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Abstract. Given a string s, the Parikh vector of s, denoted p(s), counts
the multiplicity of each character in s. Searching for a match of Parikh
vector q (a “jumbled string”) in the text s requires to find a substring
t of s with p(t) = q. The corresponding decision problem is to ver-
ify whether at least one such match exists. So, for example for the al-
phabet Σ = {a, b, c}, the string s = abaccbabaaa has Parikh vector
p(s) = (6, 3, 2), and the Parikh vector q = (2, 1, 1) appears once in s in
position (1, 4). Like its more precise counterpart, the renown Exact String
Matching, Jumbled Pattern Matching has ubiquitous applications, e.g.,
string matching with a dyslectic word processor, table rearrangements,
anagram checking, Scrabble playing and, allegedly, also analysis of mass
spectrometry data. We consider two simple algorithms for Jumbled Pat-
tern Matching and use very complicated data structures and analytic
tools to show that they are not worse than the most obvious algorithm.
We also show that we can achieve non-trivial efficient average case behav-
ior, but that’s less fun to describe in this abstract so we defer the details
to the main part of the article, to be read at the reader’s risk. . . well, at
the reader’s discretion.

1 Prologue

Last month, I happened to organize a workshop at my university. We ended up
being 20 people, so, for a little social dinner, I decided to call a friend who owns
a restaurant in town, and asked him to prepare a table for 20 people.

My friend, who always likes to make jokes, decided to tease me a bit and on
arrival at the restaurant we found a table laid for 100 people. However, instead
of having exactly one fork, one knife, and one spoon at each plate, my friend
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had put all the 300 pieces of cutlery 3 by 3 but completely at random. I was
about to faint. What would my scholarly friends think of me! What a horrible
impression they would get of my country’s hospitality! So I hurried to my friend
and told him to solve the problem immediately. I said, “unless you find a way
to have us all sit next to each other, we are all going to McDonald’s!”

My friend got pale at the prospect of losing 20 customers, but did not lose his
spirit. He knew we were computer scientists, so, “in order to speed up things,”
he said, “please quickly check whether there are 20 consecutive places where you
can find 20 knives, 20 forks and 20 spoons, and I will proceed to rearrange them
properly.” Of course we found the task amusing, and we ended up spending the
rest of the evening discussing the following article . . . .

2 Definitions and Problem Statement

Caveat: Since this is a fun paper on jumbled pattern matching, the paper itself
is also jumbled. Readers who prefer a more classic structure are advised to read
Section 6 first, which details motivations and related work.

Given a finite ordered alphabet Σ = {a1, . . . , aσ}, a1 ≤ . . . ≤ aσ. For a string
s ∈ Σ∗, s = s1 . . . sn, the Parikh vector p(s) = (p1, . . . , pσ) of s defines the
multiplicities of the characters in s, i.e. pi = |{j | sj = ai}|, for i = 1, . . . , σ. For
a Parikh vector p, the length |p| denotes the length of a string with Parikh vector
p, i.e. |p| = ∑

i pi. An occurrence of a Parikh vector p in s is an occurrence of a
substring t with p(t) = p. (An occurrence of t is a pair of positions 0 ≤ i ≤ j ≤ n,
such that si . . . sj = t.) A Parikh vector that occurs in s is called a sub-Parikh
vector of s. The prefix of length i is denoted pr(i) = pr(i, s) = s1 . . . si, and the
Parikh vector of pr(i) as prv(i) = prv(i, s) = p(pr(i)).

For two Parikh vectors p, q ∈ N
σ, we define p ≤ q and p + q component-wise:

p ≤ q if and only if pi ≤ qi for all i = 1, . . . , σ, and p + q = u where ui = pi + qi

for i = 1, . . . , σ. Similarly, for p ≤ q, we set q − p = v where vi = qi − pi for
i = 1, . . . , σ.

Jumbled Pattern Matching (JPM). Let s ∈ Σ∗ be given, |s| = n.
For a Parikh vector q ∈ N

σ (the query), |q| = m, find all occurrences
of q in s. The decision version of the problem is where we only want to
know whether q occurs in s.

