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Abstract. In this paper, the twisted Jacobi intersections which contains
Jacobi intersections as a special case is introduced. We show that every
elliptic curve over the prime field with three points of order 2 is isomor-
phic to a twisted Jacobi intersections curve. Some fast explicit formulae
for twisted Jacobi intersections curves in projective coordinates are pre-
sented. These explicit formulae for addition and doubling are almost
as fast as the Jacobi intersections. In addition, the scalar multiplica-
tion can be more effective in twisted Jacobi intersections than in Jacobi
intersections. Moreover, we propose new addition formulae which are in-
dependent of parameters of curves and more effective in reality than the
previous formulae in the literature.
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1 Introduction

Elliptic curve cryptosystems were proposed by Miller (1986) and by Koblitz
(1987) which relies on the difficulty of elliptic curve discrete logarithmic prob-
lem. One of the main operations and challenges in elliptic curve cryptosystem is
the scalar multiplication. The speed of scalar multiplication plays an important
role in the efficiency of the whole system. Elliptic curves can be represented in
different forms. To obtain faster scalar multiplications, several elliptic curve rep-
resentations have been considered in the last two decades. The detail of previous
works can be find in [TJ38].

Jacobi intersections curve is the intersection of two quadratic surfaces in
three dimensional space with a point on it. The scalar multiplication on Jacobi
intersections show competitive efficiency in scalar multiplication, such as faster
doubling and tripling operations. Chudnovsky and Chudnovsky [B] proposed fast
doubling and addition formulae for Jacobi intersections in projective coordinates.
After that, Liardet and Smart [9], and Bernstein and Lange [1] presented slightly
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faster formulae. Hisil etc. [7] presented faster tripling formulae. Some slightly faster
formulae with a trick can also be found in [§].

In this paper, the Jacobi intersections is generalized to “twisted Jacobi inter-
sections” which contains Jacobi intersections as a special case. It is shown that
every elliptic curve over the prime field with three points of order 2 is isomorphic
to a twisted Jacobi intersections curve. Some fast explicit formulae for twisted
Jacobi intersections curves in projective coordinates are presented. These ex-
plicit formulae for addition and doubling are almost as fast in the general case
as they are for the Jacobi intersections. In addition, the scalar multiplication
can be more effective in twisted Jacobi intersections than in Jacobi intersec-
tions. Moreover, we propose new addition formulae which are independent of
parameters of curves and more effective in reality than the previous formulae in
the literature.

This paper is organized as follows. In Section 2, the Jacobi intersections is
reviewed, the twisted Jacobi intersections is introduced, and each twisted Jacobi
intersections is a twist of a Jacobi intersections is proved. It is shown that every
elliptic curve over the prime field with three points of order 2 is isomorphic
to a twisted Jacobi intersections curve. In Section 3, the Jacobi intersections
addition law is generalized to that for the twisted Jacobi intersections curves,
and the explicit addition formulae and formulae independent of parameters of
curves are proposed. The Jacobi versus twisted Jacobi is given in Section 4, and
the conclusion is in Section 5.

2 Jacobi Intersections and Twisted Jacobi Intersections

In this section we briefly review Jacobi intersections curves and the Jacobi in-
tersections addition law. We then introduce twisted Jacobi intersections curves
and discuss their relations to Jacobi intersections curves.

Jacobi intersections
Throughout the paper we consider elliptic curves over a non-binary field K, i.e.,
a field K whose characteristic is not 2.

A Jacobi intersection form elliptic curve over K is defined by

u? 0?2 =1
bu? + w? =1,

where b € K with b(1 —b) # 0. A point (u, v, w) on a Jacobi intersections curve
is represented as (U : V : W : Z) satisfying

U+ V2 =22 b+ W? = 27

and (u,v,w) = (U/Z,V/Z,W/]Z). Here (U : V : W : Z) = (AU : AV : \W : \Z)
for any nonzero A € K. The negativeof (U :V : W :Z)is (U : V : W : Z). The
neutral element (0,1, 1) is represented as (0: 1 :1: 1). The reader is refereed to
[5] for more details on Jacobi intersections curves.
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The affine version of the unified addition formulae, i.e., that can handle generic
doubling, simplifying protection against side-channel attacks, are given by

