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Mathematical Approaches for Fuzzy 
Portfolio Selection Problems with Normal 
Mixture Distributions 

Takashi Hasuike and Hiroaki Ishii* 

Abstract. This chapter considers some versatile portfolio selection models with 
general normal mixture distributions and fuzzy or interval numbers. Then, these 
mathematical approaches to obtain the optimal portfolio are developed. Further-
more, in order to compare our proposed models with standard models and repre-
sent the advantage of our proposed models, a numerical example is provided. 

1   Introduction 

In recent rapid expansions of investment and financial instability such as the ex-
treme ups and downs to future markets of stocks and commodities, the role of in-
vestment theory becomes more and more important. Furthermore, in current  
investment environment, with information science and computers, not only big 
companies and institutional investors but also individual investors perform in-
vestment in stock, currency, land and property. Therefore, it is time to review in-
vestment theory, particularly portfolio theory. Practical financial markets are  
affected by a lot of uncertainty to which has a great influence on the future returns 
such as randomness derived from statistical analysis of historical data and ambigu-
ity such as the psychological aspect of investors and lack of received efficient in-
formation. Under such uncertain conditions, the investor needs to consider  
how to reduce risk, and receive the greatest future profit. Such a finance assets se-
lection problem is generally called a portfolio selection problem, and various stud-
ies have been done. Markowitz [20] first proposed Mean-Variance model in the  
sense of the mathematical programming. Then, it has been central to research  
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activity in the real financial field and numerous researchers have contributed to the 
development of the modern portfolio theory (for instance, Luenberger [19],  
Steinbach [23]). On the other hand, many researchers have proposed models of 
portfolio selection problems which extended Markowitz model; Mean-Absolute-
Deviation model (Konno [16], Konno, et al. [17]), Semi-Variance model (Bawa 
and Lindenberg [1]), Safety-First model (Elton and Gruber [5]), and Value at Risk 
and conditional Value at Risk model (Rockafellar and Uryasev [22]). 

In many previous studies in mathematical programming for investment, future 
returns are assumed to be continuous random variables according to normal distri-
butions. By this assumption, they obtained useful mathematical knowledge and 
formulas for the portfolio theory. However, from recent experimental studies of 
investment markets, it is often shown that future returns do not occur according to 
normal distribution, but fat or heavy-tail distribution source. Then, in the case that 
investors predict future returns, since they need to consider much information de-
rived from investment markets and some predictions of future returns based on 
subjectivity of veteran investors simultaneously, they usually assume not only one 
scenario but also several possibility scenarios of future returns. Therefore, in order 
to deal with these situations, we need to consider portfolio selection problems with 
more general random distribution with the heavy-tail. 

Furthermore, we need to consider flexibly and ambiguously defined statistical 
distributions for the following cases that occur in practice: (1) financial informa-
tion is incomplete, (2) expert investors are not estimating from historical data, (3) 
the need to mathematically deal with several marginal distributions considering 
higher or lower future returns simultaneously. In this paper, we propose a more 
extensional portfolio selection models including fuzzy factors. Until now, there is 
a body of research under various uncertainty conditions with respect to portfolio 
selection problems (Bilbao-Terol and Perez-Gladish [2], Carlsson et al. [3], Guo 
and Tanaka [6], Huang [10, 11], Inuiguchi et al. [12, 13], Katagiri et al. [14, 15], 
Tanaka et al. [24, 25], Watada [26]). We also proposed some portfolio models 
with both randomness and fuzziness [7, 8, 9]. However, there are few models con-
sidering both normal mixture distribution and ambiguity, simultaneously. Fur-
thermore, there are no studies which are analytically extended and solved these 
types of portfolio selection problems. In this chapter, we propose more extensional 
portfolio selection models including the general random distribution with fuzzy 
factors and develop the efficient solution method. 

