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Preface

Computers have become an integral part of modern physics. They help to acquire,
store, and process enormous amounts of experimental data. Algebra programs have
become very powerful and give the physician the knowledge of many mathemati-
cians at hand. Traditionally physics has been divided into experimental physics
which observes phenomena occurring in the real world and theoretical physics
which uses mathematical methods and simplified models to explain the experimen-
tal findings and to make predictions for future experiments. But there is also a new
part of physics which has an ever-growing importance. Computational physics com-
bines the methods of the experimentalist and the theoretician. Computer simulation
of physical systems helps to develop models and to investigate their properties.

Computers in Physics

Experimental Physics
data collection, storage and processing

Communication, data transmission
data storage and data management
email, www,ftp

Numerical maths Symbolic Computing
approximative methods algebra programs

Visualisation & presentation
Computer graphics, processing of text and images

Theoretical Physics Computational Physics
approximative solutions Computer models & experiments

This book is a compilation of the contents of a two-part course on computational
physics which I have given at the TUM (Technische Universitit Miinchen) for sev-
eral years on a regular basis. It attempts to give the undergraduate physics students
a profound background in numerical methods and in computer simulation methods

vii



viii Preface

but is also very welcome by students of mathematics and computational science
who want to learn about applications of numerical methods in physics. It may also
support lecturers of computational physics and bio-computing. It tries to bridge
between simple examples which can be solved analytically and more complicated
but nevertheless instructive applications which provide insight into the underlying
physics by doing computer experiments.

The first part gives an introduction into the essential methods of numerical math-
ematics which are needed for applications in physics. The basic algorithms are
explained in detail together with limitations due to numerical inaccuracies. The
mathematical explanation is supplemented by a large number of numerical experi-
ments.

The second part of the book shows the application of computer simulation meth-
ods for a variety of physical systems with a certain focus on molecular biophysics.
The main object is the time evolution of a physical system. Starting from a sim-
ple rigid rotor or a mass point in a central field, important concepts of classical
molecular dynamics are discussed. Further chapters deal with partial differential
equations, especially the Poisson—Boltzmann equation, the diffusion equation, non-
linear dynamic systems, and the simulation of waves on a one-dimensional string.
In the last chapters simple quantum systems are studied to understand, e.g., expo-
nential decay processes or electronic transitions during an atomic collision. A two-
level quantum system is studied in large detail, including relaxation processes and
excitation by an external field. Elementary operations on a quantum bit (Qubit) are
simulated.

Basic equations are derived in detail and efficient implications are discussed
together with numerical accuracy and stability of the algorithms. Analytical results
are given for simple test cases which serve as a benchmark for the numerical meth-
ods. A large number of computer experiments are provided as Java applets which
can be easily run in the web browser. For a deeper insight the source code can be
studied and modified with the free “netbeans”! environment.

Garching, April 2010 Philipp O.J. Scherer

! www.netbeans.org
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Numerical Methods



Chapter 1
Error Analysis

Several sources of errors are important for numerical data processing:

Input data from an experiment have a limited precision. Instead of the vector of
exact values X the calculation uses X + AX, with an uncertainty AX.

The arithmetic unit of a computer uses only a subset of the real numbers, the so-
called machine numbers A C R. The input data as well as the results of elemen-
tary operations have to be represented by machine numbers whereby rounding
errors can be generated. This kind of numerical error can be avoided in principle
by using arbitrary precision arithmetics' or symbolic algebra programs. But this
is unpractical in many cases due to the increase in computing time and memory
requirements.

Results from more complex operations like square roots or trigonometric func-
tions can have even larger errors since iterations and series expansions have to
be truncated after a finite number of steps.

1.1 Machine Numbers and Rounding Errors

Floating point numbers are internally stored as the product of sign, mantissa, and a
power of 2. According to IEEE [1] single, double, and quadruple precision numbers
are stored as 32, 64, and 128 bits (Table 1.1):

Table 1.1 Binary floating point formats

Format Sign Exponent Hidden bit Fraction

Float K by...b7 1 ap...dxn
Double N b()...b]() 1 ap .. .dsy
Quadruple K by...bis 1 ap...daynn

! For instance the open source GNU MP bignum library.

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_1, 3
© Springer-Verlag Berlin Heidelberg 2010



4 1 Error Analysis

Table 1.2 Exponent bias E

Decimal value Binary value Hexadecimal value Data type
12710 1111111, $3F Single
102319 1111111111, $3FF Double
16,3839 1111111111111, $3FFF Quadruple

The sign bit s is O for positive and 1 for negative numbers. The exponent b is
biased by adding E which is half of its maximum possible value (Table 1.2).2 The
value of a number is given by

x= (=) xa x2"7F. (1.1)

The mantissa a is normalized such that its first bit is 1 and its value is between 1
and 2

1.0002---0 <a < 1.111--- 12 < 10.0p = 21p. (1.2)

Since the first bit of a normalized floating point number always is 1, it is not
necessary to store it explicitly (hidden bit or J-bit). However, since not all numbers
can be normalized, only the range of exponents from $001 to $7FE is used for
normalized numbers. An exponent of $000 signals that the number is not normalized
(zero is an important example, there exist even two zero numbers with different sign)
whereas the exponent $7FF is reserved for infinite or undefined results (Table 1.3).
The range of normalized double precision numbers is between

Min_Normal = 2.2250738585072014 x 107308

and
Max_Normal = 1.7976931348623157E x 10°%,
Table 1.3 Special double precision numbers
Hexadecimal value Symbolic value
$000 0000000000000 +0
$080 00000000000000 -0
$7FF 0000000000000 +inf
$FFF 0000000000000 —inf
$7FF 0000000000001 - - - $7FF FFFFFFFFFFFFF NAN
$001 0000000000000 Min_Normal
$7FE FFFFFFFFFFFFF Max_Normal
$000 0000000000001 Min_Subnormal
$000 FFFFFFFFFFFFF Max_Subnormal

2 In the following the usual hexadecimal notation is used which represents a group of 4 bits by one
of the digits 0, 1,2, 3,4,5,6,7,8,9,A,B,C,D,E, F.
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Example Consider the following bit pattern which represents a double precision
number:

$4059000000000000.

The exponent is 10000000101, —01111111111, = 110, and the mantissa including
the J-bit is 1 1001 0000 0000 - - -, Hence the decimal value is

1.5625 x 2° = 100;.

Input numbers which are not machine numbers have to be rounded to the nearest
machine number. This is formally described by a mapping h — A

x — rd(x),
with the property
|x —rd(x)| < |x —g| forall g € A. (1.3)

The cases of exponent overflow and exponent underflow need special attention:

Whenever the exponent b has the maximum possible value b = by and a =
1.11---11 has to be rounded to a’ = 10.00---0, the rounded number is not a
machine number and the result is =£inf.

The mantissa cannot be normalized since it is a < 1 and the exponent has the
smallest possible value b = bpjn. Numbers in the range 2bmin > x| > 2bmin=! can be
represented with loss of accuracy by denormalized machine numbers. Even smaller
numbers with |x| < 2~/tPmin have to be rounded to +0.

The maximum rounding error for normalized numbers with ¢ binary digits

a =sx2""F x lajay...a_ (1.4)
is given by
la—a'| <2°7F x 27", (1.5)

and the relative error is bounded by

rd(x) —x| 27" x2b - (16)
x T al x2b T '
The relative machine precision is defined by
em=2", (1.7)

and we have
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rd(x) =x(14+¢&) with |e] < epy. (1.8)

1.2 Numerical Errors of Elementary Floating Point Operations

Even for two machine numbers x, y € A the results of addition, subtraction, multi-
plication, or division are not necessarily machine numbers. We have to expect some
additional rounding errors from all these elementary operations [2]. We assume that
the results of elementary operations are approximated by machine numbers as pre-
cisely as possible. The exact operations x +y, x — y, x X y, x =y are approximated
by floating point operations A — A with the property

Sl (x, y) = rd(x +y),
fl-(x,y) =rdx —y),
fla(x,y) =rd(x x y),
fla(x,y) =rd(x + y).

(1.9)

1.2.1 Numerical Extinction

For an addition or subtraction one summand has to be denormalized to line up the
exponents. (For simplicity we consider only the case x > 0,y > 0.)

x4y =a2>"F a2 7F = (a, 4 a,2brbe)2bE, (1.10)

If the two numbers differ much in their magnitude, numerical extinction can happen.
Consider the following case:

y < 20x7E 27t (1.11)

ayZh«V_h" <27,
The mantissa of the exact sum is
ay + a2 =1y .. 010182 ... By (1.12)
Rounding to the nearest machine number gives
rdix +y) =2 x (Ll .. .as_1) = x, (1.13)
since

10.01B5 ... Bi—1 — 0] < ]0.011---1] = 0.1 —0.00- - - 01,
10.018 ... Bi—1 — 1] > 10.01 — 1] = 0.11. (1.14)
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Consider now the case
y<xx277 =g x 2bxmEtml o pbem Bt (1.15)
For normalized numbers the mantissa is in the interval
1 <layx| < 2, (1.16)

hence we have

&M

rdx+y)=x if2 <27 1= M (1.17)
X 2
Especially for x = 1 we have
rdd+y)=1 ify <27/ =0.00---0,_11,000--- . (1.18)

2~ could be rounded to 0 or to 2!~ since the distance is the same: |27 — 0] =
271 =211 =271,

The smallest machine number with f1, (1, ¢) > liseithere =0.00---1,0--. =
27" ore =0.00---1,0---015_1 = 27/(1 + 2'~"). Hence the machine precision
eMm can be determined by looking for the smallest (positive) machine number ¢ for
which fI4(1,¢) > 1.

1.2.2 Addition
Consider the sum of two floating point numbers:
y =X +x2. (1.19)

First the input data have to be approximated by machine numbers:

x1 — rd(xy) = x1(1 + 1),
x2 — rd(xp) = x2(1 + &3). (1.20)

The addition of the two summands may produce another error « since the result has
to be rounded. The numerical result is

Y= fly(rd(x1), rd(x2)) = (xi(1 +&1) + x2(1 + £2))(1 + @). (1.21)
Neglecting higher orders of the error terms we have in first order
y=x1+x2+x181 +x282 + (x1 + x2)at, (1.22)

and the relative error of the numerical sum is
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i—y_ X1

&1+
y X1+ x2 X1+ x2

&+ a. (1.23)

If x; & —x, then numerical extinction can produce large relative errors and errors
of the input data can be strongly enhanced.

1.2.3 Multiplication
Consider the multiplication of two floating point numbers:

Y = X1 X X2. (1.24)
The numerical result is

Y = fle(rd(xy), rd(x2)) = x1(1 +epxa(1 +e2) (1 4+ p) =~ x1x2(1 + &1 + &2+ ),
(1.25)
with the relative error

y—vy
y

=l4+e+e+pu. (1.26)

The relative errors of the input data and of the multiplication just add up to the total
relative error. There is no enhancement. Similarly for a division

y="2 (1.27)
X2
the relative error is
y;yzl—i-sl—ez—i-u. (1.28)

1.3 Error Propagation

Consider an algorithm consisting of a sequence of elementary operations. From the
set of input data which is denoted by the vector

X = (X1...X,), (1.29)
a set of output data are calculated

Yy=01-..Ym). (1.30)

Formally this can be denoted by a vector function
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y = ¢(x), (1.31)

which can be written as a product of r simpler functions representing the elementary
operations

0= x gD x . x o), (132)

Starting with x intermediate results X; = (x;1, ..., Xj,;) are calculated until the
output data y result from the last step:

xi = ¢ (x),
x = ¢@ (x1),

: (1.33)
x—1 =" PV (x0),
y =" (x_1).

In the following we analyze the influence of numerical errors onto the final
results. We treat all errors as small quantities and neglect higher orders. Due
to rounding errors and possible experimental uncertainties the input data are not
exactly given by x but by

X + AX. (1.34)
The first step of the algorithm produces the result
X1 = rd(eV(x + Ax)). (1.35)
Taylor series expansion gives in first order
£ = ((p(l)(x) +D<p(1)Ax) A+ E)+---, (1.36)

with the partial derivatives

axip ., 9xn
P dx| 0xp
X1
D) = ( 1!) N (1.37)
an axlnl axlnl
ax; " Toxn,

and the rounding errors of the first step
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1
€

Ey = 3 . (1.38)

1
AP

The error of the first intermediate result is
Ax; =X —x; = DV Ax+ oV (x)Ey. (1.39)
The second intermediate result is
% = (9@ &) (1 + E2) = 9P x1 + Axp) (1 + E2)
= x2(1 + E2) + Dp®De'V Ax + Dy ®'x, E1, (1.40)
with the error
AX> = x2E» + Dp® DoV Ax 4+ Dp@x, E; (1.41)
Finally the error of the result is

Ay =yE, + Do .. . D Ax + Dp" ... De@x|E| + - -+ + D)%, Er_].
(1.42)
The product of the matrices Dp” - - - D! is the matrix which contains the deriva-
tives of the output data with respect to the input data (chain rule):

0x] 0xp

Dp =Dp" ... DM =| : . |. (1.43)
Ym IYm
x; T O

The first two contributions to the total error do not depend on the way in which the
algorithm is divided into elementary steps in contrary to the remaining summands.
Hence the inevitable error which is inherent to the problem can be estimated as [2]

9y
DI Axjl, 1.44
EP | x]| ( )

n
AWy = enmlyil + )
=1

or in case the error of the input data is dominated by the rounding errors |Ax;| <
emlxjl

Ix;]. (1.45)

n
AWy = eplyil +em Y
j=1

i
8Xj
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Additional errors which are smaller than this inevitable error can be regarded as
harmless. If all errors are harmless, the algorithm can be considered well behaved.

1.4 Stability of Iterative Algorithms

Often iterative algorithms are used which generate successive values starting from
some initial value xo according to an iteration prescription of the type

Xj1 = f(Xj) (1.46)
for instance to solve a large system of equations or to approximate a time evolution
x; ~ X(jAt). Consider first a linear iteration equation which can be written in
matrix form as

Xj+1 = AXj. (147)
If the matrix A is the same for all steps we have simply

X; = A/xq. (1.48)

Consider the unavoidable error originating from errors of the start values:

X0 + AX, (1.49)
x; = A/xg + A/ Ax. (1.50)
The initial errors can be enhanced exponentially if A has at least one eigenvalue?

A with |A| > 1. On the other hand the algorithm is conditionally stable if for all
eigenvalues |1| < 1 holds. For a more general nonlinear iteration

Xjt1 = ¢(x;), (1.51)
the error propagates according to

X1 = ¢(xp) + DpAx,

X2 = 9(x1) = p(p(x0)) + (Dg)*Ax,
(1.52)

X; = (@ 9(X0)) + (Dp)’ Ax.

3 The eigenvalues of A are solutions of the eigenvalue equation Ax = Ax (9).
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The algorithm is conditionally stable if all eigenvalues of the derivative matrix D¢
have absolute values [A| < 1.
1.5 Example: Rotation
Consider a simple rotation in the complex plane
Z = iwz, (1.53)
which obviously has the exact solution
2(1) = zpe'". (1.54)
As a simple algorithm for numerical integration we use the iteration
2((j+ DAY = zj41 = zj +iwAtz; = (1 +iwAt)z;. (1.55)
Since

1 +iwAt] =1+ w?At?2 > 1, (1.56)

uncertainties in the initial condition will grow exponentially and the algorithm is
not stable. A stable method is obtained by taking the derivative in the middle of the

time interval (page I 35)
2 2 ( . ;

and making the approximation (page 136)

At 1) +z(t + At
(4 BF) & 2 EEH A (1.58)
2 2
This gives the implicit equation
. Zj+1+ 2
=2+ m)At%Z’, (1.59)
which can be solved by
1 4 Al
j+1 = szAth' (1.60)
-T2

Now we have
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. 2 2
1 iwAt /1+M
Rl P, (1.61)
1—% 1+w2A12
Y, 7

and the calculated orbit is stable.

1.6 Truncation Error

The algorithm in the last example is stable but of course not perfect. Each step
produces an error due to the finite time step. The exact solution

iwAr . W’ A2 —id AL
z(t + Ar) = z(t)e =z(t) | 1 +iwAr — 5 + 6 - (1.62)
is approximated by
1 4 lwAr
2+ A0~ 2(0)— oA
2
2o (149980 (1 4 et W’ A2 oA +. sy
—° 2 4 8 ‘
. w?At? —iw3 AP
=z |l +iwAt — > + ) -, (1.64)

which deviates from the exact solution by a term of the order O(Ar?), hence the
error order of this algorithm is O(Af?). Integration up to a total time T = N At
produces a final error of the order N A = T Ar?,

Problems

Problem 1.1 Machine Precision
In this computer experiment we determine the machine precision ey;. Starting with a

value of 1.0 x is divided repeatedly by 2 until numerical addition of 1 and x = 2™
gives 1. Compare single and double precision calculations.

Problem 1.2 Maximum and Minimum Integers

Integers are used as counters or to encode elements of a finite set like characters or
colors. There are different integer formats available which store signed or unsigned
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Table 1.4 Maximum and minimum integers

Java format Bit length Minimum Maximum

Byte 8 —128 127

Short 16 —32768 32767

Integer 32 —2147483647 2147483648

Long 64 —9223372036854775808 9223372036854775807
Char 16 0 65535

integers of different length (Table 1.4). There is no infinite integer and addition of 1
to the maximum integer gives the minimum integer.

In this computer experiment we determine the smallest and largest integer numbers.
Beginning with / = 1 we add repeatedly 1 until the condition / 4+ 1 > I becomes
invalid or subtract repeatedly 1 until / — 1 < [ becomes invalid. For the 64-bit
long integer format this takes too long. Here we multiply alternatively / by 2 until
I — 1 < I becomes invalid. For the character format the corresponding ordinal
number is shown which is obtained by casting the character to an integer.

Problem 1.3 Truncation Error

This computer experiment approximates the cosine function by a truncated Taylor
series

Nmax 2n 2 4 6
x*  x X
cos(x) A mycos(x, max) = »_(—)"
n=0

X
=1 - = _ ...
2n)! > o 0"

in the interval —w/2 < x < m/2. The function mycos(x, nmax) is numerically
compared to the intrinsic cosine function.



Chapter 2
Interpolation

Experiments usually produce a discrete set of data points. If additional data points
are needed, for instance to draw a continuous curve or to change the sampling
frequency of audio or video signals, interpolation methods are necessary. But inter-
polation is also helpful to develop more sophisticated numerical methods for the
calculation of numerical derivatives and integrals.

2.1 Interpolating Functions

Consider the following problem: Given are n + 1 sample points (x;, fi),i =0---n
and a function of x which depends on n + 1 parameters g;:

D(x;ag...a,). (2.1)

The parameters are to be determined such that the interpolating function has the
proper values at all sample points (Fig. 2.1):

O(xjsap...ay)=f; i=0...n. 2.2)

An interpolation problem is called linear if the interpolating function is a linear
combination of functions

S(x;ag...ay) =agdPox) + a1 1 (x) + -+ a, D, (x). (2.3)

Important examples are

e polynomials

ap+ayx + -+ ax" (2.4)

e trigonometric functions
ao + are”™ + are® + .. + a,e"™ (2.5)
P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_2, 15

© Springer-Verlag Berlin Heidelberg 2010
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X0 Xp X2 X3 X4 Xs X

Fig. 2.1 Interpolating function
e spline functions which are piecewise polynomials, for instance the cubic spline

s() =i+ Bi(x —x) +yilx —x)? +8(x —x) v <x<xy1 (26

Important examples for nonlinear interpolating functions are

e rational functions

ap+ayx + -+ apx”
bo+bix + -+ byx™

2.7)

e exponential functions

ape™ + ajet 4 ... (2.8)

2.2 Polynomial Interpolation

For n + 1 sample points (x;, f;),i = 0...n, x; # x;, there exists exactly one
interpolating polynomial of degree n with

pxi)=fi, i=0...n. (2.9)

2.2.1 Lagrange Polynomials
Lagrange polynomials [3] are defined as

(x—=x0) - (x —xi— )& —xj401) - (x — xp)

(xi —x0) -+ (xi =X~ 1) (x; — Xi1) -+ (6 — Xn)

Li(x) = (2.10)

They are of degree n and have the property
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L;(xx) = i k. 2.11)
The interpolating polynomial is given in terms of Lagrange polynomials by

px)=>_fiLixy=>fi [] ;__);’; 2.12)
=0 J

i=0  k=0k#i

2.2.2 Newton’s Divided Differences

For numerical purposes the method of divided differences [4] has advantages. We
rewrite

f&x) = fxo) +

M(x — X0). (2.13)
X0

With the first-order divided difference

[x, x0] = M’ (2.14)
X — X0
this becomes
[x,xo]z[xl,xo]JrM(x—xl), 2.15)

and with the second-order divided difference

[x, xo] — [x1,x0] _ f(x) — f(x0) J(x1) — f(xo)

b xo,xil = X — x| T —x)@ —x) (1 —x0)(x —x1)
L fe)  fo)
(x —x0)(x —x1)  (x1 —x0)(x1 —x)  (x0 — x)(x0 —x)
(2.16)
we have
J(x) = f(x0) + (x — x0)[x1, x0] + (x — x0)(x — x1)[x, X0, x1]. (2.17)
Higher order divided differences are defined recursively by
[r1xa o 1,] = [x1x2...x—1]—[x2.. .x,_lxr]. 2.18)

X1 — Xr

They are invariant against permutation of the arguments which can be seen from the
explicit formula
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- J (k)
Xl = . 2.19
[x1x2 ... xr] ]; [T Gk — ) (2.19)
Finally we have
f&x) = pl) +q(x) (2.20)

with a polynomial of degree n

p(x) = f(xo) + [x1, x0l(x — x0) + [x2x1x0](x — x0)(x — x1) + -~
st [XpXn—1 . x0](x = x0)(x = x1) - (0 — X 1), (2.21)

and the function
q(x) = [xx, - x0](x — x0) -+ - (x — xp). (2.22)

Obviously g(x;) =0,i = 0---n, hence p(x) is the interpolating polynomial.

2.2.3 Interpolation Error

The error of the interpolation can be estimated with the following theorem: If f(x)
is n+ 1 times differentiable then for each X there exists & within the smallest interval
containing x as well as all of the x; with

S N A ()
q(¥) = E(x — W) (2.23)
From a discussion of the function
o) =[] -x), (2.24)
i=0

it can be seen that the error increases rapidly outside the region of the sample points
(extrapolation is dangerous!). As an example consider the sample points (Fig. 2.2)

3
fx) =sin(x) x =0, % 7, 7” 2. (2.25)

The maximum interpolation error is estimated by (| f*+1| < 1)
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3 I . I . I . I

Fig. 2.2 Interpolating polynomial. The interpolated function (solid curve) and the interpolating
polynomial (broken curve) for the example (2.25) are compared

100

o (x)
=)

—-100

Fig. 2.3 Interpolation error. The polynomial w(x) is shown for the example (2.25). Its roots x; are
given by the x values of the sample points (circles). Inside the interval xg . . . x4 the absolute value
of w is bounded by |w(x)| < 35 whereas outside the interval it increases very rapidly

1 35
|f ) —pO)] =< Ia)(X)Il—20 =10~ 0.3, (2.26)

whereas the error increases rapidly outside the interval 0 < x < 2m (Fig. 2.3).

Algorithm

The divided differences are arranged in the following way:
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Jo
S [xox1]
: : (2.27)

Sn—1 [xn—2xu—1] [xn—3xn—2%,—1]
Jn [n—1xn]  [Xp—2Xp—1X0] -+ [x0X1 - - Xp—1Xn]

Since only the diagonal elements are needed, a one-dimensional data array
t[0] - - - ¢t[n] is sufficient for the calculation of the polynomial coefficients:

for 1:=0 to n do begin
t[i]:=t[i];
for k:=i-1 downto 0 do
t[k]:=(t[k+1]-t[k])/(x[i]-x[K]);
a[i]:=t[0];
end;

The value of the polynomial is then evaluated by

p:=a[n];
for i:=n-1 downto 0 do
p:=p*(x-x[i])+alil;

2.2.4 Neville Method

The Neville method [5] is advantageous if the polynomial is not needed explicitly
and has to be evaluated only at one point. Consider the interpolating polynomial for
the points xg . . . x¢, which will be denoted as Py 1.« (x). Obviously

(x —x0) Pr..x(x) — (x — xx) Po...k—1(x)

Po1,.. k(x) = (2.28)
X — X0
since for x = x1...x—1 the right-hand side is
(x —x0) f(x) — (x — xx) f (%) ~ (). (2.29)
X — X0
For x = xo we have
—(o =) f(x) _ £, (2.30)

Xk — X0

and finally for x = xi
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(k= %) f@) _

Xk — X0

fx). (2.31)

Algorithm

We use the following scheme to calculate Py 1 . ,(x) recursively:

.....

Py
P1 Po
P, P Por12 . (2.32)

Pn Pnfl,n Pan,nfl,n P01~~n

The first column contains the function values P;(x) = f;. The value Py ;.. , can be
calculated using a one-dimensional data array p[0] - - - p[n]:

for 1:=0 to n do begin

plil:=f[il;

for k:=i-1 downto 0 do
plk]:=(p[k+1]*(x-x[k])-p[k]*(x-x[i]) ) /(x[k]-x[i]);
end;

f:=p[0];

2.3 Spline Interpolation
Polynomials are not well suited for interpolation over a larger range. Often spline

functions are superior which are piecewise defined polynomials [6, 7]. The simplest
case is a linear spline which just connects the sampling points by straight lines:

e — Vi

pi) = yi + 2 2 ), (2.33)
Xipl — X

s(x) = pi(x) wherex; <x < xj41. (2.34)

The most important case is the cubic spline which is given in the interval x; < x <
Xi+1 by

Pi(x) =i + Bilx —xi) + yi(x —x)* + 8 (x —x;)°. (2.35)
We want to have a smooth interpolation and assume that the interpolating function

and their first two derivatives are continuous. Hence we have for the inner bound-
aries
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i1=0,....n—1,

Pi(Xit1) = pit1(xit1),
pi(xiv1) = piyy(xiv1),
P} (xiq1) = pi (Xig1)-

We have to specify boundary conditions at xo and x,. The most co

2 Interpolation

(2.36)
(2.37)
(2.38)

mmon choice

are natural boundary conditions s”(xg) = s”(x,) = 0, but also periodic boundary
conditions s” (xg) = 5" (x,), s'(xo) = s'(x,), or given derivative values s’(xp) and

s'(xy,) are often used. The second derivative is a linear function [2]
Pl (x) =2y +68; (x — x;),

which can be written using ;1 = xj11 — x; and M; = s”(x;) as

P,{/(X)ZMHI (x_xi)+Mi(xi+l_x) i=0...n—1,
hit hit1
since
Xitl — X
pl) = M =0 = (xy),
hit
" Xig1—xi)
pi (Xip1) = Mi+1h—1 =s"(xi11).
i+
Integration gives with the two constants A; and B;
(x — x;)? (xip1 — x)?
Pi (x) i+1 2hi+l i 2hi+1 + A;
3 3
X —X; Xit] — X
pi(x) = M,-+1( 2 M; (i1 =07 A;(x — x;) + Bi.
6h;11 6h;+1

From s(x;) = y; and s(x;4+1) = y;+1 we have

h?
Mi%l + B = yi,
h?
M ITH + Aihiy1 + Bi = yit1,

and hence

h2
Bi = yi— M=,
Yier —Yi  hin
= - Mis — M;).
hi+1 6 ( i+1 1)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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Now the polynomial is

My 3
pi(x) = oh 1( X —xi)” — oh l(x—x,—hz+1) +Ai(x —x;) + B;
i+ i+
M; M; M;
=(x —x,->3< e R . )+ L 31 (x — x)?
6hiy1  6hiy 6h; 1
M; M;
+x —x) | A — S — 302 )+ Bi + S ——h} . (2.49)
Comparison with
pi(x) =i + Bi(x —xi) + yi(x —x)* + 8 (x — x;)° (2.50)
gives
a; = B; + 6 hl+1 = Vi, (2.51)
hipiMi yig1 — i M) +2M;
= A — — —hjp —————, 2.52
,31 i ) h1+1 i+1 6 ( )
M;
vi= > (2.53)
5 = lgll i (2.54)
i+1

Finally we calculate M; from the continuity of s'(x). Substituting for A; in p;(x)
we have

(c—x)* i1 =) vkl =i

’ - M l+1 M: M: i
p;(x) i+1 it i it hint (M1 — M;)
(2.55)
and from p._, (x;) = p;(x;) it follows
hi  yi—Yyi-1  h
Myl T B
i 2 + hi 6( i i 1)
—M i+1 +yz+1 Yi l+l(Ml+l M), (2.56)
2 hiti
hi hi hit hivi  Yit1 =Y Yi — Vil
M; M; M; M; = — , 2.57
3 Mg M o M= hiti h; (2.57)

which is a system of linear equations for the M;. Using the abbreviations
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o hi
YT hi A hig

hi +hiv1’

(yi+1 — Vi

hiti
wiMi_1 +2M; + AiMiy1 = d;

i =1—24

6

_ Vi~ Ve
hi +hitq

hi

,. )

we have

i=1...

We define for natural boundary conditions
rM=0 w,=0 dp=0 d, =0,

and in case of given derivative values

2 Interpolation

(2.58)

(2.59)

(2.60)

2.61)

(2.62)

6 y] - }’0 12 6 7 }’n - ynfl
Ao =1 =1 dy=— — d, = — Ty
0 Mn 0 l’ll < hl )’0 n hn yn hn
(2.63)
The system of equation has the form
2 Ao 1r My 7 B do ]
n1 2 M M, d
M2 2 A2 M d>
) = ) (2.64)
M1 2 An—1 My dn—1
| Hn 2 1L M, i | dy B
For periodic boundary conditions we define
hy 6 YI=Yn  Yn— Yn—1
A, = =1—Xx, d,= - , (2.65
"k, n h1+hn( i T (269
and the system of equations is (with M,, = M)
2 A wi [ My ] [ d; ]
w2 2 Ao M; dr
u3z 2 A3 M3 d3
. = . (2.66)
Mn—1 2 An—1 My, -1 dn—l
_)tn Hn 2 1L M, i | dy B
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All these tridiagonal systems can be easily solved with a special Gaussian elimina-
tion method (Sects. 5.3 and 5.4).

2.4 Multivariate Interpolation

The simplest two-dimensional interpolation method is bilinear interpolation.! It uses
linear interpolation for both coordinates within the rectangle x; < x < x;41, yi <

Vi = Vit1:

p(xi + hy, yie1) — p(xi + by, yi)

p(xi +hy, yi +hy) = p(xi +hy, yi) +hy

Yi+1 = Vi
— ) + By S it i) — f (i, pi)
Xitl — X
FGxivian) + B S &g, Yiw) = f iy yig1) £ vi) — by S i1, i) — f(xi, yi)
+hy Xigl — Xi Xi+1 — X .
) Yitl = Vi
(2.67)
which can be written as a two-dimensional polynomial
p(xi + hy, yi + hy) = ago + arohy + arohy + ajrhihy, (2.68)
with
aoo = f(xi, yi),
S i1, yi) = f(xi, yi)
an = ’
Xi+1 — Xi
S iy yigr) = f(xi, yi)
aolr = s
Yi+1 — Vi
S i1, yier) = [y yig1) = fxir, yi) + f (i, yi)
app = . (2.69)

(Xit1 — x)Yit1 — i)

Application of higher order polynomials is straightforward. For image processing
purposes bicubic interpolation is often used.

If high quality is needed more sophisticated interpolation methods can be
applied. Consider for instance two-dimensional spline interpolation on a rectangular
mesh of data to create a new data set with finer resolution:?

fij = f(hy, jhy) withO<i <N, 0<j<N,. (2.70)

! Bilinear means linear interpolation in two dimensions. Accordingly linear interpolation in three
dimensions is called trilinear.

2 A typical task of image processing.
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Fig. 2.4 Bispline interpolation

First perform spline interpolation in x-direction for each data row j to calculate new
data sets (Fig. 2.4)

fl/,]:S('xl’vflijSl<Nx) OS]SNy Ofl/<N)/( (271)
and then interpolate in y-direction to obtain the final high resolution data:

foy =5y fr;,0<j <Ny 0<i'<N, 0<j <Nj. (2.72)

Problems

Problem 2.1 Polynomial Interpolation

This computer experiment interpolates a given set of n data points by a polynomial
n

reo=35 T =5

i=0  k=0k#i

a linear spline which connects successive points by straight lines
si(x) =ai +bi(x —x;) forx; <x <xjq
or a cubic spline
s() = pi(¥) = @i + Bi(x —x) +yi(x = x) + 80 —x)’ X < x < xig
with natural boundary conditions
s"(xn) = 5" (x0) =0
(a) Interpolate the following data in the range (Table 2.1)
—-1.5<x<0.
(b) Now add some more sample points (Table 2.2)
for —1.5 <x <45

(c) Interpolate the function f(x) = sin(x) at the points x = 0, %, T, 37”, 2. Take
more sample points and check if the quality of the fit is improved.
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Table 2.1 Zener diode voltage/current data
Voltage —1.5 —-1.0 -0.5 0.0
Current —3.375 —-1.0 —-0.125 0.0

Table 2.2 Additional voltage/current data
Voltage 1.0 2.0 3.0 4.0 4.1 42 45
Current 0.0 0.0 0.0 0.0 1.0 3.0 10.0

(d) Investigate the oscillatory behavior for a discontinuous pulse or step function as
given by the following data table (Table 2.3):

Table 2.3 Pulse and step function data
x -3-2-10123

Ypuse 0 0 0 1000
Ysep 0 0 0 1 111

Problem 2.3 Two-Dimensional Interpolation

This computer experiment uses bilinear interpolation or bicubic spline interpolation
to interpolate the data table (Table 2.4)
on a finer grid Ax = Ay = 0.1.

Table 2.4 Data set for two-dimensional interpolation
x01 2 012 012
y 000 111 2 22
f10-1000-101




Chapter 3
Numerical Differentiation

For more complex problems analytical derivatives are not always available and
have to be approximated by numerical methods. If numerical precision plays a role a
simple difference quotient is not sufficient and more accurate methods are necessary
which will be discussed in this chapter.

3.1 Simple Forward Difference

The simplest method approximates the derivative by the quotient of finite
differences

df _Af _ fet+h) = f()

3.1
dx Ax h G-
The truncation error can be estimated from the Taylor series expansion
2
fa+h) = f&)  fO)+hf@+5 )+ = fx)
h - h
! h 1
=f(X)+§f () +---. (3.2)

The error order is O (h). The step width should not be too small to avoid rounding
errors. Error analysis gives

Af = fI(f(x+ A +e1), fF() +£2)
= (Af + fx+h)er — f(x)e2)(1 + €3)

=Af+Afes+ fx+he — f(x)ea+ -+, (3.3)
—~ Af +Afes+ f(x +h)er — f(x)e
FLBF b1+ ey = DL XA BTGP = JOe
h(l + &4)

A x+h X
=—f(1+85—84+83)+f( )Sl—f( )82~ (3.4)

h h h
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The errors are uncorrelated and the relative error of the result can be estimated by

Af _ Af
‘A_x ~ Ax fx)| . em
—ar <3em + a7 27. (3.5)
Ax Ax

Numerical extinction produces large relative errors for small step width /. The opti-
mal value of & gives comparable errors from rounding and truncation. It can be
found from

Sion= 12 (3.6)

Assuming that the magnitude of the function and the derivative are comparable, we
have the rule of thumb

ho = /em ~ 1078

(double precision). The corresponding relative error is of the same order.

3.2 Symmetrical Difference Quotient

Accuracy is much higher if a symmetrical difference quotient is used (Fig. 3.1):

Af e+ —fa =

Ax h
SO+ ORS00 = O+ R0+
B h

h2
=@+ 0+ 3.7)

The error order is O (h?). The optimal step width is estimated from

X X+h

Fig. 3.1 Difference quotient. The symmetric difference quotient (right side) approximates the
derivative (dotted) much more accurately than the single-sided difference quotient (left side)
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h2 " 28M

_ = =, 3.8

24If ()| =1/ ()] W (3.8)
again with the assumption that function and derivatives are of similar magnitude as

ho => /48em ~ 1077, (3.9)

. . "
The relative error has to be expected in the order of 7§ ~ 1011,

3.3 Extrapolation Methods

The Taylor series of the symmetric difference quotient contains only even powers
of h:

_ _ 2 4
Dy = L& F h)th(x M _ e+ %f’”(x) + %f(s)(x) +ool (3.10)

The extrapolation method [8] uses a series of step widths, e.g.,

i

h
hist = 5 3.11)

and calculates an estimate of D(0) by polynomial interpolation. Consider
Do = D(hg) and D; = D(%O). The polynomial of degree 1 (with respect to h2)
p(h) = a + bh? can be found by the Lagrange method:

2 % h2 _ h2
p(h) = Dy L+ D——2. (3.12)
h2 _ ]'m }m o hZ
0~ 2 4 0
Extrapolation for 4 = 0 gives
1 4
p0) =—3Do+ 3Dy (3.13)

Taylor series expansion shows

1 / h(z) " hé 5)
P(0)=—§ f(x)‘i‘af (x)+§f xX)+-- )+
4 / h% " hg (5) 314
+§ f(x)+4_—3!f (X)+mf (x) +--- (3.14)
4
L I P (3.15)

45!
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absolute error

107 1072 107 10® 10° 10* 102 10°
step size h

Fig. 3.2 Numerical differentiation. The derivative % sin(x) is calculated numerically using algo-
rithms with increasing error order (3.1(a), 3.7(b), 3.13(c), 3.17(d)). For very small step sizes the
error increases as 1~ ! due to rounding errors

that the error order is O(hé). For three step widths hg = 2h| = 4h, we obtain the
polynomial of second order (in 4?) (Fig. 3.2)

K2 12 hg h
W =P =39, F =) - =0 =T
1

p(h) = Do 2 2 2 2 2 275 2 42
h h h hg o h h h h
(hg — ) (g = 78) G -hE =) (16 —hp) (¢ — )
(3.16)
and the improved expression
1 L 1
pO) = Doz + D15 + Doz — =
1° 716 T 716 16 T 16
_p_%p —|—64D = f'(x) + 0(hd) (3.17)
4570 T g T2 T 0 '
Often used is the following series of step widths:
h2
2_ 70
hiy = 5 (3.18)
The Neville method
(0= ) Py ) — 2 = M) Py ()
Pr i (h*) = 2AGEEA (3.19)
hO hO
2k T i

gives forh =0



3.4 Higher Derivatives

P —25TP
1 — 2k

which can be written as

Pijg—1— Piy1x

Pk =Piyr.x+ =

and can be calculated according to the following scheme:

Py = D(h?) Py Poia Poins
2

Py = D(%) Py Py
2

Py =D(%) Py

Here the values of the polynomials are arranged in matrix form
Pix=T—i=T.;
with the recursion formula

Tij—1 — Tit1,j

Tij=Tiy1,j—1+ T %

3.4 Higher Derivatives

33

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

Difference quotients for higher derivatives can be obtained systematically using

polynomial interpolation. Consider equidistant points

Xp=x0+nh=...,xo—2h,xo—h,xp,x0+h,xo+2h,....

From the second-order polynomial

(x — x0)(x — x1) (x —x_x—x1)

px) =y_1

(x —x_1)(x — x0) _
: (x1 —x_1)(x1 — x0)

(x—1 —x0)(x—1 — x1) 0(Xo —x_1)(x0 — x1)

_ (x —x0)(x — x1) " (x —x—p(x —x1)
- y—l 2]’[2 )’0 —h2
(x —x-1)(x — x0)
+ y1 2

we calculate the derivatives

(3.25)

(3.26)
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2x — xp — X1 2X —Xx_1 — X 2x —x_1 — X0
"(x) = y_ , 3.27
P(x) =y 2 + 0 2 +n 2 (3.27)
y-1 Yo Y1
p'(x) = T et (3.28)
which are evaluated at xg:
1 1 fxo+h) — f(xo—h)
/ ~ 7 ey 4y = , 3.29
S (x0) &~ p'(x0) TRy 7 (3.29)
(xo —h) =2 f(x0) + f(xo+h)
Fo) ~ p ) = L Lot/ . (3.30)

Higher order polynomials can be evaluated with an algebra program. For five sample
points

xo0 — 2h, xo — h, xo, xo + h, xo + 2h,

we find

ftegy » L0 BT G0 h)l;rhgf(xo tH- TP, (3.31)

£ (x0) ~ —F(x0 —2h) + 16 f(xg — h) — 30 f(x0) + 16 f (x0 + h) — f(xo + 2h)
' 12h2 )
(3.32)

1" (x0) ~ —f(xo = 2h) +2f(x0 — h;h; 2f(xo +h) + fxo+ 2h)7 (3.33)
@\ TG0 =20 —4f (o —h) + 6 (xo+h) —4f (o + ) + fxo +2h)
7 (xo) & - |
(3.34)

3.5 More Dimensions

Consider polynomials of more than one variable. In two dimensions we use the
Lagrange polynomials

(c—x0) 7 0=
Lii(x,y)= | | . (3.35)
ST G = ]I. #I, (v =)

The interpolating polynomial is

P, y) =Y fijLij(x, ). (3.36)
iJj

For the nine samples points
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(x—1,y1) (x0,y1) (x1,y1)
(x—1,y0) (x0,y0) (x1,Y0) (3.37)
(x—1, y—1) (x0, y—1) (x1, y-1)

we obtain the polynomial

(x —=x0)(x —x)(y = yo)(y —¥y1)
, = f_1_ cee, 3.38
P ) = e T G =)0 =y ) =) 5=8)

which gives an approximation to the gradient

(3.39)

S o+h,yo)— f(xo—h, y0)
V f(xoyo) =~ V p(xoyo) = f(X(),yo-l-h)z—hf(xo,yo—h)
2h

and the Laplace operator

V2 f(x0, Y0) & V2 p(x0, ¥0)

1
= hj(f(xo,yo+h)+f(x0,yo—h)+f(xovyo+h)+f(x0,m—h) —4f(x0, 0)) -
(3.40)

Problems

Problem 3.1 Numerical Differentiation

In this computer experiment we calculate the derivative of f(x) = sin(x) numeri-
cally with
(a) the single-sided difference quotient

df _ fa+h - f)
dx h
(b) the symmetrical difference quotient

df _ S+l —fx—h
O Dnf) = T

(c) higher order approximations which can be derived using the extrapolation
method

1 4
- §th(X) + gDh/2f(x)

| 4 64
Eth(x)_ —Dh/zf(x)+ Dpya f(x)

The error of the numerical approximation is shown on a log—log plot as a function
of the step width A.



