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Summary. Two previously published algorithms for solving the bidomain equa-
tions are combined to yield an algorithm that efficiently computes an accurate
numerical solution of the bidomain equations. The first of these algorithms utilises
the multiscale nature of the governing equations by solving the more rapid processes
at a much higher resolution than the slower processes, and is ideal for use when a
steep action potential wavefront is propagating across tissue. The second algorithm
is suitable when no fast processes are taking place. This combined algorithm results
in a threefold increase in computational efficiency over the most efficient algorithm
that it is compared to for the simulation presented here.

1 The Bidomain Equations

The bidomain equations, or a simplification known as the monodomain equa-
tions, are the most commonly used mathematical model of tissue level cardiac
electrophysiology. The bidomain equations may be written as [2]:

χ
(Cm ∂Vm

∂t + Iion(u, Vm)
)−∇ · (σi∇(Vm + φe)) = Isvi , (1)

∇ · ((σi + σe)∇φe + σi∇Vm) = Isve , (2)

∂u
∂t = f(u, Vm), (3)

where Vm(x, t) is the transmembrane potential, φe(x, t) is the extracellular
potential, u(x, t) is a vector containing various gating variables and chemical
concentrations, σi is the intracellular conductivity tensor, σe is the extracellu-
lar conductivity tensor, χ is the surface to volume ratio, Cm is the membrane
capacitance per unit area, Iion is the ionic current, Isvi is the intracellular
stimulus current applied within the tissue volume, and Isve is the extracel-
lular stimulus current applied within the tissue volume. Functional forms for
Iion and f are prescribed by an electrophysiological cell model – see [3] for a
collection of these.
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Boundary conditions are required for (1) and (2) – these are given by

n · (σi∇(Vm + φe)) = Isai , n · (σe∇φe) = Isae , (4)

where n is the outward pointing unit normal vector to the tissue, Isai is
the intracellular stimulus current applied across the boundary, and Isae is
the extracellular stimulus current applied across the boundary. The system
(1)–(3) subject to boundary conditions (4) is then closed by specifying initial
conditions for Vm and u. We note that φe is only required to be defined up
to an additive constant.

Under certain conditions, φe may be eliminated from (1) and (2) – the
resulting equations are known as the monodomain equations [2]. The tech-
niques described here may be applied to the monodomain equations as well
as the bidomain equations.

2 Solving the Bidomain Equations Numerically

Computing an accurate solution of the bidomain equations on a realistic three-
dimensional computational geometry is a significant computational challenge.
This is mainly due to the multiscale nature of the problem – if one com-
putational mesh is used for all dependent variables then this mesh must be
sufficiently fine that it captures the fastest processes. Slower processes are
then computed at a much higher resolution than is needed. A further compli-
cation caused by the multiscale nature of the problem is numerical stability:
multiscale processes result in stiff differential equations, and the numerical
solution of stiff equations is notoriously prone to numerical instabilities [1].

We begin the description of our numerical algorithm by describing a semi-
implicit numerical algorithm for solving the bidomain equations that has good
stability properties. We then explain how this algorithm may be adapted to
efficiently handle the multiscale processes that are observed when an action
potential propagates across cardiac tissue. Finally, we discuss how both the
original algorithm and the multiscale modification to this algorithm may be
combined to increase the efficiency of simulations without compromising on
accuracy.

2.1 The Basic Numerical Algorithm

The semi-implicit algorithm on which this work is based is described in [5] – we
only describe it briefly here. The dependent variables Vm, φe, u are calculated
a collection of discrete times t0, t1, . . . , tN . We write

V nm(x) = Vm(x, tn), φne (x) = φe(x, tn), un(x) = u(x, tn).

We discretise the partial differential equations (1) and (2) by treating the
conduction terms implicitly and the reaction terms explicitly. This results in
the following discretisation in time:
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χCm
Δtn

V nm −∇ · (σi∇(V nm + φne )) =
χCm
Δtn

V n−1
m + Isvi

−χIion(V n−1
m ,un−1), (5)

∇ · ((σi + σe)∇φne + σi∇V nm) = Isve , (6)

where Δtn = tn − tn−1. Equations (5) and (6) may be discretised in space
using the finite difference method or finite element method, yielding a matrix
equation that must be solved on each timestep:

A

(
Vn

m

φn
e

)
=

(
bv

be

)
, (7)

where A is a matrix arising from the discretisation of (5), (6), Vn
m is a vector of

unknowns that arise from the discretisation of V nm, φn
e is a vector of unknowns

that arise from the discretisation of φne , bv arises from the right-hand-side of
(5), and be arises from the right-hand-side of (6). Note that A is the same on
every timestep, and so this matrix need only be computed once at the start
of the simulation.

