
Chapter 8
Nonlinear Beams and Rods

In this chapter, nonlinear theories for rods and beams will be discussed in the Car­
tesian coordinate frame and the curvilinear frame of the initial configuration .
Without torsion, the theory for in-plane beams will be presented . The traditional
treatises of nonlinear rods were based on the Cosserat's theory (e.g., E. and F.
Cosserat, 1896) or the Kirchhoff assumptions (e.g., Kirchhoff, 1859; Love, 1944).
This chapter will extend the ideas of Galerkin (1915), and the nonlinear theory of
rods and beams will be developed from the general theory of the 3-dimensional
deformable body. The definitions for beams and rods are given as follows.

Definition 8.1. If a 1-0 deformable body on the three directions of fibers resists
internal forces, bending and twisting moments, the 1-0 deformable body is called
a deformable rod.

Definition 8.2. If a 1-0 deformable body on the three directions of fibers resists
internal forces and bending moments, the 1-0 deformable body is called a de­
formable beam.

8.1. Differential geometry of curves

Consider an initial configuration of a nonlinear rod as shown in Fig.8.1. The unit
vectors I I (J = 1, 2, 3 ) are the base vectors for the Cartesian coordinates and the

based vectors G a (a = 1, 2, 3 ) for the curvilinear coordinates are defined later.

To present the nonlinear rod theory, it is assumed that the base vector G 1 is nor­

mal to the surface formed by the other base vectors G 2 and G 3 • The surface

formed by the vectors G 2 and G3 is called the cross section of the rod. The mate­

rial particle on the central curves of the intersections of two neutral surfaces in the
initial configuration is
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Fig. 8.1 A mate rial particle P on an initial configuration of a nonlinear rod.

(8.1)

(8.2)

where S' = Sand S2 = S3 = 0 . From Eq.(8.1) , the base vectors for the rod can be
obtained. The base vector in the tangential direction of the rod is defined by

dR axl
1 1

G, =-=--1 1 = X s ll =G11 1 •
dS as '

Note that O,s = 0 " and the metric measure is given by

(8.3)

and

while an arc length variable s is defined by

ds =.,JG::dS,

(8.4)

(8.5)

(8.6)

with ~x,~x,~ = I . The direction of G 1 is the tangential direction of the initial

configuration of the rod curve . From differential geometry in Kreyszig (1968) , the
curvature vector can be determined by



8. 1. Differential geometry of eurves

and

G~ == ; z[X.~ I(X.~X.~)-X.~X.~ X.~I J ,
II

Gzz== G~G~ =~3 [(X~ IX ~I )(X~X~) -(X~X~ I)Z J.
G " " "

II

The curvature ofthe rod in the initial configuration is

K= IG z i = JG:: = ~X,~sX,~s

_ ~(X,~ IX,~I )(X,~X,~)-(X,~X,~I) Z
- G312

II

The unit principal normal vector is given by

N - G z _ G z _ G~ I dN l =
Z - JG:: --;;: --;;: t » ds G z = KNz·

The unit hi-normal vector is defined by

N3=NjxNZ

and let
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(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

where elJK is the Ricci symbol in Eq.(2. 105). Therefore, G33 =G; G; =I (summa­

tion on f)
Consi der the change rate of the unit bi-normal direc tion with respect to the arc

length (s), which gives

dN 3 dN 3-- = - r N ~ r =-N ._ -
ds z z ds

The torsional curvature of the rod (or torsion of the curve called in mathematics)
IS

1
r= ~ [R,sR,ssR,sssl
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(8.14)

Based on the definition of unit based vector, the vector product gives

N 2 = N3 x Nl' N3 =-N2xNl' N 1 = - N3 x N 2 •

With Eqs.(8.10) and (8.13),

dN dN dN
__2 = _ _3 XN] +N

3
x - -]

ds ds ds
= -rN2 x N. + KN3 xN2

= - KN ] +rN3 •

Thus, from the formulae of Frenet (1847),

dNl

ds
dN2

ds
dN3

ds

dNl

dS

+~K
JG::K

~rjmJdN2 0
dS

-JG::rdN3

dS

Consider a rotation vector ( or the vector of Darboux)

ro=rNI +KN3

Equations (8.17) and (8.18) become

dN] dN2 dN3- - = roxNl' - - = roxN 2 , - - = roxN 3 ,

ds ds ds

Consider a material point R on the cross section of the rod

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)
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(8.22)

Without loss of generality, S I, S2and S3 are collinear to the directions of N" N2
and N 3 , respectively. On the cross section of NI' any variable can be converted

on the two directions of N 2 and N 3 •

Consider a displacement vector field at the point R to be

From the previous definitions,

N - G A _ G~ I
A - ~GAA - ~GAA I'

(8.23)

(8.24)

The particle in the deformed configuration is expressed by the location and dis­
placement vectors, i.e.,

r=R+u=(X I +ul(S' ,S2,S3))I p or

r =R+u =(SA+UA(SI ,S2,S3))G A

and the corresponding infinitesimal line element of the deformed rod is

dr =dR +du =(X.~ + t<a)dS al l

= (0: +u~)dSaGA '

The base vector for the deformed rod becomes

ga =(X.~ +u.~)I I =(0: +u;~)G A

and the corresponding unit vector is

8.2. A nonlinear theory of straight beams

(8.25)

(8.26)

(8.27)

(8.28)

Consider a beam in the initial configuration to be straight. This requires that the
curvature and torsion should be zero (K(S) = 0 and reS) = 0). Thus, S I = x' ,
GafJ =0 and Gaa =1(a,,8=1,2,3).
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(8.29)

The strain based on the change in length of dR per unit length gives

Idrl -l dRl
C = a a = ~I +2E -I

a IdRl aa

a

The Lagrangian strain tensor EafJ referred to the initial configuration is

E I (S: I I s:1 I I I )•afJ = - U aUfJ +ufJU a +UaUfJ .2 ' ' "

(8.30)

(8.31)

In the similar fashion , the angles between na and nfJ before and after deforma­

tion are expressed by 8(1\" I\" ) = Jr / 2 and ()(n n ) ' i.e.,
a » p a » P

cos ()(n n ) == cos(8 ( ~ I\" ) - YaP)a » p I a » P

dr -dt (0 1 +U I )(01 +U I
)_ a fJ _ a ,a fJ ,fJ

- ld; I I~ I- ~(l+2Eaa)(l+2EfJfJ)

_ (o~ +u.~)(O~ +U,~)

(1+ ca)(1 + cfJ )

and the corresponding shear strain is defined by

= sin" (o~ +u,la)(O~ +U,~)

~(l +2Eaa)(1+2EfJfJ)

= sin-1 (O~ +u,~)(O~ +u,~) .

(1 +ca)(l +cfJ)

From Eq.(8.28), the direction cosine of the rotation is

dR ·dr s:+ua s:+ua
cos () = a IJ = fJ ,fJ = fJ .fJ

( I\"" ,np) 1 ~ll dJI ~1+2EfJfJ l+ cfJ

In addition, the area changes before and after deformation are given by

da
-.::L = (1+ ca)(1 +cfJ)sin ()( )'dA na ,np

afJ

(8.32)

(8.33)

(8.34)

(8.35)
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where da =Idrxdr I and dA =IdRxdR I·
afJ a fJ afJ a fJ

Consider the coordinate Xl to be along the longitudinal direction of the beam
and the other two coordinates X Z and X 3 on the cross section of beam on the di­
rection of Xl . The coordinates for the deformed straight beam are (s', s': S3) .

Because the initial configuration of the beam is a straight beam, under external
force, the deformed configuration of the beam does not experience any torsion
( r(sl) == 0). Thus, the deformed configuration of the beam is a plane curve.

Without loss of generality, the curvature direction of the deformed configuration
can be assumed to be collinear to X Z

• Because the widths of beam in two direc­
tions of X Z and X 3 are very small compared to the length of the beam in direc­
tion of Xl , the elongation in the two directions of X Z and X 3 should be very
small, which can be neglected. From the aforementioned discussions , the follow­
ing assumptions are adopted:

(i) The deformed configuration of the beam does not experience any torsion
(r(sl) == 0).

(ii) The curvature direction of the deformed configuration is collinear to SZ •

(iii) The elongations in the two directions of X Z and X 3 are very small (i.e.,
£z '" 0 and £3 = 0).

(iv) Under bending only, the neutral surface is not deformed (i.e., ;VIZ '" 0 and

1'l3= 0).

Consider an arbitrary coordinates as (Xl, Y, Z) at the centroid on the cross

section of the beam. Under the resultant forces, the bending of beam is in the cur­
vature direction of S Z • The deformed curve of the beam is on the plane of

(Xl, X Z
) , as shown in Fig.8.2. In other words, the neutral surface of the deformed

beam is on the plane of (Xl, X 3
) . When the transversal forces act at a point on

the cross section of the beam and if the beam will not be twisted, such a point on
the cross section of the beam is called the shear center (or flexural center). From
Assumption (i), no torsion exists. In addition, the transversal forces should be
placed to the shear center. Because the transversal forces are applied to the beam
off the shear center, the beam will be twisted and bent. To explain this case, con­
sider external distributed forces and moments at the shear center on the initial
configuration to be

(8.36)

and concentrated forces on the initial configuration at a point Xl = Sk'

(8.37)

The displacement vectors on the initial configuration are
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Initial configumtion

z

Deformed configuration

Fig. 8.2 A straight beam with initial and deformed configuration.

The internal forces and moments for S >x~ are

F IXl~S = L k=l kF+rqdX
1

,

" k rS
1M IXl=S= L.k=l M + Jo mdX ,

+Lk~I CS R - kR )x kF+rCSR-R)xqdX1
;

or for I = I, 2, 3,

F
1 I Xl~S = L k=l kF

1 +rq I dX
1,

M
1

IXl=S= L k=l kM
1+ LS

m1dX
1,

M 2 Ix1=s=Lk~l kM
2+rm

2dX1

- L k=l kF3 (S _ X~ ) _rX 1q3dX1,

M 3 Ix1=s=Lk~l kM
3+ LS

m
3dX1

+Lk~l kF 2(S -X~)+r(S _X1)q2dX1.

From assumptions (i) and (ii) , the following conditions exist :

(8.38)

(8.39)

(8.40)
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F 3
1 =" kF 3 + fSq3dX' =0
XI~S LJ k='.Io '

M l I =" kM I + fS mldX' =0
~~ LJ~ .10 '

M
2 I XI~S = L k=l kM

2
+ LSm

2dX'

-" kF\ S _ X l ) _ fS(S_Xl)q3dXl =0.
LJ k~ 1 k .lo

For all points on the beam to satisfy Eq.(8.41),

k F 3 = 0 and q 3 = 0,

kM ' =0 and m' =0,

k M 2 = 0 and m' = O.
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(8.41)

(8.42)

If the external forcing exerts on the three directions of (X' , Y, Z) , the resultant

forces and moments on three directions of(X I ,X2
, X 3

) should satisfy Eq.(8.42).

