the ensembles are indexed by the length of the secret key.
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Note t h a t , in an e n c r y p t i o n scheme t h a t satisfies the C o l d w a s s e r - M i c a l i
definition of security, one has pairs of d i s t r i b u t i o n s t h a t are e - i n d i s t i n g u i s h 
able for very small .s even t h o u g h they have disjoint support, and t h u s t h e i r
t o t a l v a r i a t i o n d i s t a n c e is maximal.

D e f i n i t i o n 2 ( P s e u d o r a n d o m n e s s ) . I f a d i s t r i b u t i o n X over a sample space
o is z - i n d i s t i n g u i s h a b l e by F from t h e uniform distribution over 0, t h e n we
say t h a t X is e-pseudorarulom for F.

In the c o m p u t a t i o n a l s e t t i n g , an ensemble X = X l , . .. , X n , . . . of distri
b u t i o n s is pseudorandom if for every two polynomials p, q and for every suf
ficiently large n we have t h a t X n is I j q ( n ) - p s e u d o r a n d o m for SIZE ( p ( n ) ) ,
the set of fun ctions c o m p u t a b l e by c i r c u i t s of size at most p(n) .

A d e t e r m i n i s t i c l e n g t h - i n c r e a s i n g function G : {O, 1}l:' ~ {O , I } n is
an (8,.s) pseudorandom generator if the d i s t r i b u t i o n of o u t p u t s of G(x)
given a r a n d o m i n p u t "see d " x is e - p s e u d o r a n d o m for the set of functions
c o m p u t a b l e by c i r c u i t s of size at most 8. This notion is usually s t u d i e d in
an a s y m p t o t i c s e t t i n g : a collection of functions G n : {O , I} l:'(n) ~ {O, 1} n is
a p s e u d o r a n d o m g e n e r a t o r if t h e ensemble G I (Ul:'(l)) , . . . , Gn(Ul:'(n)) , " . is

p s e u d o r a n d o m , where Ul:' denotes the uniform d i s t r i b u t i o n over {O, 1 t
This definition of p s e u d o r a n d o m g e n e r a t o r was given by Yao [47] , who

proved it equivalent to an earlier definition given by Blum and Micali [3] .
Yao also observed t h a t a p s e u d o r a n d o m g e n e r a t o r s can be used to deran
domize r a n d o m i z e d a l g o r i t h m s , t h a t is , to reduce the a m o u n t of r a n d o m
bits needed to run them . (This is a d i r e c t i o n t h a t has evolved very success
fully in the 1990s, see for example t h e m o n o g r a p h of Goldreich [13] or t h e
e x p o s i t o r y p a p e r [42] .)

T h e t h r e e p a p e r s of Blum and Micali, of Goldwasser and Micali and
Yao, which a p p e a r e d w i t h i n m o n t h s of each o t h e r in 1982, ushered in
a r e v o l u t i o n in the f o u n d a t i o n s of c r y p t o g r a p h y , by providing a formal
framework to argue rigorously a b o u t tasks t h a t are impossible from an
i n f o r m a t i o n - t h e o r e t i c p e r s p e c t i v e .

S h a n n o n [34], for example , had considered in t h e 1940s the issue of
s e c u r i t y for e n c r y p t i o n , and he had formulated a definition of s e c u r i t y based
on his newly developed i n f o r m a t i o n theory. S h a n n o n ' s n o t i o n can be proved
to be equivalent to the "mess a ge-i n d is t in gu is h a b ilit y " notion of Goldwasser
and Micali , b u t using t o t a l v a r i a t i o n d i s t a n c e i n s t e a d of i n d i s t i n g u i s h a b i l i t y .
S h a n n o n was able to show t h a t , according to his definition of security, secure
secret-key e n c r y p t i o n is possible only if the secret key is at least as long
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as the c o n c a t e n a t i o n of all the messages t h a t one wishes to send (a b o u n d
achieved by the one-time pad). While public-key c r y p t o g r a p h y had not been
conceived yet, it is easy to see t h a t it c a n n o t achieve S h a n n o n ' s s e c u r i t y
p r o p e r t y . Similarly, if one would like a " p s e u d o r a n d o m g e n e r a t o r " to be
such t h a t the o u t p u t is close in t o t a l v a r i a t i o n d i s t a n c e to the uniform
d i s t r i b u t i o n , t h e n the definition is simply impossible to achieve, except
in t h e t r i v i a l s e t t i n g in which the i n p u t seed is at least as long as the
o u t p u t . (The i d e n t i t y function would t h e n work.) On t h i s m a t t e r , von
Neumann famously said t h a t "anyone who considers a r i t h m e t i c a l m e t h o d s
of p r o d u c i n g r a n d o m digits is, of course, in a s t a t e of sin."

Using t h e c o m p u t a t i o n a l i n d i s t i n g u i s h a b i l i t y definition , however, it is
possible (under the s t a n d a r d a s s u m p t i o n t h a t one-way functions exist 
see [13]) to have secure secret-key e n c r y p t i o n schemes in which the mes
sages are longer t h a n the secret key, it is possible to have l e n g t h - i n c r e a s i n g
p s e u d o r a n d o m g e n e r a t o r s and ( u n d e r the a s s u m p t i o n t h a t t r a p d o o r permu
t a t i o n s exist) it is possible to have public-key e n c r y p t i o n .

3. S I M U L A B I L I T Y

How can we formalize the notion t h a t a p r o b a b i l i t y d i s t r i b u t i o n X over a
sample space n is "k n own " to an efficient 1 a l g o r i t h m ?

Consider t h e following s e t t i n g s :

1. The c u m u l a t i v e d i s t r i b u t i o n f u n c t i o n i s e f f i c i e n t l y computable, t h a t is ,
t h e r e is an efficient a l g o r i t h m t h a t given z c o m p u t e s ][Dx~x[x ~ z],
where ~ is an efficiently c o m p u t a b l e t o t a l order on n;

2 . The pointwise d i s t r i b u t i o n f u n c t i o n i s e f f i c i e n t l y computable, t h a t is,
t h e r e is an efficient a l g o r i t h m t h a t given z c o m p u t e s X ( z ) = ][Dx~x

[ x = z] ;

3. X is e f f i c i e n t l y samplable, t h a t is, t h e r e is an efficient r a n d o m i z e d
a l g o r i t h m (called a " s a m p l e r " ) whose o u t p u t has the same d i s t r i b u t i o n
as X;

1 For t h e sake of t h i s i n f o r m a l discussion we will not give a rigorous d e f i n i t i o n of
w h a t we mean by "efficie n t ." In a rigorous t r e a t m e n t , we would work w i t h an ensemble
X = (Xl , .. . , X n , . . • ) of d i s t r i b u t i o n , and we would r e q u i r e a l g o r i t h m s for X n to r u n in
t i m e p o l y n o m i a l in n .
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4. X is e f f i c i e n t l y simulable , t h a t is, t h e r e is an efficient randomized
a l g o r i t h m (called a " s i m u l a t o r ") whose o u t p u t d i s t r i b u t i o n is indis
t i n g u i s h a b l e from X .

I t is easy to see t h a t (1) =? (2) and t h a t (1) =? (3) =? (4), and it is
possible to show t h a t the reverse implications are not always true.

For example , if G : {O , I} l ~ {O , I} n is an efficiently c o m p u t a b l e length
increasing p s e u d o r a n d o m g e n e r a t o r , t h e n the o u t p u t d i s t r i b u t i o n G(w) for
a random w r v {O,I}l is efficiently samplable (the a l g o r i t h m GO being
the sampler) , b u t such a d i s t r i b u t i o n c a n n o t satisfy (2) (and hence c a n n o t
satisfy (1)), because otherwise the p r o p e r t y of being a possible o u t p u t of GO
would be an efficiently c o m p u t a b l e property, but it would be t r u e with
very different p r o b a b i l i t y under the uniform d i s t r i b u t i o n and under the
d i s t r i b u t i o n of o u t p u t s of GO, thus c o n t r a d i c t i n g the p s e u d o r a n d o m n e s s
of GO.

To see t h a t (4) does not necessarily imply (3), suppose t h a t f :
{O, I ] " ~ {O, I} is a random function (or, say, a function whose t r u t h - t a b l e
has Kolmogorov complexity close to 2 n ) . T h e n the d i s t r i b u t i o n (x , f (x) )
for a random x r v {O, I} n is impossible to sample , because otherwise the
sampler would give a compact r e p r e s e n t a t i o n of the function f . The uni
form d i s t r i b u t i o n over n + 1 bits, however, t h a t is very easy to sample, is
i n d i s t i n g u i s h a b l e from it. This example is i n t e r e s t i n g because it shows t h a t
even a d i s t r i b u t i o n t h a t is very s t r o n g l y not c o m p u t a b l e can still be simula
ble. Are t h e r e non-simulable d i s t r i b u t i o n s ? We will r e t u r n to this question
l a t e r .

An i m p o r t a n t a p p l i c a t i o n of such notions arises when one wants to de
fine security in c r y p t o g r a p h i c protocols in which a malicious p a r t y may
eavesdrop on the c o m m u n i c a t i o n between l e g i t i m a t e p a r t i e s , or might even
p a r t i c i p a t e in the protocol , posing as a legitimate p a r t y . In the definition
of security , we would like to c a p t u r e the idea t h a t the protocol is secure
as long as the malicious p a r t y gains no i n f o r m a t i o n from his eavesdrop
ping or p a r t i c i p a t i o n in the protocol. In t u r n , the notion of "ga i n i ng no
i n f o r m a t i o n " can be formalized by proving t h a t the d i s t r i b u t i o n of what the
malicious p a r t y receives from his e a v e s d r o p p i n g / p a r t i c i p a t i o n was already
known beforehand, and is i n d e p e n d e n t of the secrets held by the l e g i t i m a t e
parties.

The s t r o n g e s t way in which this can be formalized is t h a t such a dis
t r i b u t i o n is c o m p u t a b l e (pointwise or as cumulative d i s t r i b u t i o n function)
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or s a m p l a b l e , b u t even if the d i s t r i b u t i o n is simulable, it is still s a t i s f a c t o r y
for a definition of security.

The simulable case is the more i n t e r e s t i n g , because, in a t y p i c a l i n s t a n t i 
a t i o n , we have a s i m u l a t o r which samples a d i s t r i b u t i o n known b e f o r e - h a n d
and i n d e p e n d e n t of the secrets of l e g i t i m a t e p a r t i e s , and , for every a c t u a l
values of the secrets of the l e g i t i m a t e p a r t i e s , the d i s t r i b u t i o n of views of the
malicious p a r t y is i n d i s t i n g u i s h a b l e from the fixed s a m p l a b l e d i s t r i b u t i o n .
In such a case , even if the views of the malicious p a r t y is c o r r e l a t e d to t h e
s e c r e t s , t h e i n d i s t i n g u i s h a b i l i t y from a fixed known s a m p l a b l e d i s t r i b u t i o n
can be used to show t h a t the malicious p a r t y has no way of learning any in
f o r m a t i o n a b o u t the secrets. (Otherwise, the p r o c e d u r e used to learn such
i n f o r m a t i o n could be used to d i s t i n g u i s h the view of the malicious p a r t y
from the s a m p l a b l e d i s t r i b u t i o n . )

Such an a p p r o a c h to the definition of s e c u r i t y is implicit in the work of
of Goldwasser and Micali [10] on s e c u r i t y of e n c r y p t i o n and explicit in the
definition of z e ro knowledge by Goldwasser, Micali and Rackoff [11]' and
in the t r e a t m e n t of general d i s t r i b u t e d protocols of Goldreich, Micali and
Wigderson [12].

3 . 1 . A n A s i d e on E n t r o p y , P s e u d o e n t r o p y a n d S a m p l a b i l i t y

We r e m a r k t h a t , a l t h o u g h p r o p e r t y (2) does not imply s a m p l a b i l i t y in
general , it does for high m i n - e n t r o p y d i s t r i b u t i o n s .

D e f i n i t i o n 3 ( M i n - E n t r o p y ) . The m i n - e n t r o p y of a d i s t r i b u t i o n X over a
sample space n , d e n o t e d HOO(X) , is defined as

HOO(X) : = log2 min X
1
( ) .

x E Q x

T h a t is,
HOO(X) 2: k {:} Vx E n. X ( x ) ~ T k

.

Suppose t h a t X is a d i s t r i b u t i o n of m i n - e n t r o p y at least log2 <5lnl, for
a n o t - t o o - s m a l l <5 > 0 , and t h a t , given z, the p r o b a b i l i t y X (z) is efficiently
c o m p u t a b l e . T h e n X is efficiently s a m p l a b l e via the following algorithm:

1 . Pick a r a n d o m z E n uniformly at r a n d o m

2. W i t h p r o b a b i l i t y <5. \nl . X ( z ) , o u t p u t z and h a l t ; with p r o b a b i l i t y
1 - <5lnl· X ( z ) go to s t e p 1
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In each i t e r a t i o n of the a l g o r i t h m , it e i t h e r h a l t s and produces an o u t p u t ,
or it moves to the next i t e r a t i o n ; c o n d i t i o n e d on p r o d u c i n g an o u t p u t , the
o u t p u t of the a l g o r i t h m has the d i s t r i b u t i o n X . The p r o b a b i l i t y of h a l t i n g
in a given i t e r a t i o n is <5, and so the average number of i t e r a t i o n s is 1/<5 .

The final definition of this section is t h a t of p s e u d o e n t r o p y .

D e f i n i t i o n 4 ( P s e u d o e n t r o p y ) . Let X be a d i s t r i b u t i o n over a sample space
n a n d F be a family of boolean functions f : n - + {O , I}.

We say t h a t X has (F, e ) - p s e u d o e n t r o p y at least k if t h e r e is a d i s t r i b 
u t i o n Y such t h a t

• X and Y a r e s - i n d i s t i n g u i s h a b l e by F;

• Y has m i n - e n t r o p y at least k.

The n o t i o n of p s e u d o e n t r o p y was i n t r o d u c e d by H a s t a d et al. [25] in the
c o n t e x t of c o n s t r u c t i n g p s e u d o r a n d o m g e n e r a t o r s . B a r a k et al. [4] consider
the r e l a t i o n s h i p s between v a r i a n t s of the above definition.

4. T H E S Z E M E R E D I R E G U L A R I T Y L E M M A

Chung , G r a h a m and Wilson [6] and T h o m a s o n [41] give a definition of qua
s i r a n d o m n e s s for g r a p h s . In t h e i r definition , a quasi r a n d o m g r a p h is a fixed
g r a p h which satisfies several p r o p e r t i e s which are t r u e with high p r o b a b i l i t y
for a r a n d o m g r a p h . The following is an equivalent c h a r a c t e r i z a t i o n .

D e f i n i t i o n 5 ( Q u a s i r a n d o m g r a p h ) . An u n d i r e c t e d g r a p h G = (V, E) is
s - q u a s i r a n d o m if, for every two disjoint subset of vertices A, B ~ V ,

I edgesc(A , B) -IAI ·IBI · ~f! I ~ e- (~)

where edgesc(A, B) is the n u m b e r of edges in G t h a t have one e n d p o i n t in
A and one e n d p o i n t in B .

Intuitively, the definition is saying t h a t the n u m b e r of edges between A
and B is the same number t h a t we would expect on average in a r a n d o m
g r a p h with lEI edges .
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The Szemeredi r e g u l a r i t y lemma (and its v a r i a n t s ) s t a t e s t h a t every
dense g r a p h G is well a p p r o x i m a t e d by the edge-disjoint union of a small
n u m b e r of " q u a s i r a n d o m b i p a r t i t e graphs." We need a couple of definition
in order to s t a t e the lemma.

D e f i n i t i o n 6 (Regular P a i r ) . In a g r a p h G = (V, E), two disjoint s u b s e t s
of vertices UI , U2 of the same size are an "c-regular p a i r " if for every s u b s e t s
A l ~ UI and A 2 ~ U2 the n u m b e r of edges with one e n d p o i n t in A l and
one e n d p o i n t in A 2 is what we would expect, t h a t is the number of edges
between UI and U2 multiplied by ',~~l:l~~,', plus or minus e . lUll· 1U21·

Note t h a t the notion of regular pair is a n a t u r a l g e n e r a l i z a t i o n of the
notion of q u a s i r a n d o m g r a p h to the case of b i p a r t i t e graphs.

D e f i n i t i o n 7 (Regular P a r t i t i o n ) . A p a r t i t i o n (UI, . . . , Uk) of the vertices
of a g r a p h G = (V, E) is s - r e g u l a r if all the sets have t h e same size (except
possibly Uk , which has t h e n size smaller t h a n t h e o t h e r s ) and for at least a
( 1 - c) fraction of the pairs ( i , j ) we have t h a t (Ui , Uj) is an s - r e g u l a r pair.

L e m m a 8 (Szemeredi R e g u l a r i t y Lemma [35 , 36]). For every e and £ there
is an k = k(£, c) such t h a t for every graph G = (V, E) there is an e-reguler
p a r t i t i o n with a t least £ a n d a t m o s t k sets.

Given a g r a p h G and a regular p a r t i t i o n (UI , . . . , Uk) for it, consider the
weighted g r a p h G' t h a t has t h e same vertex set as G, and such t h a t the edge
(u, v) has weight 0 if u, v belong to t h e same set U, in the p a r t i t i o n , and
weight e(Ui, U j ) / ( I U i l · I U j l ) otherwise, where u E Ui, V E Uj, and e(U i, U j )
is the n u m b e r of edges between U, and Uj in G .

The g r a p h G' is the edge-disjoint union of (~) complete b i p a r t i t e

weighted g r a p h s and, given the p a r t i t i o n , it is completely specified by (~)

numbers.

The existence of G' leads to several very useful consequence. Roughly
speaking, many p r o p e r t i e s of G are, at least a p p r o x i m a t e l y , d e t e r m i n e d by
t h e s t r u c t u r e of G', and so are verifiable with " c o n s t a n t complexity" because
of t h e very simple s t r u c t u r e of G'.

A concrete i n s t a n t i a t i o n of this a p p r o a c h is t h e proof t h e Triangle Re
moval Lemma [31], which s t a t e s t h a t if a g r a p h G = (V, E) has o( !V1 3

)

t r i a n g l e s , t h e n t h e r e is a set of o( !V1 2
) edges whose removal makes the

g r a p h t r i a n g l e - free; a more precise formulation follows .
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T h e o r e m 9 (Triangle Removal Lemma [31]). For every E > 0 there is a
8 = 8(E) > 0 such t h a t , in a graph G = ( V , E) t h a t has ~ 81V1 3 triangl es ,
there is a set o f ~ EIV1 2 edges whose removal makes the graph triangle-free.

The p r o o f proceeds by c o n s t r u c t i n g a Szemeredi regular p a r t i t i o n of G,
removing all edges between pairs of sets in t h e p a r t i t i o n t h a t are not regular ,
and between pairs t h a t have small d e n s i t y of edges between them. If, in t h e
residual g r a p h , t h e r e ar e t h r e e blocks of t h e p a r t i t i o n with edges between
them, it can be argued t h a t t h e g r a p h has Dc (1V1 3

) t r i a n g l e s . If not , the

removal of the a b o v e - m e n t i o n e d edges, which can be set to be at most E1V1 2
,

makes t h e g r a p h t r i a n g l e -free .

The Triangle Removal Lemma gives a simple c o m b i n a t o r i a l proof of
R o t h 's t h e o r e m , t h a t every set of integers of positive d e n s i t y c o n t a i n s
length-3 a r t i h m e t i c progr essions . I t is also a p r o t o t y p e of several algo
r i t h m s in the a r e a of property testing, an a l g o r i t h m i c model i n t r o d u c e d by
Goldreich, Goldwasser and Ron [9].

U n f o r t u n a t e l y , t h e "co m p lex it y p a r a m e t e r " k in the s t a t e m e n t of the
R e g u l a r i t y Lemma grows like a tower of exponentials of height E - O ( l ) , and
such a d e p e n d e n c y affects its a p p l i c a t i o n s . For example , the d e p e n d e n c y be
tween 1 / 8 and 1 / E in the only known p r o o f of the Triangle Removal Lemma
is also of tower-of-exponentials type. Gowers has proved t h a t su ch tower
o f - e x p o n e n t i a l s d e p e n d e n c y of k on E is necessary [14] in the R e g u l a r i t y
Lemma.

Frieze and Karman [8] prove t h a t a much b e t t e r d e p e n d e n c y is possible
if one works with a weaker notion of r e g u l a r i t y . To i n t r o d u c e the F r i e z e 
K a n n a n notion of weak regularity , it is helpful to consider the following
useful p r o p e r t y of regular p a r t i t i o n s : suppose t h a t (B l , . . . , Bk) is an E

regular p a r t i t i o n , t h a t di,j is t h e density of the edges betwe en B, and B ,
in t h e g r a p h , and t h a t A and B are two disjoint sets of vertices . T h e n t h e
n u m b e r of edges between A and B in the a p p r o x i m a t i n g g r a p h G' is

L I A n B i l · I B n B j l · d i j
i ,j

and t h e n u m b e r of edges in G with one e n d p o i n t in A and one e n d p o i n t in
B d e v i a t e s from the above formula by at most 2E1V1 2

, with a c o n t r i b u t i o n
of at most EIV1 2 coming from t h e pairs t h a t are not regular, and a n o t h e r
EIV1 2 coming from the regular pairs .

Frieze and Karman define a p a r t i t i o n to be weakly r egular if it satisfies
j u s t such a property.
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D e f i n i t i o n 10. A p a r t i t i o n (B I , . . . , Bk) of t h e set of vertices of a g r a p h
G = (V, E) is weak s - r e g u l a r if for every two disjoint sets of vertices A , B
we have

I e d g e s c ( A , B) - :?= IA n B i l · I B n B j l · dijl :s cIV1 2

~ ,J

where dij : = edgesc(Bi , B j ) / ( l V i l · I V j I ) is t h e d e n s i t y of t h e set of edges
between B i and B j in G.

T h e o r e m 11 (Weak R e g u l a r i t y L e m m a [8]). For every c t h e r e is a k =

k( c) :s 2 C O ( 1 ) such t h a t for every g r a p h G = (V, E ) t h e r e is a weak e - t e g u l e r

p a r t i t i o n w i t h a t m o s t k sets.

I n t e r e s t i n g r e s u l t s , in p a r t i c u l a r efficient a p p r o x i m a t i o n a l g o r i t h m s for
dense g r a p h s , can be derived from t h e weak r e g u l a r i t y lemma. In p a r t i c u l a r ,
if G = (V, E) is a g r a p h , (B I , . . . , B k ) is a weak z - r e g u l a r p a r t i t i o n , and G'
is t h e weighted g r a p h o b t a i n e d from G as before by having an edge of weight
di,j between every v e r t e x of B, and every vertex of B j, t h e n we have t h a t ,
for example, an o p t i m a l s o l u t i o n to t h e M a x i m u m C u t problem in G' is,
w i t h o u t loss of generality, a s o l u t i o n t h a t " r e s p e c t s " t h e p a r t i t i o n ( m e a n i n g
such t h a t each block of t h e p a r t i t i o n is e n t i r e l y c o n t a i n e d on one side of t h e
c u t ) , a n d t h e r e are only exp (exp (c-O(l»)) such p a r t i t i o n s ; f u r t h e r m o r e ,
t h e cost of a Max C u t s o l u t i o n in G or in G' is a p p r o x i m a t e l y t h e same,
up to an a d d i t i v e t e r m c1V1 2 , which means t h a t in time exp ( exp ( C O ( I ) ) )

we can solve Max C u t in G up to an a d d i t i v e e r r o r 2c1V1 2
, which is a good

r e s u l t if t h e g r a p h is dense and e is small. (This is t r u e provided t h a t t h e
p a r t i t i o n i t s e l f can be found efficiently, which Frieze a n d K a n n a n proved to
be t h e case . Frieze a n d K a n n a n also show how to improve t h e r u n n i n g time
to exp (c-O(l)) via a refined f o r m u l a t i o n of t h e Weak R e g u l a r i t y Lemma
a n d a more s o p h i s t i c a t e d a l g o r i t h m ; we will not discuss t h i s i m p r o v e m e n t
here.)

U n f o r t u n a t e l y t h e existence of a weak r e g u l a r p a r t i t i o n is not sufficient
to prove t h e Triangle Removal Lemma. Indeed, in t h e p r o o f of t h e t r i a n g l e
removal lemma one argues t h a t e i t h e r G' (after removing small weight edges)
is t r i a n g l e free , a n d hence G is close to t r i a n g l e free , or else t h e existence of
t r i a n g l e s in G' implies t h e e x i s t e n c e of n( 1V1 3

) t r i a n g l e s in G. T h e l a t t e r
s t a t e m e n t is not t r u e in a weak r e g u l a r p a r t i t i o n .

Even t h e original R e g u l a r i t y L e m m a , indeed , is not sufficient to prove
o t h e r "global versus local" r e s u l t s t h a t are useful in p r o p e r t y t e s t i n g and
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a d d it ive com b i na t o r ics. For exa m p le , it is po ssible t o s how b y o t h er tec h 
niqu es (a n d with go o d qu an ti t a tiv e p a r a m et er s , see t he found a t i o n al p ap er
of G oldr eich , Goldwas ser a n d Ron [9] wh ich int ro d uce d t he m od el of pr op
e r t y t e s t i ng) t h a t e it he r a gra p h is s -close to be i ng b i p a r t ite (mea n i ng t h a t
it is s u fficie nt t o d elet e j , E IV 1 2 edges to m ak e t he gra p h bip ar ti t e ) o r a r an
d om sa m p le of C O (l ) vertices h ash hi gh pro b abili t y to indu ce a s u bg ra p h
co n t a i n i ng a n odd cycles. A l t h o u gh a ny pro of b as ed o n r e g u l a r i t y wou ld
y ield mu ch , mu ch , wor se b ound s , on e would like to d eri ve s uch a pro of from
a r egul a r i t y s t a t e me nt by arg u ing t h a t ei t he r G' (a fte r r emo vin g low weigh t
edge s) is bip a r t i t e , a n d h en ce G is s -c lose t o bip ar ti t e , o r e lse t h e ex iste nce
of o d d cy cles in G' impli es th a t odd cycle s in G ca n b e found by s a m p l i n g
0 <:(1) v e r t i c es.

I f on e t r i e s to a d a p t th e p r o o f of t h e Triangl e R emoval L e m m a to thi s
set t i ng, however, on e run s into t r o u b l e s t h a t , rou ghly s p e a k i n g, come from
th e fact t h a t t h e odd cycle in G' might b e as lon g as t he numb er of se ts k in
t h e r egular p a r t i tion. T h u s , in o r der t o mak e s ure th a t a n o d d cycle in G'
cor res p o n ds to m an y o d d cycles in G on e would n eed t he a p p r ox i m a t ion
p ar am et er E to b e mu ch s ma ller t ha n l / k . We kn ow, h owever , t h a t k is
n ecess aril y mor e t h an ex po ne n t ia l in l / E.

Alon , Fi s cher , Kr ivelevich a n d Sze ged y [ 2] an d T a o [3 9] get a r o u n d t h is
seemi ng impo ssibili t y by s howi ng t h a t every gra p h is close to a gra p h ad
mi t tin g a r egul ar p a r ti ti on in wh ich t h e r egul ari t y p ar a m e t e r E is a r b it ra ri ly
s ma ller t ha n t h e numb er of sets k in t he p ar ti ti on .

L e m m a 1 2 (" St r o n g" Szeme re d i R e gulari t y Lemm a ). For eve r y E an d eve r y
fun c tion F (-,· ) t he re i s a k = k ( E, F ) s uch th a t for e ve r y g ra p h G = (V, E )
th er e i s a gr a p h G th a t d i f f ers from G in at m o s t EIV1 2 edges an d su ch t ha t
G a d m i ts a p a r t i t i o n ( B l , . . . , B k ) in which e ve r y p air i s 1/ F ( k , E) -reg u lar .

5 . Q U A S I R A N D O M N E S S AND R E G U L A R I T Y A S

I N D I S T I N G U I S H A B I L I T Y

In t h is sect io n we b egin to d es crib e a "d ict io n a r y" b etw e en no tion s in a d 
di tiv e com b i n a t o rics a n d n oti on s in com p u te r scie nce by r eformul a tin g t he
d efinit ion of qu asir and om gra p h a n d r egul ar p ar ti ti on in te r ms of p seud o
r a n d omn ess a n d i n disti ng u is ha b ility.
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Given a g r a p h G = (V , E), let X : = (~) be the set of pairs of vertices
in V , and associate to it the d i s t r i b u t i o n /-lG over the set of pairs in X by
l e t t i n g /-lG be uniform over E. Consider the set of boolean function

(1) F : = { f A,B I A, B ~ V , IA n BI = 0}

such t h a t for every two disjoint sets of vertices A , B the function f A,B
X - - t {O , I} o u t p u t s one given a pair (u, v) E X with one e n d p o i n t in A and
one e n d p o i n t in B and zero otherwise .

Our first o b s e r v a t i o n is t h a t a g r a p h G is z - q u a s l r a n d o m in the definition
of Chung, G r a h a m , Wilson and T h o m a s o n if and only /-lG is s - p s e u d o r a n d c m
for F .

Now, if we apply the Weak R e g u l a r i t y Lemma to G with p a r a m e t e r e ,
and we let G' be the r e s u l t i n g a p p r o x i m a t i n g g r a p h , t h e n we see t h a t t h e
weak r e g u l a r i t y p r o p e r t y of the p a r t i t i o n d efining G' is equivalent to the
fact t h a t /-lG is i n d i s t i n g u i s h a b l e from /-lG' by F . Recall also t h a t G' is a
disjoint union of b i p a r t i t e complete g r a p h s and , if one t h i n k s a b o u t this for
a minute, we ca n write

/-lG/(U , v) : = h(JAl,BI (u , v) ,· · · ,JAk ,Bk(U, v))

for a p r o p e r combining function h . From the proof of the weak r e g u l a r i t y
lemma, it a c t u a l l y follows t h a t k can be chosen to be polynomial in l i e .
This means t h a t not only is /-lG' i n d i s t i n g u i s h a b l e from /-lG by the "cuts"
in F , b u t the i n d i s t i n g u i s h a b l e a p p r o x i m a t i o n itself is c o n s t r u c t e d out of
c u t s .

S o m e t h i n g similar is t r u e for the "strong" r e g u l a r i t y lemma.

T h e o r e m 13 (Strong R e g u l a r i t y Lemma - I n d i s t i n g u i s h a b i l i t y Formula
t i o n ) . For every function F and e there is a k such t h a t for every graph
G there is a graph G t h a t differs from G in only an e fraction o f edges and
such th at there is an a p p r o x i m a t i n g graph G' such t h a t /-lG and /-lG' are
1 / F ( k , e ) - i n d i s t i n g u i s h a b l e by F , a n d

/-lG/(U, v) : = h ( i I ( u , v) , ·· · , f k ( U, v))

for functions i I , . . . ,!k E F .

I f we t h i n k of the functions in F as "efficient a l g o r i t h m s " , t h e n the
Lemma is saying t h a t every d i s t r i b u t i o n /-lG is i n d i s t i n g u i s h a b l e from a
d i s t r i b u t i o n /-lG' t h a t is "e ffi cie ntl y c o m p u t a b l e ."

As we shall see in Section 7, an analogous s t a t e m ent can be f o r m u l a t e d
in a much more general s e t t i n g , with no reference to g r a p h s .
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6. N O R M S AND L O C A L C H E C K A B I L I T Y

T h e Gowers uniformity norms [15 , 16] have several a p p l i c a t i o n s in a d d i t i v e
c o m b i n a t o r i c s a n d are powerful m e a s u r e s of "q u a s ir a n d o m n ess" for func
tions.

D e f i n i t i o n 14 (Gowers U n i f o r m i t y N o r m s ) . I f G is a finite a b e l i a n group
and k is an i n t e g e r p a r a m e t e r , t h e n t h e k - t h Gowers norm of a f u n c t i o n
9 : G ---. lR is defined as

For c o m p l e x - v a l u e d functions 9 : G ---. C, t h e d e f i n i t i o n is a n a l o g o u s b u t
every o c c u r r e n c e of g( x + L : i E S Yi) is r e p l a c e d by t h e c o n j u g a t e

g ( x + LYi)
i E S

when 181 is odd .

Gowers i n t r o d u c e d t h e u n i f o r m i t y norms in his work [15, 16] on an
an a l y t i c p r o o f of S z e m e r e d i ' s t h e o r e m t h a t every set of i n t e g e r s of positive
d e n s i t y c o n t a i n s a r b i t r a r i l y long a r i t h m e t i c progressions.

T h e c o n n e c t i o n comes from t h e following fact, which is provable using
several a p p l i c a t i o n s of Cauchy - S c h w a r z .

D e f i n i t i o n 15. For a f u n c t i o n 9 : G ---. lR and a p o s i t i v e i n t e g e r k, let

Ak(g) : = lE g(x) . g(x + y) . g(x + 2 y ) · · · g(x + (k - l ) y )
x, y

where ty s t a n d s for Y + Y + . .. + y a d d e d t times.

I f A ~ Z j N Z , t h e n t h e numb er of l e n g t h - k a r i t h m e t i c p r o g r e s s i o n s in A
is N 2 . Ak(lA). ( T h e r e are a couple of caveats : we are c o u n t i n g a r i t h m e t i c
p r o g r e s s i o n s mod N , and we are c o u n t i n g t h e t r i v i a l p r o g r e s s i o n s in which
t h e i n c r e m e n t is zero .)
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T h e o r e m 16 [16]. 2 For every two b o u n d e d fun c t i o n s g, h G ---+ [0 ,1] we
have

T h e above t h e o r e m is i n t e r e s t i n g in the following special case: suppose
A ~ G is a s u b s e t of G of d e n s i t y 0, and suppose t h a t IlIA - olluk-l is small
(compared to Ok /2 k) ; t h e n t h e n u m b e r of l e n g t h - k a r i t h m e t i c progressions
in A, which is IGI 2 Ak(IA) , is close to IGI 2 Ak( 0) = IGI 2

. Ok, which is the num
ber of l e n g t h - k a r i t h m e t i c progressions t h a t one e x p e c t s to find in a r a n d o m
set of density O. In p a r t i c u l a r , A does c o n t a i n a r i t h m e t i c progressions.

This notion is used in Gowers 's proof of Szemeredi 's t h e o r e m within an
i t e r a t i v e a r g u m e n t . Given a sufficiently large s u b s e t A ~ ' l l / N ' l l , if IlIA 
IAI/NII U k - 1 is small , t h e n t h e r e is n o t h i n g to prove. I f IlIA -IAI/N I U k - 1

is large, t h e n one shows t h a t finding a l e n g t h - k progression in A reduces to
finding a l e n g t h - k progression in A' ~ ' l l / N ' Z , where N ' = N f2 ( I ) and A'
has density 0' ~ 0 + 0°(1). This s t e p is by far the h a r d est one in the p a p e r .

I f two sets A, B ~ G are such t h a t IlIA - IBIluk is small , t h e n the
two sets have a p p r o x i m a t e l y t h e same n u m b e r of l e n g t h - ( k + 1) a r i t h m e t i c
progressions , which is , in t u r n , a form of " i n d i s t i n g u i s h a b i l i t y ", a g a i n s t
"a d ver sa ri es" t h a t count the numb er of a r i t h m e t i c progressions in a set.

However, n e i t h e r the p r o p e r t y of having a p p r o x i m a t e l y the same num
ber of a r i t h m e t i c progressions , nor the s t r o n g e r p r o p e r t y of being close in
Gowers norm, is, seemingly, a p r o p e r t y t h a t ca n be f o r m u l a t e d in t e r m s of
i n d i s t i n g u i s h a b i l i t y , as d efined in Section 2. Recall t h a t two sets are in
d i s t i n g u i s h a b l e (for a class of adv ersaries) if a r a n d o m sample from a set
is i n d i s t i n g u i s h a b l e from a r a n d o m sample from t h e o t h e r set (by the ad
versaries in the class). The n u m b e r of a r i t h m e t i c progressions in a set can
c e r t a i n l y not be e s t i m a t e d by looking at one sample , so it does not seem t h a t
t h e r e could be a class of adversaries such t h a t i n d i s t i n g u i s h a b i l i t y under the
class c a p t u r e s closeness under Gowers norms.

T h e existence of such a set of adversaries, however, is t h e s u b j e c t of the
Gowers inverse conjectures , which were formulated in [18 , 33], and whose
proof has recently b een a n n o u n c e d [5 , 45 , 21, 22]' except for c e r t a i n cases
of the original c o n j e c t u r e t h a t have been shown to be false [19, 28] .

2Gowers prov es th e special case of t h e above t h e o r e m in which h := 0 as [16, T h e o r em
3.2], and derives t h e sp ecial case h : = lEg as [16, Coroll ary 3.3]. T h e above s l i g h t l y more
ge n e ra l s t a t e m e n t has a p r o o f s i m i l a r to t h e on e of [16, C o r o l l a r y 3.3] .



Pseudorandomness in C o m p u t e r Science and in A d d i t i v e Combinatorics 635

T h e o r e m 17 (Gowers Inverse T h e o r e m for F i n i t e Fields [5, 45]). L e t 9
IF; - - - t C be such t h a t I g( x) I :s; 1 for e v e r y x, and let k < p. T h e n i f

Ilglluk ~ e

there is a p o l y n o m i a l q o f degree :s; k - 1 over IF p such t h a t

I (g ,wq)1 : = I E 9 ( x ) . w q ( x)1 ~f'
x

where w is a p r i m i t i v e p - t h r o o t o f u n i t y and E' d e p e n d s o n l y on p, E, k and
is i n d e p e n d e n t o f n and o f g.

T h e o r e m 18 (Gowers Inverse T h e o r e m in Cyclic Groups [21, 22]). L e t
9 : 7L/ N7L - - - t C be such t h a t I g(x) I :s; 1 for every x, and let k < p. T h e n i f

Ilglluk ~ E

there is a degree-(k - 1) nilsequence o f b o u n d e d c o m p l e x i t y h : 7L/N7L - - - t C
such t h a t

I (g, h)1 : = I E g ( x ) · h(x)1 ~ E'
x

where E' d e p e n d s o n l y on p , E , k and is i n d e p e n d e n t o f n and o f g .

I t would take us too far to define the notion of b o u n d e d - d e g r e e and
b o u n d e d - c o m p l e x i t y nilsequence . We s t a t e the t h e o r e m to i l l u s t r a t e how it
claims the existence of a class of "adversaries" such t h a t if gl, g2 are indis
t i n g u i s h a b l e by such adversaries t h e n gl , g2 are close in Gowers u n i f o r m i t y
norm .

7 . D E C O M P O S I T I O N R E S U L T S

Several r e s u l t s in a d d i t i v e c o m b i n a t o r i c s are based on "d ecom p osit io n "
r e s u l t s , showing t h a t every b o u n d e d function can be w r i t t e n as a "sum" of
a "st ru ct ur ed p a r t " which enjoys a nice algebraic s t r u c t u r e , and a "u n ifo r m
p a r t " which only gives a negligible c o n t r i b u t i o n to c e r t a i n q u a n t i t a t i v e
p r o p e r t i e s of the function t h a t we are t r y i n g to bound.

As a simple example, suppose 9 : IF2' - - - t [ - 1 ,1] is any b o u n d e d function,
_a n d t h a t , for every r E IF2', t h e function X r : IF; - - - t { - 1 , 1 } is t h e c h a r a c t e r

X r (x) : = ( - 1 ) (r , x ) . T h e n we have t h e Fourier expansion

r



6 3 6

where
gr(x) : = (g, Xr) = lE g(X)Xr(X) .

XEIF~

After we fix an a p p r o x i m a t i o n p a r a m e t e r £ , we can write

g(X) = ( L g ( r ) x r ( x ) ) + ( L g ( r ) x r( x ) )
r:lg(rll~e r :lg(rll<e

L . Trevisan

where the first t e r m has the p r o p e r t y of being a weighted sum of at most £ - 2

c h a r a c t e r s , and the second t e r m is a function all whose Fourier coefficients
are at most £ , and has small second Gowers norm .

This has a n a t u r a l g e n e r a l i z a t i o n , whose proof follows an a r g u m e n t of
Frieze and K a n n a n [8], and which I have learned in t h i s s e t t i n g from a
lecture of Tao [40] :

T h e o r e m 19 ("Very Weak " R e g u l a r i t y Lemma for F u n c t i o n s ) . Let F be
any set o f b o u n d e d functions I : X ---+ [ - 1 , 1] and 9 : X ---+ lR be a function
such t h a t lE xrvX g2(x) :s; 1. Then we can write

g : = gs + s«

where gs is a s t r u c t u r e d function such t h a t

k

gs(x) : = L CiJi(X)
i = l

where k :s; c 2 , Ii E F , Ci :s; 1, and L:i ICiI ::; c 1
; and gu is a uniform

function such t h a t

\I I E:F. I lE gu ( x ) I ( x ) I :s; e .
x E X

Note t h a t the t h e o r e m specializes to the t r i v i a l Fourier decomposition
when t h e functions in F are the c h a r a c t e r s of lF2' , b u t t h a t t h e proof makes
no a s s u m p t i o n s whatsoever a b o u t the functions in F .

P r o o f . We give an i t e r a t i v e c o n s t r u c t i o n of a sequence of "ca n d id a t es"
for gs, and we use a p o t e n t i a l function a r g u m e n t to show t h a t the process
must quickly converge to a function satisfying the conclusions of t h e theo
rem.
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We assume w i t h o u t loss of generality t h a t if I E F t h e n - I E F.
(Otherwise we will work with the "closure of F under negation " and t h e n
switch the signs of some of the coefficients Ci if needed.)

We initialize go(x) : = 0 for all x. At step i, if gi is such t h a t

VI E F IlE (g(x) - gi(X)) . l(x)1 :::; e
x E X

t h e n we o u t p u t gs : = gi and gu : = 9 - gi· Otherwise, let Ii+l E F be a
function such t h a t

t h e n define
gi+l : = gi + S/i+l'

We want to show t h a t the a l g o r i t h m t e r m i n a t e s within c 2 steps. To see
this, consider the "energy"

Initially, Eo : = l E x E X g2(x) :::; 1. We claim t h a t , at every step, the energy
decreases by at least s2. To see this:

= lE (g(x) - gi(X)) 2 - (g(x) - gi(x) - S/i+l(X)) 2

(
. ) 2 2= 21E g(x) - l ( x ) S/i+l(X) - s li+l(X)

~ s2. •

Together with the Gowers inverse theorems, it gives the following corol
lary (cf. [24, 23]).

C o r o l l a r y 2 0 . Let q be a prime, 9 : JF~ - t ~ be a function such t h a t
IExrvX g2(x) :::; 1, e > 0 be an approximation p a r a m e t e r and 2 :::; k < q be
an integer. Then there is a C = C(q, k, s) such t h a t we can write

g : = gs + gu

where gs is a s t r u c t u r e d function such t h a t

k

gs(x) : = L CiWPi(x)

i = l
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where w is a q-th p r i m i t i v e root of unity, k ::; C 2 , Pi is a degree-( k - 1)
p o l y n o m i a l over JF q , Ci ::; 1, a n d I : i IC il ::; C ; a n d gu is a u n i f o r m f u n c t i o n
su ch t h a t

T h e o r e m 19 does not i m p l y t h e weak r e g u l a r i t y l e m m a for g r a p h s , b u t it
shows t h a t for every g r a p h G t h e r e is a g r a p h G' which is a weighted sum of
o ( c 2 ) b i p a r t i t e c o m p l e t e g r a p h s a n d such t h a t G' is an e - a p p r o x i m a t i o n

to G. T h i s also implies t h a t t h e r e is a p a r t i t i o n of V into a t most 2 C 2 s e t s
such t h a t t h e weight of an edge in G' is e n t i r e l y d e t e r m i n e d by t h e blocks
of t h e p a r t i t i o n to which its e n d p o i n t s b e l o n g ' It does not follow, however,
t h a t G' is a w e i g h t e d g r a p h in which all weights are b e t w e e n 0 a n d 1, so we
do not get a r e s u l t in t e r m s of i n d i s t i n g u i s h a b i l i t y .

T h e following t h e o r e m , which is folklore, is t h e g e n e r a l analog .

T h e o r e m 21 (Weak R e g u l a r i t y L e m m a for F u n c t i o n s ) . L e t F be a n y set
o f boolean f u n c t i o n s f : X --+ { - I , I} a n d 9 : X --+ [ - 1 , 1] be a b o u n d e d
function. T h e n we can write

g := g8 + s«

where g8 is a s t r u c t u r e d f u n c t i o n such t h a t

g 8( X) : = h ( ! I ( x) , . . . ,Jk(X))

where k ::; C O ( l ) h : { - I , l } k --+ [ - 1 ,1] is a c o m b i n i n g function; a n d gu
is a u n i f o r m function such t h a t

v f E F. I IE gu ( x ) f ( x ) I ::; c .
x E X

One way to prove T h e o r e m 21 is to follow r a t h e r closely t h e p r o o f of
t h e weak r e g u l a r i t y lemma. T h u s one o b t a i n s k = o( c 2 ) , a n d h has t h e
p r o p e r t y t h a t

T h i s t h e o r e m has t h e a d v a n t a g e t h a t h is b o u n d e d , so it gives t h e Weak
R e g u l a r i t y L e m m a as s t a t e d in S e c t i o n 4. It also a b s t r a c t s more g e n e r a l

3Fr ie ze a n d K a n n an prove such a r e s u l t for gr a p h , a n d ind e ed t h e p r o o f of T h eor em
19 is an a d a p t a t i o n of t h eir a r g u m e n t .
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s t a t e m e n t s , s u c h as t h e a n a l y t i c s t a t e m e n t of t h e Weak R e g u l a r i t y L e m m a
p r o v e d by Lovasz a n d Szegedy [29] .

Since T h e o r e m 21 works w i t h any c o l l e c t i o n F of f u n c t i o n s , it is in
t e r e s t i n g to see w h a t it i m p l i e s if one chooses it to be a s e t of e f f i c i e n t l y
c o m p u t a b l e f u n c t i o n s , for e x a m p l e t h e s e t of all f u n c t i o n s c o m p u t a b l e by
c i r c u i t s of size ~ s. T h e n , if D is a p r o b a b i l i t y d i s t r i b u t i o n over {O,1}n
of m i n - e n t r o p y a t l e a s t n - .e define g : = 2 n - £ . D a n d a p p l y t h e t h e o r e m .
We see t h a t t h e r e e x i s t s a fun c t i o n g' which is t h e c o m p o s i t i o n of O( c 2 )

c i r c u i t s of size ~ s, a n d such t h a t t h e d i s t r i b u t i o n D' := g ' / 2 n - £ is indis
t i n g u i s h a b l e from D up to e2£ . T h i s gives an efficiently c o m p u t a b l e ( a n d ,
b e c a u s e of t h e h i g h m i n - e n t r o p y , e f f i c i e n t l y s a m p l a b l e ) d i s t r i b u t i o n D' t h a t
is i n d i s t i n g u i s h a b l e from D , l e a d i n g to t h e c o n c l u s i o n t h a t every h i g h min
e n t r o p y d i s t r i b u t i o n is i n d i s t i n g u i s h a b l e from a s a m p l a b l e h i g h m i n - e n t r o p y
d i s t r i b u t i o n . U n f o r t u n a t e l y , t h e c o m b i n i n g f u n c t i o n h in T h e o r e m 21 m i g h t
have c o m p l e x i t y e x p o n e n t i a l in lie, a n d so t h e t h e o r e m c a n n o t be a p p l i e d
to t h e i n t e r e s t i n g s e t t i n g in which e is s m a l l e r t h a n l i n .

