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Abstract. We study the parameterized complexity of the FEEDBACK
VERTEX SET problem (FVS) on undirected graphs. We approach the prob-
lem by considering a variation of it, the DISJOINT FEEDBACK VERTEX SET
problem (DISJOINT-FVS), which finds a disjoint feedback vertex set of size
k when a feedback vertex set of a graph is given. We show that DISJOINT-
FVS admits a small kernel, and can be solved in polynomial time when
the graph has a special structure that is closely related to the maximum
genus of the graph. We then propose a simple branch-and-search process
on DISJOINT-FVS, and introduce a new branch-and-search measure. The
branch-and-search process effectively reduces a given graph to a graph
with the special structure, and the new measure more precisely evalu-
ates the efficiency of the branch-and-search process. These algorithmic,
combinatorial, and topological structural studies enable us to develop an
0(3.83Fkn?) time parameterized algorithm for the general Fvs problem,
improving the previous best algorithm of time O(5*kn?) for the problem.

1 Introduction

All graphs in our discussion are supposed to be undirected. A feedback vertex set
(FVS) F in G is a set of vertices in G whose removal results in an acyclic graph.
The problem of finding a minimum feedback vertex set in a graph is one of the
classical NP-complete problems [16]. The history of the problem can be traced
back to early ’60s. For several decades, many different algorithmic approaches
were tried on this problem, including approximation algorithms, linear program-
ming, local search, polyhedral combinatorics, and probabilistic algorithms (see
the survey [I0]). There are also exact algorithms finding a minimum FVS in a
graph of n vertices in time 0(1.9053") [21] and in time O(1.7548™) [I1].

An important application of the FVS problem is deadlock recovery in operating
systems [23], in which a deadlock is presented by a cycle in a system resource-
allocation graph G. Thus, to recover from deadlocks, we need to abort a set of
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processes in the system, i.e., to remove a set of vertices in the graph G, so that
all cycles in G are broken. Equivalently, we need to find an FVS in G.

In a practical system resource-allocation graph G, it can be expected that the
size k of the minimum FVS in G, i.e., the number of vertices in the FVS, is fairly
small. This motivated the study of the parameterized version of the problem,
which we will name FVS: given a graph G and a parameter k, either construct an
FVS of size bounded by k in G or report no such an FVS exists. Parameterized
algorithms for the Fvs problem have been extensively investigated that find an
FVS of k vertices in a graph of n vertices in time f(k)n®®) for a fixed function
f (thus, the algorithms become practically efficient when the value & is small).
The first group of parameterized algorithms for Fvs was given by Bodlaender [2]
and by Downey and Fellows [§]. Since then a chain of dramatic improvements
was obtained by different researchers (see Figure [I).

Authors Complexity Year
Bodlaender|[2]

Downey and Fellows [8] O17(kH)InCW) 1994
Downey and Fellows [9] O((2k + 1)*n?) 1999
Raman et al.[20] O(max{12*, (41log k)*In?37%) 2002
Kanj et al.[I5] O((2log k + 2loglog k + 18)*n?) 2004
Raman et al.[I9] O((121log k/ loglog k 4 6)*n?37%) 2006
Guo et al.[T4] O((37.7)%n?) 2006
Dehne et al.[7] 0((10.6)kn?) 2005
Chen et al.[5] O(5%kn?) 2008
This paper 0O(3.83%kn?) 2010

Fig. 1. The history of parameterized algorithms for the unweighted FVS problem

Randomized parameterized algorithms have also been studied for the problem.
The best randomized parameterized algorithm for the problems is due to Becker
et al. [1], which runs in time O(4*kn?).

The main result of the current paper is an algorithm that solves the Fvs
problem. The running time of our algorithm is O(3.83%kn?). This improves a
long chain of results in parameterized algorithms for the problem. We remark
that the running time of our (deterministic) algorithm is even faster than that
of the previous best randomized algorithm for the problem as given in [IJ.

