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Abstract. Bounded-Degree Vertex Deletion is a fundamental problem
in graph theory that has new applications in computational biology. In
this paper, we address a special case of Bounded-Degree Vertex Deletion,
the Co-Path/Cycle Packing problem, which asks to delete as few ver-
tices as possible such that the graph of the remaining (residual) vertices
is composed of disjoint paths and simple cycles. The problem falls into
the well-known class of ’node-deletion problems with hereditary prop-
erties’, is hence NP-complete and unlikely to admit a polynomial time
approximation algorithm with approximation factor smaller than 2. In
the framework of parameterized complexity, we present a kernelization
algorithm that produces a kernel with at most 37k vertices, improving on
the super-linear kernel of Fellows et al.’s general theorem for Bounded-
Degree Vertex Deletion. Using this kernel, and the method of bounded
search trees, we devise an FPT algorithm that runs in time O∗(3.24k).
On the negative side, we show that the problem is APX-hard and unlikely
to have a kernel smaller than 2k by a reduction from Vertex Cover.

1 Introduction

In computational biology, a fundamental problem is to build up phylogenetic
networks (trees) for various species, some of which are possibly extinct. A basic
problem along this line is to construct ancestral genomes from the genomes of
currently living species. Recently, Chauve and Tannier proposed the use of PQ-
trees, where each leave represents a gene marker, to represent possible ancestral
genomes [3]. This approach raises a natural question: given two PQ-trees over
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the same set of markers, how do we compare their similarity? For example, do
they generate the same sequence?

In [9], the above problem is shown to be NP-complete. A natural extension of
the problem is to delete the minimum number of common markers so that the
two resulting PQ-trees can generate the same sequence. Modeling the markers
in the PQ-trees as a hyper-graph, this is exactly the problem of deleting the
minimum number of markers so that the resulting graph is composed of a set of
paths; and, when circular genomes are allowed (as in [13]), a set of paths and
cycles. We call this the Co-Path/Cycle Packing problem.

This problem belongs to the family of problems concerned with deleting a
minimum number of vertices to obtain a graph belonging to a hereditary class of
graphs (the well-known Vertex Cover problem is another example) [11]. A general
polynomial time 2-approximation algorithm is known for this family of problems
[5], and therefore Co-Path/Cycle Packing can be approximated within a factor
of 2 in polynomial time. By a reduction from Vertex Cover, we show that an α-
approximation algorithm for Co-Path/Cycle Packing yields an α-approximation
algorithm for Vertex Cover. By the recent results of Khot and Regev [10], it
follows that Co-Path/Cycle Packing does not admit a polynomial time approx-
imation algorithm with performance factor 2 − ε, unless the Unique Games
Conjecture fails.

In the parameterized framework, Fellows et al. recently considered the
Bounded-Degree Vertex Deletion (d-BDD) problem, that of deleting the min-
imum number k of vertices (the parameter) so that the resulting graph has
maximum degree d [6]. When d = 0, this is the Vertex Cover problem; 2-BDD is
exactly our Co-Path/Cycle Packing problem. Fellows et al. presented a general-
ized Nemhauser-Trotter Theorem that implies that the d-BDD problem admits
a kernel with a linear number of vertices for d ≤ 1 and that d-BDD admits an
O(k1+ε) kernel for d ≥ 2 [6]. (We comment that in the conference version of
their paper, the claimed linear kernel bound for all d was not correct; the result
described is in the journal version.)

Here we present a 37k kernel for Co-Path/Cycle Packing. This is the first ver-
tex linear kernel 2-BDD problem. Our approach here is similar to that of Fellows
et al. Roughly speaking, using the fact that a path/cycle packing cannot contain
any 3-star, we compute a proper maximal 3-star packing in the input graph and
use them to compute a triple crown decomposition, and subsequently obtain the
linear kernel. Using the 37k vertex kernel, we describe an FPT algorithm that
runs in time O∗(3.24k), based on a bounded search tree approach.

This paper is organized as follows. In Section 2, we give some definitions.
In Section 3, we show the kernelization algorithm and prove the lower bound.
In Section 4, we present the bounded search tree algorithm. In Section 5, we
conclude the paper with several open questions.