In [43], we give a new p r o o f of T h e o r e m 21 in which t h e c o m b i n i n g
f u n c t i o n is c o m p u t a b l e in l i n e a r t i m e .

T h e o r e m 22 (Weak R e g u l a r i t y L e m m a for F u n c t i o n s - P o l y n o m i a l Effi
c i e n c y ) . L e t F be a n y set o f boolean functions f : X - - - t { - I , I} a n d
g : X - - - t [ - 1 , 1 ] be a bounded function . Then we can write

g := gs + gu

where gs is a s t r u c t u r e d function such t h a t

where k ~ c ° ( 1 ) , fi E F, Ci ~ 1; a n d gu is a u n i f o r m function such t h a t

Vf E F . lIE g u ( x ) f ( x ) I ~ e.
x E X

T h i s t h e o r e m gives

C o r o l l a r y 23. Let D be a n y d i s t r i b u t i o n over {O , l } n o f m i n - e n t r o p y a t
least n - t. Then there is a d i s t r i b u t i o n D', also o f m i n - e n t r o p y a t least
n - t such t h a t D a n d D' a r e e - i n d i s t i n g u i s h a b l e by circuits o f size ~ s a n d
D ' ( x ) is c o m p u t a b l e by a circuit o f size O(2 2 t C 2 s ) .
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In p a r t i c u l a r , D' is s a m p l a b l e by a small c i r c u i t s , and hence D is simu
lable.

It would be desirable if D' was c o m p u t a b l e and s a m p l a b l e in less com
plexity t h a n the d i s t i n g u i s h e r , b u t t h i s is easily seen to be impossible.

It is possible , however, to give the following.

T h e o r e m 24 (Strong R e g u l a r i t y Lemma for F u n c t i o n s ) . L e t F be any set o f
boolean fun c t i o n s f : X - - t { - I , I} F be any f u n c t i o n , c an ap p r ox i m a t i on
p a r a m e t e r .

T h e n t h e r e is a k = k(c , F) such t h a t i f g : X - - t [ - 1 , 1 ] is a b o u n d e d
f u n c t i o n , we can w r i t e

g : = gs + gu + ge

where gs is a s t r u c t u r e d f u n c t i o n such t h a t

gs( x) : = h ( h ( x) , . . . , h ( x ) )

gu is a uniform f u n c t i o n such t h a t

\f f E F. I IE gu ( x) f ( x ) I ::; 1/ F ( k , c)
x E X

and ge is b o u n d e d in £2

This can be seen to yield the s t r o n g r e g u l a r i t y lemma , t a k i n g X to
be (~), g : = IE to be t h e c h a r a c t e r i s t i c function of the edges of G, and t h e n

t a k i n g t h e weights of edges of G to be gs + gu a n d the regular a p p r o x i m a t i o n
G' of G to be gs . It also implies t h e s t r o n g r e g u l a r i t y lemma in [29].

While not explicitly s t a t e d in t h i s form , T h e o r e m 24 can be found in
[38, 37] . P r o p o s i t i o n 10.36 in [44] is th e special case in which X = 1F~ and
F is the set of Fourier ch a r a ct e r s. (The proof is easily a d a p t e d to the general
case .)

8. I N D I S T I N G U I S H A B I L I T Y AS A N O R M

In t h i s section we take the o p p o s i t e p e r s p e c t i v e as t h e rest of t h e p a p e r ,
a n d we show how to view i n d i s t i n g u i s h a b i l i t y as a norm .
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8 . 1 . I n d i s t i n g u i s h a b i l i t y o f D i s t r i b u t i o n s

Recall t h a t two d i s t r i b u t i o n s X, Y over 0 are e - i n d l s t i n g u i s h a b l e by F if for
every ! E F we have

l IE ! ( z ) - IE !(z)1 ::; e
e - » : z ""Y

t h a t is

I L X ( z ) ! ( z ) - Y ( z ) ! ( z ) 1 ::; e
z E n

which is equivalent to

1 0 1. 1 IE ( X ( z ) - Y ( z ) ) . ! (z)I = IOI · I (X - y, n l ::;c.
z E n

Now, notice t h a t if F is any family of f u n c t i o n s ! : 0 ---7 1R, t h e n

IlgII F : = max I (g, n I
f E F

is a (semi-) norm over functions g : 0 ---7 R Thus, we see t h a t two
d i s t r i b u t i o n s X , Y a r e s - i n d i s t i n g u i s h a b l e by F if and only if the functions
X, Y have d i s t a n c e at most c/lOI according to the norm 11 ·11.1'.

It will be convenient to say t h a t two functions g l , g2 are z - i n d i s t i n g u i s h 
able by F if IIgl - g211 F ::; e, t h a t is, if I (gl - g 2 , f ) I ::; c for all f E F .

8.2. I n d i s t i n g u i s h a b i l i t y o f S e t s

I f A is a s u b s e t of a finite set !1, t h e n the d i s t r i b u t i o n U A is the uniform
d i s t r i b u t i o n over A, t h a t is the d i s t r i b u t i o n such t h a t UA(X) = l A ( x ) / I A I .

D e f i n i t i o n 25 ( I n d i s t i n g u i s h a b i l i t y of Sets). We say t h a t two sets A, B ~ 0
are e - i n d i s t i n g u i s h a b l e by F if the d i s t r i b u t i o n s U A, U B a r e s - i n d i s t i n g u i s h 
able by F .

Note t h a t if A, B are i n d i s t i n g u i s h a b l e , t h e n , V! E F we have

' " l A ( X ) ! ( ) _ IB(X) f( ) <
L J IAI x IBI x - c
x E n
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which is equivalent to

9. D E N S E M O D E L S

L . Trevisan

In this section we give an overview of t h e proof of t h e Green - T a o theo
rem [20] , s t a t e a key c o m b i n a t o r i a l s t e p in t h e proof, a n d discuss a compu
t a t i o n a l version of such a step. We will gloss over s u b s t a n t i a l p a r t s of t h e
p r o o f , and we will be imprecise a b o u t c e r t a i n t e c h n i c a l issues (for example
we will refer to c e r t a i n f u n c t i o n s as t a k i n g 0 / 1 values while in t h e p r o o f
they take f r a c t i o n a l values).

A very high-level view of t h e proof is as follows: r e s t r i c t i n g to an i n t e r v a l
{I , . . . , N} , one shows t h a t P : = P R I M E S n { I , . . . , N} is "modeled" by a
set M of size O(N). By (a s t a n d a r d e x t e n s i o n of) S z e m e r e d i ' s t h e o r e m ,
M has O(N 2 ) l e n g t h - k progressions, and t h e n so does P because of t h e
t e c h n i c a l sense in which M is a "model " of P.

T h e p r o o f is based on c o n s i d e r i n g t h e set R of "a l m os t primes" in 7l/ N7l ,
integers with few, large, prime factors, and e x p l o i t i n g t h e fact t h a t much
is known a b o u t t h e p s e u d o r a n d o m n e s s of R. T h e idea is t h a t if R is
" i n d i s t i n g u i s h a b l e " from 7l/ N7l, and P is a s u b s e t c o n t a i n i n g a c o n s t a n t
factor of t h e e l e m e n t s of R , t h e n t h e r e should be a s u b s e t M ~ 7l/ N7l
which is i n d i s t i n g u i s h a b l e from P and t h a t has a b o u t t h e same d e n s i t y in
7 l / N 7 l as P does in R. 4

A first difficulty in realizing t h i s p r o g r a m is how to define t h e n o t i o n of
i n d i s t i n g u i s h a b i l i t y between M and P such t h a t t h e existence of O(N 2 )

l e n g t h - k a r i t h m e t i c progressions in M implies the existence of l e n g t h - k
a r i t h m e t i c progressions in P. A simple choice would be, in order to deal
with progressions of l e n g t h k , to require 111M - 1plluk-1 to be small , b u t
this is impossible: it is easy to see t h a t if two sets have different d e n s i t i e s ,

4H e r e is w h e r e we a r e going to be i m p r e c i s e : from now on we refer t o t h e ch a r a c t e r i s t i c
fun c t i o n s I p a n d I R , w h i c h a r e b o o l e a n , while G r e e n a n d Tao de al w i t h f r a c t i o n a l - v a l u ed
f u n c t i o n s which ar e r el a t e d t o , b u t differ e n t from, I p a n d IR .
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t h en t he ir cha r a c t e r ist ic fun cti on s a re alwa y s fa r in unif ormi t y n o r m . We
cou ld, h owever , h op e for t he "no r m a l ized" di s t an ce in U k - 1 norm , t ha t is

11
1M _ IMI . l p ll

IP I U k - 1

to b e s ma ll. T h i s is in d eed t he a p p ro ac h t a ken by Gr een a n d T ao . An
imm edi a t e difficul t y is t ha t t he qu a n t i t y in (2) b ein g s ma ll do es no t imm e
di a t el y i m p ly t h a t if M h as O ( N 2 ) leng t h - k a rit h me t ic pr ogr ession s t he n P

h as O( N 2 ·IPI 2 I I MI 2
) = O( 1P1 2

) a rit h met ic pr ogr ess ion s .

T h e probl em is t h a t t he r ela ti on b etw een A k ( f ) - Ak (g) a n d Ilf - gll u k- l

hold s onl y wh en l , 9 ar e b o u n d ed fun c t i o n s , whil e ~ . I p t a k e s valu e s
which a re a r o u n d log N in ma g n i t u d e . F o r t u n a t ely, ba sed on t h e fact t h a t
1 p ::; 1 R and t h a t 1 R is kn own to s a t is fy c e r t a i n st ro ng p s e u d o r a n d o m n ess
pr op e r t i es, it is po ssibl e t o prov e t h a t if 111 M - ~ . I p II u» - : is small t h en

Ak (I M) is clos e to Ak( ( IM I /IPI) . I p ) .
Wi t h t hes e pr elimin ari es , t h e goa l is t o find a set M of s ize O ( N ) su ch

t h a t 111 M _11~lllp Il u k- l is s ma ll. T h e n ext ste p '' is t o r edu ce t h is probl em to

findin g a set M of s ize O ( N ) s uc h t ha t t h e set M a n d P a re in d i s t i n guis ha ble
fo r a ce r t a i n clas s o f a dve rsa ries .

T h e cha lle nge , h er e , is to fin d a collect io n F of b o u n d ed fu nct ions s uc h
t h a t if

is s ma ll for eve ry f E F , t he n II (1 M - 1 1~IIIPll uk-1 is s ma l l.
On e a p p roac h wou ld b e v ia t he C ower s inver s e conj e c t ure , t a k i ng F to

b e t he set of d egr ee- (k - 2) nil s equ enc es , bu t t h i s r u n s in to t wo p r o b l em s :
on e , whi ch is not h a r d to overc o me, is t h a t t he C ower s invers e conj e c t u r e
h old s for b o u n d ed fun cti on s , wh ile ~ I p t a k es ver y larg e values. Mor e
i m p o r t a n t l y , t h e Cower s invers e co nje ct ur e was s t ill o pe n a t t h e t i m e of
t h e work of Gr een a n d T a o , a n d s o t h e y had to find a differ ent sufficien t
condi t i o n t h a t impli es a s ma ll n orm .

Con sid er t he following d efinition: if 9 : G - - - t ~ is a fun c t i o n , d efine it s
k - th d ual gk : G - - - t ~ t o be

gk : = (x) IE I I g(x + L Y d.
YI , · · · ,Yk S~ [kl , S#0 i E S

5T he or de r o f t h e p r e s e n t a t ion in t h is s e c t i o n is n o t t h e ord er of p rese n t a t i o n in [20J ,
n o r p r o b a b ly t he o r d e r i n which t h e s e ideas w her e d e ve lo p e d .
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Now we notice t h a t

L . Trevisan

This implies t h a t if, for example, we take F to be th e set o f k -th dual
f u n c t i o n 9k o f all bounded f u n c t i o n s 9 : G - - - t [ - 1 , 1] we get t h a t for
ever y two b o u n d e d functions g , h : G - - - t [0,1], the "i n d is t i n g u is h a b ilit y "
c o n d i t i o n t h a t

v f E F ·I (g - h , J) I ~ e

implies t h a t Gowers u n i f o r m i t y closeness c o n d i t i o n t h a t

In our s e t t i n g , 1M - (IMlllPI) · l p is not a b o u n d e d function. We know ,
however, t h a t I p ~ IR , because P is a s u b s e t of R , and we are looking for
a c o n s t r u c t i o n in which IA11/INI = IPI/IRI , so at least we know t h a t

Green and Tao t h e n proceed by defining F as the set of all dual functions
9k such t h a t 9 : G - - - t lR is a function such t h a t I g(x) I ~ 1 + ~ . l R . I f we

find a set M of size O(N) su ch t h a t

Vf E F. I(1M - (INI/IRI) . I p ) 1

is small , t h e n we are done .

This a p p r o a c h might seem hopeless, because the set of dual functions
of essentially a r b i t r a r y functions seems itself to be an essentially a r b i t r a r y
set . It t u r n s out, however, t h a t the set does c o n t a i n some s t r u c t u r e . For
s t a r t e r s , Green and Tao are able to prove t h a t all functions in F take value
t h a t are u p p e r b o u n d e d by an a b s o l u t e c o n s t a n t . (Even t h o u g h they are
dual functions o f f u n c t i o n s t h a t can take values as large as a b o u t log N.)

Having reduced to a problem a b o u t i n d i s t i n g u i s h a b i l i t y , the next step is
to prove the following general t h e o r e m .

T h e o r e m 26 (Dense Model T h e o r e m [20, 46]). L e t X be a finite set
of size N , F a set of b o u n d e d f u n c t i o n s f : X - - - t [0 ,1], c > 0 be an
a p p r o x i m a t i o n p a r a m e t e r v : X - - - t lR~o be a m e a s u r e such t h a t Lx v ( x ) =
lXI, d : X - - - t lR~o be such t h a t d ( x ) ~ v ( x ) for all X and Lx d ( x ) = oN.
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Then ( a t least) one o f the following two c o n d i t i o n s holds ;

• v is not p s e u d o r a n d o m , t h a t is, there are functions h , . . . , f k E F
such t h a t

/ v - I , IT Ii) 2: ( -0~1)8-0(1)) '
\ i = 1 exp E

• d has a dense model, t h a t is , there is a b o u n d e d m e a s u r e m X ~

[0,1] such t h a t Lx m(x) 2: 8 N I 2 and such t h a t

Vf E F . 1 (m - d, 1)1 ~ E .

The T h e o r e m is applied in the following way: we set v : = (INl/jRI) · I R ,
d : = ( I N I / I R I ) · I p , and F as above. T h e n one needs to prove t h a t for every

h, . . . .I» E F, the inner p r o d u c t I (v - 1, TIi Ii) is small, which is the same
as saying t h a t the set R is i n d i s t i n g u i s h a b l e from 'ILl N'IL by small p r o d u c t s
of functions from F. This is t h e n u m b e r - t h e o r e t i c p a r t of [20].

This implies t h a t the second c o n d i t i o n is t r u e , t h a t is t h e r e is m :
X ~ [0,1] such t h a t m and d are i n d i s t i n g u i s h a b l e by F. This means
t h a t 11m - dll o» is small, and so Ak+ 1 (m) and Ak+1 (d) are close. By Sze
m e r e d i ' s t h e o r e m , Ak+l(m) 2: 0(1), and so A k + l ( ( I N I / I R I ) I p ) 2: 0(1),

and so P has 0 ( N 2 I ( I N I I I RI) k+1) length- (k + 1) progressions , t h a t is

O( N 2 I(log N ) k + l ) .

I f one prefers to t a l k a b o u t d i s t r i b u t i o n s i n s t e a d of measures, t h e n t h e
Dense Model T h e o r e m has an equivalent r e s t a t e m e n t as follows.

Say t h a t a d i s t r i b u t i o n A is 8-dense in a d i s t r i b u t i o n B if for every x
we have A(x) ~ B ( x ) / 8 . T h e m o t i v a t i o n for the definition is t h a t A is t h e
uniform d i s t r i b u t i o n over a set S a n d B is the uniform d i s t i r b u t i o n over a
set T, t h e n A is 8-dense in B if and only if S is a s u b s e t of T of d e n s i t y 8.

T h e o r e m 2 7 (Dense Model T h e o r e m for D i s t r i b u t i o n s ) . L e t X be a finite
set, F a set o f b o u n d e d functions f : X ~ [0, 1], E > a be an a p p r o x i m a t i o n
p a r a m e t e r R be a d i s t r i b u t i o n over X , D be a n o t h e r d i s t r i b u t i o n over X
t h a t is 8-dense in R .

T h e n ( a t least) one of the following two c o n d i t i o n s holds;

• R is not p s e u d o r a n d o m , t h a t is, there are f u n c t i o n s h, . . . ,!k E F ,
k = C O ( I ) . 8 - 0 ( 1) , such t h a t

I lE l l l i ( x ) - lE l l f i ( X ) I 2 : · (-O~I)O-O(I))'
x~X i x~R i exp E
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• D has a dense model , t h a t is , there is a d i s t r i b u t i o n M over X which
is 8/2 -dense in the uniform d i s t r i b u t i o n over X such t h a t M and D
are e:-indistinguishable by F.

Note t h a t we may apply t h e t h e o r e m to F being a class of b o u n d e d 
size circuits, or any o t h e r complexity class, a n d so derive t h a t if R is
p s e u d o r a n d o m and D is dense in R t h e n D is i n d i s t i n g u i s h a b l e from a
h i g h - e n t r o p y d i s t r i b u t i o n . T h e r e is , however, t h e u n d e s i r a b l e e x p o n e n t i a l
loss in t h e p s e u d o r a n d o m n e s s p a r a m e t e r of R versus the i n d i s t i n g u i s h a b i l i t y
p a r a m e t e r of R.

Looking into the proof of Green, Tao and Ziegler, one sees t h a t t h e dis
t i n g u i s h i n g p r o b a b i l i t y in the first case can be made polynomial in lie: and
1/8 if one allows the d i s t i n g u i s h e r to be not j u s t a p r o d u c t of functions
from F, b u t a function of t h e form h ( ! I ( x ) , . . . , h ( x)) , where the functions
Ii come from F. U n f o r t u n a t e l y , however, the combining function h has com
plexity e x p o n e n t i a l in k, so this j u s t t r a n s f e r s the e x p o n e n t i a l d e p e n d e n c y
from the a p p r o x i m a t i o n p a r a m e t e r to t h e complexity p a r a m e t e r .

Using t h e H a n h - B a n a c h t h e o r e m , i n s t e a d of the i t e r a t i v e p a r t i t i o n i n g
t e c h n i q u e of Green , Tao and Ziegler, it is possible to provid e an a l t e r n a t i v e
proof which works b e t t e r in the c o m p u t a t i o n a l s e t t i n g .

T h e o r e m 2 8 (Dense Mod el T h eorem - Efficient Version). L e t X be a finite
set, F a set o f bounded functions f : X - - - t [0,1], e > 0 be an a p p r o x i m a t i o n
p a r a m e t e r R be a d i s t r i b u t i o n over X , D be another d i s t r i b u t i o n over X
t h a t is 8-dense in R .

Then ( a t least) one o f the following two conditions holds;

• R is not p s e u d o r a n d o m , t h a t is , there are functions !I, .. . , h E F,
k = C O ( I ) . 8 - 0 ( 1) , and a function h which is a combination o f s u m s
and thresholds such t h a t

• d has a dense model , t h a t is, there is a d i s t r i b u t i o n M over X which
is 8-dense in the uniform d i s t r i b u t i o n over X such t h a t M and D a r e
e:-indistinguishable by F.

In p a r t i c u l a r , if F is t h e set of functions c o m p u t a b l e by c i r c u i t s of size s ,
we get t h a t for every d i s t r i b u t i o n R t h a t is e - p s e u d o r a n d o m for circuits of
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size s . c O ( 1 ) 8 - 0 ( 1 ) and for every d i s t r i b u t i o n D t h a t is 8-dense in R , we
can find a model d i s t r i b u t i o n M t h a t is 8-dense in the uniform d i s t r i b u t i o n
and which is s - i n d i s t i n g u i s h a b l e from D by c i r c u i t s of size s .

The proof was discovered i n d e p e n d e n t l y by Gowers [17] and by Reingold ,
Tulsiani, T r e v i s a n and Vadhan [32]. The c o m p u t a t i o n a l s t a t e m e n t was
also f o r m u l a t e d i n d e p e n d e n t l y by Dziemboksi and P i e t r z a k [7], a l t h o u g h
t h e r e is a gap in t h e i r p u b l i s h e d proof.l' The proof in [32] is m o t i v a t e d
by the proof of a result of Impagliazzo [26] , the Impagliazzo Hardcore Set
Lemma. Impagliazzo [27] proves t h a t , in fact, T h e o r e m 28 can be derived
from the s t a t e m e n t of his H a r d c o r e Set Lemma, and t h a t one can prove a
s t r o n g e r version in which e i t h e r D has a dense model or it fails a c e r t a i n
"pseudo density" c o n d i t i o n which is a s t r o n g e r s t a t e m e n t t h a n saying t h a t
is not dense in a p s e u d o r a n d o m d i s t r i b u t i o n .

T h e o r e m 28 has the following equivalent formulation: suppose we have
a p s e u d o r a n d o m g e n e r a t o r , t h a t is a l e n g t h - i n c r e a s i n g p r o c e d u r e G :
{O,I}l' ---+ {O,I}n such t h a t G(Ul') is s - p s e u d o r a n d o m for c i r c u i t s of size
s. Suppose t h a t B is a d i s t r i b u t i o n of e n t r o p y £- - t; t h e n G ( B ) is indis
t i n g u i s h a b l e from a model d i s t r i b u t i o n of e n t r o p y n - t . This means t h a t ,
for example, if an a d v e r s a r y is able to bias (or know) p a r t of the distri
b u t i o n of seeds used by the g e n e r a t o r , the o u t p u t of the g e n e r a t o r is not
completely compromised, b u t remains i n d i s t i n g u i s h a b l e from a h i g h - e n t r o p y
d i s t r i b u t i o n .

This is the s t a r t i n g point for the Dziemboksi and P i e t r z a k [7] c o n s t r u c 
tion of "le a kage- r esilie nt " c r y p t o s y s t e m s , which remain secure even if p a r t s
of t h e keys become known to an adversary. The dense model t h e o r e m has
also been used in t h e s t u d y of c o m p u t a t i o n a l definitions of privacy [30].
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I N T R O D U C T I O N T O T H E P O L Y M A T H P R O J E C T A N D

" D E N S I T Y H A L E S - J E W E T T AND M O S E R N U M B E R S "

MICHAEL A . NIELSEN

At first a p p e a r a n c e , th e p a p e r which follows this essay [7] a p p e a r s to
be a t y p i c a l m a t h e m a t i c a l p a p e r . I t poses and p a r t i a l l y answers several
c o m b i n a t o r i a l questions , and follows t h e s t a n d a r d forms of m a t h e m a t i c a l
discourse , with t h e o r e m s , proofs , c o n j e c t u r e s , and so on . Appe a r a n c e s are
deceiving , however, for the p a p e r has an unusual origin, a clue to which is in
the name of the a u t h o r , one D . H. J . P o l y m a t h . Behind this unusual name is
a bold e x p e r i m e n t in how m a t h e m a t i c s is done. This e x p e r i m e n t was initi
a t e d in J a n u a r y of 2009 by W. T i m o t h y Gowers [5], and was an exp e r i m e n t
in wh at Gowers t e r m e d "m a ssive ly c o l l a b o r a t i v e m a t h ematics" . The idea,
in brief , was to a t t e m p t to solve a m a t h e m a t i c a l research problem working
e n t i r e l y in t h e open, using Gowers's blog as a medium for ma t h e m a t i c a l
c o l l a b o r a t i o n . The hope was t h a t a large number of m a t h e m a t i c i a n s would
c o n t r i b u t e , and t h a t t h e i r collective intelligence would mak e easy work of
what would o r d i n a r i l y be a difficult problem. Gowers d u b b ed the p r o j e ct
the "P oly m a t h P r o j e c t " . In t h i s essay I describe how the P o l y m a t h P r o j e c t
proceeded , and r eflect on s i m i l a r i t i e s to online c o l l a b o r a t i o n s in the open
source and open science communities. A l t h o u g h I followed t h e P o l y m a t h
P r o j e c t closely, my ba ckground is in t h eoretical physics , not c o m b i n a t o r i c s ,
and so I did not p a r t i c i p a t e d i r e c t l y in the m a t h e m a t i c a l discussions . The
p e r s p ective is t h a t of an i n t e r e s t e d o u t s i d e r , one whose m ain c r e a t i v e inter
ests are in open science and collective intelligence .

Gowers began the P o l y m a t h P r o j e c t with posts on his blog describing
t h e problem to be a t t a c k e d (see below) , a list of rules of c o l l a b o r a t i o n , and
a list of 38 brief o b s e r v a t i o n s he 'd made a b o u t the problem, i n t e n d e d to
serve as s t a r t i n g i n s p i r a t i o n for discussion. At t h a t point, on F e b r u a r y 1 ,
2009, o t h e r people were invited to c o n t r i b u t e t h e i r t h o u g h t s on the problem .
Anyone with an i n t e r e s t and an i n t e r n e t connection could follow along and,
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if t h e y wished, c o n t r i b u t e t h e i r ideas in t h e comment section of Gowers's
blog. In j u s t the first 24 hours a f t e r Gowers opened his blog up for discus
sion , six people offered 24 comments. In a sign of things to come, those
c o n t r i b u t o r s came from four c o u n t r i e s on t h r e e c o n t i n e n t s , and included a
high-school t e a c h e r , a g r a d u a t e s t u d e n t , and four professors of m a t h e m a t 
ics. A c o l l a b o r a t i o n was underway, a c o l l a b o r a t i o n which e x p a n d e d in the
weeks t h a t followed to involve more t h a n twenty people.

The problem originally posed by Gowers was to i n v e s t i g a t e a new ap
proach to a special case of t h e density H a l e s - J e w e t t t h e o r e m (DHJ). Let
me briefly describe the s t a t e m e n t of the t h e o r e m , before describing the
special case Gowers proposed to a t t a c k . Let [ k t be the set of all l e n g t h
n s t r i n g s over the a l p h a b e t 1,2, . . . , k. A c o m b i n a t o r i a l line is a set of
k points in [ k t , formed by t a k i n g a s t r i n g with one or more wildcards
( " x ") in it, e.g., 1 4 x 1 x x 3 , and replacing those wildcards by 1,2, . . . , k , re
spectively . In the example I've given , the r e s u l t i n g c o m b i n a t o r i a l line is:
{1411113 , 1421223, . . . , 1 4 k 1 k k 3 } . The density H a l e s - J e w e t t t h e o r e m says
t h a t as n becomes large, even very low density s u b s e t s of [ k t must c o n t a i n
a c o m b i n a t o r i a l line. More precisely, let us define the d e n s i t y H a l e s - J e w e t t
n u m b e r Cn ,k to be the size of the largest s u b s e t of [k]n which does not con
t a i n a c o m b i n a t o r i a l line. T h e n the density H a l e s - J e w e t t t h e o r e m may be
s t a t e d as:

T h e o r e m ( D H J ) . limn-too cn ,k/k n = O.

DHJ was originally proved in 1991 by F u r s t e n b e r g and K a t z n e l s o n [4],
using techniques from ergodic t h e o r y . Gowers proposed to find a combi
n a t o r i a l proof of the k = 3 case of the t h e o r e m , using a s t r a t e g y t h a t he
o u t l i n e d on his blog. As the P o l y m a t h P r o j e c t progressed, t h a t goal grad
ually evolved. Four days a f t e r Gowers opened his blog up for discussion ,
Terence Tao used his blog to s t a r t a discussion [8] aimed at u n d e r s t a n d i n g
the b e h a v i o u r of C n ,3 for small n . This discussion r a p i d l y gained momen
t u m , and the P o l y m a t h P r o j e c t split into two s u b p r o j e c t s , largely carried
out , respectively , on Gowers's blog and Tao's blog. The first s u b p r o j e c t
p u r s u e d and eventually found an e l e m e n t a r y c o m b i n a t o r i a l proof of the full
DHJ t h e o r e m . (An o u t l i n e of the proof may be found in a p a p e r by Gowers
which a p p e a r s l a t e r in this volume [6]). The r e s u l t s of t h e second s u b p r o j e c t
are described in the p a p e r which follows t h i s one, "Density Hales - J e w e t t
and Moser N u m b e r s " . As mentioned, this second s u b p r o j e c t began with the
goal of u n d e r s t a n d i n g the b e h a v i o u r of Cn ,3 for small n . I t g r a d u a l l y broad
ened to consider several r e l a t e d questions, including t h e b e h a v i o u r of Cn ,k for
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small n a n d k , as well as the b e h a v i o u r of the Moser numbers, c'n k ' defined
to be the size of the l a r g e s t s u b s e t of [ k t which c o n t a i n s no geo";"etric line.
As for a c o m b i n a t o r i a l line , a geometric line is defined by t a k i n g a s t r i n q in
[ k t with one or more wildcard c h a r a c t e r s present. But unlike a c o m b i n a t o r 
i a l l i n e , t h e r e are two d i s t i n c t types of wildcards allowed ( "x " and "x" ), with
x t a k e n to vary over the range 1 , . . . , k, and x = k + 1 - x . So , for example ,
13 x x 2 g e n e r a t e s t h e geometric line { 1 3 1 k 2 , 1 3 2 ( k - 1)2 , . . . , 1 3 k 1 2 } .

B o t h s u b p r o j e c t s of the P o l y m a t h P r o j e c t progre ssed quickly. On March
10, Gowers a n n o u n c e d t h a t he was confident t h a t the p o l y m a t h s had found
a new c o m b i n a t o r i a l proof of DHJ. J u s t 37 days had passed since the
c o l l a b o r a t i o n began, and 27 people had c o n t r i b u t e d a p p r o x i m a t e l y 800
m a t h e m a t i c a l comments, c o n t a i n i n g 170,000 words. Much work remained
to be done, b u t t h e original goal had already been s u r p a s s e d , and t h i s was a
m a j o r milestone for t h e first s u b p r o j e c t . By c o n t r a s t , the goals of the second
s u b p r o j e c t were more open-ended, and no similarly-decisive a n n o u n c e m e n t
was possible. Work on b o t h c o n t i n u e d for months t h e r e a f t e r , g r a d u a l l y
shifting to focus on the w r i t e u p of r e s u l t s for p u b l i c a t i o n .

A l t h o u g h t h e P o l y m a t h P r o j e c t is unusual from the p e r s p e c t i v e of cur
rent p r a c t i c e in m a t h e m a t i c s , t h e r e is a n o t h e r p e r s p e c t i v e from which it
does not a p p e a r so unusual. T h a t is the t r a d i t i o n of open source software
development in t h e c o m p u t e r p r o g r a m m i n g community. P e r h a p s the best
known example of open source software is the Linux o p e r a t j n g system. Be
gun by Linus Torvalds in 1991 as a hobby p r o j e c t , L~ux has since grown
to become one of the world 's most p o p u l a r o p e r a t i n g systems. A l t h o u g h
not as widely used in the consumer m a r k e t as Microsoft Windows , Linux is
used on giant c o m p u t e r c l u s t e r s at companies such as Google and Yahoo!,
and also d o m i n a t e s in m a r k e t s such as the movie i n d u s t r y , where it plays a
m a j o r role at companies such as Dreamworks and P i x a r .

A key f e a t u r e of Linux is t h a t , unlike p r o p r i e t a r y software such as
Microsoft Windows, the original source code for the o p e r a t i n g system is
freely available to be downloaded and modified. In his original message
a n n o u n c i n g Linux in 1991, Torvalds commented t h a t "I've enjouyed [sic]
doing it , and somebody might enjoy looking at it and even modifying it for
t h e i r own needs. It is still small enough to u n d e r s t a n d , use and modify,
and I ' m looking forward to any comments you might have. " Because he
had made the code publicly available , o t h e r people could add features if
they desired. People began emailing code to Torvalds , who i n c o r p o r a t e d
t h e changes he liked best into the main Linux code base. A Linux kernel
di scussion group was set up to c o - o r d i n a t e work , and the n u m b e r of people
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c o n t r i b u t i n g code to Linux g r a d u a l l y increased. By 1994, 80 people were
named in the Linux c r e d i t s file as c o n t r i b u t o r s .

Today , nearly twenty years l a t e r , Linux has grown enormously. The
kernel of Linux c o n t a i n s 13 million lines of code. On an average day in 2007
and 2008, Linux developers a d d e d 4,300 lines of code, deleted 1,800 lines,
and modified 1,500 lines. The social processes and tools used to c r e a t e Linux
have also changed enormously. In its early days , Linux used off-the-shelf
tools and ad hoc social processes to manage development. But as Linux
and the b r o a d e r open source c o m m u n i t y have grown, t h a t community has
developed increasingly powerful tools to share and i n t e g r a t e code, and to
manage discussion of development . They have also evolved increasingly
s o p h i s t i c a t e d social s t r u c t u r e s to govern the process of large-scale open
source development. None of t h i s was a n t i c i p a t e d at t h e o u t s e t by Torvalds
- in 2003 he told B u s i n e s s Week " I f someone had told me 12 years ago
w h a t would h a p p e n , I ' d have been f l a b b e r g a s t e d " - b u t i n s t e a d h a p p e n e d
o r g a n i c a l l y .

Linux is j u s t one p r o j e c t in a much b r o a d e r ecosystem of open source
p r o j e c t s . D e s h p a n d e and Riehle [3] have conservatively e s t i m a t e d t h a t more
t h a n a billion lines of open source software have been w r i t t e n , and more t h a n
300 million lines are being added each year. Many of these are single-person
p r o j e c t s , often a b a n d o n e d soon a f t e r being i n i t i a t e d . B u t t h e r e are h u n d r e d s
and p e r h a p s t h o u s a n d s of p r o j e c t s with many active developers .

A l t h o u g h it began in the p r o g r a m m i n g community, the open source
c o l l a b o r a t i o n process can in principle b e applied to any digital a r t i f a c t .
I t ' s possible, for example, for a s y n t h e t i c biologist to do open source bi
ology, by freely s h a r i n g t h e i r DNA designs for living things in an on
line r e p o s i t o r y such as the R e g i s t r y of S t a n d a r d Biological P a r t s (see
h t t p : / / p a r t s r e g i s t r y . o r g ) , and t h e n allowing o t h e r s to c o n t r i b u t e back
changes t h a t improve upon those designs. I t ' s possible to write an open
source encyclopedia, by freely s h a r i n g the t e x t of articles, and making it
possible for o t h e r s to c o n t r i b u t e back changes. T h a t ' s how W i k i p e d i a was
w r i t t e n : W i k i p e d i a is an open source p r o j e c t .

The P o l y m a t h P r o j e c t is a n a t u r a l extension of open source collabora
tion to m a t h e m a t i c s . At first glance it a p p e a r s to differ in one m a j o r way,
for in p r o g r a m m i n g the open source process aims to p r o d u c e an a r t i f a c t ,
the source code for the desired software . Similarly, in s y n t h e t i c biology
and the w r i t i n g of an e n c y c l o p e d i a the desired end is an a r t i f a c t of some
sort. At least in t h e early stages of the P o l y m a t h P r o j e c t t h e r e was no ob
viously analogous a r t i f a c t . I t ' s t e m p t i n g to conclude t h a t the two p a p e r s
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p r o d u ced by th e pol ym a th s pla y thi s rol e , bu t I d on ' t t h i n k t h a t ' s qui t e
ri ght . In m a t h em a ti cs , t he d esir ed e n d isn ' t a n a rt ifact, it ' s ma t h em a ti cal
und er s t a n d i n g . And t he P olym a t h pr ocess was a way of s ha ri ng t h a t un
de r s t a n d ing op enly, a n d gra d ua lly impro vin g it t h roug h t he cont ri b u t ions
of m an y pe op le .

T h e Pol ym a t h P r oj ect ' s ope n a p p r oac h t o colla bo r a t io n is p ar t of a
b ro ad er movem en t towa r d o pe n science . O th er promin en t exa m p les includ e
t he hum an geno me pr oj ect a n d t he Sloan Digit al Sky Sur vey, wh ich use t he
int ern et t o op enl y s ha re d at a wit h t h e e nt i re sc ient ific com m u n ity . Thi s
e na b les ot he r scient ists to find in geniu s wa ys of r eu sin g t h at d a t a , oft en
po sin g a n d an swerin g qu es ti on s radi call y d iffer ent to t h ose t h a t motiv at ed
th e p eople who ori ginall y t o ok t h e d a t a . An ex a m p le which gives the flavour
of thi s r euse is t h e r e cent work by Boroson and Lau er [1]' who used a
com p u t er a l g o r i t h m to sea rc h t h r o u gh the spe c t r a of 17,000 quas ars from t h e
Sloan Digit al Sky Sur vey, lookin g for a s u b t l e s ig n a t ure t h at they beli eved
would i n d i c a t e a p a ir of o r b i t ing bl a ck holes. T h e r esul t was t h e discover y
of a ca n di d a te qu as ar co n t a i n i ng a pair .o f s u pe r mass ive bla ck holes , 20
million a n d 800 million tim es t h e m as s of t h e s u n, r esp ecti vely, and a t h i r d
of a light yea r a pa r t , or b it ing one a n ot he r r ou ghly once every 100 yea rs .
Thi s is ju s t o ne of mor e t ha n 3 ,000 pap er s to h a ve cite d t he Sloan d a t a ,
mos t of t h ose p ap er s com ing from outs ide t he Sloan colla bo r a t ion. T h i s
open d a t a a p p r oac h h as bee n ca rrie d st ill fur t h er by p eopl e p r a cticin g op en
n o t eb o ok science [2] , s hari ng t he i r e nt i re lab or a t or y recor d in r e al t ime. T h e
P olym a t h P r o j ect a n d t he ope n d a t a and ope n n ot eb ook pr oj ect s a re a ll
exa m p les o f sc ien t ists s ha r ing inform a tion wh ich, his t ori c all y, h as n ot b een
ope n ly ava ila b le, wh e th er it b e r aw ex pe ri me n t a l d a t a , obse rva t ion s m ad e in
a lab or a t or y not eb o ok , or id e as for t he sol u t io n of a m a th em a t i c a l pr obl em.
Op enin g inform a tion up in t h is wa y cre a tes opp o r t u n i ti es for o t h er p eople
to build upon t h a t inform at ion in u n a n t i c i p at ed way s , t aking a d v a n t a g e of
t h e diversity of ex pe r t ise a n d p er spective s within t h e scient ific community.

T h er e are some s t ri k ing si m ila ri t ies be tween t h i s si t u a t ion and event s in
t he ea rl y day s of mod ern s cience . For exampl e , wh en G alileo first obs erv ed
w h a t wou ld l a t e r b e r e cognized as Sa t u r n 's rin gs , h e sent a n a n a gr am t o t he
ast r on ome r Kepl er so t h a t l£-Kep le r (or an yone e lse) la t er mad e t he sa me
di scover y, Galileo cou ld di sclose t h e an agram a n d claim t he cre d it. Su ch
secret ive b eh avi our was com mo n a t t he ti me, a n d ot he r s cient ists s uc h as
H u y gen s a n d Hooke a lso u sed d evices s uch as a nag ra ms to "p u b lis h" t he i r
di scover ies . Man y scient ists wai t ed d ecad es b efor e gen u i ne publica ti on , if
t hey publi sh ed at a ll. W h a t cha nged t h is s it uatio n - t he firs t open science
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revolution - was the g r a d u a l e s t a b l i s h m e n t of a link between the act of pub
lishing a scientific discovery and t h e s c i e n t i s t ' s p r o s p e c t s for employment.
This e s t a b l i s h m e n t of scientific p a p e r s as a r e p u t a t i o n a l currency gave scien
t i s t s an incentive to share t h e i r knowledge. Today , we take this r e p u t a t i o n a l
c u r r e n c y for g r a n t e d , yet it was p a i n s t a k i n g l y developed over a p e r i o d of
many decades in the 17th and 18th centuries. During t h a t time c o m m u n i t y
norms a r o u n d a u t h o r s h i p , c i t a t i o n , and a t t r i b u t i o n were slowly worked out
by the scientific c o m m u n i t y .

A similar process is beginning t o d a y . Will pseudonyms such as D . H . J.
P o l y m a t h become a commonplace? How should young s c i e n t i s t s r e p o r t t h e i r
role in such c o l l a b o r a t i o n s , for purposes of job and g r a n t a p p l i c a t i o n s ? How
should new types of scientific c o n t r i b u t i o n - c o n t r i b u t i o n s such as d a t a or
blog comments or lab n o t e b o o k entries - be valued by o t h e r scientists? All
these questions and many more will need answers , if we are to take full
a d v a n t a g e of the p o t e n t i a l of new ways of working t o g e t h e r to g e n e r a t e
knowledge.
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P O L Y M A T H A N D T H E D E N S I T Y H A L E S - J E W E T T

T H E O R E M

W. T . GOWERS*

Van der W a e r d e n ' s t h e o r e m has two well-known and very different generaliza
tions. One is t h e Hales - J e w e t t t h e o r e m , one of the c o r n e r s t o n e s of Ramsey
t h e o r y . The o t h e r is Endre Szemeredi 's famous density version of t h e t h e o r e m ,
which has played a p i v o t a l role in t h e recent g r o w t h of a d d i t i v e c o m b i n a t o r i c s . In
1991 F u r s t e n b e r g and K a t z n e l s o n proved t h e d e n s i t y Hales - J e w e t t t h e o r e m , a re
s u l t t h a t has t h e same r e l a t i o n s h i p to the H a l e s - J e w e t t t h e o r e m t h a t Szemeredi 's
t h e o r e m has to van der W a e r d e n ' s t h e o r e m . F u r s t e n b e r g and K a t z n e l s o n used a
d e v e l o p m e n t of t h e e r g o d i c - t h e o r e t i c m a c h i n e r y i n t r o d u c e d by F u r s t e n b e r g . Very
r e c e n t l y , a new and much more e l e m e n t a r y p r o o f was discovered in a r a t h e r un
usual way - by a c o l l a b o r a t i v e process c a r r i e d out in t h e open with t h e help of
blogs and a wiki. In this informal p a p e r , we briefly discuss t h i s discovery process
and t h e n give a d e t a i l e d sketch of t h e new p r o o f .

1. I N T R O D U C T I O N

Let us begin by s t a t i n g four m a j o r t h e o r e m s in Ramsey t h e o r y and e x t r e m a l
c o m b i n a t o r i c s . The first is van der W a e r d e n ' s t h e o r e m [14]. T h r o u g h o u t
t h i s p a p e r we shall use the n o t a t i o n [n] to s t a n d for the set {I , 2, . . . ,n}.

T h e o r e m 1 . 1 . For any two p o s i t i v e integers k and r there e x i s t s a p o s i t i v e
integer N such t h a t i f the e l e m e n t s o f [N] are coloured with r colours, then
there m u s t be an a r i t h m e t i c progression of length k with all its elements o f
the same colour.

" T h e a u t h o r is a Royal Society 2010 A n n i v e r s a r y Research Professor and g r a t e f u l l y
acknowledges the s u p p o r t of the Royal Society .
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I f the elements of a set X are coloured, and Y is a s u b s e t of X with all
its elements of the same colour, t h e n one usually says t h a t Y is monochro
m a t i c . So van der Waerden 's t h e o r e m tells us t h a t if we colour a sufficiently
large set [N] with r colours, t h e n we can find a m o n o c h r o m a t i c a r i t h m e t i c
progression of length k.

The next t h e o r e m on our list is the Hales - J e w e t t t h e o r e m [7]. This
can be t h o u g h t of as an a b s t r a c t version of van der Waerden 's theorem. It
implies van der Waerden 's t h e o r e m and arises n a t u r a l l y when one examines
the proof of van der W a e d e n ' s theorem. To s t a t e it , we need some definitions.

The Hales - J e w e t t t h e o r e m is a n o t h e r colouring t h e o r e m . In t h i s case,
the s t r u c t u r e t h a t we colour is t h e set [ k t for some pair of positive integers
k and n. T h a t is, it consists of all sequences of length n whose elements
belong to the set {I , 2, . . . , k}. This s t r u c t u r e can also be t h o u g h t of as an
n - d i m e n s i o n a l d i s c r e t e cube with s i d e l e n g t h k. For i n s t a n c e , when k = 3
and n = 2 it is a n o u g h t s - a n d - c r o s s e s (or t i c - t a c - t o e ) b o a r d .

In the game of noughts and crosses, each player is t r y i n g to make a
line. W h a t is a line, m a t h e m a t i c a l l y speaking? In t e r m s of c o o r d i n a t e s ,
it is a triple of points ((Xl,Yl), (X2,Y2) , (X3,Y3)) such t h a t (Xl,X2 ,X3) and
(Yl' Y2, Y3) are b o t h e i t h e r c o n s t a n t sequences or one of the sequences ( 1 , 2 , 3 )
or (3,2 ,1), and, to avoid degeneracy, they are not b o t h c o n s t a n t sequences.
For example, ( ( 1 , 3 ) , (2,3), ( 3 , 3 ) ) and ( ( 1 , 3 ) , (2,2), (3, 1)) are two lines.
This definition e x t e n d s easily to larger b o a r d s and higher dimensions.

D e f i n i t i o n 1 . 2 . A g e o m e t r i c line in [ k t is a sequence (x(1) , , x ( k ) )

of elements of [ k t such t h a t for every i, the sequence (xii) , , x~i))
is e i t h e r c o n s t a n t or equal to one of the two sequences (1,2, , k) or

(k, (k - 1) , . . . , 1 ) , and for at least one i the sequence (xii) , , x~)) is
not c o n s t a n t .

The H a l e s - J e w e t t t h e o r e m concerns a r e s t r i c t e d class of geometric lines
called c o m b i n a t o r i a l lines. These are lines where all the varying c o o r d i n a t e s
vary in the same direction. Let us spell this out.

D e f i n i t i o n 1 . 3 . A c o m b i n a t o r i a l line in [ k t is a sequence (x(1) , . . . , x ( k ) ) of

elements of [ k t such t h a t for every i, the sequence (xii), . .. , x~i) ) is e i t h e r
c o n s t a n t or equal to t h e sequence (1,2, . . . , k), and for at least one i the

sequence (xii) , .. . , x~i)) is not c o n s t a n t .

A useful way of r e p r e s e n t i n g a c o m b i n a t o r i a l line is as an element of
the set ([k] U {*}) n , where the element * is t h o u g h t of as i n d i c a t i n g the
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presence of a v a r i a b l e c o o r d i n a t e , or " w i l d c a r d ". T h i s is b e s t i l l u s t r a t e d
with an e x a m p l e : if k = 3 and n = 9, t h e n t h e sequence (* , 1 , 3 , * , *, 2 , 2 , * , 1)
c o r r e s p o n d s to t h e line whose t h r e e p o i n t s are

( 1 , 1 , 3 , 1 , 1 , 2 , 2 , 1 , 1 ) ,

( 2 , 1 , 3 , 2 , 2 , 2 , 2 , 2 , 1 )

and
(3 ,1 , 3 , 3 , 3 , 2 , 2 , 3 , 1 ) ,

where for c l a r i t y we have m a r k e d t h e v a r i a b l e c o o r d i n a t e s in bold .

T h i s r e p r e s e n t a t i o n shows t h a t t h e r e is a l m o s t a o n e - t o - o n e c o r r e s p o n 
dence b e t w e e n c o m b i n a t o r i a l lines in [k]n and p o i n t s in [k + i]" . T h e only
q u a l i f i c a t i o n is t h a t a c o m b i n a t o r i a l line m u s t have a t l e a s t one w i l d c a r d
(since one does not wish to allow d e g e n e r a t e c o m b i n a t o r i a l lines).