On the other hand, in the sense of mathematical programming, these portfolio 
selection models with randomness and fuzziness are formulated as stochastic and 
fuzzy programming problems. Then, in order to solve them analytically, we need 
to use the stochastic and fuzzy optimization approaches. The stochastic optimiza-
tion approach has been treated as a basic solution tool for portfolio selection  
problems. Recently, as well as the stochastic optimization approach, the fuzzy  
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optimization approach has been used as one of useful tools in financial and  
investment fields because these approaches are dealt with the investor’s subjec-
tivity and the investment case under ineffective and linguistic received informa-
tion. Considering recent complex investment markets involving investor’s 
speculation and the mixture of reliable on unreliable information, it is obvious 
that fuzzy optimization approaches play an important role in the investment re-
search field. Various types of fuzzy optimization models have been proposed; 
fuzzy max ranking method, possibility and necessity programming, etc.. How-
ever, there are not many studies to compare these fuzzy optimization models for 
portfolio selection problems under each case such as favorable, poor, or erratic 
ups and downs economic conditions, investor’s subjectivities; optimistic, pessi-
mistic or neutral. Furthermore, there are also few studies that analyze the suit-
ability of various approaches for the differing market conditions (for example, 
favorable conditions, unfavorable conditions, erratic fluctuations) by comparing 
fuzzy, stochastic and fuzzy-stochastic optimization models for portfolio selec-
tion problems. 

Thus, in order to represent some uncertain social conditions and compare vari-
ous models for portfolio selection problems, it is important to construct the ana-
lytical solution method using the fuzzy and stochastic optimization method as well 
as to develop a versatile model for portfolio selection problems. Therefore, in this 
chapter, we consider some models based on the fuzzy optimization models for our 
proposed portfolio models including the general random distribution with fuzzy 
factors. 

This paper is organized as follows. In Section 2, we introduce notations of pa-
rameters in this paper and introduce the basic Mean-Variance model proposed 
by Markowitz. Then, in Section 3, we formulate the proposed portfolio selection 
problems minimizing the total variance and maximizing the total future return 
with normal mixture distributions, respectively. Furthermore, we introduce the 
uncertainty sets for mean values, weights and probabilities as fuzzy numbers. 
With respect to several portfolio selection problems including randomness  
and fuzziness, we construct the solution method. In Section 4, in order to com-
pare our proposed models with standard models, we provide a numerical exam-
ple. Finally, in Section 5, we conclude this paper and discuss future research 
problems. 

2   Basic Mean-Variance Model 

Notations of parameters in this paper are as follows: 

ir : random column vector ith scenario 

im : mean value column vector of random variable ir  
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iV : variance-covariance matrix of random variable ir  

Gr : target value of the total future return 

Gσ : target value of the total variance 

jb : Upper limited value of purchasing rate 

x : Purchasing volume (Decision variable) 

In this chapter, we mainly deal with the standard Markowitz model for portfolio 
selection problem involving normal mixture distributions with respect to future re-
turns. First, we introduce the following Markowitz model minimizing the total 
variance: 

( )
1

Minimize

subject to

                  1,  0 ,  1, 2,...,

t

t
G

n

j j j
j

r

X x x b j n
=

≥

⎧ ⎫⎪ ⎪⎪ ⎪∈ = ≤ ≤ =⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
∑

Vx x

m x

x x

 

(1) 

This model has been the centre of investment fields until now, and so there are 
many studies by academic and practical researchers. 

In the case that we obtain the strict value of parameters m  and V , problem (1) 
is equivalent to a quadratic programming problem in the mathematical program-
ming and we find an optimal portfolio using standard convex programming ap-
proaches. Furthermore, while problem (1) considers minimizing the total variance, 
the case maximizing the total future return is formulated as the following form: 

Maximize

subject to ,  

t

t
G Xσ≤ ∈V

m x

x x x
 (2) 

This problem is also a quadratic programming problem and so we obtain an opti-
mal portfolio using the basic convex programming approach. 