We assume that K many queries arrive over time, so some preprocessing may
be worthwhile.

Note that for K = 1, both the decision version and the occurrence version can
be solved worst-case optimally with a simple window algorithm, which moves a
fixed size window of size m along string s. Maintain the Parikh vector c of the
current window and a counter r which counts indices i such that ci �= qi. Each
sliding step costs either 0 or 2 update operations of c, and possibly one incre-
ment or decrement of r. This algorithm solves both the decision and occurrence
problems and has running time Θ(n), using additional storage space Θ(σ).
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Precomputing, sorting, and storing all sub-Parikh vectors of s would lead to
Θ(n2) storage space, since there are non-trivial strings with a quadratic number
of Parikh vectors over arbitrary alphabets [11]. Such space usage is unacceptable
in many applications.

For small queries, the problem can be solved exhaustively with a linear size
indexing structure such as a suffix tree, which can be searched down to length
m = |q| (of the substrings), yielding a solution to the decision problem in time
O(σm). For finding occurrences, report all leaves in the subtrees below each
match; this costs O(M) time, where M is the number of occurrences of q in s.
Constructing the suffix tree takes O(n) time, so for m = o(log n), we get a total
runtime of O(n), since M ≤ n for any query q.

3 Decision Problem in the Binary Case

In [10], an algorithm (Interval Algorithm) was presented which solved the deci-
sion problem on binary alphabets in constant time per query, using linear storage
space. However, it needed Θ(n2) time for the preprocessing phase. In this section,
we improve that preprocessing time to O(n2/ logn). We first recall the Interval
Algorithm, which makes use of the following property of binary strings:

Lemma 1 ([10], Lemma 3). Let s ∈ {a, b}∗ with |s| = n. Fix 1 ≤ m ≤ n. If
the Parikh vectors (x1, m − x1) and (x2, m − x2) both occur in s, then so does
(y, m− y) for any x1 ≤ y ≤ x2.

This means that the Parikh vectors of substrings of s of length m build a set of
the form {(x, m−x) | x = pmin(m), pmin(m)+1, . . . , pmax(m)} for appropriate
pmin(m) and pmax(m). The algorithm computes these values in a preprocess-
ing step; then, when a query q = (x, y) arrives, it answers yes if and only if
x ∈ [pmin(x + y), pmax(x + y)]. The query time is O(1). We now show how
to reduce the preprocessing problem to a (min,+)-convolution problem, giving
subquadratic running time.

Let x = (x0, x1, . . . , xn) and y = (y0, y1, . . . , yn) be two real vectors. The
(min,+)-convolution, minimum convolution or simply min-convolution of x and
y is the vector z = x� y = (z0, z1, . . . , z2n) with zm = min(xi + ym−i), where the
minimum is taken over all possible values of i . (Standard convolution or (+, ·)-
convolution is obtained if min is replaced by

∑
and xi + ym−i by xi · ym−i.) We

note that there are variants of the definition, e.g. the index m− i is sometimes
understood mod n or z is of the same length as x and y. These are easily reducible
to each other.

Min-convolution has first been used in optimization problems [3], but it also
has applications in computer vision and signal processing [2], sequence align-
ment [13] and sequential data analysis [15]. The currently known best algorithm
(in worst-case sense and in the RAM model) was introduced in [7] and runs in
slightly subquadratic time: O(n2/ log n). This algorithm reduces min-convolution
to a problem in computational geometry, that of finding dominating pairs, which
is discussed and analyzed in [9].
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We briefly describe how the problem of determining the values pmin(m) and
pmax(m) for m = 1, 2, . . . , n can be reduced to min-convolution. Let s be a
string of length n, and let xi be the number of characters a in pr(i), yn−i = −xi

for i = 0, 1, . . . , n. Then

pmin(m) =
n−m
min
i=0

(xi+m − xi) =
n−m
min
i=0

(xi+m + yn−i) = zn+m , (1)

where z = x � y. The maximum can be calculated analogously.
In order to make the presentation self-contained, we also describe the problem

of finding dominating pairs, and how min-convolution can be solved by it. For
the analysis of running times, we refer to [9,7].

