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Abstract. This paper proposes a new learning method for process neural net-
works (PNNs) based on the Gaussian mixture functions and particle swarm op-
timization (PSO), called PSO-LM. First, the weight functions of the PNNs are
specified as the generalized Gaussian mixture functions (GGMFs). Second, a
PSO algorithm is used to optimize the parameters, such as the order of GGMFs,
the number of hidden neurons, the coefficients, means and variances of Gaus-
sian functions and the thresholds in PNNs. In PSO-LM, the parameter space is
transformed from the function space to real number space by using GGMFs. PSO
can give a global search in the real number parameter space by avoiding the pre-
mature and gradient calculations in back propagation method. According to our
analysis and several experiments, PSO-LM can outperform current basis function
expansion based learning method (BFE-LM) for PNNs and the classic back prop-
agation neural networks (BPNNs).

Keywords: Process Neural Networks, Learning Method, Particle Swarm
Optimization, Gaussian Mixture Model.

1 Introduction

Recently, He et al. proposed this process neural networks (PNNs) to deal with process
inputs, which can be related to time, locations etc. [1]. Inputs such as time series are
usually sensitive to the time parameter, so the weights and thresholds should also be
related to time in order to accumulate the effects of inputs more precisely. In PNNs,
there exist process neurons (PNs). The inputs, connection weights and threshold of a
PN can all be functions of time. Theoretically, the approximation capabilities of PNNs
are better than classic artificial neural networks (ANNs) when solving for time-varying
function problems. ANNs are considered as the special case of PNNs. PNNs have been
applied in many actual tasks, such as simulation of oil reservoir exploitation [1] and
traffic flow prediction [2].

In this study, we propose this new learning method for PNNs. Instead of transform-
ing the inputs and weight functions, we specify the weight functions connected to the
process neurons as the generalized Gaussian mixture functions (GGMFs), which the-
oretically can approximate any continuous functions. Afterward, instead of using the
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classic back propagation method, we use PSO to optimize the parameters, such as the
order and coefficients of GGMFs, the means and variances of Gaussian functions, the
number of hidden neurons and their thresholds. This new learning method for PNNs is
called PSO-LM for short.

The remainder of this paper is organized as follows. Section 2 describes the original
PNN model and a standard PSO model. The PSO-LM is proposed in Section 3 with
discussions about its qualities. Section 4 elaborates two experiments to compare the
PSO-LM with the existing BFE-LM for PNNs and the BPNN. Concluding remarks are
drawn in Section 5.

2 Background

2.1 Process Neural Networks

PNN is a generalized model of traditional neural networks, the inputs are related to in-
stantaneous conditions [1]. The key of PNNs is the special structure of PNs. Fig. 1(a)
shows a simple process neuron model (SPN), in which xi(t)(i = 1, 2, . . . , n) are the
input time-varying functions and wi(t)(i = 1, 2, . . . , n) are the corresponding weight
functions. K(·) is the aggregate function of the SPN, which can be summation or inte-
gration etc.. f(·) is the activation function, with a threshold value θ. The output of the
SPN is a constant. A simple feed forward process neural network (PNN) is shown in
Fig. 1(b).

The current learning methods for PNNs include: basis function expansion method
(BFE) [1] and numerical learning method (NL) [3]. The BFE includes two steps: first,
transform the input data and the weight functions of the PNN into the space that ex-
panded by some specified orthogonal basis functions. Therefore, there will be no time-
varying parameters in the model. Second, adjust the parameters in the networks by
back propagation method. However, how to choose appropriate basis functions and how
many expansion items should be reserved are awkward to decide. Furthermore, trans-
forming the input data in the first place certainly will lose information contained in the
input signals, which can restrain the performance of PNNs.

The NL method is only suitable for small-scale discrete input signals. When the
length of the input series increases, the number of parameters in NL will increase

(a) Simple Process Neuron Model (b) Feed-Forward Process Neural Network

Fig. 1. Process Neural Networks
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rapidly, which can lead to huge computational complexity. Furthermore, these two
learning methods both rely on the back propagation (BP) method, which will suffer
from the premature convergence problem and gradient calculations.

2.2 Particle Swarm Optimization

Particle swarm optimization (PSO) [4], as a stochastic global optimization technique
based on a social interaction metaphor, can be used to train ANNs effectively [5].

Bratton and Kennedy defined a standard PSO model (SPSO) in [6]. The update rules
can be equivalently transformed and expressed as follows:

Vid(t + 1) = ωVid(t) + c1ε1(PiBd(t) − Xid(t))
+c2ε2(PnBd(t) − Xid(t)), (1)

Xid(t + 1) = Xid(t) + Vid(t + 1). (2)

where i = 1, 2, · · · , n, n is the number of particles in the swarm, d = 1, 2, · · · , D, and
D is the dimensionality of solution space. The learning factors c1 and c2 are nonnega-
tive constants, r1 and r2 are random numbers uniformly drawn from the interval [0, 1],
which are all scalar quantities for each particle in each dimension. PiBd and PnBd are
the locations of the best positions found so far by particle i and its neighbors in di-
mension d. ω is called inertia weight, which determines the effect of the inertia to the
movements of particles.