Chapter 4
Numerical Integration

Physical simulations often involve the calculation of definite integrals over
complicated functions, for instance the Coulombic interaction between two elec-
trons. Integration is also the elementary step in solving equations of motion. In
general a definite integral can be approximated numerically as the weighted average
over a finite number of function values:

b
f foodx =Y wi f (x). (4.1)

Specific sets of sample points x; and weight factors w; are known as “integral rules.”

4.1 Equidistant Sample Points

For equidistant points

xi=a+ih i=0...n h= , 4.2)

the interpolating polynomial of order n with p(x;) = f(x;) is given by the Lagrange
method:

p(x) = Zﬁ [T —= (4.3)

Xi — X
=0 k=0ki K

Integration of the polynomial gives

/ px)dx = Zﬁ / H — (4.4)
a Oy k;é k
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After substituting

X =a+hs,
x —x; = h(s — k),
xi —x = (@ —k)h, (4.5)
we have
b n n n
— —k
/' 1—[ x. LIy / (4.6)
a pZoxei YT Yk 0 joknit
and hence
b n
[ rwa=0-ay s 47
4 i=0
The «; are weight factors for the function values f;.
4.1.1 Newton—Cotes Rules
For n = 1 the polynomial is
— X1 X —Xo
pO) = fo 1 , (4.8)
X0 — X1 X1 — X0
and the integral is
/ px)dx = f()/ —hds + fi f —hds
a
1-D% ©0-1)2 12 02
=—foh - [
fo < 2 I A
= hM, (4.9)
2
which is known as the trapezoidal rule. N = 2 gives Simpson’s rule
4
g fotdn+h (4.10)

6
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Larger n gives further integration rules:

35 f0+3f1J8r3fz+f3 3/8 rule

4, 1o+32 f1+1§gz+32f3+7f4 Milne rule

A.11)

s 190475 11450/,450 /3475 fa-+19 5
288

6h 41f0+216f1+27f2+2§i(})‘;+27f4+216f5+4]f6 Weddle rule

For even larger n negative weight factors appear and the formulas are not numeri-
cally stable.

4.1.2 Newton—Cotes Expressions for an Open Interval

If the function has a singularity at the end of the interval, it is more convenient to
compute the integral from only interior points

o b—a
xi=a+ih i=12,...,N h:N—i—I 4.12)
The simplest case is the midpoint rule (Fig. 4.1)
b a+b
/ f(x)dx%thlz(b—a)f< > ) (4.13)
a
The next two are
3h
7(]‘1 + /2, (4.14)
4h
?(21‘1 —f2+2/3). (4.15)

fa) f(b)

a b

Fig. 4.1 Trapezoidal rule and midpoint rule. The trapezoidal rule (left) approximates the integral
by the average of the function values at the boundaries. The midpoint rule (right) evaluates the
function in the center of the interval and has the same error order
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4.1.3 Composite Newton—Cotes Formulas

Let us divide the integration range into intervals
[xi, xix1] xi=a+ih i=0...n (4.16)

and use the trapezoidal rule for each interval:

h
I = E(f(xi) + f(xig1). (4.17)

This gives the composite trapezoidal rule
b
T3=h<&+f( +h)+- 4+ fb— h)—i—&), (4.18)

with error order O (h?). Repeated application of Simpson’s rule for [a, a + 2h],
[a + 2h,a + 4h], ... gives the composite Simpson’s rule:

S:g(f(a)+4f(a+h)+2f(a+2h)+4f(a+3h)+~--
4 2f(b—2h) +4f(b—h)+ f(b)), (4.19)

with error order O (h*). (The number of sample points must be even!)
Repeated application of the midpoint rule gives the composite midpoint rule

S=2h(f(a+h)+ fa+3h)+---+f(b—h)), (4.20)

with error order O (h?).

4.1.4 Extrapolation Method (Romberg Integration)

For the trapezoidal rule the Euler—-MacLaurin expansion exists which for a 2m times
differentiable function has the form

Xn
/ F)dx — Ty = ash® + agh® + -+ + aam_2h®™ 2+ O(K®™).  (4.21)
X0

Therefore extrapolation methods are applicable. From the composite trapezoidal
rule for i and A /2 an approximation of error order O (h*) results:
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/ F)dx — Ty (h) = ash® + agh* + -+, (4.22)
h? h*
f fdx = Ty(h/2) = ar— + 04—+ -+, (4.23)
4 16
_ 4
[ rooa - SLERZTO __ 42

More generally, for the series of step widths

ho
hy = R (4.25)
the Neville method gives the recursion for the interpolating polynomial
2 _ g 2 2 _ g 2
h* = 53 ) Pivrk(h™) — | h™ — 53¢ ) Pik—1(R7)
2
Pi k(h7) = 2w , (4.26)
e
which for 4 = 0 becomes the higher order approximation to the integral
(Fig. 4.2)
10° LR LA T
&
; L
10~4 - 00 I¢ =
5 h2 /gg/ / hd
5 o ¢
Q 3 3 /O,G’ / g
s 10° - -1 / —
é Q\Q o /b
e 3" &ag” ;
E // \5‘59\\ / E
10—12 - 0\9\0\\\ ’I h12 -
Soog
10—16 ! | | I | !
107 104 1072 10°
step width h

Fig. 4.2 Romberg integration The integral fonz sin(x2)dx is calculated numerically. Circles show
the absolute error of the composite trapezoidal rule (4.18) for the step size sequence h;+1 = h; /2.
Diamonds show the absolute error of the extrapolated value (4.27). The error order of the trape-
zoidal rule is O (h?) whereas the error order of the Romberg method increases by factors of 2.
For very small step sizes the rounding errors dominate which increase as 7~
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-2 L 2U—2i
2P k1 = 2% Pk P =25 H P

Fix= 22k _p-2i = 1 _ p2k—2i
Pi k-1 — Piy1.k
=Pk + W 4.27)
The polynomial values can again be arranged in matrix form
Po Por Po1z -+
Py Ppp
P : (4.28)
with
Tij = Pi.iyj (4.29)
and the recursion formula
ho
Tio= P =T 5 ) (4.30)
Tiio1 —Tit1j-
Tij=Tiv1j-1+ 2hjl 7 il -t (4.31)

1—22

4.2 Optimized Sample Points

The accuracy of the integration can be improved by optimizing the sample point
positions.

4.2.1 Clenshaw—Curtis Expressions

Here the sample points are chosen as the roots

@iz (4.32)
i = COS —— .
A N
or as the extrema
i — 1
% = cos S — DT (4.33)
N —1

of the Tschebyscheff polynomials:

cos(n arccos(x))

TO - 1 T;l(-x) = 2’,[71

(4.34)
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This leads to integration rules of arbitrary order which have only positive weights
and are therefore numerically stable.

4.2.2 Gaussian Integration

Now we will try to fully optimize the positions of the n points x; to obtain the
maximum possible accuracy. We approximate the integral by a sum

b N
/ fodxe~ 1= f(xwi (4.35)
a I=1

and determine the 2n parameters x; and w; such that a polynomial of order 2n — 1
is integrated exactly. We restrict the integration interval to [—1, 1]. The general case
[a, b] is then given by a simple change of variables. A scalar product for functions
on the interval [—1, 1] is defined by

1
(fg) = / @@ (4.36)

and an orthogonal system of polynomials can be found using the Gram—Schmid
method:

Py =1, (4.37)
P Po fl Py(x)d (4.38)
=X — X X)ax = X, .

: (PoPy) J-1 0
Py ! 2 Py ! 2
P2 = _x2 — / x“P (.x)dx - / X PO(x)dx
Y R (PoPoy) J
= x? 1 (4.39)
- 3’ .
P, !
P:x”—"—/ x"P,_1(x)dx
" (Pa—1Pn—1) J_1 el
P> /‘ 0
"2 | X p, () — - 4.40
<Pn72Pn72> —1 ! 2( ) ( )

These are known as Legendre polynomials. Consider now a polynomial p(x) of
order 2n — 1. It can be interpolated at the n sample points x; using the Lagrange
method by a polynomial p(x) of order n — 1:

Py =Y Ljx)p(x)). (4.41)

Jj=1
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Then p(x) can be written as

p(x) =px) + (x —x)x —x2) - (x —x)q(x).

(4.42)

Obviously g (x) is a polynomial of order (2n — 1) — n = n — 1. Now choose the

positions x; as the roots of the nth order Legendre polynomial:
(x=xD)(x —x2) - (x —xp) = Po(x).
Then we have

1
/l(x —x)(x —x2) -+ (x = x)g(x)dx =0,

since P, is orthogonal to the polynomial of lower order. But now

1 1 1 n n
f1p<x)dx = / Pl =f1 D o pHLj)dx =) wip(x)),
- - —j=l1 j=1

with the weight factors

1
w; = /;1 Lj(x)dx.

Example The second-order Legendre polynomial

1
Py(x) = x% — =
2(x) = x 3

has two roots

The Lagrange polynomials are

1 1
X—4/3 x—i—\/;

L1:—7 L2:—7
1 1 1 1
“V3iTV3 \[fr 3

and the weights

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)



Problems

1
3
wlzf lex=—\/7_

This gives the integral rule

/_llf(x)dx%f<—\/g>+f< %)

For a general integration interval we substitute

a+b+b—a
u
2 2

and find the approximation

/bf( d _/lf(a+b+b—a)b—ad
; x)dx = " 5 3 u 3 u
b

_b—a ¥ a+b b—a |1 +f a+b+b—a
) 2 2 V3 2 2

The next higher order Gaussian rule is given by

n=3:w1 =w3=5/9,w2=8/9,x3=—x1 :O.77459...,x2=0.

45

(4.50)

4.51)

(4.52)

(4.53)

(4.54)

(4.55)

Besides these Gaussian (Legendre) expressions further integral rules can be
obtained by using other sets of orthogonal polynomials, for instance Laguerre, Her-

mite, or Jacobi polynomials.

Problems

Problem 4.1 Romberg integration

Use the trapezoidal rule

b
T(h)=h<%f(a)+f(a+h)+~-~+f(b—h)+%f(b)) =f FOodx + -

with the step sequence
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h
By = =2
2!
and calculate the elements of the triangular matrix

T(i,0) =T (hi)

T, k—1)—-TG+1,k—1

to obtain the approximations
To1 = Po1, Too = Po12, Tos = Poios, - - -

(a) calculate

2

g
f sin(x})dx = 0.6773089370468890331 . ..
0

and compare the absolute error of the trapezoidal sums 7'(h;) = T; ¢ and the extrap-
olated values Tj ;.
(b) calculate

[

for ¢ = 1073, Compare with the composite midpoint rule

T(h)=h<f<a+g>+f<a+%)+”‘+f<b_%>+f<b_%))



Chapter S
Systems of Inhomogeneous Linear Equations

Many problems in physics involve systems of linear equations

anxy+ -+ apx, =b
SR (5.1)

an1Xxi + S -I- annj.cn = by
or shortly
Ax = b. (5.2)
If the dimension of the system is not too large standard methods like Gaussian elimi-

nation are sufficient. However, many applications involve very large dimensions and
require special iterative methods.

5.1 Gaussian Elimination Method

A series of linear combinations of the equations transforms the matrix A into an
upper triangular matrix. Start with subtracting ;1 /a;; times the first row from rows
2...n

a) a
t
a a) —[pja’
2 2 21
IS e (5.3)
a, al —[al
n n nld]
which can be written as a multiplication
AV =14, (5.4)
with the Frobenius matrix
P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_5, 47
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1
a:
Ly=| "B 1 I = 2L (5.5)
. . ary
_lnl 1
The result has the form
app ap2 ... dip—1 Ain
(D) (D (1)
0 a%%) ces Gy, a%{l)
AD=| 0 a3y ... ... a3, |. (5.6)
0 : :
1 1
0 ar(lz)... a,g,,)

Now subtract c% times the second row from rows 3. .. n. This can be formulated as

AP = 1,AD = [,1,4A, (5.7)
with
1
0 1 0
Ly=|0-1 lip = 3. (5.8)
.. . a( )
Do - 22
0 —lp» 1

The result is

@2 @ 2 2

a; a}%) a}%) a}g)
0 ay, a%%) . a%g)
AQ — 0 0 a3y ...a5, |. (5.9)

0 0 a2 ... a2

Continue until an upper triangular matrix results after n — 1 steps:

AD =, A2 (5.10)
1
1 _
a2
L, = lnpno1 = =2 (5.11)
1 an—l,n—l
_ln,n—l 1

A"D =, L, ... LoLiA=U, (5.12)



5.1 Gaussian Elimination Method

Uil U2 U13 ... Ulip

U2 U3 ... Uy

U= U3z ... U3y
Unn

The transformed system of equations
Ux:y y=Ln_1Ln_1...L2L1b

can be solved easily by backward substitution:

1
Xn = Yn,
Unn
X Yn—1 — XnUpn—1,n
n—-1-=- >
Un—1,n—1

Alternatively the matrices L; can be inverted:

1 1
I 1 1
L' = I3 1 Y S

lnl 1 ln,n—l 1

This gives

—17-1 -1
A=L7'Lyt LU

The product of the inverted matrices is a lower triangular matrix:

1

I 1
—1y-1 _ | I31 I3 1
L'y = 3.13.2

lnl an 1

—17 -1 —1
L=r7'L;t L =

49

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Hence the matrix A becomes decomposed into a product of a lower and an upper
triangular matrix:

A=1LU, (5.21)
which can be used to solve the system of equations (5.2)
Ax=LUx=Db (5.22)
in two steps
Ly=h, (5.23)

which can be solved from the top

yi = b, (5.24)
2 = by — by, (5.25)
(5.26)
and
Ux =y, (5.27)

which can be solved from the bottom

1
Xp = —Yn, (5.28)
Unn
Xy = 2oL T Anlhn—ln (5.29)
Up—1,n—1

(5.30)

5.1.1 Pivoting

To improve numerical stability and to avoid division by zero pivoting is used. Most
common is partial pivoting. In every step the order of the equations is changed in
order to maximize the pivoting element aj x in the denominator. This gives LU
decomposition of the matrix P A where P is a permutation matrix. P is not needed
explicitly. Instead an index vector is used which stores the new order of the equations

1 i
Pl 1=1":1- (5.31)

Total pivoting exchanges rows and columns of A. This can be time consuming for
larger matrices.
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If the elements of the matrix are of different orders of magnitude it can be nec-
essary to balance the matrix, for instance by normalizing all rows of A. This can be
also achieved by selecting the maximum of

dik

S ] (5.32)

as the pivoting element.

5.1.2 Direct LU Decomposition

LU decomposition can be also performed in a different order [9]. For symmetric pos-
itive definite matrices there exists the simpler and more efficient Cholesky method
which decomposes the matrix into the product LL’ of a lower triangular matrix and
its transpose [10].

5.2 QR Decomposition

The Gaussian elimination method can become numerically unstable. An alternative
method to solve a system of linear equations uses the decomposition [11]

A = OR, (5.33)

with a unitary matrix 0 Q = 1 (an orthogonal matrix Q' Q = 1 if A is real) and
an upper right triangular matrix R. The system of linear equations (5.2) is simplified
by multiplication with 0 = Q~!:

ORx = Ax = b, (5.34)
Rx = Q%b. (5.35)

Such a system with upper triangular matrix is easily solved (see (5.27)).

QR decomposition can be achieved by a series of unitary transformations
(Householder reflections [2] or Givens rotations [11]) or simpler by Gram—Schmidt
orthogonalization [2, 11]:

From the decomposition A = QR we have

k
aik =Y qijrik, (5.36)
j=1
k
a =) rjig;. (5.37)

J=1
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which gives the kth column vector a; of A as a linear combination of the orthonor-
mal vectors q . .. qx. Similarly qy is a linear combination of the first k columns of
A. With the help of the Gram—Schmidt method 7 and q are calculated as follows:

ri = lail, (5.38)
aj
q = —. (5.39)
i
Fork=2,...,n
rir i =qiay i=1...k—1 (5.40)
bi = ag —rieqr — - — rk—1,kQk—1, (5.41)
rkk = [bxl, (5.42)
by
qr == —. (5.43)
Tkk
Obviously now
A = rikQk + re—1,k9k—1 + - + riedqi, (5.44)
since as per definition
qar=ry i=1...k (5.45)
and
Fige = Ibil? = lal> +ri 4 iy = 2 — = 20 e (5.46)
Hence,
_ _ b 2 2 2 _
Qar = — @ — rigqi - - Te—1 k-1 = — (lak|” = rip — - = ri_y 1) = ik
Tkk Tkk
(5.47)
Orthogonality gives
qar=0 i=k+1...n (5.48)

In matrix notation we have finally

i1 r12 ... -

12 ...y
A=(aj...a;) =(q1-.-qn) . . (5.49)

nn
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If the columns of A are almost linearly dependent, numerical stability can be
improved by an additional orthogonalization step:

by — by — (qibr)q1 — - - — (qr—1b) Q1. (5.50)

5.3 Linear Equations with Tridiagonal Matrix

Linear equations with the form

bix1 +c1x2 =1y, (5.51)
aixi—1 +bixi +cixip1=r i=2...(n—1),
ApXp—1 +byxy =1y (5.52)

can be solved very easily with a specialized Gaussian elimination method.! They are
important for cubic spline interpolation or second derivatives. We begin by elimi-
nating a». To that end we multiply the first line with ay/b; and subtract it from the
first line. The result is the equation

Baxz + c2x3 = p2, (5.53)
with the abbreviations
craz riaz
Bro=br———, pp=r——. (5.54)
by by
We iterate this procedure
Bixi + ciXiy1 = pi, (5.55)
Ci—10; pPi—1a;
;= b; — , =T — , 5.56
i " Bia T B (5:36)

until we reach the nth equation, which becomes simply

Bnxn = pn, (5.57)
(5.58)

Now we immediately have
Xp = —, (5.59)

and backward substitution gives

! This algorithm is only well behaved if the matrix is diagonal dominant |b;| > |a;| + |c;].
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Pi—1 — Ci—1X;

Xi—1 = ,3— (5.60)
i—1
and finally
X = % (5.61)

This algorithm can be formulated as LU decomposition. Multiplication of the
matrices

1 B1 c1
b1 B2 2
L= I3 1 U = B3 c3 (5.62)
L, 1 B
gives
B1 ci
LU = LiBiy (Uici—1 + B) ci . (5:63)

LyBu—1 (ncn—1 + Bn)
which coincides with the matrix

by 1

a

A= @ b e (5.64)

a, by
if we choose

i =—— (5.65)

since then from (5.56)

bi = Bi +lici1 (5.66)
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and

liBi—1 = a;. (5.67)

5.4 Cyclic Tridiagonal Systems

Periodic boundary conditions lead to a small perturbation of the tridiagonal matrix
by ¢ ai

a

A= o b e . (5.68)

an—1 by—1 cn_1
o a, by

The system of equations
Ax=r (5.69)

can be reduced to a tridiagonal system [12] with the help of the Sherman—Morrison
formula [13], which states that if Ag is an invertible matrix and u, v are vectors and

1+vIA;lu #0, (5.70)
then the inverse of the matrix>
A=Ay+uv’ (5.71)
is given by
-1 T 4—1
A= ant = o WV A (5.72)
1+vT Ay a '
We choose
‘(") o  a
wi=]:|(10---04)= : (5.73)
0
Cn e

2 Here uv” is the outer or matrix product of the two vectors.
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Then
(b — @) ¢y 0

az

Ag=A—uv' = a b ci (5.74)

an—1 by—1 Cn—1
0 an (bn — %)

is tridiagonal. The free parameter « has to be chosen such that the diagonal elements
do not become too small. We solve the system (5.69) by solving the two tridiagonal
systems

A()X() =T
Aoq=1u (5.75)
and compute x from
A wpvT(AS e T
x=A—1r=A51r—L(1°) = X0 — g (5.76)
1+ vI(Ay ') 1+viq
5.5 Iterative Solution of Inhomogeneous Linear Equations
5.5.1 General Treatment
We want to solve
Ax=Dhb (5.77)

iteratively. To that end we divide the matrix A into two (non-singular) parts [2]
A=A+ A (5.78)
and rewrite (5.77) as
A1x =b — Axx, (5.79)

which we use to define the iteration
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XD = o (x™), (5.80)
d(x) = —A7 Aax + AT 'D. (5.81)

A fixed point x of this equation fulfills
xXtp = ®(xpp) = —A] ' Aoxgp + A7'D (5.82)
and is obviously a solution of (5.77). The iteration can be written as

XD = AT A - ADx™ + A"
= (E — A7 + ATTb = x™ — AT (Ax™ —b) (5.83)

or

A (xUHD — xMy = _(Ax™ —p). (5.84)

5.5.2 Jacobi Method
Jacobi divides the matrix A into its diagonal and two triangular matrices [14]:
A=L+U+D. (5.85)

For A; the diagonal part is chosen

A =D (5.86)
giving
x"tD — —_p~1(A — D)x™ + Db, (5.87)
which reads explicitly
XD = _a]_, gaijxj.”) + aiiib,-. (5.88)

This method is stable but converges rather slowly. Reduction of the error by a factor
of 1077 needs about % iterations. N grid points have to be evaluated in each

iteration and the method scales with O (N?).
5.5.3 Gauss—Seidel Method
With

Ai=D+1L, (5.89)
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the iteration becomes
(D + L)x"D) = —yx™ +p, (5.90)

which has the form of a system of equations with triangular matrix [15]. It reads
explicitly

Zaijx;n+1) = — Za,’jx;n) + b;. 5.91)

j<i j>i
Forward substitution starting from x; gives

1
i=1: xf”'H) = — —Zain;n) +b1],
j=2

1
=2 a0 = — [ —anx™ = S ax™ s |

Jj=3
. 1 1 1 1
i =3 x§”+ ) = ; —a31X§n+ ) 61323€§'Hr )~ Zaijxj-n) +b3 |,
> =
+1 1 +1
"= =D e =Y D b | (592)
. j<i j>i

This looks very similar to the Jacobi method. But here all changes are made immedi-
ately. Convergence is slightly better (roughly a factor of 2) and the numerical effort
is reduced.

5.5.4 Damping and Successive Over-Relaxation

Convergence can be improved [16] by combining old and new values. Starting from
the iteration

Ax"D = (4] — A)x™ + b, (5.93)
we form a linear combination with
Dx"*+1 = Dx (5.94)

giving the new iteration equation
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(1 =)D + wADX"D) = (1 — ©)D + wA; — wA)X™ + wb. (5.95)

In case of the Jacobi method with D = A we have

Dx"*tD = (D — wA)x™ + wb, (5.96)
or explicitly
2 = (@ — o™+ =S a4 b | (5.97)
i J#i

The changes are damped (0 < w < 1) or exaggerated® (1 < w < 2).
In case of the Gauss—Seidel method with A; = D + L the new iteration (5.95) is

D+wL)x"t) = (D+wL —wA)x™ +wb = (1—w)Dx™ —wUx"™ +wb (5.98)
or explicitly
2 = (o™ LS =S a4 ] (5.99)
j<i Jj>i
It can be shown that the successive over-relaxation method converges only for
O0<w<?2.
A very important application is the Poisson equation

V2f=—p, (5.100)

which will be studied in detail in Chap. 15. Here for optimal choice of w about
% p\/N iterations are needed to reduce the error by a factor of 10~7. The order of

the method is O (N 2) which is comparable to the most efficient matrix inversion
methods.

5.6 Conjugate Gradients

At the minimum of the quadratic function

T 1 T
h(x) = ho +b'x+ -xAx, (5.101)

3 This is also known as the method of successive over-relaxation (SOR).
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the gradient
g = Vh(x) = Ax+b (5.102)

is zero and therefore the minimum of / is also a solution of the linear system of
equations

AX = —b. (5.103)

The stationary point can be found especially efficient with the method of conjugate
gradients (page 68). The function % is minimized along the search direction

Sr4+1 = —8r+1 + ﬂr—i—lsr

by solving

ad 1
0=— (bT<xr + ) + é(xf +asHAX + xsr))

~
= st, + XrTAsr + ks,TAsr, (5.104)
b’s, + x” As, g,s,
A= — = — . 5.105
4 s As, sTAs, ( )

The parameter S is chosen as

82 1
Bri1 = = (5.106)
8r
The gradient of & is the residual vector and is iterated according to
g1 = AXr +Ars;) +b =g + A As,. (5.107)

This method [17] solves a linear system without storing the matrix A itself. Only the
product As is needed. In principle the solution is reached after N = dim(A) steps,
but due to rounding errors more steps can be necessary.

Problems

Problem 5.1 Gaussian Elimination

In this computer experiment we solve the system of equations

Ax =b.
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Compare the results of Gaussian elimination without pivoting, Gaussian elimination
with partial pivoting, and QR decomposition for the following systems of equa-
tions:

(a) a well-behaved matrix
Aii = 1, Ai;&j =n

(b) an ill-conditioned Hilbert matrix

(¢) arandom matrix
Aii =01 A =£&¢€[0,1]
1 1
The right-hand side isb = A e hence the exact solution is X =

n n

(d) the system of linear equations for the currents of a Wheatstone bridge circuit

L+1L—1g=0
Iy+1s—1g =0
L—13—1,=0

101 4+ 100012 4+ 1000074 = —1
20007; — 1013 — 10001, =0
1013 + R, Is — 1000014 = 0

Determine the current through the instrument as a function of the variable resis-
tance R,.



Chapter 6
Roots and Extremal Points

In physics very often roots, i.e., solutions of an equation like
fxr...xy) =0,
and extrema
max f(x;...xy) min f(xy...xn)

have to be determined. Whereas global extrema are difficult to locate, stationary
points can be found as the roots of the derivative:

3f(X1 . .XN)
8x,-

=0.

6.1 Root Finding

If there is exactly one root in the interval ag < x < bg then one of the following
methods can be used to locate the position with sufficient accuracy. If there are
multiple roots, these methods will find one of them and special care has to be taken
to locate the other roots.

6.1.1 Bisection
The simplest method to solve

fx)=0 6.1)

uses the following algorithm (Fig. 6.1):

(1) Determine an interval [ag, bo], which contains a sign change of f (x). If no such
interval can be found then f(x) does not have any zero crossings.

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_6, 63
© Springer-Verlag Berlin Heidelberg 2010
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(2) Divide the interval into [ao, ag+ 25%] [ag+ 25, by] and choose that interval
[a1, b1], where f(x) changes its sign.

(3) Repeat until the width b, — a,, < ¢ is small enough.

Ao bo

Fig. 6.1 Root finding by bisection

6.1.2 Regula Falsi Method

The regula falsi method (Fig. 6.2) is similar to the bisection method. However, poly-
nomial interpolation is used to divide the interval [x,, a,] with f(x;) f(a;) < 0. The
root of the linear polynomial

)f(ar) — fxr)

ar — Xy

p(x) = f(x) + (x —xr (6.2)

is given by

ar — Xy ar f (xr) — xr f (ar)
= x — F(x, - : 6.3
= ) S TG o) — flan (63)

Fig. 6.2 Regula falsi method
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which is inside the interval [x,, a,]. Choose the sub-interval which contains the sign
change:

fGD)fE) <0 = (x40, ar11] =[x, 6],
fO) &) >0— [xq1,ar1] =16, ar]. (6.4)

Then &, provides a series of approximations with increasing precision to the root of

f(x) = 0.

6.1.3 Newton—Raphson Method

Consider a function which is differentiable at least two times around the root &.
Taylor series expansion around a point xg in the vicinity

1
f(x) = fxo) + (x — x0) f'(x0) + E(X —x0)7 f"(xo) + -+ (6.5)

gives forx = &

1
0= f(x0) + (& = x0) f(x0) + 5 (¢ = x0)2f" (x0) 4 -+ (6.6)

Truncation of the series and solving for & gives the first-order Newton—Raphson
method

(r)
X
LD () _ S

P60 o7

and the second-order Newton—Raphson method (Fig. 6.3)

2" order NR

\

<y

18t order NR
f(x)

Fig. 6.3 Newton-Raphson method
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LD ) f/(x(r)) + \/f/(x(r))Z —2F(xO) fr(x®)
- £ ) '

(6.8)

The Newton—Raphson method converges fast if the starting point is close enough
to the root. Analytic derivatives are needed. It may fail if two or more roots are
close by.

6.1.4 Secant Method

Replacing the derivative in the first-order Newton—Raphson method by a finite dif-
ference quotient gives the secant method (Fig. 6.4)

Xy — Xr—1

B S 6.9
FGo) — F o) ©9)

X1 =% — f(xp)

Round-off errors can become important as | f(x,) — f(x,—1)| gets small. At the
beginning choose a starting point xo and determine

2h
M O e — ) (©10

using a symmetrical difference quotient.

y X
Xo X X Xth

Fig. 6.4 Secant method

6.1.5 Roots of Vector Functions

The Newton—Raphson method can be easily generalized for functions of more than
one variable. We search for the solution of

fi(xr...xn)
fx) = : =0. (6.11)
fu(x1 ... xn)
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The first-order Newton—Raphson method results from linearization of
0= f() = f(xo) +Df(xo)(E —x0) + -~ (6.12)

with the Jacobian matrix

dx1 0xp
Df = Do . (6.13)
dx1 0xp

If the Jacobian matrix is not singular the equation
0= f(x1) +Df(xo)(x1 — xo) (6.14)
can be solved and gives the iteration

XD = xO (@) O, (6.15)

6.2 Optimization Without Constraints
‘We search for local minima (or maxima) of a function
h(x)

which is at least two times differentiable. In the following we denote the gradient
vector by

ﬂw=<ﬁ5.qﬁg (6.16)

ax; 0xy,

and the matrix of second derivatives (Hessian) by

82
H=< o. (6.17)
Bxiaxj

Starting from an initial guess x) a direction s is determined, in which the function
h decreases as well as a step length A:

Xr4+1 = Xr + ArSp. (6.18)

This is repeated until the norm of the gradient is small enough or no smaller values
of h can be found (Fig. 6.5).
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£ SD
=]
= =
5
5 CG -
5
5 -

CG

function value

10 100 1000
steps

Fig. 6.5 Stationary points. The minimum of the Rosenbrock function A(x, y) = 100(y — x2)% +
(1 — x)? is determined with different methods. Conjugate gradients converge much faster than
steepest descent. Newton—Raphson reaches the minimum at x = y = 1 within only four iterations
to machine precision

6.2.1 Steepest Descent Method

The simplest choice is to go in the direction of the negative gradient

Sr = —g (6.19)

and determine the step length by minimizing / along this direction:

0
0= ﬁh(xr — Agr). (6.20)
Obviously two consecutive steps are orthogonal to each other since
d t
0= ﬁh(xr-i-l —Ag)p=0 = —8 118 (6.21)

6.2.2 Conjugate Gradient Method

This method is similar to the steepest descent method but the search direction is
iterated according to

S0 = —80, (6.22)
Xr+1 = Xr + AsSy, (6.23)
Sr+1 = —&r+1 t+ Br+1Sr, (6.24)

where A, is chosen to minimize 4 (X,41) and the simplest choice for 8 is made by
Fletcher and Rieves [18]
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2

g
Brit = g;‘ : (6.25)
r

6.2.3 Newton—-Raphson Method
The first-order Newton—Raphson method uses the iteration
X1 =X — Hx) 'g(x). (6.26)
The search direction is
s=H g, (6.27)

and the step length is A = 1. This method converges fast if the starting point is close
to the minimum. Calculation of the Hessian, however, can be very time consuming.

6.2.4 Quasi-Newton Methods

Calculation of the full Hessian matrix as needed for the Newton—Raphson method
can be very time consuming. Quasi-Newton methods use instead an approximation
to the Hessian which is updated during each iteration. From the Taylor series

h(x) = ho+b'x+ %XTHX 4o (6.28)
we obtain the gradient
gx,) =b+ Hx, + - = gX—1) + HX —Xr—1) + - . (6.29)
Defining the differences

d, = Xr+1 — Xp, (630)
Yr =8&+1— &> (6.31)

and neglecting higher order terms we obtain the so-called quasi-Newton condition
Hd, =Yy,. (6.32)
We attempt to construct a family of successive approximation matrices B, so that, if
H were a constant, the procedure would become consistent with the quasi-Newton

condition. Then for the new update B4 we have

Br-Hdr =Y (633)
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To specify B,y uniquely, additional conditions are required. For instance, it is rea-
sonable to assume that B, differs from B, by a low-rank updating matrix that
depends on d,, y, and possibly B, :

B,y = By + U, (dg, y. By). (6.34)

For an update of rank one, written as

Bry1 = B +uv’, (6.35)
we obtain the condition
Bid, +u(v'd,) =y (6.36)
hence
1
u= VTdr (yr — Bydy). (6.37)

This gives the general rank one update formula as

Byit =B+ —— (v, — Bdv". (6.38)
vid,
Broyden’s quasi-Newton method, for example, uses v = d,.
One of the most successful and widely used update formulas is known as the
BFGS (Broyden, Fletcher, Goldfarb, Shanno) method [19-22]. It is a rank two
update with inherent positive definiteness:

Br+1 = B, + U,, (639)

"7 yld, dIB.d, ‘

Problems

Problem 6.1 Bisection, Regula Falsi, and Newton—Raphson
Methods

This computer experiment searches roots of several functions. You can vary the
initial interval or starting value and compare the behavior of different methods.
Problem 6.2 Stationary Points

This computer experiment searches a local minimum of the Rosenbrock function'

h(x,y) = 100(y — x2)? + (1 — x)?

I A well-known test function for minimization algorithms.
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(a) The method of steepest descent minimizes % (x, y) along the search direction

sin) = —gin) = —400x(x,% - yn) - 2(-xn - 1)
s;n) = _g;n) = —200(y, — xrzt)

(b) Conjugate gradients make use of the search direction

) = g+ s
s}(}n) — _g;n) _{_ﬁns)(}n—l)

(c) The Newton-Raphson method needs the inverse Hessian
H-! = ! hyy —hxy
det(H) _hxy hixx
det(H) = hychyy — h3,
iy = 1200x2 — 400y +2  hyy, =200 hyy = —400x

and iterates according to
Xna1 X g
n+ — n\ _ H71 )rcz
Yn+1 Yn Qy

You can choose an initial point (xg, yg). The iteration stops if the gradient norm
falls below 10~14 or if a maximum of 10,000 iterations is reached.



Chapter 7
Fourier Transformation

Fourier transformation is a very important tool for signal analysis but also helpful
to simplify the solution of differential equations or the calculation of convolution
integrals. We use the symmetric definition of the Fourier transformation:

f(@) = FIfl) = «/%Tr /_Z [ dr. (7.1)

The inverse Fourier transformation

~ 1 [~ .
f@0 =Ff10) = Ef f@)e do (7.2)

decomposes f(t) into a superposition of oscillations. The Fourier transform of a
convolution integral

g =fOQh(t) = / F@)h(t —t")dt’ (7.3)

becomes a product of Fourier transforms:

1 * ’ iwt’ * iw(t—t")
g(w) = —/ dr’ f (e '@ / h(t —tHe U=1)d@ —t)
\/27'[ —00 [}

= V27 f(@)h(w). 7.4

A periodic function with f(t + T) = f(t)! is transformed into a Fourier series

o0

T
f@) = n;oo eiwntf(a)n) with w, = nzT]T, f(wn) — %/O f(t)e—iw,,tdt

(7.5)

! This could also be the periodic continuation of a function which is only defined for 0 < t < T.

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_7, 73
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7.1 Discrete Fourier Transformation

We divide the time interval 0 < ¢ < T by introducing a grid of N equidistant points
t,,:nAt:n% withn=0,1,...,N — 1. (7.6)

The function values (samples)

Jn = ftn) (1.7)
are arranged as components of a vector
fo
f= : (7.8)
=1
With respect to the orthonormal basis
80,}1
e, = : , n=0,1,...,N -1 (7.9)
(SNfl,n
f is expressed as a linear combination
N-1
f= Z fuln. (7.10)
n=0

The discrete Fourier transformation is the transformation to an orthogonal base in
frequency space

2

N—1 ) el
o, = e, =| .|, (7.11)
n=0 :
el NI (N=1)
with
27 .
wj = T]. (7.12)
These vectors are orthogonal:
N-1 oo |—eili—ih2r Sy
ew el = Y eUIF = L TG = 0 forj ! 70 713
/ 0 N for j—j =0
ewjez)j, = N§; jr. (7.14)
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Alternatively a real-valued basis can be defined:

2, 0.1 .
cos| —jn =0,1,..., jm:
N] J Jmax

.27, 12 .
sy —Jn =1,4 ...,
N] J Jmax

—! (odd N).

. N .
Jmax = E (even N)  jmax =

The components of f in frequency space are given by the scalar product

N-1 N-1

e 2m T S2mw
—iw;t, —1] 5 n+ —157jn
-—few] E Jne jn_E fne JTIN = Sfue LA

n=0 n=0

From

N—-1
E fa)j eletn — § E fn/e—la)jtn/ 1wty — an’
j=0 n wj

we find the inverse transformation

N-1

1 N—
fn = N Z et = g

J=0

7.1.1 Trigonometric Interpolation

75

(7.15)

(7.16)

(7.17)

(7.18)

The last equation can be interpreted as an interpolation of the function f(¢) at the

sampling points 7, by a linear combination of trigonometric functions:

1 N-l ~ 221 ]
fO = X(j) Foy (51
Jj=

which is a polynomial of

Since

. N -2 . :
—iwijt, —i5rjn i (N—j)n iwN_t,
e it — oIy — oIy N=)n — ¢ N—jln

(7.19)

(7.20)

(7.21)
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I

t/T

Fig. 7.1 Equivalence of w; and wy_1. The two functions cos wt and cos(N — 1)wt have the same
values at the sample points 7, but are very different in between

the frequencies w; and wy_; are equivalent (Fig. 7.1):

N—-1 N—-1
Jox_; =D fue NN N p NI = f (7.22)
n=0

n=0

If we use trigonometric interpolation to approximate f(¢) between the grid
points, the two frequencies are no longer equivalent and we have to restrict the
frequency range to avoid unphysical high-frequency components (Fig. 7.2):

time t/T

'
-
:
-
-
.

0 2 4 6 8
frequency index j

—_
(=]

Fig. 7.2 Trigonometric interpolation. For trigonometric interpolation the high frequencies have to
be replaced by the corresponding negative frequencies to provide meaningful results between the
sampling points. The circles show sampling points which are fitted using only positive frequencies
(full curve) or replacing the unphysical high frequency by its negative counterpart (broken curve).
The squares show the calculated Fourier spectrum
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2r N — 1 27 N — 1
T Seisy g Ned
2r N 2w (N
The interpolating function (N even) is
N_
1 A~ ~
FO =~ 32 Fue. (7.24)
N
=3
The maximum frequency is
2r N
Wmax = 757 (7.25)
and hence
1 N fi
Smax = Ewmax = ﬁ = ?Y (7.26)

This is known as the sampling theorem which states that the sampling frequency f
must be larger than twice the maximum frequency present in the signal.

7.1.2 Real-Valued Functions

For a real-valued function

fn =1 (7.27)
and hence
N—1 _ *ON—1 .
fo = (Z fnelwﬂn) = fuei = fo_. (7.28)
n=0 n=0
Here it is sufficient to calculate the sums for j =0, ..., N/2.

7.1.3 Approximate Continuous Fourier Transformation

We continue the function f(¢) periodically by setting

SN = fo (7.29)
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and write
N-1 _ 1 ‘ ) 1
fo; = ;0 fueT M = fo e fi e D Sy 4 S fy (730)

Comparing with the trapezoidal rule (4.9) for the integral

/T —ia)]'t (t)dt ~ Z <1 —iij (0)+ —iwj% <Z)
A e f ~ 26 f e f N

N
4oogeriom VD g (1<N — 1)) + lf(T)) (7.31)
N 2 ’ ’
we find
N T—iwﬂ ;dt~i~ 7.32
f(w,)—T/O T f(0dr ~ = o, (7.32)

which shows that the discrete Fourier transformation is an approximation to the
Fourier series of a periodic function with period T which coincides with f(¢) in the
interval 0 < ¢ < T. The range of the integral can be formally extended to 00 by
introducing a windowing function

1 for O0<t<T

0 else (7.33)

W) = {
The discrete Fourier transformation approximates the continuous Fourier transfor-
mation but windowing leads to a broadening of the spectrum. For practical purposes
smoother windowing functions are used like a triangular window or one of the fol-
lowing [23]:

_l<n7<1v71)/2)2 . .
W(ty,) =e 2\°WN-D2 o < 0.5 Gaussian window

2
W (t,) = 0.53836 — 0.46164 cos <N7m1> Hamming window

2
W) =05 (1 . cos( T

N 1)) Hann(ing) window

7.2 Algorithms

Straightforward evaluation of the sum
N-1
~ 2 2
oy =3 cos (%]n) fu+isin (W’T}n> fn (7.34)

n=0

needs O (N?) additions, multiplications, and trigonometric functions.
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7.2.1 Goertzel’s Algorithm

Goertzel’s method [24] is very useful if not the whole Fourier spectrum is needed but
only a small number of Fourier components, for instance to demodulate a frequency
shift key signal or the dial tones which are used in telephony.