An instance of the dominating pairs problem consists of a red set and a blue
set of points in d-dimensional space as input, and asks for all pairs of points
(α, β), where α is red and β is blue and α ≤ β componentwise, that is αi ≤ βi

for i = 1, 2, . . . , d. Chan [9] solves the problem with the following divide-and-
conquer algorithm. If there is only one point, there’s nothing to do. If d = 0, then
all red-blue pairs are dominating. Otherwise calculate the median ζ of the d-th
coordinates of all points and divide red and blue points into left and right sets
Rl, Rr and Bl, Br according to the relationship of their d-th coordinates to ζ.
Finally, solve the problem recursively for Rl∪Bl, Rr ∪Br and for the projection
of Rl ∪Br to the first d− 1 coordinates. It turns out that for any ε ∈ (0, 1) the
running time of the algorithm is O(cd

εn
1+ε +D), where n is the number of input

points, D is the number of dominating pairs, and cε = 2ε/(2ε − 1).
Let x and y be two vectors whose min-convolution has to be computed. Fix d

(to be defined later). For each δ ∈ {0, 1, . . . , d− 1} we define a dominating pairs
problem for the following set of red and blue points:

R = {αi = (xi+δ − xi, xi+δ − xi+1, . . . , xi+δ − xi+d−1) | i = 0, d, . . . , �n/d�d}
B = {βj = (yj − yj−δ, yj−1 − yj−δ, . . . , yj−d+1 − yj−δ) | j = 0, 1, . . . , n}

For indices out of range, take the components of x and y to be∞. We get a domi-
nating pair (αi, βj) if and only if xi+δ +yj−δ ≤ xi+k +yj−k for k = 0, 1, . . . , d−1.
We collect all dominating pairs for all δ. Then, in the min-convolution calcula-
tion of zi+j only those values xi+δ +yj−δ have to be considered that come from a
dominating pair. For each pair (i, j) (i a multiple of d and j arbitrary), only one
such δ exists1, therefore we gain a factor of d in the calculation of the minima.
Choosing d = log2 n/2 gives an overall running time of O(n2/ log n).

Example 2. Let the two characters of the alphabet be a and b, and let s = aabba.
Then x = (0, 1, 2, 2, 2, 3), y = (−3,−2,−2,−2,−1, 0). We agree on breaking
ties the following way: if xi + yj = xi′ + yj′ , i + j = i′ + j′, then xi + yj is
considered smaller if and only if i < i′. For the presentation we choose d =
3. For δ = 0 we list the red and blue sets R = {(0,−1,−2), (0, 0,−1)} and
B = {(0,∞,∞), (0,−1,∞), (0, 0,−1), (0, 0, 0), (0,−1,−1), (0,−1,−2)}. The

1 We assume that ties are broken in a consistent manner.
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dominating pairs (i + δ, j− δ) are {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (3, 0),
(3, 2), (3, 3)}. For δ = 1 the dominating (i + δ, j − δ) are {(4, 0), (4, 3), (4, 4),
(4, 5)} and for δ = 2, {(5, 5)}. We then calculate z based on these pairs. For
example, z5 = min{x0 + y5, x3 + y2} = 0 and z7 = min{x4 + y3} = 0. Thus,
for the computation of pmin(2) = z7, we needed to consider only 1 sum instead
of 4 acc. to 1, namely z7 = min{x2 + y5, x3 + y4, x4 + y3, x5 + y2}. We get
z = (−3,−2,−2,−2,−1, 0, 0, 0, 1, 2, 3). We conclude that pmin(m) = 0, 0, 1, 2, 3
for m = 1, 2, 3, 4, 5. Note that if needed, the corresponding positions can be
obtained.