Our approach, as some of the previous ones, is to study a variation of the Fvs
problem, the DISJOINT FEEDBACK VERTEX SET problem (DISJOINT-FVS), which
finds a disjoint feedback vertex set of size k in a graph G when a feedback vertex
set of G is given. Our significant contribution to this research includes:

1. A new technique that produces a kernel of size 3k for the DISJOINT-FVS
problem, and improves the previous best kernel of size 4k for the problem [7].
The new kernelization technique is based on a branch and search algorithm
for the problem, which is, to our best knowledge, the first time used in the
literature of kernelization;
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. A polynomial time algorithm that solves the DISJOINT-FVS problem when
the input graph has a special structure;

3. A branch and search process that effectively reduces an input instance of
DISJOINT-FVS to an instance of the special structure as given in 2;

4. A new measure that more precisely evaluates the efficiency of the branch
and search process in 3;

5. A new algorithm for the FvS problem that significantly improves previous

algorithms for the problem.

Due to space limitations, we omit some proofs and refer interested readers to
the extended version of the current paper [3].

2 DISJOINT-FVS and Its kernel

We start with a precise definition of our problem.

DISJOINT-FVS. Given a graph G = (V, E), an FVS F in G, and a param-
eter k, either construct an FVS F’ of size k in G such that F¥ CV \ F,
or report that no such an FVS exists.

Let V4 = V' \ F. Since F is an FVS, the subgraph induced by V; must be
a forest. Moreover, if the subgraph induced by F' is not a forest, then it is
impossible to have an FVS F” in G such that F’ C V'\ F. Therefore, an instance
of DISJOINT-FVS can be written as (G; Vi, Va; k), and consists of a partition
(V1, Va) of the vertex set of the graph G and a parameter k such that both V3
and V, induce forests (where Vo = F'). We will call an FVS entirely contained
in V1 a V4-FVS. Thus, the instance (G; V1, Va; k) of DISJOINT-FVS is looking for
a V1-FVS of size k in the graph G.

Given an instance (G; V1, Va; k) of DISJIOINT-FVS, we apply the following rules:

Rule 1. Remove all degree-0 vertices; and remove all degree-1 vertices;

Rule 2. For a degree-2 vertex v in V7,

e if both neighbors of v are in the same connected component of G[V5],
then include v into the objective V1-FVS, G = G\ v, and k = k — 1;

e otherwise, move v from V; to Va: Vi = V4 \ {v}, Vo = Vo U {v}.

Our kernelization algorithm is based on an algorithm proposed in [5], which can
be described as follows: on a given instance (G; Vi, Va; k) of DISJIOINT-FVS, keep
all vertices in V; of degree at least 3 (whenever a vertices in V; becomes degree
less than 3, applying Rules 1-2 on the vertex), and repeatedly branch on a leaf
in the induced subgraph G[V1]. In particular, if the graph G has a V;-FVS of size
bounded by k, then at least one P of the computational paths in the branching
program will return a V1-FVS F of size bounded by k. The computational path
‘P can be described by the algorithm in Figure

Lemma 1. Ifnone of Rule 1 and Rule 2 is applicable on an instance (G; V1, Va; k)
of DISJIOINT-FVS, and |V1| > 2k + 1 — 7, then there is no V1-FVS of size bounded
by k in G, where [ is the number of connected components in G[Va] and T is the
number of connected components in G[V].
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Algorithm FindingFVS(G, Vi, Va, k)
INPUT: an instance (G; Vi, Va; k) of DISJOINT-FVS.
ouTPUT: a V1-FVS F of size bounded by k in G.

1 F=0

2 while |Vi| > 0 do

3 pick a leaf w in G[V4];

4 case 1: \\ w is in the objective V1-FVS F.

5 add w to F' and remove w from Vi; k=k—1;

6 if the neighbor u of w in G[Vi] becomes degree-2
then apply Rule 2 on w;

7 case 2: \\ w is not in the objective V1-FVS F.

8 move w from V1 to Va.

Fig. 2. The computational path P that finds the Vi-FVS F' of size bounded by k

Note that for those DISJOINT-FVS instances we will meet in Section E we
always have |Va| = k + 1, which is exactly the characteristic of the iterative
compression technique. Also by the simple fact that { < |V3| and 7 > 0, we have
2k + 1 — 7 < 3k, so the kernel size is also bounded by 3k. With more careful
analysis, we can further improve the kernel size to 3k — 7 — p(V7), where p(V}) is
the size of a maximum matching of the subgraph induced by the vertex set V/
that consists of all vertices in V; of degree larger than 3. The detailed analysis
for this fact is given in a complete version of the current paper.