I t is not h a r d to see t h a t t h e Hales - J e w e t t t h e o r e m implies van der
W a e r d e n ' s t h e o r e m . To prove t h i s , it is sufficient to find a map from [kf
to N t h a t t a k e s c o m b i n a t o r i a l lines to a r i t h m e t i c p r o g r e s s i o n s of l e n g t h k .
I f t h i s maps [k]n into [N], t h e n any c o l o u r i n g of [N] can be pulled back
to [kt, and a m o n o c h r o m a t i c c o m b i n a t o r i a l line in [kf t h e n m a p s to a
m o n o c h r o m a t i c a r i t h m e t i c p r o g r e s s i o n of l e n g t h k in [N] . Two obvious
e x a m p l e s of such maps are t h e map t h a t t a k e s each element of [kt to t h e
sum of its c o o r d i n a t e s , and t h e map t h a t i n t e r p r e t s each e l e m e n t of [kt as
t h e base-k r e p r e s e n t a t i o n of some i n t e g e r (except t h a t to do t h i s it is easier
to use t h e set {a, 1, . . . , k - I } " i n s t e a d ) .

We briefly m e n t i o n here t h e n o t i o n of an r - d i m e n s i o n a l comb i n a t o r i a l
sub space of [ k f , since we shall need it l a t e r . I t is s i m i l a r to a c o m b i n a t o r i a l
line, b u t now i n s t e a d of having j u s t one wildcard set one has r such sets .
W i t h i n each w i l d c a r d set all t h e c o o r d i n a t e s have to be equal , b u t t h e coor
d i n a t e s in diff e r e n t w i l d c a r d sets can vary i n d e p e n d e n t l y . T h e i m p o r t a n c e
of t h i s d e f i n i t i o n to us is t h a t , as is easy to see, t h e r e is an i s o m o r p h i s m
between [kr and an z - d im e n s i o n a l c o m b i n a t o r i a l s u b s p a c e of [k]n. (We do
not b o t h e r to define w h a t "is o m o r p h is m " means here, b u t t h e i m p o r t a n t
p r o p e r t y of i s o m o r p h i s m s is t h a t t h e y preserve c o m b i n a t o r i a l lines and com
b i n a t o r i a l s u b s p a c e s .)

Let us move on to our t h i r d t h e o r e m . I t is scarcely n e c e s s a r y to s t a t e
Szemeredi 's t h e o r e m in t h i s volume , b u t for c o m p l e t e n e s s we shall do so.
Let X be a finite set and let Y be a s u b s e t of X . We defin e t h e den s i t y of Y
(in X) to be WI/IXI.
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T h e o r e m 1 . 4 . For e v e r y b > 0 a n d e v e r y p o s i t i v e i n t e g e r k t h e r e e x i s t s
a p o s i t i v e i n t e g e r N such t h a t e v e r y s u b s e t A o f [N] o f d e n s i t y at least b
c o n t a i n s an a r i t h m e t i c progression o f l e n g t h k .

This is the d e n s i t y v e r s i o n of van der W a e r d e n ' s t h e o r e m , proved in
1975 [13]. I t t r i v i a l l y implies van der Waerden 's t h e o r e m , since if you
colour [N] with r colours, t h e n t h e r e must be a m o n o c h r o m a t i c s u b s e t
of density at least 1/1'. As this makes clear , one can formulate a density
version for p r e t t y well any R a m s e y - t y p e t h e o r e m . Often this results in a
false s t a t e m e n t : it is not t r u e , for i n s t a n c e , t h a t if n is sufficiently large,
t h e n every sub g r a p h of the complete g r a p h K n with at least (~) /10 edges
c o n t a i n s a t r i a n g l e . I t is also not t r u e t h a t every s u b s e t of [n] of density at
least 1 / 1 0 c o n t a i n s elements x , y and z such t h a t x + y = z , Thus , Ramsey 's
t h e o r e m and Schur's t h e o r e m do not have density versions.

The simplicity of the s t a t e m e n t of Szemeredi 's t h e o r e m might lead one
to e x p e c t t h a t it is e i t h e r fairly simple to prove , or false. However, n e i t h e r
of these is the case : a l t h o u g h a n u m b e r of proofs are now known , none of
t h e m is t r u l y simple . In p a r t i c u l a r , they are all significantly h a r d e r t h a n
the proof of van der Waerden 's theorem. However, these proofs have led
to the discovery of a r e m a r k a b l e n u m b e r of ideas t h a t have gone on to be
applied elsewhere : a n o t a b l e ex a m p le being Sz e m e r e d i ' s r e g u l a r i t y lemma .
A n o t h e r n o t a b l e example is the e r g o d i c - t h e o r etic machinery of F u r s t e n b e r g ,
which he used to give a second proof of Szemeredi 's t h e o r e m in 1977 [4]'
and which he and o t h e r s used to prove many r e m a r k a b l e extensions of th e
t h e o r e m .

T h e fourth t h e o r e m , which is one of these r e m a r k a b l e extensions, "com
pletes t h e s q u a r e " . I t s i m u l t a n e o u s l y generalizes the Hales - J e w e t t theo
rem and Szemeredi's t h e o r e m in the way t h a t Szemeredi 's t h e o r e m and the
H a l e s - J e w e t t t h e o r e m , respectively , generalize van der W a e r d e n ' s t h e o r e m .
It is not h a r d to guess the st a t e m e n t .

T h e o r e m 1 . 5 . For e v e r y b > 0 and e v e r y k t h e r e e x i s t s n such t h a t ev e r y
s u b s e t o f [ k t o f d e n s i t y a t least b c o n t a i n s a c o m b i n a t o r i a l line.

This, the d e n s i t y Hales - J e w e t t t h e o r e m , was proved by F u r s t e n b e r g
and K a t z n e l s o n in 1991 [6] . T h e proof required a significant e x t e n s i o n of
F u r s t e n b e r g 's techniques , and involved i n f i n i t a r y Ramsey t h e o r e m s such as
C a r l s o n ' s t h e o r e m , making it one of the most difficult r e s u l t s in e x t r e m a l
c o m b i n a t o r i c s .
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For several years, the only known way of proving a n u m b e r of density
t h e o r e m s was to use F u r s t e n b e r g ' s m e t h o d s . This was t r u e , for example ,
of the m u l t i d i m e n s i o n a l version of Szemeredi's theorem [5], t h e polynomial
version of Bergelson and Leibman [3], and the density Hales - J e w e t t t h e o r e m
of F u r s t e n b e r g and Katznelson. Recently this has begun to change . T h e r e is
now a proof of the m u l t i d i m e n s i o n a l Szemeredi t h e o r e m using a h y p e r g r a p h
analogue of Szemeredi's r e g u l a r i t y lemma, and a n a t u r a l next t a r g e t was to
t r y to find a finitary proof of the density Hales - J e w e t t theorem.

How might one go a b o u t this? T h e r e are two obvious approaches. One
is to look very carefully at the proof of F u r s t e n b e r g and K a t z n e l s o n and
t r y to discretize it . The o t h e r is to t r y to find an e n t i r e l y new proof,
p e r h a p s drawing i n s p i r a t i o n from the m e t h o d s t h a t go into the proof of
the m u l t i d i m e n s i o n a l Szemeredi t h e o r e m (since this is a s t r o n g s t a t e m e n t
and also a n o t a b l e consequence of t h e d e n s i t y Hales - J e w e t t t h e o r e m ) .

This is the m a t h e m a t i c a l b a c k g r o u n d to an e x p e r i m e n t t h a t I began in
early 2009. Let me now explain the e x t r a - m a t h e m a t i c a l b a c k g r o u n d .

2 . P O L Y M A T H A N D O P E N M A T H E M A T I C S

The t r a d i t i o n a l model of research in m a t h e m a t i c s is t h a t m a t h e m a t i c i a n s
work very p r i v a t e l y , e i t h e r alone or in small groups . I f at some p o i n t they
o b t a i n some r e s u l t s t h a t are in a r e a s o n a b l y final form , it is only t h e n t h a t
they make t h e i r t h o u g h t s public. This process has served us well and is likely
to continue to do so , b u t t h e r e are various ways in which it is inefficient.

One is t h a t p a p e r s p r o d u c e d in this way can be very h a r d for o t h e r
m a t h e m a t i c i a n s to learn from . Sometimes this is for the simple reason t h a t
they are badly w r i t t e n . But even a clear and w e l l - w r i t t e n p a p e r can leave
its r e a d e r t h i n k i n g , "1 u n d e r s t o o d t h a t b u t I d o n ' t see how the a u t h o r ( s )
t h o u g h t of t h e a r g u m e n t , so I d o n ' t know how I would ever t h i n k of t h a t
kind of a r g u m e n t for myself."

A n o t h e r becomes clear if you t h i n k a b o u t w h a t it takes for c e r t a i n proofs
to be discovered. Imagine an unsolved m a t h e m a t i c s problem with a (not
yet discovered) solution t h a t needs a couple of clever tricks. Suppose t h a t
the s o l u t i o n is reasonably easy, t h o u g h not t r i v i a l , to work out if you are
given the hint t h a t those tricks should be used. Suppose moreover t h a t
the tricks are quite well known . W h a t , then, is holding up the discovery?
The answer is t h a t the two tricks are s o m e w h a t different in style ( t h o u g h
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not necessarily in s u b j e c t m a t t e r ) . As a consequence, while t h e r e are
people who are likely to t h i n k of using one trick or the other, t h e r e is
nobody who is likely to t h i n k of both. Even this is not necessarily a
problem, since m a t h e m a t i c i a n s like doing joint work. B u t how does the
right t e a m assemble itself? Traditionally, the process is r a t h e r h a p h a z a r d :
m a t h e m a t i c i a n s c o l l a b o r a t e with people they know or h a p p e n to hear a b o u t ,
and hope t h a t the pooling of t h e i r e x p e r t i s e will be fruitful. This may seem
to work well, but p e r h a p s t h a t is because we are blissfully unaware of all the
b e a u t i f u l proofs t h a t we would have discovered if we assembled our t e a m s
more systematically. And even if proofs t h a t need more t h a n one idea do
eventually get discovered, p e r h a p s the whole process could be much quicker.

A t h i r d inefficiency is closely related to b o t h the first two. Although a
proof , when w r i t t e n out, is a fairly linear o b j e c t , s t a r t i n g from the premises
and t a k i n g a direct route to the conclusion, the discovery of a proof is far
from linear . I t is more like a tree with many branches; b u t when you finally
discover the b r a n c h t h a t leads to the s u b b r a n c h t h a t leads to the twig t h a t
has at the end of it the s o l i t a r y fruit t h a t is the conclusion you were looking
for, you t h r o w a w a y the rest of the tree. A single m a t h e m a t i c i a n may take
a very long time to explore this tree, b u t one of the benefits of increased
m a t h e m a t i c a l experience is t h a t one learns to recognise c e r t a i n types of
branches t h a t do not have fruit at the end. Now different m a t h e m a t i c i a n s
will have different e x p e r t i s e of this sort , so if several m a t h e m a t i c i a n s are
exploring the tree t o g e t h e r , they may well end up with a far more linear
discovery process (since when m a t h e m a t i c i a n A says , "How a b o u t t r y i n g
this ?" and "this" is not in fact a good approach, t h e r e may well be a
m a t h e m a t i c i a n B who knows why it is not a good approach).

A fourth inefficiency is like the t h i r d , but in the opposite direction.
A n o t h e r i m p o r t a n t aspect of exploring the tree is finding the branches to
look at in the first place. A single m a t h e m a t i c i a n may well only t h i n k of
c e r t a i n kinds of branches, but a large group is likely to t h i n k of any kind of
b r a n c h t h a t is not too s t r a n g e , and maybe even some t h a t are.

At some point in 2008 it occurred to me t h a t many of these inefficiencies
could in principle be removed if research took place publicly r a t h e r t h a n
privately. Moreover, with the advent of the i n t e r n e t , public research was in
principle possible: t h e r e were now several media t h a t could be used, of which
an obvious one was the blog, especially because Wordpress s u p p o r t s LaTeX .
One might t h i n k t h a t , despite these technical aids, public research would
never work in p r a c t i c e because nobody would be p r e p a r e d to give away t h e i r
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ideas until they had fully exploited t h e m . But the second t h o u g h t t h a t
occurred to me was t h a t this was not necessarily a problem: if a research
p r o j e c t was t a k i n g place in public , t h e n it would be difficult to s t e a l its
ideas and get away with it , and it would also be difficult to exploit those
ideas if you were working alone and were in c o m p e t i t i o n with a big team.
In fact, the pressure might well be the exact opposite of the usual pressure :
if you had an idea , you would have a s t r o n g incentive to share it as soon
as possible, since otherwise somebody else might t h i n k of it and mention it
first.

Having had these t h o u g h t s , I filed t h e m away in the p a r t of my brain
marked "Somet h in g I ' d like to t r y one day " and got on with o t h e r things.
I t h e n chanced on a blog post by Michael Nielsen e n t i t l e d "Doing science
online ," which mentioned t h a t a m a t h e m a t i c i a n called G a r r e t t Lisi was
using a m a t h e m a t i c a l wiki to develop his t h i n k i n g online. I looked into this
and found t h a t it was not quite what I had had in mind, b u t it was close
enough to make it clear t h a t such ideas were in the air . This was the spur
I needed to propose an online c o l l a b o r a t i o n on my blog with whoever felt
like joining in . (Incidentally, Nielsen's essay is highly recommended, and
discusses at much gr eater length t h a n I have above the kinds o f efficiency
gains t h a t could in principle come with open science.)

W h a t a b o u t the choice of problem to work on? I needed a question t h a t
would be sufficiently appealing to enough o t h e r m a t h e m a t i c i a n s t h a t t h e r e
would be a realistic chance of assembling a s u i t a b l e team of c o l l a b o r a t o r s .
Ideally t h e problem should b e difficult enough to be well worth solving ,
but not so d ifficult t h a t it would p u t people off even trying. I t should also
be a problem where I had at least some ideas a b o u t what to do - simply
proposing a problem in a vacuum did not seem a good way of p e r s u a d i n g
o t h e r s to p a r t i c i p a t e - and these ideas should be ones t h a t I was p r e p a r e d
to make public .

To find an e l e m e n t a r y proof of the density Hales - J e w e t t theorem seemed
j u s t right . The first difficult case, when k = 3 , felt as t h o u g h it was not
hopelessly difficult, and in a conversation several years earlier Jozsef Soly
mosi and I had once come up with a programme for solving it by i m i t a t i n g
a proof of the "corn er s theorem " (the first case of the multidimensional Sze
meredi theorem, which will be discussed in detail l a t e r in this p a p e r ) . I t can
be seen t h a t the density H a l e s - J e w e t t theorem follows from an a d a p t a t i o n of
the so-called triangle-removal lemma, which itself follows from Szemeredi's
r e g u l a r i t y lemma , so the idea would be to t r y to find an a p p r o p r i a t e adap
t a t i o n of the r e g u l a r i t y lemma , prove the modified triangle-removal lemma
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and deduce the density Hales - J e w e t t t h e o r e m for k = 3 . Of course, there
were difficulties with t h i s a p p r o a c h , so after I had a n n o u n c e d my i n t e n t i o n
to c a r r y out such an e x p e r i m e n t , my initial m a t h e m a t i c a l posts described
the problem and described the a p p r o a c h I wanted to try, up to the point
where I had got stuck.

I suggested various rules, some firm and o t h e r s j u s t guidelines, for how
the c o l l a b o r a t i o n should work. A p a r t i c u l a r l y firm rule was t h a t if a n y t h i n g
p u b l i s h a b l e was to result from the c o l l a b o r a t i o n , t h e n it would be p u b l i s h e d
under a pseudonym, and t h e r e would be a link from the published p a p e r to
the blog discussion. The pseudonym I chose was P o l y m a t h . An i m p o r t a n t
guideline was t h a t c o m m e n t s should be kept r e a s o n a b l y s h o r t and (if possi
ble) not too technical. In p a r t i c u l a r , one should t r y to avoid the t e m p t a t i o n
to t h i n k hard a b o u t ideas offline and present them in polished form. B e t t e r
(and more efficient) to express t h o u g h t s t h a t were not yet fully worked out
and let them be developed collectively.

To cut a long s t o r y s h o r t , t h e result of the e x p e r i m e n t was t h a t in
under six weeks the problem was solved. In a d d i t i o n to this r e m a r k a b l y
quick outcome, there were a n u m b e r of o t h e r i n t e r e s t i n g a s p e c t s to what
h a p p e n e d , which I shall briefly list.

(i) The e v e n t u a l p r o o f was modelled not on the triangle-removal a r g u m e n t
of Ruzsa and Szemeredi [10] ( l a t e r applied to the corners problem by
Solymosi [12]) b u t on a different proof of the corners theorem due to
A j t a i and Szemeredi [1] . (It will surely not have escaped the reader 's
notice how often E n d r e ' s name comes up in this discussion.)

(ii) The proof was s t r i c t l y simpler t h a n t h a t of F u r s t e n b e r g and K a t z n e l 
son, because it did not use C a r l s o n ' s t h e o r e m or a n y t h i n g like it. In
o t h e r words, it was not j u s t a t r a n s l a t i o n of t h e i r ideas into a different
language.

(iii) Once we had a proof for the case k = 3, it was almost i m m e d i a t e l y
clear t h a t it could be generalized to a proof for every k . This was a
m a j o r surprise, since in all o t h e r proofs of Szemeredi's t h e o r e m the
case k = 4 is s u b s t a n t i a l l y h a r d e r .

( i v ) I t is a r g u a b l e ( a n d I m y s e l f w o u l d a r g u e ) t h a t t h e p r o o f g a v e t h e '

simplest known proof of Szemeredi's theorem.

(v) The set of people who worked seriously on the p r o j e c t e v e n t u a l l y
s e t t l e d down to a core (with a n o n - s h a r p b o u n d a r y ) of a r o u n d half a
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dozen people , who were all people one might have e x p e c t e d in advance
to be i n t e r e s t e d . However, it would have been impossible in advance
to p r e d i c t who these people were going to be .

(vi) T h e progress of the p r o j e c t was followed by a large n u m b e r of people ,
and was c o m m e n t e d on in many places a r o u n d the i n t e r n e t , at one
p o i n t even making the front page of t h e Slashdot a g g r e g a t o r .

In a d d i t i o n , one of our lemmas c o n t a i n e d an idea t h a t helped Tim A u s t i n
to complete a p r o j e c t of finding a simpler ergodic proof of t h e d e n s i t y H a l e s 
J e w e t t t h e o r e m [2], and Terence Tao ran on his blog a p r o j e c t to i n v e s t i g a t e
u p p e r and lower b o u n d s for t h e t h e o r e m in small dimensions, the r e s u l t s of
which have now been w r i t t e n up and can be found in t h i s volume [9] .

3. T H E C O R N E R S T H E O R E M OF A J T A I A N D S Z E M E R E D I

T h e rest of this p a p e r is devoted to a discussion of P o l y m a t h 's proof of
t h e d e n s i t y Hales - J e w e t t t h e o r e m . We do not give full d e t a i l s , b u t we aim
to give a sufficiently d e t a i l e d a c c o u n t t h a t the i n t e r e s t e d r e a d e r can easily
r e c o n s t r u c t a complete proof ( a n d we secretly hope t h a t some r e a d e r s will
find it easier to do this t h a n to read the full d e t a i l s ) . The full p r o o f a p p e a r s
in a p a p e r of D. H. J. P o l y m a t h [8].

As m e n t i o n e d above , the proof was modelled on a proof of A j t a i and Sze
m e r e d i of t h e following result, which is the first genuinely m u l t i d i m e n s i o n a l
case of the m u l t i d i m e n s i o n a l S z e m e r e d i t h e o r e m [1].

T h e o r e m 3 . 1 . For e v e r y 8 > 0 there e x i s t s N such t h a t for e v e r y s u b s e t
A C [N]2 of d e n s i t y a t least 8 there e x i s t (x, y) and d > 0 such t h a t (x , y),
(x + d , y) and (x , y + d) all belong to A .

The t h r e e p o i n t s t h a t belong to A form the vertices of an isosceles right
angled t r i a n g l e with two of its sides h o r i z o n t a l and vertical and the right
angle p o i n t i n g downwards to t h e left. It has become common to call these
c o n f i g u r a t i o n s corners. Thus, t h e theorem of A j t a i and Szemeredi a s s e r t s
t h a t a density-8 subset of a sufficiently large grid must c o n t a i n a corner.

Here is a sketch of a proof of Theorem 3.1. It is essentially t h e same as
the p r o o f of A j t a i and Szemeredi, b u t the steps have been slightly r e a r r a n g e d
in a way t h a t was crucial when it came to a d a p t i n g t h e a r g u m e n t to prove
t h e density Hales - J e w e t t t h e o r e m .
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Let us assume t h a t A is a s u b s e t of [N]2 of density a t least 6 t h a t c o n t a i n s
no corners.

The first s t e p is to find a "d e ns e diagonal ": t h a t is , to find some z
such t h a t there are a t least en pairs (x , y) E A with x + Y = z. This is
easily done with an averaging a r g u m e n t . T h e r e are 2 N - 1 sets of the form
D z = { (x , y) E [N]2 : x + Y = z} , and t h e y p a r t i t i o n [ N f Therefore , if A
has size at least 6 N 2 , a t least one of these sets must c o n t a i n at least 6 N / 2
p o i n t s of A. T h a t gives us our dense diagonal.

The second s t e p is to find two large sets X , Y c [N] such t h a t X x Y
is disjoint from A. This is where we use the a s s u m p t i o n t h a t A contains no
corners. Let the dense diagonal be D z and suppose t h a t ( X l , YI) and (X2, Y2)
are two p o i n t s in D z n A . T h e n we know t h a t X l +YI = X2+Y2 = z. W i t h o u t
loss of generality X l < X2 . T h e n the p o i n t ( X l , Y2) c a n n o t belong to A, since
otherwise the three p o i n t s ( X l , Y2) , ( X l , yd and (X2' Y2) would form a corner.
(The right angle would be at ( X l , Y2) and d would equal X2 - X l = YI - Y2.)
Let us p a r t i t i o n A n D , into two sets E I , E 2 of a p p r o x i m a t e l y equal size,
with the x - c o o r d i n a t e of every p o i n t in E I less t h a n the x - c o o r d i n a t e of
every point in E 2 • Let X be the set of x - co or d in a t es of points in E I and
let Y be the set of y - c o o r d i n a t e s of points in E 2 . T h e n the a r g u m e n t j u s t
given shows t h a t no p o i n t in X x Y can belong to A. Moreover, we can
ch o ose the p a r t i t i o n so t h a t b o t h X and Y hav e a t least o N / 4 p o i n t s . (For
simplicity I am ignoring the need to take integer p a r t s . )

The t h i r d s t e p is to find two large sets U, V c [N] such t h a t the d e n s i t y
of A inside U x V is at least 0 + TJ , where TJ is a positive c o n s t a n t t h a t
d epends on 6 only. (By "t h e d e n s i t y of A inside U x V " I mean the r a t i o
IAI/IUIIVI.) This follows from a very easy averaging a r g u m e n t : we can
p a r t i t i o n [ N f into the four sets X x Y, X x y c , X C x Y and X " x y c . Since
X x Y is r e a s o n a b l y dense and disjoint from A, the d e n s i t y of A inside one
of the o t h e r t h r e e sets must be n o t i c e a b l y bigger t h a n 6. In fact we can take
'f} to be c6 2 for an a b s o l u t e c o n s t a n t c > O.

Define a grid to be a s u b s e t of [N]2 of the form P x Q, where P and Q
are a r i t h m e t i c progressions with the same common difference. We shall t r y
to find a grid P x Q in which the densit y of A is at least 6 + TJ (for some
possibly different TJ). I f we can always do this , t h e n a s t a n d a r d a r g u m e n t
shows t h a t we are done. Indeed, we can r e s t r i c t our a t t e n t i o n to the grid
P + Q and run the a r g u m e n t again . Once again , if t h e r e is no corner t h e n we
can find a f u r t h e r s u b g r i d in which the density of A is yet larger. P r o v i d e d
t h a t 'f} is an increasing function of 6 , this process c a n n o t continue for ever ,
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since the density will reach 1 in a finite number of steps. Therefore, t h e r e
must be a corner in A .

Although a C a r t e s i a n p r o d u c t U x V is not a grid , it is a useful step to
wards a grid , because it somehow reduces the problem to a one-dimensional
one. W h a t we shall do to complete the proof is show, with the help of Sze
meredi's theorem, t h a t it is possible to p a r t i t i o n almost all of U x V into
grids. I f we can do this, t h e n an averaging a r g u m e n t shows t h a t if A has
density £5 + "1 in U x V , t h e n it must have density almost £5 + "1 (and c e r t a i n l y
at least £5 + "1/2 , say) in at least one of the grids.

The fourth step is to p a r t i t i o n almost all of U into long a r i t h m e t i c
progressions. Since U is a dense s u b s e t of [N], Szemeredi's t h e o r e m tells us
t h a t it contains an a r i t h m e t i c progression PI with length t e n d i n g to infinity.
I f U \ P is still of non-negligible density, t h e n U \ PI contains an a r i t h m e t i c
progression P 2 with length t e n d i n g to infinity. Continuing this process, we
can p a r t i t i o n U into a union PI U·· , U P k U W , where all the Pi are a r i t h m e t i c
progressions of length t e n d i n g to infinity and W is a set of negligible size.
I t will be useful l a t e r if we also insist t h a t the common difference of each Pi
is at most yIN, which we clearly can (since if a set is dense in [N] t h e n by
averaging it will be dense in some interval of width yIN).

The fifth step is to p a r t i t i o n almost all of each set Pi x [N] into grids.
This can be done as follows. I f Pi has common difference d and length k,
p a r t i t i o n almost all of [N] into intervals of length dk and t h e n p a r t i t i o n each
interval into a r i t h m e t i c progressions of length k and common difference d.
Thus , we have p a r t i t i o n e d almost all of U x [N] into grids Pi X Qij.

The s i x t h step is to r e p e a t the a r g u m e n t , but reversing the roles of the
two c o o r d i n a t e s . Let us r e s t r i c t a t t e n t i o n to one of the grids Pi X Qij. The
i n t e r s e c t i o n of U with Pi x Qij is of the form Pi X Uij . Precisely the same
a r g u m e n t t h a t we gave in s t e p s 4 and 5 can be used to prove t h a t this set
can be p a r t i t i o n e d into grids plus a set of very small density .

We have therefore p a r t i t i o n e d almost all of U x V into large grids. This,
t o g e t h e r with the s t a n d a r d d e n s i t y - i n c r e m e n t s t r a t e g y explained above, is
sufficient to complete the proof.

4. F R O M C O R N E R S TO C O M B I N A T O R I A L L I N E S

How can we model a proof of the density H a l e s - J e w e t t theorem (for k = 3)
on the proof j u s t sketched of the corners theorem? Ideally we would have a
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d i c t i o n a r y t h a t would allow us to c a r r y the steps over in a s t r a i g h t f o r w a r d
way. The reality is t h a t we do indeed have a very helpful dictionary, b u t
t h a t when we use it to c a r r y o v e r the proof, we have to overcome c e r t a i n
difficulties. In this section we shall explain the d i c t i o n a r y , and in the next
section what the difficulties are.

Before we s t a r t , it will be helpful to r e f o r m u l a t e the corners s t a t e m e n t in
a more s y m m e t r i c a l way, so t h a t it is a b o u t e q u i l a t e r a l t r i a n g l e s r a t h e r t h a n
isosceles right angled t r i a n g l e s . To do this , we observe first t h a t the corners
t h e o r e m is equivalent to the s t a t e m e n t t h a t for sufficiently large N , every
s u b s e t of TN = { (x, y) E 'Ii} : x , y ~ 0 , x + Y ::; N } c o n t a i n s a corner. This

is because if A is a dense s u b s e t of [N]2, t h e n we can cover [N]2 by t r a n s l a t e s
of TN and apply an averaging a r g u m e n t to find a t r a n s l a t e inside which A
is dense, and in the o t h e r d i r e c t i o n if A is dense in TN t h e n A n [N]2 is
dense in [N]2. However, TN is a more n a t u r a l space for the corners problem
because it has t h r e e privileged d i r e c t i o n s ( r a t h e r t h a n j u s t two) and they
are the same as the t h r e e directions one can form by joining two p o i n t s of
a corner with a line.

To r e f o r m u l a t e this in t e r m s of e q u i l a t e r a l t r i a n g l e s , we can simply apply
an affine t r a n s f o r m a t i o n t h a t t u r n s all aligned isosceles right angled t r i a n g l e s
into e q u i l a t e r a l ones. However, a nicer way to do this is to embed Z2 into Z3,
by sending the point (x , y) to t h e point (x , y , N - y). T h e n TN maps to
the set { ( x , y , z ) : x , y , z ~ 0, x + y + z = N}. A corner will map to a
t r i p l e of t h e form (x + d , y, z) , (x , y + d, z), ( x, y , z + d) , with d > 0 and
x + y + z + d = N . Thus, we have a r e f o r m u l a t i o n of the corners t h e o r e m
t h a t t r e a t s all t h r e e d i r e c t i o n s in the same way.

How can we t h i n k of a c o m b i n a t o r i a l line in [ 3 t as "similar to a c o r n e r " ?
To begin with , we want to r e p r e s e n t points in our space [ 3 t as t r i p l e s
somehow . B u t t h e r e is a very n a t u r a l way of doing t h a t . A point in [ 3 t is
d e t e r m i n e d by a p a r t i t i o n of [n] into t h r e e sets : the set of c o o r d i n a t e s where
it takes the value 1, the set where it takes the value 2, and the set where it
takes the value 3. Thus, we could regard the density Hales - J e w e t t t h e o r e m
for k = 3 as a t h e o r e m a b o u t such p a r t i t i o n s .

Let us do so: we shall t h i n k of [ 3 t as the set of all t r i p l e s ( X , Y, Z) such
t h a t X , Y and Z are disjoint and x u Y U Z = [n]. This a l r e a d y suggests
t h a t in our d i c t i o n a r y we should t r a n s l a t e a d d i t i o n into disjoint union. T h a t
in t u r n suggests t h a t the analogue of a corner should be a t r i p l e of t r i p l e s of
t h e form ( X U D , Y , Z) , ( X , Y U D, Z) and ( X , Y, Z U D ) , where the unions
are disjoint unions. The obvious t r a n s l a t i o n of the c o n d i t i o n t h a t d > 0 is
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t h a t D should be non-empty. And if we t h i n k a b o u t t h i s for a moment we
see t h a t we have j u s t defined t h e c o m b i n a t o r i a l line t h a t is 1 on X , 2 on Y
and 3 on Z and has wildcard set D.

An i m p o r t a n t role in the corners proof was played by C a r t e s i a n p r o d u c t s .
W h a t s o r t s of s u b s e t s of [ 3 f play the role t h a t is played in the corners
problem by s u b s e t s of [N]2 of t h e form U x V? Well, U x V = {(x, y) E

[N]2 : u E U, v E V}. In t e r m s of our more s y m m e t r i c c o o r d i n a t e system,
we might describe (U x V) n Tn as { (u , v , w) : u E U, v E V, u + v ::; N ,
u + V + w = N } . Now let U and V be collections of s u b s e t s of [n] . Since
we are t u r n i n g sums into disjoint unions, the n a t u r a l analogue U IZI V is the
set of all (U, V , W) such t h a t U E U, V E V and U , V and W p a r t i t i o n [n].
E q u i v a l e n t l y , it is the set of all t r i p l e s (U, V, [n] \ (U u V)) such t h a t U E U,
V E V and U and V are disjoint. We shall call U IZI V the d i s j o i n t product
o f U and V.

5. T w o A p P A R E N T L Y S E R I O U S D I F F I C U L T I E S

This all looks very promising , so where do we run into t r o u b l e ? T h e r e
are two o b s e r v a t i o n s t h a t might lead one to t h i n k t h a t a t r a n s l a t i o n of t h e
corners p r o o f was not after all possible.

The first is t h a t measure c o n c e n t r a t i o n has u n d e s i r a b l e effects when
one is t r y i n g to prove the density Hales - J e w e t t theorem. This difficulty
manifests itself in several ways, so let us j u s t pick one: a t y p i c a l point in a
t y p i c a l line is not a typical point. -

To be more explicit , recall t h a t a c o m b i n a t o r i a l line in [ 3 f can be
t h o u g h t of as a point in [4]n t h a t takes the value 4 at least once (or, in
our new language, as a q u a d r u p l e of sets ( X , Y , Z, D ) t h a t p a r t i t i o n [n],
with t h e c o n d i t i o n t h a t D =1= 0). Now if you choose a r a n d o m p a r t i t i o n
of [n] into four sets, t h e n with e x t r e m e l y high p r o b a b i l i t y each set will have
size very close to n / 4 . This implies t h a t a typical p o i n t in a r a n d o m line
has a b o u t n / 2 of its c o o r d i n a t e s equal to one value and a b o u t n / 4 of its
c o o r d i n a t e s equal to each of t h e o t h e r two values. This is very unlike a
t y p i c a l p o i n t , which takes all t h r e e values a b o u t n / 3 times.

S o m e t h i n g similar is t r u e in the corners problem . I f you choose a
r a n d o m corner and t h e n a r a n d o m point in t h a t r a n d o m corner, the r e s u l t i n g
d i s t r i b u t i o n is not uniform over all p o i n t s . However, it is close enough to
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uniform for many a r g u m e n t s to work. (The main p r o p e r t y one needs is t h a t
a set t h a t has small p r o b a b i l i t y in one d i s t r i b u t i o n has small p r o b a b i l i t y in
t h e o t h e r .) For example , it allows one to show t h a t a dense set has not j u s t
one corner b u t c N 3 corners for some c o n s t a n t c > a t h a t depends j u s t on
the density. T h a t is , if A is a set of density 0, t h e n a r a n d o m corner has a
positive p r o b a b i l i t y c 2: c( 0) > a of belonging to A.

The analogous s t a t e m e n t for the density H a l e s - J e w e t t theorem is easily
seen to be false, as a result of the p h e n o m e n o n j u s t described . Indeed, let
A be the set of all p o i n t s (X, Y, Z) such t h a t each of X , Y and Z has size
a p p r o x i m a t e l y n / 3 . T h e n t h e density of A is almost 1, b u t the p r o b a b i l i t y
t h a t a r a n d o m c o m b i n a t o r i a l line has all its p o i n t s in A (or even j u s t one
of its p o i n t s in A) is almost O. This is p o t e n t i a l l y a serious problem , since
in a s t a n d a r d density a r g u m e n t one t e n d s to be able to prove a density
i n c r e m e n t from t h e a s s u m p t i o n t h a t a set c o n t a i n s few configurations of the
kind one is looking for: it is not necessary to assume t h a t it has none at all.

The second difficulty looks even more serious . As commented i n t h e in
t r o d u c t i o n , the density Hales - J e w e t t t h e o r e m implies Szemeredi 's t h e o r e m ,
and it seems as t h o u g h in some sense the s t r e n g t h of Szemeredi's t h e o r e m
for progressions of length k is c o m p a r a b l e to the s t r e n g t h of t h e density
Hales - J e w e t t t h e o r e m in [ k t . But the proof of the corners t h e o r e m used
Szemeredi's t h e o r e m for all k. I f we are going to t r a n s l a t e t h i s proof into a
proof of t h e density Hales - J e w e t t t h e o r e m in [3] n, t h e n w h a t will play the
role of Szemeredi 's theorem? Obviously it c a n n o t be the general case of the
density Hales - J e w e t t theorem!

In the next two sections we shall explain how we deal with these two
difficulties.

6 . S P E R N E R 'S T H E O R E M AND E Q U A L - S L I C E S M E A S U R E

The s h o r t answer to the q u e s t i o n of how we deal with t h e problems asso
c i a t e d with the uniform measure on [ 3 t is t h a t we switch to a different
measure.

However, t h e density H a l e s - J e w e t t t h e o r e m concerns the uniform mea
sure . How can it be sufficient to prove the result for sets t h a t are dense in a
different measure? We must a d d r e s s t h i s question before we s t a r t t h i n k i n g
a b o u t w h a t the different measure is.

The answer is suggested by the following very simple lemma.



Polymath and the Density Hales-Jewett Theorem 673

L e m m a 6 . 1 . L e t J.1, and V I , . . . , vM be p r o b a b i l i t y measures on a finite
set 8 and let V be a convex combination of V I , . . . , V M . S u p p o s e t h a t
1J.1,(A) - v(A)1 ~ TJ for every s u b s e t A of 8 . Then for every s u b s e t A c 8
with J.1,(A) ~ <5 there e x i s t s i such t h a t vi(A) ~ <5 - TJ .

T h e p r o o f is trivial: we know t h a t v(A) ~ <5 - TJ and t h e r e f o r e by
averaging t h i s must be t r u e for at least one of the Vi as well.

Now suppose t h a t we have a way of defining a p r o b a b i l i t y measure
on [3]m for ea ch m, and can prove t h a t sets t h a t are dense for t h i s new
measure must c o n t a i n c o m b i n a t o r i a l lines . We a t t e m p t to apply Lemma 6 .1
as follows . Let J.1, be the uniform measure on [ 3 t , choose m - d i m e n s i o n a l
c o m b i n a t o r i a l subspaces 8 1 , . . . , 8M of [3]m, and for each i let Vi be the
new measure applied to 8 i . (The new measure is defined on [3]m b u t can
be t r a n s f e r r e d to S; since the two spaces are isomorphic.) I f we can do
t h i s in such a way t h a t the uniform measure is well a p p r o x i m a t e d by a
convex c o m b i n a t i o n of the V i , t h e n for every set A C [3]n t h a t is dense in
the uniform measure Lemma 6.1 gives us a subspace S; such t h a t A n S, is
dense in the new measure . We t h e n apply our result for the new measure
to o b t a i n a c o m b i n a t o r i a l line and we are done.

T h a t still leaves open the q u e s t i o n of w h a t measure to take . To answer
t h i s question, we t u r n to a t h e o r e m t h a t will play an i m p o r t a n t role in our
a r g u m e n t : S p e r n e r ' s t h e o r e m .

S p e r n e r ' s t h e o r e m answers the following question: how many s u b s e t s of
an n-element set can you choose before one of your sets must be a p r o p e r
s u b s e t of a n o t h e r ?

T h e o r e m 6 . 2 . L e t A be a collection o f subsets of [n] of size greater than
(L n/2 J)' Then there exist d i s t i n c t sets A, B E A such t h a t A C B .

This result is clearly best possible , since the set of all sets of size L n / 2 J
has size (Ln/2J) and no one of t h e m is a s u b s e t of any o t h e r .

A very nice p r o o f of S p e r n e r ' s t h e o r e m , due to Lubell , goes as follows .
Suppose t h a t A does not c o n t a i n two sets such t h a t one is a p r o p e r s u b s e t
of t h e o t h e r . Now consider t h e following way of choosing a s u b s e t of [n]
at random. You first choose a r a n d o m p e r m u t a t i o n 1f of [n], t h e n you
choose a r a n d o m integer r E {a, 1, . . . , n} , and finally you let A be the set
{ 1f(1) , .. . , 1f(r)} .

T h e p r o b a b i l i t y t h a t A belongs to A if you choose it like this is t r i v i a l l y
a t most 1 / ( n + 1) , or t h e r e would be at least one p e r m u t a t i o n 1f for which
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t h e r e were two or more values of r with {1r(1), . . . , 1r(r)} belonging to A.
This would give us two sets in A, one of which was a p r o p e r s u b s e t of
a n o t h e r , c o n t r a d i c t i n g our a s s u m p t i o n .

Thus, this simple averaging a r g u m e n t has given us a p r o b a b i l i t y mea
sure u with respect to which A c a n n o t have measure g r e a t e r t h a n 1 / ( n + 1).
However, we were i n t e r e s t e d in t h e l a r g e s t possible u n i f o r m measure of A,
so now we have to work o u t how big t h e uniform measure can be if its
v - m e a s u r e is at most 1 / ( n + 1).

Now an equivalent way of choosing a set A v - r a n d o m l y is as follows.
You choose t h e c a r d i n a l i t y r of A uniformly from t h e set {O, 1, . . . , n } , a n d
t h e n you choose A uniformly from t h e set of all s u b s e t s of [n] of size r.
Thus, v(A) is equal to n~l (1~lr1. I f we want A to consist of as many sets

as possible while making sure t h a t v(A) :::; 1 / ( n + 1), we t h e r e f o r e want to

choose t h e sets A E A in such a way t h a t (I~I) - 1 is as small as possible. It
is t h e r e f o r e obvious t h a t we c a n n o t do b e t t e r t h a n choosing all sets of size

In/2J.
Why should S p e r n e r ' s t h e o r e m be i m p o r t a n t to us? T h e answer is

simple: it proves t h e d e n s i t y Hales - J e w e t t t h e o r e m in t h e case k = 2. To see
this, one j u s t has to t h i n k a b o u t c o m b i n a t o r i a l lines in t e r m s of p a r t i t i o n s
of [n] . A t y p i c a l p o i n t in [ 2 t can be t h o u g h t of as a pair ( X , Y) t h a t
p a r t i t i o n s [n], and a c o m b i n a t o r i a l line is a pair of p o i n t s (X U D , Y ) and
(X, Y U D). T h e r e is a one-to-one c o r r e s p o n d e n c e between s u b s e t s of [n]
and p o i n t s in [ 2 t , namely t h e function t h a t takes t h e set X to t h e pair
(X, [n] \ X) . Thus, avoiding c o m b i n a t o r i a l lines is e q u i v a l e n t to avoiding
having two sets X and X U D such t h a t D is n o n - e m p t y a n d disjoint from X .
B u t t h a t is t h e same as avoiding having one set t h a t is a p r o p e r s u b s e t of
a n o t h e r .

This is a respect in which t h e d e n s i t y Hales - J e w e t t t h e o r e m is genuinely
different from S z e m e r e d i ' s t h e o r e m : t h e case k = 2, t h o u g h fairly easy, is
not t r i v i a l . S t r a n g e l y , this is a big a d v a n t a g e to us, since it allows us to t h i n k
at an earlier s t a g e a b o u t how t h e a r g u m e n t might be generalized, whereas
t h e case k = 2 of S z e m e r e d i ' s t h e o r e m is too t r i v i a l to give one any useful
clues a b o u t how to proceed. (This seems to be c o n n e c t e d to t h e reason t h a t
the k = 3 case of t h e d e n s i t y Hales - J e w e t t t h e o r e m led so r a p i d l y to t h e
general case.)

Note t h a t in o r d e r to prove S p e r n e r ' s t h e o r e m , which concerns t h e
uniform m e a s u r e , we proved a r e s u l t for a different m e a s u r e i n s t e a d , t h e
measure where first you choose t h e c a r d i n a l i t y of a set r a n d o m l y and t h e n
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you choose the set r a n d o m l y given the cardinality. This is q u i t e suggestive,
since not only did the new measure arise n a t u r a l l y , b u t also it does not have
the awkward p r o p e r t y of being c o n c e n t r a t e d on sets with roughly t h e same
cardinality. I t is therefore reasonable to hope t h a t a g e n e r a l i z a t i o n of t h i s
measure to [ 3 t will help us prove t h e density H a l e s - J e w e t t t h e o r e m with
k = 3 .

The obvious way of generalizing t h e measure is this. To pick a r a n d o m
t r i p l e (X, Y, Z) of sets t h a t p a r t i t i o n [n], you first choose a t r i p l e of non
negative integers (r, s, t) such t h a t r + s + t = n, choosing it uniformly at
r a n d o m from t h e set of all such triples, and t h e n you r a n d o m l y p a r t i t i o n [n]
into t h r e e sets, the first of size r, the second of size s and the t h i r d of size t.
For each t r i p l e (r, s, t) we shall call the c o r r e s p o n d i n g set of t r i p a r t i t i o n s
a slice, and we shall call the p r o b a b i l i t y measure we have j u s t defined the
equal-slices measure on [ 3 t (since it gives equal measure to each slice).
One could equivalently t a l k in t e r m s of c o o r d i n a t e s . In t h a t case to choose
a r a n d o m point, you again choose a r a n d o m t r i p l e (r, s, t) with r + s + t and
t h e n you choose a r a n d o m point in [ 3 t with r Is, s 2s and t 3s.

Before we finish this section, we should mention a new difficulty, which
is t h a t t h e uniform measure has a very useful p r o p e r t y t h a t equal-slices
measure lacks. T h a t p r o p e r t y is t h a t if you write [3t as [3]m x [ 3 t - m

, as
it is sometimes useful to do, and if B C [3]m and C C [3]n-m, t h e n the
uniform measure of B x C is t h e p r o d u c t of the uniform measures of B
and C. In s h o r t , the uniform measure is a p r o d u c t measure whenever you
want it to be. U n f o r t u n a t e l y , t h e equal-slices measure is not.

W h a t t h i s means is t h a t we have to apply Lemma 6.1 in b o t h d i r e c t i o n s .
We s t a r t with a set t h a t is dense in the uniform measure, apply Lemma 6.1
to o b t a i n a set t h a t is dense in t h e equal-slices measure on some s u b s p a c e ,
apply a f u r t h e r a r g u m e n t to o b t a i n a d e n s i t y i n c r e m e n t on a c e r t a i n kind
of s u b s e t , apply Lemma 6.1 to move back to uniform measure , and finally
complete the a r g u m e n t making r e p e a t e d use of the p r o d u c t p r o p e r t y of the
uniform measure .

7. T H E M U L T I D I M E N S I O N A L D E N S I T Y H A L E S - J E W E T T T H E O R E M

As an i l l u s t r a t i o n of the usefulness of p r o d u c t measures, let us begin t h i s
section with a sketch proof t h a t the density Hales - J e w e t t t h e o r e m implies
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a m u l t i d i m e n s i o n a l version in which the o b j e c t one is t r y i n g to find is an
r - d i m e n s i o n a l c o m b i n a t o r i a l s u b s p a c e r a t h e r t h a n j u s t a c o m b i n a t o r i a l line.

T h e o r e m 7 . 1 . For every 5 > 0 and for every pair of p o s i t i v e integers k a n d
r there e x i s t s n such t h a t e v e r y s u b s e t of [ k t of d e n s i t y a t least 5 contains
an r - d i m e n s i o n a l c o m b i n a t o r i a l subspace.

The proof is by i n d u c t i o n on the dimension r, and assumes the 1
dimensional t h e o r e m . So let us suppose t h a t we know the result for r - 1
and for all densities. ( T h a t is, in o r d e r to prove t h e r e s u l t for r and density
5 we shall need to know t h e r e s u l t for r - 1 and some much smaller density .)

Let n be some very large integer, to be chosen l a t e r , and write [ k f as
[k]m x [ k t - m where m too is to be chosen l a t e r , b u t should be t h o u g h t of
as much smaller t h a n n. We shall write a typical element of [ k t as (x, y),
where it is to be u n d e r s t o o d t h a t x E [k]m and y E [ k t - m.

Let A be a s u b s e t of [ k t of density at least 5 . For each y E [ k t - m, let
A y = { x E [k]m : (x, y) E A } . Let Y be the set of all y such t h a t A y has
density at least 5 / 2 in [k]m. T h e n Y has d e n s i t y at least 5 / 2 in [k]n-m,
since otherwise a simple a r g u m e n t would show t h a t A had density less
t h a n 5. By the l - d i m e n s i o n a l t h e o r e m , if m is sufficiently large, A y c o n t a i n s
a c o m b i n a t o r i a l line for every y E Y .