In [10] it was conjectured that no subquadratic algorithm for this preprocessing
phase exists. Informally, the reason to believe so was that if one computes the
minimum for a single value m, the optimal running time is trivially linear (be-
cause one has to read the string), and knowing the minimum for one value does
not give any useful information for the others. There is, however, some locality
in the problem: if the substring si . . . si+m−1 has at least pmin(m)+2 characters
equal to a, then it is not the position for a minimal substring of length m + 1
either. This is the kind of locality that is exploited in the above algorithm. The
logarithmic gain is too small for most practical applications, however. It remains
open if an O(n2−ε) algorithm exist for the calculation of pmin and pmax.

4 General Alphabets

An algorithm for the general case was presented in [10], whose expected running
time was shown to be O(n( σ

log σ )1/2 log m√
m

), using O(n) space, with preprocessing
time O(n). In this section, we show how to use wavelet trees to implement this
algorithm, and thus improve the average runtime to O(n( σ

log σ )1/2 1√
m

), mak-
ing it competitive with the window algorithm as soon as m = ω(σ/ log σ), i.e.
in practically all cases. Space requirements and preprocessing time remain the
same.

4.1 The Jumping Algorithm

We give a brief explanation of the algorithm. For an illustration and the pseu-
docode, refer to Figs. 1 and 2.

Recall that prv(j) = p(s1 . . . sj) is the Parikh vector of the prefix of s of length
j. The algorithm makes use of the simple observation that q has an occurrence at
position (i+1, j) if and only if prv(j)−prv(i) = q. Imagine moving two pointers
L and R along s, which point to these potential positions i and j. We alternate
in updating L and R: In each update, either L or R is moved to the right. The
invariant is that p(R − L) ≥ q after each update of R, and p(R − L) ≤ q after
each update of L (Lemma 2 of [10]). We need the following function:

firstfit(p) := min{j | prv(j) ≥ p}. (2)

The update rules are as follows:
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– update R: Both prv(L) and q must fit before the new positions of R, so move
R to the first index j s.t. prv(j) ≥ prv(L)+q. So R← firstfit(prv(L)+q).

– update L: L← L + 1 if a match was found, else:
Some characters of p(R−L) are unnecessary and have to be accommodated
before the new position of L: L← firstfit(prv(R) − q).

After each update of R or L, we check whether there is a match by checking
whether R−L = |q|. This is correct due to the invariants above. So no matching
or accessing the string s is ever done. The complexity of the algorithm depends
on how the functions prv(j) and firstfit are implemented.

Example 3. Consider the string s = bbacaccababbabccaaac and query q = (3, 1, 2),
which has 3 occurrences in s, namely (5, 10), (13, 18), and (14, 19). R assumes the
values 8, 10, 13, 18, 19, and thus, the while-loop is executed 5 times (see Fig. 2).

L R

pr(L) q' >= q

L R

q' >= q

q'' <= q

Fig. 1. The situation after the update of R (above) and after the update of L (below).
R is placed at the first fit of prv(L) + q, thus q′ is a super-Parikh vector of q. Then L
is placed at the beginning of the longest good suffix ending in R, so q′′ is a sub-Parikh
vector of q.

4.2 Improved Running Time Using Wavelet Trees

In [10] we used an inverted table for computing the two functions prv(j) and
firstfit. It is very easy to understand and to implement, takes O(n) space and
O(n) time to construct (both with constant 1), and can replace the string. Here
we replace this data structure with a wavelet tree [17].

A wavelet tree on s ∈ Σ∗ allows rank, select, and access queries in time
O(log σ). For ak ∈ Σ, rankk(s, i) = |{j | sj = ak, j ≤ i}|, the number of
occurrences of character ak up to and including position i, while selectk(s, i) =
min{j | rankk(s, j) ≥ i}, the position of the i’th occurrence of character ak.
When the string is clear, we just use rankk(i) and selectk(i). Notice that

– prv(j) = (rank1(j), . . . , rankσ(j)), and
– for a Parikh vector p = (p1, . . . , pσ), firstfit(p) = maxk=1,...,σ{selectk(pk)}.

