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Abstract. Important practical problems in computer support medical diagnosis 
are related to screening procedures. Identification of high risk patients can serve 
as an example of such a problem. The identification results should allow to se-
lect a patient in an objective manner for additional therapeutic treatment. The 
designing of the screening tools can be based on the minimisation of the convex 
and piecewise linear (CPL) criterion functions. Particularly ranked models can 
be designed in this manner for the purposes of screening procedures.  
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1   Introduction 

One of the most important groups of problems in computer aided medical diagnosis 
are those related to screening procedures. We are considering screening procedures 
which are aimed at selecting high risk patients. High risk patients should be possibly 
early directed to a special therapeutic treatment. For example, the success of cancer 
therapy depends on early detection and beginning of this disease therapy.  

The screening procedures usually result from certain probabilistic prognostic mod-
els. The survival analysis methods give a theoretical framework for designing screen-
ing procedures [1], [2]. In particular, the Cox model is commonly used in survival 
analysis for selection of high risk patients [3].  

However, constraints met in practical implementation of screening procedures in-
dicate limitations of the probabilistic modeling in this context. In practice, the screen-
ing procedures are designed on the basis of available medical databases which rarely 
fit in the statistical principles of parameters estimation. First of all, the number of 
cases (patients) in medical databases is usually too low and the number of parameters 
(features) describing particular patients is too high for reliable estimation of selected 
prognostic model parameters. Secondly, the probabilistic assumptions linked to par-
ticular prognostic models are often unverifiable.  
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For these reasons, designing of effective and reliable screening procedures is still re-
lated to open research and implementation problems. Here we are examining the pos-
sibility of using ranked modeling in designing screening procedures [4]. In particular, 
we are taking into account linear ranked models designed through the minimisation of 
the convex and piecewise linear (CPL) criterion functions [5], [6]. These criterion 
functions are defined on the survival analysis data sets. An important problem analysed 
here is feature selection aimed at reducing ranked models dimensionality [7].   

2   Feature Vectors and Ranked Relations Originating from 
Survival Analysis  

Let us assume that m patients Oj collected in a given medical database are represented 
as n-dimensional feature vectors xj[n] = [xj1,......, xjn]

T or as points in the  n-
dimensional feature space F[n] (xj[n]∈F[n], j = 1,…..,m). The component xji of the 
vector xj[n] is the numerical value of the i-th feature xi of the patient (object) Oj. For  
example, the components xji can be the numerical results of diagnostic examinations 
of the given patient Oj. The feature vectors xj[n] can be of a mixed type and represent 
a type of measurement (for example (xji∈{0,1}, or xji∈ R1).  

We are taking into consideration the learning data set C built from m feature vec-
tors xj[n] which represent particular patients Oj: 

 

C = {xj[n]}  ( j  =  1,......., m) (1) 

 

Let us consider the relation ″Oj is less risky than Ok″ between selected patients Oj and 
Ok represented by the feature vectors xj[n] and xk[n]. Such relation between patients 
Oj and Oj can implicate the ranked relation ″xj[n] xk[n]″ between  adequate feature 
vectors xj[n] and xk[n].   

 

(Oj is less risky, then Ok) ⇒ (xj[n]  xk[n]) (2) 

 

The relation ″xj[n] xk[n]″ between the feature vectors xj[n] and xk[n] means that the 
pair {xj[n], xk[n]} is ranked. The ranked relations between particular feature vectors 
xj[n] and xk[n] should result from additional knowledge about the patients Oj and Ok. 
Such additional knowledge could result from an information about survival time Tj of 
particular patients Oj collected in the given database.  

Traditionally, the survival analysis data sets Cs have the below structure [1]:   
 

Cs = {xj[n], tj , δj}  ( j  =  1,.......,m) (3) 

 
where tj

 is the observed survival time between the entry of the j-th Oj patient into the 
study and the end of the observation, δj is an indicator of failure of this patient 
(δj∈{0,1}): δj= 1 - means the end of observation in the event of interest (failure),  
δj = 0 - means that the follow-up on the j-th patient ended before the event (the right 
censored observation). In this case (δj

 = 0) information about survival time tj is not 
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complete. A great part of survival data set Cs can be censored. The survival analysis 
methods are based in a great part on the Cox model [2], [3]. The ranked models can 
be also used in the search for a solution of basic problems in survival analysis [4].   

