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Abstract. In recent years, several k-winners-take-all (kWTA) neural
networks were developed based on a quadratic programming formula-
tion. In particular, a continuous-time kWTA network with a single state
variable and its discrete-time counterpart were developed recently. These
kWTA networks have proven properties of global convergence and simple
architectures. Starting with problem formulations, this paper reviews re-
lated existing kWTA networks and extends the existing kWTA networks
with piecewise linear activation functions to the ones with high-gain ac-
tivation functions. The paper then presents experimental results of the
continuous-time and discrete-time kWTA networks with infinity-gain ac-
tivation functions. The results show that the kWTA networks are para-
metrically robust and dimensionally scalable in terms of problem size
and convergence rate.

Keywords: K winners-take-all, recurrent neural networks, optimization,
scalability, parametric sensitivity.

1 Introduction

As a generalization of the winner-take-all (WTA) operation [1], the k-winners-
take-all (kWTA) operation selects the k largest inputs out of n inputs (1 ≤ k ≤
n). kWTA has been shown to be a computationally powerful operation compared
with standard neural network models of threshold logic gates [2]. In addition, it
has numerous applications in k-neighborhood classification, k-means clustering,
sorting, machine learning, and data mining; e.g., decoding [1], image processing
[3], computer vision [4],[5], feature extraction [6], and associative memories [7],
mobile robot navigation [8], etc.
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When the number of inputs is large or a selection process has to be operated in
real time, parallel algorithms and hardware implementation are desirable. In the
past twenty years, many WTA and kWTA networks have been developed; e.g., [9]-
[25]. In particular, a continuous-time kWTA network with a single state variable
and guaranteed global convergence [23] was developed based on a quadratic pro-
gramming formulation in [20]. It has the simplest architectural complexity due to
its single state variable. A discrete-time counterpart was developed recently [25].

In this paper, we will present the simulation results of these kWTA networks
to show their parametric robustness and dimension scalability in terms of con-
vergence, which will validate and supplement previous theoretical results for
designing the kWTA networks.

2 Problem Formulations

Generally, the kWTA operation can be defined or encoded as the following binary
function

xi = f(ui) =
{

1, if ui ∈ {k largest elements of u},
0, otherwise, (1)

where u = (u1, u2, . . . , un)T is the input vector and x = (x1, x2, . . . , xn)T is the
output vector.

The kWTA solution can be determined by solving the following linear integer
programming problem:

maximize
n∑

i=1

uixi or minimize −
n∑

i=1

uixi,

subject to
n∑

i=1

xi = k,

xi ∈ {0, 1}, i = 1, 2, . . . , n.

(2)

According to its total modularity property [26], the above linear integer pro-
gramming problem is equivalent to the following linear programming problems
if the kth and (k + 1)th largest elements of u are different (i.e., the solution is
unique):

minimize −
n∑

i=1

uixi or − uT x,

subject to
n∑

i=1

xi = k,

0 ≤ xi ≤ 1, i = 1, 2, . . . , n.

(3)

It was proven in [20] that the kWTA problem is equivalent to the following
quadratic integer programming problems:

minimize a
2

n∑
i=1

x2
i −

n∑
i=1

uixi or a
2xT x − uT x,

subject to
n∑

i=1

xi = k,

xi ∈ {0, 1}, i = 1, 2, . . . , n.

(4)

where a is a positive constant.
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Furthermore, according to [20], if the kth and (k + 1)th largest elements of
u (denoted as ūk and ūk+1, respectively) are different, the quadratic integer
programming problems is equivalent to the following quadratic programming
problems:

minimize a
2

n∑
i=1

x2
i −

n∑
i=1

uixi or a
2xT x − uT x,

subject to
n∑

i=1

xi = k,

0 ≤ xi ≤ 1, i = 1, 2, . . . , n,

(5)

where a ≤ ūk − ūk+1 represents the input resolution.

3 Model Descriptions

A kWTA neural network was tailored from the simplified dual network [20]:

state equation ε
dv

dt
= −Mv + g(Mv − v + s) − s, (6)

output equation x = Mv + s, (7)

where ε > 0 is a scaling constant, v ∈ �n is the state vector, M = (In−eeT /n)/a,
s = Mu + (k/n)e, e is a column vector with all entries being ones, and g(·) is
the piecewise linear activation function defined as:

g(xi) =

⎧⎨
⎩

0, xi < 0i,
xi, 0 ≤ xi ≤ 1,
1, xi > 1.

(8)

A kWTA network with a single state variable was developed based on the im-
proved dual neural network [23] with the following following equations:

state equation ε
dz

dt
= −

n∑
i=1

xi + k, (9)

output equation xi = g
(
z +

vi

a

)
, i = 1, · · · , n, (10)

where z ∈ � is the state variable. The exactly same model was reinvented one
year after in [24].

Recently, a discrete-time counterpart of the above kWTA network [23] was
presented [25],[24]..

state equation z(m + 1) = z(m) − β(
n∑

i=1

xi(m) − k), (11)

output equation xi(m) = g
(
z(m) +

vi

a

)
, i = 1, · · · , n, (12)
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Fig. 1. The piecewise linear activation function with a positive gain parameter ξ

where β > 0 is the step size. It was proven that the discrete-time kWTA network
is globally convergent if 0 < β < 2/n [25] or 0 < β < 2/

√
n [24].