2 Preliminaries

We begin this section with some basic definitions and notations of graph theory.
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Given an undirected graph G = (V, E), for a vertex subset S ⊆ V , let G[S] be
the subgraph induced by S and G−S = G[V/S]. Similarly, for an edge set P ⊆ E,
G−P = (V, E−P ). The neighborhood of a vertex v and a vertex set S is denoted
as N(v) = {u ∈ V |{u, v} ∈ E} and N(S) = {u ∈ V − S|v ∈ S, {u, v} ∈ E},
respectively. N [S] = N(S) ∪ S. d(v) = |N(v)| is the degree of a vertex v. The
graph K1,s = ({u, v1, . . . , vs}, {(u, v1), . . . , (u, vs)}) is called an s-star. u is the
center and vi’s are the leaves. An s-star packing is a collection of vertex-disjoint
s-stars. A path/cycle packing for an undirected graph G = (V, E) is a vertex set
whose induced subgraph is composed of disjoint paths and simple cycles. (An
isolated vertex is also considered as a path, of length zero.) For convenience, we
also call the corresponding subgraph path/cycle set. A co- path/cycle packing for
an undirected graph G = (V, E) is a vertex set whose deletion results in a graph
which is a path/cycle set. We now make the following formal definition for the
problem involved in this paper.
Minimum Co-Path/Cycle Packing:
Input: An undirected graph G = (V, E), integer k.
Question: Does there exist a vertex set S ⊆ V of size at most k such that the
induced subgraph G − S is a path/cycle set?

We now present some definitions regarding FPT algorithms. Given a parame-
terized problem instance (I,k), an FPT (Fixed-Parameter Tractable) algorithm
solves the problem in O(f(k)nc) time (often simplified as O∗(f(k))), where f is
a function of k only, n is the input size and c is some fixed constant (i.e., not
depending on k or n). A useful technique in parameterized algorithmics is to
provide polynomial time executable data-reduction rules that lead to a problem
kernel. A data-reduction rule replaces (I,k) by an instance (I ′,k′) in polynomial
time such that: (1) |I ′| ≤ |I|, k′ ≤ k, and (2) (I,k) is a Yes-instance if and only
if (I ′,k′) is a Yes-instance. A set of polynomial-time data-reduction rules for a
problem are applied to an instance of the problem to achieve a reduced instance
termed the kernel. A parameterized problem is FPT if and only if there is a poly-
nomial time algorithm applying data-reduction rules that reduce any instance
of the problem to a kernelized instance of size g(k). More about parameterized
complexity can be found in the monographs [4,7,12].

3 A Linear Kernel

In this section, we describe a polynomial time data-reduction rule and show that
it yields a kernel having at most 37k vertices for the Co-Path/Cycle Packing prob-
lem, improving the super-linear kernel for 2-BDD problem by Fellows et al. [6].

As a common trick in data reduction, we remove vertices of high degree and
remove useless vertices connecting vertices of degree at most two. The corre-
sponding rules are summarized in the following lemmas.

Lemma 1. Let G be a graph such that there exists v ∈ V with d(v) > k+2, then
G has a k-co-path/cycle packing iff G − v has a (k − 1)-co-path/cycle packing.
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Lemma 2. Let G be a graph such that there exists an edge e = (u, v) and
d(u) = d(v) ≤ 2, then G has a minimum co-path/cycle packing that does not
contain u and v.

Proof. W.l.o.g., we only consider the case when u is in some minimum co-
path/cycle packing. Assume that W is a minimum co-path/cycle packing with
u ∈ W , then G − W contains a path ending at v and a path containing x (the
other neighbor of u). We can construct another co-path/cycle packing W ′ from
W by replacing u with x. Symmetrically, we just add e at the end of some path
in G − W . Therefore, W ′ is a minimum co-path/cycle packing. ��
Lemma 3. Let G be a graph such that there exists a path P=〈v1, v2, . . . , vt〉
where t ≥ 3, and d(vi) ≤ 2 for all 1 ≤ i ≤ t. Let Z denote the vertex set in the
middle of the path, i.e., Z = {v2, v3, ..., vt−1}, and let G′ be the graph constructed
by adding a new edge e = (v1, vt) to G−M , then G has a k-co-path/cycle packing
iff G′ has a k-co-path/cycle packing.

