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Abstract. This paper deals with the single neuron model involving
delay-dependent parameters proposed by Xu et al. [Phys. Lett. A, 354,
126-136, 2006]. The dynamics of this model are still largely undeter-
mined, and in this paper, we perform some bifurcation analysis to the
model. Unlike the article [Phys. Lett. A, 354, 126-136, 2006], where the
delay is used as the bifurcation parameter, here we will use range pa-
rameter as bifurcation parameter. Based on the linear stability approach
and bifurcation theory, sufficient conditions for the bifurcated periodic
solution are derived, and critical values of Hopf bifurcation are assessed.
The amplitude of oscillations always increases as the range parameter in-
creases; the robustness of period against change in the range parameter
occurs.
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1 Introduction

For single neuron dynamics, Gopalsamy and Leung [1] proposed the following
model of differential equation:

ẋ(t) = −x(t) + a tanh[x(t)] − ab tanh[x(t − τ)]. (1)

Here, x(t) denotes the neuron response, and a and b are the range of the contin-
uous variable x(t) and measure of the inhibitory influence from the past history,
respectively. Recently, Pakdaman and Malta [2], Ruan et al. [3] and Liao et al.
[4] studied the stability, bifurcation and chaos of (1). But, the aforementioned
studies on (1) suppose that the parameters in this model are constant inde-
pendent of time delay. However, memory performance of the biological neuron
usually depends on time history, and its memory intensity is usually lower and
lower as time is gradually far away from the current time. It is natural to con-
ceive that these neural networks may involve some delay-dependent parameters.
Therefore, Xu et al. [5,6] considered (1) with parameter b depending on time
delay τ described by

ẋ(t) = −μx(t) + a tanh[x(t)] − ab(τ) tanh[x(t − τ)], (2)
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where μ > 0, a > 0, τ ≥ 0 is the time delay and b(τ) > 0, which is called memory
function, is a strictly decreasing function of τ . The presence of such dependence
often greatly complicates the task of an analytical study of such model. Most ex-
isting methods for studying bifurcation fail when applied to such a class of delay
models. Compared with the intensive studies on the neural networks with delay-
independent parameters, little progress has been achieved for the systems that
have delay-dependent parameters. Although a detailed analysis on the stability
switches, Hopf bifurcation and chaos of (2) with delay-dependent parameters is
given in [5,6], the dynamics analysis of (2) is far from complete. The purpose of
this paper is to perform a thorough bifurcation analysis on (2). Unlike in Xu et
al. [5,6], where the delay τ is used as the bifurcation parameter, here we will use
the range parameter a as bifurcation parameter. Based on the linear stability ap-
proach and bifurcation theory, critical values of Hopf bifurcation are assessed, and
sufficient conditions for the bifurcated periodic solution are derived. Moreover, the
amplitude of oscillations always increases as the range parameter increases; the ro-
bustness of period against change in the range parameter occurs.

2 Bifurcation from Range Parameter a

The linearization of (2) at x = 0 is

ẋ(t) = (−μ + a)x(t) − ab(τ)x(t − τ), (3)

whose characteristic equation is

λ = −μ + a − ab(τ)e−λτ . (4)

In what follows, we regard range parameter a as the bifurcation parameter to
investigate the distribution of the roots to (4).

Lemma 1. For each fixed τ > 0, if 0 < a ≤ μ/(1 + b(τ)), then all the roots of
(4) have negative real parts.

Proof. When a = 0, λ = −μ < 0. For a > 0, clear λ = 0 is not a root of (4) since
a(1−b(τ)) < a(1+b(τ)) ≤ μ. Let iω(ω > 0) be a root of (4), it is straightforward
to obtain that

ab(τ) cos(ωτ) = a − μ, ab(τ) sin(ωτ) = ω, (5)

yielding ω2 = [ab(τ)]2−(a−μ)2. If a ≤ μ/[1+b(τ)] holds, we have ab(τ) ≤ |μ−a|.
Thus, (4) has no imaginary root. In other words, (4) has no root appearing on
the imaginary axis for a ∈ (0, μ/(1 + b(τ))]. Recalling that the root of (4) with
a = 0 has negative real part, the conclusion follows.

Lemma 2. For each fixed τ > 0, there exists a sequence of a, denoted as aj , j =
1, 2, . . ., such that (4) has a pair of purely imaginary roots ±iωj when a = aj;
where

aj =
ωj

b(τ) sin(ωjτ)
, (6)
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ωj is the root of the equation

ω cot(ωτ) + μ =
ω

b(τ) sin(ωτ)
. (7)

Proof. If λ = iω is a pure imaginary solution of (4), it must satisfy (5). Then,
(7) can be directly from (5). Solutions of this equation are the horizontal co-
ordinates of the intersecting points between the curve y = ω cot(ωτ) and y =
ω/[b(τ) sin(ωτ)] − μ. There are infinite number of intersecting points for these
two curves that are graphically illustrated in Fig. 1. Denote ωj as the solution
of (7), and define aj as in (6) , then (ωj , aj) is a solution of (5). Clearly, (4) has
a pair of purely imaginary roots ±iωj when a = aj. This completes the proof.
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Fig. 1. Illustration for intersecting points between curve y = ω cot(ωτ ) + μ and y =
ω/[b(τ ) sin(ωτ )]

The last condition for the occurrence of a Hopf bifurcation at a = aj is

d
da

[Reλ]a=aj �= 0. (8)

Substituting λ(a) into (4) and differentiating the resulting equation with respect
to a, we get

dλ

da
=

λ + μ

a[1 + τ(λ + μ − a)]
,

and hence,

dλ

da

∣
∣
∣
∣
a=aj

=
μ[1 + τ(μ − aj)] + τω2

j + (1 − τaj)ωj i
aj [(1 + τ(μ − aj))2 + τ2ω2

j ]
.
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Thus, we have

d
da

[Reλ]a=aj =
μ[1 + τ(μ − aj)] + τω2

j

aj [(1 + τ(μ − aj))2 + τ2ω2
j ]

.