Such projection of the forces can be done through the rotation angle between the
two coordinates (Xl , Y, Z) and (X' , X 2

, X 3
) •

From assumption (ii),

(8.43)

(8.45)

where X 2 = J(Y)2+ (Z) 2 is a distance to the neutral surface along the direction

of curvature. From assumption (ii), no displac ements exist in the direction of
X 3 (i.e., u3 = 0). From Kirchhoff's assumptions, under bend ing only, if the cross
section is normal to the neutral surface before deform ation , then after deformation,
the deformed cross section is still normal to the deformed neutral surface. Thus,
equat ion (8.43) becomes

u/ =u~(S,t)+X2qJ(I)(S,t) ([=1,2). (8.44)

From assumptions (iii) and (iv),

(0; +u./2)(0; +u./2) = 1,

(0/ +u,~)(O; +U,/2) = O.

With u3 = 0 and Eq.(8.43), the Taylor series expansion of Eq.(8.45) give for the

zero-order of X 2
,

From Eq.(8.46),

(0; + qJl(I))(0; + qJl(I)) = 1,

(0/ +u~,)(o; +qJl(I)) =0.
(8.46)
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(8.47)

From the sign convention, the positive "+" in the second equation of Eq.(8.47)
will be adopted. Following the similar fashion , one can obtain qJ~I) (n = 1,2, . . .

and J = 1, 2). Further, using the Taylor series expansion, the approximations of

three strains on the cross section of the deformed beam are

(0) d£zl X Z 1 d'e, I (X z)z£ ""' £ +-- +- + ...
Z Z dXz X'=O 2 d(Xz) z x2=0

2(151+ m(l))m(l) {[2m(l)m(l)+ 3(151+ m(l))m(l)]_ £(0) + Z 't'l 't'Z X Z+ -r: -r: Z 't'l 't'3
- Z 1+ £(0) 1+£(0)

Z Z

2[(151+ m(l))m(l)]z }_ Z 't'l 't'2 (X z)z +....
(1 + £iO) )3 '

v "", ,,(O) + d r..z l X z+ 1 d Zr.. zl (X z)z+ ...
l iZ f 12 dX z X2~0 2 d(Xz)z X2~0

1 {2(151+ u(l))m(l) + (151+ m(l) )m(l)
= r,0)+___ I 0,1 't'Z Z 't'l 't'l ,1

IZ cos rig) (1 +£;0))(1+£iO))

[

(151+u(l))m(l) 2(151+ m(l))m(l)]}
. ,jJ I 0,1 't'1 .1 Z 't'l -r : X Z

-SIn /v: (0) Z + (0) Z +" ' ,
(1 + £1 ) (1 +£z )

where for I = 1,2,

£1(0) =~(J/ +U~,I)(J/ +u~.!)-1

= ~(l +ub.!)z + (u~,!) z -1 ,

(8.48)

(8.49)

(8.50)

(8.51)
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£~O) =~(O; +qf»)(o; +qf»)-l

= ~(qf»)2 + (1 + lp]2)2 -1,

The constitutive laws give the stresses on the deformed configuration as

The internal forces and moments in the deformed beam are defined as

N ]= L0'] [(1+ £2)(1 + £3)cos Y23 ]dA,

)(2 2

M3 = LO'] l+lp? ) [(1+ £3)(1+ £2) cosY23JdA,

Q] = LO']2[(1+£2)(1+£3)cosY23]dA.
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(8.52)

(8.53)

(8.54)

(8.55)

For convenience, the subscripts of the internal forces can be dropped. The internal
force vectors can be defined as

M == M 31
3= Mn3,

.N== N II I = Nn] +Qn2,

"' M == "' MI I/ = g]x .N,

where

The components of the internal forces in the I I -direction are

N I=Nn] . II +Qn2· I/=N cos(J(n 1 )+ Qcos(J(n I )
1'1 2 ' I

= N (o/ +Ub.l) + Q(o; +lpi)
1+£(0) 1+ £(0) '

, 2

I _ M(o; +Ub.3)
M = Mn3· I/-M cos B(n I ) = (0)

3· I 1+£3

'"M 3=(g, x.N) ·13 =(1+Ub,I)N 2
-u~,I N I .

(8.56)

(8.57)

(8.58)

(8.59)
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Because of U~ , 3 = °and ci O) = °,one obtains

I\M 3 =Q(1+c
l
( O) ) , I\MI = I\M 2 =0,

M I =M 2 =OandM 3 =M.

Equations of motion on the defonned beam are given by

~I + q = PUO,II +13({JI,II '

M 1 + I\M+m =13u OII +J3({JI II ;
, "

and the corresponding scalar expressions are for 1 = 1,2 ,

N 1 I _ I 1 (/)
,1 +q - pU(O),tI + 3({J" II ,

M 3 I\M3 3 - 1 1 J (I ) .
, I + + m - 3U(0),1t + 3 ({JI,tI '

or

8 Nonlinear Beams and Rods

(8.60)

(8.61)

(8.62)

[ N(1 + U~ ' I ) QU~'I] 1_ 1 (I ) .

l+ cl(O) -1+c,(O) +q - pU (O),1t +/3qJI,It '
,1

[
Nu~" Q(l +U~,I )] 2 _ 2 (2).

1+ c? ) + 1+ c l(O) + q - pU (O),1t + 13qJI,It '

,I

M Q(I (0) ) 3 - 1 I J ( I )
,I + + c I +m - 3U(O),1I + 3qJ"II'

wherep= IPodA , 13 = IPoX
2dA and J 3 = IPo(X

2)2dA .

The force cond ition at a point.'l{ with Xl = X~ is

-N(X~ ) + + N (X~ ) + Fk = 0,

-N I (X~ ) = +N I (X~ ) + F/ (/=1 ,2).

The force boundary condition at the boundary point :J: is

N(X,I)+F, =O or N1(X ,I) + F/= 0 (1=1,2).

(8.63)

(8.64)

(8.65)

If there is a concentrated moment at a point .'l{ with Xl = X~ , the corresponding

moment boundary condition is

-M(X~ ) + +M (X D + M k =0,

-M3 (X~ ) = +M3 (X~ ) + M: .

The moment boundary condition at the boundary point .'l{ IS

(8.66)

(8.67)
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The displacement continuity and boundary conditions are
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(8.68)

The afore-developed beam theory can be reduced to the beam theory given by Re­
issner (1972). The nonlinear vibration and chaos of a beam were extensively in­
vestigated (e.g., Verma, 1972; Luo and Han, 1999).

8.3. Nonlinear curved beams

Consider an arbitrary coordinate system as (Xl , Y, Z) at the centroid on the cross

section of the beam. The central curve of the deformed beam is on the plane of
(X l , X 2

) , as shown in Fig.8.3. In other words, the neutral surface of the deformed

beam is on the plane of (X l, X 3
) . Let the coordinate Sl be along the longitudinal

direction of beam and the other two coordinates S2 and S3 be on the cross sec­

tion of beam with the direction of Sl . The coordinates for the deformed , curved

beam are (s' , S 2, S3 ) . Because the initial configuration of the beam is a curved

beam, under external force, the deformed configuration of the beam to the initial
configuration does not experience any torsion ( '(Sl) == 0 ). In other words, under

the resultant forces, the bending of beam is in the plane of (Sl, S2). Thus, the

configuration of the deformed beam is still a plane curve. Without loss of general­
ity, the curvature direction of the deformed configuration can be assumed to be
collinear to S2. Because the widths of beam in two directions of S2 and S3 are

very small compared to the length of the beam in direction of Sl , the elongation

in the two directions of S2 and S3 should be very small, which can be neglected.
Thus, as in the straight beam, the following assumptions are enforced .

(i) The configuration of the deformed beam to the initial curved beam does not
experience any torsion ( z(s') == 0 ).

(ii) The curvature direction of the deformed beam is collinear to S2 •

(iii) The elongations in the two directions of S2and S3 are very small (i.e.,

£2 "" 0 and £ 3 = 0 ).

(iv) For bending only, the neutral surface is not deformed (i.e., 1'12 "" 0 and

1'13= 0).

From Assumption (i), no torque exists , and the transversal external forces
should be added at the shear center. Similar to Eqs.(8.36) and (8.37), the external
distributed forces and moments on the initial configuration are for (1 , A = 1,2, 3 )

(8.69)
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Initial configuration

~........,-----------.,.~ X l

Fig. 8.3 A curved beam with initial and deformed configuration.

and concentrated forces on the initial configuration at a point S' = Sk'

Thus,

F A II =F1I1·NA =F1
COS()(I x )'

S =5 t • A

M A II =M1I1·NA =M1
COS()(I l'i rS =5 / , 1 A

The displacement vectors on the initial configuration are

The internal forces and moments for (Sl > S~) are

F IsI=s =Lk~' Fk + i sqdS' ,

M I sI~s = L k=,Mk +rmdS'

+L k=l (R(S)- R k)x kF+r(R(S)- R(SI))xqdS1
;

or for J = I, 2, 3,

(8.70)

(8.71)

(8.72)

(8.73)
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F 1 I = '" k F 1 + r5
q l dS I

51=5 L.. k ~l .10 '

M
1

II = '" M
1 + rs m' dS'5 ~5 L.. k=l k 1,

+ L k=,eUK(X; -X:)F/ +reUK (X; _X:)qKdS
I
•

Assumptions (i) and (ii) requires the following conditions:

F A II =0 forA=3 and M A II =0 forA=I ,2.
5~ 5~
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(8.74)

(8.75)

(8.76)

Since the vectors 13 and N3 (G 3 ) are collinear and all points on the beam satisfy

Eq .(8 .75) , one obtains

kF 1 = 0 and q l = 0 for J = 3,

M' COSB(II']\'A) + M
2

COSB(I"]\'A) = 0 for A = 1, 2.

Because

I
COSB(II'I'I)

COSB(II,1'2)

cos ()(I ]\' )I
2 ' I :;t: 0

coSB(I , ,1'2) ,
(8.77)

the second equation of Eq.(8 .76) gives

M 1 =M 2 =0. (8 .78)

Thus, the external force conditions for the curved beam without twisting are given
by the first equation of Eqs .(8.76) and (8 .78) . In other words, no external distrib­

uted and concentrated forces are in the direction of X 3 and the resultant external

moments in the directions of X' and X 3 are zero.