3   Our Proposed Model with Normal Mixture Distributions 

However, since it often happens that future returns occur according to the normal 
distribution in practical investment fields, we need to consider that future returns 
occur according to heavier tailed distributions than normal. Therefore, in this pa-

per, we consider that each random variable ijr  occurs according to the following 

normal mixture distribution with a heavier tail than general normal distributions 
based on the study [21]: 
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1

,
m

i i i
i

w N
=
∑ V∼r m  (3) 

where each parameter iw  is the non-negative scalar random variable. If parameter 

vector W  of scalar random variable iw  is fixed, random variable vector r  oc-

curs according to the following normal distribution: 

( )
1 1

1 2

,

, ,..., , : fixed value

m m

i i i i
i i
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N w w

w w w w

= =

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

=

∑ ∑W V∼r w r

w

 (4) 

where we assume that random variable vector W  is independent on each matrix 

iV . In case (4), since random variables ijr  are basic normal distributions, we ana-

lytically obtain an optimal portfolio of problems (1) and (2). However, iw  is also 

a random variable, and so random variables ijr  are not normal random distribu-

tions. In this paper, to simplify the discussion, we assume that W  occurs accord-

ing to the following discrete distribution introducing probabilities sp : 
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 (5) 

where S  is the total number of discrete random variables and each 
( )s
iw  is the 

fixed weight. Using this discrete distribution, the expected value and covariance of 
random variable column vector to future return r  are as follows: 

( ) ( )( )
( ) ( )( ) ( )( )

( ) ( )1 2
1

cov cov cov

,  , ,...,

E i

E i

S
sE E E E

i s i E m
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w p w w w w
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= =

= + =

= =∑

V

r r w m

r r r w

w

 
(6) 

Therefore, using this expression (6), the expected return and covariance of total 

profit tr x  are as follows: 
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 (7) 

3.1   Formulation of Our Proposed Model 

Then, we equivalently transform main problems (1) and (2) into the following 
problems: 

( )

( )

Minimize

subject to ,  

t
E i

t

E i Gr X≥ ∈

Vx w x

w m x x
 (8) 

( )
( )

Maximize

subject to ,  

t

E i

t
E i G Xσ≤ ∈V

w m x

x w x x
 (9) 

With respect to problems (8) and (9), if random distribution of parameter W  is 
obtained and each parameter is constant, we may solve these problems analytically 
using similar methods to problems (1) and (2). However, considering ambiguity 
conditions such as subjectivity of the decision maker and the lack of received reli-
able information, it is natural that each parameter such as the mean value and ran-

dom variable W  include fuzziness. Therefore, we consider the following cases 
where problems (8) and (9) include fuzziness. 

3.2   Fuzzy Extension for Mean Values 

First, we consider the case where each expected value m  includes fuzziness and 
is assumed to be a fuzzy number. This case is considered that the decision maker 
is a veteran investor and performs the more aggressive or passive prediction than 
the statistical analysis derived from historical data. 

In this subsection, since the random distribution of parameter W  is obtained 

and discrete value 
( )s
iw  and its probability sp  are constant, expected value vec-

tor E
iw  is also a constant. Then, the membership function of fuzzy numbers m  

is assumed to be a triangle fuzzy number and introduced by the following  
function: 



Mathematical Approaches for Fuzzy Portfolio Selection Problems 413
 

 

( )

( ) ( )

( ) ( )

( )0

ij

ij ij

ij ij ij
ij

r ij ij

ij ij ij
ij

m
m m

m
m m

otherwise

ω γ
γ ω

γ

μ ω δ ω
ω δ

δ

⎧⎪ − −⎪⎪ − ≤ ≤⎪⎪⎪⎪⎪⎪=⎨ + −⎪ < ≤ +⎪⎪⎪⎪⎪⎪⎪⎪⎩

 (10) 

where ijγ  and ijδ  are spreads of left and right side, respectively. In this paper, we 

assume that provided all fuzzy numbers are initially determined by the decision 

maker. Using these fuzzy numbers, the total future expected return t
iR = m x  is 

also a fuzzy numbers characterized by the following membership function: 
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(11) 