The survival time Tj can be defined in the below manner on the basis of the set  
Cs (3):  
 

(∀ j  =  1,.......,m)  if  δj  = 1,  then  Tj = tj,  and  

                                                   if  δj  = 0,  then  Tj > tj  

(4) 

 
Assumption: If the survival time Tj  (4) of the j-th patients Oj is longer then the sur-
vival time Tj  of the j-th patients Oj, then the patients Oj was less risky (2) then the 
patients Ok: 

 

(Tj  > Tk)  ⇒ (Oj is less risky than Ok) ⇒ (xj[n]  xk[n])  (5) 

 
This implication can be expressed also by using the observed survival time tj and  
tk (3):   

 

(tj  > tk  and δk = 1) ⇒ (Oj is less risky than Ok)  ⇒ (xj[n]  xk[n])  (6) 

3   Linear Ranked Models   

Let us consider such transformation of n-dimensional feature vectors xj[n] on the 
ranked line y = w[n]Txj[n], which preserves the ranked relations  ″xj[n]  xk[n]″ (2) as 
precisely as possible  

 

yj = yj(w[n]) = w[n]Txj[n] (7) 

 

where w[n] = [w1,......,wn]T is the vector of parameters.   
 
Definition 1: The relation ″xj[n] xj[n]″ (2) is fully preserved by the ranked line (7) if 
and only if the following implication holds: 

 

(∀(j, k))   xj[n]  xk[n]  ⇒ yj(w[n])  <  yk(w[n]) (8) 

 

The procedure of the ranked line designing can be based on the concept of  positively 
and negatively oriented dipoles {xj[n], xj′[n]} [6]. 
 
Definition 2: The ranked pair {xj[n],xj′[n]} (j < j′) of the feature vectors xj[n] and 

xj′[n] constitutes the positively oriented dipole {xj[n], xj′[n]} (∀(j, j′) ∈I+) if and only 
if xj[n]  xj′[n]. 
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(∀ (j, j’) ∈ I+)    xj[n]  xj′[n] (9) 

 
Definition 3: The ranked pair {xj[n], xj′[n]} (j < j′) of the feature vectors xj[n] and 

xj′[n] constitutes the negatively oriented dipole {xj[n], xj′[n]} (∀(j, j′) ∈I-), if and only 
if xj′[n]  xj[n]. 

 

(∀ (j, j’) ∈ I-)    xj′[n]  xj[n] (10) 

 
Definition 4: The line y(w[n]) = w[n]Tx[n] (7) is fully consistent (ranked) with the 
dipoles {xj[n],xj′[n] } orientations if and only if      

 

(∀ (j, j’) ∈ I+)    yj(w[n]) <  yj′(w[n])   and 

                              (∀ (j, j’) ∈ I-)    yj(w[n])  > yj′(w[n]), where  j < j′ 
(11) 

 

All the relations ″xj[n] xj′[n]″ (2) are fully preserved (8) on the line (7) if and only if 
all the above inequalities are fulfilled. 

The problem of the ranked line designing can be linked to the concept of linear 
separability of two sets C+ and C- of the differential vectors rjj′[n] = xj′[n] - xj[n] 
which are defined below: 
  

C+ = {rjj′[n] = (xj′[n] - xj[n]): (j, j’) ∈ I+}  
                     C- = {rjj′[n] = (xj′[n] - xj[n]):  (j, j’) ∈ I-}, where  j < j ′ 

(12) 

 

We will examine the possibility of the sets separation C+ and C- by a such hyperplane 
H(w[n]), which passes through the origin 0 of the feature space F[n]:  

 

H(w[n]) =  {x[n]: w[n]Tx[n] = 0} (13) 

 

where w[n] = [w1,......,wn]T is the vector of parameters.   
 

Definition 5: The sets C+ and C- (12) are linearly separable with the threshold equal 
to zero if and only if there exists such a parameter vector w∗[n]  that: 

 

(∀ (j, j’) ∈ I+)    w∗[n]T rjj′[n] > 0 

(∀ (j, j’) ∈ I-)    w∗[n]T rjj′[n] < 0   

(14) 

The above inequalities can be represented in the following manner: 
 

(∃w∗[n]) (∀ (j, j’) ∈ I+)    w∗[n]T rjj′[n]   ≥   1 

               (∀ (j, j’) ∈ I-)     w∗[n]T rjj′[n]    ≤ -1 

(15) 
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Remark 1: If the parameter vector w∗[n] linearly separates (14) the sets C+ and C- 
(12), then the line yj(w

∗[n]) = w∗[n]Txj[n] is fully consistent (11) with the dipoles 
{xj[n], xj′[n]} orientation. 