(u3,v3,w3) = (u1,v1,w1) + (uz, vz, wa),

where
U1V2W2 + UV W1 V1V2 — U1W1U2W2 wiwy — b’LL1’U1’LL21)2
us = 3= w3 =
2 2,12 ’ 2 2,12 ’ 2 2,2
vy + uawy vy + uawy vy + uawy

The point addition formulae in projective homogenous coordinates are given by
(U3ZV3:W3ZZS):(U1ZV11W1ZZl)+(U21V22W22Z2),

where

Uz = Uy Z\VoWo + ViWUs Zo, V3 =V12,VaZy — UW U W,
Wy = W1 Z1WoZy — bU VLUV, Zs = Z12V22 + U22W12

Twisted Jacobi intersections

Definition 1. A twisted Jacobi intersection form elliptic curve over K is defined
by
au? +v? =1
{ bu? +w? =1,

where a,b € K with ab(a—b) # 0. A Jacobi intersection elliptic curve is a twisted
Jacobi intersection curve with a = 1.

The twisted Jacobi intersection curve E,j : aw? +v2 =1 hwl+w?>=1isa
quadratic twist of the Jacobi intersection curve Ey 5/, : @* + 02 =1, (b/a)u® +
w? = 1. The map (u,v,w) — (4/+/a,v,w) is an isomorphism from F, ; to Eiy/a
over K(y/a). Thus if a is a square in K then F, is isomorphic to F};/, over
K. More generally, F, ; is a quadratic twist of I, ; for any a, b satisfying b/a =
b/a. Conversely, every quadratic twist of a twisted Jacobi intersection curve is
isomorphic to a twisted Jacobi intersection curve, i.e., the set of isomorphism
classes of twisted Jacobi intersection curves is invariant under quadratic twists.

Theorem 1. Let K be a field with char(K) # 2 and Eqp : au®+v? =1, bu®+
w? =1 be a twisted Jacobi intersection form curve define over K with ab(a—b) #
0. Then Eqy is a smooth curve and isomorphic to an elliptic curve of the form
E:y?=x(x—a)(x —b) over K.

The proof of Theorem [Il appears in the full version of the paper [6].

Theorem 2. Let K be a field with char(K) # 2. Then every elliptic curve over
K having three K-rational points of order 2 is isomorphic to a twisted Jacobi
intersections curve.
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Proof. Let E be an elliptic curve over K having three K-rational points of order
2. Let (01,0),(02,0) and (#3,0) be these three distinct points of order 2 on the
Weierstrass curve E, i.e., y*> = 23 + a22? + asz + ag = (z — 01)(x — 62)(z — 03).
Replacing (z,y) by (x+01,y) yields the equation of the form y? = x(z—a)(z—b),
where a = 03 —01,b = 03 — 0. Therefore every elliptic curve over K having three
K —rational points of order 2 is isomorphic to a twisted Jacobi intersections
curve by Theorem [Il O

3 Arithmetic on Twisted Jacobi Intersections

Let K be a non-binary field. In this section we present fast explicit formulae for
addition and doubling on twisted Jacobi intersections curves over K.

Theorem 3. Let P = (uy,v1,w1), @ = (u2,v2,wa) be two points on a twisted
Jacobi intersections elliptic curve Eq,p @ au®? +0v? = 1, bu? + w? = 1, and
let R = P+ Q = (us,vs,ws). Then the affine version of the unified addition
formulae are given by

U V2W3 + UV W V1V2 — AU1W1UW2 wirwo — bu1U1UQU2
us = V3 = w3 =
v? + audw? v+ audw? v3 + audw?

Especially, if P =@ and R = 2P := (ug, vs,ws), then

2uiviwy v? — aujw? w? — buiv?
U3 = ’(}3 = w3 = .
2 2.2’ 2 2,2’ 2 242

v + aujwy v + aujwi v + aujwy

The identity element is (0,1,1). The negative of the point (u,v,w) is (—u, v, w).