As the output variables are supposed to be binary, the piecewise linear acti-
vation function g(·) can be extended with a positive gain parameter ξ as shown
in(13) and Figure 1, where ξ is the slope of the linear part:

g(xi) =

⎧⎨
⎩

0, xi < 0i,
ξ, 0 ≤ xi ≤ 1/ξ,
1, xi > 1/ξ.

(13)

When the gain parameter approaches to positive infinity (i.e., ξ → +∞), the
activation function becomes identical with that in the one of one-layer neural
networks with hard-limiting (step) activation function in [22]. In the next section,
it will be shown that the kWTA networks with positive infinity gain parameter
ξ can still work well in kWTA operations.
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Fig. 2. Stable state variable z(t) with respect to various different values of parameters
ξ and a in the continuous-time kWTA network (9)
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4 Simulation Results

In this section, the results of extensive simulations will be discussed with respect
to various parameters of the kTWA networks (e.g., ξ, a, ε, z(0), and n). In all
simulations, unless otherwise specified, the inputs are set as ui ∈ {1, 2, . . . , n}
and the parameters are set as n = 10, k = 5, a = 0.5, z(0) = 0, ε = 10−6, ξ →
+∞.

In Fig. 2, the transient behaviors of the state variable z(t) of the continuous-
time kWTA network in (9) are depicted with respect to increasing gain parame-
ter ξ from 1 to +∞ in the left subplot and various values of parameter a ranging
from 0.001 to 0.5 in the right subplot where both axes are in a logarithmic scale.
The results show that the convergence is faster when the gain parameter ξ is
larger or a is smaller. In Fig. 3, the transient behaviors of the state variable z(t)
of the continuous-time kWTA network in (9) are depicted with respect to 30
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Fig. 3. Stable state variable z(t) with respect to various different values of initial state
z(0) and scaling constant ε in the continuous-time kWTA network (9)
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Fig. 4. Average and deviation of convergence time in the continuous-time kWTA net-
work (9) with 1000 random inputs u of increasing size n, where k = n/2
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Fig. 5. Stable state variable z(m) with respect to various different values of gain pa-
rameter ξ and initial state z(0) in the discrete-time kWTA network (11)
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Fig. 6. Stable state variable z with respect to various different values of resolution
parameter a in the discrete-time kWTA network (11)

random initial states z(0) drawn from [-100,100] under the uniform distribution
in the left subplot and decreasing scaling constant ε from 10−2 to 10−6 in the
right subplot where the horizontal axis is in a logarithmic scale. It is obvious
that the state variable z is globally stable from any initial state z(0) and its
convergence is faster when the scaling constant ε is smaller. In Fig. 4, the Monte
Carlo simulation results are shown 1000 random inputs ui ∈ {1, 2, . . . , n} with
increasing sizes (i.e., n = 4, 8, . . . , 100). It is interesting to see that the average
and standard deviation of convergence time of the state variable z decrease as the
problem size n increases, which reinforces the results in [23]. In particular, the
averaged convergence time approaches to a stable value about 15 microseconds
for large kWTA problems.

Similar to the results for the continuous-time kWTA network (9) and (10),
the simulation results for the discrete-time kWTA network (11) and (12) are
shown in Figs. 5-8. Specifically, Fig. 5 depicts the transient behaviors of the
state variable z(m) of the discrete-time kWTA network in (11) with respect
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Fig. 7. (i) Stable state variable z with respect to various different values of step size
parameter β in the discrete-time kWTA network (11). (ii) Average and deviation of
the number of iterations for convergence in the discrete-time kWTA network (11) with
1000 random inputs of increasing size n, where k = n/2.

to increasing gain parameter ξ from 1 to +∞ and 30 random initial states
z(0) drawn from [-100,100] under the uniform distribution, which show that
the convergence is faster when the gain parameter ξ is larger and global stability
of the state variable. In Fig. 6, the transient behaviors of state variable z(m)
of the discrete-time kWTA network are depicted with respect to various values
of parameter a ranging from 0.01 to 5, where the vertical axis for z is in a
logarithmic scale in the right subplot. The results show that the convergence
of the state variable z is faster when a is larger, which is contrary to that in
continuous-time kWTA network shown in Fig. 2 (right subplot). In addition,
when a is too big, the state of the discrete-time network becomes unstable.
In Fig. 7, the transient behaviors of the state variable z(m) of the discrete-
time kWTA network are depicted with respect to various values of its step size
parameter β ranging from 0.01 to 1.6. It is not surprising that the convergence is
faster when β is bigger and an oscillation occurs when β is too big. In Fig. 8, the
Monte Carlo simulation results are shown 1000 random inputs ui ∈ {1, 2, . . . , n}
with increasing sizes (i.e., n = 4, 8, . . . , 100) for the discrete-time network. It
can be observed that, as the problem size n increases, the average number of
iterations needed for the of state variable z converges to a stable value 21.50,
but its deviation decreases.

5 Concluding Remarks

In this paper, extensive simulation results are reported on the global state sta-
bility of the continuous-time and discrete-time k-winners-take-all (kWTA) net-
works with a single state variable under various parametric configurations. In
particular, it is demonstrated that these kWTA networks work faster with high-
gain activation functions. In addition, the scalability of the kWTA networks is
also shown in terms of input dimension and convergence time. The theoretical
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justifications of the high-gain activation function in the kWTA networks will be
published in a separate paper.
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