So we can use a wavelet tree of string s to implement those two functions. We
give a brief recap of wavelet trees, and then explain how to implement the two
functions above in O(σ) time each.
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Algorithm Jumping Algorithm
Input: query Parikh vector q
Output: A set Occ containing all beginning positions of occurrences of q in s
1. set m← |q|; Occ← ∅; L← 0;
2. while L < n−m
3. do R← firstfit(prv(L) + q);
4. if R− L = m
5. then add L + 1 to Occ;
6. L← L + 1;
7. else L← firstfit(prv(R)− q);
8. if R− L = m
9. then add L + 1 to Occ;
10. L← L + 1;
11. return Occ;

Fig. 2. Pseudocode of Jumping Algorithm

A wavelet tree is a complete binary tree with σ = |Σ| many leaves. To
each inner node, a bitstring is associated which is defined recursively, start-
ing from the root, in the following way. If |Σ| = 1, then there is nothing
to do (in this case, we have reached a leaf). Else split the alphabet into two
roughly equal parts, Σleft and Σright. Now construct a bitstring of length n
from s by replacing each occurrence of a character a by 0 if a ∈ Σleft, and
by 1 if a ∈ Σright. Let sleft be the subsequence of s consisting only of charac-
ters from Σleft, and sright that consisting only of characters from Σright. Now
recurse on the left child with string sleft and alphabet Σleft, and on the right
child with sright and Σright. An illustration is given in Fig. 3. At each inner
node, in addition to the bitstring B, we have a data structure of size o(|B|),
which allows to perform rank and select queries on bit vectors in constant time
([21,12,22]).

Now, using the wavelet tree of s, any rank or select operation on s takes time
O(log σ), which would yield O(σ log σ) time for both prv(j) and firstfit(p).
However, we can implement both in a way that they need only O(σ) time:
In order to compute rankk(j), the wavelet tree, which has log σ levels, has
to be descended from the root to leaf k. Since for prv(j), we need all values
rank1(j), . . . , rankσ(j) simultaneously, we traverse the complete tree in O(σ)
time.

For computing firstfit(p), we need maxk{selectk(pk)}, which can be com-
puted bottom-up in the following way. We define a value xu for each node u. If u
is a leaf, then u corresponds to some character ak ∈ Σ; set xu = pk. For an inner
node u, let Bu be the bitstring at u. We define xu by xu = max{select0(Bu, xleft),
select1(Bu, xright)}. The desired value is equal to xroot.

Example 4. Let s = bbacaccabaddabccaaac (cp. Fig. 3). We demonstrate the
computation of firstfit(2, 3, 2, 1) using the wavelet tree. We have firstfit
(2, 3, 2, 1) = max{selecta(s, 2), selectb(s, 3), selectc(s, 2), selectd(s, 1)}, where in
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slight abuse of notation we put the character in the subscript instead of its num-
ber. Denote the bottom left bitstring as Ba,b, the bottom right one as Bc,d, and
the top bitstring as Ba,b,c,d. Then we get max{select0(Ba,b, 2), select1(Ba,b, 3)} =
max{4, 6} = 6, and max{select0(Bc,d, 2), select1(Bc,d, 1)} = max{2, 4} = 4.
So at the next level, we compute max{select0(Ba,b,c,d, 6), select1(Ba,b,c,d, 4)} =
max{9, 11} = 11.

0 0 0 1 0 1 1 0 0 0 1 1 0 0 1 1 0 0 0 1

1 1 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 0 0 0

b b a c a c c a b a d d a b c c a a ca

1 2 63 84 5 7 9 10 11 12 13 1514 16 17 18 19 20

b b a a a ba a b a aa

1 2 63 84 5 7 9 10 11 12

cc c d d c c c

1 2 63 84 5 7

a,b c,d

Fig. 3. The wavelet tree for string bbacaccabaddabccaaac. For clarity, the leaves have
been omitted. Note also that the third line at each inner node (the strings over the
alphabet {a, b, c, d}) are only included for illustration.