Proof. The ‘only if’ part is trivially true, so we will focus on the ‘if’ part. Fol-
lowing Lemma 2, there is a k-co-path/cycle packing W in G′ which does not
contain v1 and vt. So we will not create any vertex with degree more than two
in G − W by inserting the vertices in Z between v1 and vt. ��
Lemma 3 basically implies that we can contract a vertex of degree at most two
to either one of its neighbors, as long as its neighbors also have degrees at most
two. From now on, we assume that an input graph is already preprocessed by
Lemma 3.

We next review a famous structure in parameterized complexity, the crown
decomposition, which was used to obtain a small kernel for Vertex Cover [1,2].

Definition 1. A crown decomposition (H ,C,R) in a graph G = (V, E) is a
partition of V into three sets H , C and R which have the following properties:

(1) H (the head) is a separator in G such that there are no edges between the
vertices in C and the vertices in R.

(2) C = Cu ∪ Cm (the crown) is an independent set in G.
(3) |Cm| = |H |, and there is a perfect matching between Cm and H .

We modify and generalize the crown decomposition to handle our particular
problem. The variation is called triple crown decomposition, where each vertex
in H has three vertices in C matched to it. We elaborate the details as follows.

Definition 2. A triple crown decomposition (H ,C,L,R) in a graph G = (V, E)
is a partition of the vertices in V into four sets H ,C,L and R which have the
following properties:

(1) H (the head) is a separator in G such that there are no edges between the
vertices in C and the vertices in R.

(2) L = N(C)/H (the neighbor), G[L ∪ C] is a path/cycle set, and
|N(l) ∩ (R ∪ C)| ≤ 2 for all l ∈ L.

(3) C = Cu ∪ Cm1 ∪ Cm2 ∪ Cm3 (the crown). |Cmi | = |H |, and there is a
perfect matching between every Cmi and H , for all i ∈ {1, 2, 3}.
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Based on the triple crown decomposition, we describe the critical data reduction
rule in this paper through the following lemma.

Lemma 4. A graph G = (V, E) which admits a triple crown decomposition
(H, C, L, R) has a k-co-path/cycle packing iff G−H has a (k−|H |)-co-path/cycle
packing.

Proof. The ‘if’ part is easy to prove because any co-path/cycle packing of G−H
together with H is certainly a solution for G.

We now prove the other direction. Let G have a co-path/cycle packing of size
k. First, we can see that any co-path/cycle packing for G[H ∪ C] contains at
least |H | vertices. Since (H, C, L, R) is a triple crown decomposition, there are
|H | vertex-disjoint 3-stars in G[H ∪ C], at least one vertex of every star should
be deleted in order to obtain a path/cycle set. Moreover, every vertex belonging
to C∪L has degree at most two and every vertex belonging to C has no neighbor
outside of L in G−H . There is no minimum co-path/cycle packing W for G−H
such that v ∈ W ∩ C, otherwise v connects at most two paths in G − H − W ,
and W − v is hence a smaller co-path/cycle packing. So the size of the minimum
co-path/cycle packing for G is at least |W | + |H |, which means |W | ≤ k − |H |.
Hence the ‘only if’ part holds. ��
Now, our main idea of the kernelization algorithm is to search for triple crown
decomposition in the graph iteratively. When we cannot find that structure at
all, we can conclude that the graph has bounded size. At the beginning, the
algorithm computes a maximal 3-star packing in a greedy fashion. Note that the
maximal 3-star packing thus found is a co-path/cycle packing, i.e., if we delete
all these 3-stars the resulting graph has no vertex of degree greater than two.
Then we refine the maximal 3-star packing such that the following lemma is
satisfied. After that, the algorithm tries to search a triple crown decomposition
with H being a subset of the star centers and C belonging to the path/cycle
set.