4   CPL Criterion Functions 

The separating hyperplane H(w[n]) (13) could be designed through the minimisation 
of the convex and piecewise linear (CPL) criterion function Φ(w[n]) which is similar 
to the perceptron criterion function used in the theory of neural networks and pattern 
recognition [8], [9]. Let us introduce for this purpose the positive ϕjj′+(w[n]) and 

negative ϕjj′-(w[n]) penalty  functions (Fig. 1): 
 

(∀ (j, j’) ∈ I+) 
                              1 - w[n]T rjj′[n]              if  w[n]Trjj′[n]  < 1 

  ϕjj′+(w[n])  = 

                                      0                           if  w[n]Trjj′[n]  ≥  1 

(16) 

and  (∀ (j, j’) ∈ I-) 
                             1  + w[n]Trjj′[n]           if   w[n]Trjj′[n]  > -1 

ϕjj′-(w[n])  =                                                                                                       

                                      0                          if   w[n]Trjj′[n]  ≤ -1  

(17) 

 

 

ϕ jj′
+(w [n]) ϕ jj′

-(w [n])  

-1   1 w [n]Tr jj′[n]  

 

Fig. 1. The penalty functions ϕjj′+(w[n]) (16) and ϕjj′-(w[n]) (17) 

The criterion function Φ(w[n]) is the weighted sum of the above penalty functions 
 

Φ(w[n])  =  Σ αjj′ ϕjj′+(w[n])  +  Σ αjj′ ϕjj′-(w[n])  

                                          (j,j′)∈I+                                 (j,j′)∈I-                

(18) 

 

where αjj’ (αjj’ > 0) is a nonnegative parameter (price) related to the dipole {xj[n], 

xj′[n]} (j < j′) 
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The criterion function Φ(w[n]) (18) is the convex and piecewise linear (CPL) func-
tion as the sum of such type of the penalty functions φjj′+(w[n]) (16) and φjj′-(w[n]) 
(17). The basis exchange algorithms, similarly to linear programming, allow to find a 
minimum of such functions efficiently, even in the case of large, multidimensional 
data sets C+ and C- (12) [10]:  

 

Φ* = Φ(w*[n])  = min Φ(w[n]) ≥ 0 (19) 

 

The optimal parameter vector w*[n] and the minimal value Φ* of the criterion func-
tion Φ( w[n]) (18) can be applied to a variety of data ranking problems. In particular, 
the below ranked model can be designed this way.  

 

y(w*[n]) = w*[n]Tx[n] (20) 

 
Lemma 1: The minimal value Φ* (19) of the criterion function Φ(w[n]) (18) is non-
negative and equal to zero if and only if there exists such a vector w*[n] that the  rank-
ing of the points yj = w*[n]Txj[n] on the line (7) are fully consistent (11) with the 
dipoles {xj[n], xj′[n]} orientations. 
 
The proof of this Lemma can be found in the earlier paper [6]. 

The modified criterion function Ψχ(w[n]) which includes additional CPL penalty 
functions in the form of the absolute values | wi | multiplied by the feature costs γi has 
been introduced for the purpose of feature selection [7].   

 

Ψλ(w[n])  =  Φ(w[n]) +  λ Σ γi |wi| 
                                                                                                                   i ∈ I                                                             (21) 

 

where λ (λ ≥ 0) is the cost level, and I = {1,……,n}.    
The criterion function Ψλ(w[n]) (21), similarly to the function Φ(w[n]) (18) is  

convex and piecewise-linear (CPL). The basis exchange algorithms allow to find 
efficiently the optimal vector of parameters (vertex) wλ[n] of the function Ψλ(w[n]) 
with different values of parameter λ [10]: 

 

(∃(wλ[n]))  (∀w[n])   Ψλ(w[n]) ≥ Ψλ(wλ[n]) =  Ψλ
^ 

(22) 

 

The parameters wλ[n] = [wλ1,….., wλn]
T (22) define the optimal separating hyperplane 

