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Abstract. This paper considers resolving the inconsistency of a system of
fuzzy relational equations with max-T composition by simultaneously mod-
ifying the coefficient matrix and the right hand side vector. We show that
resolving the inconsistency of fuzzy relational equations with max-7T" compo-
sition by means of Chebyshev approximation is closely related to the gen-
eralized solvability of interval-valued fuzzy relational equations with max-T
composition. An efficient procedure is proposed to obtain a consistent system
with the smallest perturbation in the sense of Chebyshev distance.

Keywords: Fuzzy optimization, fuzzy relational equations, Chebyshev ap-
proximation.

1 Introduction

A system of fuzzy relational equations with max-T' composition is of the form

T(aij,z;) =b;, Vi€ M, 1
max (aij, z;) i (

~—

where M = {1,2,--- ,m} and N = {1,2,--- ,n} are two index sets, A =
(aij)mxn S [Oa 1]mn7 b = (blaan e abm,)T S [Oa 1]m’ T = (mlam2a e 7xn)T S
[0,1] and T : [0,1]> — [0,1] is a triangular norm (t-norm for short). A
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system of the above form in () is also called a system of max-T equations
for short and denoted as Aor & = b in the matrix form where “op” stands
for the max-T composition. Typically, the t-norm T involved in a system
Aor x = b is required to be continuous, i.e., continuous as a function of two
arguments.

The resolution of a system of max-T" equations is to determine the unknown
vector @ for a given coefficient matrix A and a right hand side vector b such
that Aop @ = b. The set of all solutions to a system of max-T equations
Aop x = b is denoted by S(A,b), i.e., S(A,b) = {x € [0,1]" | Aor x = b}.
A system Aor x = b is called consistent if S(A,b) # (), otherwise, it is
inconsistent.

Fuzzy relational equations were first investigated by Sanchez [26, 27]
under the max-T); composition where Ty is the minimum operator, i.e.,
Th(x,y) = min(z,y). Since then, solving various types of fuzzy relational
equations has become one of the most appealing issues in fuzzy set theory.
It has been pointed out that fuzzy relational equations play an important
role as a uniform platform in many applications of fuzzy sets and fuzzy sys-
tems. See, e.g., Pedrycz [22, [24], Mordeson and Malik [I8] and Peeva and
Kyosev [25].

The resolution of a system of max-T' equations has been investigated by
Pedrycz |20, 21], Miyakoshi and Shimbo [I7], Di Nola et al. |6l [7, [§], Klir and
Yuan [12], De Baets [5], etc. It is well known that the consistency of a system
of max-T' equations can be verified in polynomial time by constructing and
checking a potential maximum solution. The set of all solutions, when it is
nonempty, is a finitely generated root system which can be fully determined
by a unique maximum solution and a finite number of minimal solutions.
However, the detection of all minimal solutions is an NP-hard problem. Sim-
ilar conclusions can be drawn for a system of max-T" inequalities. The reader
may refer to Li and Fang [I4] [I5] and references therein for more details.

Although the consistency of a system of max-T equations can be readily
verified and its solution set can be well characterized, related investigations
are meaningful only when the system under consideration is consistent. How-
ever, due to the inaccuracy and deficiency in data or the inappropriate choice
of the t-norm, it happens quite often that the system of max-T equations ob-
tained in modeling a real situation turns out to be inconsistent. Moreover,
the consistency of a system of max-T" equations could be very sensitive to the
data, i.e., small perturbations in the data could lead a consistent system to
become inconsistent.

To deal with the impreciseness of the data and resolve the inconsistency of
the system, one possible approach is to consider the interval-valued max-T
equations, i.e., each entry in the matrix A and the vector b is replaced by a
closed interval of possible values in [0, 1]. A system of interval-valued max-T'
equations can be represented in the form floT x = b where A = (@ij)mxn

is an interval-valued matrix with a;; = [a;;,a;;] C [0, 1] and b= (bi)mx1 is
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an interval-valued vector with b; = [b;,b;] € [0,1]. Denote A = (a;;)mxns
A = (aij)mxn and similarly, b = (b;)mx1, b = (bi)mx1. By extending the
natural order in a componentwise manner, A and b induce the sets [A,A] &
{A| A< A< A} and [b,b] £ {b | b < b < b}, respectively. The matrices A
and A are referred to as the lower and upper bounds of A, respectively, and
similarly, the vectors b and b the lower and upper bounds of b, respectively.
A system of interval-valued max-T equations Aop = b is understood as
the family of all systems of max-T equations Aor x = b with A € [A, A] and
b € [b, b]. Without loss of generality, we may always assume that A < A and
b < b such that the system Aoz =bis properly defined. Interval-valued max-
T equations have been investigated by Wagenknecht and Hartmann [28], [29],
Wang and Chang [30], Li and Fang [13], Wang et al. [3I] and Li and Fang [16].

