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Abstract. The Clustering Search (*CS) has been proposed as a generic way of
combining search metaheuristics with clustering to detect promising search areas
before applying local search procedures. The clustering process may keep repre-
sentative solutions associated to different search subspaces. Although, recent appli-
cations have reached success in combinatorial optimisation problems, nothing new
has arisen concerning diversification issues when population metaheuristics, as evo-
lutionary algorithms, are being employed. In this work, recent advances in the *CS
are commented and new features are proposed, including, the possibility of keeping
population diversified for more generations.

1 Introduction

The Clustering Search (*CS) has been proposed as a generic way of combining search
metaheuristics with clustering to detect promising search areas before applying local
search procedures [1, 2]. This generalized approach is achieved both by the possibility
of employing any metaheuristic and by also applying to combinatorial and continuous
optimisation problems. Clusters of mutually close solutions hopefully can correspond
to relevant areas of attraction in the most of search metaheuristics, including EAs.
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Relevant search areas can be treated with special interest by the algorithm as soon as
they are discovered. The clusters work as sliding windows, framing the search areas
and giving a reference point (center) to problem-specific local search procedures.
Furthermore, the cluster center itself is always updated by incoming inner solutions.
The center update is called assimilation [1, 3].

This basic idea was employed to propose the Evolutionary Clustering Search
(ECS) early applied to unconstrained continuous optimisation [1]. Posteriorly, the
search guided by clustering was extended to a GRASP (Greedy Randomized Adap-
tive Search Procedure [4]) with VNS (Variable Neighborhood Search [5]), and ap-
plied to Prize Collecting Traveling Salesman Problem (PCTSP) [3]. Despite the
expected and desirable population convergence, it must occur in a controlled way,
avoiding diversification loss and, in consequence, a poor overall performance. *CS
has an inherent potential of controlling the convergence not explored yet: search
areas may be monitored not allowing oversearch in a promising area.

This paper is devoted to discuss the recent *CS applications in optimisation prob-
lems, focusing how its components were implemented for each application. Other
issue treated in this work is concerning population diversification. New features to
improve *CS are proposed at last. The remainder of this paper is organized as fol-
lows. Section 2 describes the concepts behind *CS’s components. Recent advances
in each component are described in sections 2.1, 2.2, 2.3 and 2.4, including the now
proposed diversification mechanism adequate for the approach improvement. The
findings and conclusions are summarized in section 3.

2 Clustering Search Foundations

The *CS attempts to locate promising search areas by framing them by clusters.
A cluster can be defined as a tuple G = {c,r,s}, where c and r are the center and
the radius of the area, respectively. The radius of a search area is the distance from
its center to the edge. There could exist different search strategies s associated to
the clusters. Initially, the center c is obtained randomly and progressively it tends to
slip along really promising sampled points in the close subspace. The total cluster
volume is defined by the radius r and can be calculated, considering the problem
nature. It is important that r must define a search subspace suitable to be exploited
by the search strategies s associated to the cluster.

For example, in unconstrained continuous optimisation, it is possible to define r
in a way that all Euclidean search space is covered depending on the maximum num-
ber of clusters [1]. In combinatorial optimisation, r can be defined as the number of
movements needed to change a solution into another. The neighborhood is function
of some distance metric related to the search strategy s [1]. *CS can be splitted off
in four independent parts: a search metaheuristic (SM); an iterative clustering (IC)
component; an analyzer module (AM); and a local searcher (LS).



Advances in Clustering Search 229

2.1 Search Metaheuristic

SM component works as a full-time solution generator, according to its specific
search strategy, a priori, performing independently of the remaining parts, and ma-
nipulating a set of |P| solutions. For example, early implementations of Evolutionary
Clustering Search (ECS) employ a real-coded steady-state genetic algorithm as SM
component in which a sampling mechanism in selection [1] or updating [1] is used
to fed the clustering process. Non-population approaches, as Variable Neighborhood
Search (VNS) [6], Simulated Annealing (SA) [7] and Greedy Randomized Adaptive
Search Procedure [8] have been employed as SM component to solve combinatorial
optimisation as well.

The VNS with Clustering Search (VNS-CS) always executes VND local search,
differently of the Greedy Randomized Adaptive Clustering Search GRACS, so
named in allusion to a special form to gather *CS with GRASP [8]. In the GRACS
the full-time solution generator is a greedy constructive phase, controlled by the
parameter α that indicates how greedy a given solution must be built. The improve-
ment phase of a typical GRASP may be computational costly. A supposed advantage
of the GRACS is rationally apply costly local search algorithms only to promising
areas, represented by cluster centers [8]. Figure 1 illustrates the structural differ-
ence between GRASP and GRACS. One can observe that the intrinsic improvement
mechanism of GRASP is called according the *CS’s criteria.
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Fig. 1 Difference between GRASP and GRACS