8.3.1. A nonlinear theory based on the Cartesian coordinates

The strain based on the change in length of dR per unit length for a curved beam

in the Cartesian coordinates gives

=.JG::I ~(X~+u~)(X~+u~)-1G ' , , ,
aa

(8 .79)

in which no summation on a can be completed. The Lagrangian strain tensor

Eaj3 referred to the initial configuration is
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E 1 (X l I x ' I I I )afJ = 2" ,au,fJ + ,fJ u,a +u,au,fJ '

8 Nonlinear Beams and Rods

(8,80)

In the similar fashion , the angles between ua and ufJ before and after deforma­

tion are expressed by 8( 1" I" ) = Jr / 2 and (J(n n )' i.e.
a ' p (K ' P

dr,dr
cos(J = a 13

(na,np) Idr II dr I
a 13

(X l +U I )(XI +U I
),a ,a ,13 ,13

~(Gaa +2Eaa)(GfJfJ +2EfJfJ)

(X l +ul )(XI +u l )_ ,a ,a ,13 ,13

- ~GaaGfJfJ(1+ca)(l+ cfJ) '

and the corresponding shear strain is defined as

v = 8 -(Jl afJ - ("' a''''P) (na,np)

= sin" (X,~ +u,~)(X,~ +U,lfJ)

~(Gaa +2Eaa)(GfJfJ +2EfJfJ)

= sin" (X,~ +u,~)(X,~ +u,~) ,

~GaaGfJfJ (1 +ca)(1+cfJ)

(8,81)

(8,82)

From Eqs,(82 4) and (828), the direction cosine of the rotation without summa­
tion on a and f3 is

X,~(X,~ +u,~)

~Gaa ~GfJfJ +2EfJfJ

dRdr
cos(J . = a fJ

( I" a ,np) IdR II dr I
a fJ

X,~(X,~ +u,~)

~GaaGfJfJ (1 + cfJ ) ,

Finally, the change ratio of areas before and after deformation is

da
~= (1 + ca )(1 + cfJ ) s in (J( n n ) 'dA a' p

afJ

where da =Idrxdr I and dA =IdRxdR I,
afJ a 13 afJ a 13

From assumption (ii),

(8,83)

(8,84)
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(8.85)

From Assumption (ii), no displace ments exist in the direction of S3(i.e., u3 = 0 ).
From the Kirchhoff's assumptions, under bending only, if the cross section is
normal to the neutral surface before deformation, then after deformation, the de­
formed cross section is still normal to the deformed neutral surface . Thus, equa­
tion (8.85) can be assumed as

From assumptions (iii) and (iv),

_I_ (X~ +U I2)(X ~ +U I
2

) = I,G
22

. . . .

(X.~ +u.~)(X.~ +u.IJ = O.

(8.86)

(8.87)

With u3 = 0 and Eq.(8.85), the Taylor series expans ion of Eq.(8.87) give for the

zero-order of S2,

I_ (X l +m(l))(XI + tn(ll) = 1,G .2 '1'1 .2 '1'1
22

where X.~ = G~ . From Eq.(8.88),

(8.88)

(8.89)

(I) _ (X.~ +u~.JjG;; I

(jJ1 = + I I 2 2 2 2 X 2 '
~(X. I +UO.I) + (X.I +UO.I)

(2) = + (X.
I
I + U~.I).jG;; 2

tnl _ X .2 '
'1'1 I I I 2 2 2 2

,,(X,I +UO,I) +(X,I +UO,I)

Similarly , one can obtain (jJ~1) (n =1, 2, .. . and I =1, 2). Using the Taylor series

expans ion gives the approximate strains, i.e.,

(8.90)



334 8 Nonlinear Bea ms and Rods

(0) dC21 S 2 1 d
2
e. I (S 2)2c ""'c +-- +---- + .. .

2 2 dS 2
s ' =o 2 d(S 2)2 S2=0

2(Xl +m(l))m(l)
= C(O) + ,2 'rl n S 2

2 G (1+ C(O) )
22 2

[2m(l)m(l)+3(/jl + m(l))m(l)]+ n n 2 'r1 'r3 (S 2)2
G

22
(1 +ciO) )

2[(Xl + cp(l))cp(l)f
,2 I 2 (S 2)2+ .

- G2 (1 (0) ) 3 "' ,
22 +C2

1/ """,(0)+ d YJ 21 S 2+2.
d 2YJ 2

1 (S 2)2+ . . .
11 2 ( 12 dS 2

s ' =o 2 d(S 2)2 S2=0

1 {2(X l +u(l))m(l)+(Xl +m(l))m(I)= , ,( 0) + ,I 0,1 'r2 ,2 'rl 'r1 ,1

(1 2 ,,(0) ~ ~( (0) ) ( (0) )cos ( 12 VGII VG22 l+ c I 1+ c2

[

(X l +u (l))m(l) 2(Xl +m(l))m(l)])_ sin 11°) ,I 0,1 'r1 ,1 + ,2 'rl 'r2 S 2 + . . .
12 G (1 +c (0 ))2 G (1 +c(0))2 '

II I 22 2

where for 1 = 1, 2

The constitut ive laws give the stresses on the defonned configu ration, i.e.,

The internal forces and moments in the deformed beam are defined as

(8.91)

(8.92)

(8.93)

(8.94)

(8.95)

(8.96)



8.3. Nonlinear eurved beams

N I = I 0"1 [(l+cJ(I +c3)cos YZ3]dA,

M3 = I I:I~I(ZZ ) [ .jCi;;(I +c3 )(1 +cz)Zcos YZ3] dA,

QI = I O"I Z[(l +cJ(I +c3)cos YZ3]dA.
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(8.97)

For convenience, the subscripts of the internal forces can be dropped. The internal
force vectors are defined as

M == M il l = Mn3,

.N== N II I = Nn l +Qnz'

"'M==]\'MII /=glx.N;

dr I I ]\' I
gl ==-=(X I+uol)11 and M ==-drx.N.

dS . . dS

The components of the internal forces in the I I -direction are

N I
=Nnl . I I +Qnz . I /=N COSB(D!,I

I
) +Q COSB(D2 ,1

1
)

N (X; +ubl) Q(X~ +rp{)
= ' , +----;::=,-' ---JG:: (I + c?) ) .jCi;;(I +ciO) ) ,

I M(X,~ +u{O),3)
M =Mn3·I /=McosB(D I ) = (0)

3' I l+ c
3

x M I = (gl x.N) · I I = (X~ +u~ I)N3
-(X~ +u~ I)Nz,

" "

]\'M Z= (gl x.N) · I z = (X~ +u~ I)NI _(Xii +u~ I)N 3
,

" "

]\'M 3=(g, x.N) ·13 =(X,II+u~,I)NZ -(X,~ +u~,I)N I .

(8.98)

(8.99)

(8.100)

(8.101)

Due to Ub,3 = 0, X,~ = 0, X \ = X ,; = 0, u3 = 0 and ciO) = 0 , the following equa­

tions are achieved, i.e.,

(8.102)

Based on the deformed middle surface in the Lagrangian coordinates, the equa­
tions of motion for the deformed beam are

~I +q = P"O,11 +I3({J1,11'

x
M ,I+ M+m =13" 0,11 +J3({JI,II ;

(8.103)
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and the scalar expressions are for 1 = 1, 2

N 1 I - I I (I)
, I +q - pUO,1t + 3qJI,It '

M 3 I'M3 3 - 1 1 J (I )
,I + + m - 3UO,1t + 3qJI,1t

8 Nonlinear Beams and Rods

(8.104)

where p = LPodA , /3 = LpOX
2dA and J 3 = LpO(X2

) 2 dA . With Eqs.(8.89) and

(8.100)-(8. 102), the foregoing equation gives

(8.105)

(8.106)

As in Eqs.(8.61)-(8.65) , the force and displacement continuity and boundary con­
ditions can be given as follows.

The force condition at a point :J: with Sl = S~ is

-N (S~ ) + + N (S~ ) + Fk =0,

-N 1
(S~) = +N 1

(S~)+Fkl (1 =I, 2).

The force boundary condition at the boundary point :J: IS

(8.107)

(8.108)

If there is a concentrated moment at a point:J: with SI = S, , the corresponding

moment boundary condition is

-M (S~ ) + +M (S~ ) + M k =0,

-MI (S~ ) =+MI (S~ ) + M: (1=3) .

The moment boundary condition at the boundary point :J: IS

(8.109)

(8.110)

The disp lacement continuity and boundary conditions are the same as in Eq.(8.68).
From the sign convention, the positive "+" in the second equation of Eq.(8.89)
was adopted.
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8.3.2. A nonlinear theory based on the curvilinear coordinates

The strain based on the change in length of dR per unit length gives
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where the Lagrangian strain tensor Eaf3 to the initial configuration is

1
Eaf3 = "2 (ua;f3 +ua;f3 +u;~uY;f3)

= ~[(o; +u(;,)(o%+u;~ )GyJ - Gaf3 J.

(8.111)

(8.112)

Similarly, the angles between na and n f3 before and after deformation are ex­

pressed by 8(1\' I\' ) = 1( / 2 and ()(" " )' i.e .,
a ' j3 a > P

drdr G 2E
cos () = a 13 af3 + af3

(" ", " p) I d;II ~1 ~(Gaa+2Eaa)(Gf3f3+2Ef3f3)

(0; +u;~)(o% +u;~)GYJ

~GaaG1313 (1 +ca)(1+cf3) ,

and the shear strain is

. - I Gaf3 +2Eaf3= SIn

~(Gaa +2Eaa)(Gf3f3 +2Ef3f3) '

= sin " (0; +u;~)(o% +u;~)G)6 .

~GaaGf3f3 (1 +cf3)(1 +cf3)

The direction cosine of the rotation without summation on a and f3 is

dR ·dr
cos() . = (X [J

(l'i a ,"p ) IdR II drI
(X [J

(8.113)

(8.114)
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GafJ + Ua;fJ _ (0; +U;~)G]<1'

~GaaGfJfJ (1+ CfJ) - ~GaaGfJfJ (1+ CfJ)

8 Nonlinear Beams and Rods

(8.115)

(8.116)

In addition, the change ratio of areas before and after deformation are given by

da
~=(1+ca)(I+cfJ)sinB(n n )
dA a' P

afJ

where da = Idrxdr I and dA = IdRxdR I·
afJ afJ afJ a fJ

From assumption (ii),

(8.117)

No displacements exist in the direction of 5 3(i.e., u3 = 0). From the Kirchhoff's
assumptions , under bending only, if the cross section is normal to the neutral sur­
face before deformation , then after deformation , the deformed cross section is still
normal to the defonned neutral surface . Thus, equation (8.117) becomes

From Assumptions (iii) and (iv),

(02
A
+ U;~ )(02A +U;~)GAA = G22 ,

(ot +U;~)(O; +U;~)GAr = O.

(8.118)

(8.119)

With u3 = 0 and Eq.(8.117), the Taylor series expansion of Eq.(8.119) gives for

the zero-order of 5 2:

GAA (ot )+ qJ,(A))(ot )+ qJ,(A)) = G
22

,

(ot +U~I)(O; +qJl(r))GAr = O.

