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Abstract. We introduce a method for volumetric cardiac motion anal-
ysis using variational optical flow computation involving the prior with
the fractional order differentiations. The order of the differentiation of
the prior controls the continuity class of the solution. Fractional differ-
entiations is a typical tool for edge detection of images. As a sequel of
image analysis by fractional differentiation, we apply the theory of frac-
tional differentiation to a temporal image sequence analysis. Using the
fractional order differentiations, we can estimate the orders of local con-
tinuities of optical flow vectors. Therefore, we can obtain the optical flow
vector with the optimal continuity at each point.

1 Introduction

As an application of the computer vision technique to clinical biomechanical
motion analysis from volumetric image sequences, we deal with spatial optical
flow computation for the beating heart. In recent years, it is possible to mea-
sure a series of volumetric cardiac images dynamically using MRI, Cine X-ray
CT, and Ultrasonic imaging and so on. The most important physical natures of
the cardiac optical flow computation are that the motion of the beating heart
is spatial dynamics and the heart wall is deformable [1,7]. For registration of
temporal volumetric cardiac images, optical flow is a fundamental feature to
express temporal deformation. Therefore, accurate computation of optical flow
field and segmentation of optical flow fields are essential tasks for pre-processing
to temporal registration of cardiac image sequence.

The prior terms of variational optical flow and variationl image registration
control local continuity orders of small displacements in images of a spatiotempo-
ral image sequence and deformation for images from an atlas image. In this paper,
we introduce an estimation method for the optimal continuity order of local small
displacements of image sequence. The continuity order of local displacement is
computed using variational optical flow computation with the prior which in-
volves the fractional order differentiation [2,3,4,5] of the displacement field. We
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apply local continuity estimation to volumetric cardiac optical flow computa-
tion. The prior term with the first-order derivatives is a common regularizer in
optical-flow computation [8]. The prior term with the second-order derivatives, of
which the origin in mechanics goes back to Kirchhoff [10] on the elastic theory, is
a common regularizer in boundary extraction for tracking of the object-boundary
and warping [11] in computational anatomy. From the viewpoint of the order
of derivatives in the regularizers for the optical-flow computation, the Horn-
Schunck [9] and the deformable-model [6] constraints require that the solution
is a continuous twice differentiable function and a continuous four-time differen-
tiable function, respectively. The order of the differentiations in the prior controls
the continuity class of the solution. Therefore, by selecting an appropriate order
of the differentiation in the prior of variational optical flow computation, we can
estimate motion boundary and classify the continuity order of the motion field.

Total variational (TV) regularization is a successful method of optical flow com-
putation of an image sequence with discontinuity of the gray values and motion
field. TV regularization uses the total variation of optical flow field as the prior,
although the classical Horn-Schunck method [9] uses the L2 norm of the gradient
of flow field. TV regularization optical flow computation [22] derives a nonlinear
elliptic partial differential equation as the Euler-Lagrange equation of the energy
functional of the problem. The generalization of the order of differentiation in
a Horn-Schunck-type prior is another modification of the original Horn-Schunck
regularization, since this generalization yields a linear Euler-Lagrange equation
[4,5]. There are two types of generalization of the differentiations in priors; the
first one deals with higher-order differentiations, and the second one deals with
fractional order differentiations. We focus on the second type of generalization,
that is, we deal with the variational optical flow computation with a prior term
involves a fractional order differentiation of optical flow vectors.

Recently, fractional partial differential equations have been widely used in var-
ious areas of science and engineering, because fractional differential equations
describe diffusion and wave propagation in inhomogeneous media and fractal
structures [18,20]. As a sequel, we propose variational optical flow computation
involving the prior with fractional order differentiations on optical flow vec-
tors. A definition of fractional differentiation is based on the Fourier transform
of differential operations, which is easily implemented using the first Fourier
transform and the filter theory [2]. We solve the spatially fractional partial dif-
ferential equation using the Fourier transform method to compute fractional
derivatives. Since fractional differentiations1 are linear operations, the fractional
order regularization for optical flow computation [22] derives a linear fractional
order elliptic partial differential equation as the Euler-Lagrange equation of the

1 The definitions of fractional derivative are

dα

dxα
f(x) =

1

Γ (n − α)

dn

dxn

∫ t

0

(t − τ )n−α−1f(τ )dτ.