The Fourier transform can be written as

N—1 . . .

—igfjn _ ~% “Fi . ~5 ). (735

fne fote (fite S (fn—2te =) ---), (71.35)
n=0

which can be evaluated recursively
YN-1 = fN-1,

27i
Yn=fo+te Ny,.1 n=N-2,...,0, (7.36)
to give the result
fu; = Yo. (1.37)

Equation (7.36) is a simple discrete filter function. Its transmission function is
obtained by application of the z-transform [25]

u@) =y upz™" (7.38)
n=0

(the discrete version of the Laplace transform), which yields

yoy = —19__ (739)

1—ze N/

One disadvantage of this method is that it uses complex numbers. This can be
avoided by the following more complicated recursion:

uyyr =uy =0,

2
Un = fo + 2itps1 COS W”k s forn=N-—1,...,0, (7.40)

with the transmission function

u(z) 1
f(Z) 1_Z<e%] +e_%j>+zz
1

= (7.41)

27i - 27 2\ T
=)
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A second filter removes one factor in the denominator

Y@ (LB
5 _(1 e ) (7.42)

which in the time domain corresponds to the simple expression

27i

Yo =Un—eN U,

The overall filter function finally again is Eq. (7.39).

y@ _ 1 (7.43)
f(@ 1— Zef%j . .
Hence the Fourier component of f is given by
oy =yo=up—e Juj. (7.44)

The order of the iteration (7.35) can be reversed by writing

A

2mi (N 2y 270 N
fo, = for e W NV py = em WIND (e ™ INV=D gy ), (7.45)

which is very useful for real-time filter applications.

7.2.2 Fast Fourier Transformation

If the number of samples is N = 27, the Fourier transformation can be performed
very efficiently by this method.? The phase factor

e W im = win (7.46)

can take only N different values. The number of trigonometric functions can be
reduced by reordering the sum. Starting from a sum with N samples

N—1
Fy(fo.. fn-) =Y fuWy", (7.47)
n=0

we separate even and odd powers of the unit root

2 There exist several fast Fourier transformation algorithms [26, 27]. We consider only the simplest
one here [28].
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N N
¥ ¥

2 j@m+1
Fn(fo--. fn-1) = E P W™ + E f2m+lW1</( ()
m=0 m=0

N N
¥ ¥

2T i 27
= Z fome V2" LW Z Fompre vzIm

m=0 m=0

= Fnpa(fos for - os F—2) + W Enpa(fis f3o o os f—1)-
(7.48)

This division is repeated until only sums with one summand remain:

Fi(fu) = Ja- (7.49)

For example, consider the case N = 8:

Fs(fo. .. f1) = Fa(fofofafe) + Wi Fa(fi f5.fs f7)

Ea(fofofafs) = Fa(fofa) + Wi Fa(f2fe)

Fa(f1f3f5/7) = F2(f1fs) + W] Fa(f3.f7)
- == (7.50)

Fx(fofs) = fo+ W3 fa
Fx(fafe) = fo+ W3 fo
P (fifs) = fi+ W fs
Fa(faf1) = f3+ Wi f7

Expansion gives

Fs = fo +W2jf4 +W4{f2 +W4{W2jf6
FWL AW WL s Wi W Wi wiwd f (7.51)

Generally a summand of the Fourier sum can be written using the binary represen-
tation of n

n=Y 1 l;=12438, ... (7.52)
in the following way:
fue T = fen F Ol = fowl W (153
The function values are reordered according to the following algorithm:

(i) count from O to N — 1 using binary numbers m = 000, 001, 010, ...
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(ii) bit reversal gives the binary numbers n = 000, 100, 010, ...
(iii) store f, at the position m. This will be denoted as s, = f,

As an example for N = 8§ the function values are in the order

50 Jo
51 Ja
52 f2
53 fe
=151 (7.54)
85 S5
56 f3
57 Vi

Now calculate sums with two summands. Since sz can take only two different
values

| 1 forj=0,2,4,6
357" (7.55)

J
W2_{—1f0rj:l, .5,

a total of eight sums have to be calculated which can be stored again in the same
workspace:

fo+ fa 50+ Wysi
fo—fa s0+ Wys1
L+ fe 52+ W22S3
_ w3
H—fe | _ |5+ 153 . (7.56)
fi+fs s4 + Ws'ss
fi—fs s4 + Wi'ss
3+ f1 s6 + Wis7
= f s6 + W27S7
Next calculate sums with four summands. WA{ can take one of four values
1 for j=0,4
i —1 for j=2,6
J_ ,
Wi = Wy for j=1,5" (7.57)
—Wy for j=3,7

The following combinations are needed:
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fo+ fa+ (fr+ fo) 5o+ Wisa
Jfo+ fa—(f2+ fo) s1+ Wis3
(fo— fo) + Wa(f2 — fo) s0 + Wiso
(fo—f) = Walfa—fo) | _ | s1+ Wis3
= 1 (7.58)
h+ s+ B+ 1) s4+ Wy'se
i+ 5=+ 55+ Wjs7
(fi— f5) £Wa(fs — f7) 54+ Wse
(f1 — f5) £ Walfz — f7) 55+ Ws7
The next step gives the sums with eight summands. With
1 j=
Wg j=1
Wg j=
3 .
wi = W’i 7= 3 (7.59)
-1 j=
—Ws 5
-Wg 6
-Wg j=1
we calculate
Jot fa+(fa+ fo) + (1 + f5+ (f3+ f1) 50 + Ws4
fo+ fa—(fa+ fo) + We(fi+ 5 — (f3+ f7) s1+ Wqss
(fo— fo) + Walfa — fo) + WG (fi — f5) = Walfs — f7) 52 4+ Wgse
(fo— fa) = Waf2 — fo) + We((fi — f) £ Wa(fs — f)) | | s34+ Wysy
fot+ fat (ot fo) — (fi+ fs+(f5+ f1) | s+ Wisa
Jo+ fa—(fa+ fo) = Wa(f1+ f5 — (f3+ /7)) 51+ Wgss
(fo— f) + Wa(f2 = fo) = Wg((f1 = f5) = Wa(fs = f1) 52+ Wise
(fo— fa) — Walfo — fo) — Wa ((fi — f5) £ Wa(fs — 7)) 534+ Wys7
(7.60)

which is the final result.

The following shows a simple fast Fourier transformation algorithm. The number
of trigonometric function evaluations can be reduced but this reduces the readability.
At the beginning Data[k] are the input data in bit-reversed order.

size:=2
first:=0
While first < Number_of_Samples do begin
for n:=0 to size/2-1 do begin
je=first+n
k:=j+size/2-1
T:=exp(-2*Pi*1*n/Number_of_Samples)*Data[k]
Data[j]:=Data[j]+T
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Data[k]:=Data[k]-T
end;
first:=first*2
size:=size*2
end;

Problems

Problem 7.1 Discrete Fourier Transformation

In this computer experiment for a given set of input samples

T 0
fnzf(nﬁ> n=0...N—1

the Fourier coefficients

N—-1
~ i 2r ..
fwj: E fne iwjty wj:TJ’ j=0...N—1
n=0

are calculated with Goertzel’s method (Sect. 7.2.1).
The results from the inverse transformation

=

1 ~  i2n
fnzﬁ fwjean]
=0

~
I

are compared with the original function values f(z,).
The Fourier sum is used for trigonometric interpolation with only positive
frequencies

N-1

=5 3 Ty (¢77)

J=0

Finally the unphysical high frequencies are replaced by negative frequencies (7.23).
The results can be studied for several kinds of input data.

Problem 7.2 Noise Filter

This computer experiment demonstrates a nonlinear filter.
First a noisy input signal is generated.
The signal can be chosen as
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e monochromatic sin(wt)
e the sum of two monochromatic signals a; sin w1t + as sin wot
e arectangular signal with many harmonic frequencies sign(sin wt)

Different kinds of white noise can be added

e dichotomous £1
e constant probability density in the range [—1, 1]
e Gaussian probability density

The amplitudes of signal and noise can be varied. All Fourier components are
removed which are below a threshold value and the filtered signal is calculated by
inverse Fourier transformation.



Chapter 8
Random Numbers and Monte Carlo Methods

Many-body problems often involve the calculation of integrals of very high
dimension which cannot be treated by standard methods. For the calculation of
thermodynamical averages Monte Carlo methods [29-32] are very useful which
sample the integration volume at randomly chosen points.

8.1 Some Basic Statistics

For more mathematical details see [33].

8.1.1 Probability Density and Cumulative Probability Distribution
Consider an observable &, which is measured in a real or a computer experiment.

Repeated measurements give a statistical distribution of values (Fig. 8.1).
The cumulative probability distribution is given by the function

F(x) = P{§ < x} (8.1)

F)

A
X

X

Fig. 8.1 Cumulative probability distribution of transition energies. The figure shows schematically
the distribution of transition energies for an atom which has a discrete and a continuous part

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_8, 87
© Springer-Verlag Berlin Heidelberg 2010
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and has the following properties:

e F(x) is monotonously increasing
e F(—00) =0, F(c0) =1
e F(x) can be discontinuous (if there are discrete values of &)

The probability to measure a value in the interval x; < & < x3 is
P(x1 <& =x2) = F(x2) — F(x1). 8.2)
The height of a jump gives the probability of a discrete value
P =x0) = F(xo+0) — F(xo — 0). (8.3)

In regions where F is continuous, the probability density can be defined as

fxo) = F'(x0) = Alir_{lo ﬁP(XO <& <x0+ Ax). (8.4)

8.1.2 Expectation Values and Moments

The expectation value of the random variable £ is defined by

[e's] b
E(g):f xdF(x) =  lim /xdF(x) (8.5)

—00 a——00,b—00

with the Stieltjes integral

b N
fa xdF(x) = lim_ ;xi(m,-) — Fie))l g ey (8.6)
Higher moments are defined as

E(E5) = /OO *xFdF (x) (8.7)

if these integrals exist. Most important are the expectation value
x=E§) (8.8)

and the standard deviation o, which results from the first two moments
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o0
o? =/ (x —X)%dF = /x2dF+/72dF—27c/xdF
—00

= E(E%) — (E®)* (8.9)

The expectation value of a function ¢(x) is defined by
(e.¢]
E(p(x)) = / @(x)dF (x) (8.10)

—00

For continuous F (x) we have with dF (x) = f(x)dx, the ordinary integral,

E(£%) =/OO xF £ (x)dx (8.11)
E(p(x)) :/ @(x) f(x)dx (8.12)

whereas for a pure step function F(x) (only discrete values x; are observed with
probabilities p(x;) = F(x; +0) — F(x; — 0)),
EEH =) xpx) (8.13)
E(p(x)) = Z P(xi) p(xi). (8.14)

8.1.2.1 Ideal Dice

We consider an ideal dice. Each of its six faces appears with the same probability
of 1/6. The cumulative probability distribution F(x) is a pure step function
(Fig. 8.2) and

Fo T

Fig. 8.2 Cumulative probability distribution of an ideal dice
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6 6
Y 1 21
x=/_ooxdF= > xi(F(x; +0) — Fx; — 0) = 62 xi=2= =35 815

i=1 i=1

6

W= 3 RAFG +0) — Fl —0) = ¢ Z =2 S ise66 ®16)
i=1

o =yx2—¥=209. (8.17)

8.1.2.2 Normal Distribution

The Gaussian normal distribution is defined by the cumulative probability
distribution

1 x 2
P (x) = —/ e 2dr (8.18)
kY, 271 J—o0
and the probability density
() = e (8.19)
N2
with the properties
o
/ p(x)dx = O (oc0) = 1 (8.20)
—0Q
o
Y:f x@(x)dx = (8.21)
—0o0
_ 00
o2 =x2= / x2p(x)dx = 1. (8.22)
—00
Since ®(0) = % and with the definition
Do) = — / /24, (8.23)
X) = — e .
0 V2 Jo
we have
1
PD(x) = 2 + Dp(x) (8.24)

which can be expressed in terms of the error function'

1 erf(x) is an intrinsic function in FORTRAN or C.
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2 Lo_p
erf(z) = — [ e dr = 200(v/22). (8.25)
v Jo

A general Gaussian distribution with mean value X and standard deviation o has the
cumulative distribution

¥ X 1 I =\2
Frox) = (x . x) = /_OO dxlm exp <—%) . (8.26)

8.1.2.3 Histogram

From an experiment F(x) cannot be determined directly. Instead a finite number N
of values x; are measured. By

Zn(x)

we denote the number of measurements with x; < x. The cumulative probability
distribution is the limit

F(x)= Nh_r)noo %ZN(X). (8.27)

A histogram counts the number of measured values which are in the interval x; <
X < Xj41:

1
N(ZN(XHI) —ZN(x) X F(xip) — F(x) = P(xi <& < xi41). (8.28)

Contrary to Zy(x) itself, the histogram depends on the choice of the intervals
(Fig. 8.3).

100 T
80
60
40
20

Z(x)
L B N
N R R

02 m

P(x)

0.1 - B

-3 -2 -1 0 1 2 3

Fig. 8.3 Histogram. The cumulative distribution of 100 Gaussian random numbers is shown
together with a histogram with bin width Ax = 0.6
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8.1.3 Multivariate Distributions

Consider now two quantities which are measured simultaneously. & and n are the
corresponding random variables. The cumulative distribution function is

F(x,y)=P{§ <x and n<=<y). (3.29)
Expectation values are defined as

E((ﬂ(x,y))=/ / o(x, A F(x, y). (8.30)

For continuous F (x, y) the probability density is

Sy °F (8.31)
X,y) = —— .
Y 0xdy
and the expectation value is simply
o o
E(p(x, y)) = / dx / dye(x, y) f(x, y). (8.32)
—00 —00

The moments of the distribution are the expectation values
My = EG*n). (8.33)
Most important are the averages
x=E¢), y=E®, (8.34)

and the covariance matrix

E(¢-%% EE-0D0-5) _ 2% Xy -Xy
o vy =|_ __5 3 (8.35)
E(E—-Xm—-Y) E(—y)) Xy—XxXy y-—y
The correlation coefficient is defined as
o= woxy . (8.36)

IEESIEES

If there is no correlation then p = 0 and F(x, y) = Fi(x)Fa(y).
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8.1.4 Central Limit Theorem

Consider N independent random variables &; with the same cumulative distribution
function F (x), for which E (&) = 0 and E (£2) = 1. Define a new random variable

. :‘§1+§2+~~~+$N
N Nidi

(8.37)

with the cumulative distribution function Fy (x). In the limit N — oo this distribu-
tion approaches a cumulative normal distribution [34]

lim Fy(x) = ®(x) = /24 (8.38)
N—o0

1 X
e e
A/ 21 /—oo

8.1.5 Example: Binomial Distribution

Toss a coin N times giving & = 1 (heads) or & = —1 (tails) with equal probability
P = % Then E(&;) = 0 and E(Sjiz) = 1. The distribution of (Fig. 8.4)

1 N
=— ; 8.39
n ﬁ;s (8.39)

can be derived from the binomial distribution

probability

O-/I: s | s |

-2 0 2
n

Fig. 8.4 Central limit theorem. The cumulative distribution function of 5 (8.39) is shown for
N = 4 and compared to the normal distribution (8.18)
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1 N al N
l=|-+(-= =27V —N=r : 8.40
()] rmer (L) e
p=0
where p counts the number of tosses with & = +1. Since
n=p-1+WN—-p)-(-1)=2p—N=—-N...N (8.41)

the probability of finding n = \/LN is given by the binomial coefficient

_2p—=N\_ _n N
(=) o () o
or
S

8.1.6 Average of Repeated Measurements

A quantity X is measured N times. The results X - - - Xy are independent random
numbers with the same distribution function f(X;). The expectation value is the
exact value E(X;) = f dX; X; f(X;) = X and the standard deviation due to mea-

surement uncertainties is oy = ./ E(X l_z) — X2. The new random variables

Xi— X
& = (8.44)
ox
have zero mean
E(XX) —X
E¢¢)=—"""=0 (8.45)
ox
and unit standard deviation
X2 4+ X2 -2XX; E(X?) — X2
of =EE}) —EE) =E ( , 5 ) = — =1. (8.46)
Ox Ox
Hence the quantity
N N
; X;— NX N —
_xibi_ 2 X = £(X - X) (8.47)

n
VN VNox ox

obeys a normal distribution
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fap) = \/%_ne‘”z/z. (8.48)

From

— — N —
fX)dX = f(ndn = f(n(X))ng (8.49)

we obtain

_ N — 5
fX) = (X - X2, (8.50)
Ox

VN ex
V2mox P 2

The average of N measurements obeys a Gaussian distribution around the exact
value X with a reduced standard deviation of

(8.51)

8.2 Random Numbers

True random numbers of high quality can be generated using physical effects like
thermal noise in a diode or from a light source. Special algorithms are available
to generate pseudo-random numbers which have comparable statistical properties
but are not unpredictable since they depend on some initial seed values. Often an
iteration

riv1r = f(ri) (8.52)

is used to calculate a series of pseudo-random numbers. Using 32-bit integers there
are 232 different numbers, hence the period cannot exceed 232. A simple algorithm
is the linear congruent mapping

ri+1 = (ar; + ¢) mod m (8.53)

with maximum period m. A larger period is achieved if the random number depends
on more than one predecessors. A function of the type

ri= f(ri—1,Fiz2s -5 Fiey) (8.54)

using 32-bit integers has a maximum period of 23%/.

Example For t = 2 and generating 10% numbers per second the period is 584 942
years.
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8.2.1 The Method by Marsaglia and Zamann

A high-quality random number generator can be obtained from the combination of
two generators [35]. The first one

ri = (ri—y — ri—3 — ¢) mod (232 — 18) (8.55)
with
_ { 1 for rn_()zengn_3 <0 (8.56)
has a period of 2%°. The second one
ri = (69069r;_; + 1013904243) mod 2*? (8.57)

232

has a period of 232, The period of the combination is 2'?”. Here is a short subroutine

in C:

#define N 100000
typedef unsigned long int unlong /* 32 Bit */
unlong x=521288629, y=362436069, z=16163801 , c=1, n=1131199209;
unlong mzran()
{ unlong s;
if (y>x+c) {s=y-(x+c)-18; c=0;}
else {s=y-(x+c)-18;c=1;}
x=y; y=z; z=s; n=69069*n+1013904243;
return(z+n);

8.2.2 Random Numbers with Given Distribution

Assume we have a program that generates random numbers in the interval [0, 1] like
in C:

rand()/(double)RAND_MAX.
The corresponding cumulative distribution function is
0 for x <0
Fox)={x for 0<x<1. (8.58)

1 for x>1

Random numbers with cumulative distribution F(x) can be obtained as follows:
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choose aRN r € [0, 1] with P(r < x) = Fy(x)
leté = F~1(r).

F (x) increases monotonously and therefore
PE =x)=P(F() = F(x)) = P(r < F(x)) = Fo(F(x)) (8.59)
but since 0 < F(x) < 1 we have
PE <x) = F(x). (8.60)

This method of course is applicable only if F~! can be expressed analytically.

8.2.3 Examples

8.2.3.1 Dice

Tossing a dice can be simulated as follows:

Choose a random number » € [0, 1] and

1 for 0<r< %
2 for % <r< §
3 for £2<r<-=
_ 1 _ <
leté = F~(r) = 4 for §§r<§'

5 for § <r<g
6 for z<r< 1

8.2.3.2 Exponential Distribution

The cumulative distribution function

F(x)=1—e/* (8.61)

which corresponds to the exponential probability density

1
fOo) = e/ (8.62)
can be inverted by solving
r=1—e*/* (8.63)

for x:
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Choose a random number r € [0, 1]
Letx = F~'(r) = =AIn(1 — r)

8.2.3.3 Random Points on the Unit Sphere

We consider the surface element
I 5, .
— R“dg sin0deb. (8.64)
47
Our aim is to generate points on the unit sphere (6, ¢) with the probability density
1 ) 1
(0, ¢)dpdd = —dpsinfdd = ——dpd cos 6. (8.65)
4 47

The corresponding cumulative distribution is

1 [eos? ¢ ¢ 1 —cosé
F@,p) =—— d 0 dp = ——— = F, Fy. 8.66
@, ) 4ﬂ/1 cos /0 $=5-""2 oFo (8.66)

Since this factorizes, the two angles can be determined independently:

Choose a first random number r; € [0, 1]
Letp = Fw_l(rl) = 27r

Choose a second random number r, € [0, 1]
Let 6 = F, ' (r2) = arccos(l — 2r2)

8.2.3.4 Gaussian Distribution (Box Muller)

For a Gaussian distribution the inverse F~! has no simple analytical form. The
famous Box Muller method [36] is based on a two-dimensional normal distribution
with probability density

1 xz—i-y2
f(x,y)—gexp{— > } (8.67)

which reads in polar coordinates

|
fx, y)dxdy = fp(p, w)dpdwge 72 pdpde. (8.68)
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Hence

1 2
oo, 9) = 5—pe” /2 (8.69)

and the cumulative distribution factorizes
Fylp.9) = ~—g f " et ap = L1 - ) = Fy()Fy(p).  (870)
PR 27 Jo 2 ¢ PR '

The inverse of F, is

p=+/—In(l —r) 8.71)

and the following algorithm generates Gaussian random numbers:

rl=RN € [0, 1]
r2=RN € [0, 1]
p=~/~In(0—r)
@ =211

X = pcosg

8.3 Monte Carlo Integration

Physical problems often involve high-dimensional integrals (for instance, path inte-
grals, thermodynamic averages) which cannot be evaluated by standard methods.
Here Monte Carlo methods can be very useful. Let us start with a very basic
example.

8.3.1 Numerical Calculation of ©

The area of a unit circle ( = 1) is given by r?7 = 7. Hence 7 can be calculated
by numerical integration. We use the following algorithm (Figs. 8.5 and 8.6):

Choose N points randomly in the first quadrant, for instance, N indepen-
dent pairs x, y € [0, 1].

Calculate r2 = x% + y2.

Count the number of points within the circle, i.e., the number of points
Zr? < 1).

2
7 is approximately given by £ =D
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Fig. 8.5 Convergence of the numerical integration
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Fig. 8.6 Error of the numerical integration

8.3.2 Calculation of an Integral

Let & be a random variable in the interval [a, b] with the distribution

for x € [a, b]

1
P(x<§§x+dx)=f(x)dx={m 0 else

The expectation value of a function g(x) is

00 b
E(g(X))=/ g(x) f(x)dx =/ g(x)dx

(8.72)

(8.73)

hence the average of N randomly taken function values approximates the integral
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b 1 Y _
/a glrdy ~ ;g@o = 5(5). (8.74)
To estimate the error we consider the new random variable
|
0= i;g@. (8.75)

Its average is

]
I
s

et b
= 2 E@() = E(g(x) = / g(x)dx (8.76)
i=1 “

and the standard deviation follows from

b= (0 -7) =k (G 28 ‘5)2) =E ((% HG) —a])z)

(8.77)

l — — 1
E (Yle) —7) = S 6@ —3®) = 7 Ageer (8.78)

The width of the distribution and hence the uncertainty falls off as 1/+/N.

8.3.3 More General Random Numbers

Consider now random numbers & € [a, b] with arbitrary (but within [a,b] not van-
ishing) probability density f(x). The integral is approximated by

b b
PR - a(5) - [ e o o

The new random variable

(8.80)

\
m

SN

has a standard deviation given by

g(&'))
A=A 8.81
N (f@) (881
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which can be reduced by choosing f similar to g. Then preferentially & are
generated in regions where the integrand is large (importance sampling).

8.4 Monte Carlo Method for Thermodynamic Averages

Consider the partition function of a classical N particle system

11 .
Znvr = mh3_N/dp31v/dq31ve BH(p1-p. q1--qx) (8.82)
with an energy function
N pz
H = 2L V(g . 8.83
;_l 2m; +Vigi---gn) (8.83)

If the potential energy does not depend on the momenta and for equal masses the
partition functions simplify to

11 r
Znvr = /dl’we_ﬁm [quNe—ﬁV(q)

NURN
1 (2xmkT\*N/?
== <—”Z; > /dqwe*ﬂv(q) (8.84)

and it remains the calculation of the configuration integral
A / dgNe PV @, (8.85)

In the following we do not need the partition function itself but only averages of
some quantity A(g) given by

[ dg*N A(g)e PV @

A= T aNe BV (8.86)
8.4.1 Simple (Minded) Sampling
Let £ be a random variable with probability distribution
P €lg.q+dq]) = f(g)dgq (8.87)

/ f(@dg = 1. (8.88)
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We chose M random numbers £ and calculated the expectation value of A(§) from
E(A®) = lim — i AE™) = / A@) f(@)dg. (8.89)

M—oo M o

Consider now the case of random numbers & equally distributed over the range

dmin * * * gmax-:

1
e i 9
flg) = { Gmax—Gmin %els[gmm Gmax] . (8.90)

Define a sample by choosing one random value & for each of the 3N coordinates.
The average over a large number M of samples gives the expectation value

M
—BV (& E3N) . 1 _ (m)
E(Argage ") = tim o S agMe D @)

m=1

as
/ A(q»e—ﬂ”‘ﬁ)f(q]) - flgw)dgy - dgyx
gmax gmax
. — / / A(gie PVaddgN . (8.92)
(qmdx qmm) qmin Jmin
Hence

E (A(g)e PV &) [im Alge PV a0 dg N ~A (8.93)
SBVE)) [T e BVandgN ’
E (C ) ffImin © e dq

is an approximation to the average of A(q), if the range of the g; is sufficiently large.
However, many of the samples will have small weight and contribute only little.

8.4.2 Importance Sampling

Let us try to sample preferentially the most important configurations. Choose the
distribution function as

e BVa1-an)

flqi---q3n) = m- (8.94)

Now the expectation value of A(g) approximates the thermal average



104 8 Random Numbers and Monte Carlo Methods

[ Atgie PV dg>N

[e=FVldg3N =A. (8.95)

|
E(AG - &v) = lim —- 3" AE™) =
m=1

The partition function is not needed explicitly.

8.4.3 Metropolis Algorithm

The algorithm by Metropolis [37] can be used to select the necessary configurations.
Starting from an initial configuration qo = (qfo) e qg?\}) a chain of configurations
is generated. Each configuration depends only on its predecessor, hence the config-
urations form a Markov chain.

The transition probabilities (Fig. 8.7)
Wi, = P(q; — q]') (8.96)
are chosen to fulfill the condition of detailed balance

Wiej _ ~pv@p-va (8.97)
Wj—>i

This is a sufficient condition that the configurations are generated with probabilities
given by their Boltzmann factors. This can be seen from consideration of an ensem-

ble of such Markov chains: Let N,(q;) denote the number of chains which are in
the configuration q; after n steps. The changes during the following step are

AN(q;) = Nu+1(qi) — Nu(q;) = Z Nu(@))Wjsi — Nu(@) Wi ;. (8.98)

q econf.

In thermal equilibrium

Fig. 8.7 Principle of detailed balance
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Neg(qi) = Noe PV (@) (8.99)

and the changes (8.98) vanish:

AN(q) = No Y e PV Ww;; —e PV,

q;
= No Z e*ﬁV(Qj)Wj_”. _ e*ﬂV(‘li)Wj_)iefﬂ(\/(qj)fv(qi))
q;
=0 (8.100)
A solution of
AN@) = Y Na(@)Wjmi = Na(@)Winj =0 (8.101)
q; € conf.

corresponds to a zero eigenvalue of the system of equations

S N@HWj—i — N@) Y Wiesj = AN (q)). (8.102)
q; q;

One solution of this eigenvalue equation is given by

Neq(@;) _ BV @)=V (8.103)
Neq(qi)

There may be, however, other solutions. For instance, if not all configurations are
connected by possible transitions and some isolated configurations are occupied
initially.

The Metropolis algorithm consists of the following steps:

(a) choose a new configuration randomly (trial step) with probability

T(qi = Qia) = T (Qurial —~ i)

(b) calculate R = %

(c) if R > 1 the triaT step is accepted (;+1 = qrial

(d) if R < 1 the trial step is accepted only with probability R. Choose a random
number £ € [0, 1] and the next configuration according to

. _ ) Quial if &§<R
qi+1 = qi if £€>R

The transition probability is the product

Wi =T A (8.104)
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of the probability 7; . ; to select i — j as a trial step and the probability A; . ; to
accept the trial step. Now we have

fOI‘RZl—)A,-%jzl, Aj*)izR_l

forR<1—Ai.;=R, Aj,;=1" (8.105)
Since T;_, j = T;_;, in both cases
Neq@j) _ Wisj _ Aisj _ R — o BV@)-V@) (8.106)

Neq(q;) Wi B Aj

Problems

Problem 8.1 Central Limit Theorem

This computer experiment draws a histogram for the random variable t, which is
calculated from N random numbers &; - - - &p:

Y&
VN

The &; are random numbers with zero mean and unit variance and can be chosen as

T =

(a) & = %1 (coin tossing)
(b) Gaussian random numbers

Investigate how a Gaussian distribution is approached for large N.

Problem 8.2 Nonlinear Optimization

MC methods can be used for nonlinear optimization (traveling salesman problem,
structure optimization, etc.). Consider an energy function depending on a large num-
ber of coordinates

Introduce a fictitious temperature 7 and generate configurations with probabilities

1
P(q1 - qn) = Ee*E(‘H'“qNW (8.108)

Slow cooling drives the system into a local minimum. By repeated heating and cool-
ing other local minima can be reached (simulated annealing).
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In this computer experiment we try to find the shortest path which visits each of
N = 15 given points. The fictitious Boltzmann factor for a path with total length
Lis

o L/T
Starting from an initial path S = (i1, i2, ..., in), n < 5 and p are chosen randomly
and a new path S’ = (i, ceisip—1sipgns-sipyiptnt1s ..., iN) is generated by

reverting the sub-path

ipeipin = Qpin-ip

Start at high temperature 7 > L and cool down slowly.



Chapter 9
Eigenvalue Problems

Eigenvalue problems are very common in physics. In many cases' they involve solu-
tion of a homogeneous system of linear equations

N
> Aijxj = hx; 9.1)
j=1

with a Hermitian (or symmetric, if real) matrix

Aji = A% 9.2)

9.1 Direct Solution
For matrices of very small dimension (2, 3) the determinant
det|A,-j —)»8,'j| =0 (9.3)

can be written explicitly as a polynomial of A. The roots of this polynomial are the
eigenvalues. The eigenvectors are given by the system of equations

> (Aij = 28ij)uj = 0. (9.4)
j

9.2 Jacobi Method

Any symmetric 2 x 2 matrix can be diagonalized by a rotation of the coordinate
system. Rotation by the angle ¢ corresponds to an orthogonal transformation with
the rotation matrix

' We do not consider more general eigenvalue problems here.

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_9, 109
© Springer-Verlag Berlin Heidelberg 2010
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R _ cos@ sing ©9.5)
—sin¢ cos ¢ '

giving

cosg sing ErV cosg —sing \
—sing cos @ V E; sing cosg )

_ C2E| 4+ 5%Ey —2¢sV  ¢s(Ep — Eo) + (¢2 — 52V 9.6)
T \es(El —E) 4+ (2 =sDV  S2E| 4+ c2Ey + 2esV :
which is diagonal if
2 2 El - E2 .
O=cs(Ey — Ey)+ (¢c“—s9)V = — sin(2¢) 4+ V cos(2¢). 9.7)
Solving for ¢ we find
tan(2g) = —~ ©9.8)
an = — .
YTE-L
or
2V
sin(2p) = ——=2—E1 (9.9)
1+ _4vz
(Ex—E1)?

For larger dimension N > 2 the Jacobi method uses the following algorithm:
(1) Look for the dominant non-diagonal element m;x [Ajj]
i#]

(2) Perform a rotation in the (i j)-plane to cancel the element A ij of the transformed
matrix A = RW/) . A . R@)D=1 The corresponding rotation matrix has the form

1

R = (9.10)

(3) Repeat (1)—(2) until convergence (if possible).

The sequence of Jacobi rotations gives the overall transformation
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Al
RAR™' = RyRIAR 'Ry - = . 9.11)
AN
Hence
A
AR™'=R™! 9.12)
AN
and the column vectors of R~ = (v1, V2, ..., vy) are the eigenvectors of A:
AV, V2, ..., VN) = (M1V], A2V2, ..., ANVN) (9.13)
9.3 Tridiagonal Matrices
The characteristic polynomial of a tridiagonal matrix
A=A A
Ay Ap —A
Pa()) = det ) (9.14)
: An_1Nn

ANN—1 ANy — A

can be calculated recursively:

Pi(A) = A1 — A

Py() = (A — MPI(M) — AT,

Py(h) = (Any — W Pn_1(A) — AXy_ Pn—2(R). (9.15)
Eigenvalues and eigenvectors can be obtained, for instance, with the Newton—
Raphson method.
9.4 Reduction to a Tridiagonal Matrix

Any symmetric matrix can be transformed to a tridiagonal matrix by a series of
Householder transformations (Fig. 9.1) which have the form?

2 wu' is the outer product or matrix product of two vectors.
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2u(ur)
lul?

Fig. 9.1 Householder transformation. Geometrically the Householder transformation (9.16) is a
mirror operation with respect to a plane with normal vector u/|u]|

llllT

A'=PAP with P=PT=1-2—.
lu|?

(9.16)

The following orthogonal transformation P; brings the first row and column to
tridiagonal form. We divide the matrix A according to

Al al
A= 9.17
( o Arest) ( )
with the N — 1 dimensional vector
A
o= : . (9.18)
Aln
Now let
0 0
1
Ap+ A
u= , = (2) +2e?@ with e@=|0 (9.19)
Aln 0
Then
lu]> = Ja|? + 2% +20A 1, (9.20)
and

uT<A;1> = |a|* + 1 A1, (9.21)
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The first row of A is transformed by multiplication with P; according to

An An o> + 1A 12 0 @
P = -2 A . 9.22
]<°‘ > <“) | + 22 + 20 A1 [\« e ©.22)

The elements number 3 . .. N are eliminated if we chose>

A= Fof (9.23)
because then
2 2
ol + AA o| + |x|A
2| | : 2 2| | 2| [A12 _ 9.24)
loe)2 + A2 + 20 A1 loe]* + Joe|* £ 2| A2
and
Ay
4 4 0 Flo|
Pl( “):( “)-( )—Ae@): 0 1. (9.25)
o o o .
0
Finally we have
A A(122) o ... 0
2 4@ 4@ (2)
A Ay Ay oo Ajy
AP = plAP = @ -. ©) 9.26
1A P 0 AQ - AD (9.26)
LD 4 4
0 Ay Asy - Ann
as desired.
For the next step we chose
(2)
Ay, 0
a=| : |, u=|0]|+£ae? (9.27)
) o
Ay

to eliminate the elements Ay4 ... Azy. Note that P> does not change the first row
and column of A® and therefore

3 To avoid numerical extinction we chose the sign to be that of Aj>.



114 9 Eigenvalue Problems

2
Al Aiz) 0 -vv-n 0
@ 4@ 403
A12 A22 A23 0 0
3 43 3)
AB® = P2A(2) P, = 0 Ay Agg --- e Ay . (9.28)
0 :
3 3)
0 0 A3N ...... ANN

After N — 1 transformations finally a tridiagonal matrix is obtained.

9.5 Large Matrices

Special algorithms are available for matrices of very large dimension to calculate
a small number of eigenvalues and eigenvectors. The famous Lanczos method [38]
diagonalizes the matrix in a subspace which is constructed from the vectors

X0, AXo, A%Xo, ..., AVxg (9.29)

which, starting from an initial normalized guess vector Xq, are orthonormalized to
obtain a tridiagonal matrix:

AXxg — (X0AXg)Xo _ AXg — apXo

X1 =

 |Axg — (x0AX0)Xo| bo
AX] — boX() — (X]AX])X] AX] — boX() — di1Xi
X2 = =
|Ax] — boxo — (X1 AX1)X(] by
Xy = AXN—1 —by—2XN—2 — (XN—1AXN—1)XN—]
|AXy—1 — by—2XN—2 — (XN—1 AXN—1)XN—1]
AXN_1 — bN_2XNy_2 —anN_1XN_ ry—
_ AXN-] N—2XN-2 aNlleNl' (9.30)
by_1 by—1
This series is truncated by setting
ay = (XyAXy) (9.31)
and neglecting
ry = AXN — bN_lxN_l — aANXN. (9.32)

Within the subspace of the x; - - - Xy the matrix A is represented by the tridiagonal
matrix
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ao bo
bo aq b]

T = o (9.33)

“an—1 by
by-1 an

which can be diagonalized with standard methods. The whole method can be iter-
ated using an eigenvector of 7" as the new starting vector and increasing N until the
desired accuracy is achieved. The main advantage of the Lanczos method is that the
matrix A will not be stored in memory. It is sufficient to calculate scalar products
with A.

Problems

Problem 9.1 Computer Experiment: Disorder in a Tight-Binding
Model

We consider a two-dimensional lattice of interacting particles. Pairs of nearest
neighbors have an interaction V and the diagonal energies are chosen from a
Gaussian distribution

P(E) = —_ B8

AN2m
The wave function of the system is given by a linear combination
Y=Y Ciji
ij

where on each particle (i, j) one basis function v;; is located. The nonzero elements
of the interaction matrix are given by

H(ijlij) = Ejj
H@jli+1,j)=HGjli,j£1)=V

The matrix is numerically diagonalized and the amplitudes C;; of the lowest state
are shown as circles located at the grid points. As a measure of the degree of local-

ization the quantity
> oicylt

ij

is evaluated. Explore the influence of coupling V and disorder A.



Chapter 10
Data Fitting

Often a set of data points have to be fitted by a continuous function, either to obtain
approximate function values in between the data points or to describe a functional
relationship between two or more variables by a smooth curve, i.e., to fit a certain
model to the data. If uncertainties of the data are negligibly small, an exact fit is
possible, for instance, with polynomials, spline functions or trigonometric functions
(Chap. 2). If the uncertainties are considerable, a curve has to be constructed that
fits the data points approximately. Consider a two-dimensional data set

(xiyyi) i=1...N (10.1)
and a model function
fx,ai...ay) m=<N (10.2)

which depends on the variable x and m < N additional parameters a;. The errors
of the fitting procedure are given by the residuals

ri=yi — f(xi,ar...ay). (10.3)

The parameters a; have to be determined such that the overall error is minimized,
which in most practical cases is measured by the mean square difference’

1S,
St ...am) = - > o (10.4)

i=1

10.1 Least Square Fit

A (local) minimum of (10.4) corresponds to a stationary point with zero gradient.
For m model parameters there are m, generally nonlinear, equations which have to
be solved. From the general condition

! Minimization of the sum of absolute errors > |rilis much more complicated.

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_10, 117
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S .
D0 j=1...m (10.5)
Baj
we find
N
of (x;,ay ...
Z’iM _o (10.6)
8a‘,~

i=1

In principle, the methods discussed in (6.2) are applicable. For instance, the
Newton—Raphson method starts from a suitable initial guess of parameters

@) ...ad) (10.7)
and tries to improve the fit iteratively by making small changes to the parameters
a;?“ =a} + Ad}. (10.8)

The changes Aa;? are determined approximately by expanding the model function

el et u ; " of (xiaf..oalh)
faiat o ath = faal . ap)+ ) v Ad"+... (10.9)
j= !
to approximate the new residuals by
| " of (xi,af ...ap)
rt =r{’—ZT’”Aa;? (10.10)
j=1 /

and the derivatives by

or’ of (x;,af ...ap)

L = 1 W 10.11
aaj 8(1]' ( )
Equation (10.6) now becomes
N
3 (s _2’": 0 (1) \ | O Cxi) (1042)
ri 3aj J Bak ’
i=1 j=1

which is a system of m linear equations for the Aa;, the so-called normal equations:

YD YD) o § 2 ) (10.13)

—  da; dag I =t fay
ij ’ i=1



10.1 Least Square Fit

With N
A 1 af (xi) af (x;)
N da da;
g k J
N
1 af (xi)
by = — i
k n Z)’l dar

i=1

the normal equations can be written as

p
ZAijaj = by.
=

10.1.1 Linear Least Square Fit

119

(10.14)

(10.15)

(10.16)

Especially important are model functions which depend linearly on the parameters

fx,ar...an) = Zajfj(x).
j=1

The derivatives are simply

of(xi) .
aaj —f](xz)-

The minimum of (10.4) is now determined by the normal equations

)4 n
i DX R fixia; = % > i felx)

j=1li=1

which become

P
ZAkjaj = bk
j=1

with
1 n
A=) fei) £ )
i=1

b

] n
=Y yifilxi).
n i=1

Example: Linear Regression

For a linear fit function

(10.17)

(10.18)

(10.19)

(10.20)

(10.21)

(10.22)
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(10.23)

f(x) =ao+arx

we have
(10.24)

1 n
§=- z;(yi —ap — a1x;)*
=

and we have to solve the equations

1S 1 ¢
0=%=;lgl(yi—do—alxi)Zf—ao—alf
S 1 ¢ —
0= —=- E (yi — ag — a1x;)x; = yx — apx — a;x2 (10.25)
day n—

which can be done in this simple case using determinants:

7 X
] B R
P Lo R R L it (10.26)
1 x x2 — 32
I x?
Ly
| Ty
ay =2 XAy (10.27)
1 x x2_)z2
X x2

10.1.2 Least Square Fit Using Orthogonalization

The problem to solve the linearized problem (10.12) can be formulated with the

definitions
Y1

ai
x=| : b=| : (10.28)
Am YN
and the N x m matrix
o an e . o)
A= Do, = : ; (10.29)
ani -+ ANm %;IN)...%)ZV)
as the search for the minimum of
(10.30)

S = |Ax — b| = v/ (Ax — b)T(Ax — b).
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In the last section we calculated

3S2 T T T T
S = ATAX=b) + (Ax—b)TA =24TAx — 24D (10.31)
X

and solved the system of linear equations?
ATAx = ATb. (10.32)

This method can become numerically unstable. Alternatively we can use orthogo-
nalization of the m column vectors a; of A to have

rirri2 - im
2« m

A=(aj---ap) =(q - qn) N E (10.33)
"'mm

where a; and qx are now vectors of dimension N. Since the q; are orthonormal
qlqr = 8ix we have

q L2 Fim
! F22 - Fam

A= R (10.34)
T o

U Fmm

The q; can be augmented by another (N — m) vectors to provide an orthonormal
basis of R". These will not be needed explicitly. They are orthogonal to the first m
vectors and hence to the column vectors of A. All vectors qy together form a unitary
matrix

0= (a1 Qu Qus1 -~ qN) (10.35)

and we can define the transformation of the matrix A:

® i TN

I'NN

2 Also known as normal equations.
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The vector b transforms as

N b qi q;l+l
b=QHb=(b“) b.=| : |b b= : b
! T T
qm qn

Since the norm of a vector is not changed by unitary transformations
Ib — Ax| =,/ (b, — Rx)? + b}
which is minimized if
Rx =b,.
The error of the fit is given by
Ib — Ax| = [by].