Theorem 1. Suppose that d
da [Reλ]a=aj �= 0. Then, for the system (2), there

exists a Hopf bifurcation emerging from its trivial equilibrium x = 0, when the
range parameter, a, passes through the critical value, a = aj , j = 1, 2, . . ., where
aj is defined by (6)-(7).

Proof. The transversality condition (8) for Hopf bifurcation is satisfied. Applying
Lemma 2 and Hopf bifurcation theorems for functional differential equations in
[7], we obtain that Hopf bifurcation occurs at a = aj for the system (2). This
completes the proof.

Without loss of generality, we only consider the intersecting points with pos-
itive horizontal coordinates ωj , j = 1, 2, . . ., in Fig.1. It is clear that ω1 < ω2 <
ω3 < · · ·, and ωj → ∞ monotonically when j → ∞. For these ωj, form (6) and
Fig.1, we obtain the following ordering

· · · < a6 < a4 < a2 < 0 < a1 < a3 < a5 < · · · .
Thus, there exists a minimum positive number a1 such that (4) has a pair of
purely imaginary roots ±iω1 at a = a1. From Lemmas 1 and 2, we easily ob-
tain the following results about the stability of the trivial equilibrium x = 0 of
system (2).

Theorem 2. Suppose that d
da [Reλ]a=a1 > 0. Then, for each fixed τ > 0, the

trivial equilibrium x = 0 of system (2) is asymptotically stable when a ∈ (0, a1),
and unstable when a > a1.
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Fig. 2. Waveform plot and phase portrait of system (2) with a = 0.68
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Proof. It is well known that the solution is locally asymptotically stable if all
the roots of the characteristic equation have negative real parts and unstable if
at least one root has positive real part. Therefore, conclusions is straightforward
from Lemmas 1 and 2. This completes the proof.

3 Numerical Simulations

To verify the results obtained in the previous section, some examples are given
as following. For comparison, the similar model (2), used in [5], is discussed.
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Fig. 3. Phase portrait of system (2) with a = 0.77
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Fig. 4. Phase portrait of system (2) with a = 5
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Fig. 5. Phase portrait of system (2) with a = 15
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Fig. 6. Phase portrait of system (2) with a = 50

Table 1. Period and amplitude of the oscillations at different values of a

Range parameter a 0.77 5 15 50
Period 5.8 6.1 6.38 6.8
Amplitude 0.9 16.4 50 166

In our simulations of (2) with memory function b(τ) = be−ατ (b > 0, α > 0),
μ = 2, τ = 2, b = 3 and α = 0.12. We can apply (6)-(7) in Lemma 2 to ob-
tain a1 = 0.7351. From Theorem 2, we know that the trivial equilibrium x = 0
of system (2) is asymptotically stable when a ∈ (0, 0.7351). This is illustrated
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by the numerical simulation shown in Fig. 2 in which a = 0.68. Further, from
Theorem 1, when a is increased to the critical value 0.7351, the trivial equilib-
rium x = 0 losses its stability and Hopf bifurcation occurs. The bifurcation is
supercritical and the bifurcating periodic solution is asymptotically stable (see
Figs. 3-6).

Table 1 shows the effect of the range parameter a on the oscillation period and
amplitude. The amplitudes increase clearly with the range parameter a, which
means that the amplitudes of the oscillations can be controlled by regulating
range parameter a. The amplitude is always sensitive to the change of the range
parameter a. In addition to amplitude, the period of oscillation remains around
6.5 when the range parameter a varies. The change of period is not sensitive to a.
The robustness of period against change in the range paramete occurs. Figs. 3-6
show the sustained oscillations generated by (2) with different a.

4 Concluding Remarks

This paper deals with the dynamics of a neuron model with delay-dependent
parameters, which is far from complete. Unlike in Xu et al. [5], where the delay is
used as the bifurcation parameter, here we choose range parameter as bifurcation
parameter. A series of critical range parameters are determined and a simple
stable criterion is given according to the range parameter. Through the analysis
for the bifurcation, it is shown that the trivial equilibrium may lose stability via
a Hopf bifurcation. The amplitudes of oscillations always increase clearly as the
range parameter increases. In addition, the robustness of period against change
in range parameter occurs.

The range parameter play an important role in dynamical behaviors of neu-
ral network model (2) with delayed dependent parameters. We can control the
dynamical behaviors of the model (2) by modulating the range parameter. The
method proposed in this paper is important for understanding the regulatory
mechanisms of neural network. Moreover, the method provides a control mech-
anism to ensure a transition from an equilibrium to a periodic oscillation with
a desired and robust amplitude and period.
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