3 The Proposed PSO-LM for PNNs

It is impossible to learn the weight functions directly from the function space. In this
study, we assume that all weight functions are GGMFs based on the fact that all the con-
tinuous functions can be approximated by GGMFs. Afterwards, the constant parameters
in the model are optimized by PSO.

3.1 Generalized Gaussian Mixture Functions

A standard Gaussian mixture model is defined in (3), and its qualities are expressed in
Theorem 1. For the proof of the theorem, one can refer to [7].

f =
k∑

i=1

aiN(ui, σi), (3)

where N(ui, σi) is the normal distribution with mean ui and variance σi, Σk
i=1ai = 1,

ai ≥ 0, i = 1, 2, . . . , k and k is the order of the model.

Theorem 1 (Gaussian Mixture Model Approximation Theorem). Finite Gaussian
mixture model can approximate a non-negative Riemann integrable function in real
number field by any degree of accuracy. Particularly, it is able to approximate any
probability density functions by any degree of accuracy. ��
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The generalized Gaussian mixture function is also defined as in (3), only with the dif-
ference that ai ∈ R. Therefore, one can derive the following corollary. The proof of
this corollary is straight according to the above theorem.

Corollary 1. Generalized Gaussian mixture functions can approximate a continuous
function in real number field by any degree of accuracy. ��

3.2 Learning Method for PNNs Based on PSO (PSO-LM)

Consider the feed-forward PNN shown in Fig. 1(b). Only the hidden neurons are simple
process neurons, and the other parameters are all constants. Theoretically, the approxi-
mation capability of this PNN can be retained if the weight functions are specialized as
generalized Gaussian mixture functions.

There are n input neurons. The following parameters will be optimized by PSO ac-
cording to specific objectives: the order of GGMFs (k), the number of hidden neurons
(m), the coefficients, means and variances of Gaussian functions corresponding to the
weight functions that connect from input neurons to hidden neurons (aijl, uijl, σijl , i =
1, . . . , n; j = 1, . . . , m; l = 1, . . . , k), the thresholds of hidden neurons (θj , j =
1, . . . , m) and the output neuron (θ).

So, a particle in the swarm of PSO can be expressed as:

p = (k, m, aijl, uijl, σijl, θj , wj , θ), i = 1, . . . , n; j = 1, . . . , m; l = 1, . . . , k. (4)

Each position of the particle in the search space represents one process neural network.
The PSO will search for a PNN that has appropriate structure and parameter values to
optimize the objective function, which is the performance evaluation of the PNN. When
the swarm of PSO converges to one position, which is supposed to be the best parameter
setups of the PNN, the learning process terminates.

According to the above study, the PSO-LM for PNNs can be summarized as in
Algorithm 1:

Algorithm 1. PSO-LM for PNNs
Step 1: Set up the objective function of the training as the fitness function of PSO and the
generalized Gaussian mixture functions as the weight functions of PNs shown in Fig. 1(a).
Step 2: Set parameters of PSO (particle number p, w, c, search space borderlines).
Step 3: Each particle in PSO is formed according to (4).
Step 4: Run PSO.
Step 5: Stop criterion (maximum iterations or/and fixed learning precision).
Step 6: If the result is not satisfactory, go back to Step 3.

3.3 Discussions

The proposed PSO-LM has several advantages comparing with the existing learning
methods for PNNs.
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First, PSO-LM does not need any transformation to the input signals, which will not
lose any information carried in inputs. BFE-LM extracts the principal components of
the input data by using the basis function expansion, which will retain most of the infor-
mation. However, the detailed information carried in inputs is the most needed informa-
tion in some task. For example, in pattern recognition, two patterns might have the same
first and second principal components, which will be reserved according to BFE-LM.
But, it is the detailed differences carried in their third components that can distinguish
them, which will be eliminated by BFE-LM. Thereafter, samples from different classes
can be misclassified into the same pattern. Furthermore, the transformations also bring
more computation.

Second, gradient information is no longer needed in PSO-LM. The structure and
the parameters of the PNNs can be optimized simultaneously by PSO. The learning
capability will be enhanced, which is guaranteed by the strong optimization capability
of PSO.

Furthermore, PSO-LM is able to solve high dimensional data learning problems by
using high dimensional GGMFs as the weight functions. PSO-LM can also solve multi-
objectives training problems as PSO is good at doing multi-objective optimization.

The computational complexity of PSO-LM for PNNs can be expressed as C = F ×
P × I . F is the amount of one time feed-forward calculation of PNN which is also
one time fitness calculation for PSO, P is the number of particles in PSO, and I is
the maximum number of iterations. The generalization performance of PSO-LM can be
verified by the following experiments.