Proof. For the correctness of the addition law, observe that it coincides with the
Jacobi intersections addition law on

b
w?+i=1, @?H+uwi=1,
a

with 4 = y/au. These formulae also work for doubling. O

Theorem 4. Let K be a field of odd characteristic. Let E,p, : au®+v? = 1,bu®+
w? =1 be a twisted Jacobi intersections curve over K. Let P = (u1,v1,wy) and
Q = (ug,v2,ws2) be points on Eup. If ab is not a square in K, or if —1 is a
square in K and neither a nor b is a square in K, then v3 + audw? # 0.

Proof. If v = w = 0, then au? = bu? and a = b, therefore ab is a square in K,
contradict to ab is not a square in K. Therefore at most one in {u, v, w} is equal to
0 for a point (u, v, w) on Egp. Thus if us = 0, then v3+auiw} = v3 # 0. Ifu; =0,
then w? = 1, and v3 +audw? = v3+aud = 1. Let ujuy # 0, assume that ab is not
a square in K. If v3 +audw} = 0, then au+v3 — (v +audw?) = aud(1—w?) = 1.
Thus 1—w? = 1/au3 = bu?. therefore ab = (1/ujuz)? is a square in K, contradict
to the assumption. Now assume that neither a nor b is a square in K, then
wivg # 0. If v3 + avdw? = 0, then a = —(v2/ugwy)? is square in K since —1 is
a square in K, which is a contradiction. a



Twisted Jacobi Intersections Curves 203

Note that Theorem M shows that if ab is not a square in K, then the twisted
addition formulae is complete. But generally, both a and b are non-squares in K.
Therefore ab is not a square in K is not a reasonable assumption when a # 1.
But in this case, if —1 is a square in K, then the above twisted addition formulae
is also complete.

When using projective homogenous coordinates to eliminate field inversions,
each point is represented by the quadruplet (U : V : W : Z) which satisfies the
equations

aU? + V% =72 bU*+W? = 72,

and corresponds to the affine point (U/Z, V/Z, W/Z) with Z # 0.

Theorem 5. Let P = (Uy : Vi : Wy : Z1), Q@ = (Ua : Vo : Wy : Zs) be two
points on the twisted Jacobi intersections elliptic curve E,p @ aU? + V2 =
Z2, bU?+W? =272 and let R = P+ Q = (U3 : V3 : W3 : Z3). Then the
projective version of the unified addition formulae are given by

Us = U1 Z1\VoWo + ViW Uz Zy, V3 =V121VoZy — aU WU Wo,
Wi = WiZ1WaZs — BULWVAUsVa, Zs = Z2VE + aU2W2.

The identity element is (0: 1: 1: 1). The negative of the point (U : V : W : Z)
is(=U:V . W:2Z). |

Note that Z%(Z2 — V3) = aZ?U3 and aU3Z(bU? + W) = aU3Z?. We have
Z3VE + aUsWE = Z3Z3 — abUU3 which can be used to simplify the formulae.
Especially, the above theorem gives the following doubling formulae.

Us = 2U,ViWL 73, Vs = V2Z} — aUPWE,
Ws = W2Z? —bURV?, Zz=V2Z} +aUPWE

Note that bUE = Z2 — W2, and VPWE = WE(Z? —aU3?) = W2Z2 — aUZW?3E. We
have the second doubling formulae

Us = 20, VAW Zy, Vi = V2Z2 — aU2W2,
Wi = 2W2Z2 — V2Z2 — aU2W2, (1)

Z3=V2Z% + aUW3.
Moreover, from

WP Z3 = bURVE = Wi (aUP + Vi) — (27 — W)V =aUP Wi + 2VPWE -V Z3
= aUIW32 — V2Z2 + 2WE(bUZ + Wi — aU?)
= aUEW} — V2723 + 26WEU?Z + 2Wi — 2aU W}

= —aUIW3E — V2Z2 4+ 20bUZWE + Wi,
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we have the third doubling formulae

U3 = 2U1V1W121, Vg = V12Z12 — anWf,
Wy = —aURWE — V223 + 20UFWE + W), (2)

Zs = V2Z? + aU2W?.

