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Abstract. We consider the following NP-hard problem: in a weighted
graph, find a minimum cost set of vertices whose removal leaves a graph
in which no two cycles share an edge. We obtain a constant-factor ap-
proximation algorithm, based on the primal-dual method. Moreover, we
show that the integrality gap of the natural LP relaxation of the problem
is Θ(log n), where n denotes the number of vertices in the graph.

1 Introduction

Graphs in this paper are finite, undirected, and may contain parallel edges but
no loops. We study the following combinatorial optimization problem: given a
vertex-weighted graph, remove a minimum cost subset of vertices so that all
the cycles in the resulting graph are edge-disjoint. We call this problem the
diamond hitting set problem, because it is equivalent to covering all subgraphs
which are diamonds with a minimum cost subset of vertices, where a diamond
is any subdivision of the graph consisting of three parallel edges.

The diamond hitting set problem can be thought of as a generalization of
the vertex cover and feedback vertex set problems: Suppose you wish to remove
a minimum cost subset of vertices so that the resulting graph has no pair of
vertices linked by k internally disjoint paths. Then, for k = 1 and k = 2, this
is respectively the vertex cover problem and feedback vertex set problem, while
for k = 3 this corresponds to the diamond hitting set problem.
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It is well-known that both the vertex cover and feedback vertex set prob-
lems admit constant-factor approximation algorithms1. Hence, it is natural to
ask whether the same is true for the diamond hitting set problem. Our main
contribution is a positive answer to this question.

1.1 Background and Related Work

Although there exists a simple 2-approximation algorithm for the vertex cover
problem, there is strong evidence that approximating the problem with a fac-
tor of 2 − ε might be hard, for every ε > 0 [8]. It should be noted that the
feedback vertex set and diamond hitting set problems are at least as hard to
approximate as the vertex cover problem, in the sense that the existence of a
ρ-approximation algorithm for one of these two problems implies the existence of
a ρ-approximation algorithm for the vertex cover problem, where ρ is a constant.

Concerning the feedback vertex set problem, the first approximation algo-
rithm is due to Bar-Yehuda, Geiger, Naor, and Roth [2] and its approximation
factor is O(log n). Later, 2-approximation algorithms have been proposed by
Bafna, Berman, and Fujito [1], and Becker and Geiger [3]. Chudak, Goemans,
Hochbaum and Williamson [4] showed that these algorithms can be seen as de-
riving from the primal-dual method (see for instance [9,7]). Starting with an
integer programming formulation of the problem, these algorithms simultane-
ously construct a feasible integral solution and a feasible dual solution of the
linear programming relaxation, such that the values of these two solutions are
within a constant factor of each other.

These algorithms also lead to a characterization of the integrality gap2 of
two different integer programming formulations of the problem, as we now ex-
plain. Let C(G) denote the collection of all the cycles C of G. A natural integer
programming formulation for the feedback vertex set problem is as follows:

Min
∑

v∈V (G)

cv xv

s.t.
∑

v∈V (C)

xv � 1 ∀C ∈ C(G) (1)

xv ∈ {0, 1} ∀v ∈ V (G).

(Throughout, cv denotes the (non-negative) cost of vertex v.) The algorithm of
Bar-Yehuda et al. [2] implies that the integrality gap of this integer program is
O(log n). Later, Even, Naor, Schieber, and Zosin [5] proved that its integrality
gap is also Ω(log n).

1 A ρ-approximation algorithm for a minimization problem is an algorithm that runs
in polynomial time and outputs a feasible solution whose cost is no more than ρ times
the cost of the optimal solution. The number ρ is called the approximation factor.

2 The integrality gap of an integer programming formulation is the worst-case ratio
between the optimum value of the integer program and the optimum value of its
linear relaxation.
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A better formulation has been introduced by Chudak et al. [4]. For S ⊆ V (G),
denote by E(S) the set of the edges of G having both ends in S, by G[S] the
subgraph of G induced by S, and by dS(v) the degree of v in G[S]. Then, the
following is a formulation for the feedback vertex set problem:

Min
∑

v∈V (G)

cv xv

s.t.
∑

v∈S

(dS(v) − 1)xv � |E(S)| − |S| + 1 ∀S ⊆ V (G) : E(S) �= ∅ (2)

xv ∈ {0, 1} ∀v ∈ V (G).