Form the foregoing equations,

(8.120)

(8.121)

From the sign convention, the positive "+" in the second equation of Eq.(8.121)
will be adopted . Similarly, one obtains qJ~a) (n = I, 2, ... and a = 1, 2). The ap­

proximate strains for the curved beam in the curvilinear coordinates are:
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(0) de, I 52 I d' e, I ( 5 2)2c "" c +-- +---- + - - -

I I d5 2
S2=0 2 d( 5 2)2 S2=0

(
s:1I II ) (II)G

(0) UI +uo-, /P, -, 11/I 2
= c + - - 5

I G (I + c(O»
II I

{
[2( s:1I II ) (II) ] (II) (II)

I U I +UO-I /P2-' + /P,-, /P, -,+- - - - - G
2 G (I + c(O) 1111

II ,

[(~II + U~ I )/PI(;~)]2 G~II } 2 2

- G2 (I (0)3 (5 ) + --' ,
II +c,

v"",,(0) + d YI2 1 5 2+.!.. d 2YI 21 (5 2)2+ . ..
1'2 r.. d5 2

S2=0 2 d( 5 2)2 S2=O

I {(O.Il + U (II ) )m(lI ) + (O.Il + m (lI) )m(lI )
= , ,( 0) +___ I 0; ' 't'l 2 't'l "t' 1;1 G

r.. ,,(0) ~ ~ (0) (0) 11/I
COS l 12 VGII V G 22 (l+ c I )(l+ c 2)

[
(O.Il (II» (II)G ( S:II (II) (II) ]}

• ,,(0) I + UO;, /PI ;' 11/I 2 U 2 + /PI /P2 G 11/I 5 2
- SInl, + +...

12 G (l+ c(0» 2 G (l+ c(0) 2 '
II I 22 2

c(O) = _1_~(0.1I + m (lI ) )(0.11 + m (II ) G -I
2 fG 2 "t" 2 "t' 1 1111

V V 22

=_I_~(m(l ) 2 G +(I+m(2) 2G _I
fG"t'1 II 't'l 22'

V V 22
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(8.122)

(8.123)

(8.124)

(8.125)

(8.126)
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(8.127)

As in Eq.(8.96), the stresses on the deformed configuration can be defined by the
constitutive laws, i.e.,

The internal forces and moments in the deformed beam are defined as

N, = lCTI [(l+cJ(1+c3)COSYZ3]dA,

S? Z

M3= l CTI l+qf) [(1 +cJ(1 +cJ cosY23JdA,

Q, = lCTl z[(I+cJ(1+c3)cosYz3]dA.

(8.128)

(8.129)

For convenience, the subscripts of the internal forces can be dropped again . The
internal force vectors are defined as

M == M 3N
3 = Mn 3 ,

.N == N ANA = Nn, +Qnz'
I\M== I\ MA N A =glx.N,

where

The components of the internal forces in the G A -direct ion are

N A=Nn"NA+Qnz ·NA=NcosB(n 1\ )+QcosB(n 1\ )
I' A 2' A

= N(~r +U~,)GrA + Q(o; +qr))Gr A

~GAAGil (1 +c?)) ~GAAGzz (1+ciO)) ,

(8.130)

(8.131)

(8.132)

(8.133)



8.3. Nonlinear eurved beams

If U~), 3 = u3 = 0, £ j O) = 0, GA3 = °(A:t 3 ) and G33 = 1 , then

Mi =M1
2 =0, M~ =M,

l\'M I = l\'M 2 =0,

l\'M 3 = Q .JG:: (1 + £(0»).
(1 +£iO») ,JG;; 1
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(8.134)

Based on the deformed middle surface in the Lagrangian coordinates, the equa­
tions of motion for the defonned beam are

and for (A = 1,2) ,

or

~l + q = PUO.II +13f1J" II'

M , +]\'M +m = 13uOII +J3f1Jlt, ;
, "

N~ + q A = PU~II +13 flJl(~ ) ,
, "

M~ + x M
3 + m' = J3U~ II + J3flJl(;~ '

, "

(8.135)

(8.136)

(8.137)

wherep= IPodA , 13 = IPoS
2dA and J 3 = IPo(S2)2dA .

As in Eqs.(8.l 06)-(8.109), the force and displacement continuity and bound­

ary conditions can be given . The force condition at a point:Jt with S' = si is

- N(si ) + +N(Si )+ Fk =0,

-NA(si ) = +NA(Si ) + F/ (A=1,2).

The force boundary condition at the boundary point :J: is

(8.138)

(8.139)

If there is a concentrated moment at :Jt with Sl = si , the corresponding mo­

ment boundary condition is
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-M (S~ ) + +M (S~ ) + Mk =0,

-MA (S~ ) = +MA (S~ ) + M: (A=3).

8 Nonline ar Beams and Rods

(8.140)

The moment boundary condition at the boundary point .y; is

(8.141)

The displacement continuity and boundary conditions are similar to Eq. (8.68).
i.e., u:_= u:+and u~ = B,A (A = 1,2 ).

8.4. A nonlinear theory of straight rods

Consider a nonlinear rod in the initial configuration to be straight, which requires
that the initial curvature and torsion should be zero (K(S) = 0 and reS) = 0 ).

Thus, let s' = x ' , GIJ = 0 and Gll = 1(I , J = 1,2,3). The three dimensional dis­

placements, strains, the directional cosine of rotation and the change rate of the
area are given in Eqs.(8.29)- (8.35). It is assumed that the coordinate Xl is along

the longitudinal direction of rod and the other two coordinates X 2 and X 3 are on
the cross section of the rod with the direction ofXl . The coordinates for the de­
formed straight rod are (s' , S2 , S 3) . As in the thin beam theory, the widths of rod

in two directions ofX 2 and X 3 are very small compared to the length of the rod in
direction of Xl , the elongation in the two directions of X 2 and X 3 should be very
small, which can be neglected . Based on the aforementioned reasons, the assump­
tions for thin rods are adopted.

(i) The elongations in the two directions of X 2 and X 3 are very small (i.e.,
&2 "" 0 and &3 "" 0 ).

(ii) Under bending only, the neutral surface is not deformed (i.e., J'l 2 "" 0 and

J'l3 "" 0).

Choose an arbitrary coordinate frame as (X ', X 2
, X 3

) and the coordinate of

X l goes through the centroid on the cross section of the rod. The centroid curve
of the deformed rod is along the coordinate of s ' in the coordinates of (s', S2, S 3) ,

as shown in Fig .8A. The external forces on the rod can be given as in Eqs.(8.36)­

(8040) . Under the torque, the rod possesses torsion r(s') = res) in the direction of

s' . The transverse forces off the shear center produces the torques included in m'
and kM I . Compared to the longitudinal length S , X 2 and X 3 on the cross sec­

tion are very small. From assumption (i), three displacements u' = u' (S , X 2
, X 3

)

can be expressed by the Taylor series as
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x2

/V ~\ \
~--- - - -- - - - p -------------------------- -7

Initial configuration
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Deformed configuratio n
8'

Fig. 8.4 A straight rod with initial and deformed configura tion.

U/ =u~(S,t)+ L:=I(X2yqJ~I)(S,t)+L:=I(X3yB~I)(S,t)

+L:~I L:~I (X
2)

m(X
3y «:». t) ,

where

From Eqs.(8.30) and (8.33), the approximate six strains are

_ (0) aCI I X 2 aCI I X 3ci - CI +--2 +--3
ax ( X ' ,X' ) ~(O, O ) ax ( X ' ,X ' ) ~ ( O ,O)

+ 1 a 2~1 21 (X2)2+ 1 a 2 ~1 21 (X3)2
2! a(x ) (X2 ,X')~(0,0) 2! a(x) ( X2 ,X')~(0 ,0)

+ a
2

CI
1 x 2x 3 +...

ax2ax3

(X ' ,x' )=(0 ,0)

(
s: / / ) (I) (S:/ / )Ll(l )

_ (0) VI +UO,I qJI ,1 2 VI + U O,I VI ,I 3
- CI + (0) X + (0) X

1+cI 1+ cI

(8.142)

(8.143)
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(8.144)

(8.145)
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(8.146)

(8.147)
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[

(0./ + u (I) )tJ.(I) 2(0./ + ()(I) )()(I ) ]}
. ,jO) I 0,1 1,1 3 1 2 X 3 ,

- sm ( 13 (0) 2 + (0) 2 +.."
(l +£ 1 ) (l + £ 3 )

where

(8.148)

(8.149)

(8.150)

From Assumption s (i) and (ii), consider the zero order of the Taylor series of the
six strains to give

£ (0) = 0 £ (0) = O: ,jO) = 0 , j O) = 0 , j O) = 0
2 '3 ' 1 12 , I n ' { 23 .

(8.151)
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The deformed rod for X 2 = X 3 = °satisfies the following relation :

(1 + c? »)2= (~I +u~.,)(~1 + u~. ,) .
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(8.152)

Note that one assumed C lI O) = 0, wh ich is not adequate (e.g., Novozhilov, 1953).

Equation (8.152) implies that only 1-dimenisona1 membrane force in the rod is
considered. From Eqs.(8.15 1) and (8.152),

\ 0) 2 (~I + u~ ,)(~I + u~ ,) = 1,
(1+ c, ) . .

(0; + qf »)(o; +qf») = 1,

(0; +ff»)(o; +Bil)) = 1;

(~I +u~ ,)(0; +qf ») = 0,

(~I +u~,,)(o; + Bil)) = 0,

(0; +qf »)(o; +B,(I ») = 0.

(8.153)

Using the zero ord er terms of X 2 and X 3 in Eq.(8.34), the direction cosine ma­

trix ((lij ) 3x3 ) is given by

~I +u~,
cosB(n I ) = III = (0; ,

1'[ I+ c,

_ _0; +qf )
cos B(n I ) -12l - (0) '

a [ 1+ c
2

8 1 +0(1)
L) -I _ 3 Icos U(n I ) - 31 - (0)'

3' [ l+ c
3

(8.154)

From the geometrical relations, the nine directional cosines must sat isfy the trigo­
nometric relations without summation on a = 1, 2, 3 as

lallal=l for/ =1 ,2,3

and for a, j3= 1, 2, 3 and a ;t. j3,

(8.155)

(8.156)

As aforesaid, only the three rotat ions of rod are considered. Thus, the unknowns

qf ) and Bil) (/ = 1, 2, 3 ) can be determined by the three Euler angles ( <I> , \fI and

e). The Euler angles <I> and \fI rotates around the axes of X 2 and X 3
, respec­

tively, and the Euler angle e rotates around the axis of X ' , as sketched in

Fig .8.5. Due to bending , the first rotation around the axi s of X 2 is to form

(X', X2
, X3

) in Fig.8.5(a) . The second rotation around the axis of X3 gives
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(Xl, X2
, X3

) , as shown in Fig.8.5(b). The last rotation around the axis of X' is

because of the torsion, and the final state of the rod in the frame of (Xl,X2
, X3

)

in Fig.8.5(c) gives the coordinates (s', S 2 , S 3) for the deformed rod. The rotation

deformation is the same as the rotation given by Eq.(8.153) . The rotation matrices
are

[

COS <I> 0 - sin <1>]
R' = 0 I 0 ,

sin <I> 0 cos <I>

(8.157)

(8.159)

(8.158)

o

sin \II

cos \II

o
o _cos O sin e .