Since t h e r e are at most (k + L)?' c o m b i n a t o r i a l lines in [kl m
, the pigeon

hole principle gives us a c o m b i n a t o r i a l line L in [kl m and a set Y ' c Y
of density at least (k + 1 ) - m 5 / 2 in [ k t - m such t h a t L x Y' c A. And
now if n is sufficiently large t h e i n d u c t i v e h y p o t h e s i s implies t h a t Y ' con
t a i n s an (r - l j - d i m e n s i o n a l c o m b i n a t o r i a l s u b s p a c e S. Since L x S is an
r - d i m e n s i o n a l c o m b i n a t o r i a l subspace, the proof is complete.

Note t h a t to make this proof work, we have to i t e r a t e the b o u n d for t h e 1
dimensional t h e o r e m r times. As we shall see, this has serious consequences
for the b o u n d we shall e v e n t u a l l y o b t a i n for the d e n s i t y H a l e s - J e w e t t the
orem .

T h a t last r e m a r k gives a big clue a b o u t the answer to a question t h a t
we asked earlier: if we are i m i t a t i n g the A j t a i - S z e m e r e d i proof of the
corners t h e o r e m , t h e n what will play the role t h a t is played in t h a t proof
by Szemeredi's theorem? The answer is the m u l t i d i m e n s i o n a l version of
S p e r n e r 's t h e o r e m . I t is not at all obvious in advance t h a t this will be
enough, b u t it t u r n s out t h a t it is. And t h a t , in a sense, is why t h e t h e o r e m
is s t r a i g h t f o r w a r d to prove once one has proved it for k = 3: once we
have worked out how to use the m u l t i d i m e n s i o n a l S p e r n e r t h e o r e m , we find
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t h a t more or less t h e same a r g u m e n t allows us to use t h e multidiill;ensional
d e n s i t y H a l e s - J e w e t t t h e o r e m for k to prove the l - d i m e n s i o n a l d e n s i t y
H a l e s - J e w e t t t h e o r e m for k + 1.

A l t h o u g h it is a slight s u r p r i s e t h a t t h e m u l t i d i m e n s i o n a l S p e r n e r the
orem , which is a much easier r e s u l t t h a n S z e m e r e d i ' s t h e o r e m , is enough
for t h e proof, it is worth s t r e s s i n g t h a t it was very n a t u r a l to t r y using it.
T h i s is p a r t l y because one would hope t h a t t h e d e n s i t y Hales - J e w e t t theo
rem could be proved inductively, and , given t h a t hope, it is n a t u r a l to s t a r t
w i t h t h e s t r o n g e s t result one can deduce from S p e r n e r ' s t h e o r e m . It is also
n a t u r a l in t h e light of known i n d u c t i v e proofs of the colouring H a l e s - J e w e t t
t h e o r e m . Finally, it p r e s e n t s itself in a fairly n a t u r a l way as t h e necessary
tool when one tries to modify t h e A j t a i - S z e m e r e d i proof, as we shall see.

8. A L O C A L D E N S I T Y I N C R E M E N T ON A D I S J O I N T P R O D U C T

T h e first few s t e p s of t h e A j t a i - S z e m e r e d i proof yielded a C a r t e s i a n p r o d u c t
U x V inside which our corner-free dense set A had i n c r e a s e d density. Our
d i c t i o n a r y suggests t h a t if A is a s u b s e t of [ 3 t t h a t c o n t a i n s no combina
t o r i a l line, t h e n we should t r y to find large set s y s t e m s U a n d V such t h a t
A has i n c r e a s e d d e n s i t y inside t h e d i s j o i n t p r o d u c t U ~ V, which we defined
to be { ( X , Y , Z) : X E U, Y E V } , it being implicit in this n o t a t i o n t h a t
X a n d Y a r e disjoint s u b s e t s of [n] and Z = [n] \ ( X U Y) . I t even tells us
how we should go a b o u t doing this, so let us make a s t a r t .

T h e first s t e p was to find a diagonal t h a t c o n t a i n e d many p o i n t s of A.
W h a t was a d i a g o n a l ? I t was t h e set of all p o i n t s (x, y , z) w i t h some fixed
value for z. So a diagonal in [ 3 t should be a set of t h e form D(Zo) =
{ (X, Y, Z) : Z = Zo}. If A has d e n s i t y at least 0 , t h e n A must have
d e n s i t y 0 in D(Zo) for some Zoo We will also want t h e set D(Zo) i t s e l f not
to be too small, b u t let us p u r s u e t h e a r g u m e n t a l i t t l e f u r t h e r before we
t h i n k a b o u t t h a t .

T h e next o b s e r v a t i o n in t h e A j t a i - S z e m e r e d i a r g u m e n t was t h a t if
(x , y , z) and (x', y' , z) are two p o i n t s in A n D z such t h a t x < x', t h e n
t h e p o i n t (x , y' , z - x - y') does not belong to A ( a s s u m i n g t h a t A has no
corners) . We have t h o u g h t a b o u t how to t r a n s l a t e a l m o s t all t h e c o n c e p t s
involved in this s t a t e m e n t : t h e one e x c e p t i o n is t h e notion of "less t h a n " .
B u t t h e r e is an obvious s e t - t h e o r e t i c analogue of this, namely "is a p r o p e r
s u b s e t of" , so let us t r y t h a t .
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And we do indeed find t h a t if ( X , Y, Z) and ( X ' , Y ' , Z) are two points
in A n D ( Z ) , and if X is a p r o p e r s u b s e t of X', t h e n t h e point (X , Y ' ,
[n] \ (X U Y ' ) ) c a n n o t belong to A. T h a t is because if we set D = X ' \ X ,
t h e n t h e t h r e e p o i n t s ( X , Y , Z) , ( X ' , Y ' , Z) and ( X , Y ' , [n] \ (X U Y ' ) can
be r e w r i t t e n as ( X , Y ' U D , Z), (X U D , Y ' , Z) a n d ( X , Y ' , Z U D ) , which
manif estly form a c o m b i n a t o r i a l line.

Let us set U = { X : ( X ,[n] \ (X U Z) , Z ) E A } and V = { Y :

On] \ (Y U Z) , Y, Z) E A } . T h e n the abov e a r g u m e n t is telling us t h a t

U ~ V is disjoint from A. Indeed , let ( X , Y ' , [n] \ (X U Y ' ) ) E U ~ V. T h e n
b o t h X and Y ' must be disjoint from Z, so Z C [n] \ (X U Y ' ) . S e t t i n g
Y = [n] \ (X U Z) and X ' = [n] \ ( Y ' U Z) , we have t h a t the points ( X , Y , Z)
and ( X ' , Y ' , Z) b o t h b elong to A n D ( Z ) , and t h a t X is a p r o p e r s u b s e t
of X ' . The r e s u l t i n g c o m b i n a t o r i a l line has fixed sets X , Y ' and Z and
wildcard set [n] \ (X U Y ' U Z).

It may look as t h o u g h we have done exa ctly what we wanted, b u t as
soon as we t r y to continue the argum ent a serious problem arises . J u s t as
with the corners problem , we can p a r t i t i o n [ 3 t into four sets of the form
W~Z, where W is e i t h e r U or U C and Z is e i t h e r V or V C

• But t h e set U~V

h as no reason to be dense in [ 3 t . In fact , it will usually have a d e n s i t y t h a t
is an e x p o n e n t i ally small function of n . This means t h a t we c a n n o t get a
useful density increm ent on on e of t h e sets W IZI Z from the knowledge t h a t
A is disjoint from U ~ V .

To get round t h i s problem we need two ideas. The first is the o b s e r v a t i o n
t h a t U IZI V is c o n t a i n e d in a c o m b i n a t o r i a l subspace of [ 3 t , t h e space of all
p o i n t s ( X ' , Y ' , Z') such t h a t Z c Z' (or equivalently the space of all p o i n t s
whose c o o r d i n a t e s are equ al to 3 eve r y wh er e on t h e set Z). Therefore, even
if U ~ V is not dense in [ 3 t , it might p e r h a p s be dense in t h i s subspace ,
which typically has a much smaller c a r d i n a l i t y t h a n 3 n .

On its own, this t h o u g h t is not enough, because of the measure-concen
t r a t i o n problem discussed earlier. For almost every diagonal D ( Z ) the set Z
has c a r d i n a l i t y roughly n / 3 , and for almost eve r y point ( X , Y , Z) in D ( Z )
the sets X and Y also have c a r d i n a l i t y roughly n / 3 , so when we r e s t r i c t to
the s u b s p a ce j u s t mentioned , which has dimension roughly 2n/3, we may
well find t h a t all the p o i n t s in A have a b o u t n / 3 Is , n / 3 2s and j u s t a tiny
n u m b e r of 3s .

However, if we combine the idea of passing to a s u b s p a c e with t h e use
of equal-slices measure , it t u r n s out t h a t we can o b t a i n a density i n c r e m e n t
of t h e kind we want. Here is a sketch of how t h e a r g u m e n t works.
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We first want to be sure t h a t when we pass to a s u b s p a c e the r e s t r i c t i o n
of A to t h a t s u b s p a c e will still have density at least 0, or p e r h a p s 0 - e for
some very small e . This can be achieved by an averaging a r g u m e n t : i f t h e r e
is any s u b s p a c e (from a given class of subspaces t h a t covers [3f evenly)
in which A has density at least 0 + "1, then we can forget all a b o u t the
corners a r g u m e n t and simply pass to t h a t subspace , and we have o b t a i n e d
our d e n s i t y increment; otherwise , the p r o p o r t i o n of subspaces inside which
A has d e n s i t y at most 0 - e is at most n] e. Thus, a f t e r choosing e and "1
a p p r o p r i a t e l y , we may safely assume t h a t in almost every subspace of the
given kind t h e d e n s i t y of A is scarcely any less t h a n O. For this a r g u m e n t
to be useful to us, the very slight sacrifice we are p r e p a r e d to make to the
density must be more t h a n c o m p e n s a t e d for by a l a t e r d e n s i t y increase, b u t
t h a t t u r n s out to be easy to a r r a n g e .

The a r g u m e n t is not quite as s t r a i g h t f o r w a r d as t h a t d e s c r i p t i o n makes
it sound , because we s t a r t with t h e a s s u m p t i o n t h a t the uniform density
of A is at least 0, and we find a s u b s p a c e in which the equal-slices density
of A is at least 0 - e. For this we need to know t h a t the average of the equal
slices densities on all the subs paces we consider is a p p r o x i m a t e l y equal to
the uniform d i s t r i b u t i o n on [3f.

At this point, let us simply s t a t e w h a t works. For any set J c [n] and

any p o i n t y E [3] [n j V , let S J ,y denote the IJI-dimensional c o m b i n a t o r i a l
s u b s p a c e of all points z E [3f such t h a t t h e r e s t r i c t i o n of z to [n] \ J is
equal to y. Now choose a smallish m (it t u r n s out t h a t m = n 1 / 4 will do),
and let J be a r a n d o m set of size m. We make two claims .

(i) I f you choose the pair ( J , y) uniformly at r a n d o m (with IJ/ = m) and
t h e n choose a r a n d o m point from S J ,y according to equal-slices mea
sure, t h e n t h e d i s t r i b u t i o n of the r a n d o m point will be a p p r o x i m a t e l y
uniform in [3f .

(ii) I f you choose (J, y) r a n d o m l y as above and t h e n choose values for the
c o o r d i n a t e s in J using the equal-slices measure on [2]J r a t h e r t h a n [3f ,
t h e n the d i s t r i b u t i o n of the r e s u l t i n g point is still a p p r o x i m a t e l y uni
form on [3f.

T h e idea behind (i) and (ii) is t h a t if m is small , t h e n the fact t h a t
t h e c o o r d i n a t e s in J are chosen according to a highly non-uniform d i s t r i b 
u t i o n does not d i s t u r b the measure all t h a t much . (In fact, it is not hard
to prove t h a t if you make the c o o r d i n a t e s in J all equal to 1 t h e n the dis-
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t r i b u t i o n is still a p p r o x i m a t e l y uniform.) A c t u a l l y proving these claims is
a s t r a i g h t f o r w a r d technical exercise .

Claim (i) is what we need in order to be able to assume t h a t the equal
slices d e n s i t y of A inside t h e s u b s p a c e SJ,y is at least 6 - c . Let us write
A y for A n SJ,y. Claim (ii) implies t h a t for a reasonable p r o p o r t i o n of pairs

(J , y) , the equal-slices d e n s i t y of t h e set D y of p o i n t s x E [2] J such t h a t
(x , y) E A is at least 6 / 2 . (Here we are writing (x, y) for the point whose
r e s t r i c t i o n to J is x and whose r e s t r i c t i o n to [n] \ J is y .)

Note t h a t t h e set D y is very like a diagonal. In p a r t i c u l a r , b o t h it and
a diagonal D ( Z ) are isomorphic to [2]m for some m, and this t u r n s out to
be what m a t t e r s to us. If we r e s t r i c t to the s u b s p a c e SJ,y, then inside t h a t
s u b s p a c e D y is a diagonal: it is the diagonal D ( 0 ) . Therefore, if we change
our ground set to J and replace A by A y , t h e n we can find , j u s t as we
did before, a pair of s e t - s y s t e m s U and V, each consisting of s u b s e t s of J ,
such t h at U IZI V is disjoint from A y • Moreover it can be shown t h a t if the

equal-slices density of D y in [2]J is at least 6 / 2 , t h e n t h e equal-slices density

of U IZI V inside [3]J is b o u n d e d below by a c o n s t a n t t h a t d e p e n d s on 6 only.

Briefly, the reason for this last a s s e r t i o n is as follows . For simplicity let
us assume t h a t J = [m] . Our a r g u m e n t at t h e beginning of this section
relied on the fact t h a t if (X, Y, Z) and ( X ' , y l

, Z) are two p o i n t s in the
diagonal D ( Z ) t h a t also belong to A, and if X is a p r o p e r s u b s e t of X ' , t h e n
( X , y ' , Z) c a n n o t belong to A . Each point (X, y, Z) in D ( Z ) is d e t e r m i n e d
by X , since Z is fixed and Y = [ n ] \ ( X U Z ) . In our case, Z = 0, so A n D ( Z )
can be t h o u g h t of as a collection B of s u b s e t s of [m]. Therefore, t h e n u m b e r
of p o i n t s t h a t t h i s a r g u m ent shows us t h a t A c a n n o t c o n t a i n is equal to the
n u m b e r of pairs X , X ' in B such t h a t X is a p r o p e r s u b s e t of X ' . S p e r n e r ' s
t h e o r e m told us t h a t if B is bigger t h a n (L m/2 J) t h e n t h e r e will be at least
on e such pair. B u t precisely t h e same m e t h o d of p r o o f also tells us t h a t if
B is large, t h e n the n u m b e r of such pairs will be large, where large means
large in equal-slices m e a s u r e.

E a r l i e r we commented t h a t it was not the case t h at a dense s u b s e t
of [ k t has to c o n t a i n a dense collection of c o m b i n a t o r i a l lines . Here we
see t h e g r e a t a d v a n t a g e of eq u a l- slic es measure: if we r e i n t e r p r e t "dense"
to mean "equal-slices dense" , t h e n it is the case t h a t a dense s u b s e t of [ k t
c o n t a i n s a dens e collection of c o m b i n a t o r i a l lines. As one might e x p e c t , t h i s
follows from t h e d ensity H a l e s - J e w e t t t h e o r e m and an averaging a r g u m e n t .

So now , after passing to t h e s u b s p a c e SJ,y and switching to equal-slices
measure, we have t h e analogue of t h e s t a t e m e n t in the corners t h e o r e m t h a t
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A is disjoint from a large C a r t e s i a n p r o d u c t . We have shown t h a t A has
equal-slices d e n s i t y at least tS - E on S J ,y and is disjoint from an equal-slices
large set of the form U ~ V.

The next s t e p is easy. By changing at least one of U and V to its
complement , we o b t a i n , j u s t as we did in the corners proof , an equal-slices
dense set of the form W ~ Z inside which the equal-slices d e n s i t y of A is at
least tS + 'Y for some c o n s t a n t 'Y t h a t d e p e n d s on tS only.

To complete t h i s stage of the proof, we t h e n switch back to the uniform
measure . I t is possible to a p p r o x i m a t e equal-slices measure by an average
of uniform measures on subspaces , and r e s t r i c t i n g a set of t h e form W ~ Z
to a s u b s p a c e gives a n o t h e r set of the same form. This allows us to use
an averaging a r g u m e n t to pass to a subspace in which the conclusions we
have j u s t drawn for equal-slices measure apply with the uniform measure
i n s t e a d .

To conclude, we have m a n a g e d to o b t a i n a density i n c r e m e n t on a dense
set of the form W ~ Z b u t we had to pass to a subspace to do it.

9. P A R T I T I O N I N G 2 3 - I N S E N S I T I V E S E T S INTO C O M B I N A T O R I A L

S U B S P A C E S

In th e p r o o f of t h e corners t h e o r e m , once we found a set X x Y inside which
A had density slightly g r e a t e r t h a n tS , it was sufficient to p a r t i t i o n almost
all of X x Y into grids of size t e n d i n g to infinity. The analogous s t a t e m e n t
here is t h a t it is sufficient to p a r t i t i o n almost all of a set of t h e form W ~ Z
into c o m b i n a t o r i a l subspaces with dimension t e n d i n g to infinity.

In the proof of the corners t h e o r e m , we could simplify the t a s k f u r t h e r :
it was sufficient to p a r t i t i o n X into long a r i t h m e t i c progressions . Once we
had done t h a t , we used a very simple a r g u m e n t to show t h a t a set of the
form P x [N] could be p a r t i t i o n e d into grids. This allowed us to p a r t i t i o n
X x [N] into grids , and then we p a r t i t i o n e d the i n t e r s e c t i o n of each of these
grids with [N] x Y into yet smaller grids .

T h e first two steps t a k e n t o g e t h e r give us the following s t a t e m e n t : any
s u b s e t of [N]2 of the form X x [N] can be p a r t i t i o n e d into grids (plus a
small error set - for simplicity I am sometimes not b o t h e r i n g to mention
this).
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The analogue in [3t of a set of t h e form X x [N] is what we call a 23
insensitive set. The c h a r a c t e r i s t i c p r o p e r t y of a set of the form X x [N]
is t h a t w h e t h e r or not a point (x, y) belongs to the set depends e n t i r e l y
on x. The n a t u r a l analogue of this if we use t h r e e c o o r d i n a t e s is to say t h a t
w h e t h e r or not (x, y , z) belongs to t h e set d e p e n d s only on x. In t h a t sense,
the set is "i n se n sit ive" to changes to t h e second and t h i r d c o o r d i n a t e s . Thus,
it makes sense to define a s u b s e t of [3t to be 23-insensitive if w h e t h e r or not
a point ( X , Y, Z) belongs to the s u b s e t d e p e n d s only on X. E q u i v a l e n t l y , it
is a set of the form { (X, Y, Z) : X E U} for some s e t - s y s t e m U.

For t h e next p a r t of the p r o o f , it will be more convenient to use t h e
language of sequences with values in { I , 2, 3}. In these terms, a set A of
sequences is 23-insensitive if changing 2s to 3s or vice versa in some sequence
x E [3t makes no difference to w h e t h e r x belongs to A.

After these remarks, it should not be s u r p r i s i n g t h a t the proof will be
essentially finished if we can show t h a t every 23-insensitive set can be almost
e n t i r e l y p a r t i t i o n e d into c o m b i n a t o r i a l subspaces with dimensions t e n d i n g
to infinity.

Note t h a t it was at t h e c o r r e s p o n d i n g stage of t h e corners proof t h a t we
used Szemeredi's t h e o r e m , so this is the point where we must get away with
s o m e t h i n g weaker . Why might we expect the m u l t i d i m e n s i o n a l S p e r n e r
t h e o r e m to be helpful ( a p a r t from the fact t h a t i t ' s basically all we've got)?
The reason is t h a t if a 23-insensitive set c o n t a i n s a copy of [2]m (meaning
t h a t you can fix some c o o r d i n a t e s and take m wildcard sets and set t h e
values in any wildcard set to be 1 or 2), t h e n it a u t o m a t i c a l l y c o n t a i n s a
copy of [3]m (because if you change the values of the wildcards from 2 to 3
t h e n it will not change w h e t h e r you belong to t h e set , and when they take
t h e value 2 you do belong to t h e set). Those familiar with S h e l a h ' s p r o o f of
t h e Hales - J e w e t t t h e o r e m [11] will recognise an echo of it here.

W i t h t h e A j t a i - S z e m e r e d i p r o o f in mind, one might expect the a r g u m e n t
to be s o m e t h i n g like t h i s . Let A be a 23-insensitive set . Use the multidi
mensional S p e r n e r t h e o r e m to find in A a copy S of [2]m for some m t h a t
t e n d s to infinity. This 2-subspace plays the role played by the a r i t h m e t i c
progression P in the A j t a i - S z e m e r e d i a r g u m e n t . Using the 2 3 - i n s e n s i t i v i t y
of A, find a 23-insensitive set t h a t contains S and is also c o n t a i n e d in A.
This set plays the role of P x [N]. P a r t i t i o n it into c o m b i n a t o r i a l subspaces,
remove it from A and r e p e a t .

U n f o r t u n a t e l y , this a r g u m e n t runs into difficulties. The problem is t h a t
the smallest 23-insensitive set t h a t c o n t a i n s S c o n t a i n s too many sequences .
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For example , if E is a wildcard set of S and x is a sequence in S t h a t takes
the value 1 on E, t h e n any 23-insensitive set t h a t c o n t a i n s S will hav e to
c o n t a i n all sequences t h a t can be formed by changing some of t h e 1s in E
to 2s. But if a sequence is not c o n s t a n t on E, then it is not clear how we
can include it in a disjoint union of c o m b i n a t o r i a l subsp aces. I f we t r y to
get r o u n d t h i s difficulty by l e t t i n g t h e role of P x [N] be played by j u s t the
c o m b i n a t o r i a l subspace t h a t has the same fixed c o o r d i n a t es and wildcard
sets as S ( b u t is allowed to take the value 3 on the wildcard sets), t h e n we
no longer have a 23-insensitiv e set , so when we remove it from A we c a n n o t
r e p e a t the a r g u m e n t .

This is a genuine difference between our proof and the A j t a i - S z e m e r e d i
p r o o f . Because of this difficulty, we are forced to use a more c o m p l i c a t e d
a r g u m e n t , t h o u g h u l t i m a t e l y it does still boil down to the fact t h a t the
2 3 - i n s e n s i t i v i t y of A allows us to convert copies of [2]m into copies of [3]m .

Here is how it goes. Let A be a 23-insensitive s u b s e t of [ 3 t . Let m and
n be positive integers with m much much smaller t h a n n ( b u t still t e n d i n g
to infinity with n) . Let J be a r a n d o m subs et of [n] of size m . A simple
technical lemma shows t h a t if you choose a r a n d o m sequence in [ 2 f and
r a n d o m l y e x t e n d it to a sequence in [ 3 t , t h e n , provided m is r e a s o n a b l y
small , which it is, the r e s u l t i n g d i s t r i b u t i o n is a p p r o x i m a t e l y uniform on [ 3 t
(despite not being allowed to take t h e value 3 in J) . Let us denote a t y p i c a l

p o i n t of [ 3 t by (x, y) , where x E [ 3 f and y E [3][n J - J . For each (J, y) let
AJ ,y be { x E [2]J : (x, y) E A } . Let B J be t h e set of y such t h a t AJ ,y has
d e n s i t y at least 0/2 in [3]m. T h e n the average density of BJ is at least 0/3
in [ 3 t - m

, by the technical lemma and an averaging a r g u m e n t .

Choose J such t h a t BJ has density at least 0/3. W i t h o u t loss of
g e n e r a l i t y , J = [m]. Now write B for BJ and A y for AJ ,y. So we are
given t h a t B has density 0/3 and t h a t for every y E B the set {x E [2]m :
(x ,y) E A} has density at least 0/3 .

The m u l t i d i m e n s i o n a l S p e r n e r t h e o r e m tells us t h a t for every y E B
the set A y c o n t a i n s an r - d i m e n s i o n a l c o m b i n a t o r i a l s u b s p a c e Sy (over the
set [2]) , for some r t h a t t e n d s to infinity with m . By t h e pigeonhole principle ,
t h e r e is a s u b s e t C c B of d e n s i t y at least I = (r + 2 ) - m ( o / 3 ) and an r 
d i m e n s i o n a l c o m b i n a t o r i a l s u b s p a c e S such t h a t Sy = S for every y E B' .
(We are using here the simple result t h a t the n u m b e r of r - d i m e n s i o n a l
c o m b i n a t o r i a l subspaces of [2]m is at most (r + 2)m.) We may assum e t h a t
B ' is maximal with this p r o p e r t y .
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T h e set S x B ' is a s u b s e t of A. Let T be t h e c o m b i n a t o r i a l s u b s p a c e
of [3]m t h a t has t h e same fixed c o o r d i n a t e s a n d w i l d c a r d s e t s as S. By t h e
2 3 - i n s e n s i t i v i t y of A , T x B ' is also a s u b s e t of A. Note t h a t it has d e n s i t y
a t l e a s t 3 - m ,,/ a n d is a u n i o n of r - d i m e n s i o n a l c o m b i n a t o r i a l s u b s p a c e s .

We now remove T X B ' from A . Since T x B ' is n o t 23- i n s e n s i t i v e , t h e r e is
no r e a s o n to s u p p o s e t h a t A \ T x B ' is 2 3 - i n s e n s i t i v e e i t h e r . However, at t h i s
p o i n t we e x p l o i t a c r u c i a l p r o p e r t y of T x B ' t h a t we have not m e n t i o n e d ,
which e x p l a i n s why we chose B ' to be m a x i m a l : the 2 3 - s e n s i t i v i t y o f T x B '
affects only the first m coordinates . I n d e e d , y b e l o n g s to B' if a n d only
if S x {y} c A ( t h e "if" following from t h e m a x i m a l i t y of B ' ) , so t h e 23
i n s e n s i t i v i t y of A i m p l i e s t h a t B ' is also 2 3 - i n s e n s i t i v e .

In o r d e r to e x p l o i t t h i s , we s i m p l y p a r t i t i o n Al = A \ (T X B') into
( a t m o s t ) 3 m sets a c c o r d i n g to w h a t t h e first m c o o r d i n a t e s are. W r i t i n g
A I ( x) for { y E [ 3 t - m

: (x,y) E A I } , we see t h a t for every x t h e set

Al (x) is a 2 3 - i n s e n s i t i v e s u b s e t of [ 3 t - m
. By i n d u c t i o n , e i t h e r Al (x) is

e x t r e m e l y s p a r s e or it can be a l m o s t e n t i r e l y p a r t i t i o n e d into c o m b i n a t o r i a l
s u b s p a c e s . T a k i n g t h e u n i o n over all x , we find t h a t A l can be a l m o s t
e n t i r e l y p a r t i t i o n e d into r - d i m e n s i o n a l c o m b i n a t o r i a l s u b s p a c e s .

Some c a r e is n e e d e d to e n s u r e (i) t h a t t h e size of t h e r e s u l t i n g e r r o r
set is not too large a n d (ii) t h a t t h e size of t h e g r o u n d set r e m a i n s large
e n o u g h for t h e a r g u m e n t to c o n t i n u e to be valid as t h e i n d u c t i o n p r o c e e d s .
B u t n e i t h e r p r e s e n t s any s e r i o u s p r o b l e m . P r o v i d e d each c o n t r i b u t i o n to
t h e e r r o r set is a s p a r s e s u b s e t of some c o m b i n a t o r i a l s u b s p a c e a n d all t h o s e
s u b s p a c e s are d i s j o i n t , t h e c o m b i n e d d e n s i t y of all t h e c o n t r i b u t i o n s c a n n o t
be large . And in o r d e r to e n s u r e t h a t t h e g r o u n d set r e m a i n s large e n o u g h ,
we need to make s u r e t h a t if () is t h e d e n s i t y of t h e u n i o n of c o m b i n a t o r i a l
s u b s p a c e s t h a t we remove from A a t each s t a g e of t h e i n d u c t i o n , t h e n m is
a t m o s t ()n/2, say. T h a t way, since t h e i n d u c t i o n c a n n o t c o n t i n u e for more
t h a n ( ) - I s t e p s , t h e g r o u n d set always has size a t l e a s t n - ( ) - I m ~ n / 2 . .

Since () is some c o n s t a n t t h a t is d e r i v e d from t h e m u l t i d i m e n s i o n a l
S p e r n e r t h e o r e m , a n d l a t e r from lower cases of t h e m u l t i d i m e n s i o n a l d e n s i t y
Hales - J e w e t t t h e o r e m , a n d since t h e m u l t i d i m e n s i o n a l d e n s i t y H a l e s - J e w e t t
t h e o r e m is proved by i t e r a t i v e l y a p p l y i n g t h e d e n s i t y Hales - J e w e t t t h e o r e m ,
m has to be very small i n d e e d . For t h i s r e a s o n , t h e b o u n d t h a t we e v e n t u a l l y
o b t a i n is of A c k e r m a n n t y p e .

We have n o t q u i t e finished t h e proof, b u t t h e r e s t is easy . R e c a l l t h a t
w h a t we a c t u a l l y w a n t e d to do was p a r t i t i o n a l m o s t all of a set of t h e form
W ~ Z i n t o c o m b i n a t o r i a l s u b s p a c e s . We are s p l i t t i n g t h i s t a s k into two
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by noting t h a t W r8I Z = (W r8I JP>([n])) n (JP>([n]) r8I Z) . T h a t is, we are
expressing it as the i n t e r s e c t i o n of a 23-insensitive set and a I3-insensitive
set . We have j u s t proved t h a t W r8I JP>( [n]) , the 23-insensitive set, can be
almost entirely p a r t i t i o n e d into c o m b i n a t o r i a l subspaces. To complete the
proof, we note t h a t the i n t e r s e c t i o n of JP>( [n]) r8I Z with a n y o n e of these
subspaces remains I3-insensitive (inside t h a t subspace). We can therefore
r e p e a t the a r g u m e n t with 1 and 2 exchanged and end up with the desired
p a r t i t i o n of almost all of W r8I Z .

10 . C O N C L U S I O N A N D O P E N P R O B L E M S

We have shown t h a t it is possible, t h o u g h not entirely s t r a i g h t f o r w a r d ,
to mimic Ajtai and Szemeredi's proof of the corners t h e o r e m to prove the
density H a l e s - J e w e t t theorem in the case k = 3. In order to prove the result
for general k it is helpful to s t a r t with the following exercise: assuming the
(k - 1)-dimensional Szemeredi theorem, prove the k-dimensional corners
theorem. The rough idea is this. Let A be a dense subset of [N]k. By
averaging , find a h y p e r p l a n e H of the form { ( X l , " " X k ) : X I + - ' ' + X k = z}
inside which A is dense. For each i let X i be the p r o j e c t i o n of A n H
in d i r e c t i o n i and let Yi be the " (i, k - I ) - i n s e n s i t i v e set" of all points
( X I , . . . , X k ) such t h a t ( X I , . . . , X i - I , X i + 1 , . . . , X k ) E X i . (We can t h i n k
of Yi as a C a r t e s i a n p r o d u c t of X i with [N], but [N] has to occupy the i t h
c o o r d i n a t e . ) T h e n the i n t e r s e c t i o n Xl n· .. n X k must be disjoint from A or
A will c o n t a i n a k-dimensional corner . (For the purposes of this discussion
I am glossing over the question of ensuring t h a t d > 0, b u t this can be done
by a similar m e t h o d to the one we used in the 2-dimensional case .)

Using the (k - l l-dimensional Szemeredi theorem , we can p a r t i t i o n the
set Y I almost entirely into k-dimensional grids, j u s t as we did when k = 2.
And t h e n we can pass to each of those grids and p a r t i t i o n its i n t e r s e c t i o n
with Y 2 , and so on.

W i t h t h a t a r g u m e n t as a model , it is now r o u t i n e to generalize the proof
of the density Hales - J e w e t t theorem from the case k = 3 to the general case,
with the role of the multidimensional Sperner theorem being played by the
m u l t i d i m e n s i o n a l density H a l e s - J e w e t t theorem for k - 1.

We end this p a p e r with two open problems. F i r s t is the obvious problem
a b o u t bounds. As mentioned earlier , the proof in this p a p e r gives rise to
a bound of Ackermann type, mainly becaus e of our use of an i t e r a t i o n to
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prove t h e m u l t i d i m e n s i o n a l t h e o r e m . I t seems t h a t to o b t a i n a "r e a son a b le"
b o u n d would require a radically new idea. However, w h a t if we set ourselves
t h e more modest aim of o b t a i n i n g a p r i m i t i v e recursive ( b u t possibly q u i t e
b ad) b o u n d ? T h e r e are enough s i m i l a r i t i e s b etween our proof and the p r o o f
of the Hales - J e w e t t t h e o r e m for this to feel like a more realistic t a r g e t .
P e r h a p s t h e proof can b e reorg anized a la Shelah , so t h a t inste ad of using
the m u l t i d i m e n s i o n a l t h e o r e m for k - 1 to prove the result for k, we do
the i n d u c t i o n "t h e o t h e r way r o u n d " and use t h e much less expensive
m u l t i d i m e n s i o n a l Sp erner t h e o r e m .

The o t h e r problem is more specialized . Recall t h a t the first main step
of the proof was to find a large disjoint p r o d u c t U [gJ V inside which A h ad
increased density, b u t t h a t to do t h i s we had to use e q u a l- slices measure and
pass to a s u b s p a c e . The use of equal-sli ces measure is very n a t u r a l , b u t do
we really have to pass to a subspace? We do not know of any examples t h a t
show t h a t it is necessary. Accordingly, we ask t h e following rough question .
Let A be an equal-slices dense s u b s e t of [3f t h a t cont ains no c o m b i n a t o r i a l
lines. Does this imply t h a t t h e r e is an equal -slices dense disjoint p r o d u c t
U [gJ V inside which A has increased density ?

Clearly , the answer, "Yes, sinc e the density H a l e s - J e w e t t t h e o r e m shows
t h a t no such A exists ," is not s a t i s f a c t o r y . To formulate a precise q u e s t i o n
t h a t avoids this problem , one can e it h e r ask for much b e t t e r b o u n d s t h a n
the d e n s i t y Hales - J e w e t t t h eorem would imply ( t h a t is , one can ask t h e
q u e s t i o n when n is not necessarily a vast function of t h e density of A), or
one can ask for a direct proof, or one can change the q u e s t i o n slightly and
assume merely t h a t A c o n t a i n s few c o m b i n a t o r i a l lines , in some su i t a b l e
sense of t h e word "few" .

A slightly less pr ecise q u e s t i o n might also be w o r t h t h i n k i n g a b o u t .
Suppose t h a t A is an equal-slices d ense s u b s e t of [3f , and suppose t h a t
the n u m b e r of c o m b i n a t o r i a l lines in A is significantly different from the
n u m b e r t h a t you would exp ect in a r a n d o m set of the same d e n s i t y . Must
A have increased density on some dens e "s t ru ct ure d " subs et of [3]n? For a
positive answer to be i n t e r e s t i n g , a minimum r e q u i r e m e n t of the notion
of " s t r u c t u r e " would be t h a t a s t r u c t u r ed set could be almost e n t i r e l y
p a r t i t i o n e d into c o m b i n a t o r i a l subspaces.
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D E N S I T Y H A L E S - J E W E T T AND M O S E R N U M B E R S

D. H. J. POLYMATH

For any n ~ ° and k ~ 1, the d e n s i t y Hales - J e w e t t n u m b e r Cn ,k is defined as
the size of t h e l a r g e s t s u b s e t of t h e cube [ k t : = {l , . . . , k } n which c o n t a i n s no
c o m b i n a t o r i a l line; similarly, t h e Moser n u m b e r C~,k is the l a r g e s t s u b s e t of t h e
cube [ k t which c o n t a i n s no g e o m e t r i c line . A deep t h e o r e m of F u r s t e n b e r g and
K a t z n e l s o n [l1J, [12], [19J shows t h a t C n , k = o(k n

) as n - + 0 0 (which implies a
similar claim for C~,k) ; this is a l r e a d y n o n - t r i v i a l for k = 3 . Several new proofs
of this result have also been recently e s t a b l i s h e d [23J , [2] .

Using b o t h h u m a n and c o m p u t e r - a s s i s t e d a r g u m e n t s , we c o m p u t e several
values of Cn ,k and C~,k for small n , k . For i n s t a n c e t h e sequence C n , 3 for n =
0 , . . . ,6 is 1, 2 , 6, 18, 52, 150, 450, while t h e sequence C~,3 for n = 0, . . . , 6
is 1, 2, 6 , 16, 43, 124, 353. We also prove some r e s u l t s for higher k , showing
for i n s t a n c e t h a t an analogue of t h e LYM i n e q u a l i t y (which r e l a t e s to t h e k = 2
case) does not hold for higher k, and also e s t a b l i s h i n g the a s y m p t o t i c lower b o u n d
Cn , k ~ k n exp ( - o( ~logn)) where e is t h e l a r g e s t integer such t h a t 2k > 2£.

1. I N T R O D U C T I O N

For any integers k 2: 1 and n 2: 0, let [kJ : = { I , . . . ,k}, and define [kJn to
be the cube of words of l e n g t h n with a l p h a b e t in [kJ. T h u s for i n s t a n c e
[ 3 f = { l l , 12, 1 3 , 2 1 , 2 2 , 2 3 , 3 1 , 3 2 , 33}.

We define a c o m b i n a t o r i a l line in [ k t to be a set of t h e form { w( i) :
i = 1, . . . , k} C [ k t , where w E ([kJ U { x } r \ [ k t is a word of length
n with a l p h a b e t in [kJ t o g e t h e r with a "wildcard" l e t t e r x which a p p e a r s
at least once, and w(i) E [kJn is t h e word o b t a i n e d from w by replacing
x by i; we often abuse n o t a t i o n and identify w with the c o m b i n a t o r i a l
line { w ( i ) : i = 1, . . . , k} it g e n e r a t e s . Thus for i n s t a n c e , in [3J2 we have
x2 = {12, 22, 32} and x x = { l l , 22, 33} as typical examples of c o m b i n a t o r i a l
lines. In general, [ k t has k" words and (k + I t - k n lines.
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Fig . 1 . C o m b i n a t o r i a l lines in [3]2 .
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A set A c [ k t is said to be line-free if it c o n t a i n s no c o m b i n a t o r i a l lines.
Define t h e (n, k ) density Hales-Jewett number Cn,k to be t h e m a x i m u m
c a r d i n a l i t y IAI of a line-free s u b s e t of [ k t . Clearly , one has t h e t r i v i a l
b o u n d Cn,k ::; k", A deep t h e o r e m of FUrstenberg and K a t z n e l s o n [11], [12]
a s s e r t s t h a t this b o u n d can be a s y m p t o t i c a l l y improved :

T h e o r e m 1 . 1 ( D e n s i t y Hales - J e w e t t t h e o r e m ) . F o r any f i x e d k ~ 2, one

has limn-->oo cn , k / k
n = O.

R e m a r k 1 . 2 . T h e difficulty of this t h e o r e m increases w i t h k. For k = 1 , one
clearly has Cn ,l = 1. For k = 2, a classical t h e o r e m of S p e r n e r [28] a s s e r t s ,
in our language, t h a t C n ,2 = (In/2J) ' T h e case k = 3 is a l r e a d y n o n - t r i v i a l

(for i n s t a n c e , it implies R o t h 's t h e o r e m [26] on a r i t h m e t i c progressions of
l e n g t h t h r e e ) and was first e s t a b l i s h e d in [11 ] (see also [19]) . T h e case of
general k was first e s t a b l i s h e d in [12] and has a n u m b e r of i m p l i c a t i o n s , in
p a r t i c u l a r implying S z e m e r e d i ' s t h e o r e m [29] on a r i t h m e t i c progressions of
a r b i t r a r y length.

T h e F u r s t e n b e r g - K a t z n e l s o n p r o o f of T h e o r e m 1.1 relies on ergodic
t h e o r y t e c h n i q u e s and does not give an explicit decay r a t e for Cn,k ' R e c e n t l y ,
two f u r t h e r proofs of this t h e o r e m have a p p e a r e d , by A u s t i n [ 2] and by t h e
s i s t e r P o l y m a t h p r o j e c t to this one [23]. T h e p r o o f of [2] also uses ergodic
theory, b u t t h e proof in [23] is c o m b i n a t o r i a l and gave effective b o u n d s for
C n k in the limit n ---+ 0 0 . For example, if n can be w r i t t e n as an e x p o n e n t i a l
to~er 2 t 2 t 2 t . . . i 2 w i t h m 2s, t h e n C n ,3 « 3 n m - l

/
2
• However, these
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b o u n d s a r e n o t b e l i e v e d to be s h a r p , a n d in any case are only n o n - t r i v i a l in
t h e a s y m p t o t i c r e g i m e when n is s u f f i c i e n t l y large d e p e n d i n g on k .

O u r first r e s u l t is t h e following a s y m p t o t i c lower b o u n d . T h e c o n s t r u c 
t i o n is b a s e d on t h e r e c e n t r e f i n e m e n t s [9, 14, 20] of a w e l l - k n o w n con
s t r u c t i o n of B e h r e n d [4] a n d R a n k i n [25]. T h e p r o o f of T h e o r e m 1.3 is in
S e c t i o n 2. Let rk(n) be t h e m a x i m u m size of a s u b s e t of [n] t h a t does n o t
c o n t a i n a k-term a r i t h m e t i c p r o g r e s s i o n .

T h e o r e m 1 . 3 ( A s y m p t o t i c lower b o u n d for Cn ,k). For each k ~ 3, there is
an absolute constant C > 0 such t h a t

where £ is the largest integer satisfying 2k > 2€. More specifically,

r-: > C k n - a ( k) i j l o g n+,B( k) log log n
~n ,k _ ,

where all logarithms a r e base-k, a n d a ( k ) = ( l o g 2 ) 1 - 1 /€f,2(€-1) / 2 - l /€ a n d

(3(k) = (k - 1 ) / ( 2 £ ) .

In t h e case of s m a l l n, we focus p r i m a r i l y on t h e first n o n - t r i v i a l case
k = 3. We have c o m p u t e d t h e following e x p l i c i t values of C n,3 ( e n t e r e d in
t h e O E l S [21] as A I 5 6 7 6 2 ) :

T h e o r e m 1 . 4 ( E x p l i c i t values of e n , 3 ) . We have CO ,3 = 1 , Cl ,3 = 2, C2,3 = 6 ,
C3,3 = 18, C4 ,3 = 52, C5,3 = 150, a n d C6 ,3 = 450.

T h i s r e s u l t is e s t a b l i s h e d in S e c t i o n s 2, 3. I n i t i a l l y t h e s e r e s u l t s were
e s t a b l i s h e d by an i n t e g e r p r o g r a m , b u t we p r o v i d e c o m p l e t e l y c o m p u t e r - f r e e
p r o o f s here. T h e c o n s t r u c t i o n s used in S e c t i o n 2 give r e a s o n a b l y efficient
c o n s t r u c t i o n s for l a r g e r values of n; for i n s t a n c e , t h e y show t h a t 3 9 9 ~

ClOO ,3 ~ 2 X 3 99 • See S e c t i o n 2 for f u r t h e r d i s c u s s i o n .

A v a r i a n t of t h e d e n s i t y Hales - J e w e t t t h e o r e m h a s also b e e n s t u d i e d in
t h e l i t e r a t u r e . Define a g e o m e t r i c line in [ k t to be a n y s e t of t h e form
{a + ir : i = 1, . . , , k } in [k]n, w h e r e we i d e n t i f y [ k t w i t h a s u b s e t of 'liP,
a n d a, r E t l n w i t h r i= O. E q u i v a l e n t l y , a g e o m e t r i c line t a k e s t h e form
{ w( i, k + 1 - i) : i = 1 , . . . , k } , w h e r e w E ([k] U {x , x}) n \ [ k t is a word of
l e n g t h n using t h e n u m b e r s in [k] a n d two w i l d c a r d s x, x as t h e a l p h a b e t ,
w i t h a t l e a s t one w i l d c a r d o c c u r r i n g in w, a n d w ( i , j ) E [ k t is t h e word
formed by s u b s t i t u t i n g i, j for x, x r e s p e c t i v e l y . F i g u r e 2 shows t h e eight
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Fig . 2 . Geom e t r i c lines in [3] 2.

geometric lin es in [3]2 . Clearly every c o m b i n a t o r i a l line is a geometric line,
b u t not conversely. In general , [ k t has ((k + 2 t - k n ) / 2 geometric lines.

Define a Moser set in [ k t to be a s u b s e t of [ k t t h a t c o n t a i n s no
geometric lines , and let c~ k be the maximum c a r d i n a l i t y IAI of a Moser
set in [ k t . Clearly one ha~ c~ k :::; Cn ,k , so in p a r t i c u l a r from T h e o r e m 1.1
one has c~ k/ k n - + 0 as n -+~. ( I n t e r e s t i n g l y , t h e r e is no known proof of
this fact t h a t do es not go t h r o u g h T h e o r e m 1.1, even for k = 3 .) Again,
k = 3 is the first n o n - t r i v i a l case: it is clear t h a t c~ 1 = 0 and c~ 2 = 1 for, ,
all n.

The question of c o m p u t i n g C~,3 was first posed by Moser [18]. P r i o r to
our work , t h e values

C~,3 = 1; C~ ,3 = 2; C~,3 = 6 ; cb = 16; C~ 3 = 43,

were known [8], [6] (this is Sequence A003142 in the OElS [21]) . We e x t e n d
t h i s sequence slightly :

T h e o r e m 1 . 5 (Values of c~ 3 for small n). We have c~ 3 = 1, C~ 3 = 2,
C~ ,3 = 6 , C~,3 = 16, C~,3 = 43 , ~~,3 = 124, and C~,3 = 353. ' ,

This result is e s t a b l i s h e d in Sections 4 , 5 . The a r g u m e n t s given here
are c o m p u t e r - a s s i s t e d ; however, we have found a l t e r n a t e (but l e n g t h i e r )
c o m p u t e r - f r ee proofs for t h e above claims with t h e the exception of t h e proof
of c~ 3 = 353, which requires one non - t r i v i a l c o m p u t a t i o n (Lemma 5.13) .,
These a l t e r n a t e proofs are not given in t h i s p a p e r to save space, b u t can be
found at [24].
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We e s t a b l i s h a lower bound for this problem of (2 + 0(1)) (7)2 i :s C~,3'

which is maximized for i near 2n/3. This bound is a r o u n d o n e - t h i r d b e t t e r
t h a n the previous l i t e r a t u r e [18], [7]. We also give m e t h o d s to improve on
this c o n s t r u c t i o n .

E a r l i e r lower b o u n d s were known . Indeed, let A(n , d) denote the size of
the largest b i n a r y code of length n and minimal d i s t a n c e d. T h e n

(1.1)

which, with A(n, 1) = 2 n and A(n, 2) = 2 n - l , implies in p a r t i c u l a r t h a t

(1.2) I ( n + 1 ) l2n+ 1 J - 1
C n ,3 ~ l 2 n t 1 J 2 3

for n ~ 2. This bound is not quite o p t i m a l ; for instance, it gives a lower
bound of c~ 3 ~ 344.,

R e m a r k 1 . 6 . Let C~,3 be the size of the largest subset of JF'3 which contains
no lines x, x + r, x + 2r with x, r E JF'3 and r i= 0, where lF3 is the field of
t h r e e elements . Clearly one has c~ 3 :s c~ 3 :s Cn,3. I t is known t h a t, ,

CK3 = 1; C~,3 = 2; C~,3 = 4; C~,3 = 9; C~,3 = 20; C~,3 = 45; C~,3 = 112;

see [22].