H(wλ[n]) (13). Such features xi which have the weights wλi
 equal to zero (wλi = 0) in 

the optimal vector wλ[n] (22) can be reduced without changing the location of the 
optimal separating hyperplane H(wλ[n]) (13). As a result, the below rule of the feature 
reduction based on the components wλi

 of the optimal vector of parameters  wλ[n] = 
[wλ1,….., wλn]

T  (22) has been proposed [7]: 
 

(wλi. =  0)  ⇒ (the feature xi is reduced) 

(23) 
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The minimal value (22) of the CPL criterion function Ψλ(w[n]) (21) represents an  
optimal balance between linear separability of the sets C+ and C- (12) and features 
costs determined by the parameters λ and γi. We can remark that a sufficiently in-

creased value of the cost level λ in the minimized function Ψλ(w[n]) (21) results in an 
increase number of the reduced features xi (23). The dimensionality of the feature 
F[n] can be reduced arbitrarily by a successive increase of the parameter λ in the 
criterion function Ψλ(w[n]) (21). Such method of feature selection has been named 
relaxed  linear separability [7].  

The feature selection procedure is an important part of designing ranked models 
(20). The feature selection process is aimed at reducing the maximal number of unim-
portant features xi. The reduced ranked model y(wλ′[n′]) can be defined by using the 
optimal vector of  parameters wλ[n] (22) and the rule (23):  
 

y(wλ′[n′]) = wλ′[n′]Tx[n′] (24) 

 

where wλ′[n′] is such vector of parameters which is obtained from the optimal vector 
wλ[n] (22) by reducing components wλi equal to zero (wλi.= 0), and x[n′] is the re-
duced  feature vector (23) obtained in the same way as wλ′[n′].   

The dimensionality reduction of the prognostic model (24), which is based on the 
relaxed  linear separability method allows, among others, to enhance risk factors xi 
influencing given disease. 

5   Selection of High Risk Patients 

The reduced ranked model (24) can be used in selection of high risk patients Oj. 
These models define transformations of the multidimensional feature vectors xj[n′] (1) 
on the points yj (7) which represent particular patients Oj on the ranked line. As a 
result, the ranked sequence of patients Oj(i) can be obtained:   

Oj(1),  Oj(2),….…, Oj(m),  where 

                                  yj(1)  ≥ yj(2) ≥ …... ≥ yj(m)   

(25) 

 
The patients Oj(i) with the largest values yj(i) which are situated on the top of the above 
sequence can be treated as high risk patients. The patients Oj(i) which are situated at 
the beginning of this sequence can be treated as a low risk. 

The models (20) or (24) can be applied not only to the patients Oj represented by 
the feature vectors xj[n] from the set C (1). Let us assume that a new patient Oa is 
represented by the feature vector xa[n]. The model (24) allows to compute the point ya 
= wλ′[n′]Txa[n′] on the ranked line. If the new patient Oa is located at the top of the 
ranked sequence (25),) next to the high risk patients Oj(i), then it can be also treated as 
a high risk. In other cases, Oa should not be treated as a high risk patient.    

The transformation (24) can be treated as a prognostic model of a given disease ωk 
development. Such model can represent a main trend in the disease ωk development. 
The model is designed on the basis of information contained in the survival analysis 
data sets Cs  (3). 
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A very important problem in practice is quality evaluation of the prognostic models 
(24). One of the possibilities is to use the ranked error rate er(wλ′[n′]) the model (24) 
evaluation.     

er(wλ′[n′]) =  mr′(wλ′[n′]) / mr (26) 

where mr is the number of positive (9) and negative (10) dipoles {xj[n], xj′[n]}, where 

j < j′. mr′(wλ′[n′]) is the number of such dipoles {xj[n], xj′[n]}, which are   wrongly 
oriented (not consistent with the rule (11)) on the line y(wλ′[n′]) (24). 

If the same dipoles {xj[n], xj′[n]} are used for the model (24) designing and for the 
model evaluation, then the error rate estimator er(wλ′[n′]) (26) is positively biased 
[11]. The error rate estimator er(wλ′[n′]) (26) is called the apparent error (AE). The 
cross-validation techniques are commonly used in model evaluation because these 
techniques allow to reduce the bias of the error estimation. 