Another approach to resolving the inconsistency of a system of max-T
equations is to perturb as slightly as possible either the coefficient matrix,
the right hand side vector or both to reach a consistent system. Based on
the notion of “minimal distortions”, Pedrycz [23] proposed a procedure to
modify the right hand side vector of an inconsistent system of max-Tys equa-
tions. However, as indicated by Cuninghame-Green and Cechlérové [3], the
procedure is not given in a precise algorithmic form and hence would be dif-
ficult to implement in a computer. Cuninghame-Green and Cechldrové [3]
presented an algorithm to obtain a consistent system of max-Th; equations
with the smallest perturbation of the right hand side vector in the sense of
Chebyshev distance, whereas Cechldrova [2] proposed an analogous algorithm
to resolve the inconsistency of a system of max-Th; equations by modifying
the coefficient matrix. Both algorithms are essentially based on the idempo-
tency property of Ty, i.e., Tas(x,2) = min(z,z) = x, ¥V = € [0,1]. Hence,
neither of them can be generalized for general max-T equations since Ty
has been proved to be the unique t-norm which possesses the idempotency
property. Moreover, no algorithm is known that resolves the inconsistency of
a system of max-T); equations by simultaneously modifying the coefficient
matrix and the right hand side vector. To the best of our knowledge, resolv-
ing the inconsistency of a system of max-T equations by means of Chebyshev
approximation remains to be an open problem.

In this paper, we show that resolving the inconsistency of a system of
max-1" equations by means of Chebyshev approximation is closely related to
the generalized solvability of interval-valued max-T equations. A bisection
method is proposed for an inconsistent system of max-T equations to ob-
tain the smallest perturbation bound of both the coefficient matrix and the
right hand side vector. The construction of a Chebyshev approximation is
introduced thereafter and illustrated by numerical examples. The proposed
procedure remains valid with necessary modifications if only the coefficient
matrix or the right hand side vector, but not both, can be perturbed.
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2 Preliminaries

In this section, we recall some basic concepts and results associated with
fuzzy relational equations, which are indispensable for the introduction of the
Chebyshev approximation approach in this context. All proofs in this section
are omitted to make the paper succinct and readable. The reader may refer
to the monograph of Klement et al. [II] for a comprehensive discussion on
triangular norms, and Li and Fang [I5],[16] and reference therein for a detailed
discussion on max-T equations and interval-valued max-T equations.

2.1 Triangular Norms

Although originally introduced in the framework of probabilistic metric
spaces, t-norms have been proposed as natural generalizations of the logical
conjunction in fuzzy logic and played an important role in the construction
of fuzzy systems which may be described by fuzzy relational equations.

Definition 2.1. A t-norm is a binary operator T : [0,1]> — [0, 1] such that
for all z,y,z € [0,1] the following four azioms are satisfied:

(T1) T(x,y)=T(y,x). (commutativity)

(T2) T(x,T(y,2))=T(T(x,y),2z). (associativity)

(T3) T(x,y) <T(z,z), whenever y < z.  (monotonicity)
(T4) T(x,1)==z. (boundary condition)

A t-norm is said to be continuous if it is continuous as a function of two ar-
guments. Due to its commutativity and monotonicity properties, a t-norm is
continuous if and only if it is continuous in one of its arguments. Analogously,
a t-norm is said to be left- or right-continuous if it is left- or right-continuous,
respectively, in one of its arguments.

The most frequently used continuous t-norm is the minimum operator
Tr(z,y) = min(z, y). Other important continuous t-norms include the prod-
uct operator Tp(x,y) = xy and the bounded difference operator Ty (z,y) =
max(z + y — 1,0), a.k.a., Lukasiewicz t-norm. Note that T is the largest
t-norm while T» and T}, are prototypical examples of two important classes
of continuous t-norms, i.e., strict t-norms and nilpotent t-norms, respectively.

Definition 2.2. Let T : [0,1]> — [0,1] be a left-continuous t-norm. The
associated residual implicator is a binary operator It : [0,1]?> — [0,1] such
that

Ir(z,y) =sup{z € [0,1] | T(z,2) <y}, V (x,y)€]0,1]% (2)

Residual implicators are also known as @-operators which were introduced
by Pedrycz [19, 20] in a different approach. The connection between a ¢-
operator and its corresponding t-norm has been investigated in full generality
by Gottwald [9] [10], Miyakoshi and Shimbo [I7] and Di Nola et al. [§].
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The residual implicators with respect to the minimum operator Ty, the
product operator Tp and the Lukasiewicz t-norm T, are, respectively,

1, ifz<y
I, (z,y) = (Godel implicator)
y, otherwise,
1, ifz<y
Ir. (z,y) = (Goguen implicator)
y/x, otherwise,

Ir, (z,y) = min(1 —x +y, 1). (Eukasiewicz implicator)

Lemma 2.3. The residual implicator It with respect to a left-continuous t-
norm T s left-continuous and decreasing in its first argument as well as
right-continuous and increasing in its second argument.