Addition in projective coordinates. By Theorem [B the following formulae
compute (Us : V3 : W3 : Z3) = (Uy : V1 : Wy : Z1)+ (U : Vo : Wa 1 Zs) in 13M +
2S5 + 5D costs, i.e., 13 field multiplications, 2 squarings and 5 multiplications
by the curve constant a and b, or in 14M + S + 4D costs. We denote the two
algorithms by ” AProjective.1” and ” AProjective.2”.

A=U\Vi; B=W1Zy; C=UVa; D=WyZy; E=UWhy;
F=ViZy; G=W1Usy; H= Z1Vp; J=AD; K = BC;,
Us=(H+F)E+G)—J-K,

Vo =(H+ E)(F —aG) —J+aK;

W3 = (B —bA)(C+ D) +bJ — K;
Z3:H2—|—CL'G2:H2+CLG'G.

If the points represented by the sextuplet (U, V, W, Z, UV, W Z), then the addi-
tion formula can by modified by: (Us : V3 : W3 : Zg : As : Bg) = (Uy : V1 :
W1 : Zl : A1 : Bl)+(U2 : ‘/2 : W2 : Z2 : A2 : BQ), where A1 = Ul‘/17Bl =
W1Z1,A2 = UQ‘/Q,BQ = W2Z2. The cost are 11M—|—25+5D or 12M+S+4D
We denote the two algorithms bye "MProjective.1” and ”"MProjective.2”.

C=UWy D=V, E=WUs; F' = Z1Vo;G = A1 By; H = By Ay;
Us=(D+ F)(C+E)—G— H;

V3 =(C+ F)(D —aF)— G+ aH;

W3 = (B1 —bAl)(A2+BQ)+bG—H;
Zys=F%2+a-E*>=F?+aF-E;

Note that, if a = €2 is a square element in the field, then Z3 = (F +¢F)? —2¢H,
the cost is 11M + 15 + 6D.

Doubling 1 in projective coordinates. The following formulae compute (Us :
Vs : Wz : Zs)=2(Uy : Vi : Wy @ Z1) in 3M + 4S5 4+ 1D by using formulae (),
where the 1D is a multiplication by a:

A=WV1Zy; B=A?* C=UWy; D=C? E=2W1Z)%
Us=(A+C)>~B—-D; V3=B—aD;
Ws=F—B—aD; Zs =B+ aD.
Doubling 2 in projective coordinates. The following formulae compute (Us :
Vi :Ws: Z3) =2(U; : Vi : Wy @ Z1) in 2M + 55 + 2D by using formulae (2,
where the 2D are multiplications by a and by b:
A=ViZy; B=A?% C=UWy; D=C?% E=W
Us=(A+C)>~B—-D; V3=DB—aD;
W3 =2(bD+ FE)— B—aD; Zs =B+ aD.
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Doubling 1 in projective coordinates with Z; = 1. The following formulae
compute (Us : V3 : Wy : Z3) =2(Uy : V1 : Wy : 1) in 1M + 45 + 1D by using
formulae (), where the 1D is a multiplication by a:

A=Vy; B=A% C=UWy; D=C? E=2W%
Us=(A+C)>-~B~-D; V3=B—aD;
Ws=FE—-B—aD; Z3=B+aD.

Doubling 2 in projective coordinates with Z; = 1. The following formulae
compute (Us : V3 : Wy : Z3) =2(Uy : V4 : Wp : 1) in 1M + 55 + 2D by using
formulae (2]), where the 2D are multiplications by a and by b:

A=Vy; B=A% C=UWy; D=C? E=W
Us=(A+C)>~B—D; V3=B—aD;
W3 =20bD+ E)— B—aD; Z3s=B+aD.

Note that V222 = Z2(Z? — aU?)
U2Z?—bU} and Wit = (Z2 —bU?)?
doubling formulae:

Z{ — aURZY, UPW} = UR(Z} — bUY) =
ZH 462Ut —20U% Z%. We have the following

Us =20, Z1ViWq, V3 = abUf — 2(1U12212 + Z%,

(3)
Wi = abUf — 20U2Z2 + Z}, Zs = Z4 — abU?}.