Due to these fuzzy numbers, problems (8) and (9) are not well-defined problem in 
the sense of deterministic mathematical programming. Therefore, in order to solve 
the main problem analytically, we need to set some criterion for fuzzy variables. 
In this paper, we consider the case where the decision maker usually has a goal to 
earn the total profit more than the target value. Furthermore, taking account of the 
vagueness of human judgment and flexibility for the execution of a plan in many 
real decision cases, we give a fuzzy goal to the target future return as the fuzzy set 
characterized by a membership function. In this subsection, we consider the fuzzy 

goal of probability ( )G
μ ω  which is represented by, 
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f
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f f

f f

f
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μ ω ω

ω
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 (12) 

Furthermore, using the concept of possibility measure and considering maximiz-
ing both membership functions, we introduce the degree of possibility as follows: 
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Therefore, introducing this degree of possibility, we consider the following portfo-
lio selection problems based on problems (8) and (9): 
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(15) 

In this problem, each constraint ( )
i iP

G hΠ ≥  is transformed into the following 

inequality: 
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(16) 

Therefore, problems (14) and (15) are equivalently transformed into the following 
problems: 
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Problem (17) is equivalent to problem (8), and so we analytically solve problem 
(17) using the same solution method to problem (8). Then, problem (18) is a stan-
dard fractional programming problem and the numerator and denominator of ob-
jective function are linear functions. Therefore, by performing the equivalent 
transformation using the fractional programming approach, problem (18) is a simi-
lar problem to problem (9), and so we also solve problem (18) analytically using 
the same solution method to problem (9). 

3.3   Fuzzy Extension Model for Each Weight or Probability 

In the previous subsection, we considered the case where each expected value is 
assumed to be a fuzzy number. However, in real-world decision cases, it is diffi-
cult to set not only the expected value but also the possible value of random 

variable iw  or the occurrence probability ip  strictly due to the ambiguity of 

decision maker’s subjectivity. Therefore, in this subsection, we consider the 
case where random variable W  also includes flexibility and is assumed to be a 
fuzzy number.  

First, we assume that the possible value iw  includes the ambiguity and repre-

sents a fuzzy number. Then, the membership function of each value iw  is intro-

duced by the following functions: 
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(19) 

Using these membership functions and the extension principle of fuzzy theory, 

expected value of E
iw  is obtained as the following form: 
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Therefore, we obtain the following membership function of the total variance: 
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In this case, we assume that each weight 
( )s
iw  is represented as the h -cut set of 

the fuzzy number 
( ) ( ) ( ) ( ) ( ),s s s
i i iw w h w h⎡ ⎤= ⎢ ⎥⎣ ⎦ . Furthermore, in a way similar to 

subsection 3.2, using the concept of possibility measure to the total variance, we 
introduce the degree of possibility as follows: 
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Therefore, from this degree of possibility, problems (8) and (9) are equivalently 
transformed into the following problems performing the method similar to (18): 
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and 
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Problem (23) is similar to problem (17), but it is a semi-infinite programming prob-
lem since it includes interval values ( ) ( ) ( ) ( ) ( ),s s s

i i iw w h w h⎡ ⎤∈ ⎢ ⎥⎣ ⎦
 and constraint 

( )

1

1
m

s
i

i

w
=

=∑ . Therefore, it is hard to solve it as the original form using the standard 

approaches. However, since these problems are equivalently transformed into the 
linear programming problems using the solution approach proposed by Lai and Wu 
[18] and Hasuike [7], we analytically and efficiently solve it. Then, with respect to 
problem (23), the numerator and denominator of objective function are convex 
functions. Therefore, we analytically solve it using the solution method proposed 
by Dinkelbach [4] and the semi-infinite solution approaches [7] and [18]. 
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On the other hand, we also consider the case where each occurrence probability 
includes an ambiguity and is assumed to be the following membership function in 
a way similar to (19): 
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(25) 