3 A Polynomial Time Solvable Case for DISJOINT-FVS

In this section we consider a special class of instances for the DISJOINT-FVS
problem. This approach is closely related to the classical study on graph max-
imum genus embeddings [4/12]. However, the study on graph maximum genus
embeddings that is related to our approach is based on general spanning trees
of a graph, while our approach must be restricted to only spanning trees that
are constrained by the vertex partition (Vi,V2) of an instance (G; Vi, Va;k) of
DISJOINT-FVS. We start with the following simple lemma.

Lemma 2. Let G be a connected graph and let S be a subset of vertices in G
such that the induced subgraph G[S] is a forest. Then there is a spanning tree
in G that contains the entire induced subgraph G[S], and can be constructed in
time O(ma(n)), where a(n) is the inverse of Ackermann function [6].

Let (G; V1, Va; k) be an instance for the DISJOINT-FVS problem, recall that (V1, V)
is a partition of the vertex set of the graph G such that both induced subgraphs
G[V1] and G[V3] are forests. By Lemmal[2] there is a spanning tree T of the graph
G that contains the entire induced subgraph G[V2]. Call a spanning tree that con-
tains the induced subgraph G[Va] a Ty, -tree.



On Feedback Vertex Set New Measure and New Structures 97

Let T be a Tg[,)-tree of the graph G. By the construction, every edge in
G — T has at least one end in V5. Two edges in G — T are Vi-adjacent if they
have a common end in V. A Vi-adjacency matching in G — T is a partition
of the edges in G — T into groups of one or two edges, called I-groups and 2-
groups, respectively, such that two edges in the same 2-group are V;-adjacent. A
mazximum Vi-adjacency matching in G — T is a Vi-adjacency matching in G — T
that maximizes the number of 2-groups.

Definition 1. Let (G; V1, Va; k) be an instance of DISJOINT-FVS. The Vi -adjacen-
cy matching number u(G, T) of a Ty, -tree T in G is the number of 2-groups in a
mazximum Vi -adjacency matching in G — T. The Vi -adjacency matching number
w(G) of the graph G is the largest u(G,T) over all Ty, -trees T in G.

An instance (G; Vi, Va; k) of DISJOINT-FVS is 3-requlary, if every vertex in the
vertex set V7 has degree exactly 3. Let fy, (G) be the size of a minimum V;-FVS
for G. Let B(G) be the Betti number of the graph G that is the total number
of edges in G — T for any spanning tree 7' in G (or equivalently, 5(G) is the
number of fundamental cycles in G) [12]. The following lemma is a nontrivial
generalization of a result in [I7] (the result in [I7] is a special case for Lemma [3]
in which all vertices in the set V5 have degree 2).

Lemma 3. For any 3-requlary, instance (G; V1, Va; k) of DISIOINT-FVS, fy, (G)
= B8(G) — u(G). Moreover, a minimum V1-FVS can be constructed in linear time
from a Tgyy,)-tree whose Vi-adjacency matching number is ji(G).

By Lemma [B] in order to construct a minimum V;-FVS for a 3-regulary, in-
stance (G; Vi, Va, k) of DISJOINT-FVS, we only need to construct a Tgy,)-tree in
the graph G whose Vj-adjacency matching number is p(G). The construction
of an unconstrained maximum adjacency matching in terms of general span-
ning trees has been considered by Furst, Gross and McGeoch in their study of
graph maximum genus embeddings [12]. We follow a similar approach, based on
cographic matroid parity, to construct a Tgy,)-tree in G whose Vi-adjacency
matching number is u(G). We start with a quick review on the related concepts
in matroid theory. Detailed discussion on matroid theory can be found in [I8].

A matroid is a pair (F,S), where E is a finite set and S is a collection of
subsets of E that satisfies: (1) If A€ Sand BC A, then B€ S (2)If A, B
and |A| > |B|, then there is an element a € A — B such that BU {a} € S.

The matroid parity problem is stated as follows: given a matroid (E, ) and a
perfect pairing {[a1, a1], [a2,a2], ..., [an, as]} of the elements in the set E, find
a largest subset P in & such that for all 4, 1 < i < n, either both a; and a; are
in P, or neither of a; and a; is in P.

Each connected graph G is associated with a cographic matroid (Eq,Sq),
where F¢ is the edge set of G, and an edge set S is in S if and only if G— S is
connected. It is well-known that matroid parity problem for cographic matroids
can be solved in polynomial time [I8]. The fastest known algorithm for cographic
matroid parity problem runs in time O(mn log®n) [13).
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In the following, we explain how to reduce our problem to the cographic ma-
troid parity problem. Let (G; V1, Va; k) be a 3-regulary, instance of the DISJOINT-
FVs problem. Without loss of generality, we make the following assumptions: (1)
the graph G is connected (otherwise, we simply work on each connected com-
ponent of G); and (2) for each vertex v in Vi, there is at most one edge from v
to a connected component in G[V3] (otherwise, we can directly include v in the
objective V1-FVS).