We first summarize the method to obtain/refine a proper maximal 3-star
packing in the following lemma.

Lemma 5. Given a graph G = (V, E), we can produce a maximal 3-star packing
W such that every 3-star P ∈ W falls into one of the three cases,

1. if the center u of P has at least 4 neighbors in G − W , then every leaf of P
has at most two neighbors in G−W , all of them are of degree one in G−W .

2. if the center u of P has one to three neighbors in G−W , then any 3-star Q
composed of one leaf v of P and three other vertices in G − W contains all
neighbors of u in G − W .

3. if the center u has no neighbor in G − W , then each leaf of P has at most
two distinct neighbors, for a total of at most 6, in G − W .

Proof. We prove the three cases respectively.
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1. Suppose on the contrary that there exists a leaf x of P which is incident
to some vertex y of degree-2 in G − W . Then we have a 3-star P ′ centered
at y, with x being one of its leaves. Therefore, we can obtain one extra 3-
star besides P ′: just modify P by replacing x with v as a new leaf. (v must
exist due to that u has at least 4 neighbors in G−W .) This contradicts the
optimality of W .

2. Otherwise, we can swap v with some neighbor x of u in G−W , with x /∈ Q.
We thus obtain one more 3-star. Again, this contradicts the optimality of
W .

3. Let the leaves of P be {v1, v2, v3}. Assume on the contrary that there exists a
leaf v1 of P which has more than three neighbors different from the neighbors
of v2 and v3 in G − W . We can replace P with a new 3-star composed of v
and its three neighbors. ��

The algorithm Proper Maximal 3-Star Packing follows directly from Lemma 5.
In the following box, we describe the corresponding algorithm with pseudo-code.

Algorithm Proper Maximal 3-Star Packing
Input: Graph G=(V,E)
Output: A proper maximal 3-star packing W
1 Compute a maximal 3-star packing W greedily.
2 For every P = 〈u, {x, y, z}〉 ∈ W , check the following properties iteratively
until W fulfills Lemma 5

2.1 if there are two or three disjoint 3-stars Q,R (or S)
each contains only one leaf of P ,

then W = W − P + Q + R (+S).
2.2 if there is a 3-star Q which contains only one leaf x and

u has a neighbor v distinct from Q in G−W ,
then replace x with v in P , W = W + Q.

2.2 if there is a 3-star Q which contains only one leaf x, and
y and z have no neighbor in Q,

then W = W − P + Q.

Since the maximum 3-star packing in a graph is bounded by O(n), any vi-
olation of the conditions (1) and (2) leads to a larger 3-star packing and each
3-star can be computed in O(n) time. So we can find such a proper maximal
3-star packing fulfilling Lemma 5 in O(n2) time.

In order to describe the main algorithm concisely, we make use of some nota-
tions for some vertex sets in the graph. Let W be the maximal 3-star packing we
obtain (after running Lemma 5). LW and CW denotes all the leaves and centers in
W respectively. Then, DL

W = N(LW )∩(G−W ), DC
W = (N(CW )−DL

W )∩(G−W ),
F (LW ) = N [DL

W ] ∩ (G − W ), and for every v ∈ CW , F (v) = N [N(v)] ∩ (G −
W − F (LW )). S ⊆ CW , F (S) =

⋃
v∈S F (v).

The next procedure computes a triple crown decomposition, if it exists.
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Algorithm Triple Crown Decomposition
Input: Graph G=(V,E), proper maximal 3-star packing W
Output: Triple crown decomposition (H,C,L,R)
1 X is the case-1 centers in CW , Y = G−W − F (LW )− F (CW −X).
2 Construct a bipartite graph J = (X, Y, T ),

where T = {(u, v) ∈ E|u ∈ X, v ∈ Y }.
3 Replicate every vertex u ∈ X twice such that u and its two copies have

the same neighbor in J .
Let the new graph be J ′ and let u∗ denote the original vertex in X

for both of u’s copies.
4 Compute the maximum matching M ′ in J ′ and for every edge

e = (u, v) ∈M ′, construct (u∗, v) ∈M ⊆ T .
5 Repeat the following two steps with C0 = Y −M until Ci = Ci+1.