Lemma 2.4. Let T be a left-continuous t-norm and I its residual impli-
cator. The inequality T (a, IT(a,b)) < b holds for all a,b € [0,1]. Moreover,
T(a,z) <b if and only if x < Ir(a,b).

Lemma 2.4] plays a crucial role in the resolution of max-T equations, which
is actually a special scenario of the general theory of Galois connections [IJ.

2.2 Fuzzy Relational Equations

Let Ao @ = b be a system of max-T equations with 7" being a continuous
t-norm. Due to the monotonicity of the t-norm T, we have Aoy ! < Aoy a?
whenever ! < x2. Hence, € S(A,b) if 2!, 2 € S(A4,b) and ! <z < 2.
Therefore, we may focus on the extremal solutions as defined below.

Definition 2.5. A solution & € S(A,b) is called a minimal solution if for
any x € S(A,b), the relation © < & implies x = &. A solution & € S(A,Db)
is called a mazimum solution if x < &, V x € S(A,b).

Lemma 2.6 Let T be a left-continuous t-norm and I its residual implicator.
For any A € [0,1]™" and b € [0,1]™, it holds that Ao (AT o, b) < b where

o,” stands for the min-Iz composition and AT o, b € [0,1]" is the vector
with its components being defined by

(Ao, b); = min{Ir(a;;,b;) | i€ M}, Vje&N. (3)
Moreover, Aor & < b if and only if € < ATov, b.

Theorem 2.7 Let Ao & = b be a system of mazx-T equations with T being
a left-continuous t-norm. The system is consistent if and only if AT oy, b is
a solution to Aop & = b. Moreover, if T is also right-continuous and hence
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continuous, the solution set S(A,b), when it is nonempty, can be fully deter-
mined by one mazimum solution and a finite number of minimal solutions,
1.€.,

SAb) = |J {ze1"|z<z<a}, (4)
TcS(AD)

where S(A, b) is the set of all minimal solutions of Aorx = b and & = ATo,b
is the mazimum solution.

Lemma is a direct result of Lemma [Z4l The solvability criteria of max-T'
equations were investigated by Sanchez [26], Pedrycz [20] 21] and Miyakoshi
and Shimbo [I7] while the structure of the solution set was characterized
by Sanchez [27] and Di Nola et al. [6] [7, 8]. The particular structure of
S(A4,b) is called a finitely generated root system by De Baets [4] 5]. Note that
the intersection of two finitely generated root systems, when it is nonempty,
remains to be a finitely generated root system.

According to Theorem 27 the consistency of a system of max-T equa-
tions Aop & = b can be verified by constructing and checking the potential
maximum solution & = AT o, b in a time complexity of O(mn). However,
the detection of all minimal solutions is a complicated and challenging issue
for investigation. The reader may refer to Li and Fang [15] and references
therein for more detailed discussion.

2.3 Interval-Valued Fuzzy Relational Equations

Let A be an interval-valued matrix with the lower bound A € [0,1]™" and
the upper bound A € [0,1)™", and b an interval-valued vector with the lower
bound b € [0, 1] and the upper bound b € [0, 1]™. We now consider a system
of interval-valued max-T equations Aop & = b with T being a continuous
t-norm. The following two lemmas are crucial in dealing with the system
Aorx = b both of which simply rely on the monotonicity and continuity
properties of the t-norm T'.

Lemma 2.8. Let A be an interval-valued matriz and T a continuous t-norm.
Given a vector x € [0, 1], then for each vector b € [Aorx, Aopx] there exists
A € [A, A] such that Aop x = b.

Lemma 2.9. Let A be an interval-valued matriz and T a continuous t-norm.
For any vector x € [0,1]™, we have

{Aorx | A€ [A A]} = [Aor x, Aor x]. (5)

Definition 2.10. Let Ao x = b be a system of interval-valued maz-T equa-
tions with T being a continuous t-norm. A wvector & € [0,1]" is called a
united solution of Ao @ = b if there exist A € [A, A] and b € [b, b] such that
AOT x =b.
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Denote S, (A4, lN))Nthe set of united solutions for a system of interval-valued
max-T equations Aor @ = b. By Lemma 2.9 we immediately have

Su(A,b) = {z €[0,1]" | [Aop x, Aop ] N [b, b] # 0} (6)
={z c[0,1]" | Aor & < b, Aor x> b} (7)

and hence, by Lemma [2.6], the following straightforward result.

Theorem 2.11. Let Aop z = b be a system of interval-valued mazx-T
equations with T being a continuous t-norm. The set of united solutions
S.(A,b) # 0 if and only if Aor (AT o, b) > b.

