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Abstract. Particle swarm optimization (PSO) algorithm is an intelligent search 
method based on swarm intelligence. It has been widely used in many fields 
because of its conciseness and easy implementation. But it is also easy to be 
plunged into local solution and its later convergence speed is very slow. In order 
to increase its convergence speed, nonlinear simplex method (NSM) is integrated 
into it, which not only can increase its later convergence speed but also can ef-
fectively avoid dependence on initial conditions of NSM. In order to bring  
particles jump out of local solution regions, tabu search (TS) algorithm is inte-
grated into it to assign tabu attribute to these regions, which make it with global 
search ability. Thus the hybrid PSO algorithm is an organic composition of the 
PSO, NSM and TS algorithms. Finally its basic operation process and optimiza-
tion characteristics are analyzed through some benchmark functions and its  
effectiveness is also verified. 

Keywords: hybrid algorithm, particle swarm optimization, nonlinear simplex 
method, tabu search. 

1   Introduction 

The PSO algorithm [1,2] is still in the preliminary stage since it was proposed in 1995, 
and there are still many theories of it should to be perfected. It is widely used in func-
tion optimization, neural network training, fuzzy system control and so on because of 
its conciseness, easy implementation, needing to adjust little parameters, not requiring 
gradient information and other excellent features [3]. But how to increase the conver-
gence speed and how to avoid premature convergence have always been the focus of 
most researchers and they are also the problems faced by all the other random search 
algorithms [4]. One of the main directions to improve the PSO algorithm is to establish 
the hybrid PSO algorithm. Hendtlass [5] combined different evolution with the PSO. 
Parsopoulos [6] etc initialized the PSO using NSM. Mirnada [7] etc put together the 
best features of evolution strategies with the PSO. Krink [8] etc introduced a hybrid 
approach called Life Cycle model that simultaneously applied genetic algorithms, PSO 
and stochastic hill climbing to create a generally well-performing search heuristics. Shi 
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[9] etc proposed two hybrid evolutionary algorithms based on PSO and GA in parallel 
and series forms respectively. Noel [10] etc introduced a hybrid PSO making use of 
gradient information to achieve faster convergence without getting trapped in local 
minima. Wachowiak [11] etc embedded Powell method in the PSO to improve accu-
racy. Vietoire [12] etc integrated the PSO technique with the sequential quadratic 
programming technique to solve the economic dispatch problem. 

The hybrid PSO algorithms mentioned above are mainly hybrid algorithms of global 
optimization algorithms with local optimization algorithms or other global ones. Es-
sence of these hybrid algorithms is using advantages of each algorithm, which allows 
different algorithms to perform their strengths and avoid their shortcomings, so as to 
reach equilibrium among them. However, existing hybrid PSO algorithms have hardly 
both studied the increase of convergence speed and the avoidance of premature con-
vergence at the same time. Moreover, it has also not been studied deeply enough to 
avoid premature convergence, which is not perfect for a good algorithm. Here it is 
improved from two aspects: (1) using the NSM which has a strong local search ability 
to enhance its local search ability in the later stage; (2) using the TS algorithm to deal 
with the local extremum regions so as to bring the particles within them all out, and at 
the same time to avoid the low efficiency of the TS algorithm caused by its limitation in 
dealing with plentiful individuals (particles). 

2   Backgrounds of the PSO, NSM and TS Algorithm 

2.1   Particle Swarm Optimization (PSO) 

In the PSO algorithm, particle i is expressed as Xi=(xi1, xi2,…, xiD), which represents a 
point in the D-dimensional solution space. Each particle saves the best position of itself 
so far Pi=(pi1, pi2,…, piD) and its current flying speed Vi=(vi1, vi2,…, viD). The best 
location so far found by the whole particle swarm is Pg=(pg1, pg2,…, pgD). In each it-
eration, the particle’s flying speed in the D-dimensional space is updated through Pg, Pi 
and Xi. Then its position is updated through the updated flying speed. The updating 
formulae of the PSO algorithm are as flows. 

1( 1) ( ) () ( ( ) ( ))New old old
id id id idV t w V t c rand p t x t+ = × + × × −  

2 () ( ( ) ( ))old
gd idc rand p t x t+ × × −  

(1)

( 1) ( ) ( 1)New old New
id id idx t x t V t+ = + +  (2)

min maxidv v v≤ ≤ , min maxi i ix x x≤ ≤  (3)

Where c1 and c2 are two positive constants called learning factors, which make each 
particle with the ability of self-summary and learning from the outstanding particles, so 
as to get close to the best positions of itself and the whole swarm so far; w  is the inertia 
weight factor, which can dynamically adjust the search ability of the particle swarm 
along with the time; rand()is the random number between 0 and 1, which is used to 
maintain the diversity of the particle swarm. (1) is the updating formula of the particle 
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speed, which indicates that each particle updates its speed based on its original speed 
Vid, its best location so far Pid and the best location of the whole particle swarm Pgd. (2) 
is the updating formula of the particle position and (3) is the constraints of the particle 
speed and position. 

