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Summary. We consider the problem of minimizing the sum of convex functions
over a network when each component function is known (with stochastic errors) to
a specific network agent. We discuss a gossip based algorithm of [2], and we analyze
its error bounds for a constant stepsize that is uncoordinated across the agents.

1 Introduction

The gossip optimization algorithm proposed in [2] minimizes a sum of func-
tions when each component function is known (with stochastic errors) to a spe-
cific network agent. The algorithm is reliant on the gossip-consensus scheme
of [1], which serves as a main mechanism for the decentralization of the over-
all network optimization problem. The gossip-based optimization algorithm
is distributed and totally asynchronous since there is no central coordinator
and the agents do not have a common notion of time. Furthermore, the algo-
rithm is completely local since each agent knows only its neighbors, and relies
on its own local information and some limited information received from its
neighbors. Agents have no information about the global network.

In [2], the convergence properties of the algorithm with a (random) di-
minishing uncoordinated stepsize was studied. In this paper we study the
properties of the algorithm when the agents use deterministic uncoordinated
constant stepsizes. Our primary interest is in establishing the limiting error
bounds for the method. We provide such error bounds for strongly convex
functions and for general convex functions (through the use of the running
averages of the iterates). The bounds are given explicitly in terms of the prob-
lem data, the network connectivity parameters and the agent stepsize values.
The bounds scale linearly in the number of agents.
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2 Problem, algorithm and assumptions

Throughout this paper, we use ||z|| to denote the Euclidean norm of a vector
x. We write 1 to denote the vector with all entries equal to 1. The matrix norm
||M]| of a matrix M is the norm induced by the Euclidean vector norm. We use
2T and M7 to denote the transpose of a vector  and a matrix M, respectively.
We write [z]; to denote the i-th component of a vector x. Similarly, we write
[M];; or M, ; to indicate the (4, j)-th component of a matrix M. We write
|S| to denote the cardinality of a set S with finitely many elements.
Consider a network of m agents that are indexed by 1,...,m, and let V =
{1,...,m}. The agents communicate over a network with a static topology
represented by an undirected graph (V, &), where & is the set of undirected
links {4, } with i # j and {4,j} € & only if agents 7 and j can communicate.
We are interested in solving the following problem over the network:

minimize  f(z) = Zfl(x)
i=1
subject to z € X, (1)

where each f; is a function defined over the set X C R™. The problem (1)
is to be solved under the following restrictions on the network information.
Each agent ¢ knows only its own objective function f; and it can compute
the (sub)gradients Vf; with stochastic errors. Furthermore, each agent can
communicate and exchange some information with its local neighbors only.

To solve problem (1), we consider an algorithm that is based on the gossip
consensus model in [1]. Let N(4) be the set of all neighbors of agent i, i.e.,
N@) ={j € V| {ij} € &}. Each agent has its local clock that ticks at a
Poisson rate of 1 independently of the clocks of the other agents. At each tick
of its clock, agent ¢ communicates with a randomly selected neighbor j € N (%)
with probability P;; > 0, where P;; = 0 for j ¢ N(i). Then, agent 7 and the
selected neighbor j exchange their current estimates of the optimal solution,
and each of these agents performs an update using the received estimate and
the erroneous (sub)gradient direction of its objective function.

Consider a single virtual clock that ticks whenever any of the local Poisson
clocks tick. Let Z; be the time of the k-th tick of the virtual Poisson clock,
and let the time be discretized according to the intervals [Zy_1, Zk), k > 1.
Let I, denote the index of the agent that wakes up at time k, and let Jj
denote the index of a neighbor that is selected for communication. Let z; j
denote the iterate of agent 7 at time k. The iterates are generated according
to the following rule. Agents other than I and Jy do not update:

xi,k = xi,k,1 fOI‘ 7 € {I}€7 Jk} (2)

Agents I, and Jj, average their current iterate and update independently using
subgradient steps as follows:
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Vi = (Trp k-1 + Ty k—1) /2,
zig = Px[vir — ai(Vfi(vig) + €ir)l, (3)

where Py denotes the Euclidean projection on the set X, Vf;(z) is a sub-
gradient of f; at x, oy is a positive stepsize, and €, is stochastic error in
computing V f;(v; ). The updates are initialized with random vectors z; g,
1 € V, which are assumed to be mutually independent and also independent
of all the other random variables in the process.