Definition 2.12. Let Aorx = b be a system of interval-valued maz-T equa-
tions with T being a continuous t-norm. A wvector x € [0,1]" is called a
tolerable solution of Aor @ = b if for each A € [A, A] there exists b € [b, b]
such that Aor & = b. Similarly, a vector & € [0,1]" is called a controllable
solution of Aop & = b if for each b € [b,b] there exists A € [A, A] such that
AOT x =b.

Denote Sy(A,b) and S.(A,b) the sets of tolerable solutions and controllable
solutions, respectively, for a system of interval-valued max-T" equations Aor
x = b. By Lemma [Z.9] we have

Sy(A,b) = {x € [0,1]" | [Aop @, Aop x] C [b, b]} (8)
={z€[0,1]" | Aoy x < b, Aor x> b} 9)

and
S.(A,b) = {x €[0,1]" | [Aop x, Aop x] D [b, b]} (10)
={xze[0,1]" | Aor & < b, Aorx > b}. (11)

Theorem 2.13. Let Aop z = b be a system of interval-valued mazx-T
equations with T being a continuous t-norm. The set of tolerable solutions

S, (A, b) # 0 if and only if Aor (AT o, b) > b while the set of controllable
solutions S.(A,b) # 0 if and only if Aog (AT o, b) > b.

It is clear that NSt(/i, b) C S.(A,b) and S.(A,b) C S,(A,b). Moreover,
Si(A,b) N S.(A,b) = {x €[0,1]" |[Aop & = b, Aop = = b}.

By Theorems [2.17] and 2213} the existence of a united solution can be ver-
ified in a time complexity of O(mn) as well as the existence of a tolerable
solution and controllable solution, respectively. Furthermore, as will be shown
in Section 3, the notion of united solutions bridges the gap between an in-
consistent system of max-T equations and a system of interval-valued max-T'
equations. The notions of tolerable solutions and controllable solutions are
the key to the construction of a Chebyshev approximation of an inconsistent
system of max-T equations.



116 P. Li and S.-C. Fang

3 The Chebyshev Approximation

In this section, we consider an inconsistent system of max-7T equations
Aor x = b with T being a continuous t-norm and resolve its inconsistency
by means of Chebyshev approximation. Without loss of generality, we may
always assume that the system Aop & = b is in its normal form, i.e., the
equations are arranged in the way such that by > by > --- > b, > 0. Note
that the equations corresponding to the index set My = {i € M | b; = 0}
should be taken into consideration whenever S(A,b) = () while they can be
discarded with necessary modifications on the remaining equations in case of
consistency.

For notational convenience, the infix notations “A” and “V” are used to
denote the minimum and maximum operators, respectively, i.e., x Ay =
min(x,y) and z V y = max(x,y). Analogously, we denote Al A A% = (a}j A
a?j)mxn and A1V A% = (a}j\/a?j)mxn for any A', A% € [0,1]™", and b'AB? =
(b} Ab2)mx1 and b' Vv b7 = (b} V b?),,x1 for any b', 6% € [0, 1]™.

Denote % the set of all pairs of a coeflicient matrix A’ € [0,1]™" and a right
hand side vector b € [0,1]™ such that the corresponding system of max-T
equations A’or x = b’ is consistent, i.e., € = {(A",b") | S(A",b') # 0}. It is
clear that (A, b) ¢ ¢ for the inconsistent system Aop & = b. The Chebyshev
distance between the pair (A4,b) and a pair (A’,b’) € € is defined as
ij ‘ )

p(A,b), (A',6)) = max ((max |ay; — aly|, max|bi —bl]).  (12)
1,] 7

Definition 3.1. A system of maz-T equations A'op © = b’ is said to be
a d-approximation of the system Aor x = b if (A',b') € € and p((A,b),
(A", b)) <6.

Definition 3.2. A system of maz-T equations Afor & = bl is said to be a
Chebyshev approzimation of the system Aop @ = b if (AT, b') € € and

p((4,b), (AT,b1)) = (A,igge%p((/hb), (A1) (13)

Clearly, it suffices to consider -approximations with § € [0, 1] for the system
Aor x = b. A l-approximation of the system Ao x = b always exists, while
a Chebyshev approximation is a J-approximation with the smallest possible
value of . For a given § € [0, 1], denote A(8) the interval-valued matrix with
the lower bound A(4) and the upper bound A(J) where

A@0) = ((aij =) VO0)mxn and  A() = ((aij + ) AD)mxn, (14)

respectively. Similarly, denote 5(5) the interval-valued vector with the lower
bound b(d) and the upper bound b(d§) where

b(0) = ((b; =) VO)mx1 and  b(d) = ((bi +9) A D)mx1, (15)
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respectively. Consequently, we obtain a properly defined system of interval-
valued max-T' equations A(8)op & = b(d). It is clear that a matrix A’ €
[A(6), A(6)] if and only if A" = (a};)mxn € [0,1]™" and max; j [a;; — aj;| < 0.
Similarly, a vector b" € [b(6), b(d)] if and only if &' = (b})mx1 € [0,1]™ and
max; |bZ — b;‘ S d.

