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Abstract. The registration of 3D vasculature to 2D projections is the
key for providing advanced systems for image-based navigation and guid-
ance. In areas with non-rigid patient motion, however, it is very difficult
to accurately perform the registration if only one 2D view is available.

We propose a method for deformable registration of a 3D vascu-
lar model extracted from an angiographic scan to a single 2D Digi-
tally Subtracted Angiogram (DSA). Different to existing approaches,
our method does not require a segmentation of 2D vasculature. In con-
sequence, our method can be used without manual interaction during
medical treatment.

Formulated as an energy minimization problem, our approach com-
bines a novel data term with the length regularization proposed in [1]
which removes the ill-posedness of this monocular scenario. Besides at-
tracting projected 3D centerline points to locations with high vessel
probability the proposed data term ensures an injective projection of
the centerline points.

Due to our novel image-based data term, we achieve a considerable
gain in performance compared to feature-based approaches.

Accuracy, robustness to outliers, as well as performance issues are
analyzed through tests on synthetic and real data within a controlled
environment.

1 Introduction

Image-based guidance on angiographic images has become a standard technique
in modern hospitals. Needles, catheters, guide wires, or other instruments are
injected into the patient vessel system and their progression is usually monitored
by 2D angiography and fluoroscopy. Most procedures are carried out with a
mono-plane device, which produces 2D images from one view only. Efforts have
been made to bring 3D angiographic scans into the 2D guidance process in order
to constantly provide spatial details on vasculature [2,3].

One of the main obstacles to be overcome here is an accurate 2D-3D regis-
tration of vessel images. Only then, a correct fusion of the available information
can create a benefit in terms of depth perception or augmentation. Especially in
abdominal or cardiac procedures, vessels are subject to non-rigid motion, which
has to be considered by the registration process.
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While rigid 2D-3D vessel registration has been addressed extensively in the
literature [4,5,6,7], deformable registration is mostly tackled only if multi-plane
X-ray devices are available [8,9,10]. For a single view scenario, a method has
been proposed recently, which aligns centerline features of 3D vasculature by
minimizing the Euclidean distance of projected centerline points to their near-
est 2D pendants [1]. The data term alone cannot solve for displacements in
projection direction. By adding a length preservation together with a smoothing
regularization term this issue is met and the registration is driven to the accurate
solution.

This approach successfully recovers a non-rigid transformation from only one
view, but requires an extraction of centerline features in 3D and in 2D. Due
to a uniform contrast propagation, the 3D extraction can be carried out with
quite simple processing methods; 2D angiograms, however, include regions with
inhomogeneous contrast distribution and vessel overlays, which may lead to er-
roneous results when creating a vascular model. Moreover, such extraction tech-
niques often require a certain amount of user interaction, which is undesired
during medical procedures.

We address this issue by proposing a method which registers a 3D vascular
model to a vessel image, e.g. a DSA, without any prior geometric extraction step
in 2D. To this end, we define a circular region around each projected centerline
point in which intensities of the 2D image are accumulated. The region is for-
malized using a level set function, which inherently penalizes solutions where
multiple regions project onto the same part of the image. The accumulated in-
tensities, together with a length preservation in 3D, define an energy, whose
optimization attracts projected centerline points towards 2D vessel centers. In
order to keep our computed transformations smooth we regularize the updates
of a gradient descent scheme using approximating thin-plate splines [11,12].

Tests on synthetic examples and a comparison with the feature-based ap-
proach from [1] show the high accuracy as well as the improved runtime of our
approach. Additional to the synthetic data, we conduct an experiment with pa-
tient data, where two 3D data sets are available, one preoperative Computed
Tomography Angiogram (CTA) and an intraoperative 3D reconstruction.

2 Method

Our method optimizes an energy, which is defined on a vascular model extracted
from a 3D angiographic scan, a 2D image where noise is reduced and tubular
structures are enhanced, and a projection function, which relates each 3D point
to a corresponding 2D point in the image plane.