The key difference between the work in [2] and this paper is in the step-
size. The work in [2] considers a diminishing (random) stepsize o, which
is defined in terms of the frequency of agent i updates. In contrast, in this
paper, we consider the method with a deterministic constant stepsize a; > 0
for all 7. As the stepsizes across agents need not to be the same, the algorithm
does not require any coordination among the agents.

We next discuss our assumptions.

Assumption 1 The underlying communication graph (V,&) is connected.

Assumption 1 ensures that, through the gossip strategy, the information of
each agent reaches every other agent frequently enough. However, to ensure
that the common vector solves problem (1), some additional assumptions are
needed for the set X and the functions f;. We use the following.

Assumption 2 The set X CR" is compact and convex. Each function f; is
defined and convex over an open set containing the set X.

Differentiability of the functions f; is not assumed. At points where the gra-
dient does not exist, we use a subgradient. Under the compactness of X, the
subgradients are uniformly bounded over X, i.e., for some C > 0 we have

sup |[Vfi(z)]| < C foralli e V.
zeX

Furthermore, the following approxzimate subgradient relation holds:
Vfi(v)" (v=2) = fily) = fi(x)=Cllo—y]| for any z,y,v € X and i € V. (4)
We now discuss the random errors €;; in computing the subgradients
Vfi(z)T at points x = v; . Let Fj. be the o-algebra generated by the entire
history of the algorithm up to time k inclusively, i.e.,

Fi = {Jii,o, 1€ V} U {Ig, Joser o€ 1 <0< k} for all £ > 1,
where Fo = {0, ¢ € V}. We use the following assumption on the errors.
Assumption 3 With probability 1, for alli € {Ij, Jp} and k > 1, the errors
satisfy Eleir | Fo—1, Ik, Jg) =0 and E [||ei’k||2 | Fro—1, I1, Jk] < 2 for some v.

When X and each f; are convex, every vector v;j is a convex combination
of zj, € X (see Eq. (3)), implying that v;, € X. In view of subgradient
boundedness and Assumption 3, it follows that for k& > 1,

ENIVA (ig) +eirll® | Foor,Ii, Ju] < (C+v)? forie {Iy, Ji}.  (5)
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3 Preliminaries

We provide an alternative description of the algorithm, and study the prop-
erties of the agent’s disagreements. Define the matrix W}, as follows:

1
Wk:I—g(elk —ey.)(er, —eJk)T for all k, (6)

where e; € R™ has its i-th entry equal to 1, and the other entries equal to 0.
Using Wy, we can write method (2)—(3) as follows: for all k > 1 and i € V,

Tik = Vik T PikX{ic{In,Ju}}>

> Wilij @1, (7)
=1

Pik = Px[vir —a; (Vfi(vig) + €ir)] — vig,

Uik

where y¢ is the characteristic function of an event €. The matrices Wy, are
symmetric and stochastic, implying that each E[W}] is doubly stochastic.
Thus, by the definition of the method in (7), we can see that

m m
Z E [”Ulk —z|? | .7-";6_1} < Z lzj k-1 — z|? for all zx € R™ and k, (8)
=1

i=1

m m

> Ellvig — 2l | Faa] €O llwjn-1 — x| forallz € R and k. (9)

i=1 j=1

In our analysis, we use the fact that W2 = W, (W), — 2117)% = W, —
%llT and that the norm of the matrices E[Wj] — %llT is equal to the second
largest eigenvalue of E[WW]. We let A denote the square of this eigenvalue, i.e.,
A = |[EWi] — L117||2. We have the following lemma.

Lemma 1. Let Assumption 1 hold. Then, we have A < 1.
We next provide an estimate for the disagreement among the agents.

Lemma 2. Let Assumptions 1-3 hold*, and let {z; 1}, i = 1,...,m, be the
iterate sequences generated by algorithm (7). Then, we have for all i,

- Vma
lim su Elllz;r —yrll] <
moup 3o~ ill < 1=

(C+v),

where §j = - Z;nzl zjk for all k, and & = maxi<j<m ;.