In accordance with the cross-validation p – folds procedure, the set of all the di-
poles {xj[n], xj′[n]} (9), (10) is divided in the p near equal parts Pi (for example p = 
10). During one step the model is designed on the dipoles {xj[n], xj′[n]} belonging to 
p – 1 (learning) parts Pi and evaluated on the elements of one (testing) part Pi′. Each 
part Pi serves once as the testing part Pi′ during successive p steps. The cross-
validation error rate (CVE) eCVE(wλ′[n′]) is obtained as the mean value of the error 
rates er(wλ′[n′])  (26) evaluated on the p testing parts Pi′. 

The leave one method is the particular case of the p – folds cross-validation,  
when p is equal to the number mr (p = mr) of the positively (9) and negatively (10) 
dipoles {xj[n], xj′[n]}. In this case, each testing part Pi′ contains exactly one element 
{xj[n], xj′[n]}.  

The relaxed linear separability method of feature selection can be used during de-
signing the reduced ranked models y(wλ′[n′]) (24) [7]. In accordance with this 
method, a successive increase of the cost level λ in the minimized function Ψλ(w[n]) 
(21) causes a reduction of additional features xi (23). In this way, the less important 
features xi are eliminated and the descending sequence of feature subspaces Fk[nk] (nk 
> nk+1) is generated. Each feature subspace Fk[nk] in the below sequence can be linked 
to some value λk of the cost level λ (21):  

 

F[n] ⊃ F1[n1] ⊃ F2[n2] ⊃……… ⊃ Fk[nk],  where  
     0 ≤ λ0 <  λ1 < λ2 < ……< λk

 (27) 

 
Particular feature subspaces Fk[nk] (27) have been evaluated by using the cross-
validation error rate (CVE) eCVE(wλ′[ nk]) (26). The below figure shown an example of 
experimental results. The evaluation results of descending sequence (27) of feature 
subspaces Fk[nk] is shown on this figure: 

The above Figure illustrates the feature reduction process which begins from the 
dimensionality n = 100. In this case, the data set C (1) contained about m = 200 fea-
ture vectors xj[n]. It can be seen on the Figure 1, that it exists such feature subspaces 
Fk[nk] of dimensionality nk = 30 or more, which allow to obtain the fully consistent 
(11) ranked lines y(w[nk]) (7).  

 



440 L. Bobrowski 

 

0

0,1

0,2

0,3

0,4

0,5

0,6

0 20 40 60 80 100

dimensionalities n' of the feature vectors

 

Fig. 2. The apparent error (AE) (26) and the cross-validation error (CVE) in different feature 
subspaces Fk[nk] of the sequence (27). The upper solid line represents the cross-validation error 
(CVE), the lower solid line represents the apparent error (AE) (26). The broken line represents 
the standard deviation.  

In accordance with the relaxed linear separability method, the process of succes-
sive reduction of the less important features xi should be stopped at the dimensionality 
nk′ ≈ 50, where the cross-validation error rate eCVE(wλ′[n′]) (26) reaches its lowest 
value. The feature subspace Fk[nk′] is treated as the optimal one in accordance with 
this method of feature selection [7]. 

6   Concluding Remarks  

Ranked modeling has been applied here to designing linear prognostic models 
y(wλ′[n′]) on the basis of the survival analysis data set Cs (3). The described designing 
process is based on multiple minimization of the convex and piecewise linear (CPL) 
criterion function Ψλ(w[n]) (21) defined on the data set Cs (3). The basis exchange 
algorithms allow to carry out such multiple minimization efficiently. 

The process of ranked models designing described here includes feature selection 
stage, which is based on the relaxed linear separability method. This method of fea-
ture selection is linked with the evaluation of prognostic models y(wλ′[n′]) (24) by 
using the cross-validation techniques. 

The linear ranked models designing has been discussed here in the context of the 
screening procedures aimed at selecting high risk patients. High risk patients should be 
possibly early detected for the purpose of special therapeutic treatment. The proposed 
solution can be applied also to other areas. For example, the bankruptcy in economy or 
the mechanical reliability problems can be analyzed and solved in a similar manner. 
The patients Oj could be replaced by sets of dynamical objects or events Ej. 

CVE 

AE 
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One of the important problems in ranked modeling could be feature decomposition 
of nonlinear family of ranked relations (9), (10) into a set of linear families. The sin-
gle linear model which does not fit well to all ranked relations should be replaced in 
this case by a family of well fitted local ranked models.   
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