Chudak et al. [4] showed that the integrality gap of this integer program asymp-
totically equals 2. Constraints (2) derive from the simple observation that the
removal of a feedback vertex set X from G generates a forest having at most
|G| − |X | − 1 edges. Notice that the covering inequalities (1) are implied by (2).

1.2 Contribution and Key Ideas

First, we obtain a O(log n)-approximation algorithm for the diamond hitting set
problem, leading to a proof that the integrality gap of the natural LP formulation
is Θ(log n). Then, we develop a 9-approximation algorithm. Both the O(log n)-
and 9-approximation algorithm are based on the primal-dual method.

Our first key idea is contained in the following observation: every simple graph
of order n and minimum degree at least 3 contains a O(log n)-size diamond. This
directly yields a O(log n)-approximation algorithm for the diamond hitting set
problem, in the unweighted case. However, the weighted case requires more work.

Our second key idea is to generalize constraints (2) by introducing ‘sparsity
inequalities’, that enable us to derive a constant-factor approximation algorithm
for the diamond hitting set problem: First, by using reduction operations, we
ensure that every vertex of G has at least three neighbors. Then, if G contains
a diamond with at most 9 edges, we raise the dual variable of the corresponding
covering constraint. Otherwise, no such small diamond exists in G, and we can
use this information to select the right sparsity inequality, and raise its dual
variable. This inequality would not be valid in case G contained a small diamond.

The way we use the non-existence of small diamonds is perhaps best explained
via an analogy with planar graphs: An n-vertex planar simple graph G has at
most 3n − 6 edges. However, if we know that G has no small cycle, then this
upper bound can be much strengthened. (For instance, if G is triangle-free then
G has at most 2n − 4 edges.)

We remark that this kind of local/global trade-off did not appear in the work
of Chudak et al. [4] on the feedback vertex set problem, because the cycle cov-
ering inequalities are implied by their more general inequalities. In our case, the
covering inequalities and the sparsity inequalities form two incomparable classes
of inequalities, and examples show that the sparsity inequalities alone are not
enough to derive a constant-factor approximation algorithm.
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This extended abstract is organized as follows. Preliminaries are given in
Section 2. Then, in Section 3, we define some reduction operations that allow us
to work mainly with graphs where each vertex has at least three distinct neigh-
bors. Next, in Section 4, we deal with the unweighted version of the diamond
hitting set problem and provide a simple O(log n)-approximation algorithm. In
Section 5, we turn to the weighted version of the problem. We sketch a O(log n)-
approximation algorithm. It turns out that the integrality gap of the natural
formulation of the problem is Θ(log n). Finally, in Section 6, we introduce the
sparsity inequalities, prove their validity and sketch a 9-approximation algo-
rithm. Due to length restrictions, most proofs and details are not included in
this extended abstract. A full version of the paper can be found in [6].

2 Preliminaries

A cactus is a connected graph where each edge belongs to at most one cycle.
Equivalently, a connected graph is a cactus if and only if each of its blocks is
isomorphic to either K2 or a cycle. Thus, a connected graph is a cactus if and
only if it does not contain a diamond as a subgraph. A graph without diamonds
is called a forest of cacti (see Figure 1).

Fig. 1. A forest of cacti

A diamond hitting set (or simply hitting set) of a graph is a subset of vertices
that hits every diamond of the graph. A minimum (diamond) hitting set of a
weighted graph is a hitting set of minimum total cost, and its cost is denoted by
OPT .

Let D(G) denote the collection of all diamonds contained in G. From the
standard IP formulation for a covering problem, we obtain the following LP
relaxation for the diamond hitting set problem:

Min
∑

v∈V (G)

cv xv

s.t.
∑

v∈V (D)

xv � 1 ∀D ∈ D(G) (3)

xv � 0 ∀v ∈ V (G).

We call inequalities (3) diamond inequalities.
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3 Reductions

In this section, we define two reduction operations on graphs: First, we define the
‘shaving’ of an arbitrary graph, and then introduce a ‘bond reduction’ operation
for shaved graphs.