Theorem 3.3 The system of maz-T equations Aor * = b has a §-
approzimation if and only if the system of interval-valued maz-T equations
A(6)op & = b(6) has a united solution.

Proof: If the system Aop & = b has a d-approximation A’op & = b’ such
that S(A’,b) # 0, it is clear that max; ; a;; — aj;| < & and max; |b; — bj| <4,
respectively. Hence, A’ € [A(0), A(0)], b’ € [b(6),b(d)] and consequently,
Su(A(8),b(3)) #0.

Conversely, if S, (A(6),b(6)) # 0, there exist A’ € [A(5), A(d)] and b €
[b(0),b(5)] such that the system A’or x = b’ is consistent. It is clear that
p((A,b),(A’,b")) < 6 and hence A’or & = b’ is a -approximation of the
system Aopx = b. O

Theorem 3.4 If the system of interval-valued max-T equations A(5)0T T =
13(5) has a united solution for some § € [0,1], then the system A(8')or @ =
b(d') has a united solution for any &' € [9,1].

Proof: It is straightforward from the observation of [A(4), A(§)] C [A(d),
A(6")] and [b(3),b(8)] C [b(d"),b(8")] for § < §'. a

Theorem 3.5 If the system of interval-valued maz-T equations A(é)oT T =
b(8) has a united solution for all § € (8',1], then the system A(8)opx = b(d')
also has a united solution.

Proof: By Theorem ZI1] the system A(6)or & = b(J) has a united solution
if and only if A(6)or (AT (6)o, b(5)) > b(8). Notice that each component
of the vector A(8)or (AT (5)o, b(8)) — b(d) is right-continuous with respect
to & since all involved operations are continuous except that the residual
implicator Ir is left-continuous in its first argument and right-continuous
in its second argument. Hence, the system A(é’ Jop & = b(¢’) has a united

solution as long as the system A(8)op & = b(8) has a united solution for all
de(8,1]. |

Theorem B3l indicates that the existence of a d-approximation of a system of
max-T" equations is equivalent to the existence of a united solution of a corre-
sponding system of interval-valued max-T" equations which, by Theorem 2.TT]
can be verified in polynomial time. Theorems [3.4] and guarantee that a
Chebyshev approximation does exist for a system of max-T equations and
also suggest a bisection method to obtain the smallest perturbation bound
0* with the existence of a §*-approximation.
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Algorithm

Step 1. Specify € as the required level of precision.

Step 2. Set 6 =0, =1and § = (6 +9)/2.

Step 3. Verify A(8)or (AT (6)o, b(d)) > b(s). If it holds, set § = 4,
otherwise, set § = J. Set § = (§ + J)/2.

Step 4. If § — § < ¢, output 6* = § and stop. Otherwise, go to Step 3.

The above algorithm offers an e-optimal value for §* in a time complexity
of O(mnlog(1/e€)) where € is the predetermined level of precision. Once we
obtain the value of §*, the remaining problem is to construct a Chebyshev
approximation, i.e., a §*-approximation for the system Aor x = b.

Denote x(6*) = AT (6*)o, b(6*). By Theorem ZII] &(6*) is a united so-
lution of the system A(6*)or & = b(6*) and hence [A(6*)or x(6*), A(6*)or
x(0*)] N [b(6*), b(6*)] # 0. Denote BT((S*) the interval-valued vector with the
lower bound b'(6*) and the upper bound bT(é*) where

b'(6%) = A(6*)or (6*) V b(6*) and bT(é*) = A(6%)or x(6*) A b(5%), (16)

respectively. Notice that [bT(6*), bT(é*)] C [A(6%)orx(0*), A(6* )or x(6*)] and
hence x(0*) is also a controllable solution of the system A(6*)op & = lN)T(é*)
which means that for each b’ € [bT(6*), b' (6™)] there exists A’ € [A(6*), A(6*)]
such that A’op x(6*) = b'.

Therefore, denote A'(5*) the interval-valued matrix with the lower bound
AT(6*) and the upper bound A (6*) where

AT(E*) = (@(6")0p (bT(5")T)T A A(8*) and A'(5%) = (@(5")0,, (6T (6°))T)T A A(6*)(17)

respectively. Since &(0*) is a controllable solution of the system A(6*)opa =
BT((S*), by Lemma and Theorem 27 we have Af(6*)or @(6*) = bl (6%)
and A' (6% )orx(d*) = bT(é*), respectively. Therefore, x(§*) is simultaneously
a tolerable and controllable solution of the system Af(6*)op & = BT(S*).
Moreover, since [A(6*), AT(J*)] C [A(6%),A(6%)] and [b(6%), bT(é*)} -
[b(6%), b(6%)], any pair of AT € [AT(6*), AT(6*)] and b = Afor z(6*) €
[T (6%), b (6*)] defines a Chebyshev approximation Afop @ = b' of the sys-
tem Aor x = b.