Example: Linear Regression

Consider again the fit function
f(x) =ao+ax
for the measured data (x;, y;). The fit problem is to determine

I x y1

a .
( O) — : = min.
al .

I xn YN
Orthogonalization of the column vectors

1 X1

ap=|: a

with the Schmidt method gives

ri =

G o 7

Data Fitting

(10.37)

(10.38)

(10.39)

(10.40)

(10.41)

(10.42)

(10.43)

(10.44)

(10.45)
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1 N
rip = ﬁ ;xi = \/N}E (1046)
by = (x; — X) (10.47)
o= [ £2 = VN, (10.4)
X — X
= . 10.49
- (\/Nax) ( :

Transformation of the right-hand side gives

([ VN3
<qé) | = \/Ny—x_,zy (10.50)

YN Ox

and we have to solve the system of linear equations

Rx= (VN VNI (a0 o (10.51)
Lo Wo)\a) | yw2222 '
Ox
The solution
ay = 22 (10.52)
(x —x)?
__2 ===
ap =y — fag = =2 (10.53)
(x —X)?
coincides with the earlier results since
(x —%)2 = x2 — 5%, (10.54)

10.2 Singular Value Decomposition

Computational physics often has to deal with large amounts of data. The method of
singular value decomposition is very useful to reduce redundancies and to extract
the most important information from data. It has been used, for instance, for image
compression [39], it is very useful to extract the essential dynamics from molecular
dynamics simulations [40, 41], and it is an essential tool of bio-informatics [42]. The
general idea is to approximate an m x n matrix of data of rankr (m > n > r)bya
matrix with smaller rank / < r. This can be formally achieved by the decomposition
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X=USsv"
X11 -+ Xln
Xml -+ Xmn
uilp ... Uin S1 V11 .- Upl
= o Dot , (10.55)
Uml - Umn Sn Ulp «-- Upn

where U is an m X n matrix, S is an n x n diagonal matrix, and V is another
n x n matrix. The column vectors of U are called the left singular vectors and are
orthonormal

m

D uiruiy =5y (10.56)

i=1
as well as the column vectors of V which are called the right singular vectors
n
D irvis =85 (10.57)
i=1

The diagonal elements of S are called the singular values. For a square n x n matrix
Eq. (10.55) is equivalent to diagonalization:

X =USU". (10.58)

Component wise (10.55) reads?

,
Xps = Y UriSivsi- (10.59)
i=1

Approximations to X of lower rank are obtained by reducing the sum to only the
largest singular values. It can be shown that the matrix of rank / < r

2D =" upisive (10.60)

is the rank-/ matrix which minimizes

3 The singular values are ordered in descending order and the last (n — r) singular values are zero.
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D s = xA12 (10.61)
r,s

One way to perform the singular value decomposition is to consider
X'Xx = vsuhHwsvh =vsvT. (10.62)

Hence V and the singular values can be obtained from diagonalization of the square
n X n matrix:

XX =vbDvT, (10.63)

where the (non-negative) eigenvalues d; are ordered in descending order. The sin-
gular values are

Vdi
S=D? = ) (10.64)
N dy
Now we have to determine a matrix U such that
X=UsvT (10.65)
XV =US. (10.66)

We have to be careful since some of the s; might be zero. Therefore we consider
only the nonzero singular values and retain from the equation

X11 -+.. X1n V11 ... Vin
Xml -+ Xmn Upl -+ Upn
S1
uip ... Uin
S
: : 041
Uml - .- Umn
0
only the first » columns of the matrix U
XV11 ... XV1p ulp ... Uiy S1
= : - (10.68)

XUl + .. XUpyy Ul - .. Uy Sy
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which can be solved by

uil ... Uiy XV11 ... XV1in Sy
=1 : - . (10.69)

Uml « .- Umyr XUmpml -+« XUmn S

The remaining column vectors of U have to be orthogonal to the first » columns but
are otherwise arbitrary. They can be obtained, for instance, by the Gram—Schmidt
method.

Example:

Consider the data matrix

X7 1 2 3 4 5 (10.70)
“\1 2130539 48)° '

Diagonalization of

tv (55 5395
rx= (53.95 52.9625

gives the eigenvalues

dy =107.94 dr, =0.0216 (10.71)
and the eigenvectors
—0.714 0.7004
V= <—o.7004 —0.714> ' (10.72)

Since there are no zero singular values we find

U=Xxvs!
—1.414 —0.013 —0.136 —0.091
~2.898 —0.098 | /oo - —0.279 —0.667
= | —4.277 —0.076 ( i 47> = | -0412-0515|. (1073
—5.587 0.018 : —0.538 0.122
—6.931 0.076 —0.667 0.517

This gives the decomposition*

4y vl.T is the outer or matrix product of two vectors.
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T
. 1 iy _ T T
X =(u ) ( S2> <VT) = s1u;vy + supv,
2

1.009 0.990 —0.009 0.0095
2.069 2.030 —0.069 0.0700
=] 3.0532.996 | + | —0.053 0.0541 |. (10.74)
3.987 3.913 0.013 —0.0128
4.947 4.854 0.053 —0.0542

If we neglect the second contribution corresponding to the small singular value s;
we have an approximation of the data matrix by a rank-1 matrix. If the column
vectors of the data matrix are denoted as x and y they are approximated by

X =s1v11u; Yy = Sjv21ug (10.75)

which is a linear relationship between x and y (Fig. 10.1)

Fig. 10.1 Linear approximation by singular value decomposition. The data set (10.70) is shown as
circles. The linear approximation which is obtained by retaining only the dominant singular value
is shown by the squares and the solid line

Problems

Problem 10.1 Least Square Fit

At temperatures far below Debye and Fermi temperatures the specific heat of a metal
contains contributions from electrons and lattice vibrations and can be described by

C(T) = aT + bT?
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The computer experiment generates data with a random relative error

T] =To+ jAt
Cj = (aoT; —|—b0Tj3)(1 + &)

and minimizes the sum of squares

I ¢ 312
S:;Z;(cj—an—bn)
j:

Compare the “true values” ag, bo with the fitted values a, b.



Chapter 11
Equations of Motion

Simulation of a physical system means to calculate the time evolution of a model
system in many cases. We consider a large class of models which can be described
by a first-order differential equation

a_ Y(@),t 11.1
<= 1., (11.1)

where Y is a state vector which contains all information about the system.

11.1 State Vector of a Physical System

In the following we consider models for physical systems which all have in common
that the state of the system can be described by specifying the position within a
vector space (possibly of very high dimension). This state vector will be denoted
by Y. For a classical N-particle system, for instance, the state is given by the position
in phase space or equivalently by specifying position and velocity for all of the N
particles

Y=(1,v1,...,TN,VN). (11.2)
The state of a quantum system has to be expanded with respect to some finite

basis to become numerically tractable. The elements of the state vector then are the
expansion coefficients of the wave function

N
W) =" CylWy) (11.3)
s=1
Y=(Cy,...,Cpn). (11.4)
If the density matrix formalism is used to take the average over a thermodynamic

ensemble or to trace out the degrees of freedom of a heat bath, the state vector
instead is composed of the elements of the density matrix

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_11, 129
© Springer-Verlag Berlin Heidelberg 2010
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N N N N
p= D oW (Wl =) Y CLCIWUs) ¥y (11.5)

s=1s'=1 s=1s'=1

Y =(p11--PIN, P21 "~ P2Ns -5 PN1*** PNN) - (11.6)

The concept of a state vector is not restricted to a finite number of degrees of free-
dom. For instance, a diffusive system can be described by the particle concentrations
as a function of the coordinate, i.e., the elements of the state vector are now indexed
by the continuous variable x

Y = (c1(X), ...cu(X). (11.7)

A quantum particle moving in an external potential can be described by the ampli-
tude of the wave function

Y = (¥(x)). (11.8)

Numerical treatment of continuous systems is not feasible since even the ultimate
high-end computer can only handle a finite number of data in finite time. Therefore
some discretization is necessary in the simplest case by introducing a grid of evenly
spaced points

X;jk = (iAx, jAx, kAx) (11.9)

or in more sophisticated cases by expanding the continuous function with respect to
a finite set of basic functions (so-called finite elements).

11.2 Time Evolution of the State Vector

We assume that all information about the system is included in the state vector. Then
the simplest equation to describe the time evolution of the system gives the change
of the state vector

dY— Y, t 11.10

as a function of the state vector (or more generally a functional in the case of a
continuous system). Explicit time dependence has to be considered, for instance, to
describe the influence of an external time-dependent field.

Some examples will show the universality of this equation of motion:

e N-particle system

The motion of N interacting particles is described by
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- ..
E:(rlvvl"'):(vlsal"')s (1111)

where the acceleration of a particle is given by the total force acting upon this parti-
cle and thus depends on all the coordinates and eventually time (velocity dependent
forces could also be considered but are outside the scope of this book):

_Firy 1)

1

(11.12)

m;
e Diffusion

Heat transport and other diffusive processes are described by the diffusion equation

%é:DAf+ﬂx0 (11.13)

which in its simplest spatially discretized version for one-dimensional diffusion
reads

of (x;)

D
o = a2 &)+ f (o) = 21 (x0)) + S, ). (11.14)

e Waves

Consider the simple one-dimensional wave equation

f_ 221

AP 11.15
a2~ ax2 (11.15)

0
which by introducing the velocity g(x) = 3 f(x) as an independent variable can

be ICWIitten as

Discretization of space gives
2

]
F» (f(xi), g(xi)) = <g(Xi), - 5 (f Kir) + f(Xi—1) — 2f(Xi))> . (11.17)
t Ax

e Two-level quantum system (TLS)

The Schrodinger equation for a two-level system (for instance, a spin-1/2 particle in
a magnetic field) reads

d (Cy\ _ [(Hu() Hia(0)\ ( C
a <C2) - (Hzl(l) sz(t)> (C2> . (1118)
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Our goal is to calculate the time evolution of the state vector Y (¢) numerically.
For obvious reasons this can be done only for a finite number of values of ¢ and we

have to introduce a grid of discrete times #, which for simplicity are assumed to be
equally spaced!:

fail =ty + Af. (11.19)

Advancing time by one step involves the calculation of the integral

In
Ymﬁo—Yw>=f‘HﬂY«xmm/ (11.20)
In

which can be a formidable task since f (Y (¢), t) depends on time via the time depen-
dence of all the elements of Y (r).

11.3 Explicit Forward Euler Method

The simplest method which is often discussed in elementary physics textbooks
approximates the integrand by its value at the lower bound (Fig. 11.1):

Y (tns1) = Y (i) ~ f(Y (), 1) AL, (11.21)

The truncation error can be estimated from a Taylor series expansion

dy 2 d?
Y(tht1) = Y(ty) = Ata(tn) + Tm(fn) +-
= ALf (Y (ta), tn) + O(AL?). (11.22)
RO
f(tn)
Fig. 11.1 Explicit Euler -t
method tn the

I Control of the step width will be discussed later.
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The explicit Euler method has several serious drawbacks
e Low error order

Suppose you want to integrate from the initial time 7y to the final time 7o + 7'. For a
time step of Az you have to perform N = T /At steps. Assuming comparable error
contributions from all steps the overall error scales as N At? = O(At). The error
gets smaller as the time step is reduced but it may be necessary to use very small A¢
to obtain meaningful results.

e Loss of orthogonality and normalization

The simple Euler method can produce systematic errors which are very inconvenient
if you want, for instance, to calculate the orbits of a planetary system. This can be
most easily seen from a very simple example. Try to integrate the following equation
of motion (see example 1.5):

dz _, (11.23)
— = 1wZ. .
dr ¢

The exact solution is obviously given by a circular orbit in the complex plane:

7 = 706" (11.24)
|z] = |zo| = const. (11.25)

Application of the Euler method gives
2(ty41) = 2(ty) + iwAr z(t,) = (1 +iwAt)z(t,) (11.26)

and you find immediately

12l = V1 + A7 20 = (14 0782) " 2 (11.27)

which shows that the radius increases continually even for the smallest time step
possible (Fig. 11.2).

The same kind of error appears if you solve the Schrodinger equation for a parti-
cle in an external potential or if you calculate the rotational motion of a rigid body.
For the N-body system it leads to a violation of the conservation of phase space

Fig. 11.2 Systematic errors
of the Euler method
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volume. This can introduce an additional sensitivity of the calculated results to the
initial conditions. Consider a harmonic oscillator with the equation of motion

d (x@®\ _ v(t)
a<v(t)> - (_wzx(t)>- (1128)
Application of the explicit Euler method gives
x(t+ A\ [ x() (1)
(v(t+At)> o (U(f)>+<—w2x(t))At' (11.29)

The change of the phase space volume is given by the Jacobi determinant

=1+ (wA1)>. (11.30)

- ‘8(x(t+At),v(t+At)) _‘ 1 At

Ax (1), v(1)) —w?At 1

In this case the phase space volume increases continuously (Fig. 11.3).

PGHAP |-

Fig. 11.3 Time evolution of

Xg Xg+AX
the phase space volume 0 7o

x

11.4 Implicit Backward Euler Method

Alternatively let us make a step backward in time (Fig. 11.4)

Y(tn) = Y(tny1) = = f(Y (tny1)s tar 1) At (11.31)
which can be written as

Y(tny1) @ Y (1) + (Y (tag1), 1) AL (11.32)

Taylor series expansion gives

d d? Ar?
Y(ty) =Y (tag1) — d_tY(’"“)A’ + FY(I”“)T + - (11.33)
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Fig. 11.4 Implicit backward f(t)
Euler method

f(tns1)

p

tn tn+1

which shows that the error order again is O (A¢?). The implicit method is sometimes
used to avoid the inherent instability of the explicit method. For the examples in
Sect. 11.3 it shows the opposite behavior. The radius of the circular orbit and the
phase space volume decrease in time. The gradient at future time has to be estimated
before an implicit step can be performed.

11.5 Improved Euler Methods

The quality of the approximation can be improved significantly by employing the
midpoint rule (Fig. 11.5)

At At
Y (1) — Y (1) ~ f <Y (x + 7) 4t 7) Ar. (11.34)

The error is smaller by one order of At :

v v At At A
(rn>+f< (r+7),z,,+7) ;

=Y, + dY(t)+Atsz(t)+ At
oo dr " 2 di2 "

= Y(t, + A1) + O(AP). (11.35)

ft)

f(tnt%t)/-'/

Fig. 11.5 Improved Euler : t
method t ths
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At
The future value Y (t + 7) can be obtained by two different approaches:

e Predictor—corrector method

At At
Since f <Y (t + 7) S+ 7) is multiplied with Az, it is sufficient to use an

approximation with lower error order. Even the explicit Euler step is sufficient.
Together the following algorithm results:

At
Predictor step: YP =y, + Tf(Y(ln), )

At (11.36)
Corrector step: Y (t, + At) =Y (t,) + At f (Y(”), t, + 7)

e Averaging (Heun method)

The average of f(Y (t,), t,) and f (Y (t,+ At), t+ Ar) (Fig. 11.6) is another approx-
imation to the midpoint value of comparable quality.
Expansion around #,, + At/2 gives

% (f(Y(tn), tn) + f(Y (tn + A1), t + Al))

At At 5
=f<Y (tn+7>,tn+7>+O(At ). (11.37)

Inserting the average in Eq. (11.34) gives the following algorithm, which is also
known as improved polygon method and corresponds to the trapezoidal rule for the
integral (4.9) or to a combination of explicit and implicit Euler step:

Y, +At) =Y(t,) + % (fY (), ty) + f(Y (1 + At), t + Ar)).  (11.38)

In the special case of a linear function f (Y (¢),¢) = F Y (¢) (for instance, rotational
motion or diffusion) this can be solved formally by

f(t)

f(t, + At)

Fig. 11.6 Improved polygon
(or Heun) method tq tass
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Ar \7! At
Yt, +At)=(1-— 7F 1+ 7F Y(t,). (11.39)

Numerically it is not necessary to perform the matrix inversion. Instead a linear
system of equations is solved:

At At
(1 - 7F> Y(t, + At) = (1 + 7F> Y(t,). (11.40)

In certain cases the Heun method conserves the norm of the state vector, for instance,
if F has only imaginary Eigenvalues (as for the one-dimensional Schrodinger equa-
tion, see page 280).

In the general case a predictor step has to be made to estimate the state vector at
t, + At before the Heun expression (11.38) can be evaluated:

YP =Y (ta) + At f(Y (1), tn). (11.41)

11.6 Taylor Series Methods

If higher derivatives of f are easily available, then higher order methods can be
obtained from the Taylor series expansion

A2 df (Y (1), ) L

Y(tn + At) =Y (ty) + At f(Y (1), ty) + — > ” (11.42)
The total time derivative can be expressed as
df _ af dY a f
= 11.43
dr oy dt =ff+ 1 ¢ )
. o . . of .
where the partial derivatives have been abbreviated in the usual way by vl f
0
and 8_]1: = f’. Higher derivatives are given by
dzf 1" 2 2 ~! b
m=ff+f fH2ff+f (11.44)
&crodr
—_J 3 ;1 3 4
5= oy TSP AP P 3 S

+3F AL PS5 4 P+ P (11.45)



138 11 Equations of Motion
11.7 Runge-Kutta Methods

If higher derivatives are not so easily available, they can be approximated by numer-
ical differences. f is evaluated at several trial points and the results are combined to
reproduce the Taylor series as close as possible [43].

11.7.1 Second-Order Runge—Kutta Method

Let us begin with two function values. As common in the literature we will denote
the function values as K1, K>, .. .. From the gradient at time #,

Ky = fu=fX ), t) (11.46)
we estimate the state vector at time 7, + At as
Y(t, + At) = At K. (11.47)
The gradient at time #,, + At is approximately
Ky = f(Y(ty) + At Ky, 1, + At) (11.48)
which has the Taylor series expansion
Ko = fo+ (fu+ fuf) A1+ - (11.49)

and application of the trapezoidal rule (4.9) gives the second-order Runge—Kutta
method

At
Ynt1 =Yn+7(K1+K2) (11.50)

which in fact coincides with the improved Euler or Heun method. Taylor series
expansion shows how the combination of K| and K> leads to an expression of higher
error order:

A .
nﬂ=n+§m+ﬁ+m+ﬁmm+m>

df, At?
£”7+-~-. (11.51)

= Yn+ant+

11.7.2 Third-Order Runge—Kutta Method

The accuracy can be further improved by calculating one additional function value
at midtime. From Eq. (11.46) we estimate the gradient at midtime by
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K—(Yt Kt£>
2= f ()—i—21—|—2

2

= fut+ (fu+ f, fn) a o+ 17+ 24, fn) e (11.52)
The gradient at time #, + At is then estimated as

= f(Y(tn) + At(2K; — Ky), 1ty + At)
. , . Ar?
= fn + ant + fn(2K2 — KAt + fnT

2K>» — K{)2Af? . 2Ky — K| Af?
,(2K> 1) +2f’( 2 1) n

> y 5 (11.53)

+ /i
Inserting the expansion (11.52) gives the leading terms

2
Ky = fot o+ Fif)A+ QL fu+ [ F2+ fo 4+ 210 fu + zf,%)% SR
(11.54)

Applying Simpson’s rule (4.10) we combine the three gradients to get the third-order
Runge—Kutta method

At
Yust = Y () + — (K1 +4K2 + K3), (11.55)

where the Taylor series

At , ,
Yng1 = Y(ty) + ? (6fn + 3(fn + fnfn)At

) 2 fa A FLLER 2 o fo S fAR )
=Y (1, + A1) + O(Ar%) (1156)

recovers the exact Taylor series (11.42) including terms of order O (AL3).

11.7.3 Fourth-Order Runge—Kutta Method

The fourth-order Runge—Kutta method (RK4) is often used because of its robustness
and accuracy. It uses two different approximations for the midpoint
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K| = f(Y(tn)v tn)

K1 At
Ky = f\Y(tn)+ TAt,tn iy

K> At
K3=f Y(ty) + At ty + —
2 2
K4 = f(Y(tn) + K3At, 1, + At) (11.57)

and Simpson’s rule (4.10) to obtain
At 5
Yor1 =Y(t,) + 3 (K1 +2Ky+2K3+ Kq) =Y(t, + At) + O(Ar?). (11.58)

Expansion of the Taylor series is cumbersome but with the help of an algebra pro-
gram one can easily check that the error is of order Az°.

11.8 Quality Control and Adaptive Step-Size Control

For practical applications it is necessary to have an estimate for the local error and
to adjust the step size properly. With the Runge—Kutta method this can be achieved
by a step doubling procedure. We calculate y, 4 first by two steps Ar and then by
one step 2A¢. This needs 11 function evaluations as compared to 8§ for the smaller
step size only (Fig. 11.7). For the fourth order method we estimate the following
errors:

/

=
| | |
| I
tn tn+2

/
& -
/
~

Fig. 11.7 Step doubling with I I I
the fourth-order Runge—Kutta l | |
method tn tn+1 tn+2
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A (Yn(ﬁ;)) — 2aAP (11.59)
A (r257) =acan®. (11.60)

The local error can be estimated from

YA _ y QA0 — 30i4|A8 (11.61)

n+2 n+2
| Y(At) N Y(2At) |

any) _ s Mago n+2
A(rS)) =anr = = %

(11.62)
The step size At can now be adjusted to keep the local error within the desired
limits.

11.9 Extrapolation Methods

Application of the extrapolation method to calculate the integral fz,:”H f(®dr
produces very accurate results but can also be time consuming. The famous Gragg—
Bulirsch—Stoer method [2] starts from an explicit midpoint rule with a special start-
ing procedure. The interval At is divided into a sequence of N sub-steps:

h = o (11.63)
=" .
First a simple Euler step is performed:
up =Y (ty)
up =ug+h fuo, tn) (11.64)

and then the midpoint rule is applied repeatedly to obtain
wjpr =uj_1 +2h fuj, t, + jh) j=12,...,N—1. (11.65)

Gragg [44] introduced a smoothing procedure to remove oscillations of the leading
error term by defining

1 1 1
He showed that both approximations (11.65) and (11.66) have an asymptotic expan-
sion in powers of 42 and are therefore well suited for an extrapolation method. The
modified midpoint method can be summarized as follows:



142 11 Equations of Motion

MO:Y(tn)
uy =up+h f(uo, ty)
Wi =i +2h fujty+jh) j=1,2.....N—1

1
Y(t, + At) = E(MN‘I'MNfl +h flun,tn + A1)). (11.67)
The number of sub-steps N is increased according to a sequence like

N =2,4,6,8,12,16,24,32,48,64--- N; =2N; > Bulirsch-Stoer sequence
(11.68)
or

N =2,4,6,8,10,12--- N; =2j Deuflhard sequence. (11.69)

After each successive N is tried, a polynomial extrapolation is attempted. This
extrapolation returns both the extrapolated values and an error estimate. If the error
is still too large then N has to be increased further. A more detailed discussion can
be found in [45, 46].

11.10 Multistep Methods

All methods discussed so far evaluated one or more values of the gradient f (Y (¢), 1)
only within the interval ¢, - - - t,, + At. If the state vector changes sufficiently smooth
then multistep methods can be applied. These make use of the gradients from several
steps and improve the accuracy by polynomial interpolation.

11.10.1 Explicit Multistep Methods

The explicit Adams—Bashforth method of order r uses the gradients from the last
r — 1 steps to obtain the polynomial (Fig. 11.8)

)
f(t, +At)
f(ty) o

f(t, — At)

Fig. 11.8 Adams—Bashforth t
method tn—1 tn tn+1
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p(tn) = f(Yn,tn), - pln—r+1) = f Yn—r+1s tn—r+1) (11.70)

and to calculate the approximation

In1
Yoi1 — Yy m/ p()dt (11.71)
In

which is generally a linear combination of f;, - - - f;,—,41. For example, the Adams—
Bashforth formulas of order 2, 3, 4 are

At 3
Yn+1 - Yn = 7(3fn - fn—l) + O(At )
At
Yigr = Yo = @3 fu = 16fu1 +5fn-2) + O(Ar*)

At
Yot = Yo = (55 fu =59 fu1 +37 f2 = 9 fu-3) + O(Ar).  (11.72)

11.10.2 Implicit Multistep Methods

The implicit Adams—Moulton method also uses the yet not known value y,y; to
obtain the polynomial (Fig. 11.9)

Ptnt1) = forts ooy PUn—ry2) = fu—ri2. (11.73)
The corresponding Adams—Moulton formulas of order 2—4 are
Yor1 = Yo = —(fas1+ fo) + O(AF)
At 4
Ynp1 =Y = E(an+l + 8fn - fn—l) + O(ArY)

At
Yoi1 — Yy = ﬁ(9fn+1 + 19, = 5fa1 + fa2) + O(AP). (11.74)

f(t)

f(t, + At)

Fig. 11.9 Adams—Moulton
method
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11.10.3 Predictor-Corrector Methods

The Adams—Bashforth—-Moulton method combines the explicit method as a predic-
tor step to calculate an estimate yf 1 With a corrector step using the implicit method
of same order.

Multistep methods need fewer function evaluations. They have to be combined
with other methods (like Runge—Kutta) to start and end properly. A change of the
step size is rather complicated.

11.11 Verlet Methods
For classical molecular dynamics simulations it is necessary to calculate very long
trajectories. Here a family of symplectic methods often is used which conserve the
phase space volume [47-50]. The equations of motion of a classical interacting
N-body system are

m;X; = F;, (11.75)

where the force acting on atom i can be calculated once a specific force field is
chosen. Let us write these equations as a system of first-order differential equations

X\ _ (Vi
("’i>_<ai>7 (11.76)

where x(¢)and v(¢) are functions of time and the forces ma(x(¢)) are functions of
the time-dependent coordinates.

11.11.1 Liouville Equation

X X
(v) :[,(V), (11.77)

where the Liouville operator £ acts on the vector containing all coordinates and

velocities:
X a ad X
L =|v— — 11.78
(v) (Vax“av) (v) (7

The Liouville equation (11.77) can be formally solved by

x(1)\ _ rr  x(0)
(V(t)> —e ’(V(O)). (11.79)

We rewrite (11.76) as
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For a better understanding let us evaluate the first members of the Taylor series of
the exponential:

X 0 9 X v

L(v) - (V& +a£> (v) = <a) (11.80)
2(x) _ (.9 9 v (@

c <V) - <V& +35) (a(x)) = (V%a) (11.81)

)
9 9 v—a
£3<X)=<v—+a—)( a ): s X s | 18y
v ox v/ \ Vg a—a+vw——a
0x 0X 0X
But since
d 3
LAXD) =V _a (11.83)
d? d [/ 9 B 3 9
—ax()=—(v—a)=a— - 11.84
a2 2xO) =4 (Vaxa) T WV axax® (11.84)
Wwe recover

1, 1 5.
X+vi+ —tfat+ —t"a+---

1 1
<1+t£+§t2£2+6t3£3+--'>(3)= 2 ¢
V+at+§t2é+gt3ﬁ+~~

(11.85)
11.11.2 Split Operator Approximation
We introduce a small time step At = t/N and write
N
Ll = (eﬁA’) . (11.86)

For the small time step At the split operator approximation can be used which
approximately factorizes the exponential operator. For example, write the Liouville
operator as the sum of two terms

0 0
LA=V— Lp=a— (11.87)
ox ov

and make the approximation

LAl — LAl LA 4+, (11.88)
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Each of the two factors simply shifts positions or velocities

Lant (X _ X + VAt LAt (XY _ X
Ao (3)=0) e () =) o

since these two steps correspond to motion with either constant velocities or con-
stant coordinates and forces.

11.11.3 Position Verlet Method

Often the following approximation is used which is symmetrical in time (Fig. 11.10)

el:At — e,CAAt/Q.eEBAteL‘,AAt/Z + .. (1190)

The corresponding algorithm is the so-called position Verlet method:

At
Xn41/2 =Xn+Vn7 (11.91)
Vatl = Vp + 81248 = V(t, + AL) + O(ALY) (11.92)
At Vi + Vit
Xp+1 = Xpt1/2 + Vn+17 =X, + %At = X(t, + AD) + O(AL).
(11.93)
Fig. 11.10 Position Verlet v
method. The exact integration
path is approximated by two Vit
half-steps with constant
velocities and one step with
constant coordinates
vy L
f f X
Xn Xn+1
11.11.4 Velocity Verlet Method
If we exchange operators A and B we have (Fig. 11.11)
e,cAl‘ ze,cBAt/ze,cAAteLBAt/Z_i_“. (1194)
which produces the velocity Verlet algorithm:
At
Vni1/2 = Vn +a,— (11.95)

2
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Fig. 11.11 Velocity Verlet v
method. The exact integration

path is approximated by two Vit 4
half-steps with constant
coordinates and one step with
constant velocities
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vy 4
f f X
Xn Xn+1
At? 3
Xpt1 = Xp + Vp12A1 = X, + VA + anT =Xx(t, + At) + O(Ar”)
(11.96)
At a, +a,4
Vakl = V12 + 8upl — = Vo F %At = v(t, + A1) + O(AP).
(11.97)

11.11.5 Standard Verlet Method

The velocity Verlet method is equivalent to the standard Verlet method which is a

two-step method given by

Xnt1 = 2Xp — Xp—1 + a,,At2
Xn+1 — Xp—1
Vn = 20t

To show the equivalence we add two consecutive position vectors
2
Xp+2 + Xnt1 = 2Xp41 + 2% — Xy — Xp—1 + (@p 41 + 2,) At
which simplifies to

2
Xp42 — Xp — (Xpp1 — Xp) = (@pp1 +a,)AL7.

This can be expressed as the difference of two consecutive velocities:

2(Vpt1 — Va) = (@p41 + a,) At
Now we substitute

Xp—1 = Xp41 — 2V At

(11.98)
(11.99)

(11.100)

(11.101)

(11.102)

(11.103)
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to get
Xpi1 = 2X, — Xpp1 + 2Va A7 + a, Ar? (11.104)
which simplifies to

a, 2
Xn+1 =Xn+VnAt+?At . (11.105)

Thus the equations of the velocity Verlet algorithm have been recovered. However,
since the Verlet method is a two-step method, the results depend on the initial values.
The standard Verlet method starts from two coordinate sets xq, x1. The first step is

Xo = 2X1 — Xo + a1 At? (11.106)
X2 — X0 X]—Xo a1, 5

— = N 11.107

Vi 2At At + 2 ( )

The velocity Verlet method, on the other hand, starts from one set of coordinates
and velocities X1, vi. Here the first step is

Ar?
X2:X1+V1At+317 (11.108)

ar +ap

V) = V| + At. (11.109)
The two methods give the same resulting trajectory if we choose

onxl—let—i-%Atz. (11.110)

If, on the other hand, x¢ is known with higher precision, the local error order of the
standard Verlet changes as can be seen from addition of the two Taylor series

a a
x(t,,+At)=xn+VnAt+7nAt2+€nAt3+~~ (11.111)

L V) a, 3
x(tn—At):x,,—v,,At-l—?At —FAI 4+ (11.112)

which gives

x(t, + At) = 2x(t,) — x(t, — At) + a, A1 + 0(At4) (11.113)
x(t, + At) — x(t, — Ar)
2At

=v, + O(Ar%). (11.114)
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11.11.6 Error Accumulation for the Standard Verlet Method

Equation (11.113) gives only the local error of one single step. Assume the start
values xo and x; are exact. The next value x» has an error with the leading term
Axy = aAr* If the trajectory is sufficiently smooth and the time step not too large
the coefficient o will vary only slowly and the error of the next few iterations is
given by

Ax3 =2Axy) — Ax| = 2aAt?
Axqg = 2Ax3 — Axp = 3a At

Axps1 = naAr*. (11.115)

This shows that the effective error order of the Verlet method is only O (A13) similar
to the velocity Verlet method.

11.11.7 Leap Frog Method

Closely related to the Verlet methods is the so-called leap frog method. It uses the
simple decomposition

LA o pLal JLpAL (11.116)

but introduces two different time grids for coordinates and velocities which are
shifted by A¢/2 (Fig. 11.12).
The leap frog algorithm is given by

Vnt1/2 = Vp—1/2 + ap At (11.117)
Xpt1 = Xp + Vpt12AL (11.118)
v / =

Vet L I

Fig. 11.12 Leap frog
method. The exact integration
path is approximated by one Vi1 1
step with constant
coordinates and one step with
constant velocities. Two
different grids are used for Vi1jo |

coordinates and velocities T f X
which are shifted by Az/2 Xn Xn+t
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Due to the shifted arguments the order of the method is increased as can be seen
from the Taylor series:

X(ty) + (V(t,,) + %a(rn) + - ) At = X(ty, + At) + O(AP) (11.119)
At At 3
v{m+ 5 ) =v(n -5 ) =aact o). (11.120)

One disadvantage of the leap frog method is that some additional effort is necessary
if the velocities are needed. The simple expression

1 At At 5
v(ty) = §<v (l‘n—7>+v<tn+7>>+0(At) (11.121)

is of lower error order than (11.120).

Problems

Problem 11.1 Circular Orbits

In this computer experiment we consider a mass point moving in a central field. The
equation of motion can be written as the following system of first-order equations:

0 0 10
X 0 0 01 X
Yl 1 y
Ux _(x2+y2)3/2 0 00 Uy
Uy 0 1 Uy

_(xz +y2)3/2 00

For initial values

~<
—_—0 O =

Uy

the exact solution is given by
X =cost y=sint.
The following methods are used to calculate the position x(¢), y(¢) and the energy

1

N

1
Etot = Exin + Epot = E(v)% + v}Z) -
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e The explicit Euler method (11.4):

X(tyy1) = x(ty) + vy (1) At
Y(tnt1) = y(tn) + vy (tn) At

x(ty)
Ux (fn+1) = vx(tn) — R, At
Oy (et 1) = vy () — %At

e The second-order Runge—Kutta method (11.7.1)
which consists of the predictor step

At
x(th + At/2) = x(t,) + TUx(tn)

At
Yty + At/2) = y(ty) + Tvy(tn)

(t At 2) = (t) EM

Uy (fy + A1/2) = v (1) — ) R(tn)3
A n

Oyt + AL/2) = vy (1) — 7’%

and the corrector step

X(tyy1) = x (1) + At ve(ty + AL/2)
Y(tnt1) = y(tn) + At Uy(tn + AI/Z)
x(ty + At/2)
R3(t, + At/2)
y(t, + Al/z)
R3(t, + At/2)

Uy (tn+1) = v (1) — A1
Uy (tnt1) = vy(ty) — Af

e The fourth-order Runge—Kutta method (11.7.3)
e The Verlet method (11.11.5)

x(ty)
R3(ty)
Vi) = () + () — y(t1)) — A1)
R3(ty)
N x(tn-H) — x(tp—1) N x(ty) — x(ty—1) At x(t,)
vy (ty) = = - =
2At At 2 R3(t,)
y(tn-H) — y(th—1) _ y(ty) — y(ta=1) _ ﬂ y(ty)
N, - At 2 R3(1)

X(tny1) = x(tn) + (x(tn) — x(ta—1)) — At

Uy (ty) =
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To start the Verlet method we need additional coordinates at time —A¢ which can
be chosen from the exact solution or from the approximation

(1—1) = x(to) — At vy (t0) — A2 x(to)
T Peio 2 R3(tp)
— A1 y(19)
Yo =0 = A o) = 2 1:3 ((t)o)

e The leap frog method (11.11.7)

X(tnt1) = x(tn) + vx(tnr1/2) At
Y(tny1) = y(tn) + vy (tht12) At

_ x(tn)

Uy (tu12) = vx(tn—1/2) — m

y(tn)

Vy(tnt1/2) = vy(th—12) — R(tn)3

n
where the velocity at time ¢, is calculated from

At x(tn+l)
ty) = vy (t -
) Ux(n—i—l/2) ) R3(ln+1)
At Y(tn+1)
1) = vy(f —_——
vy (1) = vy(tha1/2) B R3(Z‘n+1)

To start the leap frog method we need the velocity at time 1,2 which can be taken
from the exact solution or from

A
Ux(1-1/2) = vx(f0) — Tt ;3(23)
A
vy (t-1/2) = vy (fo) — Tt 1:3(?;3)

Compare the conservation of energy for the different methods as a function of
the time step At. Study the influence of the initial values for leap frog and Verlet
methods.

Problem 11.2 N-Body System

In this computer experiment we simulate the motion of three mass points under
the influence of gravity. Initial coordinates and velocities as well as the masses can
be varied. The equations of motion are solved with the fourth-order Runge—Kutta
method with quality control. The influence of the step size can be studied. The local
integration error is estimated using the step doubling method.

Try to simulate a planet with a moon moving round a sun!
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Problem 11.3 Adams—Bashforth Method

In this computer experiment we simulate a circular orbit with the Adams—Bashforth
method of order 2 - - - 7. The absolute error at time T

A(T) = |x(T) —cos(T)| + [y () — sin(T)| + [vx (T) +sin(T)| + vy (T) — cos(T)|

is shown as a function of the time step At in a log—log plot. From the slope

o d(logo(A))
d(logg(At))

the leading error order s can be determined. For very small step sizes rounding errors
become dominating which leads to an increase A ~ (An)~1L.

Determine maximum precision and optimal step size for different orders of the
method. Compare with the explicit Euler method.
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Chapter 12
Rotational Motion

An asymmetric top under the influence of time-dependent external forces is a rather
complicated subject in mechanics. Efficient methods to describe the rotational
motion are important as well in astrophysics as in molecular physics. The orienta-
tion of a rigid body relative to the laboratory system can be described by a rotation
matrix. In this chapter we discuss different parametrizations of the rotation matrix
and methods to calculate the time evolution.

12.1 Transformation to a Body Fixed Coordinate System
Let us define a rigid body as a set of mass points m; with fixed relative orientation
(described by distances and angles) (Fig. 12.1).

The position of m; in the laboratory coordinate system CS will be denoted by r;.
The position of the center of mass (COM) of the rigid body is

1
R=—— T 12.1
Z m; Z m;r; ( )
and the position of m; within the COM coordinate system CS; is p;:
ri=R+p,; (12.2)

Let us define a body fixed coordinate system CScp, where the position pj, of m; is
time independent %pib = 0. p; and p;;, are connected by a linear vector function

pi = Apjp, (12.3)
where A is a 3 x 3 matrix
ail a2 a3
A=\ azy ap axy |. (12.4)
azy asz ass
P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_12, 157
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Fig. 12.1 Coordinate
systems. Three coordinate
systems will be used: The
laboratory system CS, the
center of mass system CSc,
and the body fixed system
CSch

12.2 Properties of the Rotation Matrix

Rotation conserves the length of p':

p'p=(Ap)" (Ap) =p" AT Ap. (12.5)
Consider the matrix
M=ATA-1 (12.6)
for which
T _
p Mp=20 (12.7)
1
holds for all vectors p. Let us choose the unit vector in x-direction: p = | 0
0
Then we have
My Myx M3 1
0:(100) My My Mps 0] =M. (12.8)
M3y M3y Ms33 0

Similarly by choosing a unit vector in y- or z-direction we find M2, = M33 = 0.
1

Now choose p = | 1
0

1 o7 p denotes the scalar product of two vectors whereas pp’ is the outer or matrix product.
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My My M3
02(110) My My Mo3 1
M31 M3> M33 0

My + My
=(110)| My + Mxn | = My + My + Mo + M. (12.9)
M31 + M3,
1
Since the diagonal elements vanish we have M, = —M>;. With p = | 0 |,
1
0
p =\ 1| wefind M3 = —M3| and M»3 = —M3,, hence M is antisymmetric and
1
has three independent components:
0 Mp M3
M=-M'=|-My 0 My|. (12.10)
—Mi3 —M> 0O
Inserting (12.6) we have
ATA-D)=—-ATa-DT =—Ta-1 (12.11)

which shows that AT A = 1 or equivalently A7 = A~!. Hence (det(A4))> = 1 and
A is an orthogonal matrix. For a pure rotation without reflection only det(A) = +1
is possible.