The aim of these two operations is to modify a given graph so that the follow-
ing useful property holds: each vertex either has at least three distinct neighbors,
or is incident to at least three parallel edges.

3.1 Shaving a Graph

Let G be a graph. Every block of G is either isomorphic to K1, K2, a cycle, or
contains a diamond. Mark every vertex of G that is included in a block containing
a diamond. The shaving of G is the graph obtained by removing every unmarked
vertex from G. A graph is shaved if all its vertices belong to a block containing a
diamond. Observe that, in particular, every endblock3 of a shaved graph contains
a diamond.

3.2 Reducing a Bond

A bond of a graph G is a connected subgraph Q ⊆ G equipped with two distin-
guished vertices v, w (called ends) satisfying the following requirements:

– Q is a cactus with at least two blocks;
– the block-graph of Q is a path;
– v and w belong to distinct endblocks of Q;
– v and w are not adjacent in Q;
– Q − {v, w} is a non-empty component of G − {v, w}, and
– Q contains all the edges in G between {v, w} and V (Q) − {v, w}.

Observe that Q is “almost” an induced subgraph of G, since Q includes every
edge of G between vertices of Q, except those between v and w (if any). The
vertices in V (Q) − {v, w} are said to be the internal vertices of Q. The bond Q
is simple if Q is isomorphic to a path, double otherwise.

Let G be a shaved graph. A vertex u of G is reducible if u has exactly two
neighbors in G, and there are at most two parallel edges connecting u to each
of its neighbors. The bond reduction operation is defined as follows. Let u be a
reducible vertex and let Qu be an inclusion-wise maximal bond of G containing
u, with ends v and w. (Observe that such a bond exists by our hypothesis on u;
moreover, it might not be unique.) Then, remove from G every internal vertex
of Qu, and add one or two edges between v and w, depending on whether Qu

is simple or double. In the latter case, the two new parallel edges are said to
be twins. See Figure 2 for an illustration of the operation. Observe that the
resulting graph is also a shaved graph.
3 We recall that the block-graph of G has the blocks of G and the cutvertices of G as

vertices, a block and a cutvertex are adjacent if the former contains the latter. This
graph is always acyclic. An endblock of G is a vertex of the block-graph with degree
at most one.
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(a) (b) (c)

Fig. 2. (a) A shaved graph G with two maximal bonds (in grey). (b) Reduction of the
first bond. (c) Reduction of the second bond. The graph is now reduced.

A crucial property of the bond reduction operation is that, when applying it
iteratively, we never include in the bond to be reduced any edge coming from
previous bond reductions [6, Lemma 3.1].

A reduced graph G̃ of G is any graph obtained from G by iteratively applying
a bond reduction, as long as there is a reducible vertex (see Figure 2). We remark
that there is not necessarily a unique reduced graph of G (consider for instance
K3 where two edges are doubled).

4 A O(log n)-Approximation Algorithm in the
Unweighted Case

As a first step, we show that every reduced graph contains a diamond of size
O(log n) [6, Lemmas 4.1 and 4.4].

Lemma 1. Every simple n-vertex graph with minimum degree at least 3 contains
a diamond of size at most 6 log3/2 n+8. Moreover, such a diamond can be found
in polynomial time. The same holds for reduced graphs.

Our algorithm for the diamond hitting set problem on unweighted graphs is
described in Algorithm 1.

Algorithm 1. A O(log n)-approximation algorithm for unweighted graphs.
– X ← ∅

– While X is not a hitting set of G, repeat the following steps:
• Compute a reduced graph G̃ of G−X
• Find a diamond D̃ in G̃ of size at most 6 log3/2 |G̃|+ 8 (using Lemma 1)

• Include in X all vertices of D̃

The algorithm relies on the simple fact that every hitting set of a reduced
graph G̃ of a graph G is also a hitting set of G itself. The set of diamonds com-
puted by the algorithm yields a collection D of pairwise vertex-disjoint diamonds
in G. In particular, the size of a minimum hitting set is at least |D|. For each
diamond in D, at most 6 log3/2 n + 8 vertices were added to the hitting set X .
Hence, the approximation factor of the algorithm is O(log n).
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5 A O(log n)-Approximation Algorithm

The present section is devoted to a O(log n)-approximation algorithm for the
diamond hitting set problem in the weighted case, which is based on the primal-
dual method. We start by defining, in Section 5.1, the actual LP relaxation of
the problem used by the algorithm, together with its dual. Then, in Section 5.2,
we sketch our approximation algorithm. Details and proofs can be found in the
full version of this paper [6, Section 5].