The proposed procedure remains valid with necessary modifications if we
are allowed to perturb the coefficient matrix only or the right hand side vector
only. In the algorithm for determining the smallest perturbation bound, we
can simply keep the matrix A unchanged, ie., A(§) = A(J) = A for any
d € 10,1], if only b can be modified. Once the smallest perturbation bound
8% is obtained for b, the system Aor @ = b’ with b’ = Ao (AT o, b(d})) is a
Chebyshev approximation of the inconsistent system Aopx = b. The situation
is analogous if only A can be modified. We can keep the vector b unchanged,
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i.e., b(d) = b(0) = b for any ¢ € [0,1], to obtain the smallest perturbation
bound &3 for A. Thereafter, the system Afopa = bwith AT = ((AT(63)o,b)o,
b" )T AA(63) is a Chebyshev approximation of the inconsistent system Aora =
b. Besides, it is obvious that §* < min(d7, %) for an inconsistent system
of max-T equations. Deeper relations among these perturbation bounds are
subject to further investigation.

4 Numerical Examples

In this section, we provide a few numerical examples to illustrate the proposed
procedure and compare with the known results in Cuninghame-Green and
Cechldrova [3] and Cechldrova [2].

Example 1. Consider the system of max-Ty; equations Aor,, * = b with

0.70.5 0.3 0.5 1

1 0.40.50.7 0.4
“lo21 106" " oo
0.4 0.5 0.5 0.8 0

This example was originally presented by Pedrycz [23] and also investigated
by Cuninghame-Green and Cechldrové [3].

The system is inconsistent since the potential maximum solution & =
(0,0,0,0)T is clearly not a solution. By perturbing A and b simultaneously,
our algorithm obtains §* = 0.3 and hence

(0.4,1] [0.2,0.8] [0,0.6] [0.2,0.8] 0.7,1]
~ 0.7,1] [0.1,0.7] [0.2,0.8] [0.4,1] 0.1,0.7]
A7) = . b)) =

(0,0.5] [0.7,1] [0.7,1] [0.3,0.9] [0,0.5]

0.1,0.7] [0.2,0.8] [0.2,0.8] [0.5,1] [0,0.3]

Moreover, we have x(6*) = (1,0.5,0.5,0.3)”. Consequently,

0.4, 1] 0.7,1] 0.7,1]
o | 01,07 | o7
b= [0.5,0.5] M 0,051 | o5 |’

[0.3,0.7] [0,0.3] 0.3
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1 1 0.80.60.8 0.7 0.8 0.6 0.8
0.5 10708 1 0.70.70.8 1
Af(6*) = 04 (0.7,0.7,0.5,0.3) | A =
0.5 05 1 1 09 051 109
0.3 0.70.80.8 1 0.30.303 1
and
T
1 1 0.80.60.8 1 0.80.60.8
+ 0.5 10708 1 0.70.708 1
ATy = 04 (1,0.7,0.5,03) | A
0.5 051 1 09 05 1 1 09
0.3 0.70.80.8 1 0.30.303 1

Hence, any AT € [AT(cS*),AT(cS*)} and b' = Afor,, x(0*) define a Chebyshev
approximation Afop,, & = b', for instance,

0.80.80.6 0.8 0.8
0.70.708 1 0.7
At = , b =
051 109 0.5
030303 1 0.3

If we want to resolve the inconsistency by modifying the right hand side vector
only, the corresponding smallest perturbation bound becomes 67 = 0.4. Hence
we have

0.6, 1] 0.7
b — | PO bt = dor, (ATe, bty = |
[0,0.6] 0.4
[0,0.4] 0.4

Consequently, the system Aop,, = blisa Chebyshev approximation of Ao,
« = b in this case, which is exactly the same as that given by Cuninghame-
Green and Cechlérova [3]. Note that Aor,, = b has a maximum solution
(0.8,0.4,0.4,0.4)T.

On the other hand, the smallest perturbation bound for A becomes §5 =
0.6, if we keep b unchanged. Hence we have

0.1,1] [0,1]0,0.9] [0,1]
s 0.4,1) [0,1] [0,1][0.1,1] |

0,0.8] [0.4,1] [0.4,1] [0,1]

[0,1] [0,1] [0,1][0.2,1]
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11091
041 11
021 11
0001

AT = (AT (53)0, b)o, 1) A A(55) =

Consequently, the system Afor,, & = b is a Chebyshev approximation of
Aor,, = b in this case. Note that Afop,, £ = b has a maximum solution
(1,0.2,0.2,0)T.