In order to create the vascular model consisting of centerline points and their
associated radii, a region growing algorithm is applied to the 3D data. Due to
uniform contrast propagation, this basic method yields a good segmentation
result, which is used to compute centerline points (via a topological thinning
algorithm) and associated radii (via a Euclidean distance transformation), see
Fig. 1.
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Fig. 1. From left to right: 3D input volume showing liver arteries and spine; 3D vascular
model, where centerline points and radii are extracted from the input volume; 2D DSA
of the same patient; 2D DSA with enhanced tubular structures

For noise reduction and vessel enhancement of the 2D DSA we use a filter
which enhances tubular structures in a multi-scale approach [13]. This is accom-
plished by a pixel-wise comparison of the gradient vector and the eigenvector
of the Hessian associated to the larger eigenvalue at a distance equal to the ex-
pected radius of the vessel. The more parallel the two vectors, the higher the
response of the filter, compare Fig. 1.

The projection parameters are assumed to be given by the device. This is
achieved either by machine-based geometric calibration [2], or by a rigid regis-
tration step [6], which is carried out prior to the deformable registration.

2.1 Energy Formulation

Let {Xi} be the set of n centerline points in 3D. Each centerline point Xi has
an associated vessel radius Ri. We denote our vascular model with the tuples
{(Xi, Ri)}. For each Xi we define a displacement vector ϕi and a displaced
location Yi = Xi + ϕi. The vector including all entries of the displacement
vectors ϕi is denoted by ϕ.

Now we want to find the displacement ϕ′ minimizing the following energy:

ϕ′ = arg min
ϕ

EE + αEI , (1)

where EE defines the external energy, and EI represents the internal (regulariz-
ing) energy. The weighting parameter α controls the impact of the regularization.

External Energy. Let p : R
3 → R

2 be a perspective projection function. We
denote projected centerline points by xi = p(Xi) and their projected radii by
ri = ||p(Xi) − p(Xi + RiV)||, where V is a 3D unit vector parallel to the image
plane in device coordinates1.

We want to encourage each 3D centerline point Xi to project onto the center
of a 2D vessel. As centerline points correspond to high values in the enhanced
1 The device coordinate system has its origin in the center of projection, spans the

x-y-plane parallel to the image plane and the z-axis points towards the image plane.
If p is described by a projection matrix P = K[R|t] ∈ R

3×4, world coordinates are
transformed to device coordinates by applying rotation R and translation t.
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Fig. 2. illustration of the selection term of Eq. (7)

2D image If : Ω ⊆ R
2 → R (Fig. 1) the following data term seems to be a

reasonable choice:

̂EE(ϕ) = −
n

∑

i=1

∫

Di

If (x) dx, (2)

where Di = D(p(Xi +ϕi), ri) denotes the disk with radius ri centered at the ith
projected centerline point. In order to obtain a formulation where the integration
domain is independent of ϕi and ri we rewrite ̂EE in terms of level set functions:

̂EE(ϕ) = −
n

∑

i=1

∫

Ω

If (x) · H(φi(x)) dx, (3)

where
φi(x) = ri − ‖x − p(Xi + ϕi)‖ (4)

is a level set function whose zero level set is the boundary of the disk Di and

H(x) =

{

0, x ≤ 0,

1, x > 0,
(5)

denotes the Heaviside function. Unfortunately ̂EE does not prevent all centerline
points from being projected onto the same point in 2D, because the area of the
projected disks

∑

i

∫

Ω
H(φi) is always constant regardless of the position of the

projected points p(Xi + ϕi). Consequently an overlap of the disks Di is not
penalized by ̂EE . In order to resolve this issue we define the level set function

Φ(x, ϕ) = 0.5 −
n

∑

i=1

H(φi(x)). (6)