- sin e cos O
R' =[~

[

COS \II

R
2

= -s~ \II

From the above rotat ions, the directional cosine matrix ( l = (lij) 3x3 ) is

(8.160)

where

III = cos <I> cos \II,

121 = -cos <I> sin \IIcos e + sin <I> sin e ,

l 31 = cos <I> sin \IIsin e + sin <I> cos e,

ll 2 = sin \II,

122 = cos \IIcos o,
132 = -cos \IIsin e,

113 = - sin <I> cos \II,

123 = sin <I> sin \IIcos e +cos <I> sin e ,

133 = -sin <I> sin \IIsin e +cos <I> cos e .

(8.161)

Compared with Eq.(8.153), equations (8.156) and (8.16 1) give

U~,I = (1 + cI(O»)cos <I> cos \II-1,

<p,(') = -cos <I> sin \IIcos e +sin <I> sin e ,
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(a)

(b)

X'
;a...- 4-- -f--r-- - . Xl
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(c)

Fig. 8.5 Euler angles of rod rotation caused by bending and torsion : (a) the initial (red) to first
rotation (green), (b) the first to second rotation (brown), (c) from the second to the last rotation
(blue) . (color plot in the book end)
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Bil
) = cos <l> sin \fIsin 8 +sin <l> cos 8 ,

u~ I = (1 + &1(0) ) sin \fI,

qf l = cos \fIcos 8 -1,

Bill =-cos\fl sin8, (8.162)

U~,I = -(1 + &1(0) ) sin <l> cos \fI,

tp? ) = sin <l> sin \fIcos 8 +cos <l> sin 8 ,

Bil
) = - sin <l> sin \fIsin 8 +cos <l> cos 8 -1 .

The first, fourth and seventh equations of the foregoing equation give

_ + ~(1 + U~,1 )2 + (U~,1)2
cos \fI - (0)'

1+ &1

, U~I
SIn \fI = --'-(0-) ;

1+ &1

I+u~ 1
cos<l> = + '

~(1+U~,1) 2 +(u~S '

and

1(1 + I )2+( 3 )2
(2) _ + '\J U O,I U O,I 8 -1

tpl - (0) cos ,
1+ &1

(8.163)

(8.164)
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If e = 0, the rotation about the longitudinal axis disappears. So only the bending
rotation exists . This case reduces to the pure bending of the rod as discussed in
Section 8.2.

From Eq.(8.l54), the directional cosine vectors are defined as

(8.165)

Thus, the change ratio of the directional cosines along the deformed rod is

d~~{ I I for a = 1,2,3
(1+t\ )dS

(8.166)

The three vectors form a instantaneous , rotational coordinate frame, and the rota­
tion ratio vector about three axes are defined as

(8.167)

From rigid-body dynamics (e.g., Goldstein et aI., 2002), the change ratio of the di­
rectional cosines along the deformed rod can be computed in an analogy way, i.e.,

I I 12 13

= WI w2 w3 = euKw)aKlp

i: i; i:
(8.168)

for a = 1,2,3 and I , J , K E {I, 2, 3} with I*, J *' K *' I . From the foregoing

equation, the rotation ratio components are given by

e dial I = e dial I = W
IJK ds aK UK (1+ c I(O) )dS aK J'

(8.169)

In other words, the foregoing equation is expressed by

(8.170)

dla 2

(1+c
l
(O»)dS

»:
( 1+CI(O) )dS

dial
( 1+CI(O))dS

From Eq.(8.161), the foregoing equations gives

1 . d~ de
WI = --(0-) (sin ep- + cos~ cos ep-),

1+cI dS dS
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or

I d\)1 . de
OJ2 = --(0-)(-+ sin \)1-),

]+c, dS dS

I d\)1. de
OJ3 = --(0-) (cos <I> - - sm <I> cos \)1-);

]+c, dS dS

. d\)1 de
~ = sm<I>-+cos \)1cos<I>- ,

ds ds
d\)1 . de

OJ =-+sm \)1-
2 ds ds '

d\)1. de
OJ3 = cos <I> - - sin <I> cos \)1-

ds ds

8 Nonlinear Beams and Rods

(8.171)

(8.172)

Notice that one often assumes dS = ds in Love (1944) , which is not adequate for
large deformation.

On the other hand , using Eq.(8.25), the particle location on the deformed rod is
expressed by

(8.173)

Because X' = S , X 2 and X 3 are independent of S. From Eq.(8.3), the base vec­
tor along the longitudinal direction of the deformed rod is given by

and the corresponding unit vector is

- s t I s ! I
_ g, VI +U" VI +U"

n
j

= Ig, 1= ~(~K +U,~)(~K +U,~) I I=~II '

(8.174)

(8,175)

(8,176)

Note that " I = n l ' The base vector in the principal normal direction of the de­

formed rod is

(8,177)

where
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g~ == g_12 [U.~I(~K +U.~)(~K +U.~)_(~I +U.~)(~K +U.~)U.~IJ .
II

The unit principal normal vector is

and from Eq.(8.9), the curvature of the deformed rod becomes

iCeS) = Igzl= H:: = ~(x,~s +u,~s )(X,~s +u,~s)

J(U,~ IU,~I)(~K +U,~)(OIK +u,~)-[(oi +X,~)U,~ I] z
- 3 / 2
gil

-I I [ I ~K K ~K Ks, = g- 2 UO,II(UI +UO,I)(UI +UO,I)
II

- (~I + U~,I )(~K + U:'I )U:'II J.

From Eq.(8.11), the unit bi-normal vector is obtained by

with

- :I - K

- I - e ~....¥.L d - Ig3 - I:lK ~ an g33 = .
" g i l iCeS)
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(8.178)

(8.179)

(8.180)

(8.181)

(8.182)

(8.183)

(8.184)

Because of the axial rotation, the rotation vector along the longitudinal arc
length Sl = s of the deformed rod is

(8.185)

where the torsion of the defonned rod is computed from Eq.(8.13), i.e.,

(8.186)

For X 2 = X 3 = 0 , the foregoing equation is rewritten as
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From Eq.(8.185),

k(S) = (0/1/ 0°3= (O/g;,

f(S)=(O/I /oo l = (O/g;,

or

(0/ = k(S)03·1/ +f(S)ol 01/ = k(S)g; +f(S)g{.

However, from Eq.(8 .163), dtr / dS and det> / dS are determined by

det>

dS

or

(8.187)

(8.188)

(8.189)

(8.190)

det>

ds

u~ II (I +u~ I) - u~ IIu~ I, , ..
(8.191)

Substitution of Eqs.(8.163) and (8.190) into Eqs.(8 .171) and (8.188) gives 8 and
d8 / dS when the initial twisting about the longitudinal direction of s is zero
(80 = 0).

As before, the constitutive laws for deformed rods give the corresponding re­
sultant stresses for ( a = 1,2, 3 ) as

(8.192)

The internal forces and moments in the deformed rod are defined as

NI = 10"11[(l + &J (I +&3)COS YZ3]dA,

Qz = 1O"IZ[(1+ &z )(1 + &3 ) cos Y23] dA,

Q3 = 10"13[(1 + &z )(l + &3 ) cos Y23 ]dA,

)(Z Z
M3 = 10"11 l+tp? ) [(1+ &3)(1+&Z) cosY23JdA,
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For convenience, the notat ions (Q2 == Nz' Q3 == N3 and T; == M I ) are used .

M == M Il l = M ana'

.N == NI I I = Nana,

l'\ M == l'\ M Il l = g, x.N,

where

dr s! I x 1
g l ==-=(ul +uol)11 and M==-drx.N.

dS . dS
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(8.193)

(8.194)

(8.195)

With Eq.(8. 154), the components of the internal forces in the I I -direction are

= M I(o/ +U~;I) + M z(O; +ffJ/) + M 3(O: +B/)
1+ £(0) 1+ £(0) 1+ £(0) '

I 2 3

xM I = (g, x.N) · I I = eIJK(o/ +U~ I)NK .

(8.196)

(8.197)

Using the external forces as in Eqs.(8.34)- (8.38), equations of motion on the de­
formed rod are given by

where

~I +q = pUo.1t + 13ffJI.1t +1281.,1'
l'\

M .I + M +m = v...v0 .1t ,

/ 0 It = [(J3U~ It -12u~ It)+ (J22ffJI( ~; -J23ffJI( ~;), , , , ,

+ (JzA:;; -J33BI:~;)]11 +(J3U~ .1t +J23ffJr;~ +JzA:;~)1 2

- (J2U~ , 1t +JZZffJI(,~~ +JzA:;~)1 3 '

(8.198)

(8.199)
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J 22 = LPo(X3)2dA,

J 33 = LPo(XZ)ZdA ,

J Z3 = Lpo(X2)(X3)dA ,

and the scalar expressions are for / = 1, 2, 3 ,

N I I - I / (I ) / n (l)
, I +q - PUO ,II + 3qJI,1I + ZO I,II '

M ; + I\M I +m l = /011 ,II ', ,

or

8 Nonlinear Beams and Rods

(8.200)

(8.201)

The force condition at a point.'l{ with Xl = X~ is

- N (X~ ) + + N(X~ ) + Fk =0,

-NI
(X~) = +NI

(X~)+F/ (1 =1,2, 3).

The force boundary condition at the boundary point :J: IS

N(X;)+Fr =0,

N I (X,I) + F,l =0 (/=1,2,3).

(8.202)

(8.203)

(8.204)

If there is a concentrated moment at a point.'l{ with Xl = X~ , the corresponding

moment boundary condition is

-M (X~ ) + +M(X~ ) + Mk =0,

-MI (XD =+MI (X~ ) + M: (1=1,2,3).

The moment boundary condition at the boundary point :J: IS

M(X,I)+M , =0,

M I(X;)+M: =0 (1=1,2,3).

The displacement continu ity and boundary conditions are

(8.205)

(8.206)
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U~_ = u~+ and U,l = B/ (l = 1, 2, 3).
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(8.207)

The rod theory can be reduced to the Cosserat theory of rods (e.g., E. and F.
Cosserat,1909; Ericksen and Truesdell, 1958; Whitman and DeSilva,1969).

8.5. Nonlinear curved rods

Consider an arbitrary coordinates as (SI , S2, S3) on the cross section of the rod.

The deformed curve of the rod is shown in Fig.8.6. The coordinate SI is along the

longitudinal direction of rod and the other two coordinates S2 and S3are on the

cross section of the rod. Without loss of generality, S2 and S3 are collinear to N2

and N 3 for the curvature and torsion directions of the curve, respectively. The co­

ordinates for the deformed rod are ( SI , S 2, S 3 ) • Since the widths of rod in two di­

rections of S2and S3 are very small compared to the length of the rod, the elon­

gations in the two directions of S2and S3 should be very small, which are
ignorable. Thus, the following assumptions will be adopted.