Therefore, the relations d1/2

dx1/2 x = 1√
2π

x1/2 and d1/2

dx1/2
1√
2π

x1/2 = 1 are satisfied.
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energy functional. Therefore, we can numerically solve the problem using the
same strategy that is used to solve the Horn-Schunck method.

2 Fractional Optical Variational Problem

2.1 Fractional Order Differentiations

Using the Fourier transform pair

F (ξ) =
1

(2π)3/2

∫
R3

f(x)e−i(x�ξ)dx, (1)

f(x) =
1

(2π)3/2

∫
R3

F (ξ)ei(x�ξ)dξ, (2)

for x = (x, y, z)� and ξ = (ξ, η, ζ)�, we define the operations Λ

Λf(x) =
1

(2π)3/2

∫
R3/2

|ξ|F (ξ)ei(x�ξ)dξ. (3)

We have the equality
∫
R3

|∇f |2dx =
∫
R3

|Λf |2dx, (4)

since ∫
R3

|f |2dx =
∫
R3

|F |2dξdξ. (5)

2.2 Variationl Image Analysis

For the positive integer n ≥ 1, setting the operator Dn to be

Dn+1f =

⎛
⎝∂xDnf

∂yDnf
∂zD

nf

⎞
⎠ , Df = ∇f =

⎛
⎝∂xf

∂yf
∂zf

⎞
⎠ , (6)

we define the operation

|T αf |2 =
{ |Dαf |2, if α is an integer,
|Λαf |2, otherwise. (7)

As a generalization of the Horn-Schucnk method [9] such that

H(u) =
∫
R3

{
(∇f�u + ∂tf)2 + κ(|∇u|2 + |∇v|2 + |∇w|2)} dx, (8)

we deal with the variational energy functional

Jα(u) =
∫
R3

{D(f, u)2 + κ(|T αu|2 + |T αv|2 + |T αw|2)}dx, (9)
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where κ ≥ 0 and α = n + ε where 0 < ε < 1 and n is a non-negative integer for
u = (x, y, z)�. Since Λ = Λ∗, the Euler-Lagrange equation and the associated
diffusion equation of eq. (9) are

Λ2αu +
1
κ

D(f, u)∇uD(f, u) = 0, (10)

∂τu = (−Λ2α)u − 1
κ

D(f, u)∇uD(f, u), (11)

where ∇u is the gradient with respect to u and ∂τ is the partial derivative with
respect to τ . For variational optical flow computation and variational image
registration, the first term of eq. (9) is

D(f, u) = ∇f�u + ft = fxu + fyv + fzw + ft (12)

for a spatiotemporal image sequence f(x, t) and

D(f, u) = g(x) − f(x + u) (13)

for a pair of given functions g and f , respectively. Equation (10) coincides with
the Euler-Lagrange equation of the Horn-Schunck method and the deformable-
model method for α = 1 and α = 2, respectively, if the function D(f, u) in
the first term of eq. (9) is given by eq. (12). Furthermore, for variational image
registration, we have

Λ2αu − 1
κ

(g(x) − f(x + u))∇f(x + u) = 0. (14)

Therefore, if α = 1 and α = 2, the prior term of eq. (9) is that of diffusion
registration and curvature registration, respectively [15].

2.3 Selection of Order of Prior

The solution involving the lth-order prior is

u(x, y, z) =

⎛
⎝ u

v
w

⎞
⎠ =

⎛
⎜⎝

∑l−1
i,j,k=0 aijkxiyjzk∑l−1
i,j,k=0 bijkxiyjzk∑l−1
i,j,k=0 cijkxiyjzk

⎞
⎟⎠ (15)

for nonnegative integers k, that is, the solution is locally a (k − 1)th-order poly-
nomial of x and y. This property implies that the priors involving the first- and
second-order differentiations derive a piecewise linear and affine optical flow,
respectively.