4 Here, we only need the error boundedness from Assumption 3.
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Proof. We will consider coordinate-wise relations by defining the vector z,‘; €
R™, for each ¢ € {1,...,n}, as the vector with entries [z;l¢, 7 = 1,...,m.
From the definition of the method in (7), we have

2t =Wy + ¢ for k > 1, (10)
where (f € R™ is a vector with coordinates [(f]; given by

ik — QY i(vi k)] — Vi), if 4 s Ik ks
i ([P o R ) )

Furthermore, note that [gx], is the average of the entries of the vector zf;, ie.,
= Lo 7 s
[Tk]e = o 17z, for all £ > 0. (12)

By Egs. (10) and (12), we have [y], = L (17Wyzf_, +17¢;), implying

1
1
2o = 1gkle = Wiz + G — - 11" (Wizp_y + ()
1 1
= (Wk - = 11T> ZE i+ <I - = 11T) ¢t
m m

where I denotes the identity matrix, and the last equality follow by the
doubly stochasticity of Wy, i.e., 17W}, = 17. Since the matrices W}, are
stochastic, i.e., W1 = 1, it follows (Wk - %11T) 1 = 0, implying that
(Wi — £ 117) [g—1]¢1 = 0. Hence,

2t — [Grlel = Dy (21 — [Gr-1]el) + MCE for all k > 1,

where Dy, = Wk—%llT and M :I—%llT. Thus, we have for £ =1,...,n
and all £ > 1,

2= [Gk]eL1* < 1Dk (21 = [Gr—1)eD) P+ M GNP +21 Di (25 y ~ G-I M G-

By summing these relations over £ = 1,...,n, and then taking the expectation
and using Holder’s inequality we obtain for all £ > 1,

2

SUE [z - )] < (J S E Dz, — lge-aleD)]?] + J > E[IM¢?] )(13)
=1 =1 =1

Using the fact the matrix Wy, is independent of the past Fj_1, we have

S E 1Dt s = e DI | Fica] AT Ny = r-alet]®, (14)
=1 {=1

where A\ = ||[E[DF Dy]||? = ||[E[Dk]||?, and A < 1 from Lemma 1.
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We next estimate the second term in (13). The matrix M = I — % 117 is
a projection matrix (it projects on the subspace orthogonal to the vector 1),
so that we have ||M||? = 1, implying that |[M¢f[|? < [|¢f||? for all k. Using
this and the definition of ¢} in (11), we obtain

IMCEIZ <2 ST |[Pxlvig — ai (Vfilvin) + €ise)] = virl |-

i€{Ik,Ji}
Therefore,
STE[IMAP] < 2B |E| Y aIVAiCoir) +einl® | Pt Te I
=1 i€{lk,J K}
<2a°(C +v)?,
where in the last inequality we use & = max; a; and relation (5). Combining
the preceding relation with Egs. (13) and (14), we obtain

JZE Iz — [Ge]e1]?] JZ [z —1 = [Fr-1)e1]?] + V26(C +v).

Since A < 1, by recursively using the preceding relation, we have

V2a
hmsup ZE ||Zk yk]éln]
=1 L= VA

The result now follows by > " | E [||xl E— gjk||2] =>,,E [Hzf; — 1[gjk]g|\2}
and Y10 Ef[lzin — kll) < vm /2 Elllwie — grl?]- O

The bound in Lemma 2 captures the dependence of the differences between
x; 1, and their current average g in terms of the maximum stepsize and the
communication graph. The impact of the communication graph (V, &) is cap-
tured by the spectral radius A of the expected matrices E [(W, — L117)2].

m

(C+v).

4 Error Bounds

We have the following result for strongly convex functions.

Proposition 1. Let Assumptions 1-8 hold. Let each function f; be strongly
convex over the set X with a constant o;, and let o; be such that 2c;0; < 1.
Then, for the sequences {z; 1}, i € V, generated by (7), we have for all i,

aw 2/2m 9
= q(m—l— )(C—i—zx),

where x* is the optimal solution of problem (1), ¢ = max; {1 — 2v,c;;0;}, vi =

hmsupz |} — z*]|?] <

1 — i Ty —
m (1 + Z]EN(Z) P]z); CX = MaXy yeX HiE - yH; a = max; @, W = max; y;;,
and w = min; y; ;.
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m