5.1 Hi = NJ (Ci);
5.2 Ci+1 = NM (Hi) ∪ Ci;

6 If Hi = X, then we get a triple crown decomposition (H,C, L, R)
where H = Hi, C = Ci, L = NG(C)−H , R = G−H −C − L.

7 Else FX=X −Hi, FY = F (X −Hi), X = X − FX , Y = Y − FY .
8 If Hi �= φ, goto step 2; else exit.

We have the following lemmas regarding the above algorithm.

Lemma 6. (H ∪C) ∩M is a 3-star packing such that all centers are in H and
all leaves are in C.

Proof. If there exists a vertex v ∈ (H∩M) which has fewer than three neighbors
in (C ∩ M). From the way we get v, there is an M -augmenting path from some
vertex not in M to v. (An M -augmenting path is a path where the edges in
M and edges not in M alternate.) Then M cannot be maximum since both the
start and end edges of the M -augmenting path are not in M . ��
Lemma 7. If v connects a vertex h /∈ H, then v is matched to some vertex not
in H.

Proof. If v is not in M , then v ∈ C and NJ(v) ⊆ H , which contradicts the
condition in the lemma. Therefore v ∈ M . If v is matched to some vertex in H ,
then v ∈ C and h ∈ H , also contradicts the condition in the lemma. ��
Note that every vertex in Y either belongs to C or belongs to N(FX).

Lemma 8. If the procedure does not find a triple crown decomposition, then
|FY | ≤ 9|FX |.
Proof. From Lemma 7, every vertex in FY is either matched to some vertex in
FX or is a neighbor of a matched vertex in FY . Since every vertex in FX has
at most three neighbors in M , G − W is a path/cycle set. Therefore, |FY | ≤
3 · (2 + 1)|FX | = 9|FX |. ��
If the procedure cannot find a triple crown decomposition, which means FX = X ,
we then refer T to the vertices in Y − FY . The next lemma shows properties of
vertices in T .
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Lemma 9. For every u ∈ T , u fulfills the following two properties:

1. u has no neighbor in X.
2. There exists a vertex v ∈ N(u), v is included in FY ∪ F (LW ) ∪ F (CW −X)

and v is connected to another vertex w ∈ N(W ).

Proof. From the procedure, we can see that any vertex in Y = G−W −F (LW )−
F (CW − X) which has some neighbor in X or has some neighbor in N(FX) is
included in FY . Therefore, if u /∈ FY , both of u’s neighbors either belong to
T or belong to N(N(W )). From Lemma 3, there are at most two consecutive
vertices whose degrees are at most two. So at least one of u’s neighbors belongs
to N(N(W )). ��
It is easy to verify that any single vertex or two consecutive vertices in T lie
between vertices in N(N(W )). The following lemma bounds the cardinality of
T .

Lemma 10. |T | ≤ 12|CW |.
Proof. Assume that there are ri 3-stars of case-i where i ∈ {1, 2, 3}, we define
an interval as a maximal path whose endpoints are in N(N(W )) and other
intermediate vertices are not in N(N(W )). The proof of this lemma is based
on computing the number of intervals between the vertices in N(N(W )). From
Lemma 8, there are at most 3r1 distinct vertices in N(FX). From Lemma 5, every
leaf of a case-1 3-star connects at most two vertices in N(W ), both of which are
of degree one in G − W . Also, there are at most 3r2 distinct vertices which are
the neighbors of the centers of case-2 3-stars. We conclude that after deleting
neighbors of its corresponding center, every leaf of a case-2 3-star connects at
most two vertices in N(W ), both of which are of degree one. Besides, there
are at most 6r3 distinct vertices who are neighbors of the leaves of case-3 3-
stars. For any vertex u in N(W ), when we contract the vertices in (N [N(u)])
in G − W to a single vertex, there are at most 6r1 + 6r2 + 6r3 − m/2 intervals
between those resulting vertices, where m is the number of tails (endpoints) of
paths that are not in N(W ). Since there are at most two consecutive vertices
in T lying in each interval and at most one vertex lies in each of the m tails,
|T | ≤ 2 ∗ (6r1 + 6r2 + 6r3 − m/2) + m = 12|CW |. ��
Theorem 1. The Co-Path/Cycle Packing problem has a linear kernel of size
37k.