Let u(x, y, t; α) be the optical flow vector computed for fixed α. For each point
x, we select

u∗(x, y, t; α∗) = arg min
α

F (u; α, κ), α∗(x, y, t) = arg min F (u; α, κ) (16)
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where
F (u; α, κ) = D(f, u)2 + κ(|T αu|2 + |T αv|2 + |T αw|2) (17)

for a predetermined positive parameter κ as the solution vector of point x.
Equation (16) estimates the local continuity order of the optical flow vector,
that is, point x with the optical flow vector u(x, y, t; α) is the class (α − 1)
function of x. We call α∗ = α(x, t), which establishes the minimum of eq. (16),
the α-map [21] of the optical flow field (α-map in abbreviation.).

Using α-map, we construct a two-path algorithm such that

1. Let α0 and α1 be a pair of constants such that α0 < α1. Compute optical
flow for each α for α0 ≤ α ≤ α1 and construct α-map α∗(x).

2. Compute displacement field u∗∗(x) for point x as the solution of the equation

∂τu = −Λ2α∗(x)u − 1
κ

D(f, u)∇uD(f, u). (18)

3 Numerical Examples

3.1 Discretization of Equation

From eq. (11), we have semi-explicit discretizations such that

u
(l+1)
kmn − u

(l)
kmn

Δτ
= (−Λ2α)u(l)

kmn − 1
κ

D(f, u
(l+1)
kmn )∇uD(f, u

(l+1)
kmn ), (19)

u
(l+1)
kmn − u

(l)
kmn

Δτ
= (−Λ2α)u(l+1)

kmn − 1
κ

D(f, u
(l)
kmn)∇uD(f, u

(l)
kmn). (20)

3.2 Numerical Computation

We evaluate numerical performances of the fractional order derivative in the
prior for volumetric cardiac optical flow computation. Equation (19) derives the
iteration form [14]

(I +
Δτ

κ
Skmn)u(l+1)

kmn = u
(l)
kmn + Δτ (−Λ2α)u(l)

kmn − Δτ

κ
ckmn, l ≥ 0 (21)

for the numerical computation of α optical flow, where

Skmn = (∇f)kmn(∇f)�kmn, ckmn = (∂tf)kmn(∇f)kmn. (22)

The numerical Fourier transform achieves the operation (−Λ2αu)(l)kmn [2]. To use
the FFT (the Fast Fourier Transform) with the Neumann condition ∂u

∂n = 0, the
function f(x, y, z) defined in 0 ≤ x, y,≤ L is expanded by using the relations

f(L+x, L+y, L+ z) = f(L−x, L−y, L− z), f(x, y, z) = (x+2mL, y +2nL, z +2nL)
(23)
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for integers k, m, and n. Setting the discrete differentiations to be

Dxf(x, y, z) =
1
h

f(x +
1
2
h, y, z)− f(x − 1

2
h, y, z),

Dyf(x, y, z) =
1
h

f(x, y +
1
2
h, z)− f(x, y − 1

2
h, z), (24)

Dzf(x, y, z) =
1
h

f(x, y, z +
1
2
h) − f(x, y, z − 1

2
h)

for unit sampling step h, the Fourier transform of Δf(x, y, z) is

FT {Δf(x, y)} = − 4
h2

(
sin2 h

2
ξ + 4 sin2 h

2
η + +4 sin2 h

2
η

)
F (ξ, η, ζ), (25)

where FTf expresses the Fourier transform of f , since

FT {Dxf(x, y, z)} =
2
h

i sin
h

2
ξF (ξ, η, ζ),

FT {Dyf(x, y, z)} =
2
h

i sin
h

2
ηF (ξ, η, ζ), (26)

FT {Dzf(x, y, z)} =
2
h

i sin
h

2
ζF (ξ, η, ζ).

Therefore, we obtain the relation

(−Δ)αfijr = IDFT

{(
4 sin2 h

2
k + 4 sin2 h

2
m + 4 sin2 h

2
n

)α}
Fkmn (27)

for discrete images fij and its discrete Fourier transform Fmn, where IDFT
expresses the inverse discrete Fourier transform.