Now the area
∫

Ω 1 − H(Φ) defined by Φ shrinks when the projected disks Di

overlap as depicted in Fig. 2. Thus an improved data term is given by

EE(ϕ) = −
∫

Ω

If (x) · (1 − H(Φ(x, ϕ))) dx. (7)
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Internal Energy. Similar to [1] we add a length preservation term to induce
transformations in projection direction. To each centerline point Xi we define a
squared distance to left and right centerline neighbors, denoted by d(Xi,Xi±1).
EI is then given by the relative change in length after deformation

EI =
1
n

n
∑

i=1

[

d(Xi,Xi±1) − d(Yi,Yi±1)
d(Xi,Xi±1)

]2

, (8)

where Yi = Xi+ϕ as defined above. To impose transformation smoothness, there
are two approaches that can be followed in general. Either a penalizing term is
added to the internal energy, or a regularizing operator is directly applied to
the updates that are computed in the optimization procedure [12]. We choose
the second approach, and realize it by computing an approximating thin-plate
spline (TPS) from the displacement updates in each iteration. The displacements
are then smoothed by recalculating their values from the TPS. By choosing the
TPS basis function U(r) = −|r| we minimize the second derivatives of the 3D
displacement field [14].

2.2 Optimization

We employ two different gradient-based optimization methods. One is a steepest
descent approach, the second is a BFGS optimization [15], which usually yields
faster convergence.

The first derivative of EE with respect to parameters ϕk is given by

∂EE

∂ϕk
= −

∫

Ω

If (x)δ(Φ(x, ϕ))δ(rk − ||x − p(Yk)||) (x − p(Yk))�

||x − p(Yk)|| J(Yk) dx, (9)

where J(Yk) ∈ R
2×3 is the Jacobian of the projection function p evaluated at

Yk, and δ is the Dirac delta-function.
The first derivative of EI with respect to parameters ϕk is given by

∂EI

∂ϕk
= − 8

n
[κ−

k (Yk − Yk−1) + κ+
k (Yk − Yk+1)], (10)

where κ±
k = (d(Xk,Xk±1) − d(Yi,Yk±1))/d(Xi,Xk±1) [1].

The gradients of external and internal energy are normalized such that the
gradient of ϕj , which has the highest magnitude is normalized to one:

∂

∂ϕk
EE/ max

j=1...n
|| ∂

∂ϕj
EE || , and

∂

∂ϕk
EI/ max

j=1...n
|| ∂

∂ϕj
EI ||. (11)

With this, we ensure normalization throughout different units (EE is computed
on image intensities in 2D space, EI is computed in 3D space), which makes a
combination of the two energy terms more tractable. Given the partial deriva-
tives, our registration algorithm can be summarized in Algorithm 1.
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Algorithm 1 Monocular Deformable 2D-3D Registration
INPUT: Given a vascular model {(Xi, Ri)}, i = 1, . . . , n, an enhanced image I, and a
projection function p
OUTPUT: A transformation ϕ

1: ϕ0 = 0
2: repeat
3: compute gradients ∇E = ∇EE + α∇EI using Eqs. (9), (10), and (11)
4: compute update Δϕ using gradient direction
5: compute TPS warp W given {Xi},{Xi + Δϕi}, i = 1, . . . , n and a smoothing

parameter λ
6: smooth displacement update using warp: Δϕ̃ = W(Xi) − Xi

7: ϕt+1 = ϕt + Δϕ̃
8: until convergence

2.3 Implementation

In our implementation we use smeared-out versions of Heaviside and Dirac delta-
function as described in [16], i.e.