Recall that two edges are Vi -adjacent if they share a common end in V;. For
an edge e in G, denote by dy, (e) the number of edges in G that are V;i-adjacent
to e (note that an edge can be Vj-adjacent to the edge e from either end of e).

We construct a labeled subdivision G of the graph G as follows.

1. shrink each connected component of G[V5] into a single vertex; let the re-
sulting graph be G1;

2. assign each edge in GG a distinguished label;

3. for each edge labeled ey in G7, suppose that the edges Vi-adjacent to eq
are labeled by e, ea, ..., eq (the order is arbitrary), where d = dy, (ep);
subdivide eg into d segment edges by inserting d — 1 degree-2 vertices in ey,
and label the segment edges by (epey), (egez2), ..., (egeq). Let the resulting
graph be Ga. The segment edges (ege1), (epez2), -- ., (epeq) in Gy are said to

be from the edge ey in Gy.

There are a number of interesting properties for the graphs constructed above.
First, each of the edges in the graph Gy corresponds uniquely to an edge in G
that has at least one end in V;. Thus, without creating any confusion, we will
simply say that the edge is in the graph G or in the graph G;. Second, because
of the assumptions we made on the graph G, the graph G; is a simple and
connected graph. In consequence, the graph G5 is also a simple and connected
graph. Finally, because each edge in G corresponds to an edge in G that has at
least one end in Vi, and because each vertex in V; has degree 3, every edge in
(G is subdivided into at least two segment edges in G.

Now in the labeled subdivision graph G, pair the segment edge labeled (ege;)
with the segment edge labeled (e;eq) for all segment edges (note that (ege;) is a
segment edge from the edge ey in G and that (e;eq) is a segment edge from the
edge e; in G1). By the above remarks, this is a perfect pairing P of the edges
in Go. Now with this edge pairing P in Go, and with the cographic matroid
(Eg,,Sa,) for the graph Ga, we call Gabow and Stallmann’s algorithm [I3] for
the cographic matroid parity problem. The algorithm produces a maximum edge
subset P in S¢, that, for each segment edge (ege;) in Ga, either contains both
(epe;) and (e;eq), or contains neither of (epe;) and (e;ep).

Lemma 4. From the edge subset P in Sg, constructed above, a Tgy,)-tree for
the graph G whose Vi -adjacency matching number is 1(G) can be constructed in
time O(ma(n)), where n and m are the number of vertices and the number of
edges, respectively, of the graph G.

Now we can solve the 3-regulary, instance as follows: first shrinking each con-
nected component of G[V5] into a single vertex; then constructing the labeled
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subdivision graph G2 of G, and apply Gabow and Stallmann’s algorithm [I3] on
it to get the edge subset P in S¢q,; finally, building the V;j-adjacency matching
M from P, and the Vi-FVS from M. This gives our main result in this section.

Theorem 1. There is an O(n?log®n) time algorithm that on a 3-regulary, in-
stance (G; V1, Va; k) of the DISJIOINT-FVS problem, either constructs a V1-FVS of
size bounded by k, if such a V1-FVS exists, or reports correctly that no such a
Vi-FVS exists.

Combining Theorem [I] and Rule 2, we have

Corollary 1. There is an O(n?log® n) time algorithm that on an instance (G; Vi,
Va: k) of DISJIOINT-FVS where all vertices in Vi have degree bounded by 3, either
constructs a V1-FVS of size bounded by k, if such an F'VS exists, or reports correctly
that no such a V1-FVS exists.

4 An Improved Algorithm for DISJOINT-FVS

Now we are ready for the general DISJOINT-FVS problem. Let (G; Vi, Va; k) be
an instance of DISJOINT-FVS, for which we are looking for a V1-FVS of size k.
Observe that certain structures in the input graph G can be easily processed
and then removed from G. For example,the graph G cannot contain self-loops
(i.e., edges whose both ends are on the same vertices) because by definition, both
induced subgraphs G[V1] and G[V3] are forests. Moreover, if two vertices v and
w are connected by multiple edges, then exactly one of v and w is in V; and
the other is in V5 (this is again because the induced subgraphs G[V;] and G[V3]
are forests). Thus, in this case, we can directly include the vertex in V; in the
objective V;1-FVS. Therefore, for a given input graph G, we always first apply
a preprocessing that applies the above operations and remove all self-loops and
multiple edges in the graph G. In consequence, we can assume, without loss of
generality., that the input graph G contains neither self-loops nor multiple edges.