5.1 The Working LP and Its Dual

Our approximation algorithm for the weighted case is based on the natural LP
relaxation for the diamond hitting set problem, given on page 194. To simplify
the presentation, we do not directly resort to that LP relaxation but to a possibly
weaker relaxation that is constructed during the execution of the algorithm,
that we call the working LP. At each iteration, an inequality is added to the
working LP. These inequalities, that we name blended diamond inequalities, are
all implied by diamond inequalities (3). The final working LP reads:

(LP) Min
∑

v∈V (G)

cv xv

s.t.
∑

v∈V (G)

ai,v xv � βi ∀i ∈ {1, . . . , k}

xv � 0 ∀v ∈ V (G),

where k is the total number of iterations of the algorithm. The dual of (LP) is:

(D) Max
k∑

i=1

βi yi

s.t.
k∑

i=1

ai,v yi � cv ∀v ∈ V (G)

yi � 0 ∀i ∈ {1, . . . , k}.
The algorithm is based on the primal-dual method. It maintains a boolean pri-
mal solution x and a feasible dual solution y. Initially, all variables are set to
0. Then the algorithm enters its main loop, that ends when x satisfies all dia-
mond inequalities. At the ith iteration, a violated inequality

∑
v∈V ai,v xv � βi

is added to the working LP and the corresponding dual variable yi is increased.
In order to preserve the feasibility of the dual solution, we stop increasing yi

whenever some dual inequality becomes tight. That is, we stop increasing when∑i
j=1 aj,v yj = cv for some vertex v, that is said to be tight. (Actually, we

should also stop increasing yi in case a ‘collision’ occurs [6, Section 5.2.4].)
All tight vertices v (if any) are then added to the primal solution. That is,
the corresponding variables xv are increased from 0 to 1. The current iteration
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then ends and we check whether x satisfies all diamond inequalities. If so, then
we exit the loop, perform a reverse delete step, and output the current primal
solution.

The precise way the violated blended diamond inequality is chosen depends
among other things on the residual cost (or slack) of the vertices. The residual
cost of vertex v at the ith iteration is the number cv − ∑i−1

j=1 aj,v yj. Note that
the residual cost of a vertex is always nonnegative, and zero if and only if the
vertex is tight.

5.2 The Algorithm

The algorithm (rather, a simplified version of the algorithm) is described in
Algorithm 2.

Algorithm 2. A O(log n)-approximation algorithm for weighted graphs.
– X ← ∅; y ← 0; i← 0
– While X is not a hitting set of G = (V, E), repeat the following steps:
• i← i + 1
• Let H be the graph obtained by shaving G−X
• Find a reduced graph H̃ of H
• Find a diamond D̃ in H̃ of size at most 6 log3/2 |H̃ |+ 8 (using Lemma 1)
• Compute a violated blended diamond inequality

∑
v∈V ai,v xv � βi

based on D̃, and the residual costs; add it to (LP)
• Increase yi until some vertex becomes tight
• Add all tight vertices v to X, in a carefully chosen order [6, Section 5.2.6]

– k ← i
– Perform a reverse delete step on X

We remark that the set X naturally corresponds to a primal solution x, ob-
tained by setting xv to 1 if v ∈ X , to 0 otherwise, for every v ∈ V (G). This
vector x satisfies the diamond inequalities (3) exactly when we exit the while
loop of the algorithm, that is, when X becomes a hitting set.

The reverse delete step consists in considering the vertices of X in the reverse
order in which they were added to X and deleting those vertices v such that
X − {v} is still a hitting set. Observe that, because of this step, the hitting set
X output by the algorithm is inclusion-wise minimal.

Theorem 1. Algorithm 2 yields a O(log n)-approximation for the diamond hit-
ting set problem.