Proof. First of all, note that V = W ∪ F (LW ) ∪ F (CW − X)∪ FY ∪ T . Assume
that there are ri 3-stars of case-i where i ∈ {1, 2, 3}, from Lemma 5, every case-3
3-star corresponds to at most 18 vertices in F (LW ) ∪ F (CW − X), every case-2
3-star corresponds to at most 21 vertices in F (LW ) ∪ F (CW − X) and every
leaf of case-1 3-star corresponds to at most 12 vertices in F (LW ). Therefore,
|F (LW )∪ F (CW −X)| ≤ (12r1 + 21r2 + 18r3). From Lemma 8, every center of
case-1 3-star corresponds to at most 9 vertices in FY . Then, |FY | ≤ 9r1. Following
Lemma 10, |T | ≤ 12|CW | = 12r1+12r2+12r3. In addition, |W | = 4(r1+r2+r3).
Consequently, |V | = |W |+ |F (LW )∪F (CW −X)|+ |FY |+ |T | ≤ (37r1 +37r2 +
34r3) ≤ 37(r1 + r2 + r3) ≤ 37k, since we have r1 + r2 + r3 ≤ k. ��
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For completeness, we show below that the Co-Path/Cycle Packing problem is
at least as hard as Vertex Cover, in terms of designing both approximation and
FPT algorithms.

Theorem 2. The Co-Path/Cycle Packing problem is APX-hard and cannot
have a linear kernel of size smaller than 2k.

Proof. We prove the theorem by a simple reduction from Vertex Cover, which is
APX-hard. Moreover, there is a famous conjecture that Vertex Cover cannot be
approximated within a factor smaller than 2 [10]; consequently, no kernel smaller
than 2k exists (unless the conjecture is disproved). The detailed reduction is as
follows. Given an instance of Vertex Cover, G = (V, E), we construct an instance
of Co-Path/Cycle Packing G

′
= (V

′
, E

′
). Let V1 and V2 be two vertex set each

has |V | isolated vertices. For each vi ∈ V , add an edge between vi and an
isolated vertices in V1 and V2 respectively, so the set of new edges is defined as
E∗ = {(vi, xi)|vi ∈ V, xi ∈ V1}∪{(vi, yi)|vi ∈ V, yi ∈ V2}. Then, V

′
= V ∪V1∪V2,

E
′
= E ∪E∗. It is easily seen that any Vertex Cover in G is also a co-path/cycle

packing in G
′
, and any co-path/cycle packing corresponds to a Vertex Cover

with at most the same size (since we can replace the vertices in the solution from
V1 ∪ V2 with their neighbors in V ). Then the two instances could have the same
optimal solution. Hence, the Co-Path/Cycle Packing problem cannot achieve a
smaller approximation factor than that for Vertex Cover, and is unlikely to have
a kernel of size smaller than 2k, unless the conjecture by Khot and Regev is
disproved. ��

4 The FPT Algorithm

In this section, we elaborate the FPT algorithm which runs in O∗(3.24k) time.
The key idea of the algorithm is bounded search tree. (For a survey, please
refer to the paper by Fernau and Raible [8].) We implement it by some involved
analysis. The following lemmas are critical while applying the bounded search
tree method.

Lemma 11. Given a graph G = (V, E), if there exists a vertex v with d(v) ≥ 3,
then any minimum co-path/cycle packing for G either contains v or contains all
but at most two of its neighbors.

Lemma 12. Given a graph G = (V, E), if there exists an edge (u, v) with d(u) =
d(v) = 3 and N(u) ∩N(v) = φ, then any minimum co-path/cycle packing for G
either contains one of u and v or contains at least one neighbor of u and one
neighbor of v.

Lemma 13. Given a graph G = (V, E), if there exists three edges (u, v), (u, w)
and (v, w) with d(u) = d(v) = 3 and N({u, v, w}) = {x, y, z}, then any a mini-
mum co-path/cycle packing either contains one of u, v, w or contains all of x, y, z.