4 Experiments

4.1 Traffic Flow Prediction

The data is from PeMS system [8], which is a performance measurement system of
freeway traffic from University of California. In this study, we chose traffic volume
data recorded every five minutes in the time interval 10:00 to 15:00 during the week-
days from 2009/6/1 to 2009/6/21. The data is taken from five sequential loop detectors,
whose serial numbers are 716810, 717907, 717898, 717896 and 717887 in District 7.

Experimental Setups. The objective is to predict the traffic flow of loop 717898, which
lies in the middle of the five loops, in the next five minutes. We will use the previous five
records from all the five loops to predict the next value of the third loop [3]. The data
from the first two weeks which contains 120 samples is used to train the three models
mentioned above, and the data of the third week which has 55 samples is used as the
test data to test their generalization performances.

The parameters of the three models are listed in Table 1. The number of db1 wavelet
basis functions chosen in BFE-LM is ten, which is decided by trial-and-error and is
also the number of neurons in the first hidden layer of BFE-LM. k is the order of the
GGMFs and m is the number of neurons in hidden layer of PSO-LM, which will both
be decided by PSO to optimize the objective function. Finally, the activation functions
of neurons are all chosen to be purelin function according to experiments. Notice that
k = 2 and m = 13 is decided by PSO.
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Table 1. Parameter Setups For Traffic Flow Experiment

Structures Activation Functions Parameters

BPNN 5-25-1 purelin, purelin
BFE − LM 5-10-25-1 purelin, purelin db1 wavelet basis
PSO − LM 5-m-1 purelin, purelin k=2, m=13

The evaluation of the models depends on the following two targets:

MPAE =
1
n

n∑

t=1

| yt − ŷt |
yt

(5)

RMSE =

√∑n
t=1(yt − ŷt)2

n
(6)

We will compare the models on each day of the weekdays independently. Each of the
models ran 30 times independently, and the averaged results were recorded.

Experimental Results. The averaged results are shown in Fig. 2. As can be seen, PSO-
LM outperforms BFE-LM and BPNN. According to the variance analysis, the p values
of MPAE and RMSE are 0.013 and 0.034, which mens the improvements of the
performance by PSO-LM is statistically significant.

The PSO-LM can learn the data well and predict the traffic flow more precisely,
which indicate that PSO-LM can give PNNs more powerful learning capability and
also good generalization capability. PSO-LM spent the most time to achieve the best
performance for its global search strategy. BFE-LM consumes the least time, because
the basis function expansion for the inputs retains only the principal components of the
data, which makes it easier for NNs to learn. Nevertheless, BFE-LM can not guarantee
good performances.

4.2 Spam Detection

In this experiment, the three models will be compared in identifying spam on a standard
Spambase data [9]. There are 4601 samples, each of which has 57 attributes and one
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label. The label denotes whether the e-mail is considered as a spam (1) or not (0). In
this study, we will use the first 48 attributes which denote the frequencies of 48 words
occurring in the e-mails.

Experimental Setups. We use cross-validation in this experiment. First, 601 samples
are randomly chosen to join a test data. Then, we use the rest 4000 samples to perform
the standard ten times cross-validation to train and validate the models. Finally, the
trained models will be tested on the test data to show their generalization capabilities.
Each model will run 30 times independently to get statistical results. The parameters in
this experiment are shown in Table 2. All the parameters are with the same meanings as
in Table 1.

Table 2. Parameter Setups For Spambase Experiment

Structures Activation Functions Parameters

BPNN 48-15-1 tansig, logsig
BFE − LM 1-10-5-1 tansig, logsig db1 wavelet basis
PSO − LM 1-m-1 purelin, logsig k=4, m=16

Experimental Results. The averaged results are shown in Fig. 3. The validation accu-
racies of the ten times cross-validation are shown in Fig. 3(a). As can be seen, PSO-LM
can obviously outperform the other two models, which indicates that the PSO-LM has
the best learning capabilities. The test accuracies are shown in Fig. 3(b). Similarly,
PSO-LM has the best generalization capability. Time consuming comparison is shown
in Fig. 3(c). As the same reason as in the above experiment, the PSO-LM needs more
time to gain better performance that the other models can not achieve. Furthermore, the
p values of the validation and test accuracy are 0.0486 and 0.0491, which means the
performance improvements made by PSO-LM are statistically significant.
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5 Conclusion

This paper proposed a new learning method for process neural networks based on the
Gaussian mixture weight functions and particle swarm optimization (PSO-LM). The
weight functions were specified as the generalized Gaussian mixture functions. The struc-
ture and parameters in the model were then optimized by PSO. According to experiments,
PSO-LM had better performance on time-series prediction and pattern recognition than
BFE-LM and BPNNs. Although it needed more computations for the global search strat-
egy of PSO, it achieved better performances that other methods can not gain.
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