As mentioned earlier, the s h a r p bound on Cn ,2 comes from S p e r n e r ' s
theorem. I t is known t h a t S p e r n e r ' s theorem can be refined to the L u b e l l 
Y a m a m o t o - M e s h a l k i n ( L Y M ) inequality, which in our language asserts t h a t

for any line-free subset A C [2t, where the cell I ' a l , .. . ,ak C [k]n is the set of
words in [k]n which contain exactly a i i's for each i = 1, . . . ,k. I t is n a t u r a l
to ask w h e t h e r this inequality can be extended to higher k. Let t l n ,k denote
the set of all tuples (al, " " ak) of non-negative integers summing to n,
define a simplex to be a set of k points in tln,k of the form (al +r, a 2 , . · . , ak),
(aI, a2+r, . .. , ak), . . . , (aI, a 2 , · · . , a k + r ) for some 0 < r :s n and al, " " ak
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s u m m i ng to n - r , a n d d efine a Fuj i m u ra se t l t o b e a s u bse t B c ~n k wh ich,
co n t a i ns n o simplic es . Ob ser ve t h a t if w is a com b i na to r ia l lin e in [kt , t he n

for some si m p lex (al + r , a2 , . ' " ak) , (aI , a2 + r , . .. , ak) , . . . , (aI, a2 , · ·· ,
ak + r) . T h u s , if B is a Fujimur a set , t h en A : = Ua EB f a is lin e-free. Note
a lso t ha t

IAnfal = IBI
If al .

T h i s m o t i v a t e s a "h y pe r- op t i m ist ic" conjecture:

o 6

o

5 o

6

F i g. 3 . A Fuj i m u r a s e t i n .0. 6 , 3 , di s p l a y ed in " r e c t a n g u l a r " coo r di na tes. T h e p oin t
(a , b, c ) is r e p r es e n t ed b y a s q u a r e a t (a , b) lab el ed w i t h c . T h e Fu j i m u r a s e t is s h ow n i n

r ed ; i t s co m p le me n t in .0. 6 , 3 is s ho w n in g r a y .

C o n j e c t u r e 1 . 7 . For a ny k > 1 and n ~ 0 , a n d any line-free subs et A
of [ k t , on e has

IA n f al < c!:
If al - n , k '

wher e < ,k is t h e maxim al s ize of a F u j i m u r a set in ~n,k.

1 Fuj i m u r a a c t u a lly p rop o s ed t h e r el a t ed p r o b l em of find i ng t he l ar g es t s u bs e t o f .0. n , k

t h a t c o n t a i n e d no e q u i la t e r a l t r i a ng les ; se e [10]. O u r r e sul t s fo r F u j i m u r a s e t s c a n b e
fou n d a t t he p a g e Fu j i m u r a ' 5 p r o b l e m a t [2 4].
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Fig. 4. A F u j i m u r a set in ~7,3, e x p r e s s e d in " t r i a n g u l a r " c o o r d i n a t e s .

One can show t h a t this c o n j e c t u r e for a fixed value of k would imply
T h e o r e m 1.1 for the same value of k , in much the same way t h a t t h e LYM
i n e q u a l i t y is known to imply S p e r n e r ' s t h e o r e m . The LYM i n e q u a l i t y asserts
t h a t C o n j e c t u r e 1.7 is t r u e for k :::; 2. As far as we know , t h i s c o n j e c t u r e
could hold in k = 3. However, we found a simple c o u n t e r e x a m p l e for k = 4
and n = 2 , given by the line-free set

A : = { (1, 1), (1, 2), (1,3) , (2 , 1) , ( 2 , 3 ) , ( 2 , 4 ) , (3 ,2) , ( 3 , 3 ) ,

(3,4) ,(4 ,1) ,(4 ,2) ,(4,4)}

t o g e t h e r with the c o m p u t a t i o n t h a t c{,2 = 7. It is in fact likely t h a t this
c o n j e c t u r e fails for all higher k also .

1 . 1 . N o t a t i o n

T h e r e are several s u b s e t s of [ k t which will be useful in our analysis . We
have a l r e a d y i n t r o d u c e d c o m b i n a t o r i a l lines, geometric lines , and cells. One
can generalise the notion of a c o m b i n a t o r i a l line to t h a t of a combinatorial
subspace in [ k t of dimension d , which is indexed by a word w in ([k] U
{ X l , . . . ,X d} ) n c o n t a i n i n g at least one of each wildcard X l , , Xd , and which

forms t h e set { W(il , " " id) : i l , , id E [kJ}, where w(i l , , id) E [k]d is
t h e word formed by replacing X l , , Xd with i I , . . . , id respectively. Thus
for i n s t a n c e , in [3]3 , we have the two-dimensional c o m b i n a t o r i a l s u b s p a c e
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x x y = {111, 112, 113,221 ,222 ,223 ,331 ,332 , 333}. We similarly have the
notion of a g e o m e t r i c subspace in [ k t of dimension d , which is defined
similarly b u t with d wildcards X l , . . . , Xd , X l , . . . , Xd , with at least one of
e i t h e r X i or X i a p p e a r i n g in the word w for each 1 ::; i ::; d , and the space
t aking the form { W(il ," " id , k + 1 - i l , . . . , k + 1 - i d ) : i l , . . . , id E [kJ}.

T h u s for i n s t a n c e [3]3 c o n t a i n s the two-dimensional geometric subspace
x x y = {131, 132, 133,221 , 2 2 2 , 2 2 3 , 3 1 1 , 3 1 2 ,313}.

An i m p o r t a n t class of c o m b i n a t o r i a l subspaces in [ k t will be the slic es
consisting of n - 1 di s t i n c t wildcards and one fixed c o o r d i n a t e . We will
denote the d i s t i n c t wildcards here by asterisks, thus for i n s t a n c e in [3]3
we have 2 * * = {211, 212, 213, 221, 222, 223, 231, 232, 233}. Two slices are
parallel if t h e i r fixed c o o r d i n a t e are in t h e same position , thus for i n s t a n c e
1 * * and 2 * * are parallel, and one can s u b d i v i d e [ k t into k parallel
slices, each of which is isomorphic to [ k t - l

. In the analysis of Moser slices
with k = 3, we will make a d i s t i n c t i o n between centre slices, whose fixed
c o o r d i n a t e is equal to 2, and sid e slices, in which the fixed c o o r d i n a t e is
e i t h e r 1 or 3 , thus [3t can be p a r t i t i o n e d into one centre slice and two side
slices.

A n o t h e r i m p o r t a n t set in the s t u d y of k = 3 Moser sets are the s p h e r es
S i,n C [ 3 t , defined as those words in [3]n with e x a c t l y n - i 2 's (and hence
i l e t t ers t h a t are 1 or 3) . T h u s for i n s t a n c e Sl ,3 = {122, 322, 212, 232,
221,223}. Observe t h a t [3] n = U~O S i ,n, and each s.; has c a r d i n a l i t y
ISi ,n I = ( 7) 2 i.

I t is also convenient to s u b d i v i d e each sphere Si,n into two c o m p o n e n t s
S i,n = Si,n U S i,n , where S i,n are t h e words in Si ,n with an odd number of
1' s, and S f n are the words with an even number of 1 'so T h u s for i n s t a n c e
S f 3 = {122,212 ,221} and S f 3 = {322 , 2 3 2 , 2 2 3 } . Observe t h a t for i > 0,, ,
Si,n and S i,n b o t h have c a r d i n a l i t y (7)2 i

-
l
.

T h e H a m m i n g d i s t a n c e between two words w, w' is the n u m b e r of coordi
n a t e s in which w, w' differ, e.g. the Hamming d i s t a n c e between 123 and 321
is two. Note t h a t Si,n is n o t h i n g more t h a n the set of words whose Hamming
d i s t a n c e from 2 . . . 2 is i, which justifies the terminology "sphere".

In the density Hales - J e w e t t problem , t h e r e are two types of s y m m e t r i e s
on [k]n which map c o m b i n a t o r i a l lines to c o m b i n a t o r i a l lines (and hence
line-free sets to line-free sets). The first is a p e r m u t a t i o n of the a l p h a b e t
[k]; the second is a p e r m u t a t i o n of t h e n c o o r d i n a t e s . Together, t h i s gives
a s y m m e t r y group of order k!n! on the cube [ k t , which we refer to as the
c o m b i n a t o r i a l s y m m e t r y group of the cube [ k t . Two sets which are r e l a t e d
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by an element of this s y m m e t r y group will be called ( c o m b i n a t o r i a l l y )
equ ivalent, t h u s for i n s t a n c e any two slices are c o m b i n a t o r i a l l y equivalent .

For the analysis of Moser sets in [ k t , the s y m m e t r i e s are a bit dif
ferent . One can still p e r m u t e the n c o o r d i n a t e s , b u t one is no longer
free to p e r m u t e the a l p h a b e t [k]. I n s t e a d , one can reflect an individ
ual c o o r d i n a t e , for i n s t a n c e sending each word X l . . . X n to its reflection
X l . . . X i - l (k + 1 - Xi ) X i + l . . . X n . Together, this gives a s y m m e t r y group of
order 2 n n ! on the cube [ k t , which we refer to as the geometric symmetry
group of t h e cube [ k t ; this group maps geometric lines to geometric lines,
and thus maps Moser sets to Moser sets. Two Moser sets which are r e l a t e d
by an element of this s y m m e t r y group will be called (geometrically) equiv
alent. For i n s t a n c e , a sphere Si ,n is equivalent only to itself , and Sf,n' S i,n
are equivalent only to each o t h e r .

1 . 2 . A b o u t t h i s p r o j e c t

This p a p e r is p a r t of the Polymath project, which was launched by Tim
o t h y Gowers in F e b r u a r y 2009 as an experim ent to see if research m a t h 
e m a t i c s could be c o n d u c t e d by a massive online c o l l a b o r a t i o n . The first
p r o j e c t in this series , Polymath1, was focused on u n d e r s t a n d i n g the den
sity Hales - J e w e t t numbers Cn,k, and was split up into two s u b - p r o j e c t s ,
namely an ( u l t i m a t e l y successful) a t t a c k on the density Hales - J e w e t t the
orem Cn,k = o(k n ) ( r e s u l t i n g in the p a p e r [23]) , and a c o l l a b o r a t i v e p r o j e c t
on c o m p u t i n g Cn ,k and r e l a t e d q u a n t i t i e s (such as c~,k ) for various small
values of n a n d k . This p r o j e c t (which was a d m i n i s t e r e d by Terence Tao)
r e s u l t e d in t h i s c u r r e n t p a p e r .

Being such a c o l l a b o r a t i v e p r o j e c t , many i n d e p e n d e n t a s p e c t s of the
problem were s t u d i e d , with varying degr ees of success. For reasons of space
(and also due to the p a r t i a l n a t u r e of some of the r e s u l t s ) , t h i s p a p e r does
not encompass t h e entire collection of observations and a c h i e v e m e n t s made
d u r i n g the research phase of the p r o j e c t (which l a s t e d for a p p r o x i m a t e l y
t h r e e m o n t h s ) . In p a r t i c u l a r , a l t e r n a t e proofs of some of the r e s u l t s here
have been o m i t t e d , as well as some a u x i l i a r y results on r e l a t e d numbers, such
as coloring H a l e s - J e w e t t numbers. However, these r e s u l t s can be accessed
from the web site of this p r o j e c t at [24] . We are i n d e b t e d to Michael Nielsen
for hosting this web site , which performed a crucial role in the p r o j e c t .
A list of c o n t r i b u t o r s to the p r o j e c t (and the g r a n t s t h a t s u p p o r t e d these
individuals) can also be found at this site .
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2. L O W E R B O U N D S F O R T H E D E N S I T Y H A L E S - J E W E T T P R O B L E M

The p u r p o s e of this section is to e s t a b l i s h various lower bounds for C n ,3,

in p a r t i c u l a r e s t a b l i s h i n g T h e o r e m 1.3 and the lower b o u n d component of
T h e o r e m 1.4.

As observed in the i n t r o d u c t i o n , if B c D. n ,3 is a F u j i m u r a set (i.e .
a s u b s e t of D. n ,3 = {(a, b, c) E N 3 : a + b + c = n} which c o n t a i n s no
upward e q u i l a t e r a l t r i a n g l e s ( a + r , b , c ) , ( a , b + r , c ) , ( a , b , c + r ) ) , t h e n t h e
set A B : = UaEB r a ,b,c is a line-free s u b s e t of [ 3 t , which gives t h e lower
b o u n d

(2.1)
n!

C n,3 ~ IABI = L ~b',.a . . c.
(a,b , c ) E B

All of the lower b o u n d s for en,3 in t h i s p a p e r will be c o n s t r u c t e d via this de
vice . (Indeed, one may c o n j e c t u r e t h a t for every n t h e r e exists a F u j i m u r a
set B for which (2.1) is a t t a i n e d with e q u a l i t y ; we know of no counterex
amples to t h i s c o n j e c t u r e . )

In order to use (2.1) , one of course needs to build F u j i m u r a sets B which
are "large " in the sense t h a t the r i g h t - h a n d side of (2.1) is large. A fruitful
s t a r t i n g p o i n t for t h i s goal is the sets

Bj ,n : = {(a, b, c) E D. n ,3 : a + 2b =1= j mod 3}

for j = 0 , 1 , 2 . Observe t h a t in order for a t r i a n g l e (a + r, b, c), (a, b + r, c) ,
(a, b, c + r) to lie in B j ,n, the l e n g t h r of the t r i a n g l e must be a multiple of 3.
This a l r e a d y makes Bj ,n a F u j i m u r a set for n < 3 (and BO,n a F u j i m u r a set
for n = 3) .

When n is not a multiple of 3, the B j ,n are all r o t a t i o n s of each o t h e r
and give equivalent sets (of size 2 x 3 n - l ) . When n is a multiple of 3, the
sets B l ,n and B 2 , n are reflections of each o t h e r , b u t BO ,n is not equivalent
to t h e o t h e r two sets (in p a r t i c u l a r , it omits all t h r e e corners of D. n ,3);
the a s s o c i a t e d set ABo ,n is slightly larger t h a n AB1 ,n and AB2 ,n and t h u s is
slightly b e t t e r for c o n s t r u c t i n g line-free sets .

As m e n t i o n e d already, BO ,n is a F u j i m u r a set for n ~ 3, and hence ABO ,n
is line-free for n ~ 3. Applying (2.1) one o b t a i n s t h e lower b o u n d s

CO ,3 ~ 1 ; Cl ,3 ~ 2; C2 ,3 ~ 6; C3 ,3 ~ 18.
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For n > 3 , BO ,n c o n t a i n s some t r i a n g l e s (a+r , b, c), (a, b+r, c), (a, b, c+ r )
and so is not a F u j i m u r a set , b u t one can remove p o i n t s from this set to
recover the F u j i m u r a p r o p e r t y . For i n s t a n c e , for n ::; 6 , the only t r i a n g l e s in
BO ,n have side length r = 3. One can "d elet e" these t r i a n g l e s by removing
one v e r t e x from each ; in order to optimise the bound (2.1) it is preferable tO J

delete vertices near the corners of ~n 3 r a t h e r t h a n near t h e centre. These,
c o n s i d e r a t i o n s lead to the F u j i m u r a sets

BO ,4 \ { (0 ,0 ,4) , (0,4 , 0 ) , (4,0 , 0 ) }

B O ,5 \ { (0 , 4 , 1 ) , (0,5 ,0) , ( 4 , 0 , 1 ) , ( 5 , 0 , 0 ) }

BO ,6 \ { (0, 1 , 5 ) , ( 0 , 5 , 1 ) , ( 1 , 0 ,5) , (0, 1 , 5 ) , (1,5 , 0 ) , (5, 1 , 0 ) }

which by (2.1) gives the lower b o u n d s

C4,3 2: 52; C5,3 2: 150; C6,3 2: 450.

T h u s we have e s t a b l i s h e d all the lower bounds needed for T h e o r e m 1.4.

One can of course continue t h i s process by h a n d , for i n s t a n c e t h e set

BO,7\ { (0, 1, 6) , (1 , 0 , 6 ) , (0 ,5 , 2 ) , (5 , 0 , 2 ) , (1,5 ,1), (5, 1, 1) , (1 ,6 , 0 ) , (6 , 1, O)}

gives the lower bound C7,3 2: 1302, which we t e n t a t i v e l y c o n j e c t u r e to be
the c o r r e c t b o u n d .

A simplification was found when n is a multiple of 3. Observe t h a t for
n = 6 , the sets excluded from B O ,6 are a ll p e r m u t a t i o n s of (0 , 1 , 5 ) . So t h e
r e m a i n i n g sets are all the p e r m u t a t i o n s of (1,2 ,3) and ( 0 , 2 , 4 ) . In the same
way, sets for n = 9, 12 and 15 can be described as:

• n = 9 : (2 ,3 ,4) , (1 , 3 , 5 ) , ( 0 , 4 , 5 ) and p e r m u t a t i o n s ;

• n = 12: (3,4 , 5 ) , (2 ,4 ,6) , (1,5 ,6) , (0 , 2 , 1 0 ) , ( 0 , 5 , 7 ) and p e r m u t a t i o n s ;

• n = 15: ( 4 , 5 , 6 ) , (3,5 , 7 ) , ( 2 , 6 , 7 ) , ( 1 , 3 , 1 1 ) , (1,6 , 8 ) , ( 0 , 4 , 1 1 ) , ( 0 , 7 ,8)
and p e r m u t a t i o n s .

When n is not a multiple of 3 , say n = 3m - 1 or n = 3m - 2, one first
finds a s o l u t i o n for n = 3m. T h e n for n = 3m - 1, one r e s t r i c t s the first
digit of the 3m sequence to equal 1. This leaves e x a c t l y o n e - t h i r d as many
p o i n t s for 3m - 1 as for 3m. For n = 3m - 1, one r e s t r i c t s the first two
digits of the 3m sequence to be 12. This leaves roughly o n e - n i n t h as many
p o i n t s for 3m - 2 as for 3m .
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An integer p r o g r a n r ' was solved to o b t a i n the Jilaximum lower bound
one could e s t a b l i s h from (2.1) . The results for 1 ~ n ~ 20 are displayed in
Figure 5. More complete d a t a , including the list of optimisers, can be found
at [17] .

n lower bound n lower bound
1 2 11 96338
2 6 12 287892
3 18 13 854139
4 52 14 2537821
5 150 15 7528835
6 450 16 22517082
7 1302 17 66944301
8 3780 18 198629224
9 11340 19 593911730
10 32864 20 1766894722

F ig . 5. Lower b o u n d s for e n o b t a i n ed by the A s c o n s t r u c t i o n .

For medium values of n, in p a r t i c u l a r for integers 21 ~ n ~ 999 t h a t
are a multiple of 3, n = 3m, the best general lower bound for Cn ,3 was
found by applying (2.1) to the following F u j i m u r a set c o n s t r u c t i o n . I t is
convenient to write [a, b, c] for the point ( m + a , m + b, m + c ) , t o g e t h e r with
its p e r m u t a t i o n s , with the convention t h a t [a , b, c] is empty if these points
do not lie in ~n,3 ' Th en a F u j i m u r a set can be c o n s t r u c t e d by t a k i n g the
following groups of points :

1. The t h i r t e e n groups of points

[ - 7 , - 3 , +10] , [ - 7 , 0 , + 7 ] ' [ - 7 , +3 , +4], [ - 6 , - 4 , +10]'

[ - 6 , - 1 , + 7 ] ' [ - 6 , + 2 , + 4 ] ' [ - 5 , - 1 , + 6 ] , [ - 5 , + 2 , + 3 ] ,

[ - 4 , - 2 , + 6 ] , [ - 4 , + 1 , + 3 ] ' [ - 3 , + 1 , + 2 ] , [ - 2 , 0 , + 2 ] , [ - 1 , 0 , + 1 ] ;

2. The four families of groups

[ - 8 - y - 2 x , - 6 + y - 2 x , 14 + 4x], [ - 8 - y - 2 x , - 3 + y - 2 x , 1 1 + 4 x ] ,

[ - 8 - y - 2x, x + y, 8 + x], [ - 8 - 2x , 3 + x , 5 + x]

for x ~ ° and y = 0, 1.

2Details o f th e i n t e g e r p r o g r a m m i n g used i n t h i s p a p e r can b e found a t t h e page
I n t e g e r . t e x at [24] .
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N u m e r i c a l c o m p u t a t i o n shows t h a t t h i s c o n s t r u c t i o n gives a line-free set

in [3]n of d e n s i t y a p p r o x i m a t e l y 2 .7 J lo~ n for n ~ 1000; for i n s t a n c e , when

n = 99, it gives a line-free set of d e n s i t y a t least l-/3. Some a d d i t i o n a l con
s t r u c t i o n s of t h i s t y p e can be found a t t h e page Upper and l o w e r b o u n d s
a t [24].

However, t h e b o u n d s in T h e o r e m 1.3 , which we now prove , are asymp
t o t i c a l l y s u p e r i o r to t h e s e c o n s t r u c t i o n s .

P r o o f o f T h e o r e m 1.3. Let M be t h e c i r c u l a n t m a t r i x with first row
(1,2" .. , k - 1 ) , second row (k - 1 , 1 , 2 , . . . , k - 2), and so on. Note t h a t M
has nonzero d e t e r m i n a n t by well-known p r o p e r t i e s ' ' of c i r c u l a n t m a t r i c e s ,
see e.g . [13, T h e o r e m 3].

Let S be a s u b s e t of t h e i n t e r v a l [-yln/2, yIn/2) t h a t c o n t a i n s no non
c o n s t a n t a r i t h m e t i c progressions of l e n g t h k , and let B c t1 n ,k be t h e set

B : = { (n- ~ai,al,a2, , ak- l ) :

(al, , a k - l ) = c + det ( M ) M - 1 s, s E 8 k - 1 } ,

where c is t h e k - l - d i m e n s i o n a l v e c t o r , all of whose e n t r i e s are equal
to In/kJ . T h e map (m , a l , . . . , a k - d I - - t M ( a l , . . . , a k - l ) t a k e s simplices
in t1 n ,k to n o n c o n s t a n t a r i t h m e t i c progressions in Z k - l , and t a k e s B to
{ Me + det (M) s : s E S k - l } , which is a set c o n t a i n i n g no n o n c o n s t a n t
a r i t h m e t i c progressions. T h u s , B is a F u j i m u r a set and so does not c o n t a i n
any c o m b i n a t o r i a l lines.

I f all of a l , . . . , ak are w i t h i n Cl yin of n / k , t h e n Ifiil ~ C k " / n ( k - l ) /2
(where C d e p e n d s on C l ) by t h e c e n t r a l limit t h e o r e m . By our choice of S
a n d a p p l y i n g (2.1) (or more precisely, t h e obvious g e n e r a l i s a t i o n of (2.1) to
o t h e r values of k) , we o b t a i n

3Fo r i n s t a n c e , if we let A i d e n o t e t h e i t h row , we see t h a t ( A I - A 2 ) + (A i+1 - A i) is
of t h e form (0, . . . ,0, - k + 1,0, . . . ,0 , k - 1) , and so the row space s p a n s all t h e v e c t o r s
whose c o o r d i n a t e s sum t o zero ; b u t t h e first row has a non-zero c o o r d i n a t e sum , so t h e
rows in fa ct s p a n the whole space .



702 D . H . J . P o l y m a t h

One can take S to have c a r d i n a l i t y r k ( y'ii), which from the r e s u l t s of
O ' B r y a n t [20] ~tisfies (for all sufficiently large n, some C > 0 , and £ the
largest integer s a t i s f y i n g k > 2£-1)

which completes the proof. _

3. U P P E R B O U N D S F O R T H E k = 3 D E N S I T Y H A L E S - J E W E T T

P R O B L E M

To finish t h e proof of T h e o r e m 1.4 we need to s u p p l y the i n d i c a t e d u p p e r
b o u n d s for C n ,3 for n = 0, . . . ,6.

I t is clear t h a t CO ,3 = 1 and C1,3 = 2. By s u b d i v i d i n g a line-free set into
t h r e e parallel slices we o b t a i n the b o u n d

C n + l ,3 :S 3en ,3

for all n . This is a l r e a d y enough to get t h e correct u p p e r b o u n d s C2,3 :S 6
and C3,3 :S 18, and also allows us to deduce t h e u p p e r b o u n d C6,3 :S 450 from
C5,3 :S 150. So the r e m a i n i n g t a s k s are to e s t a b l i s h the u p p e r b o u n d s

(3.1)

and

(3.2)

C4,3 :S 52

C5,3 :S 150.

In order to e s t a b l i s h (3.2), we will rely on (3.1), t o g e t h e r with a classifi
c a t i o n of those line-free sets in [3]4 of size close to t h e maximal n u m b e r 52.
Similarly, to e s t a b l i s h (3.1), we will need the b o u n d C3,3 :S 18, t o g e t h e r with
a classification of those line-sets in [3]3 of size close to the maximal num
ber 18. F i n a l l y , to achieve the l a t t e r aim one needs to classify the line-free
s u b s e t s of [3]2 with e x a c t l y C2,3 = 6 elements.
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3 . 1 . n = 2

We begin with t h e n = 2 t h e o r y .

703

L e m m a 3 . 1 (n = 2 e x t r e m a l s ) . There are e x a c t l y four line-free s u b s e t s o f
[3]2 o f c a r d i n a l i t y 6 :

• Th e set x : = A B2 ,2 = {12 , 13,21 , 2 2 , 3 1 , 33};

• T h e set u : = A B2 , 1 = { l l , 12,21 , 2 3 ,32, 33} ;

• The set z : = AB2 0 = { l l , 1 3 , 2 2 , 2 3 ,31 , 32} ;

• T h e set w : = {12 , 13 , 2 1 , 2 3 ,31, 32} .

P r o o f . A line-free s u b s e t of [3]2 must have exa ctly two elements in every
row and column . The claim t h e n follows by b r u t e force search . •

3 . 2 . n = 3

Now we t u r n to t h e n = 3 t h e o r y . We can slice [3]3 as t h e union of t h r e e
slices 1 * *, 2 * *, 3 * *, each of which are identified with [3]2 in the obvious
m a n n e r . T h u s every s u b s e t A in [3]3 can be viewed as t h r e e s u b s e t s A I , A2,
A 3 of [3]2 stacked tog e t h e r ; if A is line-free t h e n A I , A 2, A 3 are necessarily
line-free , b u t the converse is not t r u e . We write A = A IA 2A 3, t h u s for
i n s t a n c e x y z is the set

x y z = { 1 1 2 , 1 1 3 , 1 2 1 , 1 2 2 , 1 3 1 , 1 3 3 } U {211, 212, 221, 223 , 232 , 233}

U {311, 313, 322 , 323, 331 , 332}.

Observe t h a t

ABo 3 = x y z; ABl ,3 = y z x ; A B 2, 3 = z x y.

L e m m a 3 . 2 (n = 3 e x t r e m a l s ) . T h e o n l y 1 8 - e l e m e n t line-free s u b s e t o f [3]3
i s x y z . The o n l y 17 - e l e m e n t line-free s u b s e t s o f [3]3 are formed by r e m o v i n g
a p o i n t from x y z , or b y r e m o v i n g e i t h e r 111, 222 , or 333 f r o m y z x o r z x y .
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P r o o f . We prove t h e second claim . As 17 = 6 + 6 + 5 , and C2,3 = 6, at
least two of the slices of a 17-element line-free set must be from x, y , z ,
W , with the t h i r d slice having 5 points. If two of the slices are identical ,
t h e last slice must lie in t h e complement and t h u s has at most 3 p o i n t s ,
a c o n t r a d i c t i o n . I f one of t h e slices is a w, t h e n t h e 5-point slice consists
of the complement of t h e o t h e r two slices and t h u s c o n t a i n s a diagonal,
c o n t r a d i c t i o n . By s y m m e t r y we may now assume t h a t two of the slices are
x and y, which force the last slice to be z with one point removed. Now
one sees t h a t t h e slices must be in t h e order x y z , y z x , or z x y , because any
o t h e r c o m b i n a t i o n has too many lines t h a t need to be removed . The sets
y z x , z x y c o n t a i n the diagonal { 1 l l , 222, 333} and so one a d d i t i o n a l p o i n t
needs to be removed .

The first claim follows by a similar a r g u m e n t to t h e second . _

3 . 3 . n = 4

Now we t u r n to t h e n = 4 theory.

L e m m a 3 . 3 . C4,3 ~ 52.

P r o o f . Let A be a line-free set in [3]4 , and split A = A I A 2 A 3 for A I , A2 , A3 E

[3]3 as in t h e n = 3 t h e o r y . I f at least two of t h e slices A I , A 2 , A 3 are of
c a r d i n a l i t y 18, t h e n by Lemma 3.2 they are of t h e form x y z , and so the
t h i r d slice t h e n lies in the complement and has at most six points, leading
to an inferior b o u n d of 18 + 18 + 6 = 42. Thus at most one of the slices can
have c a r d i n a l i t y 18, leading to t h e b o u n d 18 + 17 + 17 = 52.

Now we classify e x t r e m i s e r s . Observe t h a t we have the following (equiv
alent) 52-point line-free sets , which were implicitly c o n s t r u c t e d in the pre
vious section ;

• E o := ABo ,4 \ { 1 l l 1 , 2222};

• E I : = A B 1 , 4 \ {2222, 3333};

• E z : = A B 2 ,4 \ { 1 1 1 1 , 3333}.

L e m m a 3 . 4 .

• The only 52-element line-free sets in [3]4 are Eo , E I , E 2 •
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• The only 51-element line-free sets in [3]4 are formed by removing a
point from Eo, E 1 or E2.

• The only 50-element line-free sets in [3]4 are formed by r e m o v i n g
two p o i n t s from Eo, E 1 o r E2 OR are equal to one o f the three
p e r m u t a t i o n s o f the se t X : = r 3 , l ,O U r 3 ,O ,1 U r 2 ,2 ,O U r 2 ,O ,2 U r 1 ,1 ,2 U

r 1 ,2 , l U r O ,2 ,2.

P r o o f . We will j u s t prove t h e t h i r d claim , which is t h e h a r d e s t ; t h e first two
claims follow from t h e same a r g u m e n t (and can in fact be d e d u c e d d i r e c t l y
from t h e t h i r d claim).

I t suffices to show t h a t every 5 0 - p o i n t line-free set is e i t h e r c o n t a i n e d in
the 5 4 - p o i n t set A B · 4 for some j = 0 , 1 , 2 , or is some p e r m u t a t i o n of t h e

J ,

set X . I n d e e d , if a 50-point line-free set is c o n t a i n e d in, say, A B o ,4' t h e n it
c a n n o t c o n t a i n 2222 , since o t h e r w i s e it m u s t o m i t one p o i n t from each of the
four pairs formed from {2333, 2111} by p e r m u t i n g the indices, and must also
o m i t one of {1111 , 1222, 1333}, leading to a t most 49 p o i n t s in all; similarly,
it c a n n o t c o n t a i n 1111, and so o m i t s t h e e n t i r e d i a g o n a l {1111, 2222, 3333} ,
with two more p o i n t s to be o m i t t e d . By s y m m e t r y we see t h e same a r g u m e n t
works when A B o 4 is replaced by one of t h e o t h e r A B · 4 ', J .

Next , observe t h a t every t h r e e - d i m e n s i o n a l slice of a line-free set can
have a t most C3,3 = 18 p o i n t s ; t h u s when one p a r t i t i o n s a 5 0 - p o i n t line-free
set into t h r e e such slices, it m u s t divide e i t h e r as 18 + 16 + 16, 18 + 17 + 15,
17 + 17 + 16, or some p e r m u t a t i o n of these. Suppose t h a t we can slice t h e
set into two slices of 17 p o i n t s and one slice of 16 p o i n t s . By t h e various
s y m m e t r i e s , we may assume t h a t t h e h * * slice and 2* * * slices have 17
p o i n t s , and t h e 3* * * slice has 16 p o i n t s . By L e m m a 3.2 , t h e l - s l i c e is
{I} x D 3 ,j with one p o i n t removed, and t h e 2-slice is {2} x D 3 ,k with one
p o i n t removed, for some j , k E {O , 1, 2}. I f j = k, t h e n t h e l - s l i c e and 2
slice have a t least 15 p o i n t s in common, so the 3-slice can have at most
27 - 15 = 12 p o i n t s , a c o n t r a d i c t i o n . I f j k = 01, 12, or 20, t h e n observe
t h a t from L e m m a 3.2 t h e *1 * *, *2 * * , *3 * * slices c a n n o t equal a 1 7 - p o i n t
or 18-point line-free set, so each have a t most 16 p o i n t s , l e a d i n g to only 48
p o i n t s in all, a c o n t r a d i c t i o n . T h u s we m u s t have j k = 10, 21 , or 02 .

F i r s t s u p p o s e t h a t j k = 02. T h e n by Lemma 3.2 , t h e 2*** slice c o n t a i n s
the nine p o i n t s formed from {2211 , 2322, 2331} and p e r m u t i n g t h e l a s t t h r e e
indices , while t h e h * * slice c o n t a i n s a t least eight of the nine p o i n t s
formed from {1211, 1322, 1311} and p e r m u t i n g t h e l a s t t h r e e indices. T h u s
t h e 3* * * slice can c o n t a i n a t most one of t h e nine p o i n t s formed from
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{3211, 3322, 3311} and p e r m u t i n g t h e last t h r e e indices . I f it does c o n t a i n
one of these p o i n t s , say 3211, t h e n it must omit one point from each of the
four pairs {3222, 3233}, {3212,3213} , {3221, 3231}, {3111, 3311}, leading to
at most 15 p o i n t s on t h i s slice, a c o n t r a d i c t i o n . So the 3* * * slice must omit
all nine p o i n t s , and is t h e r e f o r e c o n t a i n e d in {3} x D 3 ,1 , and so the 50-point
set is c o n t a i n e d in D4 ,1, and we are done by the discussion at the beginning
of the proof .

The case j k = 10 is similar to the j k = 02 case (indeed one can get
from one case to the o t h e r by swapping the 1 and 2 indices). Now suppose
i n s t e a d t h a t j k = 12. T h e n by Lemma 3.2 , the h * * slice c o n t a i n s the six
p o i n t s from p e r m u t i n g the last t h r e e indices of 1123, and similarly the 2* * *
slice c o n t a i n s the six points from p e r m u t i n g the last t h r e e indices of 2123.
Thus the 3* * * slice must avoid all six points formed by p e r m u t i n g t h e last
t h r e e indices of 3123. Similarly, as 1133 lies in the h * * slice and 2233 lies
in t h e 2* * * slice, 3333 must be avoided in the 3* * * slice.

Now we claim t h a t 3111 must be avoided also ; for if 3111 was in the
set , then one p o i n t from each of the six pairs formed from {3311, 3211},
{3331, 3221} and p e r m u t i n g the last three indices must lie outside the 3* * *
slice, which reduces the size of t h a t slice to at most 27 - 6 - 1 - 6 = 14,
which is too small. Similarly, 3222 must be avoided , which p u t s the 3* * *
slice inside {3} X D 3 and t h e n places t h e 50-point set inside D 4 , and we are
done by the discussion at the beginning of the proof.

We have h a n d l e d the case in which at least one of the slicings of the 50
point set is of the form 50 = 17 + 17 + 16. The only r e m a i n i n g case is when
all slicings of the 50-point set are of the form 18 + 16 + 16 or 18 + 17 + 15
(or a p e r m u t a t i o n t h e r e o f ) . So each slicing includes an 18-point slice. By
the s y m m e t r i e s of the s i t u a t i o n , we may assume t h a t the h * * slice has
18 p o i n t s , and thus by Lemma 3 .2 takes the form {1} x D3. I n s p e c t i n g the
*1 * *, *2 * * , *3 * * slices, we t h e n see (from Lemma 3.2) t h a t only the
*1 * * slice can have 18 points; since we are assuming t h a t t h i s slicing is
some p e r m u t a t i o n of 18 + 17 + 15 or 18 + 16 + 16, we conclude t h a t the
*1 * * slice must have e x a c t l y 18 p o i n t s , and is t h u s described precisely by
Lemma 3.2 . Similarly for the * * h a n d * * *1 slices. Indeed, by Lemma 3.2 ,
we see t h a t the 50-point set must agree exactly with D 4 , 1 on any of these
slices. In p a r t i c u l a r , t h e r e are e x a c t l y six points of the 50-point set in the
r e m a i n i n g p o r t i o n {2, 3} 4 of t h e cube.

Suppose t h a t 3333 was in the set; t h e n since all p e r m u t a t i o n s of 3311,
3331 are known to lie in the set, t h e n 3322, 3332 must lie o u t s i d e the set .
Also, as 1222 lies in the set, at least one of 2222, 3222 lie o u t s i d e the set.
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This leaves only 5 p o i n t s in {2, 3} 4
, a c o n t r a d i c t i o n . T h u s 3333 lies outside

the set; similarly 2222 lies outside t h e set.

Let a be the n u m b e r of p o i n t s in the 50-point set which are some
p e r m u t a t i o n of 2233, t h u s a ::; a ::; 6. I f a = a t h e n t h e set lies in D 4 ,1

and we are done. I f a = 6 t h e n the set is e x a c t l y X and we are done.
Now suppose a = 1. By s y m m e t r y we may assume t h a t 2233 lies in the set.
T h e n (since 2133, 1233, 2231, 2213 are known to lie in t h e set) 2333, 3233,
2223, 2232 lie outside the set, which leaves a t most 5 p o i n t s inside {2, 3} 4

,

a c o n t r a d i c t i o n . A similar a r g u m e n t holds if a = 2, 3.

The r e m a i n i n g case is when a = 4 ,5. T h e n one of the t h r e e pairs
{2233, 3322}, {2323, 3232}, {2332,3223} lie in the set. By s y m m e t r y we
may assume t h a t {2233, 3322} lie in the set. T h e n by arguing as before we
see t h a t all eight points formed by p e r m u t i n g 2333 or 3222 lie o u t s i d e the
set , leading to at most 5 points inside {2 , 3} 4

, a c o n t r a d i c t i o n . •

3 . 4 . n = 5

Finally , we t u r n to the n = 5 theory. Our goal is to show t h a t C5,3 ::; 150.
Accordingly, suppose for c o n t r a d i c t i o n t h a t we can find a line-free s u b s e t A
of [3]5 of c a r d i n a l i t y IAI = 151. We will now prove a series of facts a b o u t A
which will e v e n t u a l l y give the desired c o n t r a d i c t i o n .

L e m m a 3 . 5 . A is n o t c o n t a i n e d i n s i d e A B · 5 for a n y j = 0, 1,2.
J,

P r o o f . Suppose for c o n t r a d i c t i o n t h a t A c A B · 5 for some j . By s y m m e t r yJ ,

we may take j = O. The set A B o ,5 has 162 points. By looking at t h e
t r i p l e t s {lOOOO, 11110, 12220} and cyclic p e r m u t a t i o n s we must lose 5 points;
similarly from the t r i p l e t s {20000, 22220, 21110} and cyclic p e r m u t a t i o n s .
F i n a l l y from {11000, 11111 , 11222} and {22000, 22222, 22111} we lose two
more p o i n t s . Since 1 6 2 - 5 - 5 - 2 = 150, we o b t a i n the desired c o n t r a d i c t i o n .

•
Observe t h a t every slice of A c o n t a i n s at most C4,3 = 52 points, and

hence every slice of A c o n t a i n s at least 151 - 52 - 52 = 47 points.

L e m m a 3 . 6 . A c a n n o t have two parallel [3]4 slices , each o f which c o n t a i n
a t l e a s t 51 p o i n t s .
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P r o o f . Suppose not t h a t A has two par allel [3]4 slices. By symmetry, we
may assume t h a t the 1 * * * * and 2 * * * * slices have at least 51 p o i n t s .
Meanwhile, the 3 * * * * slice has at least 47 p o i n t s as discussed above .

By Lemma 3.4 , the 1 * * * * slice takes the form {I} x D 4 ,j for some
j = 0 ,1 ,2 with the diagonal {11111, 12222, 13333} and possibly one more
point removed , and similarly the 2 * * * * slice takes the form {2} x D 4 ,k for
some k = 0 ,1 ,2 with t h e diagonal {21111, 22222, 23333} and possibly one
more p o i n t removed.

Suppose first t h a t j = k. T h e n the l-slice and 2-slice have at least 50
p o i n t s in common , leaving at most 31 p o i n t s for t h e 3-slice, a c o n t r a d i c t i o n .
Next, suppose t h at j k = 01. T h e n observe t h a t the * i* ** slice c a n n o t look
like a ny of t h e c o n f i g u r a t i o n s in Lemma 3.4 and so must have at most 50
p o i n t s for i = 1 , 2 , 3 , leading to 150 p o i n t s in all , a c o n t r a d i c t i o n . Similarly
if j k = 12 or 20. Thus we must have j k equal to 10, 21, or 02.

Let 's suppose first t h a t j k = 10. T h e first slice t h e n is equal to {I} x D 4 , 1

with the diagonal and possibly one more p o i n t removed, while the second
slice is equal to {2} x D 4 ,o with t h e diagonal and possibly one more p o i n t
removed . S u p e r i m p o s i n g these slices, we thus see t h a t t h e t h i r d slice is
c o n t a i n e d in {3} x D 4 ,2 except possibly for two a d d i t i o n a l points , t o g e t h e r
with t h e on e point 32222 of the diagonal t h a t lies o u t s i d e of {3} x D 4 ,2.

The lines x12 x x, x 1 3 x x (plus p e r m u t a t i o n s of the last four digits) must
each c o n t a i n one point o u t s i d e the set . The first two slices can only absorb
two of these, and so at least 14 of the 16 p o i n t s formed by p e r m u t i n g t h e
last four digits of 31233, 31333 must lie outside the set. These p o i n t s all lie
in {3} x D 4 ,2 , and so t h e 3 * * * * slice can have at most ID4 , 2 1 - 14 + 3 = 43
p o i n t s , a c o n t r a d i c t i o n .

The cas e j k = 02 is similar to t h e case j k = 10 (indeed one can o b t a i n
one from the o t h e r by swapping 1 and 2) . Now we t u r n to the case j k = 21.
Arguing as before we see t h a t t h e t h i r d slice is c o n t a i n e d in {3} x D 4 except
possibly for two points, t o g e t h e r w i t h 33333.

I f 33333 was in t h e set, t h e n each of the lines x x 3 3 3 , x x x 3 3 (and
p e r m u t a t i o n s of t h e last four digits) must have a point missing from the first
two slices , which ca n n ot be a b s o r b e d by the two p o i n t s we are p e r m i t t e d
to remove; t h u s 33333 is not in t h e set. For similar reasons, 33331 is not
in t h e set , as can be seen by looking a t x x x31 and p e r m u t a t i o n s of t h e last
four digits. Indeed, any s t r i n g c o n t a i n i n g four t h r e e s does not lie in the set ;
t h i s means t h a t at least 8 p o i n t s are missing from {3} x D 4 , leaving only
at most 46 p o i n t s inside t h a t set . F u r t h e r m o r e , any point in the 3 * * * *
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slice outside of {3} x D4 can only be c r e a t e d by removing a point from the
first two slices, so the t o t a l c a r d i n a l i t y is at most 46 + 52 + 52 = 150, a
c o n t r a d i c t i o n . _

R e m a r k 3 . 7 . This already gives the bound CS,3 S 52 + 50 + 50 = 152, b u t
of course we wish to do b e t t e r t h a n this .

L e m m a 3 . 8 . A has a slice j * * * * with j = 1 , 2 , 3 t h a t has at m o s t 49
points.

P r o o f . Suppose not, thus all t h r e e slices of A has at least 50 points . Using
earlier n o t a t i o n , we split subsets of [3]4 into nine subsets of [3F . SO we t h i n k
of x , y , z , a , b a n d c as subsets of a square . By Lemma 3.4, each slice is one
of the following :

• Eo = y' z x , z x ' y , x y z (with one or two points removed)

• E l = x y z, y z' x , z x y ' (with one or two points removed)

• E 2 = z ' x y , x y z , y z x ' (with on e or two points removed)

• X = x y z , ybw, zwc

• Y = a x w , x y z , w z c

• Z = a w x , w b y , x y z

where a, b a n d c have four points each: a = {2,3}2 , b = {1 ,3}2 and
c = {I , 2} 2

• x ' , y' and z' are subs ets of x , y and z respectively , and have
five points each .

Suppose all t h r e e slices are subsets of E i l ' E 12 , Ej 3 respectively for some
i . . n .i« E {O,1,2} , E l , or E 2 . We can remove at most five points from the
full set E j 1 l±J E j 2 l±J E j 3 ' Consider columns 2, 3 , 4 , 6 , 7, 8 . At most two of
these columns contain x y z , so one point must be removed from the o t h e r
four. This uses up all but one of the removals. So the slices must be E2,
E 1 , Eo or a cyclic p e r m u t a t i o n of t h a t . T h e n the cube, which contains the
first square of slice 1; the fifth square of slice 2; and the n i n t h square of
slice 3 , contains t h r e e copies of the same square. I t takes mor e t h a n one
point removed to remove all lines from t h a t cube. So we can ' t have all three
slices subsets of E j .

Suppose one slice is X, Y or Z, and two o t h e r s are subsets of E j • We
can remove at most t h r e e points from the two E j . By symmetry, suppose
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one slice is X . Consider columns 2, 3 , 4 and 7. They must be cyclic
p e r m u t a t i o n s of x , y, Z , and two of t h e m are not x y z , so must lose a point.
Columns 6 and 8 must b o t h lose a point, and we only have 150 points left .
So if one slice is X , Y or Z, the full set contains a line.

Suppose two slices are from X , Y and Z , and the o t h e r is a subset of E j .

By s y m m e t r y , suppose two slices are X and Y. Columns 3 , 6, 7 and 8 all
contain w , and therefore at most 16 points each . Columns 1, 5 and 9 c o n t a i n
a, b, or c, and therefore at most 16 points. So the t o t a l number of points is
at most 7 x 16 + 2 x 18 = 148 < 151, a c o n t r a d i c t i o n . •

This, combined with Lemma 3.6 , gives

C o r o l l a r y 3 . 9 . A n y three parallel slices of A m u s t have c a r d i n a l i t y 52, 50,
49 (or a p e r m u t a t i o n t h e r e o f ) .

Note t h a t this a r g u m e n t already gives the bound CS,3 :s: 151.

L e m m a 3 . 1 0 . No slice j * * * * of A is of the form X , where X was defined
in L e m m a 3.4 .

P r o o f . Suppose one slice is X ; t h e n by the previous discussion one of the
parallel slices has 52 p o i n t s and is thus of the form E j for some j = 0 , 1 , 2 ,
by Lemma 3.4.

Suppose t h a t X is the first slice 1 * * * *. We have X = x y z ybw z w c .
Label the o t h e r rows with l e t t e r s from the a l p h a b e t , thus

(

x y z ybw ZWC)
A = m n o p q r s t u

d e ! , g h i j k l

Reslice the array into a left nine, middle nine and right nine. One of these
squares contains 52 points, and it can only be the left nine. One of its t h r e e
columns contains 18 points , and it can only be its l e f t - h a n d column, x m d .
So m = y and d = z. B u t none of the E j begins with y or z, which is a
c o n t r a d i c t i o n . So X is not in the first row.