A vertex v € V1 is a nice Vq-vertex if v is of degree 3 in G and all its neighbours
are in V5. Let p be the number of nice V;-vertices in G, and let [ be the number of
connected components in the induced subgraph G[Vz]. The measure m = k+ é —p
will be used in the analysis of our algorithm.

Lemma 5. If the measure m is bounded by 0, then there is no V1-FVS of size
bounded by k in G. If all vertices in Vi are nice Vi-vertices, then a minimum
Vi-FVS in G can be constructed in polynomial time.

Proof. Suppose that m = k + é —p <0, and that there is a V1-FVS F' of size
of k' < k. Let S be the set of any p — k’ nice V;-vertices that are not in F'. The
subgraph G’ induced by V5 U S must be a forest because F is an FVS and is
disjoint with V5 U S. On the other hand, the subgraph G’ can be constructed
from the induced subgraph G[V5] and the p— k' discrete vertices in S, by adding
the 3(p — k') edges that are incident to the vertices in S. Since k' < k, we have
p—k >p—k> . Thisgives3(p— k') =2(p—K)+ (p—FK)>1+(p—K).
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This contradicts the fact that G’ is a forest — in order to keep G’ a forest, we can
add at most I + (p — k') — 1 edges to the structure that consists of the induced
subgraph G[V2] of I connected components and the p — k’ discrete vertices in S.
This contradiction proves the first part of the lemma.

To prove the second part of the lemma, observe that when all vertices in V3
are nice Vi-vertices, (G; Vi, Va; k) is a 3-regulary, instance for DISJIOINT-FVS. By
Theorem [I] there is a polynomial time algorithm that constructs a minimum
V1-FVS in G for 3-regulary, instances of DISJOINT-FVS. O

The algorithm Feedback(G, Vi, Vs, k), for the DISJOINT-FVS problem is given
in Figure Bl We first discuss the correctness of the algorithm. The correctness of
step 1 and step 2 of the algorithm is obvious. By lemmal5l step 3 is correct. Step
4 is correct by Rule 1 in section 2. After step 4, each vertex in Vi has degree at
least 2 in G.

If the vertex w has two neighbors in V5 that belong to the same tree T' in
the induced subgraph G[Va], then the tree T plus the vertex w contains at least
one cycle. Since we are searching for a V1-FVS, the only way to break the cycles
in T'U {w} is to include the vertex w in the objective V3-FVS. Moreover, the
objective V1-FVS of size at most k exists in G if and only if the remaining graph
G —w has a V4-FVS of size at most k — 1 in the subset V; \ {w}. Therefore, step
5 correctly handles this case. After this step, all vertices in V4 has at most one
neighbor in a tree in G[Vz].

Because of step 5, a degree-2 vertex at step 6 cannot have both its neighbors
in the same tree in G[V3]. By Rule 2, step 6 correctly handles this case. After
step 6, all vertices in V) have degree at least 3.

A vertex w € V7 is either in or not in the objective V1-FVS. If w is in the
objective V1-FVS, then we should be able to find a V,-FVS Fj in the graph G—w
such that |Fi| < k—1and F; CV; \ {w}. On the other hand, if w is not in the
objective V1-FVS, then the objective V1-FVS for G must be contained in the
subset V4 \ {w}. Also note that in this case, the induced subgraph G[VoU{w}] is
still a forest since no two neighbors of w in V4 belong to the same tree in G[Va].
Therefore, step 7 handles this case correctly. After step 7, every leaf w in G[V]
that is not a nice Vi-vertex has exactly two neighbors in V.