Proof. The sum f = Y_"", f; is strongly convex with constant o = >_1", 0;.
Thus, problem (1) has a unique optimal solution z* € X. From relation (7),
the nonexpansive property of the projection operation, and relation (5) we
obtain for the optimal point =*, and any k and i € {Ij, Ji},

E [llzik — 2*I1” | Fre1, Ins Ji] < Nvig — 21> = 205V fi(vig) " (0 — %)
+ai(C +v)2 (15)
By the strong convexity of f;, it follows
Vilvig)" (Wi — %) 2 oillvign — 2*|* + Vfi(2™) " (vige — 2%).
Using gr—1 = % Z;n:l T k-1, we have V f;(x e (vig—z*) = Vfi(x ) (Y1 —
) + Vfi(2*)T (vi g — Ur—1), which in view of ||V fi(2*)| < C implies
Viile) (vig — ) 2 Vfile") (gr-1 — ") = Cllvig — Ge—1].  (16)
By combining the preceding two relations with inequality (15), we obtain
E [lzin —2*I° | Fre1, i, Ji] < (1 = 20004) [[vi e — ¥
+0412(C -+ I/)2 — QOél'vai(i*)T(gk_l — ’I*) -+ QOLiCHrUi,k — gk—l ||
Taking the expectation with respect to Fy_1 and using the fact the preceding

inequality holds with probability v; (the probability that agent ¢ updates at
time k), and z; ;, = v;  with probability 1 — ;, we obtain for any ¢ and k,

E[lzin — | | Fro1] < (1= 27ii00)E [[Jvig — 2*|* | Fi-1]
+ 702 (C +v)? = 270,V fi (") (k-1 — =) + 270, CE [||vi e — G—1| | Fr—1] -
Adding and subtracting (min; v;;) V fi(2*)T (gp—1 —2*), and using g1 € X
and the compactness of X, we obtain

E [szk —z*|? | .7:1@71] <qE [||vi7k —z*|? | ]—'k,l] + wa(C + v)?

+2(@ — w)COx — 2wV fi(z*) T (Gr—1 — %) + 20CE [||vi s — u—1|| | Fr—1],
where ¢ = max; {1 —2v;x;0;}, w = min; v;a;, © = max; y;a;, & = max; o; and
Cx = max, yex ||z — y||. Now, by summing the preceding relations over i, by
using Y0 Vfi(z*)T (Jx—1 —2*) > 0 and using relation (8) (with z = z*) and
relation (9) (with = gx_1), we obtain

m

> Ellwi. — |7 Z [l = 2*[*) + m&a(C + v)?
i=1

+ 2m(@ — w)CCx + 2@02 Elllzj — Fk_1l]-
j=1
The desired estimate follows from the preceding relation by noting that ¢ < 1,

by taking the limit superior and by using Lemma 2 and C(C +v) < (C +v)2.
([l
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Proposition 1 requires each node to select a stepsize «; so that 2a;0; < 1,
which can be done since each node knows its strong convexity constant o;.
Furthermore, note that the relation ¢ = maxi<;<m{l — via;0;} < 1 can be
ensured globally over the network without any coordination among the agents.

The following error estimate holds without strong convexity.

Proposition 2. Let Assumptions 1-3 hold. Then, for the sequences {x;},
1 € V, generated by (7), we have for all i,

k
lim sup % Z E[f(zi0—1)] < f*+m(p—1)CCx
=1

k—oo
+a ((p+ m)l_ﬁmﬁ + ”;p> (C +v)2,

where f* is the optimal value of problem (1), Cx = max,yex ||z — ¥y,

_ max; v R . N — v
P= min; v, 7 V= (1 + ZjEN(i) PJ") and & = max; a;.

Proof. The optimal set X™* is nonempty. Thus, Eq. (15) holds for any z* € X*.
From approximate subgradient relation (4) it follows

vfi(vi,k)T(Ui,k — %) > fi(Gr—1) — fi(z™) = Cllvig — Gr—1|-
The preceding relation and Eq. (15) yield for all ¢ € {Ij, Ji} and k > 1,

E [k — 212 | Frmr, L Ji] < lvie — 2*)1* = 203 (fi(Gk-1) — fi(2"))
+20;Clvi g — Gra |l + @3 (C +v)?,

where Cx = max, ye x ||z—yl|. The preceding relation holds when i € {I, Ji },
which happens with probability ;. When ¢ ¢ {Ix, Ji}, we have z; ; = v; 1
(see Eq. (7)), which happens with probability 1 — «;. Thus, by taking the
expectation conditioned on Fi_1, we obtain

E[lwie — 2I* | Faer] < Efllvig — 2" |* | Foor] = 2yi0(Filr-1) — fila™))
+2%i04CE [0k = G-l | Frma] +7i0f (C + ).