Example 2. Consider the system of max-Ty; equations Aor,, * = b with

0.60.20.9 0.1 0.6 0.9
0.50.7 0.3 0.8 0.7 0.5
“loso6070402| "7 |oa
0.30.8 0.5 0.4 0.2 0.3

This example was originally presented by Cechldrova [2].

The system is inconsistent since the potential maximum solution & =
(1,0.3,0.3,0.3,0.5)T is not a solution. The smallest perturbation bound for
Ais §3 = 0.3, if we are required to resolve the inconsistency by modifying A
only. Hence we have

0.3,0.9] [0,0.5] [0.6,1] [0,0.4] [0.3,0.9]]

(e — 0.2,0.8] [0.4,1] [0,0.6] [0.5,1] [0.4,1]
27 [0,06] [0.5,1][0.2,0.8] [0.1,0.7] [0,0.5] |

[0,0.6] [0.3,0.9] [0.4,1] [0.1,0.7]  [0,0.5]

0.90509040.9
051 050505
0409040404
03 1 03030.3

AT = ((AT(85)0, b)o, bT)T N A(03) =

Consequently, the system Afor,, & = b is a Chebyshev approximation of
Aor,, = b in this case. Note that Afop,, £ = b has a maximum solution
(1,0.3,1,1,1)T. Since a different method is used to construct a Chebyshev ap-
proximation, the matrix At offered by our procedure is slightly different from
that given by Cechlérové [2], but both matrices share the same Chebyshev
distance.

Now we present an example to illustrate that the proposed procedure works
for general max-T' equations with 7" being a continuous t-norm.
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Example 3. Consider the system of max-77, equations Aor, & = b with

02090804 0.8
A=108030408], b=106
0.50.70.10.6 0.2

The potential maximum solution is & = (0.7,0.5,1,0.6)7 and

0.20.90.804 0.7 0.8 0.8
0.80.30.40.8 |op, 8‘? =|(o05|#/|06
0.50.70.10.6 0.6 0.2 0.2

Therefore, the system is inconsistent. By perturbing A and b simultaneously,
our algorithm obtains x(6*) = (0.7500,0.5500, 1.0000,0.6500)7 with §* =
0.0250, and consequently,

0.7750 0.8250
bi(5*) = | 05750 |, b (6*) = | 0.5750
0.2250 0.2250
and
0.2250 0.9250 0.7750 0.4250 0.2250 0.9250 0.8250 0.4250
Af (6*) = | 0.8250 0.3250 0.4250 0.8250 | , A]L (6*) = | 0.8250 0.3250 0.4250 0.8250
0.4750 0.6750 0.1250 0.5750 0.4750 0.6750 0.1250 0.5750

Hence, any A" € [AT(5*), AT((S*)] and b’ = Atop, @(6*) define a Chebyshev
approximation Afop, = b', for instance,

0.2250 0.9250 0.8000 0.4250 0.8000
At = | 0.8250 0.3250 0.4250 0.8250 |, bl = | 0.5750
0.4750 0.6750 0.1250 0.5750 0.2250

5 Concluding Remarks

We have shown that the existence of a §-approximation of a system of max-T'
equations is equivalent to the existence of a united solution of a correspond-
ing system of interval-valued max-T equations. Consequently, the smallest
perturbation bound can be obtained by repeatedly constructing a system
of interval-valued max-T equations and verifying its solvability condition.
As illustrated by our numerical examples, a Chebyshev approximation can
be constructed readily once the smallest perturbation bound is obtained. It
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is clear that the Chebyshev approximation may not necessarily be unique.
In this case, we may be interested in obtaining a Chebyshev approximation
of some special quality, for instance, the one with the smallest number of
modifications in the coefficient matrix and the right hand side vector. This
new challenge goes beyond the scope of this paper and subject to further
investigation.

References

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Blyth, T.S., Janowitz, M.F.: Residuation Theory. Pergamon Press, Oxford
(1972)

Cechlarové, K.: A note on unsolvable systems of max-min (fuzzy) equations.
Linear Algebra and its Applications 310, 123-128 (2000)

Cuninghame-Green, R.A., Cechlarovd, K.: Residuation in fuzzy algebra and
some applications. Fuzzy Sets and Systems 71, 227-239 (1995)

. De Baets, B.: Oplossen van vaagrelationele vergelijkingen: een ordetheoretische

benadering. Ph.D. Dissertation, University of Gent (1995)

De Baets, B.: Analytical solution methods for fuzzy relational equations. In:
Dubois, D., Prade, H. (eds.) Fundamentals of Fuzzy Sets. The Handbooks of
Fuzzy Sets Series, vol. 1, pp. 291-340. Kluwer, Dordrecht (2000)