2.2   Non-linear Simplex Method (NSM) 

The NSM was developed by Nelder and Mead [13] based on the basic simplex method. 
It is a widely used direct local search technology for non-linear unconstrained opti-
mization problems because it can complete the optimization directly according to the 
function value without its derivative information. Its basic principle is that: first con-
struct a convex polyhedron with N+1 vertices in the N-dimensional Euclidean space 
EN, calculate the function value of each vertex and determine the maximum, the second 
largest value and the minimum; then find a better solution to substitute the maximum 
through reflection, expansion, contraction and reduction; finally approach a better 
minimum through many iterations.  

2.3   Tabu Search (TS) 

The TS algorithm is firstly proposed in 1986 by Glover [14] and is a sub-heuristic 
search technique. It is a reflection of artificial intelligence and an extension of local 
search. Its most important thought is that it can mark the searched local minima and can 
avoid them as much as possible so as to ensure an effective search path. Its basic 
principle is that: determinate a number of candidates of the current solution in its given 
neighborhood; if the best candidate is better than the best solution so far, its taboo 
attribute is neglected and it is used to substitute the current solution and the best  
solution so far, and the tabu table and the tenure are modified; if the candidate men-
tioned above does not exist, choose the best one in the non-taboo candidates as the new 
current solution while ignoring its strengths and weaknesses to the current solution  
and modify the tabu table at the same time; repeat the above iteration until the end 
criteria is met. 

3   The Hybrid PSO Algorithm 

3.1   Hybrid Strategy 

The PSO algorithm is suitable for non-linear and multi-extremum optimization prob-
lems because of its conciseness, easy implementation, fast calculation, not requirement 
for the objective function’s mathematical form and its gradient information. And also it 
has better portability, robustness and can compute in parallel. The NSM can complete 
optimization directly according to the function value without its derivative information. 
So it is a widely used direct local search technology for non-linear unconstrained op-
timization problems. Because of its needless of the first derivative, Hessen matrix and 
complex matrix operations, it is particularly adapted to the optimization of complex 
functions with incomplete information. However, this method is very sensitive to the 
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initial conditions, and can not be guaranteed to converge to the global optimal solution. 
The TS algorithm has a strong “mountain climbing” ability to jump out of the local 
optimal solution in the search process so as to search in other regions. So the probability 
to get a better solution or the global optimal solution is greatly increased.  

Generally, it is difficult to realize efficient optimization only depending on search 
algorithms with a single neighborhood structure, and it is an effective means to broaden 
application scope and improve performance of an algorithm that make the algorithm 
with a hybrid neighborhood structure [15]. At present, the hybrid structure of an  
algorithm can be divided into serial, mosaic, parallel and mixed structures. Hybrid 
algorithm with a serial structure can absorb advantages of different algorithms. For 
example, it can use results of an algorithm as the starting point of another algorithm to 
optimize the problem sequentially and its purpose is to improve the optimization effi-
ciency on the premise of a certain good quality. Hybrid algorithm with a mosaic 
structure performs that an algorithm is an optimization operation of another algorithm 
or an evaluating device of the search performance. Hybrid of these algorithms is in 
view of their complementarities so as to overcome the premature convergence and (or) 
the plunge into local minimum of a single algorithm. And mosaic structure allows the 
aided algorithm to be executed repeatedly and the information between the 
sub-algorithms can exchange bidirectional. Therefore, the mosaic structure is applied 
to the hybrid of the PSO, NSM and TS algorithm. 

For global optimization problems, a good algorithm should have a strong global 
exploration ability to obtain suitable seeds in the earlier stage while a strong local 
search ability to increase the convergence speed in the later stage, and also can jump out 
of the local minimum to search in other regions when the obtained solution does not 
meet accuracy requirements. The PSO algorithm has a faster convergence speed and a 
better global exploration ability in the earlier stage but a slower convergence speed in 
the later stage. The main reason is that in the later stage most particles have congregated 
in the vicinity of the optimal particle and almost stopped moving. But the approximate 
area of the minimum has been well located which provides good initial conditions for 
the NSM. Therefore, application of the NSM at this stage can not only strengthen the 
local search ability of the PSO algorithm, but also avoid the easy plunge of the NSM 
into the local minimum because of its very dependence on initial conditions. This 
hybrid algorithm performs well on functions with few local minimums, while has a 
limited improvement on multimodal functions with lots of local minima and global 
extremums because even in the simple low-dimensional cases the computational 
complexity of these functions is quite high and is a typical NP-hard problem. Paro-
spoulos [16,17] etc used “function stretching” technology to make particles jump out of 
local minima. But transformation of the objective functions may generate pseudo local 
minima and misleading gradient information. Although the PSO algorithm does not 
directly use the gradient information, it is convinced to be used in some indirect way 
[4]. Here the TS algorithm is used to make particles jump out of the local minimum, 
that is, when the particles are plunged into it, the local minimum region is dealt with by 
the TS algorithm and thus the particles can keep away from this region to search 
globally.  
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3.2   Basic Steps of the Hybrid PSO Algorithm 