2.2 Iterative Clustering

IC component aims to gather similar solutions into groups, maintaining a repre-
sentative cluster center for them. To avoid extra computational effort, IC is fed,
progressively, by solutions generated in each regular iteration of SM. A maximum
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number of clusters N C is an upper bound value that prevents an unlimited clus-
ter creation, initially. A distance metric, ℘, must be defined, allowing a similarity
measure for the clustering process. Solutions sk generated by SM are passed to IC
that attempts to group as known information, according to ℘. If the information is
considered sufficiently new, it is kept as a center in a new cluster, cnew. Otherwise,
redundant information activates the closest center ci (cluster center that minimizes
℘(sk,c j=1,2,···,)), causing an assimilation of the information represented by sk. Con-
sidering G j ( j=1,2,···) as all current detected clusters:

cnew = sk if ℘(sk,c j) > r j,∀G j, or (1)

c′i = ci ⊕β (sk � ci), otherwise. (2)

where ⊕ and � are abstract operations over ci and sk meaning, respectively, addition
and subtraction of solutions. The operation (sk � ci) means the difference between
the solutions sk and ci, considering the distance metric. A certain percentage, β ,
of this difference is used to update ci, giving c′i. According to β , the assimilation
can assume different forms: simple, crossover or path assimilations [2]. A maxi-
mum number of clusters, N C , is defined a priori. To cover all the search space,
a common radius rt must be defined, working as a threshold of similarity. For the
Euclidean space, for instance, rt has been defined as [1]:

rt =
xsup − xin f

2 · n
√|Ct |

(3)

where |Ct | is the current number of clusters (initially, |Ct | = N C , in general, about
20-30 clusters), xsup and xin f are, respectively, the known upper and lower bounds
of the domain of variable x, considering that all variables xi have the same domain.

For combinatorial optimisation, the threshold of similarity concerns the number
of moves need to change a solution in another considering a specific neighborhood
relationship. For the simple 2-swap neighborhood, commonly used in permutation
search spaces, rt has been defined as [8]:

rt = �λ ·N� (4)

where N is the permutation size and λ is the percentage of dissimilarity, in general,
about 0.9 has been set.

The assimilation process is applied over the closest center ci, considering the new
generated solution sk. According to β in Eq. 2, the assimilation can assume different
forms. The three types of assimilation, proposed in [1], are: simple, crossover and
path relinking. In simple assimilation, β ∈ [0,1] is a constant parameter, meaning
a deterministic move of ci in the direction of sk. Only one internal point is gen-
erated more or less closer to ci, depending on β , to be evaluated afterwards. The
greater β , the less conservative the move is. This type of assimilation can be em-
ployed only with real-coded variables, where percentage of intervals can be applied
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to. Crossover assimilation means any random operation between two candidate so-
lutions (parents), giving other ones (offsprings), similarly as a crossover operation
in EAs. In this assimilation, β is an n−dimensional random vector and c′i can as-
sume a random point inside the hyper plane containing sk and ci. Since the whole
operation is a crossover or other binary operator between sk and ci, it can be applied
to any type of coding or even problem (combinatorial or continuous one).

Simple and crossover assimilations generate only one internal point to be eval-
uated afterwards. Path assimilation, instead, can generate several internal points or
even external ones, holding the best evaluated one to be the new center. These ex-
ploratory moves are commonly referred in path relinking theory [9]. In this assimi-
lation, β is a η−dimensional vector of constant and evenly spaced parameters, used
to generate η samples taken in the path connecting ci and sk. Since each sample is
evaluated by the objective function, the path assimilation itself is an intensification
mechanism inside the clusters, allowing yet sampling of well-succeeded external
points, extrapolating the sk-ci interval. For combinatorial optimisation, path assimi-
lation has been chosen [6, 7, 8, 10], becoming the most popular of them. The more
distance ℘(ci,sk), the more potential solutions exist between ci and sk. The sam-
pling process, depending on the number of instance variables, can be costly, since
each solution must be evaluated by objective function.

For continuous optimisation, path relinking might be replaced by some kind of
direct search movement, as Hooke-Jeeves algorithm [11], in which, the best solu-
tion found in the activated cluster is set as new center. In this case, assimilation
must consider other inner points, besides ci and sk to proceed with the direct search
algorithm.

2.3 Analyzer Module

AM component examines each cluster, indicating a probable promising cluster or a
cluster to be eliminated. A cluster density, δi, is a measure that indicates the activity
level inside the cluster i. For simplicity, δi counts the number of solutions generated
by SM (selected or updated solutions in the EA case) [1, 10]. Whenever δi reaches a
certain threshold, meaning that some information template becomes predominantly
generated by SM, such information cluster must be better investigated to accelerate
the convergence process on it. In the EA case, the promising threshold has been set
according to the number of cluster, N C , and the number of generated individuals,
|Pnew|, at each SM iteration. Considering that each cluster should receive the same
number of individuals, a cluster i is promising whether:

δi >
N C

|Pnew| (5)

On the other hand, clusters with lower δi are eliminated, as part of a mechanism
that allows creating other centers of information, keeping framed the most active of
them. At the end of each generation, the AM performs the cooling of all clusters,
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resetting the accounting of δi. A cluster is considered inactive when no activity has
occurred in the last generation.