From
ri =R+ Ap;, (12.12)
we calculate the velocity
drij dR dA dp;p
Ty Ty, 12.13
ar  dr | ar P dr (113)
but since pjy, is constant by definition, the last summand vanishes
ii=R+Ap, =R+ AA"p, (12.14)
and in the center of mass system we have
d . —1

dr

with the matrix

W=AA"". (12.16)
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12.3 Properties of W, Connection with the Vector of Angular
Velocity

Since rotation does not change the length of p;, we have

d d
0= a|ﬂi| - Ozpiapi =p;(Wp;) (12.17)

or in matrix notation
0=p/Wp,. (12.18)

This holds for arbitrary p;. Hence W is antisymmetric and has three independent
components

0 Wi Wi
W=|-Wn 0 Wwxl. (12.19)
—Wiz =W 0

Now consider infinitesimal rotation by the angle dg (Fig. 12.2).
Then we have (the index i is suppressed)

dp 0 Wi W P1 Wiap2 + Wizp3
dp = Edt = -Wip 0 Wy p2 |dt = | —Wip1 + Wazps | dt
—Wiz =W 0 P3 —Wizp1 — Wazp2
(12.20)
which can be written as a cross product:
dp =de x p (12.21)
with
—Wpsdt
do =| Wpdr |. (12.22)
—Wiadt
\p +dp
dp = d_(ExB>
]
dp=wdt

Fig. 12.2 Infinitesimal
rotation
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But this can be expressed in terms of the angular velocity @ as

dg = edt (12.23)
and finally we have
w1 0 —w3 o
dp=wdt =|wp |dt W=]| w3 0 —ow (12.24)
w3 —wy w; O

and the more common form of the equation of motion

d
Ep:Wp:wxp. (12.25)

12.4 Transformation Properties of the Angular Velocity
Now imagine we are sitting on the rigid body and observe a mass point moving
outside. Its position in the laboratory system is ry. In the body fixed system we
observe it at

o =A"lxr —R) (12.26)
and its velocity in the body fixed system is

-1

Py =A"1E —R) + (ri —R). (12.27)

dr

The time derivative of the inverse matrix follows from

0=23 (A—1A> —A A+ da”’ (12.28)
T dr a dt ’

da-! .

=—AAA = A lw (12.29)
dr
and hence

dAa~! O

— (r1 - R) —_A W(n - R). (12.30)

Now we rewrite this using the angular velocity as observed in the body fixed system

—A’]W(rl - R) — —WpA! (r1 . R) = Wppyy = —@b X prps (1231)
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where W transforms as

W, =A"'WA. (12.32)
W transforms like a second rank tensor. From that the transformation properties
of @ can be derived. We consider only rotation around one axis explicitly, since a
general rotation matrix can always be written as a product of three rotations around

different axes. For instance, rotation around the z-axis gives

0 —wp3z wp

Wb = wp3 0 —wp1 =
—opy wpr 0
cosg sing 0 0 —w3 w cosp —sing 0
= | —singp cos¢e 0 w3 0 —w sing cosep 0| =
0 0 1 —wy w; 0 0 0 1
0 —w3 COS pwy — sin pw1
= w3 0 —(cos pwi + sinpwy)
— (w2 cos ¢ — sin pw1) cos pwi + sin pw; 0
(12.33)
which shows that
w1p cosg sing 0 w1
wp | = | —sing cosg 0 wy |, (12.34)
w3p 0 0 1 w3

i.e., w transforms like a vector under rotations. There is a subtle difference, however,
considering general coordinate transformations involving reflections. For example,
consider reflection at the xy-plane. Then transformation of W gives

100 0 —w3 w 100
W,=101 0 w3 0 —w 010
00-1 —wy w1 0 00-1
0 —w3 —wp
=|lws 0 w (12.35)
w) —w; 0
o1p 100 w]
wp |=—101 0 wy | . (12.36)
w3p 00 -1 w3

This shows that @ is a so-called axial or pseudo-vector. Under a general coordinate
transformation, it transforms as

wp, = det(A)Aw. (12.37)
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12.5 Momentum and Angular Momentum

The total momentum is
P=> "mi; =) mR=MR, (12.38)

since by definition we have Y m;p; = 0.
The total angular momentum can be decomposed into the contribution of the center
of mass motion and the contribution relative to the center of mass:

L= Zmiri X I; = MR x R + Zmipi X fji = Lcom + Lint. (12.39)
The second contribution is
Lin = Y mip; x (@ x p)) = >_mi (@0} = p;(p;)). (12.40)

This is a linear vector function of @, which can be expressed simpler by introducing
the tensor of inertia

I = Zmip,? 1 —mip;pr (12.41)
or using components
Lun =) Mi0}8mn = Mi P 1Py (12.42)
as
Liw = lo. (12.43)

12.6 Equations of Motion of a Rigid Body

Let F; be an external force acting on m;. Then the equation of motion for the center
of mass is

d2 ..
v Zmiri = MR = ZF,- = Fey. (12.44)

If there is no total external force Fex, the center of mass moves with constant
velocity

R =Ry + V(t — 19). (12.45)
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The time derivative of the angular momentum equals the total external torque

d d . ..
EL = aZmiri Xr= Zm,‘r,' XTI = Zri X Fi = ZN,’ = Next (12.46)

which can be decomposed into
Next = R x Fext + Zp,. x F;. (12.47)

With the decomposition of the angular momentum

4 Yo+ YL (12.48)
dr _dt COM d int .

we have two separate equations for the two contributions:

d d . ..

ELCOMZ aMRXR:MRXR:RXFext (12.49)
d

aLint = E P; X Fi = Next — R X Fext = Nint. (12.50)

12.7 Moments of Inertia
The angular momentum (12.43) is
Lrot = o = AAT' TAA '@ = Alwy, (12.51)

where the tensor of inertia in the body fixed system is

I=A""TA=A"" (Z”HP,’TP;‘ - miPiP,T) A
= ZmiATpiTp[A — m,-ATpipiTA
= Zmip,?b — PPl (12.52)
Since I, does not depend on time (by definition of the body fixed system) we will

use the principal axes of [, as the axes of the body fixed system. Then [, takes the
simple form

g
o o

I, = (12.53)

N}
oS o
fey)

with the principle moments of inertia /7 » 3.
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12.8 Equations of Motion for a Rotor

The following equations describe pure rotation of a rigid body:

d
SA=WA =AW, (12.54)
d
aLint = Nint (12.55)
0 —w3 w
W = w3 0 —w Wij = —eijrwg (12.56)
—w w; 0
Lint = ALinty = o = Aoy (12.57)
iho oo
wp =1 'Liny=| 0 I;' 0 |Linp ©=Awp (12.58)
0 0 Iy
I, = const. (12.59)

12.9 Explicit Solutions

Equation (12.54) for the rotation matrix and (12.55) for the angular momentum have
to be solved by a suitable algorithm. The simplest integrator is the explicit Euler
method [51] (Fig. 12.3):

At +dt) = A@t) + A()Wp(t)dr + O(dtz) (12.60)
Lini(7 + df) = Lini(r) + Ninc(1)dt + O(dr?). (12.61)
E T T LA
. 100 F & ]

Fig. 12.3 Explicit methods
for a free rotor. The equations
of a free rotor (12.8) are . o
solved using the explicit first- 3 first order Pt & E
or second-order method. The 1074 F \}/3 .
deviations | det(A) — 1| /,e"

(dashed lines) and

| Exin — Exin(0)| (full lines) at
t = 10 are shown as a

function of the time step At. 107 e
The principal moments of o
inertia are 1, 2, 3 and the Sm—

initial angular momentum is 107 107 102 10°
L=(1,1,1 time step

second order 3
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Expanding the Taylor series of A(f) to second order we have the second-order
approximation

1 .
A(t +dr) = A(t) + A() Wy (1)dr + 3 (A(r)W,f(r) + A(O)W,()) di*> + 0(drd).
(12.62)
A corresponding second-order expression for the angular momentum involves
the time derivative of the forces and is usually not practicable.

The time derivative of W can be expressed via the time derivative of the angular
velocity which can be calculated as follows:

d 1 4—1 -1 d —1 —1 4-1
cor = (A i) = 1 (A7) L+ 1,7 A7 N =

=1, (—A“W) Line + I, ' A7 'Nine = =1, "Wy Linep + I, 'Ninep.  (12.63)

Alternatively, in the laboratory system

d
3@ =g (Ao = WAw, - AL ' AT WLing + AL A7 'Ning

= AL ' ANing — WLino),

(12.64)
where the first summand vanishes due to
WAwp = AWpwp = Awp X wp = 0. (12.65)
Substituting the angular momentum we have
Ewb = Ib_lNim,b — Ih_leIbwb (12.66)
which reads in components:
wp1 L' Npy
apy | = | 1,,' N
@p3 13 N
1;,_11 0 —wp3 wp Ip1p)
Ib_21 wp3 0 —wpr Ipwp (12.67)
1 —wpy wp1 0

Ip3p3

Evaluation of the product gives a set of equations which are well known as Euler’s
equations:
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) Ip—1 N
wp = PP opwp + 72

o — Ip3—Ip Npp

wpy = T 0p30p1 +

. Iy —1 N,

wp3 = P wpiop + 72 (12.68)

12.10 Loss of Orthogonality

The simple methods above do not conserve the orthogonality of A. This is an effect
of higher order but the error can accumulate quickly. Consider the determinant of
A. For the simple explicit Euler scheme we have

det(A+dA) = det(A+ W Adr) = detA det(1+ Wdr) = detA (1 +w?dt?). (12.69)

The error is of order dr2, but the determinant will continuously increase, i.e., the
rigid body will explode. For the second-order integrator we find

dr? .
det(A + dA) = det (A + WAdr + 7(WZA + WA))
a5
= detA det ( 1+ Wdr + —(W? + W) ). (12.70)

This can be simplified to give
det(A 4+ dA) = detA (1 + @wds> + - --). (12.71)

The second-order method behaves somewhat better since the product of angular
velocity and acceleration can change in time. To assure that A remains a rotation
matrix we must introduce constraints or reorthogonalize A at least after some steps
(for instance, every time when |det(A) — 1| gets larger than a certain threshold).
Alternatively, the following method is very useful:

Consider correction of the rotation matrix by multiplication with a symmetric
matrix S:

A=AS, (12.72)
where the resulting matrix is orthogonal
1=ATA = sATAS. (12.73)
This equation can be formally solved:

s2=ATA (12.74)
S =ATa)~12 (12.75)
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Since the deviation of A from orthogonality is small, we make the approximations

S=1+s (12.76)

S2=1-2s+---=ATA (12.77)
1—ATA

S=1+ 2_+... (12.78)

which can be easily evaluated.

12.11 Implicit Method

The quality of the method can be significantly improved by taking the time deriva-
tive at midstep (11.5):

dt dt
A(t+dt)=A(t)+A<t+3)W<t+3)dt+~-- (12.79)
dr
Line(t + df) = Lin(?) + Ning (t + 5) de +---. (12.80)

Taylor series expansion gives

2 2
A (z + %) w (z + %) dt = A(OW@)dr + A(z)W(z)% + A(t)W(t)% +0(@dr?)
(12.81)

2
= AOW@®)dt + (AOW2() + A(t)W(t))d% +0(@d?) (12.82)

which has the same error order as the explicit second-order method. The matrix

dr
A <t + E) at midtime can be approximated by

1 dr\ de? .. dr dr 5
—(A)+A(@+d) =Alt+ = |[+—At+ = |+ - =Alt+ = |+0@d")
2 2 4 2 2

(12.83)
which does not change the error order of the implicit integrator which now becomes

1 dr
At +dr) = A@) + 3 Aty + At +dr))) W (t + 3> dr + O(dt3). (12.84)
This equation can be formally solved by

A +d)y =A@ |1 dtWt dr 1 dtWt dr _1—AtT dr
(t+dr) = ()(4‘? (4‘5))( ) (+E)) = ()b(g)

(12.85)
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Alternatively, using angular velocities in the laboratory system we have the similar
expression

At 4+ At)y =1 At Wit anT! 1 At Wt At At)=T At A
(t+ Ar) = |: 5 ( +7>i| |: +7 < +7>:| () = (7) (1).
(12.86)

The angular velocities at midtime can be calculated with sufficient accuracy from
de dr . 2
Wit+ 5 )= W) + 3W(t) + O(dr”). (12.87)

With the help of an algebra program we easily prove that

At At N
det 1—|—7W = det 1—7W =14 7 (12.88)

and therefore the determinant of the rotation matrix is conserved. The necessary
matrix inversion can be easily done:

1 AtW B
2

2 2
At 2 2
1+ —o3 3 oS ;b + oo 1
2 2

= At A2 ) At At N
= w35 + wiwr 14 24 —w1 5 + 0wz 1 AL

At A2 At A2 Al w7

(12.89)

The matrix product is explicitly

Ty =1+ 2w, | |1- 2w, o
b = ) b ) b

22 9 5 )
1+ Dpi w}{z wbS.Aﬂ —wp3 At + a)bla)bzATt wp At + wbla)bSATt
= 2 —wp ok~ 2
= | oAt +opopss 14+ R ALY ) At + wppwps S
2 2 P —a?
—wpp At + wbla)b3AT’ wp1 At + wbzwb3ATl 14 22T A2
1

X ———————. (12.90)
l—i-a)lz,AT’2

With the help of an algebra program it can be proved that this matrix is even
orthogonal

TIT, =1 (12.91)
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and hence the orthonormality of A is conserved. The approximation for the angular
momentum

dt
Lint(?) + Nint (t + E) dt
: dr? ;
= Lin(t) + Nipe(1)dt + Nint(l)T + -+ = Line(t +dt) + O(dt”) (12.92)

can be used in an implicit way

Nint( + dt) + Nipe (¢
Lin(t +dr) = Lin () + in (7 + 2)+ ““()dt+0(dt3). (12.93)

Alternatively Euler’s equations can be used in the form [52, 53]

At At Iy — I3 Np1
op1|t+ — ) =wp1 |t — — | + ———wp(t)wp3(t) At + — At, etc.,
2 2 I Ip
(12.94)
where the product wpo (f)wp3 () is approximated by

) B 1 ; At p At i rt At - At
=—|o - — -— — — 1.
wp2(F)wp3 5 | @p2 5 ) @3 5 Wp2 5 ) @3 )
(12.95)
wp1 (t + %) is determined by iterative solution of the last two equations. Starting

with @y (t — 5t convergence is achieved after few iterations.

12.12 Example: Free Symmetric Rotor

For the special case of a free symmetric rotor (12 = Ip3, Nine = 0) Euler’s equations
simplify to (Fig. 12.4)

wp1 =0 (12.96)
1 — 1
iy = 2 wps = Apa (12.97)
Ipo3)
Ip1 — I
iy = 223 oy = —hopa (12.98)
Ino3)
1 — 1
A= 2O TR (12.99)
Ip2(3)

Coupled equations of this type appear often in physics. The solution can be found
using a complex quantity
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Fig. 12.4 Free rotation with 10° . .
the implicit method. The
equations of a free rotor b
(12.8) are solved using the 104 F
implicit method. The
deviations |det(A) — 1] P
(dashed line) and 10
| Exin — Exin(0)| (full line) at
t = 10 are shown as a 10-12 2
function of the time step Af. "O-g----6-g___
Initial conditions as in b 7O g '
Fig. 12.3 10716 o3
1020 B L Lo £
107 10 1072 10°
time step
Q = wpr + iwp3 (12.100)
which obeys the simple differential equation
Q = apy + iop3 = —i(irwps + Awpy) = —IAQ (12.101)
with the solution
Q = Qe M, (12.102)
Finally
wp1(0) wp1(0)
®p = E)“L(Qoe"‘“) = | wp2(0) cos(rt) + wp3(0) sin(rt) |, (12.103)
I(Qpe ) wp3(0) cos(rt) — wp2(0) sin(rr)
i.e., wp rotates around the 1-axis with frequency A.
12.13 Kinetic Energy of a Rotor
The kinetic energy of the rotor is
mi .o mj - . 2
Exin=) 57 = > > R+4p;)
=3 7’(RT + oL ADHR+ Ap;y) = 7R2 +> TZpinATApib.
(12.104)

The second part is the contribution of the rotational motion. It can be written as
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m; m; 1
Ei=) jpinWbTATAWbpib =-> jp;erbzpib = Ew’,flbwb (12.105)

since?

2 2
W3 T W, —WpIWpY  —WpH Wp3

2 2 T
Wy =1 —wpnwp a)ﬁl + a)Z3 —wpwps | = o — wpwy. (12.106)
2 2
—Wp1Wp3 —WH2WH3 Wy T Wi,

12.14 Parametrization by Euler Angles

So far we had to solve equations for all nine components of the rotation matrix. But
there are six constraints since the column vectors of the matrix have to be orthonor-
malized. Therefore the matrix can be parametrized with less than nine variables.
In fact it is sufficient to use only three variables. This can be achieved by splitting
the full rotation into three rotations around different axis. Most common are Euler
angles defined by the orthogonal matrix [54]

cos 1 cos ¢ — cos O sin ¢ sin iy — sin ¥ cos ¢ — cos sin¢p cos ¥ sin O sin ¢p
cos ¥ sin¢g + cosf cos¢p sinyy  siny sing + cos cosp cosy  —sinb cos ¢

sin 6 sin sin 6 cos cos
(12.107)
obeying the equations
. sin ¢ cos 6 cos ¢ cos
¢ =wx— + wy ; + w; (12.108)
sinf sin@
6 = wy cos ¢ + wy sin g (12.109)
L wy cos¢. (12.110)
sin 6 sin 6

Different versions of Euler angles can be found in the literature, together with
the closely related cardanic angles. For all of them a sin 6 appears somewhere in a
denominator which causes numerical instabilities at the poles. One possible solution
to this problem is to switch between two different coordinate systems.

12.15 Cayley—Klein parameters, Quaternions, Euler Parameters

There exists another parametrization of the rotation matrix which is very suitable for
numerical calculations. It is connected with the algebra of the so-called quaternions.
The vector space of the complex 2 x 2 matrices can be spanned using Pauli matrices
by

2 wba)g denotes the outer or matrix product.
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10 01 0—i 10
=(20) = (0) = (0F) (3% a2

Any complex 2 x 2 matrix can be written as a linear combination
col +co. (12.112)

Accordingly any vector x € R can be mapped onto a complex 2 x 2 matrix:

_ 7z x—1iy
X — P_<x+iy . ) (12.113)

Rotation of the coordinate system leads to the transformation

P’ = QPO (12.114)
where
_(ahB
0= (7/ 8) (12.115)

is a complex 2 x 2 rotation matrix. Invariance of the length (|x| = +/—det(P)) under
rotation implies that Q must be unitary, i.e., QT = Q_1 and its determinant must
be 1. Inversion of this matrix is easily done:

* % 1 _
ot = (Z* 73*) 0= — (_‘sy f). (12.116)

Hence Q takes the form

Q= (_0;3 # ) with o> + (B> = 1. (12.117)

a*

Setting x4 = x £ iy, the transformed matrix has the same form as P:

oPQ*

_ (a*ﬂx+ + Brax_ + (|l — |81z —Bxy +atx. —2apz )
- a*xy — B = 20%B* . —a*Bxy —aftx- — (ja|* — Bz
(7 X

= (x,+ _Z,>. (12.118)

From comparison we find the transformed vector components:
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X =+ x) = 2@ — By + 2@ — B — (af +aBY)
T T TS ) - ‘

a*2+a2_ *2 _ p2 ia*2—a2+ *2 _ p2
_ LAk 2B apr ot

(12.119)

1 1 1 1
Y=ol =) = @ 4 By + (B = a)x (e )z
2i 2i 2i i

*2 _ 2 px2 2 *2 2 *2 2
o o .,3 + B x+a +a 4+ B4+ 8
2i 2
= (@B +apHx +i(@*B —af*)y + (lal* — 181z

y 4 i(e*B* —apf)z (12.120)

This gives us the rotation matrix in terms of the Cayley—Klein parameters « and B:
O(*2+012—,3*2—/32 i(a*z_a2+ﬂ*2_/32) . .
A= ematiptg atatipteg 1 (aﬁ* +*a i (12.121)
- % . 2 ,‘-(—Olzﬂ + (231/3) . .
(@B +ap®) i(@B—ap®)  (al” =B

For practical calculations one often prefers to have four real parameters instead of
two complex ones. The so-called Euler parameters qo, g1, g2, g3 are defined by

a = qo+iq3 B =g +iq1. (12.122)
Now the matrix Q

0= q0 +193 g2 +iqi
—q2 +1iq1 q0 — ig3

) = qol +iq10x +ig20y +ig30; (12.123)
becomes a so-called quaternion which is a linear combination of the four matrices
U=1 I =io, J =ioy K =io, (12.124)

which obey the following multiplication rules:

F=J=K*=-U

1J=—-JI=K
JK =—-KJ =1
Kl =—-IK =J. (12.125)

In terms of Euler parameters the rotation matrix reads

@+a—a3—a 2qiq2+q093)  2(q193 — 9092)
A=| 2qa2—q93) a3 —a}+q3—4q3 2Aq293 +q0q) | (12.126)
2(q1q3 + q0q2)  2(q293 — qoq1) 95 — 497 — 95 t+ 43
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and from the equation A = W A we derive the equation of motion for the quaternion

40 0 o —w w3 40
. - o
I e R N L (12.127)
7g) 2| w2 o3 0 —w q2
93 —w3wy w0 93
or from A = AW, the alternative equation
4o 0 wp wu w3 q0
. Ll B
ar | _ 1 wp 0 wip —wyp a | (12.128)
92 2| w2 —w3p, 0 wip q2
q3 —w3p wy —wip 0 q3
Both of these equations can be written briefly in the form
q=Wq. (12.129)

Example: Rotation Around the z-Axis

Rotation around the z-axis corresponds to the quaternion with Euler parameters

cos 4
0
q= 0 (12.130)
. !
—sin “’7
as can be seen from the rotation matrix
wt 2 - wt 2 2 wt i ot 0
(cos4)” — (sin%g)” - cozs % sin 4 i
A= 2cos % sin % (cos “’7’) — (sin %’) ) 0 )
0 0 (cos 4')” + (sin %)
coswt —sinwt 0
= | sinwt coswt O |. (12.131)
0 0 1

The time derivative of q obeys the equation

000 w cos 4 —4 sinwt

. 1 0 0—-w0 0 0

=5 0w 0 0 0 - 0 . (12.132)
—00 0 0 —sin 4 —4 cos wt

After a rotation by 27 the quaternion changes its sign, i.e., q and —q parametrize
the same rotation matrix!
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12.16 Solving the Equations of Motion with Quaternions

As with the matrix method we can obtain a simple first- or second-order algorithm
from the Taylor series expansion

. - 2
q(t + At) = q(t) + WO q) At + (W(@) + Wz(t))q(t)ATt 4+ (12.133)

Now only one constraint remains, which is the conservation of the norm of the
quaternion. This can be taken into account by rescaling the quaternion whenever its

norm deviates to much from unity.
It is also possible to use Omelyans [55] method:

- A\ 1
q(t + A1) = q(t) + W (z + é) 5@ +q0 + An) (12.134)

gives
At ~\7! At ~
qt+ Aty =11 - 7W 1+ TW q(), (12.135)
where the inverse matrix is
At N\ 1 At ~
l—=W) =———(1+=W (12.136)
2 140?82 2

and the matrix product

(1 AIW>_1<1+NW)—1_‘”M1_§+ Al (12.137)
2 2 ) T e e '

¢

This method conserves the norm of the quaternion and works quite well.

Problems

Problem 12.1 Rotor in a Field

In this computer experiment we simulate a molecule with a permanent dipole
moment in a homogeneous electric field E (Fig. 12.5). We neglect vibrations and
describe the molecule as a rigid body consisting of nuclei with masses m; and partial
charges Q;.The total charge is ) S Q; = 0. The dipole moment is

p=) O (12.138)
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Fig. 12.5 Rotor in an electric A A i A A A i
field

E |

The external force and torque are
Foi=) QE=0 (12.139)
New =) Qiri xE=pxE (12.140)

The angular momentum changes according to

d
aLint =pxE (12.141)

where the dipole moment is constant in the body fixed system. We use the implicit
integrator for the rotation matrix (12.85) and the equation

(1) = =1, ' Wy (O)Linis (1) + 1, A7 (1) (p(1) x E) (12.142)

to solve the equations of motion numerically.
Obviously the component of the angular momentum parallel to the field is constant.
The potential energy is

Epot =) QiEr; = pE (12.143)

Problem 12.2 Molecular Collision

This computer experiment simulates the collision of two rigid methane molecules.
The equations of motion are solved with the implicit quaternion method (12.134)
and the velocity Verlet method (Sect. 11.11.4). The two molecules interact by a
standard 6-12 Lennard Jones potential (13.3) [50]. For comparison the attractive
r~6 part can be switched off. The initial angular momenta as well as the initial
velocity v and collision parameter b can be varied. Total energy and momentum are
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Fig. 12.6 Molecular collision L,

monitored and the decomposition of the total energy into translational, rotational,
and potential energy is plotted as a function of time (Fig. 12.6).

Study the exchange of momentum and angular momentum and the transfer of
energy between translational and rotational degrees of freedom.



Chapter 13
Simulation of Thermodynamic Systems

An important application for computer simulations is the calculation of thermo-
dynamic averages in an equilibrium system. We discuss two different examples. In
the first case the classical equations of motion are solved and the thermodynamic
average is taken along one or more trajectories. In the second case we apply a
Monte Carlo method to calculate the average over a set of random configurations.

13.1 Force Fields for Molecular Dynamics Simulations

Classical molecular dynamics calculations have become a very valuable tool for
the investigation of molecular systems [56—60]. They consider a model system of
mass points m; i = 1---N with an interaction described by a suitable potential
function (force field)

Uy ---ry) (13.1)
and solve the classical equations of motion

d’x; U
i

numerically.
There exist a large number of different force fields in the literature. We discuss
only the basic ingredients which are common to most of them.

13.1.1 Intramolecular Forces

Intramolecular degrees of freedom are often described by a simplified force field
using internal coordinates which are composed of several terms including

e bond lengths UM = %(ri i = rioj)2
e bond angles Uele = %(qb — ¢0)?

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_13, 179
© Springer-Verlag Berlin Heidelberg 2010
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e torsion angles U'" = —% cos(m(¢ — ¢))

13.1.2 Intermolecular Forces

Repulsion at short distances due to the Pauli principle and the weak attractive van
der Waals forces are often modeled by a sum of pairwise Lennard-Jones potentials
[50] (Fig. 13.1)

d d 012 06

vdw __ vaw __

U= Y U =4e)y el B (13.3)
ij

A#B icA,jeB Fij

The charge distribution of a molecular system can be described by a set of multi-
poles at the position of the nuclei, the bond centers, and further positions (lone pairs,
for example). Such distributed multipoles can be calculated quantum chemically for
not too large molecules. In the simplest models only partial charges are taken into
account giving the Coulombic energy

gl =5y B (13.4)
, - 47‘[807’,']'
A#£B i€A,jeB
2 T T T T T
1F ]
o |
o)
0r ]
Fig. 13.1 Lennard-Jones
potential. The 6-12 potential
(13.3) has its minimum at -1 i 1'2 - 1'4 - 1I6 . 1I8 . 5
Fmin = 20 ~ 1.120 with : : : :
/G

Unin = —€

13.1.3 Approximate Separation of Rotation and Vibrations

If the amplitudes of internal vibrations are small the coordinates in the body fixed
system can be divided into the equilibrium value and a small deviation

pip =Py + & (13.5)

The equation of motion is
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m;f; = m,(R +p;)=F =F; bond + F; inter (13.6)
For the center of mass of molecule A we have
MaRy =) F; M (13.7)
i€eA
and for the relative coordinates
m; (Ap(o) + ZA‘S:I + AE{) — Fi bond + Fi inter __ % ZFl inter_ (138)

If we neglect the effects of centrifugal and Coriolis forces and assume that the bond-
ing interactions are much stronger than the intermolecular forces we have approxi-
mately

mi& = A'F; bond, (13.9)

where the bonding forces are derived from a force field for the intramolecular vibra-
tions. For the rotational motion we have

m;r; X ¥ = MR x ﬁ+m,~pi X P;. (13.10)

If we neglect the oscillations around the equilibrium positions (which are zero on
the average) the rotational motion is approximated by a rigid rotor.

13.2 Simulation of a van der Waals System
In the following we describe a simple computer model of interacting particles with-

out internal degrees of freedom (see Problems). The force on atom i is given by the
gradient of the pairwise Lennard-Jones potential (13.3)

120,12 6
Fi=YFi=—4) vi|Zg -2 ) =4 - (r; — ;).
VES J#i 1] rl] J#i l] rl]
(13.11)
13.2.1 Integration of the Equations of Motion

The equations of motion are integrated using the leapfrog algorithm (Sect. 11.11.7):

( dt> ( dt) F; (1)
vilt+=)=vilt— =)+ —"2dr + 0@ (13.12)
2 2 m

ri(t+dt) =r;(t) +v; (r + %) dr + 0(dr?) (13.13)

oy
Vi(l‘)=Vl(t+2)—;Vl(t 2 | o) (13.14)
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or with the Verlet algorithm (Sect. 11.11.5):

F; (1)

ri(t +dr) = 2r;(t) — r;(t — dt) + ——di> + O (dr*) (13.15)
m
Vit +dr) = W + 0@ (13.16)
_n@on=d) Rl o). (13.17)
dt 2m

13.2.2 Boundary Conditions and Average Pressure

Molecular dynamics simulations often involve periodic boundary conditions to
reduce finite size effects. Here we employ an alternative method which simulates
a box with elastic walls. This allows us to calculate explicitly the pressure on the
walls of the box (Fig. 13.2).

The atoms are kept in the cube by reflecting walls, i.e., whenever an atom passes
a face of the cube, the normal component of the velocity vector is changed in sign.
Thus the kinetic energy is conserved but a momentum of mAv = 2muv is trans-
ferred to the wall. The average momentum change per time can be interpreted as a
force acting upon the wall

2
Fl = <%> (13.18)
The pressure p is given by
1 Zwalls Zreﬂ 2muvy
=— ' . 13.19
P= 62 < de ( )

With the Verlet algorithm the reflection can be realized by exchanging the values of
the corresponding coordinate at times ¢, and #,,_1.

Fig. 13.2 Reflecting walls ty toet
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13.2.3 Initial Conditions and Average Temperature
At the very beginning the N atoms are distributed over equally spaced lattice points

within the cube. The velocities are randomly distributed following the Gaussian
distribution

m mv? (13.20)
27kT CP\ "t ) '

The effective temperature is calculated from the kinetic energy (assuming thermal
equilibrium)

2

The desired temperature is established by the rescaling procedure

kT,
k Tactual

(13.22)

Vi = V;

which is applied several times during an equilibration run. A smoother method is
the thermostat algorithm

1 kT, — kT,
Vi = Vi (1 + o actual) ’

(13.23)
Ttherm k Tactual

where Tierm 15 a suitable relaxation time (for instance, 20 time steps)

13.2.4 Analysis of the Results

13.2.4.1 Deviation from the Ideal Gas Behavior

A dilute gas is approximately ideal with
pV = NkT. (13.24)

For a real gas the interaction between the particles has to be taken into account.
From the equipartition theorem it can be found that!

pV = NKT + W (13.25)

with the inner virial

' MD simulations with periodic boundary conditions use this equation to calculate the pressure.
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1
W = <§ Xi:riFi> (13.26)

which can be expanded as a power series of the density [61] to give
pV = NKT(1 + b(T)n + c(T)n* + - -+). (13.27)

The virial coefficient b(T) can be calculated exactly for the Lennard-Jones gas [61]:

2T A 20732 25— 1\ [ e \G/2H1/H
() = —¢3 r — 13.28
(1) =50 12_‘; ! ( 4 )(kT) (13.28)

13.2.4.2 Degree of Order

The degree of order of the system can be analyzed in terms of the pair distance
distribution function (Fig. 13.3)

g(R)AR = P(R < rij < R+dR). (13.29)

In the condensed phase g(R) shows maxima corresponding to the nearest neighbor
distance, etc. In the gas phase this structure vanishes.

Fig. 13.3 Pair distance ' '
distribution. The pair
distribution function is
evaluated for

kT =5K,20K,100K and a
density of p = 740 amu A3

distance (A)

13.2.4.3 Ballistic and Diffusive Motion

The velocity auto-correlation function (Fig. 13.4)

(v(r = 10)v(10)) (13.30)
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Fig. 13.4 Velocity 3 T T T T T
auto-correlation and mean r <(X(t)-x(0))2>
distance square. The van der 2
Waals system is
simulated for kT = 100K Lr
and p = 740 amu A=3.0Ona r
time scale of 0.1 ps the 0
velocity correlation decays 30 L L B —
and the transition from 20 [ <v(t)v(0)> ]
ballistic motion to diffusive L |
motion occurs 10 _
O C " 1 " 1 " 1 " 1 "
0 0.1 0.2 0.3 0.4 0.5

time (ps)

decays as a function of the delay time ¢ — #y due to collisions of the particles. In
a stationary state it does not depend on the initial time #y. Integration leads to the
mean square displacement

((x(1) — x(10))%). (13.31)

Without collisions the mean square displacement grows with (f —#o)? representing a
ballistic type of motion. Collisions lead to a diffusive kind of motion where the least
square displacement grows linearly with time. The transition between this two types
of motion can be analyzed within the model of Brownian motion [62] where the
collisions are replaced by a fluctuating random force I"(¢) and a damping constant y .
The equation of motion in one dimension is

b+yv=T() (13.32)
with
(r@) =0 (13.33)
, 2vkT ,
(T@re)) = p” 8(t —1t). (13.34)

The velocity correlation decays exponentially
kT

(v(H)v(ty)) = —e VIl (13.35)
m

and the average velocity square is

(13.36)
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The average of x2 is

(0 — x10)2) = L (¢~ 1) - &7; (1 - e*”’*“”) . (13.37)
my my

For small time differences ¢ — fy the motion is ballistic with the thermal velocity
kT
((x(6) = x(10)*) = —1* = (V*)1%. (13.38)
m
For large time differences a diffusive motion emerges with
2 2kT
((x(@) —x(t0)") ® —1 =2Dt (13.39)
my

and the diffusion constant is given by the Einstein relation

kT
D=—. (13.40)
my
In three dimensions the contributions of the three independent squares have to be
summed up.

13.3 Monte Carlo Simulation

The basic principles of Monte Carlo simulations are discussed in Chap. 8. Here
we will apply the Metropolis algorithm to simulate the Ising model in one or two
dimensions. The Ising model [63, 64] is primarily a model for the phase transi-
tion of a ferromagnetic system. It has, however, further applications, for instance,
for a polymer under the influence of an external force or protonation equilibria in
proteins.

13.3.1 One-Dimensional Ising Model

We consider a chain consisting of N spins which can be either up (S; = 1) or down
(S; = —1) (Fig. 13.5). The total energy in a magnetic field is

N
H=-MB=-BY uS (13.41)

i=l
and the average magnetic moment of one spin is

e//,B/kT _ ef;LB/kT

<M>_’ueuB/kT+e—pLB/kT —/Ltanh <ﬁ> (1342)
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Fig. 13.5 Ising model. N B

spins can be up or down. The

interaction with the magnetic uB
field is — uBS;, the SN
interaction between nearest -uB

neighbors is —J S; §;

If interaction between neighboring spins is included the energy of a configuration
(S1---Sy) becomes

N N—1
H=-uBY Si—1Y SSii. (13.43)
i=1 i=1

The one-dimensional model can be solved analytically [61]. In the limit N — oo
the magnetization is

sinh(42)

<M>=pu .
. 12, uB
\/smh (%7) + e /KT

(13.44)

The numerical simulation (Fig. 13.6) starts either with the ordered state S; = 1 or
with a random configuration. New configurations are generated with the Metropolis
method as follows:

< o o
iS =N o0
T T T
I I I

average magnetization

e
o
T
I

0 . ! . ! . R i

0 20 40 60 80 100
temperature

Fig. 13.6 Numerical simulation of the one-dimensional Ising model. The average magnetization

per spin is calculated from a MC simulation (circles) and compared to the exact solution (13.44).

Parameters are uB = —5and J = -2
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e flip one randomly chosen spin S;> and calculate the energy change due to the
change AS; = (—§;) — S; = —25;

AE = —uBAS, —JAS;i (Si+1+Si—1) =2uBS;i +2JS; (Si+1 + Si—1) (13.45)

e if AE < 0 then accept the flip, otherwise accept it with a probability of

P — o~ AE/KT

As a simple example consider N = 3 spins which have eight possible configura-
tions. The probabilities of the trial step 7; ; are shown in Table 13.1.

13 Simulation of Thermodynamic Systems

The Table 13.1 is symmetric and all configurations are connected

Table 13.1 Transition probabilities for a three-spin system (p = 1/3)

+++++-+-++-—-—-F++-+-——+ ——=
+++ 0 p )4 0 P 0 0
++—- p 0 0 P 0 p 0
+—-+ p 0 0 4 0 0 P
+—-——= 0 )4 P 0 0 0 0
-+4+ p 0 0 0 0 p P
-+- 0 )4 0 0 )4 0 0
-—+ 0 0 4 0 P 0 0
-———= 0 0 0 p 0 P P

O T OT OO0 O

13.3.2 Two-Dimensional Ising Model

For dimension d > 1 the Ising model behaves qualitatively different as a phase
transition appears. For B = 0 the two-dimensional Ising model (Fig. 13.7) with four

1@

magnetization
=)

Fig. 13.7 Numerical
simulation of the
two-dimensional Ising model.
The average magnetization
per spin is calculated for

|
o
W
T

B = 0 from a MC simulation -1
(circles) and compared to
Eq. (13.47)

20r try one spin after the other.




Problems 189

nearest neighbors can be solved analytically [65, 66]. The magnetization disappears
above the critical temperature 7¢, which is given by

J 1 1
S ( 2—1>av,—. 13.46
kT, 2" V2 227 (13.46)
Below T, the average magnetization is given by
1
1 8
<M>=|1-—] . (13.47)

sinh* ( % )
Problems

Problem 13.1 van der Waals System

In this computer experiment a van der Waals System is simulated. The pressure
is calculated from the average transfer of momentum (13.19) and compared with
expression (13.25). In our example we use the van der Waals parameters for oxygen
[50]. In fact there exists only one universal Lennard-Jones system which can be
mapped onto arbitrary potential parameters by a rescaling procedure.

e Equilibrate the system and observe how the distribution of squared velocities
approaches a Maxwell distribution.

e Equilibrate the system for different values of temperature and volume and inves-
tigate the relation between p Vi and kT .

e Observe the radial distribution function for different values of temperature and
densities. Try to locate phase transitions.

e Determine the decay time of the velocity correlation function and compare with
the behavior of the mean square displacement which shows a transition from
ballistic to diffusive motion.

Problem 13.2 One-Dimensional Ising Model

In this computer experiment we simulate a linear chain of N = 500 spins with

periodic boundaries and interaction between nearest neighbors only. We go along

the chain and try to flip one spin after the other according to the Metropolis method.
After trying to flip the last spin Sy the total magnetization

N
M = ZS,'
i=1

is calculated. It is averaged over 500 such cycles and then compared graphically
with the analytical solution for the infinite chain (13.44). Temperature and magnetic
field can be varied.
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Problem 13.3 Two-State Model for a Polymer
Consider a polymer consisting of N units which can be in two states S; = +1 or
S; = —1 with corresponding lengths / and /_ (Fig. 13.8). The interaction between

neighboring units takes one of the values w4, w4, w__. Under the influence of
an external force k the energy of the polymer is

E=—k) 1(S)+ > w(S. Sit1)

Fig. 13.8 Two-state model L

for a polymer
o ovce’ e

1

1, -

This model is isomorphic to the one-dimensional Ising model:

I_+1 e —1
E =—«N s Tk ZSi

Wip — Wy Wi — W__
+Z<w+—+ ++2 S 4+ — > Sit+1

Wit +w__ — 2wy

SiSi+1>

Wit +w_ — 2wy
+— > - ZSiSiJrl

Comparison with (13.43) shows the correspondence

J_w++—|—w__—2w+_
B 2
l+—l_ W4 —W—_—
—uB = —
’ ) 2
Ly +1- 1y -1
L= I(S)=N M
> s T

In this computer experiment we simulate a linear chain of N = 20 units with
periodic boundaries and nearest neighbor interaction as in the previous problem.

The fluctuations of the chain conformation are shown graphically and the mag-
netization of the isomorphic Ising model is compared with the analytical expression
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for the infinite system (13.44). Temperature and magnetic field can be varied as
well as the coupling J. For negative J the antiferromagnetic state becomes stable at
low-magnetic field strengths.

Problem 13.4 Two-Dimensional Ising Model

In this computer experiment a 200 x 200 square lattice with periodic boundaries
and interaction with the four nearest neighbors is simulated. The fluctuations of
the spins can be observed. At low temperatures ordered domains with parallel spin
appear. The average magnetization is compared with the analytical expression for
the infinite system (13.47).



Chapter 14
Random Walk and Brownian Motion

Random walk processes are an important class of stochastic processes. They have
many applications in physics, computer science, ecology, economics, and other
fields. A random walk [67] is a sequence of successive random steps. In this chapter
we study Markovian [68, 691" discrete time* models. The time evolution of a system
is described in terms of a N-dimensional vector r(t), which can be, for instance, the
position of a molecule in a liquid or the price of a fluctuating stock. At discrete times
t, = nAt the position changes suddenly (Fig. 14.1):

r(tyy1) = r(ty) + Ary, (14.1)

where the steps are distributed according to the probability distribution’

r A

Mo
Ary

------

Arg

P ——
=
—
—
R

\

) t tp t3 t

Fig. 14.1 Discrete time random walk

! Different steps are independent.

2A special case of the more general continuous time random walk with a waiting time distribution
of P(r) = 6(r — At).

3 General random walk processes are characterized by a distribution function P(R, R’). Here we
consider only correlated processes for which P(R,R’) = P(R' — R).