We can prove that the integrality gap of the natural LP relaxation for the prob-
lem (see page 194) is Θ(log n). This result is obtained using expander graphs
with large girth [6, Section 5.4].
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6 A 9-Approximation Algorithm

In this section we give a primal-dual 9-approximation algorithm for the diamond
hitting set problem. We start with a sketch of the algorithm in Section 6.1. The
algorithm makes use of the sparsity inequalities. In order to describe them, we
first bound the number of edges in a forest of cacti in Section 6.2; using this
bound, in Sections 6.3 and 6.4 we introduce the sparsity inequalities and prove
their validity. Once again, missing proofs and details can be found in the full
version of this paper [6, Section 6].

In the whole section, q is a global parameter of our algorithm which is set to
5. (We remark that the analysis below could be adapted to other values of q,
but this would not give an approximation factor better than 9.)

6.1 The Algorithm

Our 9-approximation algorithm for the diamond hitting set problem is very sim-
ilar to the O(log n)-approximation algorithm. The main difference is that we use
a larger set of inequalities to build the working LP relaxation. See Algorithm 3
for a description of (a simplified version of) the algorithm.

Algorithm 3. A 9-approximation algorithm.
– X ← ∅; y ← 0; i← 0
– While X is not a hitting set of G = (V, E), repeat the following steps:
• i← i + 1
• Let H be the graph obtained by shaving G−X
• Find a reduced graph H̃ of H
• If, in H̃, no two cycles of size at most q share an edge then let∑

v∈V ai,v xv � βi be the extended sparsity inequality with support V (H)

• Otherwise, H̃ contains a diamond D̃ with at most 2q − 1 edges and let∑
v∈V ai,v xv � βi be a blended diamond inequality deduced from D̃ and

the residual costs
• Add the inequality

∑
v∈V ai,v xv � βi to the working LP

• Increase yi until some vertex becomes tight
• Add all tight vertices to X, in a carefully chosen order

– k ← i
– Perform a reverse delete step on X

Our main result is as follows.

Theorem 2. Algorithm 3 yields a 9-approximation for the diamond hitting set
problem.

6.2 Bounding the Number of Edges in a Forest of Cacti

The following lemma provides a bound on the number of edges in a forest of
cacti. For i ∈ {2, . . . , q}, we denote by γi(G) the number of cycles of length i of
a graph G.
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Lemma 2. Let F be a forest of cacti with k components and let q � 2. Then

||F || � q + 1
q

(|F | − k) +
q∑

i=2

q − i + 1
q

γi(F ).

Proof. Denote by γ>q(F ) the number of cycles of F whose length exceeds q. We
have

||F || = |F | − k +
q∑

i=2

γi(F ) + γ>q(F ). (4)

In the right hand side, the first two terms represent the number of edges in a
spanning forest of F , while the last terms give the number of edges that should
be added to obtain the forest of cacti F .

Because every two cycles in F are edge disjoint, we have

||F || �
q∑

i=2

i γi(F ) + (q + 1) γ>q(F ).

Combining this with (4), we get

γ>q(F ) � 1
q

(
|F | − k −

q∑

i=2

(i − 1)γi(F )
)
. (5)

From (4) and (5), we finally infer

||F || � |F | − k +
q∑

i=2

γi(F ) +
1
q

(
|F | − k −

q∑

i=2

(i − 1) γi(F )
)

� q + 1
q

(|F | − k) +
q∑

i=2

q − i + 1
q

γi(F ). �

6.3 The Sparsity Inequalities

We define the load of a vertex v in a graph G as

�G(v) := dG(v) −
q∑

i=2

λi γi(G, v),

where, for i ∈ {2, . . . , q}, γi(G, v) denotes the number of cycles of length i
incident to v in G and

λi :=
q − i + 1
�i/2� q

.