Di Nola, A., Pedrycz, W., Sessa, S.: On solution of fuzzy relational equations
and their characterization. BUSEFAL 12, 60-71 (1982)

Di Nola, A., Pedrycz, W., Sessa, S., Wang, P.Z.: Fuzzy relation equations under
triangular norms: A survey and new results. Stochastica 8, 99-145 (1984)

Di Nola, A., Sessa, S., Pedrycz, W., Sanchez, E.: Fuzzy Relation Equations and
Their Applications to Knowledge Engineering. Kluwer, Dordrecht (1989)
Gottwald, S.: Characterizations of the solvability of fuzzy equations. Elektron.
Informationsverarb. Kybernet. 22, 67-91 (1986)

Gottwald, S.: Fuzzy Sets and Fuzzy Logic: The Foundations of Application -
from a Mathematical Point of View, Vieweg, Wiesbaden (1993)

Klement, E.P., Mesiar, R., Pap, E.: Triangular Norms. Kluwer, Dordrecht
(2000)

Klir, G., Yuan, B.: Fuzzy Sets and Fuzzy Logic: Theory and Applications.
Prentice Hall, Upper Saddle River (1995)

Li, G., Fang, S.-C.: Solving interval-valued fuzzy relation equations. IEEE
Transactions on Fuzzy Systems 6, 321-324 (1998)

Li, P., Fang, S.-C.: A survey on fuzzy relational equations, Part I: Classi-
fication and solvability. Fuzzy Optimization and Decision Making 8 (2009)
doi:10.1007/s10700-009-9059-0

Li, P., Fang, S.-C.: On the resolution and optimization of a system of fuzzy
relational equations with sup-T" composition. Fuzzy Optimization and Decision
Making 7, 169-214 (2008)

Li, P., Fang, S.--C.: A note on solution sets of interval-valued fuzzy re-
lational equations. Fuzzy Optimization and Decision Making 8 (2009)
doi:10.1007/s10700-009-9055-4

Miyakoshi, M., Shimbo, M.: Solutions of composite fuzzy relational equations
with triangular norms. Fuzzy Sets and Systems 16, 53-63 (1985)

Mordeson, J.N.,; Malik, D.S.: Fuzzy Automata and Languages: Theory and
Applications. Chapman & Hall/CRC, Boca Raton (2002)



124 P. Li and S.-C. Fang

19. Pedrycz, W.: Some aspects of fuzzy decision making. Kybernetes 11, 297-301
(1982)

20. Pedrycz, W.: Fuzzy relational equations with triangular norms and their reso-
lutions. BUSEFAL 11, 24-32 (1982)

21. Pedrycz, W.: On generalized fuzzy relational equations and their applications.
Journal of Mathematical Analysis and Applications 107, 520-536 (1985)

22. Pedrycz, W.: Fuzzy Control and Fuzzy Systems. Research Studies Press/Wiely,
New York (1989)

23. Pedrycz, W.: Inverse problem in fuzzy relational equations. Fuzzy Sets and
Systems 36, 277-291 (1990)

24. Pedrycz, W.: Processing in relational structures: Fuzzy relational equations.
Fuzzy Sets and Systems 40, 77-106 (1991)

25. Peeva, K., Kyosev, Y.: Fuzzy Relational Calculus: Theory, Applications and
Software. World Scientific, New Jersey (2004)

26. Sanchez, E.: Resolution of composite fuzzy relation equation. Information and
Control 30, 38-48 (1976)

27. Sanchez, E.: Solutions in composite fuzzy relation equations: application to
medical diagnosis in Brouwerian logic. In: Gupta, M.M., Saridis, G.N., Gaines,
B.R. (eds.) Fuzzy Automata and Decision Processes, pp. 221-234. North-
Holland, Amsterdam (1977)

28. Wagenknecht, M., Hartmann, K.: Fuzzy modelling with tolerances. Fuzzy Sets
and Systems 20, 325-332 (1986)

29. Wagenknecht, M., Hartmann, K.: On direct and inverse problems for fuzzy
equation systems with tolerances. Fuzzy Sets and Systems 24, 93-102 (1987)

30. Wang, H.-F., Chang, Y.-C.: Resolution of composite interval-valued fuzzy re-
lation equations. Fuzzy Sets and Systems 44, 227-240 (1991)

31. Wang, S., Fang, S.-C., Nuttle, H.L.W.: Solution sets of interval-valued fuzzy
relational equations. Fuzzy Optimization and Decision Making 2, 41-60 (2003)



	Chebyshev Approximation of Inconsistent Fuzzy Relational Equations with Max-$T$ Composition
	Introduction
	Preliminaries
	Triangular Norms
	Fuzzy Relational Equations
	Interval-Valued Fuzzy Relational Equations

	The Chebyshev Approximation
	Numerical Examples
	Concluding Remarks
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