The vertex y in step 8 is either in or not in the objective V1-FVS . If y is in
the objective V1-FVS, then we should be able to find a V3-FVS F} in the graph
G —ysuch that |Fy| < k—1and F; C V;\{w}. After removing y from the graph
G, the vertex w becomes degree-2 and both of its neighbors are in V5 (note that
step 7 is not applicable to w). Therefore, by Rule 2, the vertex w can be moved
from V4 to V2 (again note that G[Va U {w}] is a forest). On the other hand, if y
is not in the objective V1-FVS, then the objective FVS for G must be contained
in the subset V7 \ {y}. Also note that in this case, the subgraph G[V2 U {y}]
is a forest since no two neighbors of y in V5 belong to the same tree in G[V3].
Therefore, step 8 handles this case correctly. Thus, the following conditions hold
after step 8:

1. k> 0 and G is not a forest (by steps 1 and 2);
2. p<k+ é and not all vertices of V; are nice vertices (by step 3);
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Algorithm Feedback(G, Vi, V2, k)
INPUT: an instance (G; Vi, Va; k) of DISJOINT-FVS.
oUTPUT: a Vi-FVS F' of size bounded by k in G if such a Vi-FVS exists.
1 if (k< 0)or (k=0 and G is not a forest) then return ‘No’;
2 if k>0 and G is a forest then return 0;
let | be the number of connected components in G[V2],
and let p be the number of nice Vi-vertices;
3 ifp>k+ é then return ‘No’;
if p = |V1]| then solve the problem in polynomial time;
4 if a vertex w € V; has degree not larger than 1 then
return Feedback(G — w, V1 \ {w}, V2, k);
5 if a vertex w € V1 has two neighbors in the same tree in G[V2] then
F1 = Feedback(G — w, Vi \ {w}, V2, k — 1);
if F1=‘No’ then return ‘No’ else return F; U {w}
6  if a vertex w € V7 has degree 2 then
return Feedback(G, V1 \ {w}, V2 U{w}, k);
7 if a leaf w in G[V1] is not a nice Vi-vertex and has > 3 neighbors in V>
F, = Feedback(G — w, Vi — {w}, V2, k — 1);
7.1 if F1 # ‘No’ then return Fi U {w}
7.2 else return Feedback(G, V1 \ {w}, Vo U {w}, k);
8  if the neighbor y € V; of a leaf w in G[V41] has at least one neighbor in V3
Fy = Feedback(G —y, V1 \ {w,y}, Va U{w}, k —1);

8.1 if F1 #‘No’ then return F1 U {y}
8.2 else return Feedback(G, Vi \ {y}, Vo U {y}, k);
9 pick a lowest leaf wy in any tree T in G[V1];
let wy,- -+ ,w: be the children of w in T}
F, = Feedback(G — w, Vi \ {w, w1 }], Vo U {w1},k —1);
9.1 if F1 #‘No’ then return F; U {w}
9.2 else return Feedback(G, V1 \ {w}, Vo U {w}, k).

Fig. 3. Algorithm for DISJOINT-FVS

w

any vertex in V7 has degree at least 3 in G (by steps 4-6);

4. any leaf in G[V1] is either a nice Vj-vertex, or has exactly two neighbors in
Va (by step 7); and

5. for any leaf w in G[V1], the neighbor y € V4 of w has no neighbors in V5 (by

step 8).

By condition 4, any tree of single vertex in G[V1] is a nice V;-vertex. By condition
5, there is no tree of two vertices in G[V1]. For a tree T with at least three vertices
in G[V4], fix any internal vertex of T" as the root. Then we can find a lowest leaf
w1 of T in polynomial time. Since the tree T has at least three vertices, the
vertex wi must have a parent w in T which is in G[V4].

Vertex w is either in or not in the objective V1-FVS. If w is in the objective V;-
FVS, then we should find a V1-FVS F} in the graph G—w such that F; C Vi \{w}
and |F1| < k—1. Note that after removing w, the leaf w; becomes degree-2, and
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by Rule 2, it is valid to move w; from Vi to V5 since the two neighbors of w;
in V2 are not in the same tree in G[V]. On the other hand, if w is not in the
objective V1-FVS, then the objective V1-FVS must be in V3 \ {w}. In summary,
step 9 handles this case correctly.

Theorem 2. ThealgorithmFeedback(G, V1, Va, k) correctly solves the DISJOINT-
FVS problem. The running time of the algorithm is (9(2k+l/2n2), wheren is the num-

ber of vertices in G, and [ is the number of connected components in the induced
subgraph G[Va).