The main idea of the hybrid PSO algorithm (PSO_NSM_TS) is that: First the particle 
swarm searches globally in the whole solution space in view of its fast pre-convergence 
speed and overall exploration ability. Then the first N+ 1 excellent particles are isolated 
from the swarm in the later stage and the NSM is used to strengthen its local search 
abilities so as to find the local minimum. When the particle swarm is plunged into a 
local minimum, the TS algorithm is used to deal with the local minimum region, and 
particles in this region are re-initialized in the whole solution space. So particles can 
keep away from this region to search globally in the subsequent search process. The 
basic steps are as follows: 

(1) Initialize the particle swarm: the initial position and velocity of each particle 
are randomly initialized in the solution space for the given particle swarm with 3N+1 
particles; 

(2) Calculate fitness of each particle and sort: the fitness of each particle is cal-
culated according to the objective function and all particles are sorted from small to big 
according to the fitness; 

(3) Calculate the average particle distance [18] of the fist N+1 excellent particles

        
2

1 1

1
( ) ( )

s N

id d
i d

D t p p
SgL = =

= −∑ ∑ , where L is the maximal diagonal length of the 

search space; S is the swarm size, here taken to be N+1; N is the dimension of the 
solution space; 

(4) Judge the average particle distance: if D(t)≤[D], call the NSM and go to step 
(5); if D(t)>[D], use the PSO algorithm to update the whole particle swarm and go to 
step (8); 

(5) Call the NSM: the NSM is used among the first N+1 excellent particles to find 
the local solution; 

(6) Judge the local solution: if the local solution searched by the NSM meets ac-
curacy requirement, the whole optimization is completed and exits; if not, call the TS 
algorithm; 

(7) TS algorithm updates the tabu table: add the current local solution region to  
the tabu table and update the tenure; Because the current speed of the particles in the 
local minimum region is very slow and in order to bring them to quickly jump out of 
this region, the particles within the region are re-initialized. Meanwhile, in order to 
avoid the particle swarm to be plunged into the local minimum region again, the best 
positions of these particles are also re-initialized and the best position of the swarm is 
updated correspondingly; In order to organically combine with the PSO algorithm  
and also not increase the complexity of the hybrid algorithm, poor fitness is given to  
the particles within the tabu regions during the PSO updating process and the  
particles are kept away from the tabu regions due to the attraction of the outstanding 
particles. 

(8) Update the particle swarm: update the particle swarm according to the speed 
and location updating formula, and go to step (2). 

The basic flowchart of the hybrid PSO algorithm is shown in Fig. 1. 
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Fig. 1. Flowchart of the hybrid PSO algorithm 

4   Optimization Analysis of the Hybrid PSO Algorithm 

In order to analyze the basic operation process of the hybrid PSO algorithm, the DeJong 

function [3] is taken as an example to be optimized. Its expression is 2

1
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N

i
i

f x x
=

=∑ , 

100 100ix− ≤ ≤ . Its global minimum is min(f)=f(0,…,0)=0. The change process of the 

best fitness so far along with the iteration of the hybrid PSO algorithm is shown in Fig. 2. 

 
Fig. 2. Change process of the best fitness so far along with the iteration 

As can be seen from Fig. 2, in the earlier stage the hybrid PSO algorithm searches in 
the solution space according to the basic PSO algorithm. And the NSM is called when 
the first N+1 excellent particles satisfy the condition of D(t)≤[D]. When  
the solution found by the NSM within the allowed iteration does not meet accuracy 
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requirement, it is considered to be plunged into the local minimum and the TS algo-
rithm is used to bring the particles jump out of this region. 