(i) The elongations in the two directions of S2and S3 are very small (i.e., &2 "" 0

and &3"" 0).

(ii) Under bending only, the neutral surface is not deformed (i.e., J'l 2 "" 0 and

J'l3 "" 0).

As in Eqs.(8.69) and (8.74), consider external distributed forces and moments
on the initial configuration for ( J, A = 1, 2, 3 ) as

(8.208)

and concentrated forces on the initial configuration at a point SI = Sk'

Thus, one obtains the relations, i.e.,

F A ISl~s = FI II · NA = F
1

cos B (I / .l\'A) ,

M
A

ISl~s = MI II · NA =M
1

COSB(I / .l\' A) ·

The displacement vectors on the initial configuration are

The internal forces and moments for (SI > S~) are

(8.209)

(8.210)

(8.211)
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Initial configuration

Fig. 8.6 A curved rod with initial and deformed configuration .

F ISI=S= Lk~' Fk+rqdS' ,

M ISI=S= Lk~,M k +rmdS'

+L k=,(R(S)-Rk)x kF+r(R(S)-R(S'))xqdS' ;

orfor J, J , K = 1, 2, 3 (1"* J "* K "* 1),

F 11 =" kF 1+ fSq1dS'
Sl ~s L.Jk~ ' ! ) ,

M 1 II =" M 1 + fSm' dS'
S ~S L.J k=' k .10

+Lk~, elJK(X~ -X;)Fk
K+relJK(X~ -X;)qKdS'.

(8.212)

(8.213)

8.5.1. A curved rod theory based on the Cartesian coordinates

As in Eqs.(8.79)-(8.84) for the strains of the 3-D deformed beam, the exact strain
for the 3-D deformed rods can be obtained. Similar to Eq. (8.142) , the displace­
ment field for any fiber of the deformed rod at a position R is assumed by
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u l
=u~(S,t)+ L~~JSz )" qI~I) (S , t ) + L~~JS3 )" B~ I) (S , t )

+L:~l L~~l (S Z)m(S 3)"19;!;(S,t),
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(8.214)

where SI = S , and u~ is displacements of the centroid curve of the rod for

S Z= S3 = 0, and X l = x ' (S l) . The coefficients of the higher order terms qI~I) ,

B~I) and 19~:; (S) (m, n = 1, 2, . . . ) are from the Taylor series expansion , i.e.,

(I ) _ 1 dnu
l

1
qln - ,-- Z- n '

n . d(S) (S 2 . S3 )~ ( 0 . 0 )

B(/ ) =~~I
n n! d(S3)" (S2 .S3 ) ~(0 . 0)'

1 dm+n I 119(/)=__ u
mn min! d(s Z) md(s 3)" (S ' .S 3) =(0 =0)·

_ (0) dcz l S Z dcz l S 3Cz - Cz +- -Z +- 3
dS (S 2. S3)~(0 . 0) dS (S 2. S3)~(0 . 0)

+~ dZ~\ 1 (S Z)Z+ 1 d Z~z zi (S 3)Z
2! d(S) (S2 .S3) ~(0 . 0) 2! d(X) (S2 .S3)~(0.0)

(8.215)

(8.216)
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(8.217)

(8.218)
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1 {2(X l +u(l))m(l)+(Xl +m(l»)m(l)= . 10) + .1 0.1 'r2 ,2 'rl 'r1.1
112 ,,( 0) ~ (0) (0)

cos (12 "Gil G 22(1 + &1 )(1 + &2 )

[

(X l +u(l»)<fJJ(I ) 2(Xl +CA(I »)qJ(I )]}
-sin ;10) .1 0.1 1,1 + .2 I 2 S?

12 G (1 + &(0» )2 G (1 + &(0»)2
II I 22 2

1 {(X l +m(I))B(1) +(Xl +u(l»)1J.(1)+ ,2 'rl 1,1 , I 0,1 II

cos;1~ ) ~GIIG22 (1+&? »)(1+&iO»)

[
(X l (I) )LJ(I ) (X l (I» ) -'li I) ]}

_ sin ;10) ,I + UO,I °1,1 + ,2 + qJI Vii S3+ . .. .
12 G (1+&(0»)2 G (1+ &(0»)2 '

II I 22 2
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(8.219)

(8.220)
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where

I {2(X I +f},(I))m(l)+(XI +m(l))o.(I)= ,,(0) +___ ,3 I 't'2 ,2 't'l II

[ 23 ,)0) ~G( (0) )(1 (0) )cos [ 23 'I/\J22\J33 1+&2 +&3

[

2(X I + rp,(l))rp(l) (X l +f},(I))o.(I)]}-sin 1,0) ,2 I 2 + ,3 I II S 2
23 G (1+ &(0))2 G (1+&(0))222 2 33 3

I {2(X I + rp,( l) )(},(I ) + (X l + f},(I))d: l)+___ ,2 I 2 ,3 I II

COS ri~) (1 +&iO))(1+ &~O))

[

(X i + rp,(I) )0.(1 ) 2(XI + f},( l) )(},( l) ]}_ sin 1,0) ,2 I I I + ,3 I 2 S 3+ . . .
23 G (I + &(0))2 G (I + &(0))2 '22 2 33 3

(8.221)

(8.222)

From Assumptions (i) and (ii) , consider the zero order terms of the Taylor series
of the five stra ins to give

&(0) = 0 &(0) = O· ,)0) = 0 ,)0) = 0 ,)0) = 0
2 '3 ' [ 12 ' [ 13 ' [ 23 .

The stretch of the deformed rod for S 2 =S3 =0 satisfies

(I (0) )2 _ 1 (X l I )(XI I )
+&1 -- I +UOI I +UOI •G ' , , ,

II

(8.223)

(8.224)

Equation (8.224) implies that only l-dimenisonal stretch is considered as in the
cable. Similarly, from the higher order terms of the Taylor series of the six strains,
the relations for the unknowns in displacement field can be obtained. From
Eqs .(8.222) and (8.223) ,
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1 (0) 2 (X ; + u~ , )(X ; + u~ , ) = I ,
Gil (1 +c,) . . , ,

1_(Xl +m(l))(X I +m(l))=I,G ,2 't'l ,2 't'l
22

_I_(XI +8(1 ))(XI +8(1 )) = I:G ,3 ' ,3 I ,
33

(X ; + u~ I )(X ~ + ffJ? )) = 0,, , ,

(X ; +u~, )(X ~ +Bi l)) = 0,, , ,

(X l +m(l))(XI +8(1 )) = 0.
,2 't'l ,3 I
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(8.225)

Using the zero order terms of S 2 and S 3 in Eq.(8.83), the directional cosine ma­

trix ( (lij ) 3X3 ) is

(8.226)

From the geometrical relations, the nine directional cosines must satisfy trigono­
metric relations in Eqs.(8.155) and (8.156). As in Fig.8.5, consider the initial Euler
angles (<1>0' '¥ 0 and 8 0) rotating about the axes of X l ,X 2 and X 3

, respectively.

The Euler angles of the defonned rod are (<1>, '¥ and 8 ). As same as in

Eq.(8.l 57)-(8.159) gives the direction cosine matrix (l = (lij )3xJ in Eqs.(8.l 60)

and (8.161) for the deformed rod. Compared with Eq.(8.235), with Eq.(8.I56),
equation (8.161) for the deformed rod gives
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X 2 +fA(2)
,2 I = COS \IICOS 8 ,
J(J;;

X 2+B,(2)
,3 I = _ COS \IIsin 8,
JG::

X~+U~I .r: , = -Sill <I> cos \II,
"Gil (1+&1(0»)

X 3 + rp (3)

,2~ = sin <I> sin \IIcos 8 + cos <I> sin 8 ,
" G22

X 3 +B,(3)Jc;;; = - sin <I> sin \IIsin 8 +cos <I> cos 8 .
G33

The first, fourth and seventh equations of Eq.(8.227) give

!(XI
I + U~ I) 2 +(X~ +U~ I) 2

cos \II = +" " "JG:: (1 + &1(0) )

. X~ +U~I
Sill \II = ' , .JG:: (1 + &1(0» ) ,

X l +u l

cos <I> = + ,I 0.1

~(X,II +U~ , 1)2 +(X,~ +u~,Y

. X~ +U~ I
Sill <I> =+ "

!(X I +UI )2+(X3+U3 )2
" ,I 0,1 ,I 0,1

and

(8.227)

(8.228)
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X 3 L}(3)
.3 +u, I Li23 • I'rr =±-( c-: sme+(X, +uo,)cose) ,
VG33 Li VG" (1+c,(O)) "

where

Li = ~(X,', + U~ , 1) 2 + (X,; + U~, 1) 2 ,

Lil 2 = (X ~ + u~ , )(XI
, + u~,) ,, , , ,

Li23 = (X,; +u~,,)(X,~ +u~,,).
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(8.229)

(8.230)

(8.231)

If e = eo, the rotation about the longitudinal axis disappears . So only the bending

rotation exists, which is the pure bending of the rod as in Section 8.3.1.
From Eq.(8.165), the change ratio of the directional cosines along the deformed

rod in Eq.(8.166) becomes

dla = dial I = dial I'" =1 2 3
I ~ I lora , , .

ds ds VG" (1+c 1(0))dS

As in Eq.(8.168), the change ratio of the directional cosines along the deformed
rod can be computed by

where the rotation ratio components in Eq.(8.232) are

0) =e dial I = e dial I
J IJK ds a K UK JQ::(1 +c,(O))dS o«:

From Eq.(8.16 1), the foregoing equations give

(8.232)

(8.233)

(8.234)

I . d'P de
~ = ~ (sm<l>-+ cos'Pcos<l>-),

VGII (1+c
l
(O) ) dS dS

I d'P . de
0) = (-+sm'P-),

2 JQ::O +cl(O)) dS dS

I d'P. de
0)3 = ~ (cos <I>--sm <I> cos 'P-);

VGII (1+c
l
(O) ) dS dS

similar to Eq.(8.171).
In an alike fashion, using Eq.(8.25), the particle location on the deformed,

curved rod can be expressed by

(8.235)

The corresponding base vector of the deformed, curved rod is
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(8,236)

and the unit vector for the deformed, curved rod is

- X l I X l I
ii =-.!L = ,I +U,I I = ,I +U,I I

1 I - I I I I I I I rrG (1 ) I'
gl V(X,I +U,I)(X,I +U,I) "VII +C1

For 52 =5 3 =0 ,
- X l I X l I

ii =-.!L = ,I +UO,I I = ,I +UO,I I
1 I - I I I I I I I rrG (1 (0) ) I '

g, V(X,I +UO,I)(X,I +UO,I) "VII +C1

The base vector in the principal normal direction is as in Eq,(8 ,177), i.e.

where

Thus, the unit principal normal vector in Eq,(8, 179) can be rewritten, i.e.

where the curvature of the deformed rod is

K(5) =Ig2I=;g;; =~(X,~s + u,~J(X,~s + u,~J = -~ / 2 F:,
gil

3 1 = (X ~ I +U ~ I)(X~I +U ~ I)(X~ +u~)(X~ +u~), , , , , , , ,

- [(X,~ +X,~ )(X,~I +U,~I)f,

3 1=(X~I +u~ Il)(X~1 +u~Il)(X~ +U:I)(X~ +U: 1), , , , , , , ,

-[(X,~ +U~,I)(X,~I +u~,Il)f,

(8,237)

(8.238)

(8.239)

(8.240)

(8.241 )

(8.242)

(8,243)

(8.244)
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The rotation vector of the deformed, curved rod can be expressed as in Eq.(8.185),
i.e.,

where the torsion of the deformed rod is

_ el'K(X; +U~)(X;I +U~I)(X~II +U~II)reS) = J • • • _ . • ' .