Proof. The correctness of the algorithm has been verified by the above discus-
sion. Now we consider the complexity of the algorithm. The recursive execution
of the algorithm can be described as a search tree 7. We first count the number
of leaves in the search tree 7. Note that only steps 7, 8 and 9 of the algorithm
correspond to branches in the search tree 7. Let T'(m) be the number of leaves in
the search tree 7 for the algorithm Feedback(G, V1, Vs, k) when m = k+1/2—p,
where [ is the number of connected components (i.e., trees) in the forest G[Vz],
and p is the number of nice Vj-vertices.

The branch of step 7.1 has that ¥’ =k — 1,1’ =1 and p’ > p. Thus we have
m' =k +1'/2—p' <k—1+41/2—p=m— 1. The branch of step 7.2 has that
E' =k, 1" <1—2and p” = p. Thus we have m"” = k" +1"/2—p" < m—1.
Thus, for step 7, the recurrence is T'(m) < 2T (m — 1).

The branch of step 8.1 has that ¥’ = k—1,1' =1 —1 and p’ > p. Thus
we have m' = k' +1'/2 —p' < k—-1+ (1 -1)/2—p = m — 1.5. The branch
of step 8.2 has that ¥/ = k, I” = [ and p” = p + 1. Thus we have m” =
E'+1"/2—p"=k+1/2— (p+1) =m — 1. Thus, for step 8, the recurrence is
T(m)<T(m—15)+T(m—1).

The branch of step 9.1 has that ¥ = k—1,1’ =1—1 and p’ > p. Thus we have
m' =k +1'/2—p <k—1+4(l—1)/2—p = m—1.5. the branch of step 9.2 has that
k" = k,1” = I4+1 because of w, and p” > p+2 because w has at least two children
which are leaves. Thus we have m” = k" +1"/2—p" <k+(14+1)/2— (p+2) =
m — 1.5. Thus, for step 8, the recurrence is T'(m) < 2T (m — 1.5).

The worst case happens at step 7. From the recurrence of step 7, we have
T(m) < 2™. Moreover, steps 1-3 just return an answer; step 4 does not increase
measure m since vertex w is not a nice vertex; and step 5 also does not increase
m since k decreases by 1 and p decreases by at most 1. Step 6 may increase
measure m by 0.5 since [ may increase by 1. However, we can simply just bypass
vertex w in step 6, instead of putting it into V4. If we bypass w, then measure m
does not change. In Rule 2, we did not bypass w because it is easier to analyze
the kernel in section 2 by putting w into V. Since m = k+1/2—p < k+1/2, and
it is easy to verify that the computation time along each path in the search tree
7T is bounded by O(n?), we conclude that the algorithm Feedback(G, Vi, Va, k)
solves the DISJOINT FVS problem in time O(2F/2n2). O
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5 Concluding Result: An Improved Algorithm for Fvs

The results presented in previous sections lead to an improved algorithm for the
general FVS problem. Following the idea of iterative compression proposed by
Reed et al. [22], we formulate the following problem:

FVS REDUCTION: given a graph G and an FVS F of size k + 1 for G,
either construct an FVS of size at most k for G, or report that no such
an FVS exists.

Lemma 6. The FVS REDUCTION problem on an n-vertex graph G can be solved
in time O(3.83Fn?).

Proof. The proof goes similar to that for Lemma 2 in [3]. Let G be a graph and
let Fy41 be an FVS of size k+ 1 in G. For each j, 0 < j < k, we enumerate each
subset Fj_; of k — j vertices in Fj41, and assume that Fj,_; is the intersection
of Fj+1 and the objective FVS F}. Therefore, constructing the FVS F}, of size k
in the graph G is equivalent to constructing the FVS Fj, — Fj,_; of size j in the
graph G — Fj,_;, which, by Theorem 2] (note that ! < j+1), can be constructed in
time O(27t0+1)/2p2) = 0(2.83/n?). Applying this procedure for every integer
j (0 < 7 < k) and all subsets of size k — j in Fp41 will successfully find an
FVS of size k in the graph G, if such an FVS exists. This algorithm solves Fvs
REDUCTION in time 2520 (’Zf;) - 0(2.837n?) = 0(3.83%n?). O
Finally, by combining Lemma [l with iterative compression [5], we obtain the
main result of this paper.

Theorem 3. The FVS problem on an undirected graph of n vertices is solvable
in time O(3.83Fkn?).

The proof of Theorem Blis exactly similar to that of Theorem 3 in [5], with the
complexity O(5%n?) for solving the FVS REDUCTION problem being replaced by
0(3.83%n?), as given in Lemma [6l
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