3.3 Numerical Results

Figure 1 shows three-dimensional slices on the coronal, transverse, and sagittal
planes. From left to right, Fig. 1 shows the three views of the original images,
the flow fields computed by the Horn-Schunck method, and the flow fields com-
puted by the deformable model. The three-dimensional flow field vector of each
point is projected onto the plane, and the projected two-dimensional flow vec-
tor is expressed in the Middlebury Color Chart expression of vector field, which
expresses directions and lengths of two dimensional vectors.

Since the Horn-Schunck and deformable model methods yield the piecewise
constant flow field and piecewise affine flow field, respectively, the computational
results by the former and latter methods are an over-smoothed field and the field
shaped on the curved boundary, respectively.

Figure 2 shows α-map α∗(x), the optical flow field u∗(x, α∗) which minimizes
F (u, α; κ), and the solution of the two-path algorithm u∗∗ from left to right.
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Fig. 1. Three-dimensional optical flow fields. From left to right images flow fields com-
puted by the Horn-Schunck method, the deformable-model method, on the coronal,
transverse, and sagittal planes.

Fig. 2. Boundary surfaces on coronal, transverse, and sagittal planes. From left to
right, color chart expression of optical flow field, norm of optical flow field, and the
boundary surface line of the image. The boundary surface φ(x, y, z) = 0 is extracted by
a 3D version of Krueger’s method [24]. φ(x, y, 0) = 0, φ(x, 0, z) = 0, and φ(0, y, z) = 0
are illustrated.

Comparing with the boundary curves on planes,2 our method clearly extracts
the motion boundary. The result u∗∗ is computed using the iteration

(I +
Δτ

κ
Skmn)u(l+1)

kmn = u
(l)
kmn + Δτ (−Λ2αkmn)u(l)

kmn − Δτ

κ
ckmn, l ≥ 0, (28)

where αmn is estimated as

αkmn = min arg{(∇f�u + ∂tf)2 + κ(|T αu|2 + |T αv|2 + |T αw|2)} (29)

2 Setting fG to be the convolution of the Gaussian with an appropriate variance and
f , the segment boundary is the collection of points which satisfy ∇f�

G HG∇fG = 0
where HG is the Hessian of f . For the boundary surface φ(x, y, z) = 0, the boundary
curves on the coronal, transverse, and sagittal planes are φ(x, y, 0) = 0, φ(x, 0, z) = 0,
and φ(0, y, z) = 0, respectively.
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(a) Color
chart

(b) α = 1.0 (c) α = 1.1 (d) α = 1.2

(e) Ground truth (f) α = 1.5 (g) α = 1.8 (h) α = 2.0

Fig. 3. Computational results for λ = max |f |. Results for α =
1.0, 1.1, 1.2, 1.5, 1.8, and2.0.

in the first step of the algorithm. These results show that the solution of the two-
path algorithm detects the motion discontinuity caused on the motion boundary
using the operation Λα∗(x).

Since we have no ground truth for the heart image sequence, we show the
performance evaluation of the boundary detection using a two-dimensional image
sequence with the ground truth.

Figure 3 shows the effect of the fractional order derivatives in the prior of the
Horn-Schunck method. For 1 ≤ α ≤ 2, the method clearly detects the motion
boundary.

Figures 4(d) and (h) are the results obtained by our method using the α-
maps in Figs. 4(b) and (f). Setting uT to be the ground truth fields, αtrue is
computed as

αtrue = min arg{(∇f�uT + ∂tf)2 + κ(|T αu|2 + |T αv|2 + |T αw|2)}. (30)

Figures 4(b) and (f) show that the values of α-map on the motion boundaries
are large, since for the description of motion fields on the motion boundaries, we
are required to use higher order terms of eq. (15).

For the two-pass method, the results of the Horn-Schunck method are used
as the initial estimation of the iteration algorithm. Figures 4(d) and (h) show
that the boundaries of the sphere and blocks on the images are sharply ex-
tracted, since on the boundary, both the gray value of the image and the optical
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(a) Ground
Truth

(b) Horn-
Schunck

(c) α-map, κ =
1.0

(d) Tow-pass
result

(e) Ground
Truth

(f) Horn-
Schunck

(g) α-map, κ =
1.0

(h) Tow-pass re-
sult

Fig. 4. Results: Rotating sphere and New marbled block. From left to right, motion
field, α-map, the results of Horn-Schunck method, and results of the two-pass method.
For the two-pass method, the results of the Horn-Schunck method are used as the
initial estimation of the iteration algorithm.

flow process discontinuity in the gray-value topography and motion field, respec-
tively. For both examples, the motion discontinuity on the segment boundaries
is extracted by the fractional order optical flow.