-I

The foregoing equation for S2 =S3=0 becomes

From Eq.(8.245), equations similar to Eqs.(8.188) and (8.189) are:

k( S) = OJI I I • n3 = OJd"t;,
t(S) = OJII I · n l = OJd?;,

or

OJI = k(S)n
3

.11 +t(S)nl .11

= k(S)g; + t(S)g; .

From Eq.(8.238), d'f' I dS and dcf> I dS are determined by

d'f' (X~ I + u~ 11 )1l2-[1l12 (X~ l + u~ 11 ) + 1123(X~ , +u~ 11 )]-+ . . .. ..
dS - - G (I + c (0 ) ) 2 IIII ,

d<l> _ (X.~ I + U~. I I)(X .', + u~ . , ) - (X.
I
ll + U~ .ll)(X.~ + U~. I) .

dS - - 112 '

or

d'f' (X~ , +u~ 1l)1l2 -[1l1 2(X~ 1 +u~ I I)+1l23(X~ , +U~ ll)]-=± . . .. 3 • •

ds [~(1+ c,(O))J II

dcf> (X.~ I + U~.II)(X .', + u~., ) - (X.
I"

+ u~.,,)(X.~ + U~.I )
- -
ds ~(1 + c,(O) )1l2

(8.245)

(8.246)

(8.247)

(8.248)

(8.249)

(8.250)

(8.251)

Substitution of Eqs.(8.228) and (8.250) into Eqs.(8.234) and (8.248) gives e and
de l dS .

As in Eq.(8. l92), the constitutive laws for deformed rods give the correspond­
ing resultant stresses, and the internal forces and moments in the deformed rod are
in the form of Eq.(8.193), i.e.,
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N1 = LCTIl[(I+cJ(1+C3)COSYZ3]dA,

Qz = LCT, z [(1 + cz)(1+ C3)cos YZ3]dA,

Q3 = LCTI3[(1+cZ)(1+c3)COSY23]dA,

r S ZJ(i;; [ Z ]
M3 = JACTII 1+ lp?) (l + C3)(1 + CZ) cos YZ3 dA,

r S3J(i;; [ Z ]
M z =-JACT11 1+8(3) (1+cJ (1+cZ)COSY23 dA,

1

i
S 3(1+C3)J(i;; S Z(1+cz)J(i;;

T. = [CT CT ]
, A IZ 1+ 8 (3) ' 3 1+ (Z), lp,

X [ (1 +C3)(1 +CZ)COS YZ3]dA.

(8.252)

The notations Qz == Nz' Q3 == N3, and 1; == M, are used again. The internal forces

are expressed as in Eq.(8.l94), i.e.,

where

M == MIl l = Malla,

.N == N II I = Nalla,
l'iM == l'iM Il l = g, x.N,

dr I I l'i 1
gl ==-=(X 1 +uol)l l and M==-drx.N.

dS " ds

(8.253)

(8.254)

With Eq.(8.225), the components of the internal forces in the I I -direction are

N I= Nalla' 11 = Na COSO(Da,1
1

)

Nl (X~ +u6,) Nz(X~ +lp() N3(X~ +O()
= ' ' + ' + ----==--"-' --'--JG::(1 + c,(O)) J(i;;(I + ciO )) J(i;;(1 + cjO)) ,

M
I

=Malla ·I I=MacosO(D I)
a 'l

M,(x~ +u6,) Mz(X~ +lp() M3(X~ +O()
= ' ' + ' + 'JG::(1+ cl(O)) J(i;;(1 + ciO)) J(i;;(1+ cjO)) ,

l'iMI =(g,x.N) ·11=eIJK(X~ +u~I)NK .

(8.255)

(8.256)

Using the external forces as in Eqs.(8.208) -(8.212), equations of motion on the
deformed rod are given as in Eq.(8.198), i.e.,
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~I +q = PUO•II +1lPI.II + 1z81,11,

M 1 + l\' M +m = / O II ', ,

where

/ O II = [(J3U~ 1I -1zu~ II)+(Jzzrpl( ~: -JZ3rpl( ~:), , , , ,

+(JzA(~1-J338i~;)]I , +(J3U~ 1I +JZ3rpl( ~~ + J zz8i:;)I z, , , , ,

-(JZU~ II +JZZrpl( ~~ + J z38i:;)I 3,, , ,

and the scalar expressions are for 1 = 1, 2, 3 ,

or

[
NI (X ~ +U~I) Nz (X~ +rp/) N3 (X~ +8/)]
JG:: (1 + CI(~) ) + JG:: (~ +ciO») + ,JG;;(~ +cjO) ) 1

/ - / I (I ) 1 n (l ) .+q - PU(O),II + 3rpl,1I + ZUI,II '

[ MI (X~ +U~ I) Mz(X~ +rp/) M3(X~ +8/):
JG:: (~ + CI(~» ) + JG:: (~ +ciO) ) + ,JG;;(~ + cjO) ) ,I

+eJJK(X,~ +ut,I)N K+m/ =(/0,rJ·I / .
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(8.257)

(8.258)

(8.259)

(8.260)

From Assumption (i), one has cia) = cjO) = 0 . In addition, the force and moment

balance conditions at any point .y: , and the force boundary conditions are given in

Eqs.(8.203)- (8.206), and the displacement continuity and boundary conditions are
the same as in Eq.(8.207).

8.5.2. A curved rod theory based on the curvilinear coordinates

In this section, the curved rod theory on the curvilinear coordinates is discussed in
an analogy way as in the Cartesian coordinates. The strains for 3-D deformed
beam in Eqs.(8.110)-(8.116) can be used for the 3-D deformed rod. Similar to
Eq.(8.214), the displacement field for any fiber of the deformed rod at a position
R is assumed by

UA
=u~(S,t)+L:=I(Szrrp~A)(S,t)+L:=I(S 3 r8~A)(S,t)

+L:=IL:=Jsz)m(S3 r zJ~~)(S,t),

(8.261)
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where S' =S and u~ (A =I, 2, 3) are displacements of centroid curve of the rod

for S2 =S3=O. The coefficients of the Taylor series expansion qJ~A ) , (J~A ) and

19~~) (m, n = 1, 2, ... ) are

(I) _ I anu l I
qJn - , - - 2- n '

n . a(S) (S' ,s' ) ~(O ,O )

(J(I) =~~I
n n! a(S3)" (S 2, S3)= (0,0 ) ,

I am+n I I
19(1 ) = u

mn min! a(S2)ma(S3)" (S ' , S ') =(O,O) '

(8.262)

(8.263)
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(8.264)

(8.265)
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[

(8 A (A» ) (A) 2( s:A (A) ) (A) ]}
_ sin riO) I + UO;I CfJI ;1 G + V 2 + CfJ1 CfJ2 G S 2

12 G (1+ C(0)) 2 AA G (1+ C(0») 2 AAII I 22 2

1 {(8 A+ m(A))~(A) + (o.A+ U(A) )tJ.(a)+___ 2 '1'1 1,1 I 0,1 II G
,)0) ~ (0) (0) AA

eos [ 12 " GIP 22 (1 + CI )(1 + C2 )

[(
o.A (A ) ) ~(A)G ( S:A (A» ) o(A) ]}, ,)0) I + UO;I 1;1 AA V 2 + CfJI l.!j I G S3 ,

-SIll [ I + +",
12 G (1 + c (0))2 G (1 + c (0») 2 AA 'II I 22 2

;v, '" ,) 0) + a;v, 31 S2+ a;v, 21 S313 [ 13 2 3
as (S' , S3)=(0, 0) as (S2,S3)=(0, 0)

+~ a
2

;v,31 (S 2)2+~ a 2r131 ( S 3) 2

2! a(s2)2 (S' ,S 3)=(0, 0) 2! a( s 3)2 (S2,S3)=(0,0)

a
2

I+-----.2:lL s2S3+" ,
as

2as3
(S' ,S3)=(0,0)

{(
s:A l)(A») (A) ( S:A (A» ) ,o(A)

= ,) 0) + __1_ V 3 +°1 CfJI ;1 + VI +UO;I Ujl G
[ 13 ,)0) ~ (0) (0) AA

eos[13 "GIIG33(1+ E\ )(1+ c 3 )

[

(o.A (A» ) (A) (S:A l)(A)),O(A) ] }
-sin riO) I +UO;I CfJI ;1 + V 3 +°1 Ujj G S2

13 G (1+ c(0) )2 G (1+ c(0» )2 AAII I 33 3

1 {2(o.A+U(A))B(A) +(8A+~(A»)tJ.(A )+___ I 0;1 2 3 I 1;1 G
, ) 0 ) ~( O»)( (0 ) ) AAeos[13 "GIIG331+ CI 1+ c 3

[

(o.A+U(A»)lJ. (A) 2(8A+~(A»)(}(A)] }
- sin riO) I 0,1 1,1 + 3 I 2 G S3 + " , '

13 G (1+c(0))2 G (1+c(0») 2 AA 'II I 33 3

(8.266)

(8.267)
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[

2(IY + m(A))m(A) (JA + 8(A))l9.(A)] }
-sin 1,0) 2 'n 't'2 + 3 I II G S2

23 G (1+£(0»)2 G (1+£(0))2 All
n 2 n 3

1 {2(O,A+ m(A))8(A) + (O,A+ 8(11 ))l9.(A)+ 2 '1'1 2 3 I II G
,)0) ~( O»)( (0» ) AAcos ( 23 \/G22G33 1+ £2 1+ £3

. [(O,A+m(A»)l9.(A) 2(O,A+8(A»)8(A)] }-smt,0) 2 '1'1 II + 3 I 2 G S 3+ • ••
23 G (1 + £(0»)2 G (1 + £(0»)2 All '

n 2 n 3

where
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(8.268)

(8.269)

From Assumptions (i) and (ii), the zero order term of the Taylor series of the five
strains gives

£(0) = 0 £(0) = O: ,)0) = 0 ,)0) = 0 ,)0) = 0
2 '3 ' (12 ' ( 13 ' ( 23 •

The stretch of the deformed rod for S2 = S3 = 0 satisfies

(1 (0» )2 _ GAIl ( S:A A)( s:A A)+£1 --- V I +UO'I VI +UO'I 'G . .
II

From Eqs.(8.269)-(8.271),

GAIl (0) 2 (Jt +u~I)(bt +U~I) = I,
GII(1 + £1 ) . .