In EA fashion, premature convergence is an undesirable behaviour in which a
population converges too early, resulting in a suboptimal solution. In this context,
the individuals are concentrated in few search areas, not being able to generate off-
springs that are superior to their parents. Premature convergence may happen in case
of loss of diversification, i.e., every individual in the population become identical. In
early ECS applications, the clustering process did not affect the set of |P| solutions
in SM. In this work, a control of diversification is being proposed in order to avoid
premature or even undesirable convergence. By this new feature, the AM module
plays another important role in the ECS. It is responsible by detecting promising
areas, eliminating inactive clusters and avoiding overcrowded areas. Considering
the same basic idea of Eq. 5, a cluster i is overcrowded whether:

δi > κ
N C

|Pnew| (6)

where κ must be defined a priori, but satisfactory behavior can be reached setting
it to 0.5. The population cannot be updated with a new individual grouped in a
overcrowded cluster, interfering in the population diversification.

In the first experiment, an ECS, a steady-state real-coded genetic algorithm, sim-
ilar to [1], was run during 10 generations (about 200 updatings), for some test func-
tions, commonly found in literature as optimisation benchmark, as Rastrigin and
Langerman [12]. Figure 2 shows the first experiment with this two test functions.
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Fig. 2 Test functions after 10 generations: a) Rastrigin without and b) with diversification
control; c) Langerman without and d) with diversification control

The circles show active clusters framing search areas. The dots mean individuals
scattered along the promising areas. One can observe that mechanism to prevent
overcrowded clusters is effective against premature convergence since ECS keeps
population diversified. For example, in Figure 2a, one can note that with the same
number of generations, just one cluster is sufficient to cover all population without
diversification control, while several clusters are necessary to cover the population
with diversification control (Figure 2b).

The second experiment consists of applying the ECS to other test-functions
found in literature to analyze if the diversification control contributes to the al-
gorithm performance improvement. The test-functions used in this experiment are
showed in Table 1. A study about all of these functions can be found at [13].
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Table 1 Test-functions

function var opt xlow
i ;xup

i function var opt xlow
i ;xup

i
Ackley n 0 -15 ; 30 Goldstein 2 3 -2 ; 2

Griewank n 0 -600; 600 Easom 2 -1 -100;100
Schwefel n 0 -500;500 Shekel 10 4 -10,536 -10 ; 10

Rosenbrock n 0 -5,12;5,12 Langerman 5 -1,4 0;10
Rastrigin n 0 -5,12;5,12 Langerman 10 -1,4 0;10

Sphere n 0 -5,12;5,12 Michalewicz 5 -4,687 0; π
Zakharov n 0 -5 ; 10 Michalewicz 10 -9,66 0; π

Hartman 6 -3,322 0 ; 1

The results in Figure3 were obtained, in 20 trials, allowing ECS to perform up
to 500,000 objective function calls at each trial. For each test-function, the av-
erage of well-succeeded trials (hits), the average of gap (difference between the
best found solution and optimal one) and the average of objective function calls
were considered to verify the algorithm performance. The parameter κ was set
to {0.1,0.3,0.5,0.7,1.0,1.5,2.0}, respectively, where values above 1.0 allow over-
crowded cluster. It is expected that very low values (e.g 0.1 and 0.3) does not allow
overcrowded cluster, but the desirable convergence also is affected, causing a poor
performance of the ECS.

In Figure3, one can observe the behavior of the algorithm along the experiment,
varying κ . The best results concerning hits and gap were obtained for 0.5≤ κ ≤ 1.0,
while the best result regarding the number of function calls was obtained about
κ = 1.0. One can conclude that, as expected, the diversification control can improve
the ECS performance for continuous optimisation, depending on the equilibrium

Fig. 3 Performance results: hits, function calls and GAP for test-functions
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obtained during the evolutionary process. The lack of convergence prejudices the
algorithm behavior.

2.4 Local Searcher

At last, the LS component is an internal searcher module that provides the exploita-
tion of a supposed promising search area, framed by a cluster. This process can hap-
pen after AM having discovered a target cluster. The component LS has been imple-
mented by a Hooke-Jeeves direct search in continuous optimisation [1]. For com-
binatorial optimisation, costly algorithms as VND [6] and 2-Opt heuristic, which
explores several 2-Opt neighborhoods [8], have been employed. Given the pressure
of density, PD , responsable for controlling the sensibility of the component AM,
the component LS has been activated, at once, if

δi ≥ PD · N S

|Ct | (7)

3 Conclusion

This paper is devoted to discuss the recent applications of Clustering Search (*CS)
in combinatorial and continuous optimisation, as well as a new diversification con-
trol feature here proposed and validated. In a general way, *CS attempts to locate
promising search areas by cluster of solutions. In this work, the concepts behind
*CS’s components are presented, taking a special care with new ways of imple-
menting them. A new type of assimilation based on direct search algorithms is
suggested and a diversification mechanism is effectively proposed and validated
by performance analysis. The diversification control allowed to keep controlled the
convergence pressure in the cluster without damaging the overall performance. For
further work, it is intended to proposed a adaptive mechanism of control of the di-
versification and to apply new features for combinatorial optimisation.
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