Analysis: Let J denote the number of times the while-loop in line 2 (see Fig. 2)
is executed. The work done in each iteration is dominated by the computa-
tion of firstfit(prv(L + q)) (line 3) and firstfit(prv(R − q)) (line 7). Since
both firstfit and prv can be computed in O(σ) time, we have that the to-
tal runtime of the algorithm is O(Jσ). Since in every iteration, R is moved
forward, J = O(n); however, since there are cases where J = n/2, such as
searching for (2, 0) on string (ab)n, we also have J = Θ(n). So worst-case run-
ning time of the Jumping Algorithm is Θ(σn), i.e., slower than the window
algorithm.

In [10], the expected value of J was shown to be E(J) = O( n√
m

√
σ log σ

) on
uniformly distributed strings and queries. This yielded an expected runtime of
O(( σ

log σ )1/2 log m√
m

n) using the inverted prefix table. With the wavelet tree im-

plementation, we get expected runtime O(( σ
log σ )1/2 1√

m
n), i.e., we save a log m

factor. Moreover, the new version is sublinear as soon as m = ω(σ/ logσ). Pre-
processing is still linear in n, since the wavelet tree of s can be constructed in
O(n) time.

The space required by the wavelet tree is �log σ�(n + o(n)) bits, since each
level requires n + o(n) bits. Our previous implementation needed n log n bits
for the inverted prefix table. With the usual assumptions on the RAM model,
namely that log n fits into a computer word, both are O(n); however, on a bit
level, we improve.
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5 Variations: Sub-Parikh Vectors and Scrabble-Like
Games

Consider the following game, which can be played using the Scrabble set you
probably have at home. The only other thing you need is a random text, maybe
from a newspaper or from the Internet. Each player draws 8 letters from the
sack of letters. When it is her turn, she aligns a word made with her letters to a
position in the text, trying to maximize the total score, which is the sum of the
scores of the individual letters used. Then she draws new letters from the sack,
until she has again 8 letters in front of her. Overlapping alignments are allowed,
so the same position in the text can be matched more than once. The game ends
when all letters finish, or when no player can move, and is won by the player
with the highest total score.

If we refer to the player’s current Parikh vector (the contents of the tray) as
q, then the task is to find a jumbled match of a sub-Parikh vector q′ of q to
the text, under the constraint that the substring matched be a word of English.
Moreover, we want to maximize the score of q′.

Note that in the game described above, maximizing the score in a single move
does not necessarily result in an optimal game strategy, since you might save a
letter for the next round if a lucky new letter allows for a much higher score.
However, for our purposes, we will assume the simple strategy of maximizing
in each move. Further, let us drop the constraint of the substring being a word
of English—these simplifications will render the game more tractable (in the
non-technical sense).

So, given a weight function w : Σ → R
+ on the characters (the scores), we

have the following problem:

Jumbled sub-Pattern Matching (JSPM). Let s ∈ Σ∗ be given,
|s| = n. For a Parikh vector q ∈ N

σ (the query), |q| = m, find all
occurrences q′ in s s.t. q′ ≤ q with maximum weight.

Like the original JPM also this variant can be solved in linear time (in n) with the
following simple variant of the window-algorithm. Slide a variable sized window
over s, keeping the Parikh vector of the current window content in a vector
c. Start with both pointers L and R pointing to the beginning of s, so c =
(0, 0, ..., 0). While c ≤ q, move R towards the right one character at a time. Now
make a note of w(c), the weight of the current vector, increment R, and move
L to the right until again c ≤ q. Move again R as long as c ≤ q. Now check the
value of w(c) against the previous value, replace if greater, and so on.

Clearly the above procedure finds all maximal (non-extendable) sub-Parikh
vectors q′ of q that occur in s, and thus also those with maximum w(q′).

Naturally, the reader might wonder whether the Jumping Algorithm might
be also adapted to this optimization problem. In fact, it is not hard to come up
with a simple variant of the Jumping Algorithm which solves JSPM.
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First note that the movement of L is exactly as in the Jumping Algorithm,
namely L← firstfit(prv(R)− q). Next, define tiftsrif(p) as firstfit(p) on
the reverse string srev, and vrp(i) as the prefix Parikh vector of position n−i+1
in the reverse string! Then, R is updated to tiftsrif(vrp(L)−q). This is because
R is now moved the same way as L usually is, but from the back: R is moved to
the position furthest from L such that the current window is still a sub-Parikh
vector of q. After each such jump of R, check w(c) and keep track of maximum
so far. If all occurrences are needed, make note of positions, too. So the loop is:
R++, update L, update R, check and maybe update w(c).