Letting w = miny<;<m{via;} and ® = maxi<;<m {72}, and using
|fi(Gr—1) — fi(@")| < Cllgp—1 — 27| < CCx,
which holds by the subgradient boundedness and the fact g, € X, we see that

Ellwin — 2*1? | Fue1] <E[lJvig —2* 17 | Fre1] — 20(fi(Gr—1) — fi(z"))
+2((IJ — g)COX + 20CE [||vi,k — ﬂk,1|| | kaﬂ + (Dd(C + V)27

where & = maxj<;<,, ;. By summing the preceding inequalities over ¢, and
using Eq. (8) with = 2* and Eq. (9) with z = g5_1 € X, we obtain
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m m

< Elllzje-1 — 2P = D Elllzig — 2|

2wE[f (Jx—1)
j=1 1=1

—|—2m(w w CCX + QQ)CZ |Ij,k_1 — yjk_1||] + m@d(c + l/)
=1

where f = Y f;. Next, after dividing the preceding relation by 2w and
noting that by convexity and the boundedness of the subgradients of each f;,

we have
f@ig—1) = " < fOr—1) = [T+ mC|zip—1 — Ur—1],

we obtain for all 4,

m
Ellljp-1 —a"|°] = Y Elllzin — "]
i=1

Elf (zik—1) — )] < L (
2w
)€, %p@(C +v)?,

[Il%k 1= el +

”MS HM3

+m(p—1)CCx + (p+m)

where p = % By summing these relations from time 1 to time k, and then
averaging with respect to k, we obtain

m

k m
1 " *
m Z (i) = f(z" ﬂ > Elllzo — 17 = > Ellwig — a*|%]
t=1 — \j=1 i=1
1 kK m
+m(p —l)C’CX-i—(p-i-mCEZZEH:EJt L — Gl + 2p07(C’+V)2.
t=1 j=1

Letting £ — oo and using the relation

m

k
limsup = > | Y Efl|laj k-1 — el <11]I€HSUPZEH$M 1= Ur—1ll];
— —oo ST

k—o0

x| =
o

we have for any 1,

k
: 1 X
hinsup% E f(@ig—1) = f@)] <m(p—1)
. _ m _
+(p + m)C lim sup g Elllzj k-1 — Tr—1]] + Epa(C’ +v)2

k—o0 =1

By Lemma 2 we have

V2ma
hmsupZEijk 1= Ok-1ll] < 1_\5(0"'”)7

k—o0

j=1
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which together with the preceding relation yields for all 4,

k
timsup 3 (E[f ()] — F(a*)) < m(p— 1) COx

k—oo
V2ma
1—vV

By using C(C +v) < (C +v)? and grouping the terms accordingly, we obtain
the desired relation. g

(C+v) + 2 pa(C + 1)

+(p+m)C 5

By Proposition 2 and the convexity of f, we have for u; j, = % Zle Tit—1,

limsup E[f (u; )] < f* + B,

k—oo

where B = m(p—1)CCx + @ ((p+m) 1‘{@ + %p) (C + v)%2. When the

ratio p = T g close to value 1, the bound is approximately given by
i Vi
B~a ((1 +m) 112\7/’% + %) (C'+v)2. In this case, the bound scales in the size

m of the network as m?®/2, which is by order 1/2 less than the scaling of the

bound for the distributed consensus-based subgradient algorithm of [3], which

scales at best as m2.

5 Discussion

The bounds scale well with the size of the network. For strongly convex func-
tions, the bound in Proposition 1 scales independently of the size of the net-
work if the degrees of the nodes are about the same order and do not change
with the size of the network. The bound in Proposition 2 scales as m+/m with
the size m of the network. In our development, we have assumed that the net-
work topology is static, which may not be realistic in some applications. Of
future interest is to investigate the algorithm for dynamic network topology.
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