H(x) =

⎧

⎪

⎨

⎪

⎩

0, x < −ε,
1
2 + x

2ε + 1
2π sin

(

πx
ε

)

, −ε ≥ x ≥ ε,

1, ε < x,

(12)

and

δ(x) =

{

1
2ε + 1

2ε cos
(

πx
ε

)

, |x| ≤ ε,

0, |x| > ε.
(13)

In Eqs. (12) and (13) ε is set to 1.5 [16]. We follow the description of the
BFGS optimization procedure from [15]. For increasing the capture range of
our algorithm we use an image pyramid, which is traversed during optimiza-
tion. For each pyramid level we update the projection matrix by multiplying
D = diag(0.5, 0.5, 1) ∈ R

3×3 from the left. Instead of evaluating the gradient
at every pixel in the image domain, we use a narrow band technique, whose
boundaries are given by the radii around each projected centerline point.

3 Evaluation

We evaluate our algorithm through tests on synthetic and real data. Artificial
data is created such that contains a deformation component in projection direc-
tion. We analyze two error measures. The first is the mean Euclidean distance to
a ground truth vascular model in 3D. The second error is the deviation from an-
gles defined between vectors to neighboring points in the vascular model. Again,
the deviation from the ground truth values is computed. Finally, we compare
our method to the feature-based approach [1] in terms of accuracy and runtime.
Runtime is evaluated on an Intel Core2Duo 2.6GHz machine. We were kindly
provided with data and code by the authors of [1].
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Fig. 3. Two synthetic data sets, denoted S2 and S3 in table 1. The white spheres
represent the input vascular model, the gray spheres show the deformed input model
(the ground truth) from which the projection image has been generated. The lower
right sub-images visualize the enhanced projection images, where dark gray disks are
drawn at all projected centerline points at the beginning of the registration.

In all our experiments the input 2D image is enhanced as described in Sec.
2. This fully automatic filter takes approximately 3 sec on an image of size
1024 × 1024 pixels. The parameter α, which controls the length preservation
term, is set between 0.5 and 2.0, the smoothing parameter λ (see Algorithm 1)
is set to 10.0. We use 5 pyramid levels in all our experiments with a downsampling
factor of 2.

3.1 Tests on Synthetic Data

Synthetic test data is created from an artificial vascular model, which is deformed
in a length-preserving manner. Moreover, the deformation is chosen such that
its major part occurs orthogonal to the image plane, see Fig. 3.

From this deformed model we compute a 2D projection using projection pa-
rameters from a calibrated C-arm device. The projected vascular model {(xi, ri)}
is used to compute an artificial DSA image in the following way. We first use a
background image, which contains noise and collimator masks similar to a real
DSA. Then, we draw disks at each xi with radius ri. Intensities of disk pixels
xd are assigned proportional to the radius ri:

I(xd) = c − 1
2ri

, (14)

where c is an intensity constant, which represents the maximal value a contrasted
vessel should have. This way we assure higher intensities at thin vessels and lower
intensities at thicker vessels, which stems from the observation that X-rays get
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Fig. 4. A synthetic DSA created from the vasculature of an intraoperative CBR. The
background image has been generated from two X-ray projections of the same patient.
The right image shows the DSA after tubular structure enhancement. Note that, due
to the background image, artifacts remain, which are similar to the ones in real DSA
images.

more attenuated the more contrast agent they traverse, i.e. the thicker the vessel
structure. Thereafter the intensities are smoothed using an averaging filter and
Gaussian noise (with a standard deviation of 5% of the intensity range) is added.

We test three synthetic vascular models with increasing complexity and defor-
mation, see Fig. 3. We compute Euclidean errors, angle errors, and runtime for
our technique and for the feature-based approach. Input for the feature-based
approach are the 2 vascular models {(Xi, Ri)}, {(xi, ri)}, and the projection
function p. Table 1 illustrates errors with relative improvement compared to the
initial situation as well as algorithm runtime in seconds.