Lemma 3. Let X be a hitting set of a graph G where no two cycles of length at
most q share an edge. Then,

∑

v∈X

(
�G(v) − q + 1

q

)
� ||G|| − q + 1

q
|G| −

q∑

i=2

q − i + 1
q

γi(G) +
q + 1

q
. (6)

We call Inequality (6) a sparsity inequality.
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Proof. For i ∈ {2, . . . , q} and j ∈ {0, . . . , i}, we denote by ξj
i the number of

cycles of G that have length i and exactly j vertices in X .
Letting ||X || and |δ(X)| respectively denote the number of edges of G with

both ends in X and the number of edges of G having an end in X and the other
in V (G) − X , we have

∑

v∈X

�G(v) = 2||X || + |δ(X)| −
q∑

i=2

i∑

j=1

j λi ξj
i

= ||X || + ||G|| − ||G − X || −
q∑

i=2

i∑

j=1

j λi ξj
i

� ||X ||+||G||− q + 1
q

(|G − X | − 1)−
q∑

i=2

q − i + 1
q

ξ0
i −

q∑

i=2

i∑

j=1

j λi ξj
i ,

where the last inequality follows from Lemma 2 applied to the forest of cacti
G − X (notice that γi(G − X) = ξ0

i ).
Because no two cycles of length at most q share an edge and, in a cycle of

length i, each subset of size j induces a subgraph that contains at least 2j − i
edges, we have

||X || �
q∑

i=2

i∑

j=1+� i
2 �

(2j − i) ξj
i .

Thus, we obtain

∑

v∈X

�G(v) �
q∑

i=2

i∑

j=1+� i
2 �

(2j − i) ξj
i + ||G|| − q + 1

q
(|G − X | − 1)

−
q∑

i=2

q − i + 1
q

ξ0
i −

q∑

i=2

i∑

j=1

j λi ξj
i .

We leave it to the reader to check that, in the right hand side of the last in-
equality, the total coefficient of ξj

i is at least − q−i+1
q , for all i ∈ {2, . . . , q} and

j ∈ {0, . . . , i}. Hence,

∑

v∈X

�G(v) � ||G|| − q + 1
q

|G| + q + 1
q

|X | + q + 1
q

−
q∑

i=2

q − i + 1
q

γi(G).

Inequality (6) follows. �

6.4 The Extended Sparsity Inequalities

Consider a shaved graph H and denote by H̃ a reduced graph of H . Suppose that,
in H̃ , no two cycles of length at most q share an edge. The sparsity inequality (6)
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for H̃ yields a valid inequality also for H , where the coefficient of each variable
corresponding to a vertex that was removed when H is zero. However, as it is,
the inequality is useless. We have to raise the coefficients to those variables in
such a way that the resulting inequality remains valid.

First, we associate to each edge of H̃ a corresponding primitive subgraph in
H , defined as follows. Consider an edge e ∈ E(H̃). If e was already present in
H , then its primitive subgraph is the edge itself and its two ends. Otherwise, the
primitive subgraph of e is the bond whose reduction produced e. In particular,
if e has a twin edge e′, then the primitive subgraphs of e and e′ coincide. The
primitive subgraph J of a subgraph J̃ ⊆ H̃ is defined simply as the union of the
primitive subgraphs of every edge in E(J̃).

Thus, the graph H can be uniquely decomposed into simple or double pieces
corresponding respectively to edges or pairs of parallel edges in H̃ . Here, the
pieces of H are defined as follows: let v and w be two adjacent vertices of H̃ ,
and let J̃ denote the subgraph of H̃ induced by {v, w} (thus J̃ is either an edge
or a pair of parallel edges, together with the endpoints v and w). The primitive
subgraph of J̃ in H , say J , is a piece of H with ends v and w. Such a piece is
simple if J̃ has exactly one edge and double otherwise (see Fig. 3), that is, if J̃
has two parallel edges. The vertices of H are of two types: the branch vertices
are those that survive in H̃ , and the other vertices are internal to some piece
of H .

Fig. 3. A double piece

Consider a double piece Q of H (if any) and a cycle C contained in Q. Then
C is a block of Q. A vertex v of C is said to be an end of the cycle C if v is an
end of the piece Q or v belongs to a block of Q distinct from C. Observe that C
has always two distinct ends. The cycle C has also two handles, defined as the
two v–w paths in C, where v and w are the two ends of C.

The two handles of C are labelled top and bottom as described in [6, Section
6]. Denote by t(C) (resp. b(C)) the minimum residual cost of a vertex in the top
handle (resp. bottom handle) of C. Thus, t(C) � b(C). Also, we choose a cycle
of Q (if any) and declare it to be special. If possible, the special cycle is chosen
among the cycles C contained in Q with t(C) = b(C). (So every double piece of
H has a special cycle.)