The above three lemmas are easy to check, since otherwise there will be some
vertex with degree greater than two left.
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Lemma 14. Given a graph G = (V, E), if there exists an edge (u, v) with d(u) =
d(v) = 3, x ∈ (N(u) ∩ N(v)), and d(x) = 2, then there exists a minimum co-
path/cycle packing which does not contain x.

Proof. When a minimum co-path/cycle packing W contains x, W−x+u remains
a minimum co-path/cycle packing. ��
Lemma 15. Given a graph G = (V, E), if there exists an edge (u, v) with d(u) =
d(v) = 3 and N(u) ∩ N(v) = {x, y}, then there exists a minimum co-path/cycle
packing which does not contain v.

Proof. When a minimum co-path/cycle packing W contains v, W−v+u remains
a minimum co-path/cycle packing. ��
Lemma 16. Given a graph G = (V, E), if there exists a 3-star with the center
being of degree three and every leaf of degree at most two in G, then there is a
minimum co-path/cycle packing for G which only contains one leaf in the star.

Proof. Any minimum co-path/cycle packing should contain at least one vertex
from any 3-star. From Lemma 2 and Lemma 3, the deletion of a leaf results
in the reservation of the other three vertices (in an optimal solution). So we
just prove the existence of a minimum co-path/cycle packing which does not
contain the center. Suppose on the contrary that the center is in a minimum
co-path/cycle packing W , then we can modify W by replacing the center with
any leaf. Obviously, only two paths are connected together in G−W as a result
of the replacement. Hence, the lemma holds. ��
The detailed algorithm based on the above lemmas is presented at the end of
the paper.

Theorem 3. Algorithm CPCP (G, k) solves the Co-Path/Cycle Packing prob-
lem correctly in O∗(3.24k) time.

Proof. Step 1 deals with the boundary cases for the k Co-Path/Cycle Packing
problem: if k < 0, then no co-path/cycle packing of size at most k can be found,
thus the algorithm returns ‘NO’. If k ≥ 0 and G consists of only paths and cycles,
then there is no need to remove any vertex from G, thus φ can be returned safely.

Step 2 considers the case when there is a vertex v of degree greater than 3.
Following Lemma 11, it returns a k co-path/cycle packing correctly.

Step 3 deals with the case when there is an edge (u, v) such that u and v are of
degree-3. From Lemma 12, Step 3.1 returns a k co-path/cycle packing correctly
if it exists. From Lemma 14, Step 3.2.1 returns a k co-path/cycle packing cor-
rectly if it exists. From Lemma 13, Step 3.2.2 returns a k co-path/cycle packing
correctly if it exists. From Lemma 15, Step 3.3 returns a k co-path/cycle packing
correctly if it exists.

After Step 1, we have that k ≥ 0 and G cannot consist of paths and cycles
only, which implies that there is at least a vertex of degree greater than 2. After
Step 2, all the vertices have degree less than or equal to 3 in G. After Step
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3, no two degree-3 vertices are adjacent. It follows that all three neighbors of
any degree-3 vertex v must be of degree less than 2. From Lemma 16, Step 4
returns a k co-path/cycle packing correctly if it exists. After that, every vertex
has degree at most two. This completes the correctness proof of the algorithm.

Now we analyze the running time. As a convention, we take the notation
O∗(g(k)) to refer to O(g(k)nc), where c is a constant independent of k and n.
Step 1 takes time of O(|G|). Let f(k) be the time complexity for the k Co-
Path/Cycle Packing problem. Step 2 has recurrence

f(k) = f(k − 1) +
(

i

2

)

f(k − (i − 2)), where i ≥ 4.

Step 3 has recurrence

f(k) ≤

⎧
⎪⎪⎨

⎪⎪⎩

2f(k − 1) + 4f(k − 2),
2f(k − 1) + 2f(k − 2),
3f(k − 1) + f(k − 3),
3f(k − 1).

Step 4 has recurrence
f(k) = 3f(k − 1).