3.4 Discussion

Setting {xk = (xk, yk, zk)�}n
k=1 and {tk}n

k=1 to be sets of sample points and
sample values, respectively, the minimization of

J(f) =
n∑

k=1

(f(xk) − tk)2 + κ

∫
Ω

|Λαf |2dx (31)

where Ω is the define domain of the function f(x), is a generalization [25] of
the variational then-plate spline approximation. Here, the order α controls the
continuity orders of the reconstructed function f(x). We applied this property
for the computation of volumetric cardiac optical flow field [6,7,1,25].

The result in Fig. 3 shows the flow fields which minimize

D(u) =
∫
R2

(∇f�u + ft)2dxdy + κE2(u)

E2(u) =
∫ ∫

R2
(|D2u|2 + |D2v|2 + |D2w|)dxdy, (32)
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where
D2f = (fxx, fxy, fxz, fxy, fyy, fyz, fzx, fzy, fzz)�. (33)

From the results in Figs 4 and 3, we observe the following properties on the
boundary motion.

Observation 1. If the motion of points in the neighborhood of the boundary is
locally stationary, for instance, the motion is pure translation in a region, the
projection of the ridge boundary moves elastically on the image. Therefore, the
prior (regularizer) E2(u) of eq. (32) is suitable to detect the moving boundary.

Observation 2. If the motion of points in the neighborhood of the boundary
on the image is nonstationary because of motion delay in the neighborhood, for
instance, the delay in the global translation caused by local rotation, the projec-
tion of the ridge boundary moves viscoelastically on the image. Motion delay is
expressed as a phase delay of the propagation of motion front. Therefore, the
prior (regularizer)

V (u) =
∫ ∫

R3
(|Λn+εu|2 + |Λn+εv|2 + |Λn+εw|2)dxdy (34)

for 0 < ε < 1 is suitable to detect moving boundary.

For α = n+ ε such that 0 < ε < 1, the fractional order Laplacian is decomposed
into the harmonic operation (−Δ) and fractional Laplacian Λ2ε = (−Δ)ε. This
decomposition can be read that Λ2αf is achieved by applying the harmonic
operation (−Δ)n to g = (−Δ)εf , which is achieved by convolution between
the function f and the Riesz potential [23]. Numerical filtering of the operation
(−Δ)ε derived in eq.(27) possesses a smoothing effect to the optical flow field u(l)

in each step of iteration. Therefore, our numerical scheme generates a smoothed
optical flow before applying the harmonic operation. This presmoothing property
of the numerical scheme yields a better performance for α = n + ε such that
0 < ε < 1.

Our method estimates the continuity order of the optical flow field. Further-
more, as shown in the results, our method also extracts a higher order opti-
cal flow if the gray-value distribution of an image is discontinuous. The results
mathematically provide a method to estimate the local continuity order of the
optical flow field, and theoretically shows that for motion boundary extraction
and tracking, the prior with higher order differentiation is preferable. For the
tracking of the image of an elastic boundary of a ridged object in space, the order
of the differentiation is two. If the optimal order of the points is between 1 and
2, the points are viscoelastically moving [16,17] on an image. The results lead to
the conclusion that using the local continuity order, it is possible to extract the
motion boundary and separate moving segments from the background.

4 Concluding Remarks

The order of differentiation in the prior decides the continuity order of the op-
tical flow field. Therefore, our results show that orders between one and two
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are preferable to detect discontinuity optical flow vectors, which appear on the
motion boundary. Although TV regularization [12,13] accurately and stably com-
putes an optical flow field and extracts moving segments from the background,
the operation is nonlinear. The results leads to the conclusion that using the lo-
cal continuity order, it is possible to extract the motion boundary and separate
moving segments from the background.

This research was supported by “Computational anatomy for computer-aided
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