The extended sparsity inequality for H reads
∑

v∈V (H)

avxv � β, (7)
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where

av :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�H̃(v) − q + 1
q

if v is a branch vertex,

1 if v is an internal vertex of a simple piece,

2 if v is an internal vertex of a double piece
and does not belong to any handle,

0 if v belongs to the top handle
of a cycle C with t(C) < b(C),

2 if v belongs to the bottom handle
of a cycle C with t(C) < b(C),

1 if v belongs to a handle of a cycle C with t(C) = b(C)
or C is special,

and

β := ||H̃ || − q + 1
q

|H̃ | −
q∑

i=2

q − i + 1
q

γi(H̃) +
q + 1

q
.

In the definition of av above, we always assume that the cycle C is contained in
a double piece of H . The next lemma is proved in [6, Lemma 6.3].

Lemma 4. Let H be a graph and let H̃ be a reduced graph of H such that
no two cycles of length at most q share an edge. Then Inequality (7) is valid,
that is, ∑

v∈X

av � β

whenever X is a hitting set of H.

The following lemma is the key of our analysis of Algorithm 3. Notice that the
constant involved is smaller than the approximation guarantee of our algorithm.
The number 9 comes from the fact that we use blended diamond inequalities for
diamonds with up to 9 pieces.

Lemma 5. Let H be a shaved graph and let H̃ be a reduced graph of H. Suppose
that, in H̃, no two cycles of length at most q share an edge. Then,

∑

v∈X

av � 8 β

for every minimal hitting set X of H.
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discussions.



204 S. Fiorini, G. Joret, and U. Pietropaoli

References

1. Bafna, V., Berman, P., Fujito, T.: A 2-approximation algorithm for the undirected
feedback vertex set problem. SIAM Journal on Discrete Mathematics 12(3), 289–297
(1999)

2. Bar-Yehuda, R., Geiger, D., Naor, J., Roth, R.M.: Approximation algorithms for
the feedback vertex set problem with applications to constraint satisfaction and
Bayesian inference. SIAM Journal on Computing 27(4), 942–959 (1998)

3. Becker, A., Geiger, D.: Optimization of Pearl’s method of conditioning and greedy-
like approximation algorithms for the vertex feedback set problem. Artificial Intel-
ligence 83, 167–188 (1996)

4. Chudak, F.A., Goemans, M.X., Hochbaum, D.S., Williamson, D.P.: A primaldual
interpretation of two 2-approximation algorithms for the feedback vertex set problem
in undirected graphs. Operations Research Letters 22, 111–118 (1998)

5. Even, G., Naor, J., Schieber, B., Zosin, L.: Approximating minimum subset feedback
sets in undirected graphs with applications. SIAM Journal on Discrete Mathemat-
ics 13(2), 255–267 (2000)

6. Fiorini, S., Joret, G., Pietropaoli, U.: Hitting diamonds and growing cacti (2010),
http://arxiv.org/abs/0911.4366v2

7. Goemans, M.X., Williamson, D.P.: The primal-dual method for approximation al-
gorithms and its application to network design problems. In: Approximation Al-
gorithms for NP-Hard Problems, ch. 4, pp. 144–191. PWS Publishing Company
(1997)

8. Khot, S., Regev, O.: Vertex cover might be hard to approximate to within 2 − ε.
Journal of Computer and System Sciences 74(3), 334–349 (2008)

9. Papadimitriou, C.H., Steiglitz, K.: Combinatorial Optimization: Algorithms and
Complexity. Prentice-Hall, Englewood Cliffs (1982)

http://arxiv.org/abs/0911.4366v2

	Hitting Diamonds and Growing Cacti
	Introduction
	Background and Related Work
	Contribution and Key Ideas

	Preliminaries
	Reductions
	Shaving a Graph
	Reducing a Bond

	A $O$(log$n$)-Approximation Algorithm in the Unweighted Case
	A $O$(log$n$)-Approximation Algorithm
	The Working LP and Its Dual
	The Algorithm

	A 9-Approximation Algorithm
	The Algorithm
	Bounding the Number of Edges in a Forest of Cacti
	The Sparsity Inequalities
	The Extended Sparsity Inequalities

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