Doubling 3 in projective coordinates with Z; = 1. The following formulae
compute (Us : V3 : Wy : Z3) =2(Uy : V4 : Wp : 1) in 2M + 25 + 3D by using
formulae (B]), where the 3D are multiplications by a, b, ab:

A=U? B=A% C=2% D=C% E= U+ Z,)> - A—-C;
F=(A+0)?-B-D; G=abB;

Us =ViW1E; V3 =G —aF + D;

W3:G—bF+D; Z3:D—G.

The comparison of the costs of above doubling formulae in this paper to those
in previous works is listed in Table 1.

Table 1. Algorithm comparison with other algorithms in Doubling

Coordinates Source of algorithms Doubling Doubling(Z; = 1)
Jacobi Intersections 9] 4M+3S -
Jacobi Intersections 2] 3M+4S 2M+4S
Jacobi Intersections [7 2M+5S+1D -

Twisted Jacobi Intersections Doubling 1 3M+4S+1D  1M+4S+1D
Twisted Jacobi Intersections Doubling 2 2M+55+2D  1M+5S+2D
Twisted Jacobi Intersections Doubling 3 2M+6S+3D  2M+2S+3D
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Doubling formulae independent of a and b. From aU} = Z? — V{ and
bU? = Z? — W2, we have the following doubling formulae which are independent
of the parameters a and b:

Us = 200 ViW1 Zy, Vs = VEZ} — Z2W32 4+ VEW?E,
Wa= W72}~ VP2 + VIWR, Za=ViZ} + Z3W} = VEWE.
Addition formulae independent of a and b

Theorem 6. Let P = (u1,v1,w1), Q = (u2,ve,ws) be two different points on
the twisted Jacobi intersections elliptic curve Eqp : au® +v? =1, bu? +w? =1,
and let R = P + Q = (us, vs,ws). Then the addition formulae can be given by

_ u% - u% U1V w2 — Wi1U2V2 _ UW1V2 — V1U2W2
uz = , U3 = , W3 = .
UIV2W2 — V1W1U2 UIV2W2 — V1W1U2 UIV2W2 — V1 W1U2

Proof. From
(u? —u3)(v3 + audw?) = uvd + audw?ul — uivi — aududw?
2.2 2\, 2.2 2.9 2N, 2,2
utvy + (1 — vi)wiuz — uzvs — (1 — v3)uzwi

= ufed — e - uBdut — vt
— 2,2 2,2 2 2,22
= ujvy — uzvy(1 — wy) — viwiu;
= u?vd — buiudvi — viwiu3

2.2 2 2,22
ufvy (1 — buy) — viwijus
uivswi — viwiuj

(u1vaws + viwiug) (U1 v2we — VIW U2),

we have
2 2
Uy — U _ UU2W2 + viwiug
ULV Wy — VLWL USL v3 + audw?
From

(’Lbﬂ)lwg — U)1u21)2)(’u11)2w2 + 1)1U)1U2)

= u%vlvgwg —+ ’lL1U2’U%’U}1w2 — ulugvgqug — u%vlvgwf
u3v1v2 (1—bud) +uugw we (1 —au?) —uyuz (1—au3)wiwe — udvive (1 — bu?)
u%’l}ﬂjg — au%ulwwle — u%’Ul’Uz + au%uluw}le

(u? — u3)(v1vy — auwiugws),

we have

V102 — auiwitswe  (Ugv1Wwe — Wwilsve) (Ul vaws + V1w Ug)

2 2,12 - 2 2 (1,2 2,12
vy + auzwy (uf — uz)(v3 + auzwy)
U1V1W2 — W1U2V2 U1V1W2 — W1U2V2

= (2 2\ ()2 2,02y ‘
(uf —u3)(vs + auzwi)  UIV2W2 — VWU
UV2W2 + VW1 U2
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Again, from

(u1wive — V1ugws) (Uv2we + V9w U2)
= u%wlwgvg + uluzvlvzw% - U1UQ’U1U2U}% — u%v%wlwg

2 2 2 2 2 2
= u%wlwg(l —a;@) + uluzvlvg (1—bu?) —2u1uzv1v2 (1—bu3) —uswiws (1 —au?)
= ujwiwz — buju1v1Uv2 — uswWiWa + busuiviusvy

= (u? — ud)(wiwy — buviugvy),

we have
wiwo — buﬂ)lugvg o (ulwlvg — ’U1U2’U}2)(U1’l)2w2 + ’U1U)1’LL2)
o3 + auduw? (uf — u3)(03 + audu?)