So X is in the second or t h i r d row. By symmetry, suppose it is in the
s e c o n d r o w , so t h a t A h a s t h e f o l l o w i n g s h a p e :

(

d e! ghi j k l )
A = x y z ybw z w c

m n o p q r s t u
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Ag ain , t h e lef t - h a n d nin e mu s t co n t a i n 5 2 p oin t s , so it is E 2 • Now , to get
5 2 poin t s in an y ro w , t he firs t r ow mu s t b e E 2 • T h en t he o n ly wa y to h a ve
50 p oin t s in t he middl e or ri gh t-h and ni n e is if t he mi ddl e nin e is X:

(
Z' X y

A = x y z
y z x '

x y z YZ X' )
y bw z wc
z w c s t u

In t he sevent h col u m n , s co nt a i n s 5 poin t s a n d in t he eig ht h col u m n ,
t con t a i ns 4 poin ts . T h e final ro w ca n no w co n t a in a t m os t 48 p oin t s ,
cont ra d ict i ng Coroll ar y 3. 9.

A s im i l a r a r g u m en t is p ossibl e if X is in t h e t h ir d r ow; o r if X is r epl a ced
by Y o r Z. T h u s , given a ny d e c o m p o s i t i o n of A in t o t h ree p ar all el s lices,
o ne s l ice is a 5 2 - p o i n t set E j a n d a n o t he r slice is 50 p oint s con t a i ned in E k .

•
Now we ca n o b t a i n t he d e sir ed con t r a d ict ion:

L e m m a 3 . 1 1 . Th ere is no 151-p oin t lin e-fr ee s et A C [3 ] 5.

P r o o f . A ssum e by sy m met r y t h a t t he firs t r ow co nt a i n s 52 p oin t s a n d t he
s eco n d row c o n t a i ns 50 . If E 1 is in t he fir s t row , t he n t h e s eco n d ro w m ust
b e co n t a i ne d i n E o:

A = (;~~ ~~:~ :~~)
d e ! gh i j k l

Bu t t he n n on e of t he left nin e , middl e nin e or rig ht nin e ca n co n t a i n 52
p oint s , which cont ra dic ts C or ollar y 3 .9. S u p p os e t h e fir s t ro w is E o . T h en
t h e seco n d row is co n t a i n e d in E 2, o t h erwis e t h e cub es form ed from t he nin e
colu m ns of t h e di a gr am would n eed to r emove too m an y p oin t s :

(

y , z x z x ' y XYZ)
A = z ' x y x y z y z x' .

d e ! ghi j k l

Bu t t h en n e i t h er t h e left nin e , middl e nin e n or ri gh t nin e co n t a in 5 2 p oin t s .
So t he first row co n t a i ns E 2, a n d t he s econd r ow is co n t a i ne d in E 1 . Tw o
p oint s m a y b e r em oved from t he seco n d r ow of t h is di a g r am:

(
Z' X y

A = x y z
d e !

x yz
y z ' x
gh i

YZX' )
z x y ' .
j k l
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Slice it into the left nine , middle nine and right nine. Two of t h e m ar e
c o n t a i n e d in E j so at least two of d e f , ghi, and j k l are c o n t a i n e d in t h e
cor r es p o n d i n g slice of Eo. Slice along a different axis , and at least two
of dgj, eh k , f i l are c o n t a i n e d in the c o r r e s p o n d i n g slice of Eo . So eight
of t h e nine squares in the b o t t o m row are c o n t a i n e d in the c o r r e s p o n d i n g
s q u a r e of Eo. Indeed , slice along o t h e r axes, and all p o i n t s except one are
c o n t a i n e d within Eo. This point is the i n t e r s e c t i o n of all the 49-point slices.
So , if t h e r e is a 151-point s o l u t i o n , t h e n after removal of t h e specified point ,
t h e r e is a 150-point s o l u t i o n , w i t h i n D5,j, whose slices in each d i r e c t i o n are
52 + 50 + 48.

(
Z, xy x y z YZX')

A = xy z yz' X z x y '
y' z x z x ' y x y z

One point must be lost from columns 3, 6, 7 and 8 , and four more from
t h e m a j o r diagonal z' z' z. T h at leaves 148 p o i n t s i n s t e a d of 150. So the
150-point s o l u t i o n does not exist with 52 + 50 + 48 slices; so the 151 point
s o l u t i o n does not exist . •

This e s t a b l i s h e s t h a t C5 ,3 ~ 150, and t h u s C6 ,3 ~ 3C5,3 ~ 450.

4. L O W E R B O U N D S F O R T H E M O S E R P R O B L E M

J u s t as for t h e density Hales - J e w e t t problem , we found t h a t G a m m a sets
r a,b ,c were useful in providing large lower b o u n d s for the Moser problem .
This is d e s p i t e the fact t h a t t h e s y m m e t r i e s of the cube do not respect
G a m m a sets.

Observe t h a t if B c Don, t h e n t h e set A B : = U i i E B I ' a ,b,c is a Moser
set as long as B does not c o n t a i n any "isosceles triangles" (a + r , b, c + s),
(a + s, b, c + r) , (a , b + r + s, c) for any r , s 2 0 not b o t h zero; in p a r t i c u l a r ,
B c a n n o t c o n t a i n any "ve r t ica l line segments" (a + r , b, c + r), (a, b + 2r, c).
An example of such a set is provided by selecting 0 ~ i ~ n - 3 and l e t t i n g B
consist of t h e t r i p l e s (a, n - i , i - a ) when a =1= 3 mod 3, (a, n - i - 1 , i + 1 - a)
when a =1= 1 m o d 3, ( a , n - i - 2 , i + 2 - a) when a = Omod 3, and
(a , n - i - 3 , i + 3 - a) w h e n a = 2 m o d 3 . A s y m p t o t i c a l l y , t h i s s e t i n c l u d e s

a b o u t two t h i r d s of the spheres S n , i, S n , i + l and one t h i r d of t h e spheres
S n , i + 2 , S n ,i+ 3 and ( s e t t i n g i close to n / 3 ) gives a lower b o u n d

(4 .1)



D e n s i t y Hales - J e w e t t and Moser numbers 713

w i t h C = 2 X #. T h i s lower b o u n d is t h e a s y m p t o t i c limit of o u r m e t h o d s ;

see P r o p o s i t i o n 4.1 below.

An i n t e g e r p r o g r a m was solved to o b t a i n the o p t i m a l lower b o u n d s
achievable by t h e AB c o n s t r u c t i o n (using (2.1), of course). T h e r e s u l t s
for 1 ::; n ::; 20 are displayed in F i g u r e 6 . More c o m p l e t e d a t a , i n c l u d i n g
t h e list of o p t i m i s e r s , can be found at [17].

n lower bound n lower bound
1 2 11 71766
2 6 12 212423
3 16 13 614875
4 43 14 1794212
5 122 15 5321796
6 353 16 15455256
7 1017 17 45345052
8 2902 18 134438520
9 8622 19 391796798
10 24786 20 1153402148

Fig. 6. Lower bounds for C~ , 3 o b t a i n e d by th e A B c o n s t r u c t i o n .

U n f o r t u n a t e l y , any m e t h o d b a s e d p u r e l y on t h e A B c o n s t r u c t i o n c a n n o t
do a s y m p t o t i c a l l y b e t t e r t h a n t h e p r e v i o u s c o n s t r u c t i o n s :

P r o p o s i t i o n 4 . 1 . Let B C ~n be such t h a t A B is a Moser set . Then

IABI::; ( 2 # + 0(1)) ~.

P r o o f . By t h e p r e v i o u s discussion, B c a n n o t c o n t a i n any p a i r of t h e form
( a , b + 2 r , c) , ( a + r ,b , c + r ) with r > O. In o t h e r w o r d s - f o r any - n : : ; h::; n,
B can c o n t a i n a t most one t r i p l e (a , b, c) with c - a = h . From t h i s a n d
(2.1), we see t h a t

n ,

IABI::; 2: m~ _ ,n b ; , ·(a,b,c)ED. n . c - a - h a . . c.
h = - n

From t h e Chernoff i n e q u a l i t y (or t h e S t i r l i n g formula c o m p u t a t i o n below)
we see t h a t a!~ic! ::; ;k3 n unless a, b, c = n/3 + O( n 1 / 2 I o g 1 / 2 n), so we

may r e s t r i c t to t h i s regime , which also for ces h = O( n 1 / 2 1 0 g
1
/ 2 n). I f we
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Fig . 7. One of t h e e x a m p l e s of 3 5 3 - p o i n t s e t s in [3]6 ( e l e m e n t s of t h e set b e i n g i n d i c a t e d
by w h i t e s q u a r e s ) . T h i s e x a m p l e was g e n e r a t e d by a g e n e t i c a l g o r i t h m .

w r i t e a = n / 3 + 0 , b = n / 3 + (3, C = n / 3 + I a n d a p p l y S t i r l i n g ' s f o r m u l a
n! = (1 + 0(1)) V21rnn n e - n , we o b t a i n

F r o m T a y l o r e x p a n s i o n one h a s
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and s i m i l a r l y for j3 , , ; since a + j3 + , = 0 , we conclude t h a t

I f c - a = h, t h e n a 2 + j32 + , 2 = 3~2 + ~2 . T h u s we see t h a t

n' 3 3 / 2 ( 3 )mro:c _ -,-;-,::; ( 1 + 0 ( 1 ) ) - 3 n ex p _ _ h 2 .
(a ,b , c ) E A n . c - a - h a .b.c. 21rn 4n

Using t h e i n t e g r a l t e s t , we t h u s have

3 3 / 2 1 ( 3 )IABI::; (1 + 0(1)) _ 3 n exp - - 4 x 2 dx .
21rn IR n

Since fIR exp ( - 4~x2) dx = ~, we o b t a i n t h e claim. _

715

A c t u a l l y it is possible to improve upon these b o u n d s by a slight a m o u n t .
Observe t h a t if B is a maxi miser for t h e r i g h t - h a n d side of (2.1) ( s u b j e c t to B
not c o n t a i n i n g isosceles t r i a n g l e s ) , t h e n any t r i p l e (a, b, c) not in B must be
t h e v e r t e x of a (possibly d e g e n e r a t e ) isosceles t r i a n g l e with t h e o t h e r vertices
in B . If t h i s t r i a n g l e is n o n - d e g e n e r a t e , or if (a, b, c) is t h e u p p e r v e r t e x of a
d e g e n e r a t e isosceles t r i a n g l e , t h e n no p o i n t from I ' a ,b,c can be a d d e d to A B

w i t h o u t c r e a t i n g a geometric line . However, if (a, b, c) = (a' + r , b', c' + r)
is only t h e lower vertex of a d e g e n e r a t e isosceles t r i a n g l e (a' + r, b', c' + r),
( a ' , b ' + 2r, c') , t h e n one can add any s u b s e t of f a , b , c to AB and still have
a Moser set as long as no pair of elements in t h a t s u b s e t is s e p a r a t e d by
H a m m i n g d i s t a n c e 2r . For i n s t a n c e , in t h e n = 5 case , we can s t a r t w i t h
t h e 122-point set built from

B = { ( 0 0 5 ) , (023), (113), (122), (221) , (311), (320), ( 5 0 0 ) ) }

a n d a d d a p o i n t each from (104) a n d (401) . T h i s gives an example of t h e
m a x i m a l , 124-point s o l u t i o n . Again , in t h e n = 10 case, t h e set

B = { ( 0 0 1 0 ) , (028) , (037) , (046), (145) , (217), (235), (325), (334) , (343),

( 4 4 2 ) , ( 5 1 4 ) , ( 5 3 2 ) , ( 6 2 2 ) , ( 6 3 1 ) , ( 6 4 0 ) , ( 8 1 1 ) , (901), (910)}

g e n e r a t e s t h e lower b o u n d c~o 3 ~ 24786 given above (and, up to reflec
tion a f - t c, is t h e only such set t h a t does so); b u t by a d d i n g t h e follow
ing twelve elements from f s ,o ,s one can increase t h e lower b o u n d slightly
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to 24798: 1111133333, 1111313333, 1113113333, 1133331113, 1133331131,
1133331311, 3311333111 ; 3313133111, 3313313111, 3331111133,
3331111313, 3331111331 .

A more general form goes with the B set d e s c r i b e d at the s t a r t of t h i s
section. Include p o i n t s from f(a,n-i-4, i+4-a) when a = L(mod 3) , s u b j e c t
to no two p o i n t s being included if they differ by the i n t e r c h a n g e of a 1 and
a 3. Each of these G a m m a sets is the feet of a d e g e n e r a t e isosceles t r i a n g l e
with vertex f ( a - l ,n- i-2 ,a+3-a)'

L e m m a 4 . 2 . I f A is a subset o f f ( a ,b , c) such that no two points of A differ
by the interchange o f a 1 a n d a 3 , then IAI :::; If a,b ,cl/ (1 + max (a, c)) .

P r o o f . Say t h a t two p o i n t s of I ' a ,b ,c are neighbours if they differ by the
exchange of a 1 and a 3 . Each point of A has ac neighbours, none of
which are in A. Each point of f(a ,b , c) \ A has ac neighbours, b u t only
min (a, c) of them may be in A . So for each point of A t h e r e are on average
ac] min (a, c) = max (a, c) p o i n t s not in A. So the p r o p o r t i o n of p o i n t s of
f(a,b , c) t h a t are in A is at most one in 1 + max (a , c). •

The p r o p o r t i o n of e x t r a p o i n t s for each of the cells f(a,n- i-4 ,i+4-a) is no
more t h a n 2 / ( i + 6 ) . Only one cell in t h r e e is included from t h e b = n - i - 4
layer, so we e x p e c t no mor e t h a n (i~4)2i+5/ ( 3 i + 18) new points, all from
Sn , i+4 ' One can also find e x t r a p o i n t s from Sn ,i+ 5 and higher spheres.

E a r l i e r solutions may also give insight into the problem . Clearly we have
c~ 3 = 1 and c~ 3 = 2, so we focus on t h e case n ~ 2. The first lower b o u n d s
m~y be due to ' Komlos [16], who observed t h a t t h e sphere S i ,n of elements
with e x a c t l y n - i 2 entries (see Section 1.1 for definition) , is a Moser set,
so t h a t

(4.2)

holds for all i. Choosing i = l2; J and applying S t i r l i n g 's formula, we see

t h a t this lower b o u n d takes the form (4.1) with C : = fir. In p a r t i c u l a r

~,3 ~ 12, C~,3 ~ 24, C~,3 ~ 80, C~,3 ~ 240.

These values can be improved by s t u d y i n g c o m b i n a t i o n s of several
s p h e r e s or semispheres or a p p l y i n g e l e m e n t a r y results from co d i n g theory.

Observe t h a t if { w ( I ) , w(2), w(3)} is a geometric line in [3]n, t h e n
w ( I ) , w(3) b o t h lie in the same sphere S i ,n, and t h a t w(2) lies in a lower
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sphere S i - r ,n for some 1 ~ r ~ i ~ n. F u r t h e r m o r e , w ( l ) and w(3) are
s e p a r a t e d by Hamming distance r.

As a consequence, we see t h a t S i - l , n U Si,n (or S i - l , n U Si,n) is a Moser
set for any 1 ~ i ~ n, since any two d i s t i n c t elements Sf n are s e p a r a t e d
by a Hamming d i s t a n c e of at least two. (Recall Section 1.1' for definitions),
This leads to the lower bound

I t is not hard to see t h a t (~:D2i > (nt 1 ) 2 i - 1 if and only if 3i < 2n + 1,

and so this lower bound is maximised when i = l 2 n i 1 J for n 2:: 2, giving
the formula (1.2). This leads to the lower bounds

~,3 2:: 6; C~,3 2:: 40; C~,3 2:: 120; C~,3 2:: 336

which gives the right lower bounds for n = 2,3, but is slightly off for n = 4,5.
A s y m p t o t i c a l l y , S t i r l i n g ' s formula and (4.3) t h e n give the lower bound (4.1)

with C = ~ x fj;, which is a s y m p t o t i c a l l y 50% b e t t e r t h a n the b o u n d (4.2) .

The work of C h v a t a l [7] already contained a refinement of this idea
which we here t r a n s l a t e into the usual n o t a t i o n of coding theory: Let A( n, d)
denote the size of the largest b i n a r y code of length n and minimal d i s t a n c e d.

T h e n

(4.4)

The following values of A(n, d) for small n, d are known, see [5]:

A ( l , l ) = 2
A ( 2 ,1) = 4 A ( 2 ,2) = 2
A ( 3 , 1 ) = 8 A ( 3 , 2 ) = 4 A ( 3 , 3 ) = 2
A ( 4 , 1 ) = 1 6 A ( 4 , 2 ) = 8 A ( 4 , 3 ) = 2 A ( 4 , 4 ) = 2
A ( 5 ,1) = 3 2 A ( 5 , 2 ) = 16 A ( 5 ,3) = 4 A ( 5 , 4 ) = 2 A ( 5 , 5 ) = 2
A ( 6 , 1 ) = 6 4 A ( 6 , 2 ) = 3 2 A ( 6 , 3 ) = 8 A ( 6 , 4 ) = 4 A ( 6 , 5 ) = 2 A ( 6 , 6 ) = 2
A ( 7 , 1 ) = 1 2 8 A ( 7 , 2 ) = 6 4 A ( 7 , 3 ) = 1 6 A ( 7 , 4 ) = 8 A ( 7 , 5 ) = 2 A ( 7 , 6 ) = 2 A ( 7 , 7 ) = 2
A ( 8 , 1 ) = 2 5 6 A ( 8 , 2 ) = 1 2 8 A ( 8 , 3 ) = 2 0 A ( 8 , 4 ) = 1 6 A ( 8 , 5 ) = 4 A ( 8 , 6 ) = 2 A ( 8 , 7 ) = 2 A ( 8 , 8 ) = 2
A ( 9 , 1 ) = 5 1 2 A ( 9 , 2 ) = 2 5 6 A ( 9 , 3 ) = 4 0 A ( 9 , 4 ) = 2 0 A ( 9 , 5 ) = 6 A ( 9 , 6 ) = 4 A ( 9 , 7 ) = 2 A ( 9 , 8 ) = 2
A(1O , 1 ) = 1 0 2 4 A ( 1 O , 2 ) = 5 1 2 A ( 1 O , 3 ) = 7 2 A(1O , 4 ) = 4 0 A ( 1 O , 5 ) = 1 2 A ( 1 O , 6 ) = 6 A(1O , 7 ) = 2 A(1O , 8 ) = 2
A ( 1 l , 1 ) = 2 0 4 8 A ( 1 l , 2 ) = 1 0 2 4 A ( 1 l , 3 ) = 1 4 4 A ( 1 l , 4 ) = 7 2 A ( 1 l , 5 ) = 2 4 A ( 1 l , 6 ) = 1 2 A ( 1 l , 7 ) = 2 A ( 1 l , 8 ) = 2
A ( 1 2 , 1 ) = 4 0 9 6 A ( 1 2 , 2 ) = 2 0 4 8 A ( 1 2 , 3 ) = 2 5 6 A ( 1 2 , 4 ) = 1 4 4 A ( 1 2 , 5 ) = 3 2 A ( 1 2 , 6 ) = 2 4 A ( 1 2 , 7 ) = 4 A ( 1 2 , 8 ) = 2
A ( 1 3 ,1) = 8 1 9 2 A ( 1 3 ,2) = 4 0 9 6 A ( 1 3 ,3) = 512 A ( 1 3 , 4 ) = 2 5 6 A ( 1 3 , 5 ) = 6 4 A ( 1 2 , 6 ) = 3 2 A ( 1 3 ,7) = 8 A ( 1 3 , 8 ) = 4

In a d d i t i o n , one has the general identities A(n, 1) = 2 n , A(n, 2) = 2 n - 1 ,

A(n - 1, 2e - 1) = A(n, 2e), and A(n , d) = 2, if d > 2;.
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I n s e r t i n g t h i s da t a into (4.4) for k = 2 we o b t a i n t h e lower b o u n d s

C~,3 ~ (~) A(4 , 3) + G) A(3 , 2) + (~) A(2, 1)

= 1 . 2 + 4 . 4 + 6 . 4 = 42

C~,3 ~ (~) A(5 , 3) + G) A(4 , 2) + G) A(3 , 1)
I ~= 1 . 4 + 5 . 8 + 10 . 8 = 124

C~ ,3 ~ (~)A(6,3)+ G ) A ( 5 ,2) + (~)A(4,1)

= 1 · 8 + 6 . 16 + 15 . 16 = 344 .

S i m i l a r l y , w i t h k = 3 we o b t a i n

C~,3 ~ (~)A(7,4) + (~)A(6,3) + (~)A(5,2) + ( ; ) A ( 4 , 1) = 960

~,3 ~ (~)A(8,4) + G ) A ( 7 ,3) + C ) A ( 6 ,2) + (~)A(5 , 1) = 2832

C9 ,3 ~ (~) A(9 , 4) + (~) A(8, 3) + (~) A(7 , 2) + G) A(6, 1) = 7880

a n d for k = 4 we have

C~O,3 ~ COO) A(10, 5) + C 2 ) A(9, 4) + C2
0)

A(8, 3)

+ C3
0)A(7

,2) + C : ) A ( 6 , 1) = 22232

C~ 1,3 ~ C Ol)A(1l ,5) + C ll)A(10,4) + C2
1)A(9,3)

+ C3
1)

A(8, 2) + C4
1)

A(7 , 1) = 66024

C~2 ,3 ~ C 02) A(12 , 5) + (\2) A(ll , 4) + C : ) A(lO , 3)

+ C : ) A(9 , 2) + C4
2
) A(8, 1) = 188688.

a n d for k = 5 we have
C~3 ,3 ~ 539168.



Density Hales - J e w e t t and Moser numbers 719

I t should be p o i n t e d out t h a t these b o u n d s are even numbers, so t h a t
c~ 3 = 43 shows t h a t one c a n n o t generally expect this lower b o u n d to give,
the o p t i m u m .

The maximum value a p p e a r s to occur for k = l nj2 J, b u t even a f t e r
o p t i m i s i n g in these p a r a m e t e r s and using explicit bounds on A( n, d) we were

unable to improve upon the c o n s t a n t C = 2 x I i for (4.1) arising from

previously discussed c o n s t r u c t i o n s . Using the singleton b o u n d A(n , d) ~

2 n - d + 1 C h v a t a l [7] proved t h a t the expression on t h e right h a n d side of
(4.4) is also o( ~) , so t h a t the refinement described above gains a c o n s t a n t

factor over the i n i t i a l c o n s t r u c t i o n only.

For n = 4 t h e above does not yet give the exact value. The value
c~ 3 = 43 was first proven by C h a n d r a [6]. A uniform way of describing
examples for the o p t i m u m values of C~ ,3 = 43 and C~ ,3 = 124 is as follows .

Let us consider the sets

A : = S i - l , n U Si,n U A'

where A' C Si+l ,n has the p r o p e r t y t h a t any two elements in A' are sepa
r a t e d by a H a m m i n g d i s t a n c e of at least t h r e e , or have a Hamming d i s t a n c e
of e x a c t l y one b u t t h e i r m i d p o i n t lies in Sf n ' By the previous discussion we,
see t h a t t h i s is a Moser set, and we have the lower bound

(4 .5)

This gives some improved lower b o u n d s for c~ 3 :,

• By t a k i n g n = 4, i = 3 , and A' = {1111, 3331, 3333}, we o b t a i n
c~ 3 ~ 43;,

• By t a k i n g n = 5, i = 4 , and A' = { i u u , 11333,33311 ,33331} , we
o b t a i n c~ 3 ~ 124.,

• By t a k i n g n = 6 , i = 5, and A' = {111111, 111113, 111331, 111333,
331111, 331113}, we o b t a i n C6,3 ~ 342.

This gives t h e lower b o u n d s in Theorem 1.5 up to n = 5 , b u t t h e b o u n d
for n = 6 is inferior to the lower bound C6,3 ~ 344 given above.
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We now cons id e r lower b o u n d s for c~ k for some values of k larger t h a n 3.
Here we will see some f u r t h e r connections between the Moser problem and
t h e density H a l e s - J e w e t t problem.

For k = 4, we have the lower b o u n d s C~,4 ~ (n/2) 2 n . To see t h i s , observe
t h a t the set of p o i n t s with a Is, b 2s , c 3s and d 4s , where a + d has the
c o n s t a n t value n/2 , does not form geometric lines because points at the ends
of a geometric line have more a or d values t h a n p o i n t s in the middle of the
line.

T h e following lower b o u n d is a s y m p t o t i c a l l y twice as large. Take all
p o i n t s with a Is , b 2s, c 3s and d 4s , for which:

• E i t h e r a + d = q or q - 1, a and b have the same p a r i t y ; or

• a + d = q - 2 or q - 3 , a and b have o p p o s i t e parity.

This includes half t h e p o i n t s of four a d j a c e n t layers, and therefore may
include (1 + o( 1)) (n/2) 2 n + l p o i n t s .

We also have a lower b o u n d for c~ 5 similar to T h e o r e m 1.3, namely,
c~ 5 = 5 n - O ( y l o g n ) . Consider p o i n t s with a Is, b 2s, c 3s, d 4s and e 5s. For
each point, take the value a + e + 2(b + d) + 3c. The first t h r e e p o i n t s in
any geometric line give values t h a t form an a r i t h m e t i c progression of length
three.

Select a set of integers with no a r i t h m e t i c progression of length 3 . Select
all p o i n t s whose value belongs to t h a t sequence; t h e r e will be no geometric
line among those points. By t h e B e h r e n d c o n s t r u c t i o n [ 4 ] ' it is possible to
choose these p o i n t s with density exp - 0 ( y'log n ) .

For k = 6, we observe t h a t t h e a s y m p t o t i c c~ 6 = o(6 n ) would imply
the k = 3 density H a l e s - J e w e t t t h e o r e m C n ,3 = o(3 n ) . Indeed, any k = 3
c o m b i n a t o r i a l line-free set can be "d ou b le d up" into a k = 6 geometric line
free set of t h e same density by pulling back the set from the map t h a t maps
1 , 2 ,3 , 4 , 5 , 6 to 1 ,2 ,3 , 3 , 2 , 1 respectively; note t h a t t h i s map sends k = 6
geometric lines to k = 3 c o m b i n a t o r i a l lines . So c~ 6 ~ 2 n C n ,3 , and more
generally, c~,2k ~ 2nen ,k ' '
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5. U P P E R B O U N D S FOR THE k = 3 M O S E R P R O B L E M IN SMALL

D I M E N S I O N S

In this section we finish the proof of Theorem 1.5 by o b t a i n i n g the u p p e r
bounds on c~ 3 for n ~ 6.,

5 . 1 . S t a t i s t i c s , d e n s i t i e s a n d s l i c e s

Our analysis will revolve a r o u n d various statistics of Moser sets A C [3f ,
t h e i r a s s o c i a t e d densities, and the behavior of such s t a t i s t i c s and densities
with respect to the o p e r a t i o n of passing from the cube [3f to various slices
of t h a t cube .

D e f i n i t i o n 5.1 ( S t a t i s t i c s and d e n s i t i e s ) . Let A C [3f be a set . For any
o ~ i ~ n , set ai(A) : = IA n Sn-i ,nl ; thus we have

o ~ ai(A) ~ ISn-i,nl = (7) 2 n - i

for 0 ~ i ~ n a n d
ao(A) + + an(A) = IAI.

We refer to the vector (ao (A), , an(A)) as the statistics of A . We define
the i t h density O:i(A) to be the q u a n t i t y

thus 0 ~ O:i(A) ~ 1 and

E x a m p l e 5 . 2 . Let n = 2 and A be the Moser set A : = {12, 13, 21, 23, 31,
32}. T h e n the s t a t i s t i c s (ao(A), a1 (A) , a2(A)) of A are ( 2 , 4 , 0 ) , and the

densities (o:o(A) , 0:1 (A), 0:2 (A) ) are 0,1 ,0) .
When working with small values of n, it will be convenient to write

a(A), b(A), c(A), etc . for ao(A), a1(A), a2(A), etc . , and similarly write
o:(A),,B(A),'y(A) , etc . for o:o(A), O:l(A), 0:2(A) , etc. Thus for i n s t a n c e in
Example 5 .2 we have b(A) = 4 and o:(A) = ~.
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D e f i n i t i o n 5 . 3 ( S u b s p a c e s t a t i s t i c s and d e n s i t i e s ) . I f V is a k - d i m e n s i o n a l
g e o m e t r i c s u b s p a c e of [3t, t h e n we have a map cPv : [3]k --+ [ 3 t from
t h e k - d i m e n s i o n a l cube to t h e n - d i m e n s i o n a l cube. I f A C [3t is a set and
o ~ i ~ k, we w r i t e ai(V, A) for ai (cPV;l(A)) and ai(V, A) for a i (cPV;l(A)). I f
the set A is clear from c o n t e x t , we a b b r e v i a t e ai(V , A) as ai(V) and a i ( V , A)
as a i ( V ) ,

R ecall from Section 1.1 t h a t t h e cube [ 3 t can be s u b d i v i d e d into t h r e e
slices in n different ways, and each slice is an n - l - d i m e n s i o n a l s u b s p a c e .
For i n s t a n c e , [3]3 can be p a r t i t i o n e d into 1 * * , 2 * *, 3 * *. We call a slice a
centre slice if t h e fixed c o o r d i n a t e is 2 and a side slice if it is 1 or 3.

E x a m p l e 5 . 4 . We c o n t i n u e E x a m p l e 5 .2 . T h e n t h e s t a t i s t i c s of t h e side slice
h a r e ( a ( h ) , b ( h ) ) = ( 1 , 1 ) , while t h e s t a t i s t i c s of t h e c e n t r e slice 2* are
(a(2*) ,b(2*)) = (2 , 0 ) . T h e c o r r e s p o n d i n g d e n s i t i e s are ( a ( h ) , , 8 ( h ) ) =

(1 / 2 , 1 ) and (a(2*), ,8(2*)) = ( 1 , 0 ) .

A simple double c o u n t i n g a r g u m e n t gives t h e following useful i d e n t i t y :

L e m m a 5 . 5 (Double c o u n t i n g i d e n t i t y ) . L e t A C [ 3 t and 0 ~ i ~ n - 1.
Then we have

1 1
~ ai+l(V) = - ~ a i ( W ) = ai+l(A)

n - i - l ~ i + 1 ~v a s ide slic e W a c e n t r e sli c e

where V ranges over the 2n side slices o f [ 3 t , and W ranges over the n centre
slices. In o t h e r words, the average value o f a i + l (V) for side slices V equals
the average value o f a i ( W ) for centre slices W , which is in turn equal to
a i + l (A).

I n d e e d , t h i s l e m m a follows from t h e o b s e r v a t i o n t h a t every s t r i n g in
A n S n - i - l ,n belongs to i + 1 c e n t r e slices W (and c o n t r i b u t e s to a i ( W ) )
and to n - i - 1 side slices V (and c o n t r i b u t e s to ai+l(V)), One can also view
this l e m m a p r o b a b i l i s t i c a l l y , as t h e a s s e r t i o n t h a t t h e r e are t h r e e e q u i v a l e n t
ways to g e n e r a t e a r a n d o m s t r i n g of l e n g t h n :

• Pick a side slice V a t r a n d o m , and r a n d o m l y fill in t h e w i l d c a r d s in
such a way t h a t i + 1 of t h e w i l d c a r d s are 2's (i.e . using an element of

S n - i - 2 ,n - I ) .

• Pick a c e n t r e slice V a t r a n d o m , and r a n d o m l y fill in t h e w i l d c a r d s
in such a way t h a t i of t h e w i l d c a r d s are 2 's (i.e . using an e l e m e n t of
S n - i - l , n - l ) .
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• R a n d o m l y choose an element of S n - i - l ,n.

7 2 3

E x a m p l e 5 . 6 . We continue E x a m p l e 5.2. The average value of f3 for side
slices is equal to the average value of a for centre slices, which is equal
to f3(A) = 1.

A n o t h e r very useful fact (essentially due to [8]) is t h a t linear i n e q u a l i t i e s
for s t a t i s t i c s of Moser sets at one dimension p r o p a g a t e to linear i n e q u a l i t i e s
in higher dimensions:

L e m m a 5 . 7 ( P r o p a g a t i o n l e m m a ) . L e t n 2:: 1 be an integer. S u p p o s e one
has a linear i n e q u a l i t y of t h e form

(5.1)
n

L Viai(A) ::; s
i=O

for all Moser s e t s A C [ 3 t a n d some real n u m b e r s Vo, .. . , V n, s . T h e n we
also have the linear i n e q u a l i t y

n

L Viaqi+r(A) ::; s
i=O

w h e n e v e r q 2:: 1, r 2:: 0, N 2:: nq + r are integers and A C [3]N is a Moser
set.

P r o o f . We run a p r o b a b i l i s t i c a r g u m e n t (one could of course also use a
double c o u n t i n g a r g u m e n t i n s t e a d ) . Let n, Vo, . . . , V n, S , q, r, N , A be as in
the lemma. Let V be a r a n d o m n - d i m e n s i o n a l geometric s u b s p a c e of [3]N,
c r e a t e d in the following fashion :

• Pick n wildcards X l , . . . , X n to run i n d e p e n d e n t l y from 1 to 3. We also
i n t r o d u c e dual wildcards X l , . . . , X n ; each X j will take t h e value 4 - X j .

• We r a n d o m l y s u b d i v i d e the N c o o r d i n a t e s into n groups of q coordi
nates, plus a r e m a i n i n g group of N - nq "fix e d" c o o r d i n a t e s .

• For each c o o r d i n a t e in the j t h group of q c o o r d i n a t e s for 1 ::; j ::; n,
we r a n d o m l y assign e i t h e r a X j or X j '

• For each c o o r d i n a t e in the N - nq fixed c o o r d i n a t e s , we r a n d o m l y
assign a digit 1,2 ,3, b u t c o n d i t i o n on the event t h a t e x a c t l y r of the
digits are equal to 2 (i.e. we use a r a n d o m element of S N - n q - r ,N-nq).
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• Let V be the subspace c r e a t e d by allowing X l , . . . , X n to run indepen
dently from 1 to 3, and X j to take the value 4 - X j '

For i n s t a n c e , if n = 2, q = 2, r = 1, N = 6 , t h e n a t y p i c a l subspace V
g e n e r a t e d in this fashion is

2 X I X 2 3 x 2 X I = {213311, 212321 , 211331, 223312 , 222322, 221332 ,

233313, 232323, 231333} .

Observe from t h a t the following two ways to g e n e r a t e a r a n d o m element of
[3]N are equivalent:

• Pick V r a n d o m l y as above , and t h e n assign ( X l , . . . , x n ) r a n d o m l y
from S n - i ,n. Assign 4 - X j to X j for all 1 :::; j :::; n .

• Pick a r a n d o m s t r i n g in S N - q i - r ,N.

Indeed , b o t h r a n d o m variables are i n v a r i a n t under the s y m m e t r i e s of the
cube , and b o t h r a n d o m variables always pick out s t r i n g s in S N - q i - r ,N, and
the claim follows. As a consequence , we see t h a t t h e e x p e c t a t i o n of Q i (V)
(as V ranges over the recipe d e s c r i b e d above) is equal to Qqi+r(A). On the
o t h e r hand , from (5.1) we have

n

I : ViQi(V) :::; s
i=O

for all such V ; t a k i n g e x p e c t a t i o n s over V, we o b t a i n the claim. •

In view of Lemma 5 .7 , it is of i n t e r e s t to locate linear i n e q u a l i t i e s r e l a t i n g
t h e densities Qi(A) , or (equivalently) the s t a t i s t i c s a i ( A ) . For this, it is
convenient to i n t r o d u c e t h e following n o t a t i o n .

D e f i n i t i o n 5 . 8 . Let n 2: 1 be an integer.

• A vector (ao , . . . , an) of n o n - n e g a t i v e integers is feasible if it is t h e
s t a t i s t i c s of some Moser set A .

• A feasible vector (ao , . . . , an) is Pareto-optimal if t h e r e is no o t h e r
feasible vector (b o , . .. , b n) =1= (ao , . . . , an) such t h a t b, 2: ai for all
0:::; i :::; n.
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• A P a r e t o - o p t i m a l v e c t o r (ao, .. . , an) - i s extremal if it is n o t a non
t r i v i a l convex l i n e a r c o m b i n a t i o n of o t h e r P a r e t o - o p t i m a l v e c t o r s .

To e s t a b l i s h a l i n e a r i n e q u a l i t y o f t h e form (5.1) w i t h t h e V i n o n - n e g a t i v e ,
it suffices to t e s t t h e i n e q u a l i t y a g a i n s t d e n s i t i e s a s s o c i a t e d to e x t r e m a l
vectors of s t a t i s t i c s . ( T h e r e is no p o i n t c o n s i d e r i n g l i n e a r i n e q u a l i t i e s w i t h
n e g a t i v e coefficients Vi , since one always has t h e freedom to r e d u c e a d e n s i t y
oi(A) of a Moser set A to zero , s i m p l y by removing all e l e m e n t s of A w i t h
e x a c t l y i 2 's .)

We will classify e x a c t l y t h e P a r e t o - o p t i m a l a n d e x t r e m a l v e c t o r s for
n :::; 3, which by L e m m a 5.7 will lead to useful l i n e a r i n e q u a l i t i e s for n 2: 4 .
Using a c o m p u t e r , we have also l o c a t e d a p a r t i a l list of P a r e t o - o p t i m a l a n d
e x t r e m a l v e c t o r s for n = 4, which are also useful for t h e n = 5 a n d n = 6
theory.

5 . 2 . U p t o t h r e e d i m e n s i o n s

We now e s t a b l i s h T h e o r e m 1.5 for n :::; 3, a n d e s t a b l i s h some a u x i l i a r y
i n e q u a l i t i e s which will be of use in h i g h e r d i m e n s i o n s .

T h e case n = 0 is t r i v i a l . W h e n n = 1, it is clear t h a t c~ 3 = 2, a n d
f u r t h e r m o r e t h a t t h e P a r e t o - o p t i m a l s t a t i s t i c s are (2 , 0 ) a n d (1, 1), which
are b o t h e x t r e m a l . T h i s leads to t h e l i n e a r i n e q u a l i t y

2a(A) + ,6(A) :::; 2

for all Moser s e t s A C [ 3 ] \ which by L e m m a 5.7 implies t h a t

(5.2)

w h e n e v e r r 2: 0, q 2: 1, n 2: q + r , a n d A C [ 3 t is a Moser set .

For n = 2 , we see by p a r t i t i o n i n g [3]2 into t h r e e slices t h a t C;, 3 :::;
3c~ 3 = 6 , a n d so (by t h e lower b o u n d s in t h e p r e v i o u s s e c t i o n ) c; 3 = 6., ,
W r i t i n g (a, b, c) = (a(A), b(A), c(A)) = (4a(A) , 4,6(A) , , ( A ) ) , t h e i n e q u a l 
ities (5.2) become

(5 .3) a + 2c:::; 4 ; b + 2c:::; 4; 2a + b <= 8.

L e m m a 5 . 9 . When n = 2, the Pareto-optimal s t a t i s t i c s are (4 , 0 , 0 ) ,
(3 , 2 , 0 ) , ( 2 , 4 , 0 ) , ( 2 , 2 , 1 ) . In particular, the e x t r e m a l s t a t i s t i c s are ( 4 , 0 , 0 ) ,
(2 , 4 , 0 ) , (2 , 2 , 1 ) .
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P r o o f . One easily checks t h a t all the st a t i s t i c s listed above are feasible.
Consider the s t a t i s t i c s (a, b, c) of a Moser set A C [ 3 f c rs e i t h e r equal to° or 1. I f c = 1 , t h e n (5.3) implies t h a t a, b ~ 2 , so the only P a r e t o - o p t i m a l
s t a t i s t i c here is (2,2 , 1 ) . When i n s t e a d c = 0, the inequalities (5.3) can
easily imply the P a r e t o - o p t i m a l i t y of (4,0 ,0) , (3 , 2 , 0 ) , (2 , 4 , 0 ) . •

From this lemma we see t h a t we o b t a i n a new inequality 2a + b + 2c ~ 8.
Converting this back to densities and using Lemma 5.7 , we conclude t h a t

(5.4)

whenever r 2:: 0 , q 2:: 1 , n 2:: q + 2r , and A C [3]n is a Moser set.

The line-free subsets of [3]2 can be easily e x h a u s t e d by c o m p u t e r search;
it t u r n s out t h a t t h e r e are 230 such sets.

Now we look at t h r e e dimensions. Writing (a, b, c, d) for the s t a t i s t i c s of
a Moser set A C [3]n (which thus range between (0 ,0 ,0 ,0) and (8 , 1 2 , 6 , 1 ) ) ,
the inequalities (5.2) imply in p a r t i c u l a r t h a t

(5 .5) a + 4d ~ 8 ; b + 6d ~ 12; c + 3d ~ 6; 3a + 2c ~ 24; b + c ~ 12

while (5.4) implies t h a t

(5.6) 3a + b + c ::; 24; b + c + 3d ::; 12.

Summing the inequalities b + c ::; 12, 3a + b + c ::; 24, b + c + 3d ::; 12 yields

3 ( a + b + c + d ) ~ 48

and hence IAI = a + b + c + d ~ 16; comparing this with the lower b o u n d s
of the preceding section we o b t a i n c~ 3 = 16 as required . (This a r g u m e n t is
essentially identical to the one in [8]) '.

We have the following useful c o m p u t a t i o n :

L e m m a 5 . 1 0 (3D P a r e t o - o p t i m a l s ) . When n = 3 , the P a r e t o - o p t i m al
s t a t i s t i c s are

(3,6 ,3 , 1 ) , (4,4 ,3 ,1) , ( 4 , 6 , 2 , 1 ) , (2 , 6 , 6 ,0) , ( 3 , 6 , 5 , 0 ) , (4 , 4 , 5 , 0 ) ,

( 3 , 7 , 4 , 0 ) , (4 ,6 , 4 , 0 ) , ( 3 , 9 , 3 , 0 ) , (4 , 7 , 3 ,0), (5,4 , 3 , 0 ) , (4,9 , 2 , 0 ) ,

(5 ,6 ,2 ,0) , ( 6 , 3 , 2 , 0 ) , (3 , 1 0 , 1 , 0 ) , (5,7 ,1 , 0 ) , (6 , 4 , 1 , 0 ) , (4,12 , 0 , 0 ) ,

(5 ,9 ,0 ,0) , (6 , 6 , 0 , 0 ) , ( 7 , 3 , 0 , 0 ) , (8 , 0 , 0 , 0 ) .
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In particular, the e x t r e m a l s t a t i s t i c s are

( 3 , 6 , 3 , 1 ) , ( 4 , 4 , 3 , 1 ) , (4 , 6 , 2 , 1 ) , ( 2 , 6 , 6 , 0 ) , ( 4 , 4 ,5 , 0 ) , ( 4 , 6 , 4 , 0 ) ,

(4 ,12 , 0 , 0 ) , ( 8 , 0 , 0 , 0 ) .
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P r o o f . This can be e s t a b l i s h e d by a b r u t e - f o r c e search over t h e 2 2 7 ~

1.3 X 10 8 different s u b s e t s of [3]3. Actually, one can p e r f o r m a much faster
search t h a n this. F i r s t l y , as n o t e d earlier, t h e r e are only 230 line-free s u b s e t s
of [3]2 , so one could search over 230 3 ~ 1.2 X 10 7 c o n f i g u r a t i o n s i n s t e a d .
Secondly, by s y m m e t r y we may assume ( a f t e r e n u m e r a t i n g t h e 230 sets in a
s u i t a b l e fashion) t h a t the first slice A n 1 * * has an index less t h a n or equal
to the t h i r d A n 3 * *, leading to (2~1) x 230 ~ 6 x 10 6 c o n f i g u r a t i o n s i n s t e a d .
Finally, using t h e first and t h i r d slice one can quickly d e t e r m i n e which
elements of t h e second slice 2 * * are p r o h i b i t e d from A. T h e r e are 2 9 = 512
possible choices for t h e p r o h i b i t e d set in 2**. By crosschecking these a g a i n s t
t h e list of 230 line-free sets one can c o m p u t e the P a r e t o - o p t i m a l s t a t i s t i c s for
the second slices inside t h e p r o h i b i t e d set ( t h e lists of such s t a t i s t i c s t u r n s
o u t to l e n g t h at most 23) . S t o r i n g these s t a t i s t i c s in a lookup t a b l e , and
t h e n r u n n i n g over all choices of t h e first and t h i r d slice (using s y m m e t r y ) ,
one now has to perform 0(512x230)+0((2~1) x 2 3 ) ~ 0 ( 1 0 6 ) c o m p u t a t i o n s ,
which is q u i t e a feasible c o m p u t a t i o n .

One could in p r i n c i p l e reduce t h e c o m p u t a t i o n s even f u r t h e r , by a factor
of up to 8, by using the s y m m e t r y group D 4 of t h e s q u a r e [3]2 to reduce t h e
n u m b e r of cases one needs to consider , b u t we did not i m p l e m e n t this.

A c o m p u t e r - f r e e p r o o f of t h i s lemma can be found at t h e page Human

p r o o f o f t h e 3D P a r e t o - o p t i m a l M o s e r s t a t i s t i c s at [24] . •

R e m a r k 5 . 1 1 . A similar c o m p u t a t i o n revealed t h a t t h e t o t a l n u m b e r of
line-free s u b s e t s of [3]3 was 3813884. W i t h r e s p e c t to t h e 2 3 x 3! = 48
element g r o u p of geometric s y m m e t r i e s of [3]3, these sets p a r t i t i o n e d into
83158 equivalence classes:

3813884 = 76066 x 48 + 6527 x 24 + 51 x 16 + 338 x 12 + 109 x 8

+ 41 x 6 + 13 x 4 + 5 x 3 + 3 x 2 + 5 x 1.

L e m m a 5 .10 yields t h e following new i n e q u a l i t i e s :

2a + b + 2c + 4d :S 22
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3a + 2b + 3c + 6d :::; 36

7 a + 2b + 4c + 8d :::; 56

6a + 2b + 3c + 6d :::; 48

a + 2 c + 4d:::; 14

5a + 4c + 8d :::; 40.

A p p l y i n g L e m m a 5 .7, we o b t a i n new i n e q u a l i t i e s :

D . H . J. P o l y m ath

(5.7) 8Q r ( A ) + 6Q r + q ( A ) + 6Q r +2q( A ) + 2Q r +3q( A ) :::; 11

(5.8) 4Q r ( A ) + 4Q r + q ( A ) + 3Q r +2q( A ) + Q r +3q( A ) :::; 6

7Q r ( A ) + 3Q r + q ( A ) + 3Q r +2q( A ) + Q r +3q( A ) :::; 7

(5 .9) 8Q r ( A ) + 3Q r + q ( A ) + 3Q r +2q( A ) + Q r +3q( A ) :::; 8

4Q r + q ( A ) + 2Q r +2q( A ) + Q r +3q( A ) :::; 4

4Q r ( A ) + 6Q r +2q( A ) + 2Q r +3q( A ) :::; 7

5Q r ( A ) + 3Q r +2q( A ) + Q r +3q( A ) :::; 5

whenever r 2: 0 , q 2: 1, n 2: r + 3q , and Moser sets A C [ 3 t ·

We also note some f u r t h e r corollaries of L e m m a 5.10 :

C o r o l l a r y 5 . 1 2 ( S t a t i s t i c s of large 3D Moser s e t s ) . L e t (a, b, c, d) be t h e
s t a t i s t i c s o f a Moser set A in [3]3 . T h e n IAI = a + b + c + d :::; 16 . F u r t h e r m o r e :

• I f IAI = 16, t h e n (a , b , c , d ) = ( 4 , 1 2 , 0 , 0 ) .

• I f IAI = 15, t h e n (a, b, c , d) = (4 , 1 1 , 0 , 0 ) or ( 3 , 1 2 , 0 , 0 ) .

• I f IAI 2: 14, th en b 2: 6 and d = 0.