For the implementation, we need a way to compute tiftsrif and vrp, which
can be easily achieved without increasing time or space complexity by using
a second wavelet tree for the reverse string. However, this still results in dou-
bling the storage space. Instead, one can implement these functions using only
the wavelet tree of the string itself by noting that tiftsrif(vrp(L) − q) =
mina{selecta(prv(L)a +qa +1)}−1, i.e., R is updated to the left of the first posi-
tion where the allowed number of characters a is exceeded for at least one a. We
can compute prv(L) first in O(σ) time, and then compute the above minimum
bottom-up, also in O(σ) time, analogously to the maximum for firstfit.

More delicate is the question of whether the above variant of the Jumping
Algorithm is also competitive in running time with the window algorithm. As
we will immediately see, in the worst case there is again an additional factor σ.

Again each iteration of the loop needs O(σ) time. So we have O(σJ), with J
denoting the number of iterations of the while-loop. Since R and L are always
incremented, we have J ≤ n, thus the running time is O(σn). In fact, it is not
hard to see that this is also a lower bound: Consider the case Σ = {a, b, c}, with
s = an−2bc and q = (0, 1, 1).

5.1 Average Case: Skewed Distributions and Skewed Patterns Help

Assume that each character of the string s is generated independently according
to some fixed probability distribution μ = (μ1, . . . , μσ), where the probability of
seeing character ak is μk, for k = 1, . . . , σ.

Let q = (x1 − 1, . . . , xσ − 1) be the pattern Parikh vector, thus 1 < xk, for
each k = 1, . . . , σ. Let Tj be the random variable which takes value i if the
Parikh vector of the substring sj+1sj+2 . . . sj+i−1 is a sub-Parikh vector of q but
p(sj+1 . . . sj+i) is not. Note that this means that i is the first position where
one of the entries of q is exceeded. Because of the i.i.d. model we chose for the
generation of the string s, it follows that Ti ∼ Tj and thus E[Ti] = E[Tj ], for any
i, j. So we can use E[T ], making explicit the independence from the position in
the string.

By the results in [19,20] (see also [16]) we have that, if xk >> μk for k =
1, . . . , σ, then (asympotically with |q|),

E[T ] ≈ min
k=1,...,σ

xk

μk
. (3)
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We can recast the above problem in a generalization of the classical Problem
of the Points, originating from a correspondence between Pascal and Fermat
or, equivalently, of the Banach match-box problem: Given is a die with σ faces,
where the k’th face appears with probability μk. There are σ players, and player
k gets a point if the k’th face comes up and wins as soon as she accumulates xk

points. The question is to find the expected number of tosses before the game
ends (i.e., some player wins). The distribution of the finishing time for each
player, i.e., the time when she has accumulated the required number of points,
follows the negative binomial distribution, with expectation given by xk

μk
. The

results mentioned above and summarized by Eq. (3) are to the effect that the
expected time when some player wins is asymptotically equal to the minimum
of the expected victory time of the individual players.

We can use this to provide a bound on the expected running time of our
algorithm. First assume that the minimum in (3) is attained by exactly one k∗.
Then, k∗ = argmink=1,...,σ

xk

μk
, and we have that the expected position where the

algorithm places the pointer R is given by E[T ] = xk∗
μk∗ . Moreover, sR = ak∗ and

prv(R)− prv(L) contains exactly xk∗ − 1 many ak∗ ’s.
Now pointer L is moved towards the right until the first new ak∗ is encoun-

tered. The average length of this displacement is 1
μk∗ . Then the right pointer R

is moved again to the furthest position from L such that the Parikh vector of
the string between L and R is a sub-Parikh vector of q, and then incremented
by 1. It is the difference between this new position of the right pointer and its
previous position which is significant for our analysis. Because of the assumption
of an i.i.d. model, the expected new position of the pointer R given by E[TL] is
equal to E[T ] = xk∗