In order to analyze the characteristics of the hybrid PSO algorithm in dealing with 
multi-minimum problems, the Rastrigin function is taken as an example. Its expression 

[3] is 2

1

( ) [ 10cos(2 ) 10]
N

i i
i

f x x xπ
=

= − +∑ , 10 10ix− ≤ ≤ . Its global minimum 

is min(f)=f(0,…,0)=0. Fig. 3 shows the two-dimensional Rastrigin function. This 
function is tested 50 times using the basic PSO algorithm, the PSO_NSM hybrid al-
gorithm, the PSO_TS hybrid algorithm and the PSO_NSM_TS hybrid algorithm re-
spectively, and the average iterations, the convergence success rate and the average 
number of calling the TS algorithm of these algorithms are shown in table 1. Fig. 4 
shows the change process of the best fitness so far along with the iteration of the basic 
PSO algorithm and the PSO_NSM hybrid algorithm under convergence and the 
PSO_NSM_TS hybrid algorithm and the PSO_TS hybrid algorithm under convergence 
when calling TS. 

 

Fig. 3. The two-dimensional Rastrigin function 

Table 1. Result of these PSO algorithms 

Type 
Average 

iterations1 
Convergence success 

rate (%) 
Average number of 

calling TS 

PSO_NSM_TS 228.76 100 0.64 

PSO_TS 358.28 100 1.18 

PSO_NSM 102.66 68 / 

PSO 128.26 38 / 

                                                           
1 The average iterations of the PSO_NSM hybrid algorithm and the basic PSO algorithm are only 

iterations under convergence. 
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Fig. 4. The best fitness so far along with the iteration of the PSO_NSM_TS, PSO_TS, PSO_ 
NSM and PSO 

As can be seen from Table 1 and Fig. 4, for the multi-minimum problems the 
PSO_NSM hybrid algorithm is the fastest, the basic PSO algorithm second, while the 
PSO_TS hybrid algorithm is the slowest which indicates that the convergence speed 
can be increased through the introduction of the NSM. The convergence success rates 
of the basic PSO algorithm and the PSO_NSM hybrid algorithm are only 38% and 
68%, while the convergence success rate can be increased to 100% through the intro-
duction of the TS algorithm. The average number of calling the TS algorithm of the 
PSO_NSM_TS hybrid algorithm is only 0.64 which is far lower than that of the 
PSO_TS hybrid algorithm. Furthermore, other benchmark functions are also used to 
test the proposed hybrid algorithm such as the generalized Rosenbrock function, 
Griewank function and so on. The result shows that the proposed hybrid algorithm in 
this paper not only can increase the convergence speed but also can avoid premature 
convergence, which is the starting point of this paper. 

In a word, the key point of the hybrid PSO algorithm (PSO_NSM_TS) is the in-
troduction of the NSM and the TS algorithm. The introduction of the TS algorithm 
prevents the re-plunge of the particles into the known local minimum regions to a great 
extent. Strength of the preventability is embodied by the tabu length in the TS algo-
rithm. When the tabu length is set to zero, that is, just initialize the first N+1 excellent 
particles in the current local minimum region and not memorize the previously 
searched regions. At the moment, the hybrid algorithm is similar to a completely ran-
dom algorithm. That is, when the particle swarm is plunged into the local minimum 
region the first N+1 excellent particles are re-initialized to search in the global solution 
space. When the tabu length is set to infinite, that is, all the preciously searched local 
minimum regions are memorized and dealt with by the TS algorithm, so the particles 
search in other un-searched regions and eventually can be able to find the global 
minimum solution. Therefore, setting of the tabu length not only can harmonize the 
global search ability and the search speed, but also can harmonize the possibility to 
treat the local minimum solution as the global minimum solution. 

5   Conclusion 

The basic PSO algorithm is improved through accelerating the convergence speed and 
avoiding premature convergence. The improved hybrid PSO algorithm (PSO_NSM_TS) 
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is an organic composition of the basic PSO, NSM and TS algorithm. In the hybrid algo-
rithm, the NSM is introduced to strengthen the local search ability of the PSO algorithm 
in the later stage, and the TS algorithm is introduced to bring particles jump out of the 
local minimum regions when the particle swarm is plunged into them. So the hybrid PSO 
algorithm can increase the convergence speed and avoid premature convergence to a 
great extent. And the benchmark functions also verify its correctness and high efficiency. 
The pseudo-minima tend to be generated when the tabu regions are dealt with poor fit-
ness. But they only survive within the tabu length. When the local minimum regions 
which generate them are released, they are automatically eliminated. So using the TS 
algorithm can solve the pseudo-minima problem to a certain extent. And it can increase 
the convergence speed and reduce the calculation work when the pseudo-minimum 
problem is effectively solved. At the same time, there are still some problems should to be 
deeply studied. For example, the hybrid algorithm only considers the region within the 
average particle distance [D]. If all regions converging to the local minimum can be 
found and treated, the re-plunge into the local minimum can be completely avoided, 
which not only increase the global convergence speed but also can improve the search 
efficiency. 
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