In this case, we assume that each possible occurrence probability ip  includes the 

h -cut set of the fuzzy number ip . Then, we also apply similar transformations 

and degree of possibility to this case, and we equivalently transform problems (8) 
and (9) into the following problems: 
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and 
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Consequently, problems (26) and (27) are similar to problems (23) and (24), re-
spectively. Therefore, we obtain the optimal portfolio with respect to the various 
types of fuzzy portfolio selection problems with normal mixture random distribu-
tions. Furthermore, with respect to problems (23), (24), (26) and (27), these  
problems consider several weights and possible occurrence probability as their  
interval values, and so these problems are more versatile and robust portfolio 
models. 
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4   Numerical Example 

In order to compare our proposed models and standard Markowitz models and to 
show the usefulness of our proposed model more clearly, we provide a brief nu-
merical example based on historical data derived from Tokyo Stock Exchange. Let 
us consider four securities shown in Table 1, whose mean values and variances are 
based on historical data in the decade between 1995 and 2004.  

Table 1 Sample data from Tokyo Exchange Market 

 x1 x2 x3 x4 

Mean 0.046 0.043 0.087 0.090 

Variance 0.0836 0.0638 0.1507 0.1010 

 
Subsequently, we introduce the asset allocation rate xj to each security, and its 

upper value is assumed to be 0.4. Then, we consider the case where the fixed tar-
get profit and total variance for Markowitz model are 0.07 and 0.025, respectively. 
In this case, the optimal portfolio of Markowitz model minimizing the total vari-
ance is obtained as follows: 

Table 2 Optimal portfolio of Markowitz model 

 x1 x2 x3 x4 

Problem (1) 0.192 0.231 0.226 0.351 

 
Furthermore, we consider the more practical case where investors predict not 

only single scenario but also multi-scenario with respect to each future return. In 
this numerical example, based on the historical data of Tokyo Exchange Market, 
we consider three scenarios as the following Table 3. 

Table 3 Mean values and variances for three scenarios with respect to future returns 

  x1 x2 x3 x4 

Mean 0.046 0.043 0.087 0.090 
Scenario 1 

Variance 0.0836 0.0638 0.1507 0.1010 

Mean 0.068 0.114 0.130 0.236 
Scenario 2 

Variance 0.0936 0.0488 0.1007 0.1510 

Mean 0.023 0.015 0.012 0.032 
Scenario 3 

Variance 0.0736 0.0788 0.1807 0.0910 
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This example means that scenarios 1, 2 and 3 are neutral, positive and passive 
for the investor’s subjectivity. Then, each weight of the scenario is provided as the 
following three forms: 

Table 4 Weights and probabilities for scenarios 

 w1 w2 w3 Prob. 

Case 1 0.5 0.25 0.25 1/3 

Case 2 0.5 0.4 0.1 1/3 

Case 3 0.5 0.1 0.4 1/3 

 
 
Using Table 3 and each weight, we solve Case 1 of the weighted portfolio 

model and obtain the following optimal portfolio: 

Table 5 Optimal portfolio for Case 1 of each weighted portfolio model 

 x1 x2 x3 x4 

Min. Var. 0.270 0.367 0.162 0.201 

 
 

On the other hand, in order to consider our proposed models in Section 3, we 
set the fuzzy numbers and fuzzy goals. First, we assume mean values in all scenar-
ios to be the following symmetric triangle fuzzy numbers: 

Table 6 Triangle fuzzy numbers of mean values in all scenarios 

 x1 x2 x3 x4 

Scenario 1 <0.046,0.02> <0.043,0.01> <0.087,0.03> <0.090,0.05> 

Scenario 2 <0.068,0.03> <0.114,0.04> <0.130,0.08> <0.236,0.03> 

Scenario 3 <0.023,0.01> <0.015,0.005> <0.012,0.005> <0.032,0.02> 

 
 
Then, fuzzy numbers of weights and probabilities are assumed to be the follow-

ing symmetric trapezoidal fuzzy numbers: 
 



Mathematical Approaches for Fuzzy Portfolio Selection Problems 421
 

 

Table 7 Symmetric trapezoidal fuzzy numbers of weights and probabilities 

 w1 w2 w3 Prob. 