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_14, 193
© Springer-Verlag Berlin Heidelberg 2010
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P(Ar, =b) = f(b). (14.2)
The probability of reaching the position R after n + 1 steps obeys the equation
Poy1(R) = P (r(tp41) = R)
= /dNan(R—b)f(b). (14.3)

14.1 Random Walk in One Dimension

Consider a random walk in one dimension. We apply the central limit theorem to
calculate the probability distribution of the position r, after n steps. The first two
moments and the standard deviation of the step distribution are

E:/@bﬂmiﬁsz#f@ op = Vb2 — B (14.4)

Hence the normalized quantity

Ax; —b
= (14.5)
op

is a random variable with zero average and unit standard deviation. The distribution
function of the new random variable

_b+Eh+ o FE ra—nb

Mn NG = ondn (14.6)
approaches a normal distribution for large n
L -nn
fm%+$ﬁe" (14.7)
and finally from
Jrn)dry = f(na)dn, = f(77n)di
op/n
we have
1 rn — nb)?
f@ra) = mexp{—%]. (14.8)

The position of the walker after n steps obeys approximately a Gaussian distribution
centered at 7, = nb with a standard deviation of (Fig. 14.2)

oy, = Jnop. (14.9)
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400

200

-200

—400

0 20000 40000 60000 80000 100000

steps

Fig. 14.2 Random walk with constant step size. The figure shows the position r, for three different
one-dimensional random walks with step size Ax = =1. The dashed curves show the width
+0 = +./n of the Gaussian approximation (14.8)

14.1.1 Random Walk with Constant Step Size
In the following we consider the classical example of a one-dimensional random
walk process with constant step size. At time 7, the walker takes a step of length Ax

to the left with probability p or to the right with probability ¢ = 1 — p (Fig. 14.3).
The corresponding step size distribution function is

f(b) = psb+ Ax) 4+ qé(b — Ax) (14.10)
with the first two moments
b= (q—p)Ax b>=Ax> (14.11)

Let the walker start at 7(f9) = 0. The probability P, (m) of reaching position m Ax
after n steps obeys the recursion

Pyii(m) = pPy(m+1)+qP,(m —1) (14.12)

which obviously leads to a binomial distribution. From the expansion of

p q

VTN

rty—Ax  r(t) r(t) + Ax

Fig. 14.3 Random walk with constant step size
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(P+a) =) (,’,;)p’"q”"" (14.13)
we see that
Pu(n —2m) = (Z) Pl (14.14)
or after substitutionm’ =n —2m = —n, —n+2,...n — 2, n:
P(m) = ((n _’;1,)/2> P2 (nm') /2, (14.15)

Since the steps are uncorrelated we easily find the first two moments

n
Fa =Y AXi =nb=nAx(q — p) (14.16)
i=1

and

n 2 n n
r2 = (Z Ax,) = Y AxiAxj =) (Ax)2 =nb?=nAx*.  (14.17)
i=1

ij=1 i=1

14.2 The Freely Jointed Chain

We consider a simple statistical model for the conformation of a biopolymer like
DNA or a protein (Figs. 14.4, 14.5).

The polymer is modeled by a three-dimensional chain consisting of M units with
constant bond length. The relative orientation of the segments is arbitrary. The con-
figuration can be described by a point in a 3(M 4 1)-dimensional space which is
reached after M steps Ar; = b; of a three-dimensional random walk with constant
step size

¥

Fig. 14.4 Freely jointed chain with constant bond length b
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Fig. 14.5 Freely jointed chain. The figure shows a random three-dimensional structure with 1000
segments visualized as balls (Molekel graphics [70])

M
(xo.r1-+Ty) Ty =ro+ Y b (14.18)
i=1
14.2.1 Basic Statistic Properties
The M bond vectors
b =1 —1i_ (14.19)
have a fixed length |b;| = b and are oriented randomly. The first two moments are
b =0 b2=0" (14.20)
Since different units are independent
bib; = & jb*. (14.21)
Obviously the relative position of segment j
J
Rj=r;—19= ) b (14.22)

i=1

has zero mean

j
Rj=) b =0 (14.23)
i=I
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and its second moment is

i j
R = ZbiZbk :.Zm:jbz. (14.24)

i=1 k=l i k=1
For the end to end distance
M
Ry =ry—19=» b (14.25)
i=1
this gives
Ry =0, R, =MD (14.26)

Let us apply the central limit theorem for large M. For the x-coordinate of the end
to end vector we have

M
X =) bieg=b) cosb. (14.27)
i=1 i

With the help of the averages*

1 2 b4
cosb; = —/ d¢/ cosd sinfdd =0 (14.28)
47 0 0
1 2 b4 1
(cos ;)2 = —/ dq&f cos? 6 sin0do = — (14.29)
47 0 0 3

we find that the scaled difference
& = /3 cos6; (14.30)

has zero mean and unit variance and therefore the sum

-~ 3 3
X=—-"X=,/— cos 6; (14.31)
A

converges to a normal distribution:

4 For a one-dimensional polymer cosf; = 0 and (cos#;)2 = 1. In two dimensions cosf; =

% /0;1 cos@df = 0 and (cos6;)? = ni f()" cos20do = % To include these cases the factor 3 in the
exponent of (14.34) should be replaced by the dimension d.
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~ 1 X2
P(X) = mexp{——}.

Hence
1 V3 3 2}
PX)=———=—expi———X
) V21 bvM P { 2Mb?
and finally in three dimensions
PRy) = P(X) P(Y) P(2)
V27 3,

= exp{— Ri/ 1.

b3/ (27 M)3 2Mb?

14.2.2 Gyration Tensor

For the center of mass

| M
R, = 7 ZR,
i=1
we find
— — 1
iJ
and since
R/R; = min(i, j) b*
we have

— p M M p: M3 M2
2_ . . . _
RC_W(Zill(M—l+l)—Zl _W(TJFTJF

i=1

The gyration radius [71] is generally defined by

199

(14.32)

(14.33)

(14.34)

(14.35)

(14.36)

(14.37)

_Mp?
3
(14.38)
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R can be also written as

M M
1 — 1 1 N
2= = 2_ R |=—— T R.2
Ry=1 4 Xi:Ri Te EU RE) | =5 ?71 ,21 R, —R;)2  (14.40)

and can be experimentally measured with the help of scattering phenomena. It is
related to the gyration tensor which is defined as

Qe = % Z R —RO)R; —R)". (14.41)

Its trace is
tr(Q) = R; (14.42)

and its eigenvalues give us information about the shape of the polymer (Fig. 14.6).

Az Az
prolate spherical oblate
y
y
X y —
X X
Qi>>0f, Ql=0f, 0l <<},

Fig. 14.6 Gyration tensor. The eigenvalues of the gyration tensor give information on the shape
of the polymer. If the extension is larger (smaller) along one direction than in the perpendicular
plane, one eigenvalue is larger (smaller) than the two other

14.2.3 Hookean Spring Model

Simulation of the dynamics of the freely jointed chain is complicated by the con-
straints which are implied by the constant chain length. Much simpler is the simula-
tion of a model which treats the segments as Hookean springs. In the limit of a large
force constant the two models give equivalent results (Fig. 14.7).

We assume that the segments are independent (self-crossing is not avoided). Then
for one segment the energy contribution is

E; = g (Ib;| — b)?. (14.43)
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o i

KA SS

i-1

Fig. 14.7 Polymer model with Hookean springs
If the fluctuations are small (Fig. 14.8)

[Ib;| — bl < b (14.44)
then

b~ b b?>~b* (14.45)

=

and the freely jointed chain model (14.34) gives the entropy as a function of the end
to end vector

S = —kg In(P(Ry)) = —kg In <b3\/m> SRt (1446)

If one end of the polymer is fixed at rp = 0 and a force k is applied to the other end,
the free energy is given by

F=TS—kRy = BT g2 /Ry, + const (14.47)
= — K = —F — K const. .
M= omp2 ™ M

In thermodynamic equilibrium the free energy is minimal, hence the average exten-

sion is

A P(B’)

b b B

Fig. 14.8 Distribution of bond vectors. The bond vector distribution for a one-dimensional chain
of springs has maxima at £b. For large force constants the width of the two peaks becomes small
and the chain of springs resembles a freely jointed chain with constant bond length
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— M’
M= ST

K. (14.48)

This linear behavior is similar to a Hookean spring with an effective force constant

Mb?
3kgT

Jeft = (14.49)
and is only valid for small forces. For large forces the freely jointed chain asymp-
totically reaches its maximum length of Ry max = Mb, whereas for the chain of
springs Ryy — M (b +«/f).

14.3 Langevin Dynamics

A heavy particle moving in a bath of much smaller and lighter particles (for instance,
atoms and molecules of the air) shows what is known as Brownian motion [72-74].
Due to collisions with the thermally moving bath particles it experiences a fluc-
tuating force which drives the particle into a random motion. The French physicist
Paul Langevin developed a model to describe this motion without including the light
particles explicitly. The fluctuating force is divided into a macroscopic friction force
proportional to the velocity

Fy = —pv (14.50)

and a randomly fluctuating force with zero mean and infinitely short correlation time

Frand(t) =0 Frand(t)Frand(ﬂ) = F2 S(t - t/)~ (14-51)

rand
The equations of motion for the heavy particle are

d
—X=V
dr

iV= —yvV+ lFfr(t) — lVU(X) (14.52)
dr m m
with the macroscopic friction coefficient y and the potential U (x).

The behavior of the random force can be better understood if we introduce a time
grid f,4+1 — t, = At and take the limit Ar — 0. We assume that the random force
has a constant value during each interval

Frana(®) =Fy 1, <t <typ (14.53)
and that the values at different intervals are uncorrelated

F,F, = 6m,nF%~ (14.54)
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The auto-correlation function then is given by

0 different intervals

Frand(t)Frand(t/) = { (14-55)

F2  same interval

Division by At gives a sequence of functions which converges to a delta function in
the limit At — 0:

] - _
~; Frand(Frana (1) — F28(t —1"). (14.56)
Hence we find
w2 = 5
F2 = A_zFfa“d‘ (14.57)

Within a short time interval At — 0 the velocity changes by
1 1
V(ty + At) = v — yvAt — —VUX)At + —F, At + - - - (14.58)
m m
and taking the square gives
2 2 2 2 2 F; 2
voi(t,+At) = v =2yv At——VVU(x)At+—VF,,At+—2(At) +---. (14.59)
m m m
Hence for the total energy

E(ty + A1) = %vz(tn T A1) + UX(ty + A1)

= %v%n A+ U +VWURAL+--- (14.60)
we have
FZ
E(ty + At) = E(ty) — myv> At + vE, At + 2—"(At)2 + (14.61)
m

On the average the total energy E should be constant and furthermore in d dimen-
sions

kgT. (14.62)
Therefore we conclude

J— At —
myv? = %F,% = —F? (14.63)
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from which we obtain finally

2myd
At

:Nl

kpT. (14.64)

Problems

Problem 14.1 Random Walk in One Dimension

This program generates random walks with (a) fixed step length Ax = %1 or (b)
step length equally distributed over the interval —v/3 < Ax < +/3. It also shows the
variance, which for large number of walks approaches o = /n. See also Fig. 14.2.

Problem 14.2 Gyration Tensor

The program calculates random walks with M steps of length b. The bond vectors
are generated from M random points e; on the unit sphere as b; = be;. End to
end distance, center of gravity, and gyration radius are calculated and can be aver-
aged over a large number of random structures. The gyration tensor (Sect. 14.2.2) is
diagonalized and the ordered eigenvalues are averaged.

Problem 14.3 Brownian Motion in a Harmonic Potential
The program simulates a particle in a one-dimensional harmonic potential

Ux) = gxz — KX

where « is an external force. We use the improved Euler method (11.34). First the
coordinate and the velocity at midtime are estimated

dr dr
X (tn + ?> =x(t,) + V(tn)? (14.65)

dr dt  F,dr dt
v+ L) v — v T+ 2L ey D ass)
2 2 m 2 m 2

where F}, is a random number obeying (14.64)
Now the values at #,,1 are calculated as

dr
x(t, +dt) =x(t,) + v <tn + ?) det

dr F dr
vty +dt) =v(t,) —yvlt, + — dt—i——ndt—ix ty + — | dt
2 m m 2

(14.67)
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Problem 14.4 Force Extension Relation
The program simulates a chain of springs (Sect. 14.2.3) with potential energy
v="_ > (Ibi| = b)* — xRy (14.68)
2

The force can be varied and the extension along the force direction is averaged
over a large number of time steps.



Chapter 15
Electrostatics

Electrostatic interactions are very important in molecular physics. Bio-molecules
are usually embedded in an environment which is polarizable and contains mobile

charges (Nat, KT, Mg*t, Cl~ - ). From a combination of the basic equations of
electrostatics
div D(r) = p(r) (15.1)
D(r) =e(r)E(r) (15.2)
E(r) = —grad @(r) (15.3)

the generalized Poisson equation is obtained
div(e(r) grad @(r)) = —p(r) = —pfix(X) — Prmobite (T), (15.4)
where the charge density is formally divided into a fixed and a mobile part
P (r) = pfix(r) + Pmobite (T). (15.5)

Our goal is to calculate the potential ®(xr) together with the density of mobile
charges in a self-consistent way.

15.1 Poisson Equation
We start with the simple case of a dielectric medium without mobile charges and
solve (15.5) numerically.

15.1.1 Homogeneous Dielectric Medium

If ¢ is constant (15.5) simplifies to the Poisson equation

A =L (15.6)

&
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We make use of the discretized Laplace operator

1
Af:ﬁ{f(x+h,y,z)+f(x—h,y,z)+f(x,y+h,z)+f(x,y—h,z)+

+fGy z+h) + fx,y,z—h) —6f(x,y,2)} + O(h?). (15.7)

The integration volume is divided into small cubes which are centered at the grid
points

rij = (hi, hj, hk). (15.8)

The discretized Poisson equation averages over the six neighboring cells (dr; =
(h,0,0), etc.):

Qijk

L (15.9)

6
1
o3 D (@ +drg) — D(r)) = —
s=1

where Qjjx = ,o(rl-jk)h3 is the total charge in a cell. Equation (15.9) is a system of
linear equations with very large dimension (for a grid with 100 x 100 x 100 points
the dimension of the matrix is 10° x 10° 1). We use the iterative method (Sect. 5.5)

D" (i) = (Z DM (ry + dry) + Q”") (15.10)

The Jacobi method ((5.88) on page 57) makes all the changes in one step whereas
the Gauss—Seidel method ((5.91) on page 58) makes one change after the other. The
chessboard (or black red method) divides the grid into two subgrids (with i + j + k
even or odd) which are treated subsequently. The vector drg connects points of
different subgrids. Therefore it is not necessary to store intermediate values like
for the Gauss—Seidel method. Convergence can be improved with the method of
successive over-relaxation (SOR, (5.95) on page 59) using a mixture of old and new
values

1 i
D" (rj) = (1 — )@ (ry) + g <Z @M (1 + dry) + Q”‘) (15.11)

with the relaxation parameter w. For 1 < w < 2 convergence is faster than for
w = 1. For a square grid with N = M? points the optimum value of the relaxation
parameter is

2

_
U+ i

(15.12)

Wopt ~

Convergence can be further improved by multigrid methods [75, 76]. Error compo-
nents with short wavelengths are strongly damped during few iterations whereas it
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takes a very large number of iterations to remove the long-wavelength components.
But here a coarser grid is sufficient and reduces computing time. A small number of
iterations give a first approximation fj with the finite residual
r=V2fi +p. (15.13)
Then more iterations on a coarser grid are made to solve the equation
Vf=-ri=—p—V%fi (15.14)
approximately. The residual of the approximation f5 is
r=V2fatr (15.15)
and the sum fj 4 f> gives an improved approximation to the solution since
V2(fit+ ) =—p+ri+a—r)=—p+r. (15.16)

This method can be extended to a hierarchy of many grids.

15.1.2 Charged Sphere

As a simple example we consider a sphere with a homogeneous charge density
(Fig. 15.1)

(15.17)

The potential is given by

Fig. 15.1 Electrostatic
potential of a charged sphere.
A charged sphere is simulated
with radius R = 0.25A and a
homogeneous charge density
p = e 3/4w R embedded in
a dielectric medium. The grid
consists of 1003 points with a
spacing of 4 = 0.05A . The
calculated potential (circles)
is compared to the exact
solution ((15.18), curves)

potential® (V)
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e e r?
() = +— (1-Z) forr<Rr
4mwegR  8mwegR R?

forr > R. (15.18)

d@r) =

47T6()r

Initial values as well as boundary values are taken from the potential of a point
charge which is modified to take into account the finite size of the grid cells

e
) = 15.19
0= et + 1) (15.1)
The interaction energy is (Sect. 15.5) (Fig. 15.2)
Eipp = / b dr = = e (15.20)
=51 € Y weoR ’

36:""'I TorTTTTe o

energy (eV)

32:.....I N P | N PR | N N ......:
1 10 100 1000
iterations

Fig. 15.2 Influence of the relaxation parameter. The convergence of the interaction energy
((15.20), which has a value of 34.56 eV for this example) is studied as a function of the relaxation
parameter . The optimum value is around @ ~ 1.9. For @ > 2 there is no convergence. The
dash-dotted line shows the exact value. The dashed line shows the exact value for a corrected
radius which is derived from the occupied volume (15.35)

15.1.3 Variable e

For variable & we use the theorem of Gauss for a vector field F

/dV divF = %dA F. (15.21)

We choose F = ¢ grad @ and integrate over one cell

/dV div(e grad ) = /dV(—p) = —0jjk (15.22)
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?gdA e grad ® = Z h’e grad ®. (15.23)

faces

We approximate grad ® and ¢ on the cell face in direction dr; by

1
grad ® = E(®(rijk +drg) — O (rj)) (15.24)

1
&= E(s(rijk +dry) + e(rijr)) (15.25)

and obtain the discrete equation

6
e(rjjp + dry) + e(rijr)

) (P (rjjk + dry) — D () (15.26)

s=1
and finally the iteration

e(rjji +drg) + e(ry)
2

2

M (ryy + dry) + %

e(rijk + drg) + e(rije)
2

bD

D" (ryjp) = (15.27)

15.1.4 Discontinuous €

For practical applications, models are often used with piecewise constant €. A sim-
ple example is the solvation of a charged molecule in a dielectric medium. Here
& = go within the molecule and ¢ = gpe1 within the medium. At the boundary ¢ is
discontinuous.

Equation (15.27) replaces the discontinuity by the average value ¢ = go(1+¢1)/2
which can be understood as the discretization of a linear transition between the two
values.

15.1.5 Solvation Energy of a Charged Sphere

We consider again a charged sphere, which is now embedded in a dielectric medium
with relative dielectric constant ¢ (Fig. 15.3).

For a spherically symmetrical problem (15.4) can be solved by application of
Gauss’s theorem
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Fig. 15.3 Solvation of a charged sphere in a dielectric medium

15 Electrostatics

2, 4P 2
dmr e(r)d— =—4x | p(r)r-dr = —q(r) (15.28)
r
r
q(r)
d(r)=— ———— + ®(0). 15.29
(r) fo oty T 0O (15.29)
For the charged sphere we find
r) = Qr3/R3 forr < R (15.30)
v = Qforr > R ’
®(r) 0 - + D0 f R (15.31)
r)=— — orr < .
4megR3 2
0 0 1 1
O(r)=— + ®(0) + - — = forr > R. (15.32)
wegR dmege; \r R
The constant ®(0) is chosen to give vanishing potential at infinity
D (0) Q Q (15.33)

- dwegeiR - 8megR’

15.1.5.1 Numerical Results

The numerical results show systematic errors in the center of the sphere. These
are mainly due to the discretization of the sphere (Fig. 15.4). The charge is dis-
tributed over a finite number Nc of grid cells and therefore the volume deviates

from 47 R3 /3. Defining an effective radius by

4
TRgff = Nch’

the deviation of the potential is

ACD(O)—Q 1+1 : Ly~ 2 1+
_47'[80 e 2 Retr R N4n£0R &1

which for our numerical experiment amounts to 0.26 V.

(15.34)
1\ R — Resf
2 R

(15.35)



15.1 Poisson Equation 213

Fig. 15.4 Charged sphere in 50 T T T T T T T T
a dielectric medium.
Numerical results for e = 4
outside the sphere (circles)
are compared to the exact
solution (15.31) and (15.32),
solid curves). The dashed line
shows the analytical result
corrected for the error which
is induced by the continuous
transition of &1 (15.1.4)

potential® (V)

15.1.6 The Shifted Grid Method

The error (Sect. 15.1.4) can be reduced by the following method. Consider a thin
box with the normal vector A parallel to the gradient of €. Application of Gauss’s
theorem gives (Fig. 15.5)

e+A grad Py =e_A grad d_ (15.36)

The normal component of grad ® changes by a factor of ¢, /e_. The disconti-
nuity is located at the surface of a grid cell. Therefore it is of advantage to use a
different grid for & which is shifted by %/2 in all directions [77] (Figs. 15.6, 15.7,

15.8):
.1 .1 1
8ljk:€<<l+§> h, (]+§> h, <k+§) h) (15.37)

>y

Fig. 15.5 Discontinuity in
three dimensions
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Fig. 15.6 Shifted grid
method. A different grid is
used for the discretization of o
& which is shifted by /2 in ifk+1 P
all directions T '

&ijk
....... ’,J‘.’.. -
Citiogie” B

D

Fig. 15.7 Charged sphere 50
with the shifted grid method.
The numerically calculated
potential for £; = 4 outside
the sphere (circles) is
compared to the exact
solution ((15.31) and (15.32),
solid curves)

potential® (V)

Fig. 15.8 Comparison of
numerical errors. The
Coulombic interaction of a
charged sphere is calculated
according to ((15.27), circles)
and ((15.38), squares) and
compared to the analytical
solution (solid curve)

Coulombic interaction (eV)
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¢ has to be averaged over four neighboring cells to give

i, jk+1 — i jk Eijk + Eij—1k T Ei—1,jk T Ei-1,j—1k

(15.38)

(e Agrad @)k =

15.2 Poisson Boltzmann Equation for an Electrolyte

Let us consider additional mobile charges (for instance, ions in an electrolyte). N;
denotes the average number of ions of type i with charge Q;. The system is neutral if

> Nigi=0. (15.39)

The interaction energy of a charge Q; in the electrostatic potential ® is
DQ;. (15.40)

This interaction changes the ion numbers according to the Boltzmann factor:
N} = N;e~Qi®/keT (15.41)
The charge density of the free ions is

Plon = Z Ni/Qi = ZNiQie_QiCD/kBT (15.42)
i

which has to be taken into account in the Poisson equation. Combination gives the
Poisson—Boltzmann equation [78-80]

div(e grad ®) = — Z N; Qe QT _ e (15.43)
i

For small ion concentrations the exponential can be expanded

D 1 /0:0)\
e Qi®/kT | _ %T +§<%> 4. (15.44)

and the linearized Poisson—-Boltzmann equation is obtained:
div(e grad @) = — +2Ni—Q'2c1> (15.45)
g = —Pfix : kT . .

With

& = £0&r (15.46)
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and the definition

1 e?
2 2 2
= N; 07 = N;Z: 15.47
* so& kT Z iQi soe kT Z T ( )
we have finally

. 2 1
div(e, grad ®) — g,6° P = ——p. (15.48)

€0

For a charged sphere with radius a embedded in a homogeneous medium the solu-
tion of (15.48) is given by

A Ka
o=lekr A= & (15.49)
r dmepe, 1 +ka

The potential is shielded by the ions. Its range is of the order Apepye = 1/« (the
so-called Debye length).

15.2.1 Discretization of the Linearized Poisson—Boltzmann
Equation

To solve (15.48) the discrete equation (15.26) is generalized to [81]

Z Er (rijk +drg) + & (rijk)
2

(@ (i + dry) — D (ryp))

Qijk
— & (K () P @ () = ——=. (15.50)
heo
If ¢ is constant then we have to iterate
Qijk old
+ > @ (i + dry)
" (rp) = L0 A (15.51)

6 + h2k? (rijk)

15.3 Boundary Element Method for the Poisson Equation

Often continuum models are used to describe the solvation of a subsystem which is
treated with a high-accuracy method. The polarization of the surrounding solvent or
protein is described by its dielectric constant ¢ and the subsystem is placed inside
a cavity with ¢ = g¢. Instead of solving the Poisson equation for a large solvent
volume another kind of method is often used which replaces the polarization of the
medium by a distribution of charges over the boundary surface.
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Fig. 15.9 Cavity in a &Tx
dielectric medium

€=¢4

In the following we consider model systems which are composed of two spatial
regions (Fig. 15.9):

e the outer region is filled with a dielectric medium (e1) and contains no free
charges

e the inner region (“Cavity”) contains a charge distribution p(r) and its dielectric
constant is € = g.

15.3.1 Integral Equations for the Potential
Starting from the Poisson equation
div(e(r)grad ®(r)) = —p(r) (15.52)

we will derive some useful integral equations in the following. First we apply
Gauss’s theorem to the expression [82]

div [G(r —r)e(r)grad(®(r)) — ®(r)e(r)grad(G(r — r'))]
=—p@®G{I —1') — ®(r)e(r)div grad(G(r — r'))—® (r)grad(e(r))grad(G(r — r'))
(15.53)

with the yet undetermined function G (r — r’). Integration over a volume V gives

- / dv (,o(r)G(r —r') + ®(r)e(r)div grad(G(r — r'))
1%
+®(r)grad(e(r))grad(G(r — r’)))

= 7{ dA (G(r — r’)s(r)i(cb(r)) — @(r)e(r)i(G(r — r’))) . (15.54)
(V) on on

Now chose G as the fundamental solution of the Poisson equation

1
G()(I'—I‘/) = —m (1555)
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which obeys
div grad Gy = §(r — r') (15.56)

to obtain the following integral equation for the potential:

(1) 1 1
d@)e() = | dV————+ — [ dV P (r)grad(s(r))grad | ——
do|r — x|  4n r—1’|
1 1 d ad 1
——p dA—— ()= (D) + D)) — [ —— (15.57)
4 Jovy r — 1| on on \|[r —r'|

First consider as the integration volume a sphere with increasing radius. Then
the surface integral vanishes for infinite radius (® — 0 at large distances) [82]
(Fig. 15.10).

The gradient of e(r) is nonzero only on the boundary surface of the cavity and
with the limiting procedure (d — 0)

€ — 1
grad(e(r))dV =n

codV = dAn(e; — Deg (15.58)

we obtain

(D(I'/) _ L// dv p(r) / + (e1 — 1260
e(r’) Jeay 4r|r — 1’| dre(r’) Js

ad 1
dAd(r)— ——. (15.59)
on|r—r|

This equation allows to calculate the potential inside and outside the cavity from the

given charge density and the potential at the boundary.
Next we apply (15.57) to the cavity volume (where ¢ = €() and obtain

p(r)
4 |r —1'|€g

@iy (1) =/dV
Vv

1 a1
dA (@in(r)—

19
- - L o,m). (1560
I mir—r| |r—r|on ”‘(r)> (15.60)

From comparison with (15.59) we have

1 a a 1
%dA —®;(r) =€ %dACDin(r)— (15.61)

Ir—1r'| dn on|r—r/|

€1&g

nd

Fig. 15.10 Discontinuity at s €
the cavity boundary
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and the potential can be alternatively calculated from the values of its normal gradi-
ent at the boundary

1

1 p(r) (I=eo 1 9
D) = dv 1 A > (15.62
) e(r’) /cav d|r —r/| de) Js Ir— 1| on in(r). ( )

This equation can be interpreted as the potential generated by the charge density p
plus an additional surface charge density

o(r) = <1 — l) eoidhn(r). (15.63)
€] on

Integration over the volume outside the cavity (where ¢ = €;€() gives the following
expression for the potential:

1 0 1 9
P = — dA( @ — — —d . 15.64
) = 1 fv) < = Rl e T out(r>) (15.64)
At the boundary the potential is continuous
Dout(r) = Pip(r) reA, (15.65)

whereas the normal derivative (hence the normal component of the electric field)
has a discontinuity

acIDout _ 8<I>in

= . 15.66
on on ( )

€1

15.3.2 Calculation of the Boundary Potential

For a numerical treatment the boundary surface is approximated by a finite set of
small surface elements S;,i = 1--- N centered at r; with an area A; and normal
vector n;. (We assume planar elements in the following, the curvature leads to higher
order corrections) (Fig. 15.11).

Fig. 15.11 Representation of
the boundary by surface
elements
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The corresponding values of the potential and its normal derivative are denoted

as ®; = ®d(r;) and % = n; grad ®(r;). At a point r;fL close to the element S; we
obtain the following approximate equations:

Bin(r7) =f av — L0
4 v dmlr —r;l€o

1 a 1 1 0D, ;
—Zep,»f dA — — 4+ — % (15.67)
T = S 3n|r—r.| 4 - |r—r |
1 d9; 1
® + _ (D - 1,out % dA —
out(l‘j )= Z ﬁi an Ir — }i-| - 21: an S; Ir — l.+|
(15.68)

These two equations can be combined to obtain a system of equations for the
potential values only. To that end we approach the boundary symmetrically with

rli =r; & dn;. Under this circumstance

1 1
dA—+= dA —
i [r—r7| i |I‘—I‘j|

J

d 1 d 1
dA ————=—-@¢ dA — —
. on|r—r/"| . onr—r;|
d 1 d 1 .
dA ———— = ¢ dA — — jF£I (15.69)
Si an |l‘—l'j| Si on |I'—l'j|
and we find
r
(1+e)®, Zf dv _ PO
% 47T€()|l'—l‘j|
Z(l e)daf ! l(l+e)<l>~?§dAa !
! s: 8n|r—r| 4 VR, onfr—r; |
t#] /
(15.70)
The integrals for i # j can be approximated by
d 1 1
dA — — = A;n; grad,———. (15.71)
s onr—r;| ri — 1}

The second integral has a simple geometrical interpretation (Fig. 15.12).

Since grad |Flr,| r 1r T |r - | the area element dA is projected onto a sphere

with unit radius. The integral fsj dA grad

r— |rJ

_lr_‘ is given by the solid angle of S;
j

with respect to r’. For " — r; from inside this is just minus half of the full space
angle of 47r. Thus we have
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Fig. 15.12 Projection of the dA
surface element ; >

(1+e)®; = f av PO
v 4m|r —rjleg

3 1 1
. Z(l Az + (I +en®;  (1572)
1;&] nj | i _rj| 2

or

2 | —1 1
o) = /dequ—Zq DA (15.73)
l+e€ Jy 47T60|I‘—I‘j| 27 ‘€1 + 1 on; |1‘i—l‘j|

i#]

This system of equations can be used to calculate the potential on the boundary. The
potential inside the cavity is then given by (15.59). Numerical stability is improved
by a related method which considers the potential gradient along the boundary. Tak-
ing the normal derivative

S— =n;grad, . (15.74)

on;

of (15.67, 15.68) gives
a ad r
— Pin(r;) = —/ dv L),
on; J anj Jv  dmlr—r;le

1 32 1 P
_ZQI% dA——_ lll'l%A
< s, ondnj Ir—r;| 4m 8n] |r—r |

(15.75)
1 92 1
Do =— Y @; P dA
out( f) 4 Xl: ! ,(éi onon; |r — r;r|
1 dD; ] 1
- — —"“‘7{ dA ——r. (15.76)
4 - on Js onj |r — r;|

In addition to (15.69) we have now

9? 1 9* 1
dA —=¢ dA T (15.77)
s,  ondn; Ir—r| s,  Ondn; Ir—r;]
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and the sum of the two equations gives

1 1 0 )
+ : 5 ; q)m,]
1

_ i / av p(r) N 11— o ZAiadx,m 1
3’1./ %4 47‘[6()|I'—I'j| 47 / on |I‘,'—I‘j|

i#]
1
1+ 0®in (15.78)
27 On '
or finally
a 2¢ a r

@y, = = 9 | v _

on; €+ 10n; Jy 4dmeglr —

€1 — 1 od;in 0 1
2 A; —— . 15.79
+ 61+IZ " dn onj|r; — x| ( )

i#]

In terms of the surface charge density this reads:

1-— 1 (r: — 1
ol =2¢ ( £ —njgrad/dV p(®) + Zoi/A,-—n](rj ri)

P00 e dreolr — 1| | dmeg IR
i#]

(15.80)
This system of linear equations can be solved directly or iteratively (a simple damp-
ing scheme 0, — wo,, +(1-w)o,, 4 Withw ~ 0.6 helps to get rid of oscillations).
From the surface charges o; A; the potential is obtained with the help of (15.62).

15.4 Boundary Element Method for the Linearized
Poisson—-Boltzmann Equation

We consider now a cavity within an electrolyte. The fundamental solution of the
linear Poisson—Boltzmann equation (15.48)

, e*/clrfr’|
G(r—-r)y=——— 15.81
(r—1) preT—r ( )
obeys
div grad G, (r — ') — kG, (r —v') = 8(r — ). (15.82)

Inserting into Green’s theorem (15.54) we obtain the potential outside the cavity
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, ad
Doy (r') = — dA out(r) G/c (r—r)—Ge(r—r )_ Doue(r) | (15.83)
V)
which can be combined with (15.60, 15.66) to give the following equations [83]

0 0
(I+en@) = fdA [Q(r)ﬁ(Go —€1G) —(Go — Gk)ﬂq)in(r)il

+/—p(r) av (15.84)
4meplr — 1|
82
¢ +61) q’m(l') = %dA(I)(l')8 ™ ——(Go— Gy)
—fdAiap- ( )i( —G > 9 dev (15.85)
an e\ V) T o ) dmer =0 '

For a set of discrete boundary elements the following equations determine the values
of the potential and its normal derivative at the boundary:

1+ ¢ 0 9
> %= > q%’fdAa(Go —eaG)—) £®i,in7§dA(Go —G)

i#] i#]
+/Ldv (15.86)
4 eg|r — 1|
1+ 61 8 92
5 ,m—2<1>f —(Go = Gy)
i#j
9 3 1 3 o (1)
— —&; dA— [ Go— —G — | —————dV. 15.87
Z on ”‘“7§ on’ ( 0 €] k) + on’ / 4elr — 1| ( )

i#]

The situation is much more involved than for the simpler Poisson equation (with
k = 0) since the calculation of a large number of integrals including such with
singularities is necessary [83, 84].

15.5 Electrostatic Interaction Energy (Onsager Model)

A very important quantity in molecular physics is the electrostatic interaction of a
molecule and the surrounding solvent [85, 86]. We calculate it by taking a small
part of the charge distribution from infinite distance (®(r — oo) = 0) into the
cavity. The charge distribution thereby changes from Ap(r) to (A + dA)p(r) with
0 < A < 1. The corresponding energy change is
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dE = /dk p(r) @, (r)dV

on (M)A, / Ap(r') ’
= [ av')dv.  (15.88
/ pe) (Xn: dmeolr — v, ) Fmeglr — 7] (1>:88)

Multiplication of (15.80) by a factor of A shows that the surface charges Ao, are
the solution corresponding to the charge density Ao (7). It follows that 0,,(X) = Aoy,
and hence

onAy p(r') ,
dE = Ada av'). 15.89
/p(r) (; moolr —1n] | dmoolr — 7] (1589)

The second summand is the self-energy of the charge distribution which does not
depend on the medium. The first summand vanishes without a polarizable medium
and gives the interaction energy. Hence we have the final expression

Eint = /dE / Adxfp(r)z4n80’rr_r v
n

:ZanAn/Ldv_ (15.90)
- 8mep|r — 1y

For the special case of a spherical cavity with radius a an analytical solution by
multipole expansion is available [87]

I+ D —1 o
Z Z [ +e(+Dla T MM (15.91)

it =
Ein 87‘[80

with the multipole moments

:/p(r,@,(p) 1rlYlm(0,(p)dV. (15.92)
The first two terms of this series are
g0 _ L &= lMOM L ())& (15.93)
Y 07 8re &) a ’
g0 - ! M(M "M+ MOMO + MM
nt " 8 e (14 261)ad ! L
1 21 —1
2Aer (15.94)

C8weg 1426 a3
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Fig. 15.13 Surface charges

15.5.1 Example: Point Charge in a Spherical Cavity

Consider a point charge Q in the center of a spherical cavity of radius R. The dielec-
tric constant is given by

) &0 r<R
&= {8180 PR (15.95)
Electric field and potential are inside the cavity
1
:L b = Q + Q ——1 (15.96)
4 egr? Aregr  4meoR \ &
and outside
E:L O = 0 r >R (15.97)
4 eigor? 4rrereor
which in terms of the surface charge density o is
47 R?
= 2TRe R (15.98)
47‘[80}’2
with the total surface charge
2 1
ArR°c=Q(——-1). (15.99)
&1
The solvation energy (15.90) is given by
2
1
Eint = Q (— — 1) (15.100)
8meg \ &1

which is the first term (15.93) of the multipole expansion.
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Fig. 15.14 Solvation energy
with the boundary element
method. A spherical cavity is
simulated with a radius

a = 1 A which contains a
point charge in its center. The
solvation energy is calculated
with 25 x 25 (circles) and
50 x 50 (squares) surface
elements of equal size. The
exact expression (15.93) is
shown by the solid curve

Problems

solvation energy (eV)

|
)

15 Electrostatics

1 . ...““10 . 100

Problem 15.1 Linearized Poisson—Boltzmann Equation

This computer experiment simulates a homogeneously charged sphere in a dielec-
tric medium. The electrostatic potential is calculated from the linearized Poisson—
Boltzmann equation (15.50) on a cubic grid of up to 1003 points. The potential
@ (x) is shown along a line through the center together with a log—log plot of the

maximum change per iteration

| (1) — " (1))

as a measure of convergence (Fig. 15.15).
Explore the dependence of convergence on

e the initial values which can be chosen either ®(r) = 0 or from the analytical

solution

Fig. 15.15 Charged sphere in
a dielectric medium
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QO  2+e(l4xa) [¢] 2
® _ ) 8meepa  1+ka 8mepa’ re forr <a
(r) - efk(rfa) f
dmege(ka+1)r orr >a

e the relaxation parameter w for different combinations of € and «
e the resolution of the grid

Problem 15.2 Boundary Element Method

In this computer element the solvation energy of a point charge within a spherical
cavity is calculated with the boundary element method (15.80) (Fig. 15.16).
The calculated solvation energy is compared to the analytical value from (15.91)

07 K s¥ (e —e)(n+ 1)
8megR ~ R nei + (n+ Dey

Egolv = (15.101)

where R is the cavity radius and s is the distance of the charge from the center of
the cavity.
Explore the dependence of accuracy and convergence on

e the damping parameter w

e the number of surface elements (6 x 6 - - - 42 x 42) which can be chosen either as
depdf or d¢pd cos 6 (equal areas)

e the position of the charge.

Fig. 15.16 Point charge
inside a spherical cavity




Chapter 16
Waves

In this chapter we simulate waves and analyze the numerical stability of simple
integration algorithms. We perform computer experiments to study reflection at a
boundary or at the border between two media with different refractive indices and
we observe the effect of dispersion.

16.1 One-Dimensional Waves

We consider a simple model for one-dimensional longitudinal waves from solid state
physics [88] (Fig. 16.1).

The equilibrium position of mass point j is x; = jAx; its elongation from
the equilibrium is &;. The potential energy of a spring between mass points j and
Jj+1is

K » K
5 [Ax + &0 - &) - Ax]" = S - €))7 (16.1)
and the total potential energy is

U= Z 5 Ejr — €))7, (16.2)

The equation of motion is

mEj=—K(@E —&i_1) — K& —&j41) (16.3)

Fig. 16.1 One-dimensional ) | ) ! ] | ! ;(
longitudinal waves (I-1) Ax jAx (+1) Ax
P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_16, 229
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or
. K
§j = g@jﬂ +&j-1 —2§)). (16.4)
The elongations are described by a continuous function f (¢, x) with
§j(t) = f(r, jAx). (16.5)
The function f (¢, x) obeys the equation
e K . . .
f@, jAx) = P (f(t, jAx — Ax) + f(t, jAx + Ax) —2f(t, jAx)). (16.6)

With the help of the shift operator

S n an
N G i 16.7
¢ ; n!  ox" (16.7)
we have
. K ' K 9
Ftx) == (e“% e AV 2) Flt,x) =22 (cosh (Ax—) — 1)

m m 0x

(16.8)

which is now valid on the whole interval [0, N Ax].
For small enough Ax the Taylor series expansion

3 K 2 o1 1 4 o1V
f(t,x)=Z<(Ax) f7 0+ (A0 f (t,x)+...) (16.9)

gives in lowest order the one-dimensional wave equation

92 92
— f=c— (16.10)
ozl =t '

K
c=Ax,/— (16.11)
m

is the velocity. The general solution of (16.10) according to d’ Alembert has the form
of waves traveling to the right or to the left with constant envelope and velocity c:

where

f ) = fr(x —ct) + f-(x +cn). (16.12)
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A special solution of this kind is the plane wave solution
[l 1) = el (16.13)
with the dispersion relation

w = ck. (16.14)

If higher derivatives are taken into account, the dispersion relation becomes more
complicated and (16.12) no longer gives a solution.