~AII (~II + (jJI(A))(J2
A+ (jJ1(A)) = I,

22

(8.270)

(8.271)
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GAA (OA+ (),(A))(OA+ (),(A)) = I'G 3 , 3 1 ,
33

(~A + U~,)(02A + rp,( A))GAA = 0,

(~A +U~,)(ot +B/ A))GAA = 0,

(0: + rpl(A))(ot + B/A))GAA = 0.
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(8.272)

Using the first order terms of S2 and S3 in Eq.(8.l15), the direction cosine ma­

trix ((lij )3x3) is

(8.273)

As in Fig.8.5, the unknowns rp?) and B?)(1 = I, 2, 3) can be determined by the

three Euler angles (<t> , \fI and e). Similarly, the Euler angles <t> and \fI rotates

around the axes of S2 and S 3, respectively, and the Euler angle e rotates around

the axis of SI. Due to bending, the first rotation around the axis of S2 is to fonn
- - -

(Sl , S2 , S3) . The second rotation around the axis of S 3 gives (SI , S2,S3) . The

last rotation around the axis of S' gives a frame of(S', S2, S3) for the final state

of the rod, which is the coordinates (s' , S2, S3) . The direction-cosines give

l+u~,
--(~~)- = cos <t> cos \fI ,
(I +6'1 )

rp? )JG:: . . .
~ = - cos <t> sin \fI cos e+ sin <t> sin e,

"G22

B?)JG:: . . .
~ = cos <t> sm \fI sm e +sm <t> cos e;

"G33

u~;,JG::
sin \fI,JG::(1+ 6',(0))

rp?) = cos \fI cos e -I,

B?)JG:: .
---'--~==- = - cos \fI sm e·JG:: '

(8.247a)



= + (I + U~;I )JG::
L1

8.5. Nonlinear eurved rods

U~I J(J;; .
~ = -Sill <1> COS 'P ,

" Gil (1+ £1(0»)

qJ? )J(J;; . . .
~ = Sill <1> Sill \}l COS e+ COS <1> Sill e,

" G22

(f) = - sin <1> sin \}l sin e + cos <1> cos e - I .

The first, fourth and seventh equations in Eq.(8.274) yield

~(1 + U~ I ) 2 GI I +(U~I)2G33
cos \}l = + ' .JG::(1+ £1( 0» )

• U~IJG;;
Sill \}l = ' .JG::(1+ £1(0» ) ,

(1 +U~I )JG::
COS <1> = + .

~(I + U~ . 1) 2 Gil + (U~,1) 2 G33

• U~ I rc;;;
Sill <1> = =+= ' "U

33

~(l + U~;1) 2 Gil + (U~;1)2 G33

and

where
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(8.274b)

(8.275)

(8.276)
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~ = Jo +U~;,) 2 Gil + (U~;,)2 G33 '

~' 2 = (U~;,)O +U~;, )JGIlG22 ,

~23 =U~;,U~;,JG22G33"
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(8.277)

(8.278)

If E> = 0 , the rotation about the longitudinal axis disappears. So only the bending
rotation exists, which is the pure bending of the rod as in Section 8.3.2.

From Eq.(8.165) , the change ratio of the directional cosines along the deformed
rod in Eq.(8.166) becomes

dla = dUaA GA) = laA;' GIr' A for a=l , 2, 3.
ds ds "Gil (1+&,(0)

Similar to Eq.(8.l68), the change ratio of the directional cosines along the de­
formed rod can be computed by

where the rotation ratio components in Eq.(8.169) are computed by

«:

From Eq.(8.161) , the foregoing equations give

I [ d\ll . dE> 2 ]
OJ, = Ir' (-sm<1>+-cos\llcos<1»-f'3 ,

"G il (1+&,(0) dS dS

1 [d\ll dE> . 3 ]OJ = (-+-sm\ll)-r
2 .JG::(I+&,(0) ) dS dS II ,

1 [ d\ll dE> . , ]
OJ3 = Ir' (- cos <1> - - sin <1> cos \Il) - f' 2 ;

"Gil (1+&,(0) dS dS

(8.279)

(8.280)

(8.281)

similar to Eq.(8.171) . Note that for the orthogonal curvilinear coordinates, one has

f~r = 0 (A :t!T *K *A), f~A = -GAA ,r/2Grr (A * f) and f~r = GAA,r/2GAA

(no summation on A).
In an alike fashion , using Eq.(8.25), the particle location on the deformed,

curved rod can be expressed by

The corresponding base vector of the deformed, curved rod is

g, =gtGA =(Jt +U;~)GA'

(8.282)

(8.283)
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and the unit vector for the deformed, curved rod is

- s: A s: A
fi = -.!L = I + U ;I G = 1 + U ;I G

1 Igl I ~(~r +u;;)(~r +U;;) A .,JG:;(1+ CI ) A'
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(8.284)

(8.285)

The base vector in the princ ipal normal direct ion of the deformed, curved rod is as
in Eq.(8. 177), i.e.,

(8.286)

where

(8.287)

Thus , the unit principal norm al vector in Eq.(8.179) can be rewritten, i.e.,

(8.288)

where the curvature of the deformed rod is

(8.289)

(8.290)

(8.291)

The rotat ion vector of the deformed curved rod can be expressed as in Eq.(8. 186),
i.e.,

(8.292)
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where the torsion of the deformed rod is
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For S 2 = S 3 = 0 , the foregoing equation becomes

From Eq.(8.292) ,

R-(S) = OJAN A ·n3 =OJAg~,

f(S) = OJAN A ·n, =OJAg~,
or

(8.293)

(8.294)

(8.295)

(8.297)

(8.296)

OJA= R-(S)n3 • NA + f(S) n, .NA

= R-(S)g~ + f (S)gt .

From Eq.(8.275), d\fl I dS and d<l> I dS are determined by

d\fl = + 1 {/:,2.!!...-(U2 fG)
dS Gil(1 +e

l
(0) ) 2 /:, dS 0;1"./ V

22

- /:' 12 ~ [(1 + U~;,)~J-/:'23 ~ (U~;,.jG;;)} ,

d<l> 1 { I ~ d 3.jG;;-=--2 (1+UOI) GII-(UO' G33)dS /:, . dS '

-(U~ ; I.jG;;) ~ [(1 +U~;I)~J} .

Substitution of Eqs.(8.275) and (8.297) into Eqs.(8.28 I) and (8.295) gives Band
dB I dS .

As in Eq.(8.193), the constitutive laws for deformed rods give the correspond­
ing resultant stresses . Similar to Eq.(8.194), the internal forces and moments in the
deformed rod are defined by

N I = L(}Il [(1+e2 )(1 +e3 ) cos r23 ]dA,

Q 2 = L(}l2 [(1 +e2)(1 +e3)cos r23] dA,

Q 3 = L(}13 [0 +eJ(1 +e3)cos r23 ]dA,

S 2 2

M 3 = L(}Il 1+ tpr2) [(1 + e3)(1 + eJ cos r23] dA,

(8.298a)
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(8.298b)

The notations Q2 == N 2 , Q3 == N 3 , and T; == M, are used again. The internal

forces are expressed as in Eq.(8.195), i.e.,

where

M == M ANA= Mana'

.N == NA NA= Nana,
]\'M == ]\'MA NA=glx.N,

(8.299)

(8.300)

With Eq.(8.273), the components of the internal forces in the G A -direction are

N
A

= Na"a ' N A = N; cosB(na.i'\A)

=[ N,(ot +U~I) + N2 (O~ +qJt )) + N3(ot +B1(A)).JG::
.JG::(1+ c,(O)) .jCi;;(I + ciO)) .jG;;(I + ciO) ) AA '

M
A

=Ma" a·NA=MacosB(n a.i'\A)

=[M,(ot +U~I) + M2(O~ +qJl(A)) + M3(ot +BiA))]JG::
.JG::(I + c? )) .jCi;;(I + ci O) ) .jG;;(I + ciO)) AA '

i'\ M A =(glx.N)·NA= eArK(~r +U~I)~Grr NK .

(8.30 I)

(8.302)

Using the external forces as in Eqs.(8.209)- (8.213), equations of motion on the
deformed rod are given as in Eq.(8.267), i.e.,

where

~s + q = PUO,t1 + 13qJI,t1 + 12B1" I'

M ,s+ i'\M+m= J0,t1'

J 0 ,t1 = [(J3U~, t1 -J2u~"J+(J22qJr~; -J23qJ,(,~;)

+(J23Bi~1-J33Bi~1)]N I +(J3U~ t1 +J23qJ,( ~~ +J22Bi ~;)N 2
" ",

-(J2U~ t1 +J22qJ,( ~~ +J23Bi ~;)N3 ', , ,

(8.303)

(8.304)
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and the scalar expressions are for A = 1, 2, 3 ,

N A A_ A I (A) I L)(A)
;1+ q - PU(O),II + 3qJ,,1I + 2u I,1I '

M;~ + l'iMA +mA= C70,1I) ·NA,

or
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(8.305)

{[
NI(Jt +u; ,) + N2 (J: +qJI(A)) + N3 (J3

A
+B1(A))]JG::}

1(;(1+ £(0)) ~(1+ £( 0)) ~(1+ £(0)) AA
"VII 1 "V22 2 "V33 3 ;1

+ -t" = PU~II + 13qJ,(,~ ) + 12BI:~ ) '

{[
M1(Jt +U; ,) + M 2 (J: +qJ,(A)) + M3(J: +Bt ))]JG::}
1(;(1 + £(0)) ~(1 +£(0)) ~(1 + £(0)) AA

"VII 1 "V22 2 "V33 3 ;'

+ eArK(~r +U~I)~GrrN K +mA= (J'0,rJ·NA·

The force cond ition at a point .'lt with S' = si is

- N(s i ) + +N(Si ) + Fk = 0,

-NA(si ) = +NA(Si)+ F/ (A=1,2,3).

The force boundary condition at the bound ary point :J: is

(8.306)

(8.307)

(8.308)

If there is a conc entrat ed moment at a point .'lt with Sl = si, the corre sponding

moment bound ary cond ition is given by

- M(s i ) + +M(Si ) + M k = 0,

-M A(si ) = +M A(Si )+ M: (A=I,2,3).

The mome nt bound ary condition at the boundary point :J: is

(8.309)

(8.310)

The displacemen t continuity and boundary conditions are similar to Eq. (8.207),

i.e., u:_= u:+ and u: = S: (A = I, 2, 3 ).
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