Case 1 (0.42,0.58,0.1) (0.21,0.29,0.05) (0.21,0.29,0.05) (0.3,0.35,0.1) 

Case 2 (0.42,0.58,0.1) (0.32,0.48,0.1) (0.02,0.18,0.1) (0.3,0.35.0.1) 

Case 3 (0.42,0.58,0.1) (0.02,0.18,0.1) (0.32,0.48,0.1) (0.3,0.35.0.1) 

 
 
Furthermore, fuzzy goals for the total return and variance are provided as the 

following forms: 

( ) ( )

0 1
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1 0
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, 

Using these parameters and fuzzy goals, we solve our proposed models (17), (23) 
and (26) minimizing the total variance, and obtain each optimal portfolio: 

Table 8 Optimal portfolios for our proposed models 

 x1 x2 x3 x4 
Fuzzy mean (17) 0.270 0.367 0.162 0.201 

Fuzzy weight (23): Case 1 0.064 0.394 0.188 0.354 
Fuzzy weight (23): Case 2 0.041 0.400 0.227 0.332 
Fuzzy weight (23): Case 3 0.039 0.400 0.187 0.374 

Fuzzy probability (26) 0.051 0.400 0.216 0.333 

Subsequently, we consider the case where an investor purchases securities at 
the end of 2004 according to each portfolio shown in Tables 2 and 8. Then, the to-
tal return of three models at term ends of 2005 and 2007 become the following 
values shown in Table 3.9, respectively. 

Table 9 Total profit for the basic and our proposed models 

 Term end of 2005 Term end of 2007 
Markowitz model (1) 0.2042 0.2094 

Fuzzy mean (17) 0.2329 0.3008 
Fuzzy weight (23): Case 1 0.2489 0.2114 
Fuzzy weight (23): Case 2 0.2465 0.2108 
Fuzzy weight (23): Case 3 0.2519 0.2007 

Fuzzy probability (26) 0.2473 0.2135 
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From the result in Table 9, we find that our proposed models earn more total 
profit than the basic Markowitz model. Particularly, we find that fuzzy weight and 
fuzzy probability models earns more profit in a semi-long term investment, and 
the fuzzy mean models earns more profit in a long-term investment. Surely, this 
numerical example is based on a little data, and so this conclusion may not hold 
true for the stock market in all conditions. However, this results show that it is 
possible to earn more profits by performing suitable investments according to sub-
jectivity. Therefore, investors can deal with our model usefully according to their 
investment stiles. 

5   Conclusion 

In this paper, we have considered several portfolio selection models with normal 
mixture random distributions involving ambiguous factors extending Mean-
Variance model. Since our proposed models are not well-defined problems due to 
randomness and fuzziness, we have set some criterion such as mean value and 
variance to stochastic aspect and possibility measure to fuzzy aspect. Then, by 
performing the equivalent transformations, we have constructed the efficient solu-
tion methods based on the standard mean-variance approaches. Therefore, we 
have developed more versatile portfolio models with randomness and fuzziness 
than previous standard portfolio models, and we may obtain more beneficial 
knowledge for the investment theory. 

As the future studies, we are going to consider the case where random distribu-
tions are more general patterns not only based on the normal distribution but also 
ellipsoidal distributions including almost all statistical distributions. Then, we also 
need to consider the case that the optimal solutions are restricted to be integers. 
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