• I f IAI = 13 and d = 1, t h e n (a , b, c , d) = (4 ,6 , 2 , 1 ) or (3 , 6 , 3 , 1 ) .

5 . 3 . F o u r d i m e n s i o n s

Now we e s t a b l i s h t h e b o u n d c~ 3 = 43. Let A be a Moser set in [3]4,
w i t h a t t e n d a n t s t a t i s t i c s (a, b, c , el , e), which range between ( 0 , 0 , 0 , 0 , 0 ) and
( 1 6 , 3 2 , 2 4 , 8 , 1 ) . In view of the lower b o u n d s , our t a s k here is to e s t a b l i s h
t h e u p p e r b o u n d a + b + c + d + e :::; 43.

T h e l i n e a r i n e q u a l i t i e s a l r e a d y e s t a b l i s h e d j u s t b a r e l y fail to achieve t h i s
b o u n d , b u t we can o b t a i n t h e u p p e r b o u n d a + b + c + d + e :::; 44 as follows.
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F i r s t s u p p o s e t h a t e = 1; t h e n from t h e i n e q u a l i t i e s (5.2) (or by c o n s i d e r i n g
lines p a s s i n g t h r o u g h 2222) we see t h a t a :::; 8 , b :::; 16 , c :::; 12, d :::; 4 a n d
hence a + b + c + d + e:::; 41, so we may a s s u m e t h a t e = O.

F r o m L e m m a 5.5, we see t h a t a + b + c + d + e is now e q u a l to t h e s u m of
a ( V ) / 4 + b ( V ) / 3 + c ( V ) / 2 + d ( V ) , where V r a n g e s over all side slices of [3]4.
B u t from L e m m a 5 .10 we see t h a t a ( V ) / 4 + b ( V ) / 3 + c ( V ) / 2 + d ( V ) is at most
~l , w i t h e q u a l i t y o c c u r r i n g only when (a(V), b(V), c(V) , d(V)) = ( 2 , 6 , 6 , 0 ) .
T h i s gives t h e u p p e r b o u n d a + b + c + d + e :::; 44 .

T h e above a r g u m e n t shows t h a t a + b + c + d + e = 44 can only o c c u r
if e = 0 a n d if ( a ( V ) , b ( V ) , c ( V ) , d ( V ) ) = ( 2 , 6 , 6 , 0 ) for all side slices V .
A p p l y i n g L e m m a 5.10 a g a i n t h i s implies (a, b, c, d, e) = (4 , 1 6 , 2 4 , 0 , 0 ) . B u t
t h e n A c o n t a i n s all o f t h e s p h e r e 82 ,4, which implies t h a t t h e f o u r - e l e m e n t set
A n 84,4 c a n n o t c o n t a i n a p a i r of s t r i n g s which differ in e x a c t l y two p o s i t i o n s
(as t h e i r m i d p o i n t would t h e n lie in 8 2 ,4 , c o n t r a d i c t i n g t h e h y p o t h e s i s t h a t
A is a Moser s e t ) .

R e c a l l t h a t we may p a r t i t i o n 8 4,4 = 8 4 ,4 U 8 4 ,4 ' w h e r e

8 4 , 4 : = {1111, 1133, 1 3 1 3 , 3 1 1 3 , 1 3 3 1 ,3131 ,3311 , 3333}

is t h e s t r i n g s in 84 ,4 w i t h an even n u m b e r of 1 's, a n d

8 t 4 : = {1113 , 1131 ,1311 , 3 1 1 1 , 1333, 3133, 3313, 3331}

are t h e s t r i n g s in 8 4 ,4 w i t h an o d d n u m b e r . O b s e r v e t h a t any two d i s t i n c t
e l e m e n t s in 8! 4 differ in e x a c t l y two p o s i t i o n s unless t h e y are a n t i p o d a l .,
T h u s A n 8 4 4 has size a t most two, w i t h e q u a l i t y only when A n 8 4 4 c o n s i s t s
of an a n t i p o d a l p a i r . S i m i l a r l y for A n 8 4 4 , T h u s A m u s t c o n s i s t of two,
a n t i p o d a l p a i r s , one from 8 4 4 a n d one from 8% 4', ,

By t h e s y m m e t r i e s of t h e c u b e we may a s s u m e w i t h o u t loss of g e n e r a l i t y
t h a t t h e s e p a i r s are { U U ,3333} a n d {1113, 3331} r e s p e c t i v e l y , B u t as A
is a Moser set , A m u s t now e x c l u d e t h e s t r i n g s 1112 a n d 3332. T h e s e two
s t r i n g s form two c o r n e r s of t h e e i g h t - e l e m e n t set

* * *2 n 8 3,4 = {1112, 1132, 1312 , 3 1 1 2 , 1 3 3 2 , 3 1 3 2 , 3 3 1 2 , 3332}.

Any p a i r of p o i n t s in t h i s set which are "a d j a ce n t " in t h e sense t h a t t h e y
differ by e x a c t l y one e n t r y c a n n o t b o t h lie in A, as t h e i r m i d p o i n t would
t h e n lie in 8 3 , 4 , a n d so A can c o n t a i n a t m o s t four e l e m e n t s from t h i s s e t ,
w i t h e q u a l i t y only if A c o n t a i n s all t h e p o i n t s in * * *2 n 8 3 ,4 of t h e same
p a r i t y ( e i t h e r all t h e e l e m e n t s w i t h an even n u m b e r of 3s, or all t h e e l e m e n t s
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with an odd n u m b e r o f 3s). But b ecause the two corners removed from this
set have t h e o p p o s i t e p a r i t y (one has an even n u m b e r of Is and one has
an odd n u m b e r ) , we see in fact t h a t A can c o n t a i n at most 3 p o i n t s from
t h i s set. Meanwhile , the same a r g u m e n t s give t h a t A c o n t a i n s at most four
p o i n t s from * * 2 * n83 ,4 , *2 * * n 8 3,4 , and 2* * * n 8 3 ,4. Summing we see
t h a t b = IA n 83 ,41 ~ 3 + 4 + 4 + 4 = 15, a c o n t r a d i c t i o n . Thus we have
c~ 3 = 43 as claimed .,

We have the following four-dimensional version of Lemma 5.10:

L e m m a 5 . 1 3 (4D P a r e t o - o p t i m a l s ) . When n = 4 , the P a r e t o - o p t i m a l
s t a t i s t i c s are given by the table in Figure 8 .

P r o o f . This was c o m p u t e d by c o m p u t e r search as follows . F i r s t , one
observed t h a t if (a, b, c, d, e) was P a r e t o - o p t i m a l , t h e n a 2:: 3. To see t h i s , it
suffices to show t h a t for any Moser set A C [3]4 with a(A) = 0, it is possible
to add t h r e e p o i n t s from 8 4 ,4 to A and still have a Moser set. To show t h i s ,
suppose first t h a t A c o n t a i n s a point from 8 1 ,4, such as 2221. T h e n A must
omit e i t h e r 2211 or 2231; w i t h o u t loss of g e n e r a l i t y we may assume t h a t
it omits 2211. Similarly we may assume it omits 2121 and 1221. T h e n we
can add 1131, 1311, 3111 to A , as required. Thus we may assume t h a t A
c o n t a i n s no p o i n t s from 8 1 ,4, Now suppose t h a t A omits a point from 82,4,
such a s 2211. T h e n one can add 3333, 3111, 1311 to A, as r equired. T h u s
we may assume t h a t A cont ains all of 82 ,4 , which forces A to omit 2222,
a s well as at least one point from 8 3 ,4, such as 2111. B u t t h e n 3111, 1111,
3333 can be added to the set , a c o n t r a d i c t i o n .

T h u s we only need to search t h r o u g h sets A C [3]4 for which I A n 8 4 ,4 ! 2
3. A s t r a i g h t f o r w a r d c o m p u t e r search shows t h a t up to the s y m m e t r i e s of
the cube, t h e r e are 391 possible choices for A n 8 4 ,4 . For each such choice, we
looped t h r o u g h all the possibl e values of the slices A n h * * and A n 3* * * ,
i.e . all t h r e e - d i m e n s i o n a l Moser sets which had t h e i n d i c a t e d i n t e r s e c t i o n
with 8 3 ,3. (For fixed A n 84 ,4, the number of possibilities for A n h * *
ranges from 1 to 87123, and similarly for A n 3* * *) . For each pair of slices
A n h * * and A n 3* * *, we c o m p u t e d the lines c o n n e c t i n g these two sets
to see what s u b s e t of 2* * * was excluded from A; t h e r e ar e 2 27 possible
such ex cl u sio n sets . We p r e c o m p u t e d a lookup t a b l e t h a t gave the P a r e t o 
o p t i m a l s t a t i s t i c s for A n 2* * * for each such ch o ice of exclusion set ; using
t h i s lookup t a b l e for each choice of A n h * * and A n 3* * * and c o l l a t i n g
the r e s u l t s , we obt ained the above list. On a Linux c l u s t e r , the lookup t a b l e
took 22 m i n u t e s to c r e a t e , and the loop over the A n h * * and A n 3* * *
slices took two hours , s p r e a d out over 391 machines (one for each choice of
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a (b , c , d , e )

7 3 1

3 ( 1 6 , 2 4 )
4 ( 1 4 , 1 9 ,2) , ( 1 5 , 2 4 ) , ( 1 6 , 8 ,4 , 1 ) , (16 ,14 ,4) , ( 1 6 , 2 3 ) , (17 , 2 1 ) , (18 ,19)
5 ( 1 2 , 1 2 ,4 ,1) , ( 1 2 , 1 3 , 6 ) , ( 1 2 , 1 5 , 5 ) , ( 1 2 , 1 9 ,2) , (13 , 1 0 , 4 , 1 ) , (1 3 ,14 ,5) , ( 1 3 , 2 1 , 1 ) , (15 , 9 , 4 , 1) , (15 ,12 ,3, 1) ,

(15 ,1 3 , 5 ) , (15 , 1 8 , 3 ) , (15 ,20 ,1) , (15 ,22) , (16 ,7 ,4 ,1) , (16 , 1 0 , 3 , 1), ( 1 6 , 1 1 ,5) , (16 , 1 2 , 2 , 1 ) , ( 1 6 , 1 6 , 3 ) , (16, 1 9 , 1 ) ,
( 1 6 , 2 1 ) , ( 1 7 , 1 2 ,4) , (1 7 ,1 4 , 3 ) , (17 ,16 , 2 ) ' ( 1 7 , 1 8 , 1 ) , (17 , 2 0 ) , ( 1 8 , 1 3 , 3 ) , ( 1 8 , 1 4 , 2 ) , ( 2 0 , 8 ,4) , ( 2 0 , 1 0 , 3 ) ,
(20 ,1 3 ,2) , ( 2 0 , 1 4 , 1 ) , (20 , 1 8 ) , (21 , 1 0 , 2 ) , (21 , 1 5 ) , (22 , 1 3 )

6 (8 ,12 , 8 ) , (10 ,11 , 4 , 1 ) , ( 1 1 , 1 2 , 7 ) , (12 , 1 0 , 7 ) , (12 ,1 3 , 5 ) , (12 ,18 ,4) , (13 , 1 6 , 4 ) , ( 1 4 , 9 , 4 , 1 ) , ( 1 4 , 9 , 7 ) , ( 1 4 , 1 2 , 6 ) ,
(14 , 16 , 3 ) , ( 14 , 19 , 1), ( 1 4 , 2 1 ) (15 ,7 , 4 , 1 ) , (15 ,10 ,3 ,1) , (15 , 1 0 , 6 ) , (15 , 11 , 2 , 1 ) , (15 ,12 ,5) , (15 ,15 ,4) ,
( 15 ,20) , ( 1 6 , 7 , 3 , 1) , (16 , 8 , 6 ) , ( 1 6 , 9 ,2 , 1 ) , (16 ,10 ,5) , (16 , 1 2 , 1 ,1) , (16 ,13 ,4) , (16 , 14 ,3) , (16 ,18 ,2) , ( 1 6 , 1 9 ) ,
( 1 7 , 9 ,5) , (17 ,10 , 4 ) , (17 ,13 ,3) , (17 , 1 5, 2 ), ( 1 7 , 1 7 , 1 ) , ( 17 ,18) , (18 , 1 3 , 2 ) , (18 ,16 ,1) , ( 1 8 , 1 7 ) , ( 1 9 , 9 , 4 ) , (19 , 1 2 , 3 ) ,
( 1 9 , 1 5 , 1 ) , ( 2 0 , 7 ,4) , (20 ,9 ,3) , (20 , 1 2 , 2 ) , (20, 13 ,1) , ( 2 0 , 1 5 ) , ( 2 1 , 8 , 3 ) , ( 2 1 , 9 , 2 ) , ( 2 1 , 1 2 ,1) , (21 , 1 4 ) , (22 ,7 , 3 ) ,
( 2 2 , 8 , 2 ) , ( 2 2 , 1 0 , 1 ) , (23 , 9 , 1 ) , (24 , 7 , 2 ) , ( 2 4 , 8 ,1) , (24 ,12) , (25 , 9 ) , (26 ,7)

7 (8 ,6 ,8) , (11 , 9 , 4 , 1 ) , (11, 12 ,6) , (12 , 8 , 4 , 1), ( 1 2 , 8 ,6) , ( 1 2 , 1 2 ,3 , 1 ) , (12 , 12 ,5) , ( 1 2 , 1 3 , 4 ) , (12 ,15 ,3) , ( 1 2 , 1 7 , 2 ) ,
(13 , 7,4 , 1 ) , (13 , 1 0 , 3 , 1 ) , (13 , 1 1 , 5 ) , ( 1 3 , 1 2 ,2 , 1 ) , (13 ,12 ,4) , (13 , 1 4 , 3 ) , (13 , 1 6 , 2 ) , (14 ,6 ,4 ,1) , ( 1 4 , 6 , 7 ) , (1 4 , 9 , 5 ) ,
( 1 4 , 1 0 , 2 , 1 ) , ( 1 4 , 1 2 , 1 , 1 ) , (14 ,17 , 1 ) , ( 1 4 , 1 9 ) , (15 , 7 , 5 ) , ( 1 5 , 8 , 3 , 1 ) , ( 1 5 , 9 , 2 ,1) , ( 1 5 , 1 1 , 1 , 1), ( 1 5 , 1 1 , 4 ) , ( 1 5 , 1 3 , 3 ) ,
(15 , 16 , 1 ) , (16 , 6 , 3 , 1 ) , (16 , 6 , 6 ) , ( 1 6 , 8 ,2 , 1 ) , (16 , 10 ,1 ,1) , ( 1 6 , 1 0 , 4) , ( 16 ,12 , 0 , 1 ) , ( 1 6 , 1 2 ,3) , ( 16 ,15 ,2) , ( 1 6 , 1 7 ) ,
( 1 7 , 6 ,5) , ( 1 7 , 7 , 4 ) , (17 ,11 ,3) , (17 , 1 3, 2 ) , (1 7 , 1 4 , 1 ) ,( 1 7 , 1 6 ) , ( 1 8 , 1 0 ,3) , ( 1 8 , 1 3 , 1 ) , (18 , 1 5 ) , ( 1 9 , 9 ,3) , ( 2 0 , 6 , 4),
(20 ,11 ,2) , (20 ,12 ,1) , ( 2 0 , 1 4 ) , ( 2 1 , 8 , 2 ) , (21 ,10 , 1 ) , ( 2 1 , 1 2 ) , (22 ,9 ,1) , (22 ,11) , (23 ,6 ,3) , ( 2 3 , 7 ,1) ,
(23 ,10) , (24 ,6 ,2) , (24 ,9) , ( 2 5 , 6 , 1 ) , (25 ,8) , (26 ,3 ,1) , (28 ,6) , (29 ,3) , (30 ,1)

8 (8 , 0 , 8 ) , ( 8 , 9 , 7 ) , (8 , 1 2 , 6 ) , ( 9 , 9 , 4 , 1 ) , ( 9 , 1 0 , 6 ) , (9 ,12 , 3 , 1 ) , ( 9 , 1 2 , 5 ) , ( 9 , 1 3 , 4 ) , ( 9 , 1 5 , 3 ) , (10 ,7 , 4 , 1 ) , ( 1 0 , 1 0 ,3 , 1 ) ,
( 1 0 , 1 0 ,5) , (10 ,12 ,2 ,1) , (10 , 1 2 , 4 ) , (10 , 1 3 , 3 ) , (10 ,15 ,2) , ( 11 ,6 ,4 , 1) , (11 ,9 , 6 ) , (11 ,10 ,2 , 1 ) , (11 ,11 ,4) , (12 ,7 ,6) ,
(12 ,9 ,3 ,1) , ( 1 2 , 9 , 5 ) , (12 ,10 , 4), ( 12 , 1 2 , 1 , 1 ) , ( 1 2 , 1 4 , 2 ) , (12 ,16 ,1) , (12 ,18) , (1 3 , 7 , 3 , 1 ) , ( 13 ,7 , 5 ) , (13 , 9 , 2 , 1)
, ( 1 3 ,12 , 0 , 1 ) , (13 , 1 2 , 3 ) , ( 1 4 , 0 , 7 ) , (14 , 6 , 6 ) , ( 1 4 , 7 , 2 , 1 ) , ( 14 ,8, 1 , 1 ) , ( 1 4 , 9 , 4) , ( 1 4 , 1 1 , 0 , 1 ) , ( 14 ,11 , 3 ) ,
(14 ,13 , 2 ) , ( 1 4 , 1 5 ,1) , (14 , 1 7 ) , ( 1 5 , 6 ,3 , 1 ) , ( 1 5 , 6 , 5 ) , (15 ,7 , 1 , 1 ) , (16 ,0 , 6 ) , ( 1 6 , 4 ,3 ,1) , (16 ,4 , 5 ) , ( 1 6 , 6 ,2 , 1 ) ,
( 1 6 , 8 , 4 ) , (16 ,9 , 0 , 1 ) , ( 1 6 , 1 0 ,3) , ( 1 6 , 1 2 ,2) , (16 ,14 ,1) , ( 1 6 , 1 6 ) , (17 ,0 , 5 ) , (1 7 ,3 ,4) , ( 17 , 8 , 3 ) , ( 1 7 , 1 0 , 2 ) ,
(17, 12 , 1 ) , ( 1 7 , 1 4 ) , ( 1 8 , 9 ,2) , ( 1 8 , 1 1 ,1) , (18 , 1 2 ) , (19 ,6 ,3) , ( 1 9 , 8 , 2 ) , ( 2 0 , 0 ,4) , ( 2 0 , 4 , 3 ) , (20 ,7 , 2 ) , (20 ,9 ,1) ,
(20 , 1 1 ) , ( 2 1 , 4 ,2) , (2 1 , 7 , 1 ) , (22 , 3 , 2 ) , (22 ,6, 1) , ( 2 2 , 9 ) , ( 2 3 , 0 , 3 ) , (23 ,4 , 1) , (24 ,0 ,2) , (24 ,3 ,1) , (24 ,8) ,
(25 , 1, 1), ( 2 5 , 6 ) , ( 2 6 , 0 ,1) , (26 , 4 ) , ( 2 8 , 3 ) , (32)

9 ( 8 , 1 0 , 4 ) , (9 ,9 ,4) , (9 , 1 2 , 3 ) , (10 ,8 , 4 ) , (10 , 10 ,3) , (10 ,12 ,2) , (10, 1 3 , 1 ) , (10 ,15) , ( 11 , 1 1 , 2 ) , ( 1 2 , 7 , 4),
(12 ,9 , 3 ) , (12 , 1 2 , 1 ) , (12 , 1 4 ) , (13 , 7 , 3 ) , ( 1 3 , 1 0 , 2 ) , ( 14 , 9 , 2 ) , (1 4,11 ,1) , (14 , 1 3 ) , (15 ,6 , 3 ) , ( 1 6 , 0 , 4) , (16 ,4 ,3) ,
( 16 , 8 , 2 ) , (16 ,10 ,1) , ( 1 6 , 1 2 ) , (17 ,3 , 3) , (17 ,6 ,2) , (17 ,8 , 1) , (17 ,10) , (18 ,2 ,3) ( 18 ,4 ,2) , (18 , 7 , 1 ) , ( 1 8 , 9 ) ,
(19 , 0 , 3 ) , ( 1 9 , 3 , 2 ) , (19 ,6 , 1) , ( 2 0 , 1 ,2) , (20 ,5 ,1) , (20 , 8 ) , (21 , 4 , 1 ) , ( 2 1 , 6 ) , (22 , 1 ,1) , ( 2 2 , 5 ) , (24 ,4) , (25 , 2 ) , (28)

10 (8 ,6 , 4 ) , (8 ,8 , 3 ) , (9 ,7 , 3 ) , (9 ,10 ,2) , (9 ,11 , 1) , (9 ,13) , ( 1 0 , 5 ,4) , ( 10 ,9 ,2) , (10, 12) , ( 1 1 , 6 ,3) , (12 ,4 ,4) , ( 1 2 , 5 , 3 ) ,
( 1 2 , 7 , 2 ) , (12 ,10 ,1) , ( 1 2 , 1 1 ) , (13 , 6 , 2 ) , ( 1 3 , 8 ,1) , ( 13 ,10) , ( 1 4 , 3 ,3) , ( 14,5 ,2) , ( 1 4 , 9 ) , ( 1 5 , 2 ,3) , (15 , 7 , 1) ,
( 16,4 , 2 ) , (16 ,6 ,1) , ( 1 6 , 8 ) , ( 1 7 , 4 , 1 ) , ( 1 7 , 6 ) , (18 , 2 , 1 ) , ( 1 8 , 5 ) , ( 2 0 , 4 ) , (21 ,2) , ( 2 2 , 1 ) , (24)

11 ( 4 , 6 ,4) , ( 6 , 5 , 4 ) , ( 7 , 6 ,3) , (8 , 4 , 4 ) , (8 , 5 , 3 ) , ( 9 , 6 ,2) , ( 9 , 8 , 1), (9 , 1 0 ) , (10 , 3 , 3 ) , ( 1 0 , 5 ,2) , ( 1 0 , 9 ) , (11 ,2, 3) , ( 1 1 , 7 , 1) ,
( 1 2 , 4 , 2 ) , (12 ,6 ,1) , (12 ,8) , (13 ,4 , 1 ) , (13 , 6 ) , (14 ,2 ,1) , (14 ,5) , (16 ,4) , ( 1 7 , 2 ) , ( 18 ,1) , (20)

12 ( 4,3 ,3) , ( 6 , 2 , 3 ) , (6 ,5 , 2 ) , ( 6 , 7 , 1 ) , (6 , 9 ) , (8 , 4 , 2 ) , (8 ,6 , 1), (8 ,8) , (9 ,4 ,1) , (9 , 6 ) , ( 1 0 , 2 ,1) , ( 1 0 , 5 ) , (12 ,4)
( 13 ,2) , ( 1 4 , 1 ) , ( 16)

13 (6 , 5) , (8 , 4 ) , (9 , 2 ) , (10 , 1 ) , (12)
14 (4 ,3) , (5 ,2) , ( 6 , 1 ) , (8)
1 5 (4)
16 (0)

Fi g. 8. T h e P ar et o- o p t im al s t a t i s t i c s (a, b, c , d, e) o f Mose r sets in [3]4 . To save s pace , a ll
s t a t i s t i c s w it h t h e s a m e val ue of a have bee n c o l l e c t e d in a sing le r ow ; a lso, t r a ili ng
ze roes for (b,c,d ,e) have been d ro p p ed , t h us for in st an ce ( b,c) is s h o r t for ( b ,c,O,O) .

T his t a ble can a lso be foun d at
h t t p : / / s p r e a d s h e e t s . g o o g l e . c o m / c c c ? k e y =rwXBJRn3Q1Zf5yaeMQL-RDw .

A n 8 4 ,4 ) , Fu r t h e r d et ails (incl u d ing so urce co de ) ca n be foun d a t t h e p a ge
4D M o s e r b r u t e f o r c e s e a r c h of [24]. •

As a conseq ue nce of thi s d at a , we h a ve t he following fa ct s a bo u t t he
s t a t istics of lar ge Moser sets :

P r o p o s i t i o n 5 . 1 4 . L e t A C [3] 4 b e a Moser set wi th s t a t ist ics (a, b, c, d, e).

(i) I f IAI 2: 40, t he n e = O.

(ii) I f I AI 2: 43 , t he n d = O.
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(iii) I f IAI ~ 42, then d ::; 2 .

(iv) I f IAI ~ 41, then d ::; 3.

(v) I f IAI ~- 40 , then d::; 6.

(vi) I f IAI ~ 43 , then c ~ 18.

(vii) I f IAI ~ 42 ,-then c ~ 12.

(viii) I f -IAI ~ 43, then b ~ 15.

D. H . J . P o l y m a t h

R e m a r k 5 . 1 5 . This p r o p o s i t i o n was first e s t a b l i s h e d by an integer p r o g r a m ,
see the file i n t e g e r . t e x at [24]. A c o m p u t e r -free p r o o f can be found at

t e r r y t a o . f i l e s . w o r d p r e s s . c o m / 2 0 0 9 / 0 6 / p o l y m a t h 2 . p d f .

5 . 4 . F i v e d i m e n s i o n s

Now we e s t a b l i s h the b o u n d C~,3 = 124. In view of the lower bounds,
it suffices to show t h a t t h e r e does not exist a Moser set A C [3] 5 with
IAI = 125.

We argue by c o n t r a d i c t i o n . Let A be as above, and let (a( A) , . . . , f (A) )
be the s t a t i s t i c s of A .

L e m m a 5 . 1 6 . f ( A ) = O.

P r o o f . I f f ( A ) is non-zero , t h e n A c o n t a i n s 22222, t h e n each of the 3
5

21 =

121 a n t i p o d a l pairs in [3]5 can have at most one point in A , leading to only
122 p o i n t s . •

Let us slice [3]5 into t h r e e parallel slices, e .g. 1 * * * * , 2 * * * * , 3 * * * * . The
i n t e r s e c t i o n of A with each of these slices has size at most 43. In p a r t i c u l a r ,
this implies t h a t

(5.10) IA n 1 * * * *1 + IA n 3 * * * *1 = 125 - I A n 2 * * * *1 ~ 82.

T h u s at least one of A n I * * * *, A n 3 * * * * has c a r d i n a l i t y at least 41 ; by
P r o p o s i t i o n 5.14(iv) we conclude t h a t

(5.11) min ( d ( l * * * *) ,d(3 * * * *)) ::; 3 .
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F u r t h e r m o r e , e q u a l i t y can only hold in (5.11) if A n I * * * *, A n 3 * * * *
b o t h have c a r d i n a l i t y e x a c t l y 41, in which case from P r o p o s i t i o n 5 .14(iv)
again we must have

(5.12) d ( l * * * *) = d(3 * * * *) = 3.

Of course , we have a similar r e s u l t for p e r m u t a t i o n s .

Now we improve t h e b o u n d IA n 2 * * * *1 ~ 43:

L e m m a 5 . 1 7 . IA n 2 * * * *1 ~ 41.

P r o o f . Suppose first t h a t IA n 2 * * * * 1 = 43 . Let A' C [3]4 be t h e s u b s e t of
[3]4 c o r r e s p o n d i n g to A n 2 * * * *, t h u s A' is a Moser set of c a r d i n a l i t y 43 .
By P r o p o s i t i o n 5.14(vi) , c(A') ~ 18. By Lemma 5 .5 , t h e sum of t h e c(V),
where V ranges over t h e eight side slices of [3]4, is t h e r e f o r e at least 36.
By t h e pigeonhole principle , we may t h u s find two opposing side slices , say
h * * and 3* * *, with c ( h * *) + c(3 * * * *) ~ 9 . Since c ( h * *) ,c(3* * *)
c a n n o t exceed 6 , we t h u s have c ( h * *), c(3* * *) ~ 3 , w i t h at least one of
c ( h * *), c(3* * *) being at least 5 . P a s s i n g back to A, t h i s implies t h a t
d( * h * *) , d( *3* * *) ~ 3, with at least one of d( * h * *), d( *3 * * *) being at
least 5 . B u t this c o n t r a d i c t s (5 .11) t o g e t h e r with t h e refinement (5.12) .

We have j u s t shown t h a t IA n 2 * * * *1 ~ 42; we can t h u s improve (5.10)
to

IA n 1 * * * *1 + IA n 3 * * * *1 ~ 83.

Combining this w i t h P r o p o s i t i o n 5.14(ii) - ( v ) we see t h a t

(5 .13)

w i t h e q u a l i t y only if IA n 2 * * * *1 = 42, and s i m i l a r l y for p e r m u t a t i o n s .

Now let A' be defined as before. T h e n we have

a n d similarly for p e r m u t a t i o n s . Applying L e m m a 5.5 , t h i s implies t h a t
c(2 * * * *) = c(A') ~ 12.

Now s u p p o s e for c o n t r a d i c t i o n t h a t IA'I = IA n 2 * * * *1 = 42. T h e n by
P r o p o s i t i o n 5.14(vii) we have

(5 .14) c(2 * * * *) = 12;
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a p p l y i n g L e m m a 5.5 a g a i n , t h i s forces c ( h * *) + c(3* * *) = 6 a n d s i m i l a r l y
for p e r m u t a t i o n s , which t h e n implies t h a t

(5 .15) d ( * h :1>-*) + d(*3* * *) = d(* * 1 * *) + d(* * 3 * *)

= d(* * * h ) + d(* * *3*) = d(* * * * 1) + d(* * * * 3) = 6

and hence

and t h u s

(5.16) c(*2* * *) = c(* * 2 * *) = c(* * *2*) = c(* * * * 2) = 12.

C o m b i n i n g (5.14) , (5 .15) , (5 .16) we conclude t h a t

d(l * * * *) + d(3 * * * *) = 16,

c o n t r a d i c t i n g (5 .13) . •

W i t h t h i s p r o p o s i t i o n , t h e b o u n d (5.10) now improves to

(5 .17)

a n d in p a r t i c u l a r

(5 .18) IA n 1 * * * * 1, IA n 3 * * * *1 ~ 41.

from t h i s and P r o p o s i t i o n 5 . 1 4 ( i i ) - ( i v ) we now have

(5 .19)

and s i m i l a r l y for p e r m u t a t i o n s .

L e m m a 5 . 1 8 . e(A ) = O.

P r o o f . From (5 .17), t h e int e r s e c t i o n of A with any side slice has c a r d i n a l i t y
a t least 41 , and t h u s by P r o p o s i t i o n 5 .14(i) such a side slice has an e - s t a t i s t i c
of zero. T h e claim t h e n follows from L e m m a 5 .5 . •

We need a t e c h n i c a l lemma:

L e m m a 5 . 1 9 . Let B C 85 ,5 , Then there ex is t a t least IBI - 4 pairs o f
s t r i n g s in B which differ in e x a c t l y two positions.
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P r o o f . The first non-vacuous case is IBI = 5. I t suffices to e s t a b l i s h this
case, as the higher cases t h e n follow by i n d u c t i o n ( l o c a t i n g a pair of the
desired form , t h e n deleting one element of t h a t pair from B).

Suppose for c o n t r a d i c t i o n t h a t one can find a 5-element set B C 8 5 5,
such t h a t no two s t r i n g s in B differ in e x a c t l y two p o s i t i o n s . Recall t h a t
we may s p l i t 8 5 ,5 = 8 5 ,5 U 8 5 ,5' where 8 5 ,5 are those s t r i n g s with an even
numb er of 1 's, and 8 5 , 5 are those s t r i n g s with an odd n u m b e r of 1 'so By
t h e pigeonhole principle and s y m m e t r y we may assume B has at least t h r e e
elements in 8 5 5 , W i t h o u t loss of generality, we can take one of t h e m to be,
11111, t h u s excluding all elements in 8 5 5 with exactly two 3s, leaving only,
the elements with e x a c t l y four 3s. But any two of t h e m differ in e x a c t l y
two positions, a c o n t r a d i c t i o n . •

We can now improve the t r i v i a l b o u n d c(A) S 80:

C o r o l l a r y 5 . 2 0 (Non-maximal c). c(A) S 79. I f a(A) ~ 7, then c(A) S 78.

P r o o f . I f c(A) = 80, t h e n A c o n t a i n s all of 8 3 , 5 , which t h e n implies t h a t no
two elements in A n 8 5 ,5 can differ in exactly two places. I t also implies
(from (5.2)) t h a t d(A) must vanish, and t h a t b(A) is at most 40. By
Lemma 5.19, we also have t h a t a(A) = IA n 8 5 ,51 is at most 4. Thus
IAI s 4 + 40 + 80 + 0 + 0 = 124, a c o n t r a d i c t i o n .

Now suppose t h a t a(A) ~ 7. T h e n by Lemma 5.19 t h e r e are at least
t h r e e pairs in A n 85 ,5 t h a t differ in e x a c t l y two places . Each such pair
e l i m i n a t e s one point from A n 8 3,5; b u t each point in 8 3 ,5 can be e l i m i n a t e d
by at most two such pairs , and so we have at least two p o i n t s e l i m i n a t e d
from A n 83 ,5 , i.e. c(A) S 78 as required. •

Next , we rewrite the q u a n t i t y 125 = IAI in t e r m s of side slices. From
Lemmas 5.16, 5 .18 we have

a(A) + b(A) + c(A) + d(A) = 125

and hence by Lemma 5.5 , t h e q u a n t i t y

5 5 5 125
s(V) : = a(V) + "4 b ( V ) + "3 c (V ) + "2 d ( V ) - 2 '

where V ranges over side slices , has an average value of zero.
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P r o p o s i t i o n 5 . 2 1 (Large- values of s ( V ) ) . For all side slices , we have
s(V) ::; 1 / 2 . Furthermore , we have s(V) < - 1 / 2 unless the statistics
( a(V) , b(V), c(V) , d(V), e(V)) are of one of the following four cases:

• (Type 1) ( a ( V ) , b ( V ) , c ( V ) , d ( V ) , e(V)) = ( 2 , 1 6 ,24 , 0 , 0 ) ( a n d s ( V ) =
- 1 / 2 and IA n VI = 42);

• (Type 2) ( a ( V ) , b ( V ) , c ( V ) , d ( V ) , e ( V ) ) = ( 4 , 1 6 , 2 3 , 0 ,0) ( a n d s ( V ) =
- 1 / 6 and IA n VI = 43) ;

• (Type 3) ( a ( V ) , b ( V ) , c ( V ) , d ( V ) , e ( V ) ) = ( 4 , 1 5 , 2 4 , 0 , 0 ) ( a n d s ( V ) =

1/4 and IA n VI = 43);

• (Type 4) ( a ( V ) , b ( V ) , c ( V ) , d ( V ) , e ( V ) ) = ( 3 , 1 6 , 2 4 , 0 , 0 ) (and s ( V ) =
1/2 and IA n VI = 43);

P r o o f . Let V be a side slice . From (5.18) we have

41 ::; a(V) + b(V) + c(V) + d(V) = IA n VI ::; 43 .

F i r s t s u p p o s e t h a t IA n VI = 43 , t h e n from P r o p o s i t i o n 5.14(ii), (viii),
d(V) = ° a n d b(V) 2: 15. Also , we have t h e t r i v i a l b o u n d c(V) ::; 24 ,
t o g e t h e r w i t h t h e i n e q u a l i t y

3b(V) + 2c(V) ::; 96

from (5.2). To e x p l o i t t h e s e facts, we r e w r i t e s (V ) as

1 1 1
s(V) = 2 - 2 ( 2 4 - c(V)) - 12 (96 - 3b(V) - 2 c ( V ) ) .

T h u s s(V) ::; 1 / 2 in t h i s case . I f s(V) 2: - 1 / 2 , t h e n

6( 24 - c(V)) + (96 - 3b(V) - 2c(V)) ::; 12,

which t o g e t h e r w i t h t h e i n e q u a l i t i e s b(V) ::; 15, c(V) ::; 24, 3b(V) + 2c(V) ::;
96 we conclude t h a t (b(V) , c(V)) m u s t be one of (16 , 2 4 ) , (15,24) , (16,23) ,
(15 , 2 3 ) . T h e first t h r e e p o s s i b i l i t i e s lead to T y p e s 4,3,2 respectively. T h e
f o u r t h t y p e would lead to ( a ( V ) , b(V) , c(V) , d(V), e(V)) = (5 , 1 5 , 2 3 , 0 , 0 ) ,
b u t t h i s c o n t r a d i c t s (5 .7) .

Next, s u p p o s e IAnvl = 42, so by P r o p o s i t i o n 5.14(iii) we have d(V) ::; 2.
From (5.2) we have

(5 .20) 2c(V) + 3d(V) ::; 48



D e n s i t y Hal e s - J e w e t t and Moser numbers

while from (5.4) we have

737

(5 .21) 3b(V) + 2c(V) + 3d(V) :S 96

(5 .22)

a n d so we can r e w r i t e s(V) as

1 1
s(V) = - 2 - 4( 48 - 2c(V) - 3d(V))

1 1
- 12 (96 - 3b(V) - 2c(V) - 3d(V)) +2~(V) .

T h i s a l r e a d y gives s(V) :S 1 / 2 . I f d(V) = 0 , t h e n s(V) :S - 1 / 2 , w i t h
e q u a l i t y only in T y p e 1. I f d(V) = 1, t h e n t h e set A' C [3]4 c o r r e s p o n d i n g
to A n V c o n t a i n s a p o i n t in 8 3 ,4, which w i t h o u t loss of g e n e r a l i t y we can
t a k e to be 2221. C o n s i d e r i n g t h e t h r e e lines *221, 2 * 21 , 22 * 1, we see
t h a t a t l e a s t t h r e e p o i n t s in 8 2 ,4 m u s t be missing from A', t h u s c(V ) :S 21.
T h i s forces 48 - 2c(V) - 3d(V) 2: 3 , a n d so s(V) < - 3 / 4 . Finally, if
d(V) = 2, t h e n A' c o n t a i n s two p o i n t s in 8 3 ,4. I f t h e y are a n t i p o d a l
(e .g . 2221 a n d 2223), t h e same a r g u m e n t as above shows t h a t a t l e a s t six
p o i n t s in 8 2 ,4 are missing from A' ; if t h e y are not a n t i p o d a l (e.g. 2221 a n d
2212) t h e n by c o n s i d e r i n g t h e lines *2 2 1, 2 * 21, 22 * 1, *212, 2 * 12 we
see t h a t five p o i n t s are missing. T h u s we have c(V) :S 19 , which forces
48 - 2c(V) - 3d(V) 2: 4. T h i s forces s(V) :S - 1 / 2 , w i t h e q u a l i t y only when
c(V) = 19 a n d 3b(V) + 2c(V) + 3d(V) = 96, b u t t h i s forces b(V) to be
t h e n o n - i n t e g e r 5 2 / 3 , a c o n t r a d i c t i o n , which concludes t h e t r e a t m e n t of t h e
IA n VI = 42 case .

F i n a l l y , s u p p o s e IA n VI = 41. Using (5.20), (5.21) as before we have

(5 .23)
3 1

s(V) = - - - - ( 48 - 2c(V) - 3d(V))
2 4

1 1
- 12 (96 - 3b(V) - 2c(V) - 3d(V)) + 2 d (V ) ,

while from P r o p o s i t i o n 5.14(vi) we have d(V) :S 3. T h i s a l r e a d y gives
s(V) :S 0, a n d s(V) :S - 1 when d(V) = 1. In o r d e r to have s(V) 2: - 1 / 2 ,
we m u s t t h e n have d(V) = 2 or d(V) = 3. B u t t h e n t h e a r g u m e n t s of t h e
p r e c e d i n g p a r a g r a p h give 48 - 2c(V) - 3d(V) 2: 4, a n d so s(V) :S - 1 in t h i s
case . •

Since t h e s(V) average to zero , by t h e pigeonhole p r i n c i p l e we may find
two o p p o s i n g side slices (e .g . 1 * * * * a n d 3 * * * *) , whose t o t a l s-value is
n o n - n e g a t i v e . A c t u a l l y we can do a l i t t l e b e t t e r :
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L e m m a 5 . 2 2 . There exists two opposing side slices whose total s-value is
s t r i c t l y positive.

P r o o f . I f this is not t h e case, t h e n we must have 8(1 * * * *) + 8(3 * * * *) = 0
and similarly for p e r m u t a t i o n s . Using P r o p o s i t i o n 5.21 we t h u s see t h a t
for every opposing pair of side slices, one is Type 1 and one is Type 4. In
p a r t i c u l a r c(V) = 24 for all side slices V. B u t t h e n by Lemma 5.5 we have
c(A) = 80, c o n t r a d i c t i n g Lemma 5.20. •

Let V, V' be the side slices in Lemma 5.22 By P r o p o s i t i o n 5.21, the V,
V' slices must t h e n be e i t h e r Type 2, Type 3, or Type 4, and they c a n n o t
b o t h be Type 2. Since a(A) = a(V) + a(V '), we conclude

(5.24)

In a similar s p i r i t , we have

6 ~ a(A) ~ 8.

c(V) + c(V ') < 23 + 24.

On t h e o t h e r hand, by considering t h e 24 lines c o n n e c t i n g c-points of V, V'
to c-points of the centre slice W between V and V', each of which c o n t a i n s
at most two points in A, we have

c(V) + c(W) + c(V') ::; 24 x 2.

T h u s c(W) ~ 1; since

d(A) = d(V) + d(V ') + c(WY

we conclude from P r o p o s i t i o n 5 .21 t h a t d(A) < 1. A c t u a l l y we can do
b e t t e r :

L e m m a 5 . 2 3 . d(A) = O.

P r o o f . Suppose for c o n t r a d i c t i o n t h a t d(A) = 1; w i t h o u t loss of g e n e r a l i t y
we may take 11222 E A. This implies t h a t d ( l * * * *) = d( * h * *) = 1.
Also, by the above discussion , c( * * 1 * *) and c( * * 3 * *) c a n n o t b o t h
be 24, so by P r o p o s i t i o n 5.21 , 8(* * 1 * *) + 8(* * 3 * *) ~ 1/3; similarly
8(* * * h ) + 8(* * *3*) ~ 1/3 and 8(* * * * 1) + 8(* * * * 3) ~ 1/3 . Since
the 8 average to zero, we see from the pigeonhole principle t h a t e i t h e r
8(1 * * * *) + 8(3 * * * *) 2 - 1 / 2 or 8 ( * h * *) + 8( *3* * *) 2 - 1 / 2 . We may
assume by s y m m e t r y t h a t

(5 .25)
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Since 8(3 * * * *) :s 1/2 by P r o p o s i t i o n 5.21, we conclude t h a t
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(5.26) 8(1 * * * *) ~ - 1 .

If IA n 1 * * * *1 = 41, t h e n by (5.23) we have

1
8(1 * * * *) = - 1 - "4 (48 - 2c(1 * * * *) - 3d(I-* * * *))

1
- 12 (96 - 3b(1 * * * *) - 2c(1 * * * *) - 3d(1 * * * *))

b u t the a r g u m e n t s in P r o p o s i t i o n 5.21 give 48 - 2c(1 ** **) - 3d(1 ** **) ~ 3
and 96 - 3b(1 * * * *) - 2c(1 * * * *) - 3d(1 * * * *) ~ 0, a c o n t r a d i c t i o n . So
we must have IA n 1 * * * *1 = 42 (by P r o p o s i t i o n 5.14(ii) and (5.18)). In
t h a t case, from (5.22) we have

1
8(1 * * * *) = "4 ( 48 - 2c(1 * * * *) - 3d(1 * * * *))

1
- - (96 - 3b(1 * * * *) - 2c(1 * * * *) - 3d(1 * * * *))
12

while also having 48 - 2c(1 * * * *) - 3d(1 * * * *) ~ 3 and 96 - 3b(1 * * * *) 
2c(1 * * * *) - 3d(1 * * * *) ~ O. Since 8(1 * * * *) ~ - 1 and d ( l * * * *) = 1,
we soon see t h a t we must have 48 - 2c(1 * * * *) - 3d(1 * * * *) = 3 and
96 - 3 b ( h * * *) - 2 c ( h * * *) - 3 d ( h * * *) :s 3, which forces c(1 * * * *) = 21
and b(l * * * *) = 16 or b(l * * * *) = 17; t h u s the s t a t i s t i c s of 1 * * * * are
e i t h e r ( 4 , 1 6 , 2 1 , 1 , 0 ) or (3 , 1 7 , 2 1 , 1 , 0 ) .

We first e l i m i n a t e the (3,17,21 , 1 , 0 ) case . In this case 8(1 * * * *) is
e x a c t l y - 1 . I n s p e c t i n g the p r o o f of (5.26), we conclude t h a t 8(3 * * * *)
must be + 1/2 and t h a t 8(** 1 * *) + 8(* * 3 * *) = 1/3. From t h e former fact
and P r o p o s i t i o n 5 .21 we see t h a t a(A) = a ( h * * * ) + a ( 3 * * * * ) = 3 + 3 = 6;
on t h e o t h e r hand, from t h e l a t t e r fact and P r o p o s i t i o n 5 .21 we have
a( A) = a( * * 1 * *) + a( * * 3 * *) = 4 + 3 = 7, a c o n t r a d i c t i o n .

So 1 * * * * has s t a t i s t i c s ( 4 , 1 6 , 2 1 , 1 , 0 ) , which implies t h a t 8(1 * * * *) =
- 3 / 4 and IA n 1 * * * *1 = 42. By (5.25) we conclude

(5.27)

which by P r o p o s i t i o n 5.21 implies t h a t IA n 3 * * * *1 = 43, and hence
IA n 2 * * * *\ = 40. On the o t h e r hand, since e(A) = f ( A ) = 0 and
d(A) = 1, with the l a t t e r being caused by 11222, we see t h a t c(2 * * * *) =
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d( 2****) = e( 2****) = 0. Fr om (5.2) we h a ve 4a(2****) + b(2****) S 64 ,
a n d we a lso h a ve t he t riv ia l inequ alit y b(2 * * * *) S 32; t hese inequ al i ti es
a re on ly com p at i b le if 2 * * * * h as s t a t istics (8, 32, 0, 0 , 0) , t h us A n 2 * * * *
contains 82 S n 2 * * * *.,

If a(3 * * * *) = 4 , t h e n a(A) = a( l * * * *) + a( 3 * * * *) = 8, wh ich by
Pr op ositi on 5 .21 im plies t h a t s( * * 1 * *) + s( * * 3 * *) ca nnot exceed 1/1 2 ,
a n d si m ilarly for p ermu t a ti ons. On th e oth er h and , from Pr op osition 5.21
s(* * 1 * *) + s(* * 3 * *) ca n no t exceed - 3 / 4 + 1 / 4 = - 1 / 2 , a n d so t he
average value of s ca n not be zero, a cont ra d ict ion. Thu s a( 3 * * * *) =1= 4,
which b y ( 5.27) a n d P r o p ositi on 5 .21 implies t h a t * * 3 * * h a s s t a t is t ics
(3, 16, 24, 0, 0) .