16.2 Discretization of the Wave Equation

Using the simplest discretization of the second derivatives we have from (16.10)

f&+At,x)+ f(t — At,x) —2f(t,x)

At?
t, A Lx—Ax)—=2f(t,
:sz( x+ X)+f(Ax); x) —2f( X). (16.15)
For a plane wave solution
f=e@ (16.16)
we find
Al | G—i0Al 5 _ 2 Ar? (eikAx 4 e—ikax _ 2) (16.17)
Ax?
which can be written as
At kA
sinw— :asin—x (16.18)
2 2
with the so-called Courant number [89]
At
X

From (16.18) we see that the dispersion relation is linear only for « = 1. For
o # 1 not all values of w and k allowed (Fig. 16.2).
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L5 o >1 N
1, |
N
=
<
3
0.5+ a<1 -
0 . ! . ! . L
0 0.5 1 1.5

k Ax/2

Fig. 16.2 Dispersion of the discrete wave equation. Only for small values of kAx and wA¢ is the
dispersion approximately linear. For o < 1 only frequencies w < wmax = 2arcsin(a)/At are
allowed whereas for @ > 1 the range of k-values is bounded by kmax = 2 arcsin(l/«)/Ax

16.3 Boundary Values

The following boundary values can be used for the simulation of waves on a finite
gridx; = Ax, ..., xy = NAx:

e fixed boundaries f(xp) = 0 and f(xy+1) = O (two extra points added)

2
Af(x1) = @(f(m —2f(x1)
2
Af(xy) = Ac—xzme_l) —2f(xn)) (16.20)

e periodic boundary conditions xg = xy , XN4+1 = X,

2

Af (1) = 55 (F () + F ) = 2/ Gen)
2
Af(xy) = Ac_xz(f(xN—l) + f(x1) = 2f(xN)) (16.21)
e open boundaries
2
Af(xr) = A—xz(f(xz) = f(xD)
2

Af(xy) = ﬁ(f(mv—l) — f(xn)) (16.22)
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e moving boundaries with given f(xg, t) = &y(¢) or f(xn+1,1) = En+1(F)

2
Af(xp) = @ (f(x2) = 2£ (x1) + & (1)
2
Af(xy) = Ac—xz (Fn_1) = 2F () + En 1) (16.23)

16.4 The Wave Equation as an Eigenvalue Problem
16.4.1 Eigenfunction Expansion
We write the general linear wave equation in operator form

82
S r=Df (16.24)

where for the continuous equation (16.10) the operator D is given by
Df = *V2f. (16.25)
From the eigenvalue problem
Df = Af (16.26)

we obtain the eigenvalues A and eigenfunctions f; which provide the particular
solutions:

f=etVry, (16.27)

82
S5 @Y ) =2 f) = DY f). (16.28)
These can be used to expand the general solution

fe0 =3 (CueVt + CeVh) £, (16.29)

A

The coefficients C,+ follow from the initial values by solving the linear equations

fa=0)=> (Cry + Cr) fr(x)
A

d
8—{0 =0) = ; Vi(Cry — Cio) f.(x). (16.30)
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16.4.2 Application to the Discrete One-Dimensional
Wave Equation'

‘We consider the discretized second derivative

2
Df = —— (f(x + Ax) + f(x — Ax) =2 (x)). (16.31)
Ax?

x is one of the grid points x,, = nAx withn = 1,2, ..., N. The function values are
arranged as a column vector:

f(Ax)
f= : : (16.32)
f(NAx)

The operator D is represented by the matrix

-2 1
1 -2 1
1 —21 2

Ax?

(16.33)
1 =21
1 -2

which can be easily diagonalized since it is tridiagonal. The solutions of the eigen-
value problem

Df = Af (16.34)
have the form
f(nAx) = sin(nkAx). (16.35)

This can be seen by inserting (16.35) into the nth line of (16.34)
(Df), = (sin((n — 1)kAx) + sin ((n + 1)kAx) — 2 sin(nkAx)) % =
X

= (sin(nkAx) cos(kAx) — cos(nkAx) sin(kAx) + sin(nkAx) cos(kAx)
2
+ cos(nkAx) sin(kAx) — 2 sin(nkAx))c—2 =
Ax

2
= 2sin(nkAx) (cos(kAx) — 1) ﬁ =1 (f), (16.36)

! We consider only fixed boundaries here.
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with the eigenvalue

2

A =2—— (cos(kAx) — 1). (16.37)

c
Ax?
The first line of the eigenvalue equation (16.34) gives

2
(Df); = (=2sin(kAx) + sin(2kAx)) é
X

2
= 2sin(kAx)(cos(kAx) — 1)% = A (16.38)
X
and from the last line we have

2
(Df)y = (=2sin(NkAx) + sin((N — 1)kAx)) &
X

2
=AMf)y = 2$(Cos(kAx) — 1) sin(NkAx) (16.39)
X
which holds if
sin((N — DkAx) = 2sin(NkAx) cos(kAx). (16.40)

This simplifies to

sin(NkAx) cos(kAx) — cos(NkAx) sin(kAx) = 2sin(NkAx) cos(kAx)
sin(NkAx) cos(kAx) + cos(NkAx) sin(kAx) =0
sin((N + D)kAx) = 0. (16.41)

Hence the possible values of k are

k=—"" Iwithi=1,2,....N. (16.42)
(N + DAx

The two boundary points f(0) = 0 and f((N + 1)Ax) = 0 can be added with-
out any changes. For other kinds of boundary conditions the following derivations
become more complicated.

The eigenvalue can be written as

2 4¢? kA
A= 2Ac—xz(cos(kAx) 1= —ALXQ sin? (Tx> = (ian)? (16.43)
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Fig. 16.3 Dispersion of the discrete wave equation

with the frequencies® (Fig. 16.3)

2c . (kAx
wp = A_x Sin T . (1644)
The general solution has the form
al ml

t,nAx) = (c e 4 Cp_eTi ’) sin (n ) : 16.45
ft,nAx) ; I+ ! o+D (16.45)

The initial amplitudes and velocities are

al ml
f({t=0,nAx) = Z(C” + C;_) sin (n N+ l)) =F,

=1
N
ft=0.nAx) = iy (Cry — C;-)sin (n

=1

! ) =G, (1646)
(N+1)

with F,, and G,, given. Different eigenfunctions of a tridiagonal matrix are mutual
orthogonal

N
. ml
ZSIH n
("5
n=1

al N
i = =4 16.47
)31n<nN+l> 1. ( )

2 Only for small enough kAx < 1 the dispersion relation of the continuous wave equation wy = ck
follows.
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and the coefficients C;+ follow from a discrete Fourier transformation:
~ 1 . ml
F=— sin | n F,
N N +1

1 L& ol i 1
= v ZZ(C1/+ 4+ Cp_)sin (nN n 1) sin (nN n 1) = §(C1+ +Cio)

(16.48)
~ 1Y
G = NZSin<”N+1> n
n=1
N N i
1 . wl . ml 1.
=5 >0 iy (Cy — i) sin <nN — 1) sin (nN — 1) = Sio(Cr = Cr)
n=110'=1
(16.49)
~ 1 ~
Cir=F+—G
iwy
~ 1 ~
C_=F—-——aG,. (16.50)
iw
Finally the explicit solution of the wave equation is
N G ml
f(t,nAx) = ; 2 (F, cos(wy t) + Zj sin(a; r)) sin <n N ) . (16.51)

16.5 Numerical Integration of the Wave Equation

16.5.1 Simple Algorithm

We solve the discrete wave equation (16.15) with fixed boundaries for f(z + At, x):

FU+ALx)=2f(t, x)1—a®)+a>(f(t, x+Ax)+ f(t, x — Ax)) — f(t — At, x).
(16.52)
Using the discrete values x,,, = mAx and t,, = n/At we have the iteration

S a1, xm) =201 —Otz)f(l‘n, Xm) +0[2f(ln, xm+l)+a2f(tnv Xm—1) = f (tn—1, Xm).

(16.53)
This is a two-step method which can be rewritten as a one-step method of double
dimension
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fat1) _ fo \_ [(2+a*M —1 fu
() =r () =) () e

with the column vector

f(Ax)
fo = : (16.55)
f(MAx)
and the tridiagonal matrix
-2 1
1 =21
M = _— (16.56)
1 =21
1 -2
The latter has the eigenvalues
kA

A =2cos(kAx) — 2 = —4sin (Tx> . (16.57)

To simulate excitation of waves by a moving boundary we add one grid point with
given elongation &y(#) and change the first equation into

Ftnsr, x1) = 2(1—a?) f (ty, x1) + > f (tn, X2) +0*E0 (1) — f (ta—1, x1). (16.58)

16.5.2 Stability Analysis

Repeated iteration gives the series of function values

fl f2 _ f] f3 2 fl
(fo)’ <f1>_T(fo)’ <f2> =T <f0>’ (16.59)

A necessary condition for stability is that all eigenvalues of 7 have absolute values
smaller than one. Otherwise small perturbations would be amplified. The eigenvalue

equation for T is
24 0*M -0 —1 u) (0
( 1 _U)(v)_(o). (16.60)

‘We substitute the solution of the second equation
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u=aov

into the first equation and use the known eigenfunctions of M to have

(2+a2k —o)ov—v=0.
Hence we have to solve
ol —o(@r+2)+1=0

which gives

From
—4<Xx1<0
we have
o

1—2a2<7+1<1

and the square root in (16.64) is imaginary if

2
aA
—1<—+4+1<1
<2+<

which is the case for
kA
sin? (_x) o < 1.
2
This holds for all k£ only if

|| < 1.

But then

I = |4 O 2+ (2 2 —1
He= 2 2 -

239

(16.61)

(16.62)

(16.63)

(16.64)

(16.65)

(16.66)

(16.67)

(16.68)

(16.69)

(16.70)
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and the algorithm is (conditionally) stable. If on the other hand || > 1 then for
some k-values the square root is real. Here we have

a
457 < (16.71)
and finally
2) 23\ 2
1+“7— <1+“7) <1 (16.72)

which shows that instabilities are possible in this case.

16.5.3 Alternative Algorithm with Explicit Velocities

Now let us use a leap frog-like algorithm (page 149):

At?
S g1, xm) = f(ta, xp) + 00, xm) At + Df (2, xm)T

At
= f(tn, Xm) +v (tn + 77 xm> At
At At
v <tn + 7,xm> =v (tn — T’Xm) + Df(ty, xm)At.  (16.73)

Since the velocity appears explicitly we can easily add a velocity-dependent damp-
ing like

—yv(tn, Xm) (16.74)
which we approximate by
At
—yv (ln - T,Xm> . (16.75)
We assume weak damping with
yAr L 1. (16.76)

16.5.4 Stability Analysis

The algorithm can be written in matrix form as

1 +a’M At(1 — yAr)
(fnJr]) — 052 (fn) 16.77)

Un+1 —M 1 —yAt Un
At
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Using the eigenvalues of M
.2 [ kAx
A = —4sin > (16.78)

we find the following equation for the eigenvalues o':
(1+a*r—o)u+ At(l —yAt)u =0
o’ + At(1 — y At —o)v = 0. (16.79)
Solving the second equation for # and substituting into the first equation we have

At
—a2)

[(1 +a’h—0) (1—yAt —o) + Ar(l —yAt)] =0 (16.80)

hence

(A+a’r—0)1 —yAt —o) —a?A(1 —y A1) =0
62— —yAt+a’)+(1—yA)=0

N NS
a=1—y—+a7i\/<1—y—+°‘—> —(I—yAn) . (1681)

Instabilities are possible if the square root is real and 0 < —1. (¢ > 1 is not
possible) (Fig. 16.4). This is the case for

lol
[\S)
T

Fig. 16.4 Region of instability. Instabilities appear for || > 1. One of the two eigenvalues o
becomes unstable (Jo| > 1) for waves with large k-values
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At At 2 At
—I+VT%—\/1—)/AI<l—VT+aT<\/1—yAt%1—y—

2
(16.82)
o
The right inequality is satisfied, hence it remains
kA At
o2sin? (221) <1 - X2L (16.84)
2 2
This holds for all k-values if it holds for the maximum of the sine function
At
@ <1- VT (16.85)

This shows that inclusion of the damping term even favors instabilities.

Problems

Problem 16.1 Waves on a Damped String

In this computer experiment we simulate waves on a string with a moving boundary
with the method from Sect. 16.5.3.

e Excite the left boundary with a continuous sine function and try to generate stand-
ing waves.

Increase the velocity until instabilities appear

Compare reflection at open and fixed right boundary

Observe the dispersion of pulses with different shape and duration

The velocity for x > 0 can be changed by a factor n (refractive index). Observe
reflection at x = 0

Problem 16.2 Waves with the Fourier Transform Method

In this computer experiment we use the method from Sect. 16.4.2 to simulate waves
on a string with fixed boundaries.

e Different initial excitations of the string can be selected.
e The dispersion can be switched off by using wy = ck instead of the proper eigen-
values (16.44).



Chapter 17
Diffusion

Diffusion is one of the simplest non-equilibrium processes. It describes the transport
of heat [90, 91] and the time evolution of differences in substance concentrations
[92].

In this chapter we consider the diffusion equation

% = div(D grad f) + S, (17.1)

where D is the diffusion constant (which may depend on position) and S is a source
term.

17.1 Basic Physics of Diffusion

Let f denote the concentration of a particle species or the temperature. J is the
corresponding flux of particles. Consider a small cube dx dy dz (Fig. 17.1).

The change of the number of particles within this volume is given by the sum of
all incoming and outgoing fluxes

J,(z+dz)

4‘7/ Jy(y+dy)

dz

Jy(X) ——] B

Jy(x+dx)
/ dy

dx

Jy(y)

J-(2)

Fig. 17.1 Flux through a volume element dx dy dz

P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_17, 243
© Springer-Verlag Berlin Heidelberg 2010
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af

—dxdyd

r Y

= (Jy(x,y,2) — Jx(x +dx, y, 2))dydz (17.2)

+ (Jy(x,y,2) = Jy(x, y +dy, 2))dxdz
+ (S (x,y,2) — J(x,y,z +dz))dxdy

from which the continuity equation follows:

9 al  aJ,  dJ
of _ e 3 0oy (17.3)
ot x ay 0z

Within the framework of linear response theory the flux is proportional to the gradi-
ent of f,

J=—Dgrad f. (17.4)

Together we have

div(D grad f) = —div] = % (17.5)

Addition of a source (or sink) term completes the diffusion equation. In the special
case of constant D it simplifies to

of
o  =DAS+S. (17.6)

17.2 Boundary Conditions

The following choices of boundary conditions are important:

e Dirichletb.c.: f(#, xpouna) given. Can be realized by adding additional points x_
and xy with given f(¢, x_1) and f (¢, xy).

e Neumann b.c.: The flux through the boundary is given. Can be realized by adding
additional points x_; and xy with given f(¢,x_1) = f(t,x0) + D' Ax ji (1)
and f(t,xy) = f(t, xy—1) = D Ax jy-1 ().

e No-flow b.c.: no flux through the boundary. Can be realized by a reflection at the
boundary. Additional points x_ and xy are added with f(¢,x_1) = f(t, x1)
and f(t,xy) = f(t,xy—2) which compensates the flux through the boundary
(Fig. 17.2).
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Fig. 17.2 No-flow boundary conditions

17.3 Numerical Integration of the Diffusion Equation

We use discrete values of time and space (one dimensional for now) #, = nAt,
xn =mAx,m =0,1,... N — 1 and the discretized derivatives

g _ S g1, xm) — [ty xm)

ar At

Af = S X)) + f s xm—1) — 2f (tn, xm)'
Ax?

17.7)

(17.8)

17.3.1 Forward Euler or Explicit Richardson Method

A simple Euler step (11.3) is given by

S g1, xm) = f(ta, xp)

A
+ DA—):2 (f(tn, Xm+l) + f(tn, )Cmf]) — 2f(tn, xm)) + S(tn, X;n)At. (179)

17.3.2 Stability Analysis

In matrix notation the one-dimensional algorithm with boundary condition f = 0
is given by

f(tn»xl) S(tn,)C])At
: —A : + : (17.10)
f(tl’l-‘rlv-xM) f(tn,XM) S(fn,.XM)Al

f(tn+1s xl)

with the tridiagonal matrix
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At At

At At
A = : . .
At At At
Do 1=2D3n  Dia
‘We use the abbreviation
At
r=D—
Ax?
and write A as
A=14+rM
with the tridiagonal matrix
-2 1
1 -2 1
1 -2 1
1 -2

The eigenvalues of M are (compare (16.43))

k 2 N
A= —4sin®( =) withk = i , i S il
2 N+1 N+1 N +1

and hence the eigenvalues of A are given by
ok
14+rA=1—4rsin 3

For stability we need
[1+7rx| <1 forall A
which holds if
-1 <1 —4rsin2]i < 1.
2
N

2(N +1)
inequation is fulfilled and from the left one we have

The maximum of the sine function is sin (

Diffusion

(17.11)

(17.12)

(17.13)

(17.14)

(17.15)

(17.16)

(17.17)

(17.18)

) ~ 1. Hence the right-hand
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—1<1—4r
and finally stability for'
At
r=D—
Ax? 2

17.3.3 Implicit Backward Euler Algorithm

Consider now the implicit method

fn, xm) = ftnt1, Xm)

247

(17.19)

(17.20)

At
- DA_XZ(f(t'H'l’ Xm+1) + fnt1, Xm—1) — 2f (tnt1, X)) — Spt1, Xm) At

or in matrix notation

ftn) = Af (ta1) = SUpp)Ar with A =1—rM

which can be solved formally by

fltns1) = A7 f (1) + AT S(thy1) At

The eigenvalues of A are
.ok
A =144rsin §>l

and the eigenvalues of A~! are

e — 1
1 +rsin2§

The implicit method is stable since

< 1.

1 _ At
m= Ax?

is the Courant number [89] for the diffusion equation.

(17.21)

(17.22)

(17.23)

(17.24)

(17.25)

(17.26)
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17.3.4 Crank-Nicolson Method

Combination of implicit and explicit method gives the Crank—Nicolson method [93]
which is often used for diffusion problems:

f oy, xn) — f(tns xn)

At
. Df(tm xm—i—l) + f(tna Xm—1) — 2f(tnv Xm)
o 2Ax?
f(tn+1, xm+1) + f(tn+1’ Xm—1) — 2f(tn+1» Xm)
+ D
2Ax2
1, 1,
n S(tn, Xm) +2S( 15 Xm) At (17.27)
or in matrix notation
S(t S(t,
(1 — %M) Fltns1) = (1 + %M) @)+ Mm. (17.28)

This can be solved for f(f,+1):

Jltas1) = (1 - %M)_1 (1 + KM) [t + (1 - %M>_l S) £ Ut

2
(17.29)
The eigenvalues are now
1+ % k
= 2P ith = —asin? S = 4.0, (17.30)
Since ru < 0 it follows
4 ip<1-1 (17.31)
—u<l-= .
e 2
and hence
A< 1 (17.32)
On the other hand we have
1>-1 (17.33)
147 147 (17.34)
— > —_— —_— .
e 2"
A > —1. (17.35)

which shows that the Crank—Nicolson method is stable [94].
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17.3.5 Error Order Analysis

Taylor series expansion of f (¢t + Az, x) — f(¢, x) gives for the explicit method

f(t—i—At x)— f(t,x) =rMf(t,x)+ S, x)At
= D—(f(t x+Ax)+ f(t,x — Ax) —2f(,x))+ S, x)At.  (17.36)

Making use of the diffusion equation we have

DA_ (A a axt 3 (t. x) ) S(t, x)At
NEA G AU A Ty 4f X J AU x
2 a4

8_4f(t’ X) 4. (17.37)

= Atf(t, DAt ——
ft, x)+ 5 o

For the implicit method we find

f+At,x)— f(t,x) =rMf(t+ At,x) + St + At, x)At
_DAA—(f(t+At X+ Ax) + f(t + At, x — Ax) — 2f(t + At, x))

+ S(t + At, x) At

At Ax*
=D13 <Ax2f”(t,x) - T;f(4)(t’x) +- )

Ar? 2 Ax? ‘() . )
+S(t,x)At+DF Ax“f (t,x)+—f (t,x)+--- )+ S, x)At
X

AX? @
_Atf(tx)+At f(t x)+DAt (fP@,x)+ At f0,x)+ -
(17.38)
We compare with the exact Taylor series
3

. AL2 .. A3 93
Jexact F+AL, X)—f(t, x) = At f(2, x)‘i‘Tf(f,xH‘Tﬁf(f,x) - (17.39)

and have for the explicit method

fexpl(t + At,x) — f(t,x) = At f(t, x) + Mﬂ‘”(; x) + -

= foxact(t + AL, x) — (1, x) + O(AL?, Ax*At) (17.40)

and for the implicit method
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Fimpl (t + At,x) — f(t,x) = At f(t, x) + DAL f(t,x) + - --
= foxact(t + AL, x) — (£, x) + O(AL?, Ax*Ab). (17.41)

The error order of the Crank—Nicolson method is higher in Az:

fexpl(t + At,x)— f(t, x) + fimpl(t + At, x)— f(#, x)

Jon(@ + At x)— f(1,x) = > >

2
= At f(t,x) + ATIf'(z, X) 4 = foxaet(t + AL x)— f (£, x) + O(AL, Ax?Ab).

(17.42)

17.3.6 Practical Considerations
For the implicit (17.22) and the Crank—Nicolson (17.29) method formally a tridi-

agonal matrix has to be inverted. However, it is numerically much more efficient to
solve the tridiagonal systems of equations:

(A =rM) f(tns1) = f(tn) + Stny1) At (17.43)

(1= 20 flonen = (14 Smr) g 4 22200

which can be done with the methods discussed in Part I on page 53.

17.3.7 Split Operator Method for d > 1 Dimensions

The simplest discretization of the Laplace operator in three dimensions is given by

92 92 92
Af = — 4+ — + —
f <8x2 + 9y? + 822)

1 2 2 2
= m(dx +dy +d)) f, (17.44)
where
A — A -2
. dif S+ xyZ)Jrf(xA X, ¥,2) f(xyZ)’ (17.45)
x2 x2

tc., denote the discretized second derivatives. Generalization of the Crank—
Nicolson method for the three-dimensional problem gives

r r r
i) = (1= 58 = 58 - Edﬁ) (1+ 5@+ L& +28) ro. (1746
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But now the matrices My  , representing the operators df’y’ . are not tridiagonal. To

keep the advantages of tridiagonal matrices we use the approximations

r r r r r r
(1 + 30+ 5d) + -dg) ~ (1 n —dﬁ) (1 n —d’j‘,) (1 n -dg) (17.47)

Y T3 2 2 2
Fo I'o T o\ r o r o r o
(1 - Sd - Sd - Edz> ~ (1 — de) (1 - 5dy) (1 - 5dz) (17.48)

and rearrange the factors to obtain

=039 (14 50)( )"+ 50) 1 50)”
(1+354) £ (17.49)

which represents successive application of the one-dimensional method for the three
directions separately. The last step was possible since operators di2 and d? for differ-
ent directions i # j commute. For instance,

B f=d(f0r,y+ A0+ [,y —Ax) —2f(x, )
=fx+Ax,y+ Ay)+ f(x — Ax,y + Ax)
—2f(x,y+ Ax)+ f(x + Ax,y — Ax)
4+ f(x — Ax,y — Ax) —2f(x,y — Ax)
—2f(x+Ax,y) =2f(x —Ax,y) +4f(x,y)

= dgdif, (17.50)
The Taylor series of (17.46) and (17.49) coincides up to second order with respect
to rdjzc’y’zz
r o 1 5 T o\l r o F o T 5
(1 — S - 3dl - 5dz) (1 + 3+ Sd 5dz)
2
r
=1+r(d +d} +d) + E(di +d2+d)+ 007 (17.51)

(1=56) (5 (158) (+59)(1-5)(1+54)

244 234 214
d red d

2
,
=147 +d)+d) + (& +d) +d)7 + 00, (17.52)

Hence we have
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Ax? D2A?
for1 =1+ DAt A+TA R e 5 A2+ ) fn

DAt Spp1 + S
+(1+TA+-~-)%+"At

At? )
= fa+ AHDASy + 8p) + —-(D?A? + DAS, +5,) + O(ArAx?, AP).
(17.53)

and the error order is conserved by the split operator method.

Problems

Problem 17.1 Diffusion in Two Dimensions
In this computer experiment we solve the diffusion equation on a two-dimensional
grid for

e an initial distribution f(r = 0, x, y) = 8x,0dy,0
e aconstant source f(t =0) =0, S, x,y) = dx,00y,0

Compare implicit, explicit, and Crank—Nicolson methods.



Chapter 18
Nonlinear Systems

Nonlinear problems [95, 96] are of interest to physicists, mathematicians, and also
engineers. Nonlinear equations are difficult to solve and give rise to interesting
phenomena like indeterministic behavior, multistability, or formation of patterns in
time and space. In the following we discuss recurrence relations like an iterated
function [97]

Xn+1 = f(xn) (18.1)

systems of ordinary differential equations like population dynamics models [98—
100]

x(@) = f(x,y)
y(&) = g(x,y) (18.2)

or partial differential equations like the reaction diffusion equation [99-102]

9 9?

EC(XJ) = D@C(x,t) + f (o), (18.3)
where [ and g are nonlinear in the mathematical sense that means they satisfy both
the following properties

additivity  f(x +y) = f(x) + f(y) (18.4)
homogeneity flax) = af (x).

18.1 Iterated Functions

Starting from an initial value xo a function f is iterated repeatedly

x1 = f(xo)
x2 = f(x1)
Xiv1 = (0. (18.5)
P.O.J. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1_18, 253
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Fig. 18.1 Orbit of an iterated
function. The sequence of
points (x;, Xi+1), (Xi+1, Xi+1)
is plotted together with the
curves y = f(x) (dashed)
and y = x (dotted)

<Y

The sequence of function values xg, x1 - - - is called the orbit of xg. It can be visual-
ized in a two-dimensional plot by connecting the points

(x0, x1) = (x1,x1) = (x1,x2) = (x2,x2) -+ = (X, Xj41) = (Xit1, Xix1)

by straight lines (Fig. 18.1).

18.1.1 Fixed Points and Stability
If the equation
X = F(et) (18.6)

has solutions x*, then these are called fixed points. Consider a point in the vicinity
of a fixed point

x=x*+¢g (18.7)
and make a Taylor series expansion
f@)=fG"+e) = fG&") +eof M)+ =x"+er+- (18.8)
with the notation

g1 = eof (x¥). (18.9)

Repeated iteration gives'

! Here and in the following ) denotes an iterated function, not a derivative.
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P =f(f@) = fa e+ =x"+e f (") =x"+e
FPG%) =x* + ey (18.10)
with the sequence of deviations

En = f/(X*)gn—l R (f/(x*))n 0.

The orbit moves away from the fixed point for arbitrarily small &g if | f/(x*)| > 1
whereas the fixed point is attractive for | f/(x*)| < 1 (Fig. 18.2).

Fig. 18.2 Attractive fixed vA

point. The orbit of an y=X
attractive fixed point (XgsX1)
converges to the intersection I e (x1,%4)
of the curves y = x and TTre—e
y=Iw (X2,X2)&y -

T (x4,X9)" >~

T y=fe)
(%0,0) X

Higher order fixed points are defined by iterating f(x) several times. A nth order
fixed point solves

f(x*) #x*
FO@) #x*
FOPGR) #
F™E%) = x* (18.11)
The iterated function values cycle periodically through (Fig. 18.3)
X [ = fPaH D).

This period is attractive if

L) £ FE) D) - D)) < 1. (18.12)
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Fig. 18.3 Periodic orbit. The 17
orbit of an attractive Ly=x
fourth-order fixed point )
cycles through the values
x1 = f(x4), x2 =
Fxn), x3 = f(x2), x4 =
f(x3)

v

Xy X3 X4 Xo

18.1.2 The Ljapunow Exponent

Consider two neighboring orbits with initial values xo and xo + €. After n iterations
the distance is

|F (G f o)) = (G f (xo + €0))| = leole™ (18.13)

with the so-called Ljapunow exponent [103] A which is useful to characterize the
orbit. The Ljapunow exponent can be determined from

(n) _ £
. 1ln(|f (X0 + £0) — f (x0)|> 18.14)

n—oon leo]
or numerically easier with the approximation

| f (xo + €0) — f(x0)| = leoll f/ (x0)
Lf (f(x0 +€0)) — f(f (xo)| = |(f (xo + €0) — f x| f"(xo + €0)]
= leoll /' (xo) |1 f(x0 + €0)]] (18.15)

LF ™ (xo + £0) — F™ (xo)l = leoll £/ o) 1Lf' D) -+ - | f/ (xn—)] (18.16)

from

n—1

1
h=Tlim = In|f' (). (18.17)
n—-oon P

For a stable fixed point

A—In|f (x*)] <0 (18.18)
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and for an attractive period

A= In|f' ) FOFE - e <o. (18.19)

Orbits with & < 0 are attractive fixed points or periods. If, on the other hand, A > 0,
the orbit is irregular and very sensitive to the initial conditions, hence is chaotic.

18.1.3 The Logistic Map

A population of animals is observed yearly. The evolution of the population density
N is described in terms of the reproduction rate r by the recurrence relation

Npg1 =7 Ny, (18.20)

where N,, is the population density in year number #. If r is constant, an exponential
increase or decrease of N results.

The simplest model for the growth of a population which takes into account that
the resources are limited is the logistic model by Verhulst [104]. He assumed that the
reproduction rate » depends on the population density NN in a simple way (Fig. 18.4)

N
r=ro (1 - E) . (18.21)

The Verhulst model (18.21) leads to the iterated nonlinear function
ro . 5
Ny+1 =roN, — EN” (18.22)

with ro > 0, K > 0. We denote the quotient of population density and carrying
capacity by the new variable

Xp = — N (18.23)

Fig. 18.4 Reproduction rate o
of the logistic model. At low

densities the growth rate has

its maximum value rg. At

larger densities the growth

rate declines and reaches

r =0for N = K. The

parameter K is called 0 = N
carrying capacity K
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and obtain an equation with only one parameter, the so-called logistic mapping

1 1 N,
Xpgl = EN”H = ?roN,, 1-— X =rox, (1 —xy,). (18.24)

18.1.4 Fixed Points of the Logistic Map

Consider an initial point in the interval
0<x <1 (18.25)

We want to find conditions on r to keep the orbit in this interval. The maximum
value of x;41 is found from

dx
de“ =r(1=2x,) =0 (18.26)

n

which gives x,, = 1/2 and max (x,41) = r/4. If r > 4 then negative x,, appear after
some iterations and the orbit is not bound by a finite interval since

X
% = |r|(1 + |xa]) > 1. (18.27)
n
The fixed point equation
x* = rx* — rx*? (18.28)
always has the trivial solution
x*=0 (18.29)
and a further solution
. 1
x*=1-- (18.30)

which is only physically reasonable for » > 1, since x should be a positive quantity.
For the logistic mapping the derivative is

ff&x)=r—2rx (18.31)
which for the first fixed point x* = 0 gives | f'(0)| = r. This fixed point is attractive

for 0 < r < 1 and becomes unstable for » > 1. For the second fixed point we have
| f/(1— %)| = |2 —r|, which is smaller than one in the interval 1 <r < 3.Forr < 1
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Fig. 18.5 Orbits of the logistic map. left: For 0 < r < 1 the logistic map has the attractive fixed
point x* = 0. middle: In the region 1 < r < 3 this fixed point becomes unstable and another stable
fixed point is at x* = 1 — 1/r. right: For 3 < r < 1 + /6 the second-order fixed point (18.33) is
stable. For larger values of r more and more bifurcations appear

no such fixed point exists. For r; = 3 the first bifurcation appears and higher order
fixed points become stable (Fig. 18.5).
Consider the fixed point of the double iteration

= r(r(x* _ x*z) _ r2(x* _ X*2)2). (1832)

All roots of this fourth-order equation can be found since we already know two of
them. The remaining roots are

xf, =2 (18.33)

They are real valued if
r—12—-4>0->r>3 (or r<-—1). (18.34)
For r > 3 the orbit oscillates between x| and xJ until the next period doubling

appears for r, = 14 +/6 . With increasing r more and more bifurcations appear and
finally the orbits become chaotic.

18.1.5 Bifurcation Diagram

The bifurcation diagram visualizes the appearance of period doubling and chaotic
behavior as a function of the control parameter r (Fig. 18.6).
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Ljapunov exponent A

0.8 I
0.6 I
0.4 I
0.2 I

0.0 : .
0 1 2

T

Fig. 18.6 Bifurcation diagram of the logistic map. For different values of r the function is iterated
1100 times. The first 1000 iterations are dropped to allow the trajectory to approach stable fixed
points or periods. The iterated function values xj0q0 - - - X1100 are plotted in a r—x diagram together
with the estimate (18.17) of the Ljapunow exponent. The first period doublings appear at » = 3 and
r = 1 + /6. For larger values chaotic behavior is observed and the estimated Ljapunow exponent
becomes positive. In some regions motion is regular again with negative Ljapunow exponent

18.2 Population Dynamics

If time is treated as a continuous variable, the iterated function has to be replaced
by a differential equation

dN
- =/ (18.35)

or more generally by a system of equations

Ny AN Ny
dr | '
N, a1+ Ny)

18.2.1 Equilibria and Stability
The role of the fixed points is now taken over by equilibria, which are solutions of

0= _ rvg (18.37)
Tode 7 '
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which means roots of f(N). Let us investigate small deviations from equilibrium
with the help of a Taylor series expansion. Inserting

N = Neg +& (18.38)

we obtain

d
d_f = f(Neg) + f'(Neg)é + -+ (18.39)

but since f(Neq) = 0, we have approximately

& _ p N, 18.40
5 = f Vel (18.40)

with the solution
E(t) = Eoexp { f'(Neg)t} - (18.41)

The equilibrium is only stable if Re f'(Neq) < 0, since then small deviations
disappear exponentially. For Re f'(Neq) > 0 deviations will increase, but the expo-
nential behavior holds only for not too large deviations and saturation may appear. If
the derivative f’(Neq) has a nonzero imaginary part then oscillations will be super-
imposed. For a system of equations the equilibrium is defined by

AN 0
... N
INNEE - N 0
and if such an equilibrium exists, linearization gives
Ny N{? &1
N> Ny? &
= . +1 . (18.43)
Ny N En
i afi  9h
ON| ON2 aN,
e on o o | (3
—| — | 9Ny AN, aIN, . (18.44)
dr - S :
2 O s 0fs | \E

dN; 0Nz ON,
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The equilibrium is stable if all eigenvalues A; of the derivative matrix have a negative
real part.

18.2.2 The Continuous Logistic Model

The continuous logistic model describes the evolution by the differential equation

dx
o =rox (1 — x). (18.45)

To find possible equilibria we have to solve (Fig. 18.7)
Xeq(1 — Xeq) =0 (18.46)

which has the two roots xeq = 0 and xeq = 1.
The derivative f' is

fl(x) = % (rox(1 = x)) = ro(1 — 2x). (18.47)

Since f/(0) =ryp > 0and f'(1) = —rg < 0 only the second equilibrium is stable.

Fig. 18.7 Equilibria of the

logistic model. The dx
equilibrium xeq = 0 is dt
unstable since an

infinitesimal deviation grows

exponentially in time. The

equilibrium xeq = 1 is stable

since initial deviations

disappear exponentially unstable

18.3 Lotka—Volterra model

The model by Lotka [105] and Volterra [106] is the simplest model of predator—prey
interactions. It has two variables, the density of prey (H) and the density of predators
(P). The overall reproduction rate of each species is given by the difference of the
birth rate  and the mortality rate m

d—N— )N 18.48
= rm (18.48)
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both of which may depend on the population densities. The Lotka—Volterra model
assumes that the prey mortality depends linearly on the predator density and the
predator birth rate is proportional to the prey density

myg=aP rp=>0H, (18.49)
where a is the predation rate coefficient and b is the reproduction rate of predators

per one prey eaten. Together we end up with a system of two coupled nonlinear
differential equations

dH

E Zf(H, P):rHH—aHP

dpP

Ezg(H, P)=bHP —mpP, (18.50)

where ry is the intrinsic rate of prey population increase and mp the predator mor-
tality rate.

18.3.1 Stability Analysis

To find equilibria we have to solve the system of equations

f(H,P)=ryH —aHP =0
g(H, P) =bHP —mpP = 0. (18.51)

The first equation is solved by Heq = 0 or by Peq = ry/a. The second equation is
solved by Peq = 0 or by Heq = mp/b. Hence there are two equilibria, the trivial one

Peq = Heq =0 (18.52)

and a nontrivial one

'y mp
Pog = Heq=—". (18.53)

Linearization around the zero equilibrium gives

dH H+ P P+ (18.54)
dr H dr P

This equilibrium is unstable since a small prey population will increase exponen-
tially. Now expand around the nontrivial equilibrium:
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264
P=Pgq+& H=Hyq+n (18.55)
dn of af amp
EZ BH +—‘§_(7’H—61Peq)77_aHeqé§—_' § (18.56)
dé ag er
ar = m’l + —f bPeqn + (bHeq mp)§ = _77 (18.57)
or in matrix notation
d (g 0 =52\ (n
— = . 18.58
dr <$) (b— 0 J\¢ e
The eigenvalues are purely imaginary
A = i/myrp = iw (18.59)
and the corresponding eigenvectors are
i /MHT p amp/b (18 60)
bru/a )’ \iy/murp )’ ’
The solution of the linearized equations is then given by
b [rp .
E(t) = &y coswt + T)o sin wt
n(t) = nocoswt — — / Eo sin wt (18.61)
T I
H), | |
- Z15F I,' ! ! ‘,‘
> 3 e o
a‘ ho] I 1 | |
=) =] [ !
2 2 . o
B = gkl
: AR
A I A
0.5 _\\\ h ‘\\ I, ‘\
| L / 1 N
1 1.5 0 10 20
time

predator density P

Fig. 18.8 Lotka—Volterra model. The predator and prey population densities show periodic oscil-
lations (right). In the H—P plane the system moves on a closed curve, which becomes an ellipse

for small deviations from equilibrium (left)
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which describes an ellipse in the £ — 5 plane (Fig. 18.8). The nonlinear equations
(18.51) have a first integral

raInP(t) —a P(t) —bH(t) +mp InH(t) = C (18.62)

and therefore the motion in the H — P plane is on a closed curve around the equi-
librium which approaches an ellipse for small amplitudes &, n.

18.4 Functional Response

Holling [107, 108] studied predation of small mammals on pine sawflies. He sug-
gested a very popular model of functional response. Holling assumed that the preda-
tor spends its time on two kinds of activities, searching for prey and prey handling
(chasing, killing, eating, digesting). The total time equals the sum of time spent on
searching and time spent on handling

T = Tsearch + Thandling- (18.63)

Capturing prey is assumed to be a random process. A predator examines an area
a per time and captures all prey found there. After spending the time Tgearch the
predator examined an area of o Tgearch and captured Hy = Ha Tyearch prey. Hence
the predation rate is

_ ﬂ o aTsearch — 1
HT T 1 + Thandling/ Tsearch '

(18.64)

The handling time is assumed to be proportional to the number of prey captured
Thand]ing = ThHaTsearch, (18.65)

where T, is the handling time spent per one prey. The predation rate then is given
by (Fig. 18.9)

=% (18.66)
1+aHT;

At small densities handling time is unimportant and the predation rate is ap = «

whereas at high prey density handling limits the number of prey captured and the

predation rate approaches as, = ﬁ
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Fig. 18.9 Functional aHT

response of Holling’s model
T/Th ---------------------------

oHT

18.4.1 Holling-Tanner Model

We combine the logistic model with Holling’s model for the predation rate
[107, 108, 110]

H o
=mpgH|(l—-— |- ———HP = f(H, P 18.67
rH ( KH> [T oHT, f(H, P) ( )

and assume that the carrying capacity of the predator is proportional to the density
of prey (Fig. 18.11)

P p(1- PN (1) 2o P (18.68)
a - ? ko) =" kH) T8V :

Obviously there is a trivial equilibrium with Peq = Heq = 0. Linearization gives

dH— H+ dP— P+ (18.69)
a a P ‘

which shows that this equilibrium is unstable. There is another trivial equilibrium
with Peq =0, Heq = Ky. Here we find

(Ku+hy(1 — Ko th I h——%
=r — — =T —
HITH Ky 1+aHT; Hp H 1+aHT; Hp

() =5 =) (5)
p 0 rp p

1
A= ™+ e ﬂ:z\/ (rH—rp)Z:rH,rp. (1870)
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Fig. 18.10 Nullclines of the P
predator—prey model A .
P=0
m
€q
ry/o
-1/ OLTh KH H
H=0

Let us now look for nontrivial equilibria. The nullclines are the curves defined by
4 — 0 and 9F = 0, hence by (Fig. 18.10)

rH H

p="1 (1 _ —> (1 +aHTy) (18.71)
o KH

P =kH. (18.72)

The H-nullcline is a parabola at

Th — K! Th+ K2
Hpy = ah—H] Py = M > 0. (18.73)
20Th Ky daTh Ky

It intersects the H-axis at H = Ky and H = —1/aTj and the P-axis at P = ry/c.
There is one intersection of the two nullclines at positive values of H and P which

corresponds to a nontrivial equilibrium. The equilibrium density Heq is the positive
root of

ruaThHy, + (ra + aKy Ky — raKuaTh) Heq — ruKu = 0. (18.74)
It is explicitly given by

rg +aKp Ky — ruKyaTy
2ruaTy

Heq =

\/(FH +aKpKy — VHKHaTh)2 + 4ryaThrya Ky

. 18.75
+ 2rgaTy ( )
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Fig. 18.11 Holling—Tanner model. top: evolution from an unstable equilibrium to a limit cycle,
middle: a stable equilibrium is approached with oscillations, bottom: stable equilibrium without

oscillations
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The prey density then follows from
Peq = HeqKp. (18.76)

The matrix of derivatives has the elements

af aHeq
m = — =" ——
TP T 1+aThHe
af Heq aKpHeq a’He Ko T
mpph=—=rg|(l—-2——)— 3
oH Ky I+aThH (1 +aThHeq)
ag
mpp = ﬁ = = —rP
g
Mph = 2o = rpKp (18.77)

from which the eigenvalues are calculated as

— (mhhmpp — mhpmph). (18.78)

5 = [hh ';mpp + \/(mhh J:mep)z

18.5 Reaction-Diffusion Systems

So far we considered spatially homogeneous systems where the density of a popula-
tion or the concentration of a chemical agent depend only on time. If we add spatial
inhomogeneity and diffusive motion, new and interesting phenomena like pattern
formation or traveling excitations can be observed.