U1W1V2 — V1U2W2 U W1V2 — V1U2W2
(uf —u3) (v + audw?) — wrvaws — viwiug’

UIV2W2 + V1 WU
The theorem follows from Theorem [3] O
The formulae fail for point doubling. In addition, there are exceptional cases. For
example, when 2P = 2@Q, then the formulae cannot work. The above formulae
in projective homogenous coordinates are given by the following theorem.

Theorem 7. Let P = (Uy : Vi : Wy 1 Z1), Q@ = (Ua : Vo : Wy : Zs) be two
different points on the twisted Jacobi intersections elliptic curve E,p @ aU? +
V2=272 bU?+W? =22 andlet R=P+Q = (Uz: V3: Wa : Z3). Then the
addition formulae can be given by

Us =U2Z3 — Z2U2, Vs = U1 ViWaZs — W1 Z1Us Vs,

W3 = UiWhVaZy — V1 Z1UWa, Zs = U1Z1VoWo — ViW U2 Z5.

The projective addition formulae in Theorems [] and [0 have exceptional points
in each case. But the following theorem tells us that the formulae together in
Theorems [B] and [7 cover all points.

Theorem 8. Let P = (Ul : Vi : W1 : Zl), Q = (U2 : V2 : W2 : ZQ) be
two points on the twisted Jacobi intersections elliptic curve E,yp @ aU? + V? =
Z% bU4+W? = Z2 defined over K with ab(a—b) # 0, let R = (Us : V3 : W3 : Z3)
and S = Uy : Vi : Wy : Z3), where

Uz = U1 Z\VoWo + ViW Uz Zy, V3 =V121VoZy — aU WU Wa,
W = W1 Z\WaZs — BUL\ViUsVa, Zs = Z2V + aUZW2,
and
Uy = U2Z2 — Z2U2, Vy = U\ ViWaZy — W1 Z1Us Vs,
W;; =UW1Vady — V1 Z1UaWo, Z;;, =U1Z1VoWy — ViW 1 Uz Zs.
Then P+Q=R=S ifR=S,and P+ Q=R (orS) if S=0 (or R=0).



208 R. Feng, M. Nie, and H. Wu

Proof. If R # (0,0,0,0), then R € E,; and P + @ = R. Similarly, if S #
(0,0,0,0), then S € E,p and P+ Q = S. Now assume R = S = (0,0,0,0).
Then U1Z1‘/§W2 + V1W1U2Z2 = 0 and U1Z1‘/§W2 — V1W1U2Z2 = 0. Thus
U ZVoWy = VWU Zy = 0.

If Uy = 0, then Z2UZ = 0 since U2Z3 — Z2U3 = 0. Thus Z; = 0 or Uy = 0.
When Z; = 0, then Vi = Wy = 0 from aU? + V? = Z2 and bU? + W? = Z2.
Therefore P = (0,0,0,0), which is contradict to P € E,;. When Uy = 0,
then V1 Z1VoZy = 0 from V3 = V1 Z1VaZy — aU WU Wo = 0. We can get
@ =(0,0,0,0) by the similar argument as above. Contradict to Q € Eg .

The similar argument works for the cases when Us = 0, Z; = 0, Zy = 0,
VQZO, WQZO, Vl :OOI‘W1=0.

If P # @, From Theorem [l we know that P+ Q = R = S if R # (0,0,0,0)
and S # (0,0,0,0). O

New addition algorithm use Theorem [Tl The following formulae compute
(U31V32W3223):(U12‘/12W12Z1)+(U22Vv22W22Z2) in15M,We
denote the algorithm by ”Independent.1”.