In p ar ti cular , A co n t a ins 16 points from 3 * * * * n 8 1 ,s and a ll of
3 ** * * n 8 2 ,s . As a con seq ue nce, no pair of t h e 16 point s in A n 3 * * * * n 8 1 ,s
ca n differ in only on e coor d i nate; p a r t i t i o n i n g t he 32-point set 3 * * * * n 8 1 ,s
in t o 16 s uch p a ir s , we concl ude t h a t eve ry s uch p air co n t a ins exact ly o ne
element of A. We conclude t h a t A n 3 ** **n 8 1 ,s is eq ua l to eit he r 3** **n 8 r,s
or 3 * * * * n 8 f s-,

On t he ot he r h and , A co n t a i ns a ll of 2 * * * * n 8 2 ,s, a n d exact ly s ixtee n
p oint s from 1 * * * * n 8 1 ,s, Con sid erin g t he ve r t i c a l lines *x y z w whe re
x y z w E 8 1 ,4 , we conclu de t h a t A n l * * * * n 8 1 , s is eit he r eq ua l to h * * * n 8 f ,s
or 1 * * * * n 8 r s- Bu t eit he r case is inco mp a t ibl e wit h t he fa ct t h a t A
co n t a ins 11222 (~onsider eit he r t he line 11x x 2 or 11x x2 , whe re x = 1 , 2 , 3
a n d x = 4 - x), o b t a i n i ng t he r equ ir ed cont ra dictio n. _

We ca n now elim i nate a ll b ut t h ree cases for t he s t a t istics of A :

P r o p o s i t i o n 5 . 2 4 ( S t a t istics o f A ). T h e s t a t i s t i c s ( a (A ), b(A ) , c(A), d ( A ),
e ( A), f ( A) ) o f A mu s t b e one o f t he followin g t h r e e t u p les :

• (Case 1) (6 ,40 ,79 ,0 ,0 );

• (Case 2) (7 , 4 0 , 7 8 ,0 ,0) ;

• (Case 3) (8,39 , 7 8 ,0 ,0).

P r o o f . Since d (A ) = e(A) = f (A) = 0 , we h a ve

c(2 * * *-*) = d (2 * * * *) = e(2 * * * *) = 0.

On t he ot he r hand , from (5.2) we h a ve 4a (2 * * * *) + b(2 * * * *) S 64 as
well as t he t riv ia l i neq ua lity b(2 * * * *) S 24 , a nd a lso we h ave

IA n 2 * * * *1 = 125 - IA n 1 * * * *I - I A n 3 * * * *1 ~ 125 - 43 - 43 = 39.
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P u t t i n g all t h i s t o g e t h e r , we see t h a t t h e only possible s t a t i s t i c s for 2**** are
( 8 , 3 2 , 0 , 0 , 0 ) , ( 7 , 3 2 , 0 , 0 , 0 ) , or ( 8 , 3 1 , 0 , 0 , 0 ) . In p a r t i c u l a r , 7 : : ; a(2****)::;
8 and 31 ::; b(2 * * * *) ::; 32, and similarly for p e r m u t a t i o n s . Applying
Lemma 5 .5 we conclude t h a t

35 ::; b(A) ::; 40

and
77.5 ::; c(A) ::; 80.

Combining this with the first p a r t of Corollary 5 .20 we conclude t h a t c(A) is
e i t h e r 78 or 79. From this and (5.24) we see t h a t the only cases t h a t remain
to be e l i m i n a t e d are ( 7 , 3 9 , 7 9 , 0 , 0 ) and (8 , 3 8 ,79 , 0 , 0 ) , b u t these cases are
i n c o m p a t i b l e with the second p a r t of Corollary 5.20 . •

We now e l i m i n a t e each of t h e t h r e e r e m a i n i n g cases in t u r n .

5 . 5 . E l i m i n a t i o n o f ( 6 , 4 0 , 7 9 , 0 , 0 )

Here A n 8 5 ,5 has six points. By Lemma 5 .19, t h e r e are at least two
pairs in this set which differ in two p o s i t i o n s . T h e i r m i d p o i n t s are elim
i n a t e d from A n 8 3 ,5 , B u t A o m i t s ex a ctl y one point from 8 3 , 5 , so these
m i d p o i n t s must be the same. By s y m m e t r y , we may t h e n assume t h a t
these two pairs are (11111 ,11133) and ( 1 1 1 1 3 , 1 1 1 3 1 ) . Thus t h e elimi
n a t e d p o i n t in 8 3 ,s is 11122, i.e. A c o n t a i n s 8 3 ,s \ { 11122 } . Also, A con
t a i n s {11111 , 11133, 11113, 11131} and t h u s must omit {11121 , 11123, 11112,
11132}.

Since 11322 E A, at most one of 11312, 11332 lie in A. By s y m m e t r y we
may assume 11312 t/: A , thus t h e r e is a p a i r ( x y l z 2 , xy3z2) with x , y , z = 1 , 3
t h a t is t o t a l l y o m i t t e d from A, namely (11112, 1 1 3 1 2 ) . On the o t h e r hand,
every o t h e r pair of this form can have at most one point in t h e A , t h u s
t h e r e are at most seven p o i n t s in A of the form x y z w 2 with x , y , z, w = 1 , 3 .
Similarly t h e r e are at most 8 p o i n t s of the form x y z 2w, or of x y 2 z w , x 2 y z w ,
2xy zw , leading to b(A) ::; 7 + 8 + 8 + 8 + 8 = 39 , c o n t r a d i c t i n g the s t a t i s t i c
b(A) = 40.
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5 . 6 . E l i m i n a t i o n o f (7 , 4 0 , 7 8 , 0 , 0 )

D . H . J . Polymath

Here A n 8 5 ,5 has seven points. By Lemma 5 .19 , t h e r e are at least t h r e e
pairs in this set which differ in two p o s i t i o n s . As we can only elimi
n a t e two p o i n t s from 8 3 ,5, two of t h e m i d p o i n t s of these pairs must be
t h e same; t h u s , as in t h e previous section , we may assume t h a t A con
t a i n s {11111 , 1 1 1 3 3 , 1 1 1 1 3 , 1 1 1 3 1 } a n d omits { 1 1 1 2 1 , 1 1 1 2 3 , 1 1 1 1 2 , 1 1 1 3 2 }
a n d 11122.

Now consider t h e 160 lines £ c o n n e c t i n g two p o i n t s in 8 4 ,5 to one p o i n t in
83 ,5 (i.e. * 2 x y z and p e r m u t a t i o n s , where x, y , z = 1 , 3 ) . By double c o u n t i n g ,
t h e t o t a l sum of 1£ n AI over all 160 lines is 4b(A) + 2e(A) = 316 = 158 x 2.
On t h e o t h e r h a n d , each of these lines c o n t a i n at most two p o i n t s in A, b u t
two of t h e m (namely 1112* and 1112*) c o n t a i n no points. T h u s we must
have 1£ n AI = 2 for t h e r e m a i n i n g 158 lines £.

Since A omits 1112x and 111x2 for x = 1 , 3 , we t h u s conclude (by
considering t h e lines Ll « 2x and l l « x2) t h a t A must c o n t a i n 1132x , 113x2,
1312x , and 131x2. Taking m i d p o i n t s , we conclude t h a t A omits 11322 and
13122. B u t t o g e t h e r w i t h 11122 t h i s implies t h a t at least t h r e e p o i n t s are
missing from A n 8 3 , 5 , c o n t r a d i c t i n g t h e h y p o t h e s i s e(A) = 78.

5 . 7 . E l i m i n a t i o n o f ( 8 , 3 9 , 7 8 , 0 , 0 )

Now An85 ,5 has eight p o i n t s . By L e m m a 5.19, t h e r e are at least t h r e e pairs
in this set which differ in two p o s i t i o n s . As we can only e l i m i n a t e two p o i n t s
from 83 ,5, two of these pairs (a , b), (e, d) must have t h e same m i d p o i n t p,
a n d two o t h e r pairs (a', b '), (e ' , d ') must have t h e same m i d p o i n t p', and A
c o n t a i n s 8 3 ,5 \ {p, p'}. As p, p' are d i s t i n c t , t h e plane c o n t a i n i n g a, b, e , d is
d i s t i n c t from t h e plane c o n t a i n i n g a', b ', e ', d ' .

Again consider t h e 160 lines £ from t h e previous section. This time, t h e
sum of t h e 1£ n AI is 4b(A) + 2e(A) = 312 = 156 x 2. B u t t h e two lines in
t h e plane of a, b, e , d passing t h r o u g h p, and t h e two lines in t h e plane of a',
b', e ' , d ' passing t h r o u g h p' , have no p o i n t s ; t h u s we m u s t have 1£ n AI = 2
for t h e r e m a i n i n g 156 lines £.

W i t h o u t loss of g e n e r a l i t y we have (a , b) = (11111 , 1 1 1 3 3 ) , (e, d) =
(11113 , 1 1 1 3 1 ) , t h u s p = 11122 . By p e r m u t i n g t h e first t h r e e indices, we
may assume t h a t p' is not of t h e form x 2 y 2 z, x 2 y z 2 , x y 2 2 z , x y 2 z 2 for any
x, y, z = 1 , 3 . T h e n we have 1112x ~ A and 1122x E A for every x = 1 , 3 ,
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so by t h e p r e c e d i n g p a r a g r a p h we have 1132x E A; s i m i l a r l y for 113x2,
1312x, 131x2. Taking m i d p o i n t s , this implies t h a t 13122 , 11322 ~ A, b u t
this ( t o g e t h e r with 11122) shows t h a t at least t h r e e p o i n t s are missing from
A n S3 ,5, c o n t r a d i c t i n g t h e h y p o t h e s i s c(A) = 78.

5 . 8 . S i x d i m e n s i o n s

Now we e s t a b l i s h t h e b o u n d c~ 3 = 353. In view of t h e lower b o u n d s ,
it suffices to show t h a t t h e r e does not exist a Moser set A C [3]5 with
IAI = 354.

We argue by c o n t r a d i c t i o n . Let A be as above , and let (a( A), . . . , g( A) )
be t h e s t a t i s t i c s of A .

L e m m a 5 . 2 5 . g(A) = O.

P r o o f . For any f o u r - d i m e n s i o n a l slice V of A, define

S ( V ) : = 15a(V) + 5b(V) + 5 c ( V ) / 2 + 3 d ( V ) / 2 + e ( V ) .

From Lemma 5.5 we see t h a t IAI is equal to a(A) + b(A) plus t h e average
of S ( V ) where V ranges over t h e t w e n t y slices which are some p e r m u t a t i o n
of t h e c e n t e r slice 22 * * * *.

I f g(A) = 1, t h e n a(A) :::; 32 a n d b(A) :::; 96 by (5.2). Meanwhile ,
e ( V ) = g(A) = 1 for every c e n t e r slice V, so from L e m m a 5.13, one can
show t h a t S ( V ) :S 223.5 for every such slice. We conclude t h a t IAI :S 351.5,
a c o n t r a d i c t i o n . _

For any f o u r - d i m e n s i o n a l slice V of A, define t h e defects to be

D ( V ) : = 356 - [4a(V) + 6b(V) + 10c(V) + 20d(V) + 60e(V)] .

Define a corner slice to be one of t h e p e r m u t a t i o n s or reflections of 11 * * * *,
t h u s t h e r e are 60 corner slices. From Lemma 5 .5 we see t h a t 356 - IAI +
f (A) = 2 + f (A) is t h e average of t h e defects of all t h e 60 corner slices. On
t h e o t h e r hand, from Lemma 5.13 and a s t r a i g h t f o r w a r d c o m p u t a t i o n , one
concludes

L e m m a 5 . 2 6 . Let A be a four-dimensional Moser set . Then D ( A ) 2:: O.
Furthermore:

• I f A has s t a t i s t i c s ( 6 , 1 2 , 1 8 , 4 , 0 ) , then D ( A ) = O.
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• I f A has statistics (5, 12, 18 , 4 , 0 ) , ( 5 , 1 2 , 1 2 , 4 , 1 ) , or (6, 8 , 1 2 , 8 , 0 ) , then
D(A) = 4.

• For all other A, D(A) ~ 6 .

• I f a(A) = 4 , then D(A) ~ 8 .

• I f a(A) ~ 7, then D(A) 2 16 (with equality i f f A has statistics
( 7 , 1 1 , 1 2 , 6 , 0 ) ) .

• I f a(A) 2 8, then D(A) 2 30.

• I f a(A) ~ 9 , then D(A) ~ 86.

Define a family to be a set of four parallel corner slices, t h u s t h e r e are
15 families, which are all a p e r m u t a t i o n of {11 * * * * , 1 3 * * * * , 3 1 * * * * ,
33 * * * *} . We refer to t h e family {11 * * * *, 13 * * * * , 3 1 * * * * , 3 3 * * * *}
as ab * * * *, and similarly define the family a * b* * *, etc .

L e m m a 5 . 2 7 . f ( A ) = O.

P r o o f . For any four-dimensional slice V of A , define

s ( V ) := 12a(V) + 1 5 b ( V ) / 2 + 2 0 c ( V ) / 3 + 1 5 d ( V ) / 2 + 12e(V) ,

and define an edge slice to be one of the 60 p e r m u t a t i o n s or reflections of
12 * * * *. From double c o u n t i n g we see t h a t IAI - a(A) is equal to the
average of t h e 60 values of s ( V ) as V ranges over edge slices.

From Lemma 5.13 one can verify t h a t s ( V ) :S 336, and t h a t s ( V ) :S
296 = 336 - 40 if e(V) = 1. The number of edge slices V for which
e(V) = 1 is equal to 5 f ( A ) , and so the average value of t h e s ( V ) is at
most 336 - 4~~5 f ( A ) , and so

40 x 5
IAI- a(A) :S 336 - ~ f ( A )

which we can r e a r r a n g e (using IAI = 354) as

10
a(A) 2 18 + 3" f ( A ) .

Suppose first t h a t f ( A ) 2 3 ; t h e n a(A) 2 28 . T h e n in any given family,
t h e r e is a corner slice with an a value at least 9 , or four slices with a value
at least 7 , or two slices with a value at least 8, or one slice with a value 8
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and two of a value at least 7, leading to a t o t a l defect of at least 60 by
Lemma 5 .26. T h u s the average defect is at least 15; on the o t h e r hand, t h e
average defect is 2 + f ( A ) ::; 2 + 12, a c o n t r a d i c t i o n .

Now s u p p o s e t h a t f ( A ) = 2; t h e n a(A) 2: 25. This means t h a t in any
given family, one of the four corner slices has an a value of at least 7, and
thus by Lemma 5.26 has a defect of at least 16. Thus the average defect
is at least 4; on the o t h e r hand, t h e average defect is 2 + f ( A ) = 4. From
Lemma 5.26, t h i s implies t h a t in any given family, t h r e e of the corner slices
have s t a t i s t i c s (6 , 1 2 , 1 8 , 4 , 0 ) and t h e last one has s t a t i s t i c s ( 7 , 1 1 , 1 2 , 6 , 0 ) .
B u t this forces b(A) = 70.5 by double c o u n t i n g , which is a b s u r d .

The r e m a i n i n g case is when f ( A ) = 1. Here we need a different argu
ment. W i t h o u t loss of g e n e r a l i t y we may take 122222 E A . T h e average
defect among all 60 slices is 2 + f ( A ) = 3. E q u i v a l e n t l y , t h e average defect
among all 15 families is 12.

F i r s t suppose t h a t a(A) =1= 24. T h e n in every family, at least one of the
corner slices needs to have an a value d i s t i n c t from six, and so the average
defect in each family is at least 4. Thus t h e five families ab * * * *, a * b* * *,
a * * b * * , M * * b * , a * * * * b have an average defect of at most 28, which implies
t h a t the ten corner slices beginning with 1 (or equivalently, a d j a c e n t to an
edge slice c o n t a i n i n g 122222) is a t most 14. In o t h e r words, if (a, b, c, d, e)
is the average of the s t a t i s t i c s of these ten corner slices, t h e n

4a + 6b + 10c + 20d + 60e 2: 342.

On the o t h e r hand, (a, b, c, d, e) must lie in t h e convex hull of t h e s t a t i s t i c s of
four-dimensional Moser sets , which are described by Lemma 5 .10. Also, as A
c o n t a i n s 122222, one has c / 2 4 , d / 8 , e ::; 1 / 2 by considering lines with centre
122222. Finally, from (5 .8) and d o u b l e - c o u n t i n g one has 7 c / 2 4 + 3 d / 8 +
3e + 1 ::; 6. I n s e r t i n g these facts into a s t a n d a r d linear p r o g r a m yields a
c o n t r a d i c t i o n ; indeed, the m a x i m a l value of 4a + 6b + 10c + 20d + 60e with
these c o n s t r a i n t s is 338~, a t t a i n e d when (a, b, c, d, e) = (1; , 16, 12,4 , k).

Finally, we consider the case when f ( A ) = 1 and a(A) = 24. The pre
ceding a r g u m e n t s allow the average defect of the ten corner slices b e g i n n i n g
with 1 to be as large as 18, which implies t h a t 4 a + 6 b + l O c + 2 0 d + 6 0 e 2: 338.
Linear p r o g r a m m i n g shows t h a t t h i s is not possible if a 2: 6, t h u s a < 6.
But t h i s forces one of the corner slices beginning with 3 to have an a value
of at least 7, and thus to have a defect of at least 16 by Lemma 5.10.
R e p e a t i n g t h e preceding a r g u m e n t s , this increases the lower bound for
4a + 6b + lOc + 20d + 60e by ~g , to 339.6; b u t this is now i n c o n s i s t e n t
with the u p p e r b o u n d of 338~ from linear p r o g r a m m i n g . •
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As a consequence of the above lemma, we see t h a t the average defect of
all corner slices is 2, or e q u i v a l e n t l y t h a t the t o t a l defect of these slices is
120.

Call a corner slice good if it has s t a t i s t i c s (6,12 , 1 8 , 4 , 0 ) , and bad o t h e r 
wise. Thus good slices have zero defect , and bad slices have defect at least
four . Since the average defect of the 60 corner slices is 2, there are at least
30 good slices.

One can describe the s t r u c t u r e of the good slices completely :

L e m m a 5 . 2 8 . The s u b s e t o f [3]4 consisting o f the strings 1111, 1 1 1 3 , 3 3 3 3 ,
1332, 1322, 1222, 3322 and p e r m u t a t i o n s is a Moser set with s t a t i s t i c s
(6 , 1 2 , 1 8 , 4 , 0 ) . Conversely, every Moser set with s t a t i s t i c s (6 ,12 , 1 8 , 4 ,0)
is o f this form up to the s y m m e t r i e s o f the cube [3]4 .

P r o o f . This can be verified by c o m p u t e r . By symmetry, one assumes 1222,
2122, 2212 and 2221 are in the set. Then 18 of the 24 'c' points with two
2s must be included ; it is quick to check t h a t 1122 and p e r m u t a t i o n s must
be the six excluded. Next , one checks t h a t the only possible set of six ' a'
p o i n t s with no 2s is 1111, 1113, 3333 and p e r m u t a t i o n s . Lastly, in a r a t h e r
longer c o m p u t a t i o n , one finds t h e r e is only possible set of twelve 'b' points,
t h a t is p o i n t s with one 2. A c o m p u t e r - f r e e proof can be found at the page
C l a s s i f i c a t i o n o f (6 , 1 2 , 1 8 , 4 , 0 ) s e t s at [24]. •

As a consequence of t h i s lemma, given any x, y, Z , w E {1 ,3}, t h e r e
is a unique good Moser set in [3]4 set whose i n t e r s e c t i o n with 8 1 ,4 is
{ x 2 2 2 , 2y22, 22z2 , 2 2 2 w } , and these are the only 16 possibilities. Call t h i s
set the good set o f type x y z w . I t consists of

• The four p o i n t s x222 , 2y22 , 22z2 , 222w in 8 1,4 ;

• All 24 elements of 82 ,4 except for x y 2 2 , x 2 z 2 , x 2 2 w , 2 y z 2 , 2 y 2 w , 22zw;

• The twelve p o i n t s x Y Z 2 , x Y 2 W , x 2 Z W , X y Z 2 , X y 2 W , 2 y Z W ,
X Y z 2 , X 2 z W , 2 Y z W , X Y 2 w , X 2 Z w , 2 Y Z w in 83 ,4, where X
4 - x , Y = 4 - y, Z = 4 - z, W = 4 - w;

• The six p o i n t s x y z w , x y z W , x y Z w , x Y z w , X y z w , X Y Z W in 8 4 ,4.

We can use this to c o n s t r a i n the types of two i n t e r s e c t i n g good slices:
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L e m m a 5 . 2 9 . S u p p o s e t h a t t h e pq * * * * slice is o f t y p e x y z w , and t h e
1 · . f t I I I I h I I I IP * r* * * s Ice IS 0 y p e x y z w , w e r e p, q, r, x, y, z, w, x , y , z , w a r e

in {l,3} . T h e n x ' = x i f f q = r , and y' z ' w ' is equal to e i t h e r y z w or Y Z W .
I f x = r (or e q u i v a l e n t l y i f x' = q), t h e n y ' z ' w ' = y z w .

P r o o f . By r e f l e c t i o n s y m m e t r y we c a n t a k e p = q = r = 1. O b s e r v e t h a t
t h e 11 * * * * slice c o n t a i n s 111222 iff x = 1, a n d t h e 1 * 1* * * slice s i m i l a r l y
c o n t a i n s 111222 iff x' = 1. T h i s shows t h a t x = x'.

S u p p o s e now t h a t x = x' = 1. T h e n t h e 1 1 h * * slice c o n t a i n s t h e t h r e e
e l e m e n t s 111y22, 1112z2 , 11122w , a n d e x c l u d e s 1 1 1 Y 2 2 , 1 1 1 2 Z 2 , 1 1 1 2 2 W ,
a n d s i m i l a r l y w i t h t h e p r i m e s , which forces y z w = y' z ' w ' as c l a i m e d .

Now s u p p o s e t h a t x = x ' = 3. T h e n t h e 1 1 h * * slice c o n t a i n s t h e
two e l e m e n t s 1 1 1 y z w , 1 1 1 Y Z W , b u t does n o t c o n t a i n a n y of t h e o t h e r six
p o i n t s in 8 6 ,6 n 11 h * *, a n d s i m i l a r l y for t h e p r i m e s . T h u s y' z' W ' is e q u a l
to e i t h e r y z w or Y Z W as c l a i m e d . •

Now we look a t two a d j a c e n t p a r a l l e l g o o d slices , such as 11 * * * * a n d
13 * * * *. T h e following l e m m a a s s e r t s t h a t such slices e i t h e r have o p p o s i t e
t y p e , or else will c r e a t e a huge a m o u n t of d e f e c t in o t h e r slices:

L e m m a 5 . 3 0 . S u p p o s e t h a t t h e 11 * * * * and 13 * * * * slices a r e good w i t h
t y p e s x y z w and X' y' z ' w ' r e s p e c t i v e l y . I f x = x ' , t h e n t h e 1 * x * * * slice has
d e f e c t a t l e a s t 30, and t h e 1 * X * * * slice has d e f e c t a t l e a s t 8. A l s o , t h e
1 * *1 * *, 1 * *3 * *, h * * h , h * *3 *, 1 * * * *1 , 1 * * * *3 sli ces h a v e d efe ct
a t least 6. In p a r t i c u l a r , t h e t o t a l d e f e ct o f slices b e g i n n i n g w i t h h is a t
l e a s t 74.

P r o o f . O b s e r v e from t h e 11 * * * *, 13 * * * * h y p o t h e s e s t h a t a ( h x* * * ) = 9
a n d a(1 * X * * *) = 4 , which gives t h e first two c l a i m s by L e m m a 5.26. For
t h e o t h e r c l a i m s , one sees from L e m m a 5 .29 t h a t t h e o t h e r six slices c a n n o t
be good; also, t h e y have an a - v a l u e of 6 a n d a d - v a l u e of at m o s t 7, a n d t h e
c l a i m s t h e n follow from L e m m a 5.26 . •

Now we look at two d i a g o n a l l y o p p o s i t e p a r a l l e l g o o d slices, such as

11 * * * * a n d 33 * * * * .

L e m m a 5 . 3 1 . T h e 11 * * * * a n d 33 * * * * slices c a n n o t b o t h be good and
o f t h e s a m e t y p e.
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P r o o f . Suppose not. By s y m m e t r y we may assume t h a t 11 * * * * and
33 * * * * are of t y p e 1111. This excludes a lot of p o i n t s from 22 * * * *.
Indeed , by c o n n e c t i n g lines between t h e 11 * * * * and 33 * * * * slices, we see
t h a t the only p o i n t s t h a t can still survive in 22 * * * * are 221133 , 221333,
221132, 223332 , and p e r m u t a t i o n s of the last four indices. Double c o u n t i n g
the lines 22133* and p e r m u t a t i o n s we see t h a t t h e r e are at most 12 p o i n t s
one can place in t h e p e r m u t a t i o n s of 221133, 221333, 221132 , and so the
22 * * * * slice has at most 16 points. Meanwhile , the two five-dimensional
slices 1 * * * **, 3 * * * ** have at most c~ 3 = 124 points, and the o t h e r two
four-dimensional slices 21 * * * *, 23 * * ~ * have at most c~ 3 = 43 points,,
leading to at most 16 + 124 * 2 + 43 * 2 = 350 p o i n t s in all, a c o n t r a d i c t i o n .

•
L e m m a 5 . 3 2 . It is n o t possible Iot all I o u t slices in a family to be good.

P r o o f . Suppose not. By s y m m e t r y we may assume t h a t 11 * * * *, 13 * * * *,
3 h * * * , 3 3 * * * * are good. By Lemma 5.31, t h e 1 1 * * * * and 3 3 * * * * slices
c a n n o t be of the same t y p e , and so they c a n n o t b o t h be of the o p p o s i t e type
to e i t h e r 13 * * * * or 31 * * * *. I f 13 * * * * is not of t h e o p p o s i t e type to
11 * * * * , t h e n by (a p e r m u t a t i o n of) Lemma 5.30, t h e t o t a l defect of slices
b e g i n n i n g with h is at least 74; otherwise, if 13 * * * * is not of the o p p o s i t e
t y p e to 33 * * * *, t h e n by (a p e r m u t a t i o n and reflection of) Lemma 5.30,
the t o t a l defect of slices b e g i n n i n g with *3 is at least 74. Similarly, the t o t a l
defect of slices beginning with 3* or *1 is at least 74, leading to a t o t a l defect
of at least 148. B u t the t o t a l defect of all the corner slices is 2 x 60 = 120,
a c o n t r a d i c t i o n . •

C o r o l l a r y 5 . 3 3 . A t m o s t one family can have a total defect o f a t least 38.

P r o o f . Suppose t h e r e are two families with defect at least 38. The r e m a i n i n g
t h i r t e e n families have defect at least 4 by Lemma 5.32 and Lemma 5.26,
leading to a t o t a l defect of at least 38 * 2 + 13 * 4 = 128. But the t o t a l defect
is 2 x 60 = 120, a c o n t r a d i c t i o n . •

A c t u a l l y we can refine this:

P r o p o s i t i o n 5 . 3 4 . No family can h a v e a total d e f e c t o f a t least 38 .

P r o o f . Suppose for c o n t r a d i c t i o n t h a t the ab * * * * family (say) had a t o t a l
defect of at least 38, t h e n by Corollary 5.33 no o t h e r families have t o t a l
defect at least 38.
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We claim t h a t the * * ab * * family can have at most two good slices.
Indeed, suppose t h e * * ab * * has t h r e e good slices, say * * 11 * *, * * 13 * *,
* * 33 * *. By Lemma 5 .31, the * * 11 * * and * * 33 * * slices c a n n o t be of the
same type, and so c a n n o t b o t h be of o p p o s i t e type to * * 13 * *. Suppose
* * 11 * * and * * 13 * * are not of o p p o s i t e type. T h e n by (a p e r m u t a t i o n
of) Lemma 5.30, one of the families a * b« * *, eob« * *, * * b * a*, * * b * * a
has a net defect of at least 38, c o n t r a d i c t i n g the n o r m a l i s a t i o n .

T h u s each of the six families * * ab * *, * * a * b«, * * a * »b, * * *ab*,
* * * a * b, * * * * ab have at least two bad slices. Meanwhile, t h e eight families
a * b« * *, a * »b * *, a* * *b*, a * * * »b , *ab* * *, *a * b * *, *a * *b* , *a* * *b
have at least one bad slice by Corollary 5.32, leading to twenty bad slices
in a d d i t i o n to t h e defect of at least 38 arising from t h e ab * * * * slice. To
add up to a t o t a l defect of 120, we conclude from Lemma 5.26 t h a t all bad
slices o u t s i d e of the ab * * * * family have a defect of four, with at most
one exception; b u t then by Lemma 5.30 this shows t h a t (for i n s t a n c e ) the
1 * h * * and 1 * 3* * * slices c a n n o t be good unless they are of o p p o s i t e
type. The previous a r g u m e n t t h e n shows t h a t the a * b* * * slice c a n n o t
have t h r e e good slices, which increases the n u m b e r of bad slices o u t s i d e of
ab * * * * to at least twenty-one, and now t h e r e is no way to add up to 120,
a c o n t r a d i c t i o n . •

C o r o l l a r y 5 . 3 5 . E v e r y family can have a t m o s t two good slices.

P r o o f . I f for i n s t a n c e 11 * * * *, 13 * * * *, 33 * * * * are all good, t h e n by
Lemma 5.31 at least one of 11 * * * *, 33 * * * * is not of the o p p o s i t e t y p e to
13 * * * *, which by Lemma 5.30 implies t h a t t h e r e is a family with a t o t a l
defect of at least 38, c o n t r a d i c t i n g the previous p r o p o s i t i o n . •

From this corollary and Lemma 5.26, we see t h a t every family has a
defect of at least 8. Since t h e r e are 15 families, and 8 x 15 is e x a c t l y equal
to 120, we conclude

C o r o l l a r y 5 . 3 6 . E v e r y family has e x a c t l y two good slices, a n d the remain
ing two slices have defect 4. In particular, by Lemma 5.26, the bad slices
m u s t have s t a t i s t i c s (5,12,18 , 4 , 0 ) , (5,12 , 1 2 , 4 , 1 ) , or (6,8,12 , 8 , 0 ) .

We now limit how these slices can i n t e r a c t with good slices.

L e m m a 5 . 3 7 . Suppose t h a t 1 * h * * is a good slice.

(i) The 11 * * * * slice cannot have s t a t i s t i c s (6 , 8 , 1 2 , 8 , 0 ) .
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(ii) The 11 * * * * slice cannot have s t a t i s t i c s ( 5 , 1 2 , 1 2 , 4 , 1 ) .

(iii) I f the 11 * * * * slice has s t a t i s t i c s ( 5 , 1 2 , 1 8 , 4 , 0 ) , then the 112* * * slice
has s t a t i s t i c s ( 3 , 9 , 3 , 0 ) .

P r o o f . This can be verified t h r o u g h c o m p u t e r search; t h e r e are 16 pos
sible c o n f i g u r a t i o n s for t h e good slices, and one can c a l c u l a t e t h a t t h e r e
are 27520 c o n f i g u r a t i o n s for the (5, 12, 12,4, 1) slices, 4368 c o n f i g u r a t i o n s
for the (5 , 1 2 , 1 8 , 4 ,0) slices, and 80000 c o n f i g u r a t i o n s for the (6 , 8 , 1 2 , 8 , 0 )
slices. It is t h e n a r o u t i n e m a t t e r to inspect by c o m p u t e r all the p o t e n t i a l
c o u n t e r e x a m p l e s to the above lemma. _

C o r o l l a r y 5 . 3 8 . The 1 1 h * * slice has s t a t i s t i c s ( 4 , 3 , 3 , 1 ) , ( 2 , 6 , 6 , 0 ) ,
( 3 , 3 , 3 , 1 ) , or ( 1 , 6 , 6 , 0 ) .

P r o o f . From Corollary 5.36 , we know t h a t at least one of the slices 1 3 * * * * ,
31 * * * *, 11 * * * * are good. I f 11 * * * * or 1 * h * * is good, t h e n the slice
1 1 h * * has s t a t i s t i c s ( 4 , 3 , 3 , 1 ) or ( 2 , 6 , 6 , 0 ) , by Lemma 5.28. By s y m m e t r y
we may t h u s reduce to the case where 13 * * * * is good and 1 * h * * is
bad. T h e n by Lemma 5.37, t h e 1 * h * * slice has s t a t i s t i c s ( 5 , 1 2 , 1 8 , 4 , 0 )
and the 1 2 h * * slice has s t a t i s t i c s (3 , 9 , 3 , 0 ) . Since t h e 1 3 h * * slice, as a
side slice of the good 13 * * * * slice, has s t a t i s t i c s (4 , 3 , 3 , 1 ) or ( 2 , 6 , 6 , 0 ) ,
we conclude t h a t t h e Ll I « * * slice has s t a t i s t i c s ( 1 , 6 , 6 ,0) or (3,3 , 3 , 1 ) , and
the claim follows. _

C o r o l l a r y 5 . 3 9 . All corner slices have s t a t i s t i c s ( 6 , 1 2 , 1 8 , 4 , 0 ) or (5 , 12, 18,
4 , 0 ) .

P r o o f . Suppose first t h a t a corner slice, say 11 * * * * has s t a t i s t i c (6 , 8 , 1 2 ,
8 , 0 ) . T h e n 1 1 h * * and 113* * * c o n t a i n one "d" p o i n t each, and have
six "a" p o i n t s between t h e m , so by Corollary 5.38, they b o t h have s t a t i s t i c
( 3 , 3 , 3 , 1 ) . This forces t h e 1 * h * *, 1 * 3* * * slices to be bad , which by
Corollary 5.36 forces the 3 * h * *, 3 * 3* * * slices to be good. This forces the
3 1 h * * , 3 1 3 * * * slices to have s t a t i s t i c s e i t h e r ( 2 , 6 , 6 , 0 ) or (4 , 3 , 3 , 1 ) . B u t
the 311*** slice (say) c a n n o t have s t a t i s t i c ( 4 , 3 , 3 , 1 ) , since when combined
with t h e ( 3 , 3 , 3 , 1 ) s t a t i s t i c s of 1 1 h * * would give a( * l h * *) = 7, which
c o n t r a d i c t s Corollary 5.36; t h u s the 3 1 h * * slice has s t a t i s t i c (2 ,6 ,6 ,0) , and
similarly for 331* * *. B u t t h e n a(3 * h * *) = 4, which again c o n t r a d i c t s
Corollary 5 .36.

T h u s no corner slice has s t a t i s t i c (6,8 , 1 2 , 8 , 0 ) . Now suppose t h a t a
corner slice, say 11 * * * * has s t a t i s t i c (5, 12, 12,4, 1). By Lemma 5.37, the
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1 * h * *, 1 * 3* * * slices are bad, so by r e p e a t i n g t h e p r e c e d i n g a r g u m e n t s
we conclude t h a t t h e 3 1 h * *, 313* * * slices have s t a t i s t i c s ( 2 , 6 , 6 , 0 ) or
( 4 , 3 , 3 , 1 ) ; in p a r t i c u l a r , t h e i r a-value is even. However, t h e * l h * * and
*13* * * slices are bad by Lemma 5.37, and t h u s have an a-value of 5; t h u s
t h e 1 1 h * * and 113* * * slices have an odd a-value . T h u s forces a(11 * * * *)
to be even; b u t it is equal to 5, a c o n t r a d i c t i o n . •

From this a n d L e m m a 5.5, we see t h a t A has s t a t i s t i c s ( 2 2 , 7 2 , 1 8 0 , 8 0 ,
0 , 0 , 0 ) . In p a r t i c u l a r , we have 20:2 (A)+0:3(A) = 2, which by double c o u n t i n g
(cf. (5.2)) shows t h a t for every line of t h e form 11122* (or a reflection or
p e r m u t a t i o n t h e r e o f ) i n t e r s e c t s A in e x a c t l y two p o i n t s . Note t h a t such
lines connect a "d " p o i n t to two "c" points.

Also, we observe t h a t two a d j a c e n t " d" points, such as 111222 and
113222, c a n n o t b o t h lie in A; for this would force t h e *13* * * and * l h * *
slices to have s t a t i s t i c s ( 4 , 3 , 3 , 1) or ( 3 , 3 , 3 , 1) by C o r o l l a r y 5.38, which forces
a( *1 * * * *) = 6, and t h u s *1 * * * * must be good by C o r o l l a r y 5.39; b u t
this c o n t r a d i c t s Lemma 5.28. Since 0:3(A) = 1 / 2 , we conclude t h a t given
any two a d j a c e n t "d" points, e x a c t l y one of t h e m lies in A. In p a r t i c u l a r ,
t h e d p o i n t s of t h e form * * *222 consist e i t h e r of those s t r i n g s with an even
n u m b e r of Is, or those with an odd n u m b e r of Is .

L e t ' s say i t ' s the former , t h u s t h e set c o n t a i n s 111222 , 133222, a n d
p e r m u t a t i o n s of t h e first t h r e e c o o r d i n a t e s , b u t o m i t s 113222, 333222 and
p e r m u t a t i o n s of t h e first t h r e e c o o r d i n a t e s . Since t h e "d" p o i n t s 113222,
333222 are o m i t t e d , we conclude t h a t t h e "c" p o i n t s 113122, 1 1 3 3 2 2 , 3 3 3 1 2 2 ,
333322 must lie in t h e set, and s i m i l a r l y for p e r m u t a t i o n s of t h e first t h r e e
a n d last t h r e e c o o r d i n a t e s . B u t this gives at least 15 of t h e 16 "c" p o i n t s
ending in 22 ; by s y m m e t r y this leads to 225 c-points in all; b u t c(A) = 180,
c o n t r a d i c t i o n . This (finally!) c o m p l e t e s t h e p r o o f t h a t c63 = 353 .,
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I first met E n d r e in Szigliget, a place on Lake B a l a t o n , a b o u t forty five
years ago, in the summer of 1965. We were s t a y i n g as guests in the R e t r e a t
House of the W r i t e r ' s union with Erdos and his m o t h e r . T h e idea was to
have a quiet place to work with P a u l on one of our lengthy p r o j e c t s . Among
the numerous visitors of Paul was Endre, a shy s t u d e n t of twenty five, a t t i r e d
in an old j e a n s q u i t e long for him t h a t looked preowned. He hitchiked from
B u d a p e s t and complained t h a t the police had s t o p p e d him several times
o b j e c t i n g to his outfit (a novelty in those years in Hungary) He claimed to
have told t h e m t h a t the f a r m e r was t h a t much t a l l e r and c o m p l a i n e d t h a t
the police would not u n d e r s t a n d it. ( J e a n s are called farmers in H u n g a r i a n .)

I knew t h a t e v e r y b o d y referred to him as "Srac" ( p r o n o u n c e d S h r a t z ) ,
meaning "Kid" , a h a b i t I soon accepted and still p r a c t i c e . He was not
like our o t h e r s t a r s , who could solve all the problems of t h e Schweitzer
c o m p e t i t i o n s by the second day, b u t he had original ideas and a deep insight
in the Erdos t y p e c o m b i n a t o r i c s . In fact after g r a d u a t i n g from high school
he a t t e n d e d medical school for a year and switched to m a t h because he
could not s t a n d autopsies. P a u l soon recognized his e x c e p t i o n a l t a l e n t s
and e x p e c t e d g r e a t things from him . L a t e r they became good friends and
b a n t e r e d a lot. Paul called him a mediocre old t e n n i s player if he played
too much and E n d r e pulled his leg by claiming t h a t J e a n - C l a u d e Killy (the
ski champ) was a g r e a t e r man t h e n any m a t h e m a t i c i a n .

Soon, in 67 or early 68, E n d r e lived up to P a u l ' s e x p e c t a t i o n s . He
proved his first famous result t h a t a sequence of integers of positive u p p e r
density c o n t a i n s a four element a r i t h m e t i c progression. The r e s u l t for t h r e e
element a r i t h m e t i c progressions was proved by F. K. R o t h , a Fields medal
winner in 1958, and was considered as one of his m a j o r achievements . The
problem of w r i t i n g down the result was solved, as H a l b e r s t a m m invited him
to N o t t i n g h a m for two months where E n d r e l e c t u r e d in a s e m i n a r and a
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m a n u s c r i p t m a t e r i a l i z e d . W i t n e s s e s say t h a t Srac, who t h e n h a r d l y spoke
any English , left his room only for the seminars and to buy some beer.

I h a p p e n e d to be in E n g l a n d a b o u t the same time, I visited R i c h a r d
Rado in Reading for six weeks, to discuss our j o i n t b o o k with Paul. Be
cause of s h o r t a g e of funds I had stayed with the Rados. It goes w i t h o u t
saying t h a t we were b o t h happy when we arrived to a p r e a r r a n g e d meeting
to the Piccadilly . I found him soon among the o t h e r two h u n d r e d young
sters s i t t i n g a r o u n d the fountain. We had a p l e a s a n t d i n n e r in a French
r e s t a u r a n t in the Soho. This involved a lengthy discussion with the wait
ress explaining his p o s i t i o n t h a t even if the vegetables contained green peas,
these unwanted o b j e c t s should not touch the beef. During our long friend
ship this c o n v e r s a t i o n was r e p e a t e d many times, in many languages, in
H u n g a r i a n , in Russian, and even in Polish which n e i t h e r of us could speak.
E n d r e m e n t i o n e d t h a t he never saw s t r i p t e a s e before, so I suggested we go
to a s t r i p t e a s e bar. We were of course c h e a t e d with the o b l i g a t o r y consump
tion . We had to wait in a very hot small t h e a t r e quite long for the first girl
to come out , and as soon she s t a r t e d her p r o d u c t i o n I fainted . As many
times l a t e r in our lives Srac had to save me . He dragged me to the s t r e e t ,
where I soon recovered. I j u s t had nicotine poisoning from the cheap cigars
I smoked to save money on c i g a r e t t e s . I have no i n f o r m a t i o n if E n d r e has
ever seen s t r i p t e a s e in a b a r again .

T h e next year found us b o t h in Moscow, in the Soviet Union. In his
quest to learn modern a b s t r a c t m a t h e m a t i c s , E n d r e came to work with
Israel Moiseevich Gelfand as a g r a d u a t e s t u d e n t for t h r e e years. I was on an
exchange p r o g r a m of the Academies in the Steklov I n s t i t u t e for six months.
I did not speak Russian, and t h e r e was no one in the logic d e p a r t m e n t
i n t e r e s t e d in my work. None of t h e m accepted the Axiom of Choice. I was
hoping t h a t this visit would help me with 'joe' to get an exit visa to C a n a d a
next year. I had an i n v i t a t i o n to Calgary, t h e n recently taken over by t h e
B r i t i s h m a t h e m a t i c i a n s . Still, t h i s was quite a good deal. We stayed in a
t h r e e b e d r o o m a p a r t m e n t with my wife and t h r e e year old son, and I had
lots of time to work .

E n d r e had to s t a y in a s t u d e n t hostel, and being finicky a b o u t food
he was p r a c t i c a l l y s t a r v i n g . His i n t e r e s t in functional analysis r a p i d l y
diminished. Now he wanted to learn forcing. Here he made some progress,
b u t soon we ' s t a r t e d to t a l k a b o u t P a u l ' s c o n j e c t u r e a b o u t the uniform
d e c o m p o s i t i o n of g r a p h s into t h e union of D + 1 i n d e p e n d e n t sets, where D
is t h e maximal degree. I s t a r t e d to admire his way of t h i n k i n g and learned
to t r a n s l a t e or formalize his t h o u g h t s . He claimed t h a t he can only t h i n k
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while walking, and on rainy days when we needed several sub lemmas he got
t o t a l l y wet. We finally proved the c o n j e c t u r e and this became one our most
quoted papers. His Moscow a d v e n t u r e ended well. Gelfand was sensible
enough to accept his famous result on four t e r m a r i t h m e t i c a l progressions
as a P h D - t h e s i s .

Moreover his e x t r a c u r r i c u l a r a c t i v i t y t o boost the commerce between
the p o p u l a t i o n of Hungary and t h e Soviet Union ended with s u b s t a n t i a l
profit. Even I got involved in it , at one point my living room held t h r e e
huge b o a t m o t o r s to be e x p o r t e d to H u n g a r y by younger s t u d e n t s .

I s p e n t t h e academic year 1970-71 at t h e University of Calgary. In the
fall s e m e s t e r t h e y organized a Number T h e o r y Year in honor of Erdos.
They invited his old friends from t h e UK, Mordell and Heilbronn , and
several of his followers from the US. Szemeredi was also invited for six
weeks. He arrived from B u d a p e s t p r a c t i c a l l y with no luggage. He had in
one hand a black c o n t a i n e r with an oil p a i n t i n g to be forwarded to the
C r a t z e r s in W i n n i p e g , and a s h o p p i n g bag with a change of brief and a
b o t t l e c o n t a i n i n g a large bak ed goose liver. The only e x p l a n a t i o n we ever
got was t h a t originally he also had a salami which was of course confiscated
at the b o r d e r , b u t they did not t h i n k of the i m p e r t i n e n c e of the goose liver.
E n d r e was s t a y i n g with us . We used t h e time to write a n o t h e r not so well
known t o u r de force p a p e r with him and with Eric Milner. Let me copy
here its review.

"Consider the following s i t u a t i o n : T h e r e are n people, each knowing an
it em of i n f o r m a t i o n not known to any of the others. They c o m m u n i c a t e by
t e l e p h o n e and whenever two people t a l k to one a n o t h e r d u r i n g a call , each
informs t h e o t h e r of all the i n f o r m a t i o n known at the time. The problem is
to d e t e r m i n e t h e minimum n u m b e r f ( n) of calls needed for everyone to know
all the i n f o r m a t i o n . In this note t h e a u t h o r s elegantly prove t h e s u r p r i s i n g l y
s t u b b o r n r e s u l t t h a t f ( n ) = 2n - 4 for n 2: 4."

Eric 's wife Estelle d o n a t e d a s u i t c a s e to E n d r e for the t r i p back, b u t for
reasons unknown , he refused to buy a n y t h i n g t h o u g h he had enough money.
The s u i t c a s e held only a large d a r t b o a r d he got from us for C h r i s t m a s .

In 1973 E n d r e a n n o u n c e d t h a t he generalized his old t h e o r e m for arbi
t r a r y a r i t h m e t i c progressions . P a u l was very excited , first because this was
a problem he and T u r a n had raised a b o u t t h i r t y years ago, and also because
he promised one t h o u s a n d dollars for it .

He was in the US and could not come to B u d a p e s t . He quarelled
with 'joe ' because he did not let som e Israeli m a t h e m a t h i c i a n s a t t e n d the
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conference held in H u n g a r y for his s i x t i e t h b i r t h d a y . E n d r e was telling me
the proof and I was w r i t i n g it down as we went along. I t took unusually
long because we checked every detail. We were a b o u t halfway when P a u l
called from the US asking if t h e r e was a proof. I told him t h a t I do not
know, since I did not yet see the end of it, b u t I would buy it for $500. This
convinced him t h a t t h e m a t t e r is serious. E n d r e s u b m i t t e d the m a n u s c r i p t
and it a p p e a r e d quite fast in the A c t a A r i t h m e t i c a in 1975. I t helped t h a t
Ron G r a h a m kindly read it , b u t it a p p e a r e d basically as it was s u b m i t t e d .
E n d r e was l e c t u r i n g a b o u t it at the ICM held in Vancouver. We were t h e
only i n v i t e d speakers t h e r e from Hungary, he in the Discrete M a t h e m a t i c s
section and me in the Topology section.

I i n t e n d to stop here the play by play account of our youth. T h o u g h we
remained close friends, b u i l t a house t o g e t h e r , worked ten years the same
time at R u t g e r s , visit each o t h e r s family frequently, wrote a number of j o i n t
p a p e r s , and we vote t o g e t h e r on the meetings of the H u n g a r i a n Academy,
this is a good place to stop.

E n d r e has grown to be a g r e a t m a t h e m a t i c i a n , one of the best our
c o u n t r y has ever given to the world . T h a t is w h a t this conference and
t h i s book will be a b o u t .

To finish I want to quote s o m e t h i n g very c h a r a c t e r i s t i c E n d r e told me
in a conversation. I complained a b o u t some idiot who got an undeservedly
well paying job back in Hungary. He looked at me and asked : W h a t do you
want? Would you give up, even for a million dollars, t h e pleasure t h a t you
are able to think?!
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