We can verify that f(k) ≤ 3.24k, which comes from f(k) = 2f(k−1)+4f(k−2)
at Step 3. Actually, we can show that f(k) ≤ 3k by induction for the recurrence
at Step 2. This concludes the proof. ��

5 Concluding Remarks

In this paper, we present a 37k kernel for the minimum Co-Path/Cycle Packing
problem. With the bounded search technique, we obtain an FPT algorithm which
runs in O∗(3.24k) time. This problem is a special case of the Bounded-Degree
Vertex Deletion (BDD) problem (when d = 2). So our result is the first linear
kernel for BDD when d = 2. Previously, a linear kernel is only known for BDD
when d = 0 (Vertex Cover) or d = 1 [6]. An interesting question is whether
the bounds can be further improved. Another interesting question is to disallow
cycles when some vertices are deleted (in the ancestral genome reconstruction
problem, that means that no circular genome is allowed). In this latter case, we
only have an O(k2) kernel.
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Algorithm Co-Path/Cycle Packing (CPCP)
Input: a graph G and an integer k
Output: a co-path/cycle packing S for G such that |S| ≤ k, or report ‘NO’
1 if k < 0, return ‘NO’

if G consists of only paths and simple cycles, return φ
2 pick a vertex v of degree greater than 3

2.1 S ← CPCP (G− v, k − 1)
if S is not ‘NO’, return S + v

2.2 for every two neighbors w, z of v, G′ is the graph after removing all
neighbors of v except w, z from G.

S ← CPCP (G′, k − (i− 2)) (i ≥ 4 is the number of neighbors of v).
if S is not ‘NO’, return S+ all neighbors of v other than w, z

3 pick an edge e = (u, v) such that both u and v are of degree 3.
3.1 u and v have no common neighbor. let u1, u2 (v1, v2) be the other

two neighbors of u (v).
3.1.1 S ← CPCP (G− u, k − 1) if S is not ‘NO’, return S + u
3.1.2 S ← CPCP (G− v, k − 1) if S is not ‘NO’, return S + v
3.1.3 S ← CPCP (G− ui − vj , k − 2), for each ui, vj (i, j ∈ {1, 2}),

if S is not ‘NO’, return S + ui − vj

3.2 u and v have only one common neighbor w. let x (y) be the other
neighbors of u (v).

3.2.1. if d(w) = 2
3.2.1.1 S ← CPCP (G− u, k − 1) if S is not ‘NO’, return S + u
3.2.1.2 S ← CPCP (G− v, k − 1) if S is not ‘NO’, return S + v
3.2.1.3 S ← CPCP (G− x− y, k − 2) if S is not ‘NO’,

return S + x + y
3.2.2. if d(w) = 3, let z be the other neighbors of w and z �= x, z �= y

3.2.2.1 S ← CPCP (G− u, k − 1) if S is not ‘NO’, return S + u
3.2.2.2 S ← CPCP (G− v, k − 1) if S is not ‘NO’, return S + v
3.2.2.3 S ← CPCP (G− w, k − 1) if S is not ‘NO’, return S + w
3.2.2.4 S ← CPCP (G− x− y − z, k − 3) if S is not ‘NO’,

return S + x + y + z
3.2.3 if d(w) = 3, let z be the other neighbors of w and z ∈ {x, y}

3.2.3.1 if z = x, goto step3 with e = (u, w).
3.2.3.2 if z = y, goto step3 with e = (v, w).

3.3 u and v have two neighbors w1, w2in common, let x (y) be the other
neighbor of w1 (w2)

3.3.1 S ← CPCP (G− u, k − 1) if S is not ‘NO’, return S + u
3.3.2 S ← CPCP (G− w1, k − 1) if S is not ‘NO’, return S + w1

3.3.3 S ← CPCP (G− w2, k − 1) if S is not ‘NO’, return S + w2

4 pick a degree-3 vertex v with neighbors v1, v2, v3, for each vi (i ∈ {1, 2, 3})
S ← CPCP (G− vi, k − 1), if S is not ‘NO’, return S + vi.

5 return ‘NO’
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