3.2 Tests on Real Data

For the experiment similar to a clinical scenario we use two 3D data sets, a CTA,
which has been acquired before an abdominal intervention, and a 3D CBR, which
has been acquired with a C-arm during the intervention while a catheter was
inserted. Both data sets visualize liver arteries of the same patient, which are
extracted as described above to create two vascular models, {(XCTA

i , RCTA
i )}

and {(XCBR
i , RCBR

i )}. In a first step the two models are rigidly registered using
a closed-form least-squares method [17] on manually assigned bifurcation cor-
respondences. Then, more correspondences are manually assigned to compute
a reference deformation via an interpolating TPS. The vascular model, which
is extracted from the CBR, is projected using a calibrated projection matrix
from the intraoperative C-arm. The projection matrix is chosen in anteroposte-
rior position, which is a typical pose for the acquisition of DSA images during
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Table 1. The first 6 rows show results on synthetic, the 2 lower rows on real data sets.
Data with ’M2I’ suffix show values for the proposed method, data with ’M2M’ suffix
show comparison values of the feature-based approach [1]. The second column shows
the number of centerline points included in the 3D vascular model. The remaining
rows show values for Euclidean and Angle error together with a relative improvement
compared to the initial error as well as runtime (Intel Core2Duo 2.6GHz) results.

Data |{Xi}| Euclidean error [mm] Angle error [rad] Runtime [sec]

S1-M2I 22 0.24 (77.7%) 0.04 (75.6%) 0.39

S1-M2M 22 0.31 (72.1%) 0.02 (85.5%) 2.67

S2-M2I 23 0.43 (68.0%) 0.07 (78.4%) 0.43

S2-M2M 23 0.40 (70.8%) 0.04 (88.7%) 3.27

S3-M2I 59 1.04 (26.7%) 0.34 ( 2.5%) 4.01

S3-M2M 59 0.86 (39.3%) 0.32 ( 6.7%) 17.90

R1-M2I 318 9.13 (16.3%) 0.22 (-0.2%) 184.1

R1-M2M 318 11.67 (-6.9%) 0.23 (-4.1%) 679.3

abdominal procedures. A synthetic DSA image is created from the projected
vascular model as described above. Here, we obtain the background image by
subtracting two high-dose X-ray images of the same patient, see Fig. 4. Again,
tests were conducted using the proposed method and using the feature-based
approach whose results are summarized in table 1.

Our experiments show that the new algorithm can cope with different defor-
mations and has an accuracy similar to the feature-based approach. Moreover,
when applied to the real data set, we improve the error by 16.3%, whereas the
feature-based approach yields results worse than the initial situation. Please note
that our algorithm decreases the runtime by a factor between 3 and 6 compared
to the feature-based algorithm.

4 Conclusion

In this paper we propose a new method for deformable 2D-3D registration of
vascular structures in a one-view scenario. Due to the combination of our novel
image-based external energy term and a length preservation in 3D we create
a well-posed problem, which can be solved via gradient descent optimization.
Different to existing methods for 2D-3D non-rigid vascular registration, we define
our energy on the image intensities, which both decreases runtime and increases
ease of use. At the same time, we preserve accuracy as well as capture range due
to a pyramidal implementation.

It should be noted that some approximative assumptions are made in our
method. First, 3D centerlines are not projectively invariant, i.e. if registered, 3D
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centerlines do not necessarily project onto centerlines extracted in 2D. Only if
the center of the 3D vessel intersects with the principal ray2, projected and 2D
centerline would overlap. The same applies to the projection of radii as mentioned
in Sec. 2.1: in general, the perspective projection of a ball is a conic, only in the
aforementioned special case it becomes a disk. These two issues, however, are
marginal since angiographic devices have a focal length, which is much larger
than the extents of a volumetric data set. In such scenarios, the error which is
introduced can be neglected. Finally, we leave the projected radius ri constant
throughout the optimization. When a centerline point is displaced the projection
of its associated radius will also change, which consequently changes the size of
the disks Di, see Eq. (2). We also neglect this issue using the same argument as
above.

Encouraged by the promising results we intend to run more extensive tests on
real data, not only on abdominal but also on heart anatomy, where deformation
is increased due to immanent heart beat.
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