A=UiZy; B=UsZy; C=ViWy; D= VWi
E=UiZ1; F=ViWy; G=UaxZy; H="V2Wy;

Us = (A+ B)(A — B);

Vs = AC — BD: Ws = AD — BC: Zs = EH — FG.

Note that Us = UZ(bU3 + W3) — U3 (bUF + W) = UW3 — U3WE. If the points
represented by the sextuplet (U, V, W, Z, UW,V Z), then the addition formula can
by modified by: (Us : V3 : Wy : Z3: Mg : N3) = (Uy : V4 : W1 : Z1 : My : N1) +
(U2 : V2 : W2 : Z2 : M2 : Ng), where M1 = U1W1,N1 = Vlzl,Mg = UQWQ,NQ =
VaoZs, the cost are 13M. We denote the algorithm be ”MIndependent.2”.

A=Ui1Ws; B=UWi; C=ViZy; D= VazZy;

Us = (A+ B)(A — B);

‘/3 = AC — BD, W3 = M1N2 - MQNl; Z3 =AD — BC,
M3 =S U3W3,N3 = V3Z3.

The comparison of the costs of above addition formulae in this paper to those
in previous works is listed in Table 2.

Note that, Table 2 show that the addition in twisted Jacobi intersections are
almost as fast as that in the Jacobi intersections. The new algorithm based on
the formula independent of parameters of curves is more effectively than the best
result in literature for Jacobi intersection curves when D > 0.6M.

4 Jacobi versus Twisted Jacobi

The twisted Jacobi intersection curve is a generalization of Jacobi intersections,
and twisted Jacobi intersection curve cover more elliptic curves than Jacobi
intersections curves do. An example in [2] shows that for prime p = 2255 — 19,
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Table 2. Algorithm comparison with other algorithms in addition

Coordinates Source Addition D=0M S=D=1M
Jacobi Intersections @ 13M+2S+1D 14.6M 16M
Jacobi Intersections [7(projective) 13M+1S+2D 13.8M 16M
Jacobi Intersections [7](modified) 11M+1S+2D 11.8M 14M

Twisted Jacobi AProjective.1 13M+2S+5D 14.6M 20M
Twisted Jacobi AProjective.2 14M+1S+4D 14.8M 19M
Twisted Jacobi MProjective.1 11M+2S+5D 12.6M 18M
Twisted Jacobi MProjective.2 12M+1S+4D 12.8M 1™
Twisted Jacobi(a square) MProjective.2 11M+1S+6D 11.8M 18M
Twisted Jacobi Independent.1 15M 15M 15M
Twisted Jacobi MIndependent.2 13M 13M 13M

one multiplication by 121665 and one multiplication by 121666, which together
are faster than a multiplication by 20800338683988658368647408995589388
737092878452977063003340006470870624536394 = 121665/121666 (mod p).
That is, for a large parameter b of Jacobi intersections curves U? 4+ V2 =
Z2, bU? + W? = Z2, we can choose smaller @’ and b’ such that the twisted
Jacobi intersections a'U? + V? = Z2, VU? + W? = Z? is quadratic twisted to
it, but can save computation costs. For example, in algorithms MProjective.1, if
a, b are smaller and a = €2 is a square element in the field, then we can omit the
multiplications by the small constants. Thus Z3 = F2+a-E? = (F+¢eE)%?—2¢H,
and the algorithm cost 11M + 1.5, which is more efficient than the algorithm in
[7] (modified).

5 Conclusion

In this paper, the twisted Jacobi intersections which contains Jacobi intersec-
tions as a special case is introduced. We show that every elliptic curve over
the prime field with three points of order 2 is isomorphic to a twisted Jacobi
intersections curve. Some fast explicit formulae for twisted Jacobi intersections
curve in projective coordinates are presented. These explicit formulae for addi-
tion and doubling are almost as fast as the Jacobi intersections. In addition, the
scalar multiplication can be more effective in twisted Jacobi intersections than
in Jacobi intersections. Finally, new addition formulae which are independent of
parameters of curves are proposed and it can be more effective than the previous
results in literature when D > 0.6M. At last, we hope the faster point operation
formulae on twist Jacobi intersection can be proposed.
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