18.5.1 General Properties of Reaction-Diffusion Systems

Reaction—diffusion systems are described by a diffusion equation” where the source
term depends nonlinearly on the concentrations

c D, ci Fi({ch)

Slil=t - el |+

18.79
o7 ( )

cN Dy cN Fn({c})

2 We consider only the case, that different species diffuse independently and that the diffusion
constants do not depend on direction.
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18.5.2 Chemical Reactions

Consider a number of chemical reactions which are described by stoichiometric
equations

> viAi=0. (18.80)
i

The concentration of agent A; is

¢i =¢i0tvix (18.81)
with the reaction variable

x=8_00 (18.82)

V;
and the reaction rate
dx 1 d¢;
=—=—— 18.83
" dt v; dt ( )

which, in general is a nonlinear function of all concentrations. The total concentra-
tion change due to diffusion and reactions is given by

3
0 = Di B+ Z wjrj = Di & cx + Fe({ei)). (18.84)
J

18.5.3 Diffusive Population Dynamics

Combination of population dynamics (18.2) and diffusive motion gives a similar set
of coupled equations for the population densities

d
aNk = Dy A Ny + fix(N1, Na, ..., Ny). (18.85)

18.5.4 Stability Analysis

Since a solution of the nonlinear equations is not generally possible we discuss small
deviations from an equilibrium solution N;** with

3 We assume tacitly that such a solution exists.
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B]
5Nk = ANy = 0. (18.86)

Obviously the equilibrium obeys
Si(N1---Ny) =0 k=1,2,...n. (18.87)
We linearize the equations by setting
Ne = N9+ & (18.88)

and expand around the equilibrium

9f1  9f of
£ Dy pg\  (anaws AN | (&
a5 _ A& N oo || @ n
ol i D : Pono :
N 8f fn ...
3 ngy ) \2hoon o | \é,
(18.89)
Plane waves are solutions of the linearized problem.* Using the ansatz
£j = £j0e" @7 (18.90)
we obtain
€1 €1 €1
| & , | & &
io| . |==kD| . |+M| . |, (18.91)
€n &n &n

where M denotes the matrix of derivatives and D the matrix of diffusion constants.
For a stable plane wave solution A = iw is an Eigenvalue of

My = My — k*D (18.92)
with

N <0. (18.93)

4 Strictly this is true only for an infinite or periodic system.
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If there are purely imaginary Eigenvalues for some k they correspond to stable solu-
tions which are spatially inhomogeneous and lead to formation of certain patterns.

Interestingly, diffusion can lead to instabilities even for a system which is stable in
the absence of diffusion [110].

18.5.5 Lotka—Volterra Model with Diffusion

As a simple example we consider again the Lotka—Volterra model. Adding diffusive
terms we obtain the equations

0 (HY _ (ruH —aHP Dy "
E<P)_(5HP—mPP>+( DP)A(P>' (18.94)

There are two equilibria

Heg = Peqg =0 (18.95)
and
Pg="1 Hy= ?, (18.96)
The Jacobian matrix is
My = %F(Co) - <rH[;ijPeq b};ezljejnp) (18.97)
which gives for the trivial equilibrium
My = (”‘ ~ Dyk? 0 2) . (18.98)
0 —mp — Dpk
One of the eigenvalue Ay = —mp — Dpk? is negative whereas the second

X2 = ry — Dyk? is positive for k* < ry/Dy. Hence this equilibrium is unstable
against fluctuations with long wavelengths. For the second equilibrium we find

—Dyk? —ame
My = b 18.9
‘ ( b —Dpk? (18.99)
tr (M) = —(Du + Dp)k*
det(My) = mpry + Dy Dpk*
Dy+ D 1
A= —$k2 + E\/(DH — Dp)2k* — dmpry. (18.100)
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Fig. 18.12 Lotka—Volterra model with diffusion. The time evolution is calculated for initial random
fluctuations. Colors indicate the deviation of the predator concentration P (x, y, t) from its average
value (blue: AP < —0.1, green: —0.1 < AP < —0.01, black: —0.01 < AP < 0.01, yellow:

0.01 < AP < 0.1, red: AP > 0.1. Parameters as in Fig. 18.13

Fig. 18.13 Dispersion of the
diffusive Lotka—Volterra
model. Real (full curve) and
imaginary part (broken line)
of the eigenvalue A (18.100)
are shown as a function of k.
Parameters are

Dy = Dp =1,
mp=rgy=a=b=0.5

For small k with k2 < 2. /mpry/|Duy — Dp| damped oscillations are expected
whereas the system is stable against fluctuations with larger k (Figs. 18.12-18.14).

Problems

Problem 18.1: Orbits of the Iterated Logistic Map

This computer example draws orbits (Fig. 18.5) of the logistic map

Xpp1 =70 X (1 —xp).

You can select the initial value x¢ and the variable r.
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Fig. 18.14 Traveling waves
in the diffusive
Lotka—Volterra model.
Initially P(x, y) = Peq and
H(x,y) is peaked in the
center. This leads to
oscillations and a sharp
wavefront moving away from
the excitation. Color code and
parameters as in Fig. 18.12

P(x.y.t)
A

Hixy.h

18 Nonlinear Systems

Problem 18.2: Bifurcation Diagram of the Logistic Map

This computer example generates a bifurcation diagram of the logistic map

(Fig. 18.6). You can select the range of .

Problem 18.3: Lotka-Volterra Model

Equations (18.50) are solved with the improved Euler method (Fig. 18.8). The pre-
dictor step uses an explicit Euler step to calculate the values at r + Az/2

At At
Hp (z + 7) =H@)+ (ryH(t) —aH(t)P(1)) >

Py (t + %) = P(1) + (bH(t)P(1) — mpP (1))

and the corrector step advances time by Ar

t

At
2

At A At
H(+ A0 = H@) + (raHy (14 5 ) —aHy (14— ) Por (145 ) ) Ar
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At At At
P(t+ At) = P(t) + (prr <t + 7) Py (r + 7) — mp Py (t + 7)) At

Problem 18.4: Holling-Tanner Model

The equations of the Holling—Tanner model (18.67, 18.68) are solved with the
improved Euler method (see Fig. 18.11). The pedictor step uses an explicit Euler
step to calculate the values at r + Az /2:

At At
Hyyr <f + 7) = H(1) + f(H(1), P(I))T
At At
Ppr (t + 7) = P(1) + g(H(), P(t))7

and the corrector step advances time by Af:
At At
H(t+At)y=H@)+ f | Hyr t+7 » Por t+7 At

At At
P(t+ A1) = P() +¢ (Hpr (r + 7) Py (: + 7)) At

Problem 18.5: Diffusive Lotka—Volterra Model

The Lotka—Volterra model with diffusion (18.94) is solved in two dimensions with
an implicit method (17.3.3) for the diffusive motion (Figs. 18.12 and 18.14). The
split operator approximation (17.3.7) is used to treat diffusion in x- and y-direction
independently. The equations

Ht+An\ _ (A'H@) N ATV F(H®), P(1)At
Pit+At) )~ \ALP®) A7 g(H®), P(t))At
o (A;IA;I [Ht) + f(H @), P(t))At])

ATTATHP @) + g(H (1), P(1))At]

are equivalent to the following systems of linear equations with tridiagonal matrix
(5.3):

A U = H(t) + f(H(), P(t))At

U=AH(+ At)

AW =P@t)+g(H(), P(1)At

V =AP(+ A1)

Periodic boundary conditions are implemented with the method described in
Sect. 5.4.



Chapter 19
Simple Quantum Systems

The time evolution of a quantum system is governed by the time-dependent
Schrodinger equation [111]

.. 0
ih=—1¥) = H|y) (19.1)

for the wavefunction . The brackets indicate that |\) is a vector in abstract Hilbert
space [112]. Vectors can be added

V) = Y1) + [Y2) = [¥1 + ¥2) (19.2)
and can be multiplied with a complex number
V) = AlYn) = [Ay). (19.3)
Finally a complex valued scalar product of two vectors is defined’
C = Y1ly2) (19.4)

which has the properties

(W1lvn) = (Yalyn)*

(11Adn) = A ln) = (A lyn)

(Y1 + ¥2) = (YY) + (Y a)

Y1+ v20¥) = (Ynly) + (Y2ly). (19.5)

1 If, for instance, the wavefunction depends on the coordinates of N particles, the scalar product is
defined by (W) = [ &ri - Bryy G- rn) Y (1),
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In this chapter we study simple quantum systems like a particle in a one-
dimensional potential well V (x) which is described by the partial differential equa-
tion [113]

2 92
ihailﬁ(X) =Hy(x) = ——8—2¢(X) + V) (x), (19.6)
t 2m ox
or systems which can be approximately described with a finite set of basis states
Yn, n = 1---nmax. Especially the quantum mechanical two-level system is often
used as a simple model for the transition between an initial and a final state due to
an external perturbation.? It is described by a two-component vector

) = <C2> (19.7)
and two coupled ordinary differential equations for the amplitudes C1 > of the two
states

. d (C Hyp Hip \ ( Ci
h— = . 19.8
" <C2) (Hzl Hy )\ G2 (19:8)

The two-state model also represents a Qubit, a basic element of a future quantum
computer [114]. Whereas a classical bit is in either one of its two states (0 or 1),
the wavefunction of a Qubit is generally a superposition of the two states

[vr) = Colvo) + Crl¥n) (19.9)

and the coefficients Co 1 obey an equation similar to (19.8).

19.1 Quantum Particle in a Potential Well

A quantum mechanical particle in a finite? potential well, i.e., a potential V (r) which
has no upper bound outside a finite interval a < r < b (Fig. 19.1)

V) =0 for r<a or r>b»b (19.10)
is described by a complex valued wavefunction

Y(r) with Y(r)=0 for r<a orr>b. (19.11)

2 For instance, collisions or the electromagnetic radiation field.

3 Numerically we can treat only finite systems.
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<

Fig. 19.1 Finite potential well

All observables (quantities which can be measured) of the particle are expecta-
tion values with respect to the wavefunction, for instance, its average position is

(r) = (Y (@) ry(r) / &Er ¢ ey (r). (19.12)
The probability of finding the particle at the position rg is given by
P(r=ro) = Y1) (19.13)

In the following we consider a particle in a one-dimensional potential V (x). The
Schrodinger equation

282

2m ax?

i = Hy = < + V(x)) v (19.14)

is very similar to a diffusion equation with imaginary diffusion constant. Consider
a simple explicit Euler step

iA
Yoot = (1 — %H)wn. (19.15)

From the real eigenvalues E of the Hamiltonian we find the eigenvalues of the
explicit method

A=1--—F (19.16)

which all have absolute values

At2E?
A= 1+ ke (19.17)
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Hence the explicit method is not stable. The implicit method

1At
1pn—i—l =VYn — YHWIH-I (19.18)
can be rearranged as
ine \7!
Ynp1 = |1+ 5 H) (19.19)

Here all eigenvalues have absolute values < 1. This method is stable but the norm
of the wave function is not conserved. Again combination of implicit and explicit
method gives a superior method

_ _iA_t 1ﬁn-i—l ﬂ
Yntl — Yn = & H (—2 +5 > (19.20)

This equation can be solved for the new value of the wavefunction

= 1+'AtH - 1 'AIH (19.21)
Ynt1 = 12}’7 12h Yn. .

The eigenvalues of (19.21) all have an absolute value of

1 + E2At2

EA\! EAt T
1+i 1—i = =1. (19.22)
2h 2h E2Af2
T+

Al =

Hence the operator

L) (1o (19.23)
1— —1— .
2 2

is unitary and conserves the norm of the wavefunction. From the Taylor series we
find the error order

A\ At At A%, At
1+i—H l—i—H)=(1-imH - g2y ) (1-itH
2h 2h 2h 4h? 2h

iAt ;
+ .- =exp _TH + O(Ar). (19.24)
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For practical application we rewrite [115]

At \7! At
1+i—H 1—i—H

2 2"
—(1+i%n o iy io) = 1421418y o
= o Y = on

hence

At \7!
¢,1+1=2<1+1ﬁH> Ypn — Yn =2x — Y.

Yn41 1s obtained in two steps. First we have to solve

(1 +i£H> X = Yn.
2h
Then v, is given by
VUne1 =2X — Y.
We introduce a coordinate grid
xj = jAx J =0+ jmax

and approximate the second derivative by

Y(xjr) +¥(xj—1) — 29 (x;)

82
2V )= Ax2

Equation (19.27) becomes a system of linear equations

x (x0) Y (x0)
x (x1) Y (x1)
x(x2) | = | ¥u(x2)

with a tridiagonal matrix

281

(19.25)

(19.26)

(19.27)

(19.28)

(19.29)

(19.30)

(19.31)
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2 —1
. At -1 2 -1
= i
2hAx? -1 2
(19.32)
V(0)
At V(Ax)
_|_1E V(2Ax) . (19.33)
The second step (19.28) becomes
Vn+1(x0) x (xo0) Y (x0)
Ynt1(x1) x(x1) Vn(x1)
Yns1() | =2 x@2) | 7| Y |- (19.34)
19.2 Expansion in a Finite Basis
We consider a quantum system which is described by the wavefunction®
1Y (1)) (19.35)
The time-dependent Schrodinger equation is
i (1)) = H|y (1)) (19.36)
The eigenvalues of
H|ym) = Enlm) (19.37)

are the energy values E,, of the stationary states |1/,,) which are assumed to form an
orthonormal basis’

41n general the wavefunction depends on a large number of variables, for instance, the coordinates
and spin variables of N particles.

5 We assume that the system has a discrete and finite spectrum of eigenvalues, for instance, if the
system is bounded by a finite box.
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(Wnlw) = (Sn,n’- (19.38)

The general solution of the time-dependent Schrodinger equation can be constructed
as a linear combination of the stationary states [113]

En
[W(6) =) Cpexp {5’} [¥n)- (19.39)

The coefficients C,, are determined by the initial values of the wavefunction

Wt =0) =) Culth > (19.40)

and can be obtained from the scalar product

“ﬁmlw(t = 0)) = ch(wm“brﬂ = Cp. (1941)

In the following we discuss simple models which approximate the sum over a very
large number of eigenstates by the sum over a small number of important states, for
instance, an initial and a final state which are coupled by some resonant interaction.
Formally we introduce an (incomplete) set of orthonormal states®

1) -+ |dum)
(Dilgj) = bij (19.42)

and approximate the wave function by a linear combination
M
W)~ Y Ci)lg;). (19.43)
j=1

Inserting into the time-dependent Schrodinger (19.36) equation gives

ih )y Cinlg;) =) Cj0HIP)) (19.44)
J J

and after taking the scalar product with |¢;) we arrive at the system of ordinary
differential equations

M
inC; = ZHl-,jcj(t) (19.45)
j=1

In general these are linear combinations of the eigenstates.
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with the matrix elements of the Hamiltonian

H; j= (¢il H|9j). (19.46)
In matrix form (19.45) reads
Ci(1) Hyi - Him Ci(t)
in| o= o : (19.47)
Cu () Hy1 - Hum Cu (1)
or more symbolically
inC(t) = HC(1). (19.48)

19.3 Time-Independent Problems

If the Hamilton operator does not depend explicitly on time (H = const.) the formal
solution of (19.48) is given by

C= exp{%H} C0). (19.49)

From the solution of the eigenvalue problem
HC), = AC;, (19.50)

(eigenvalues X and corresponding eigenvectors C, ) we build the linear combination

C =3 a,Cpei”. (19.51)
A

The amplitudes a, can be calculated from the set of linear equations

C(0) = ZakC)\. (19.52)
A

In the following we calculate the time evolution numerically using the fourth-order
Runge—Kutta method. This allows also the treatment of a time-dependent Hamilto-
nian later on.
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19.3.1 Simple Two-Level System
The two-level system is the simplest model of interacting states and is very often

used in physics (Fig. 19.2).
The interaction matrix of a two-level system is

_(ELV
H= < v Ez) (19.53)

and the equations of motion are

ihC, = E\C1+ V(s

ihCyr = E2Cr +VCy' (19.54)

Equations (19.54) can be solved analytically but this involves some lengthy expres-
sions. Let us therefore concentrate on two limiting cases:
(a) For E1 = E, we have

C=——C (19.55)

which is solved by an oscillating coefficient

Vv
Ci = cos (EI) (19.56)
with period
2mh
T=——. (19.57)
\%

(b) For V « |AE| = |E1 — E3| perturbation theory for the small quantity V/AE
gives the following approximations:

2>

< - -
<

[1>

Fig. 19.2 Two level system model
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MANE -2
1R L1 — xE
o (19.58)
Ay~ Ep + &
1
= (4)
AE
. (19.59)
-V
C, ~ AE
1
For initial values C(0) = <é> the amplitudes a7 are calculated from
I\ (a1 - azA—VE
(0> = <a1L gl (19.60)
AE
which gives in lowest order
V2
ar~1— =
. (19.61)
@~ 0
The approximate solution is
(E v2 )t (E + )t
1 1= 27 i 2
c= |9~ AEZ)e HEE 2 ’ ) - (19.62)
AEe‘h E-Ly A_\/Eeﬁ(Eﬁ-ﬁ)t
and the occupation probability of the initial state is (Fig. 19.3)
V2 V2 V2

19.3.2 Three-State Model (Superexchange)

Consider two isoenergetic states i and f which do not interact directly but via cou-
pling to an intermediate state v (Fig. 19.4).
The interaction matrix is

0V 0
H=|ViEy,V,|. (19.64)
0V, 0

For simplification we choose V| = V.
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(19.66)

Obviously one eigenvalue is A1 = 0 and the corresponding eigenvector is
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The two remaining eigenvalues are solutions of

-2V 0
O=det| V =2 V | =A(=22+2V?) (19.67)
0V —a
which gives
A3 = £V2V. (19.68)
The eigenvectors are
1
Csi=|+v2]. (19.69)
1
From the initial values
ay +ay + as 1
CO)=| V2ar—+v2a3 | =1{0 (19.70)
—a) +ay + a3 0
the amplitudes are calculated as
L (19.71)
a=sm=a3=7 .
and finally the solution is
By o LY, 1! |
c=2| o |+(va]erV?Viq | _yz|e v
2 4 4
-1 1 1
=| Lisin2Y | (19.72)

Let us now consider the case of a distant intermediate state V < |E>|. A1 = 0 and
the corresponding eigenvector still provide one solution. The two other eigenvalues
are approximately given by
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E? E> E, Ep 4v?
Mi=dy 2+ V24 a2+ 21+ — 19.73
2.3 n + Vet > 5 5 + £2 ( )
A~ Ey+ 2v? A3 & 2v2 (19.74)
2 2 £ 3 £ .
and the eigenvectors by
1 1
G~ B+ C~ -2 ). (19.75)
1
From the initial values
1 ay +ay+as
CoO=|0]= ax)y + azirz (19.76)
0 —a1 +ax + a3
we calculate the amplitudes
1 v2 1 . 2V2 (1977
a) = — ar ~ — a3 ~ — - .
and finally the solution
1 —Ln2,
5(1 +e R
1 _12v?
Cr | YVembrt _2V"uE! |. (19.78)
Ey E,
1 BN ey
z(_1 +e ih Ey )
The occupation probability of the initial state is
1 _lwv?, V?
Ci* = -1 B2 = cos? | ——t 19.79
ICil 4| +e |” = cos hE ( )

which shows that the system behaves like a two-state system with an effective inter-
action of (Fig. 19.5)

V2
Vegf = —. 19.80
eff E, ( )
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T 7
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. 7 ~s

08| ;Y —
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0 N ey "'JI";;—-‘L. a Lo
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time

Fig. 19.5 Numerical simulation of the superexchange model. The equations of motion for the
model equation (19.64) are solved numerically with the fourth-order Runge—Kutta method. The
energy gap is varied to study the transition from the simple oscillation with w = V2v /h (19.72) to
the effective two-level system with w = Vegr/f (19.79). Parameters are V) = Vo = 1, E| = E3 =
0, E, = 0,1,5,20. The occupation probability of the initial (solid curves), virtual intermediate
(dashed curves), and final (dash-dotted curves) state are shown

19.3.3 Ladder Model for Exponential Decay

We consider now a simple model for exponential decay [116, 117]. State O interacts
with a manifold of states (1---n), which do not interact with each other and are
equally spaced (Fig. 19.6):

ov...v
V E;

H=]. . Ei=E +(j—1DAE (19.81)
Vv E,

If,n>

Fig. 19.6 Ladder model
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The equations of motion are
n
inCo=Vv>y C;
j=l1
ihC; = E;Cj + V.

For the special case AE = 0 we simply have

V2
C() —h—2nC0
with an oscillating solution
Vv
Co ~ cos ( ;/ﬁt) .

Here the n states act like one state with an effective coupling of V /.

For the general case AE # 0 we substitute

E.
et
Cj=ujeri

and have
E,
. Ly
ihujen” =VCy.

Integration gives
Vo[t _Eiy
WzﬁfemTwMﬂ
0]

and therefore

With the definition
Ej=j*xhAw

we have
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(19.82)

(19.83)

(19.84)

(19.85)

(19.86)

(19.87)

(19.88)

(19.89)

(19.90)
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Replaced the sum by an integral
o= jAw (19.91)

and extend the integration range to —oo---0o. Then the sum becomes approxi-
mately a delta function

[e¢)
Z eijAw(t’—t)Aj N foo eiw(t’—t)d_w - 2_7180, —1) (19.92)
oo Aw Aw

j=—00
and hence the result is an exponential decay law (Fig. 19.7)

2w V2 2 V2
o= ()G (19.93)
Aw h

0=

with the density of final states

1
F)= — = —. 19.94
PE) = e = AE (19.54)

occupation probability C,

time

Fig. 19.7 Numerical solution of the ladder model. The time evolution of the ladder model equa-
tion (19.82) is calculated with the fourth-order Runge—Kutta method for N = 50 states and differ-
ent values of the coupling V.

19.4 Time-Dependent Models

Now we study models with time-dependent Hamiltonian H (¢). Models of this type
arise if nuclear motion or external fields are described as classical quantities.
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19.4.1 Landau—Zener Model

This model describes crossing of two states, for instance, for colliding atoms or
molecules [118, 119]. It is assumed that the interaction V is constant near the cross-
ing point and that the nuclei move classically with constant velocity (Fig. 19.8)

0 Vv
}{:<VAEm) AE(t) = AEg + vt. (19.95)

For small interaction V or large velocity 2%AE = Q%AE the transition probabil-
ity can be calculated with perturbation theory to give

2w V2
P = . (19.96)

il
hdAE

This expression becomes invalid for small velocities. Here the system stays on the
adiabatic potential surface, i.e., P — 1. Landau and Zener found the following
expression which is valid in both limits (Fig. 19.9):

Py=1 2nV? (19.97)
= — €X — . .
8 P hiAE

In case of collisions multiple crossing of the interaction region has to be taken into
account (Fig. 19.10)

E(R) AE(t) = Ay +vt

Fig. 19.8 Slow atomic collision

19.4.2 Two-State System with Time-Dependent Perturbation

Consider a two-state system with an oscillating perturbation (for instance, an atom
or molecule in a laser field) (Fig. 19.11)
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Fig. 19.9 Numerical solution of the Landau—Zener model. Numerical calculations (solid curves)
are compared with the Landau—Zener probability ((19.97), dashed lines) and the approximation
((19.96), dotted lines) The velocity is dAE /dt = 1

P.= P{(1-Py) +(1-P4)P, = 2P(1-P)
Fig. 19.10 Multiple passage of the interaction region

2>
(0]

v

Fig. 19.11 Two-level system in an oscillating field

1>
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H= <VE(1t) VE(?> V(1) = Vo cos wt. (19.98)

The equations of motion are

ihCi = E1C1+ V(1)Cs

. . 19.
1hCy =V ()C1 + ErCy (19.99)
After the substitution
Cr=e?
r=e, M (19.100)
Cr=etlu,
they become
i V) Lﬂ,
i = e 7 'y
‘ bry, (19.101)
ihuy =V(t)e 7 ‘uy
For small times we have approximately
up ~ 1 uy ~ 0 (19.102)
and with the definition
E,— FE
e — (19.103)
h
we find
iy~ 2L (eiwf 4 e*iw’) elont. (19.104)
2ih

We neglect the fast oscillating term (this is the so-called rotating wave approxima-
tion)

Vp eil@n—ot _

Uy ~ ——
2if wy] —w

(19.105)

and the transition probability

V2 sin? (92-21)
2, %0 P}
ol = b (19.106)

shows resonance behavior at @ = w;. The transition probability per time is approx-
imately given by the Golden rule expression
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t h

2
2) §(hw — haway). (19.107)

At larger times the system oscillates between the two states.” Applying the random-

phase approximation we neglect the perturbation component with positive fre-
quency

P 27 <Vo

ity = Voe! @211y, (19.108)

il = Voe (@a—)y, (19.109)

and substitute

Uy = alei(wzl—w)f

(19.110)

V=0.5,1.0 Ao=5.0
0.05

0.04 |, .

0.03

0.02

0.01 7~

—F-

time

Fig. 19.12 Simulation of a two-state system in an oscillating field. The equations of motion
(19.99) are integrated with the fourth-order Runge-Kutta method. At resonance the system oscil-

lates between the two states with the frequency V /A. The dashed curves show the corresponding
solution of a two-level system with constant coupling (Sect. 19.4.2).

7 These are so-called Rabi oscillations.
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to have
i(d) + ari(wr — w))el @17 = yel@n—ely, (19.111)
ihity = Voe (@a—@tgil@n—o) g (19.112)
or
ihar = h(wa — w)a) + Vous (19.113)
iy, = Voai (19.114)

which shows that the system behaves approximately like a two-level system with a
constant interaction Vj and an energy gap (w12 —w) = E» — E; — ho (Fig. 19.12).

19.5 Description of a Two-State System with the Density Matrix
Formalism
We consider now a two-state system which is coupled to a thermal bath. This model

is relevant not only for coherent optical excitation but also for NMR phenomena
[120].

19.5.1 Density Matrix Formalism
The density matrix formalism is very suitable for the description of an ensemble of

quantum systems or the average evolution of a quantum system in contact with a
thermal bath [113].

19.5.1.1 Density Matrix for an Ensemble of Systems

Consider a thermal ensemble of systems. Their wave functions are expanded with
respect to basis functions [1s) as

W) = Cslys). (19.115)

The ensemble average of an operator A is given by

(A) = WAY) = () Cry ACyyry) (19.116)
=Y CiCyAy = t(pA) (19.117)

with the statistical operator

pys =Y CiCy. (19.118)
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19.5.1.2 Characterization of the Elements of the Density Matrix

The wave function of a N-state system is a linear combination

1Y) = Cilyn) + Cal¥2) +--- CnYw).

(19.119)

The diagonal elements of the density matrix are the occupation probabilities

pi1 = |C1? P2 =[Ca)? - onn = |Cn|?.

The non-diagonal elements measure the correlation of two states®

p12 = p3; = C3Cq, - -

19.5.1.3 Equations of Motion for the Density Matrix

The expansion coefficients of

W) =Y Cslwy)

can be obtained from the scalar product

Cs = (%llﬂ)

Hence we have

CiCy = (YY) Wy [¥) = (Yo [V) (W [¥)

(19.120)

(19.121)

(19.122)

(19.123)

(19.124)

which can be considered to be the s’, s matrix element of the operator [y (1|

CiCor = (1) (¥ D)y -
The thermal average is the statistical operator
pys = CiCy =)Wy > p = )]
From the Schrodinger equation
i) = Hy)

we find

—in(y| = (Hy| = (y|H

8 They are often called the “coherence” of the two states.

(19.125)

(19.126)

(19.127)

(19.128)
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and hence

inp = ih (1) (W1 + V)W) = THG) (W] — W) HPT (19.129)

Since the Hamiltonian H is identical for all members of the ensemble we end up
with the Liouville-von Neumann equation:

ihp = Hp — pH = [H, p]. (19.130)

With respect to a finite basis this becomes explicitly:

ihpii =Y Hijpji — pijHji = Y Hijpji — pijHji (19.131)
J J#
inpie = Hijpjx — pijHjk
J
= (Hii — Hu)pix + Hix(orx — pio) + Y (Hijpje — pijHjr).  (19.132)
J#ik

19.5.1.4 Two-State System

Consider a two-state system in a pulsed laser field with Gaussian envelope:
7t2/t2
Hiy = uEpe P cos(wprt) (19.133)
The equations of motion for the two-state system are

ihp1 = Hi2p21 — p12Hai
ihpy = Hyip1o — p21Hi2
ihp12 = (Hi — Hp)p12 + Hi2(p22 — p11)

—ihp21 = (Hi1 — Hxn)p21 + Ha(p22 — p11). (19.134)
Obviously we have
011 + p22 = const (19.135)
and
iﬁ%(pn — p22) = 2H12p21 — 2Ha1p12 (19.136)
ihpr2 = (Hir — Hp)prz + Hi2(p22 — p11) (19.137)

—ihipp1 = (Hi1 — Hxn)p21 + Ha1(p22 — p11). (19.138)
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The equations of motion can be written as a system of linear equations

A1 0 0 —Hy; Hi» P11

| o2 0 0 Hy; —Hp, £22

inl . = 19.139
P12 —Hij; Hiy Hyy— Hp 0 P12 ( )
P21 Hy1 —Hy 0 Hy, — Hij 021

or in symbolic form
ihp = Lp. (19.140)

Hence the same numerical treatment as for the Schrodinger equation can be used
(but with larger dimension).

The radiation which is emitted by the two-state system depends on the expecta-
tion value of the dipole moment . and is given by

_ e pi2) (0w
Trow) _Tr(<,021 ,022> (M 0))

MP12 1P11
=Tr = + = ux. 19.141
(Mm Wm) w(pi2 + p21) = p ( )

19.5.2 Analogy to Nuclear MagneticResonance

The time evolution of the two-state system can be alternatively described with three
real variables

x =20R(p12) = p12 + P},
y==23(p12) = $(p}; — p12) (19.142)

= P11 — P22

which parametrize the density matrix according to’

<p]1 /012) _ ( 1% xziy> _ l—}—xax—}-ydy-f-ZO’Z

P21 P22 2

= . (19.143)

The equations of motion for x, y, z are

ihz = 2(Hi2p21 — Ha1p12)
ihx = (Hi1 — H2)(p12 — p21) + (Hi2 — Ha1)(p22 — p11) (19.144)
ihy = i(Hy1 — H2)(p12 + p21) + i(Hi2 + H21) (022 — p11)

9 The Pauli matrices Oy,y,z are explained in (12.111).



19.5 Description of a Two-State System with the Density Matrix Formalism 301

and with the definitions

Hi, + H} Hy, — H}
V= 0(Hp) = ———12 V' =3(Hp) = —— L
2 2i
A= Hj1 — Hp (19.145)
we have finally
X 0 _% —2% X
yl=| 4 o —2% y (19.146)
hd V// V/
z 2524+ 0 z
which can be written as a vector product
2V’
X F X X
z % b4 z

For a spin-% system we can interpret this equation in the following way: The expec-
tation value of the spin vector is

h h 9%\ /¢
Sl =2 (C1 65) | o <C2>
Oz
CTCz-ﬁ-C;C]
* 2 K
—h Cch;Cz_Cl (19.148)
IC112—|Ca12
2

and for an ensemble of spin-% particles the ensemble average is

A R(p12)
(o) =nh —3(p12) =
2 1

5(p11 — p22)

(19.149)

|
N e =

Thus m = y% is the average magnetization vector. The Hamiltonian of a

N =

spin-% particle in a magnetic field is

h
H=~y7oB. (19.150)
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Assume a typical NMR experiment with a constant field along the z-axis and a
rotating field in the xy-plane

Bj cos(wst)
B = | Bjsin(wst) | . (19.151)
By

Here the Hamiltonian becomes

h By Blefiwft
H=—y3 (Blei“’f’ , (19.152)

and from comparison we find

A

Wy =5 = —y By = —Q (19.153)
h .

Ho=V +iV" = —yEB]e_"”ft. (19.154)

The equation of motion for the magnetization is

A X —y By cos(wyt) a*
m=y—|y|=| —yBisin(wgt) | xy=|y (19.155)
21 2
z —yBo z
or in the more conventional form
dm B (19.156)
— =ym x B. .
a7

19.5.3 Relaxation Processes—Bloch Equations

19.5.3.1 Phenomenological Description

Interaction with the environment will be described with phenomenological relax-
ation terms. Two different contributions have to be considered:

e Dephasing (loss of coherence) oc e~ /T2 with a time constant of 7> (for NMR this
is the spin—spin relaxation time)

d 1
— = —— 19.157
I ‘Relmz B P12 ( )

e Thermalization py — p1| — pgg — ,of? with time constant 7 (for NMR this is
the spin—lattice relaxation time)
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(p22 — p11) = —l((pzz—pu)—(peq—pcq))- (19.158)
dr |Rel T 22 1

Within the vector model this gives the Bloch equations [121] which are used to
describe NMR phenomena

?
hd - 2 19.159
dr Y @x\Y Z_Tgeq ( )
Z Z T,
or
L0oo
dm ~ ~ Lo
& = Ymx B—Rm-myg) R=|[0%0 (19.160)
00 TLI

More general relaxation processes for systems with many states can be described
with a more general relaxation operator

ihp = [H, p] —ihT(p — peq)- (19.161)

19.5.3.2 Free Precession

Consider the special case B; = const By = By = 0. With my = m, & im, and the
Larmor frequency 29 = y By the equations of motion are

. . m
my = —lS?()I’I’lJr — T;r

)iz = e (19.162)

with the solution

my = m+(0)e7i§2017t/T2
m; = mo + (m;(0) —mg)e™"/T" (19.163)

The corresponding density matrix is diagonal

_(Hi1 O
H—( 0 sz) (19.164)

and the equations of motion are

iy (p11=p22) = (P11 =P33)

1h%(,011 — pyp) = —AE T P2 (19.165)
sz 0 a1 '
1775,012 = Ap12 — lhszlz
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304
with the solution
(P11 = p22) = (pif = p2) +[(0110) = p22(0) = i = o)™/ ™ - (o
p12 = pr2a(0)e 7T
19.5.3.3 Stationary Solution with Monochromatic Excitation
For the monochromatic rotating field
B cos(wst) .
B = | B sin(wyt) Hiy = Ve ot (19.167)
By
the solution of the Bloch equations
. X
X X T
y] =wx|y le (19.168)
b4 b4 .
T

can be found explicitly. After transforming to a coordinate system which rotates

along the z-axis with frequency wg

x’ cos(wst) sin(wgt) O X
y | = | —sin(wyst) cos(wst) 0 y (19.169)
7 0 0 1 z

the equation of motion simplifies to

X -7 Q-or 0 Y 0
);/ =| —Q + o _TLZ _zhﬂ v |+ 0 (19.170)
; 2V, 1 ! 4
! 0 T o ) \*f T
with the stationary solution (Fig. 19.13)
2772 % (0 — Qo)
. (19.171)

7%
—2T2%
1+ T} (wr — Q)?

2
1+ 458 TV T + T wr — Q)2

Saturation appears for
V2
4h—gT1 Ty > 1+ (0 — Q0)°T5. (19.172)
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Fig. 19.13 Resonance line. The equations of motion of the two-level system including relaxation
terms are integrated with the fourth-order Runge—Kutta until a steady state is reached. Parameters
are wyp = 5,2¢q = —0.8,V = 0.01,and T} = T, = 3.0, 6.9. The change of the occupation
difference is shown as a function of frequency (circles) and compared with the steady-state solution
(19.171)

The width of the Lorenz line depends on the intensity (saturation broadening)
(Fig. 19.14)

A : : 1+4V02TT (19.173)
0w=——> — — . .
LoD (R
0 T T
-02 | —
& 04} .
I \e
g
0.6 N
N
-08 | A . —
-1 + I
3 4 5 6 7
frequencym

Fig. 19.14 Power saturation and broadening. The resonance line is investigated as a function of the
coupling strength V and compared with the stationary solution (19.171) to observe the broadening
of the line width (19.173). Parameters are wp = 5,2¢q = —1.0,71 = T» = 100, and V =
0.5,0.25,0.125, 0.0625, 0.03125
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19.5.3.4 Excitation by a Resonant Pulse

For a resonant pulse wf = €2¢ with envelope Vy(¢) the equation of motion in the
rotating system is

o % 0 0 X' 0
v | = 0 _TL _@ v |+ (e)q ) (19.174)
Z/ 0 2\/%(%) _TLI Z/ zT_]

If the relaxation times are large compared to the pulse duration we have the approx-
imate solution

= x (19.175)
Vo Yo+izy o , Yo~ % —ie (19.176)
2 2
o= e 0t e (19.177)
2 2
with the phase angle
L2Vt
cb:/ o) 4y (19.178)
0o h

For a total phase of ®(0c0) = 7 (;r-pulse) the y- and z-component change their sign.
The transition between z = 1 and z = —1 corresponds to a spin flip. On the other

40 60 80 100 120 140
time

Fig. 19.15 Spin flip by a w-pulse. The equation of motion of the Bloch vector (19.174) is solved
with the fourth-order Runge—Kutta for an interaction pulse with a Gaussian shape. The pulse is
adjusted to obtain a spin flip, which is a simple model for the invert operation on a Qubit. The
influence of dephasing processes is studied. Parameters are 7y = 2000, 7, = 3.75, Vp = 0.5,
and 7> = 5, 10, 20, 40, 80. The occupation probabilities of the two states (solid curves) and the
coherence (broken curves) are shown for several values of the dephasing time
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Fig. 19.16 Simulation of %n pulses. The pulse duration is varied to obtain multiple spin flips or
to create the coherently mixed state. Finally a simple measurement of the coherence decay with
two delayed 7-pulses is simulated, where the first pulse creates the coherently mixed state and the
second pulse measures the remaining coherence after a variable delay time

hand a % -pulse converts a pure state into a completely mixed state and vice versa
(Figs. 19.15, 19.16).

Problems

Problem 19.1 Schrodinger Equation

In this computer experiment we solve the Schrodinger equation for a particle in
the potential V (x) for an initially localized Gaussian wave packet ¥ (t = 0, x) ~
exp(—a(x — xp)?). The potential is either a harmonic parabola or a fourth-order
double well. The initial width and position of the wave packet can be varied under
the constraint V (xg) = 0.

Try to generate the time-independent ground state wave function for the harmonic
oscillator

Observe the dispersion of the wave packet for different conditions and try to gener-
ate a moving wave packet with little dispersion.

Try to observe tunneling in the double well potential.
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Problem 19.2 Two-Level System

In this computer experiment a two-level system is simulated. Amplitude and fre-
quency of an external field can be varied as well as the energy gap between the two
levels (see Fig. 19.3).

Compare the time evolution at resonance and away from it.

Problem 19.3 Three-Level System

In this computer experiment a three-level system is simulated.
Verify that the system behaves like an effective two-state system if the intermediate
state is higher in energy than initial and final states (see Fig. 19.5).

Problem 19.4 Ladder Model

In this computer experiment the ladder model is simulated. The coupling strength
and the spacing of the final states can be varied.
Check the validity of the exponential decay approximation (see Fig. 19.7).

Problem 19.5 Landau—Zener Model

This computer experiment simulates the Landau—Zener model. The coupling
strength and the nuclear velocity can be varied (see Fig. 19.9).
Try to find parameters for an efficient crossing of the states.

Problem 19.6 Resonance Line

In this computer experiment a two-level system with damping is simulated. The
resonance curve is calculated from the steady-state occupation probabilities (see
Figs. 19.13 and 19.14).

Study the dependence of the line width on the intensity (power broadening).

Problem 19.7 Spin Flip

The damped two-level system is now subject to an external pulsed field (see
Figs. 19.15 and 19.16).

Try to produce a coherent superposition state (77 /2 pulse) or a spin flip (7 pulse).
Investigate the influence of decoherence.
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The computer experiments are realized as Java-applets which can be run in any
browser that has the Java plugin installed without installing anything else. They are
written in a C-like fashion which improves the readability for readers who are not
so familiar with object-oriented programming. The source code can be studied most
conveniently with the netbeans environment which is an open source and allows
quick generation of graphical user interfaces.

After downloading and unzipping the zipped file from extras.springer.com you
have two options:

P.OJ. Scherer, Computational Physics, DOI 10.1007/978-3-642-13990-1, 309
© Springer-Verlag Berlin Heidelberg 2010



310 Appendix: Performing the Computer Experiments
Run a Program in your Browser

Open the file CP-examples.html in your browser. If the Java-plugin is installed prop-
erly you can start any one of the programs by simply clicking its number in the
left-hand frame.

Open a Program with the Netbeans Environment
If you have the netbeans environment installed, you can import any of the pro-

grams as a separate project by opening the corresponding folder in the directory
HTML/code/. You may have a look at the source code and compile and run it.

B numprec Beans 1DE 6.5 =lox|
Fle Edt View Navigste Source Refactor Run Debug Frofie Versioring Took Window Hep
199 75l B |9 @ ([wmronie> = 1 B D ER (Sl e
£ [Eitewsippiatjoa = RIS T
g|sue oo BB-B-QGSRFLL AU OO LI
| wa :J-'
1041 public void precisisn(] [ =
i 105 double one, %, ¥, p:
108 | double powers(]:
2 107 int n, 12
&) 10s|| df = nev DecimalFormar("#% T
109 powers = new double[100]:
110 one = 1.0:
111 x = 1.0s
112} | n=0:
13| | povera[0] = one:
114
18
116 |
ur
18 JTexthreal.sevTabSize (10)
1% 3Texthreal.append(” At At +x At #x) -1\n") §
120
121 da
122 |
123 |
124 ¥ = x + one;
125 | jTextireal.append(” "+ m o+ " % df.formac{x) + " +d
126
127 % =%/ 2.0
128 n*n+l;
129 powera[n] = x:
130 } while (v > onel:
131
132 | 3TextAreal.append(” m e preci 1 ces \n®) 5
133
134
135
136 |
137 - )
138 ) '_l'
4] »
1 [[WS] : -
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