μk∗ . Thus the pointer R jumps by 1
μk∗ . The same argument is

clearly also valid for the following jumps.
If there is more than one index attaining the minimum in (3), then set k∗ =

argmaxl{μl | xl

μl
= mink=1,...,σ

xk

μk
}. Then the above analysis goes through as an

upper bound on the expected number of jumps. The above discussion leads to:

Proposition 5. Let s be a randomly generated string over Σ = {a1, . . . , aσ}
such that Pr(si = ak) = μk, for each i = 1, . . . , n and k = 1, . . . , σ. Let q =
(x1 − 1, . . . , xσ − 1) be the query Parikh vector, and let k∗ = argmaxl{μl | xl

μl
=

mink=1,...,σ
xk

μk
}. Then the expected running time of the Jumping Algorithm on

this instance of the JSPM problem is O(nσμk∗ ).

6 Epilogue

Armed with our solutions, we quickly solved our table rearrangement problem,
had a very satisfying dinner and FUN. The next day, a famous colleague who
had enjoyed the restaurant’s wine assortment the most, phoned me to commu-
nicate the following—I am quoting literally, since I haven’t checked, trusting the
everlasting “In vino veritas” [Pliny the Elder, Naturalis historia 14, 141].

Applications of our algorithms, apart from Scrabble and table cutlery arrange-
ment, can be found in molecular biology, notably in interpretation of mass spec-
trometry data. The output of an experiment consists of the molecular masses
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of sample molecules, whose molecular composition (e.g., the multiplicities of the
different amino acids for proteins, or of nucleotides for DNA) can in certain
cases be determined efficiently up to a few candidates [6]. In other words, sev-
eral candidate Parikh vectors can be computed, and then those matched against a
database of sequences. Parikh vectors have also been used in other bioinformatics
applications, among them alignment [4] (there referred to as compositions), SNP
discovery [5] (compomers), repeated pattern discovery [14] and gene clusters [23]
(permuted patterns, πpatterns).

Jumbled pattern matching is a special case of approximate pattern match-
ing. It has been used as filtering step in approximate pattern matching algo-
rithms [18], but rarely considered in its own right.

Three of the authors of the present paper described two algorithms for JPM
in [10], Interval Algorithm and Jumping Algorithm, both of which have been
crucially improved here. The authors of [8] presented an algorithm for finding
all occurrences of a Parikh vector in a runlength encoded text. The algorithm’s
time complexity is O(n′ + σ), where n′ is the length of the runlength encoding
of s. Obviously, if the string is not runlength encoded, a preprocessing phase of
time O(n) has to be added. However, this may still be feasible if many queries
are expected. To the best of our knowledge, this is the only other algorithm that
has been presented for the problem we treated here.

An efficient algorithm for computing all Parikh fingerprints of substrings of a
given string was developed in [1]. Parikh fingerprints are Boolean vectors where
the k’th entry is 1 if and only if ak appears in the string. The algorithm involves
storing a data point for each Parikh fingerprint, of which there are at most
O(nσ) many. This approach was adapted in [14] for Parikh vectors and applied
to identifying all repeated Parikh vectors within a given length range; using it to
search for queries of arbitrary length would imply using Ω(P (s)) space, where
P (s) denotes the number of different Parikh vectors of substrings of s. This is
not desirable, since there are strings with quadratic P (s) [11].

6.1 Postscriptum (for Those Who Read the Technical Parts)

On the agenda for future work is refining the analysis of the Jumping Algorithm
and the preprocessing time for the Interval Algorithm.

We remark that our new implementation of the Jumping Algorithm using
rank/select operations only, opens a new perspective on the study of Parikh
vector matching. We have made another family of approximate pattern matching
problems accessible to the use of self-indexing data structures [22]. We are in
particular interested in compressed data structures which allow fast execution
of rank and select operations, while at the same time using reduced storage
space for the text. Thus, every step forward in this very active area can provide
improvements for our problem.

Acknowledgements. Thanks to Gonzalo Navarro for fruitful discussions.
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