Having solved (7) to compute Vn
m and φn

e , we then solve the ordinary
differential equations given by (3) using the backward Euler method to ensure
stability [1].

2.2 The Multiscale Algorithm

We now briefly describe the multiscale modification of the semi-implicit algo-
rithm described in Sect. 2.1. For more details see [7]. The key to this algorithm
is the use of two meshes as shown in Fig. 1. The fine mesh – denoted by thin
lines has a nodal spacing hfast, whilst the coarse mesh – denoted by thick
lines – has a nodal spacing hslow Rapidly varying quantities are computed
using the fine mesh shown in this figure, whilst other variables are computed
using the coarser mesh. When required, the variables calculated on the coarse
mesh may be interpolated onto the fine mesh.

When using many cardiac electrophysiological models – including the
model used in our simulations [4] – the most rapidly varying quantities are
those directly related to the fast sodium current INa, namely the transmem-
brane potential, Vm, the extracellular potential φe, the sodium m-gate and
the sodium h-gate. We therefore compute these variables on the fine mesh,
and all other variables on the coarse mesh. Splitting the right-hand-side of (5)
and (6) into quantities computed on the fine mesh and quantities computed
on the coarse mesh we have

χCm
Δtn

V nm −∇ · (σi∇(V nm + φne )) = Γ1 + Γ2, (8)

∇ · ((σi + σe)∇φne + σi∇V nm) = Γ3, (9)
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hfast hslow

Fig. 1. The two meshes used in the multiscale algorithm. The fine mesh is denoted
by thin lines, the coarse mesh is denoted by thick lines

where

Γ1 =
χCm
Δtn

V n−1
m + Isvi − χINa,

Γ2 = −χ(Iion − INa),
Γ3 = Isve .

Note that Γ1 and Γ3 are fast processes, and Γ2 is a slow process. This allows
us to write (7) as

A

(
Vn

m

φn
e

)
=

(
bfast

v

bfast
e

)
+

(
bslow

v

0

)
, (10)

where bfast
v arises from Γ1, bslow

v arises from Γ2 and bfast
e arises from Γ3.

We then compute the right-hand-side of (10) on each timestep as follows.
bfast

v and bfast
e are computed as usual using the fine mesh shown in Fig. 1.

The quantities required to calculate bslow
v are calculated at the nodes of the

coarse mesh and then interpolated onto the fine mesh. Equation (10) is solved
using a timestep Δtfast. However, as the quantities included in bslow

v vary
on a slower timescale, this vector is updated less frequently using a timestep
Δtslow. This results in a significant computational saving – computing bslow

v

is generally the most computationally expensive part of the right-hand-side
of (10), and so computing it less often will generate a significant saving in
volume of computing.

We now turn our attention to computing the numerical solution of the
ordinary differential equations given by (3). Fortunately we only have to com-
pute two of these – those for the sodium m-gate and the sodium h-gate – at
each node of the fine mesh. All other quantities are only required at the nodes
of the coarse mesh, and so the ordinary differential equations representing
these variables need only be solved at the nodes of the coarse mesh. We see
in Fig. 1 that there are many fewer nodes in the coarse mesh, thus allowing
yet another significant computational saving.
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2.3 Combining the Algorithms

The multiscale algorithm described in Sect. 2.2 has been shown to give an
increase in computational efficiency of two orders of magnitude with negligi-
ble loss of accuracy for a simulation of an action potential wavefront travelling
across tissue [7]. However, in many simulations the propagation of the steep
action potential wavefront occupies only a small portion of the whole simu-
lation. This has been utilised in [6] where, in the absence of a propagating
action potential wavefront, the whole problem is solved with all variables com-
puted on the coarse mesh shown in Fig. 1 and a longer timestep Δtslow using
the semi-implicit algorithm described in Sect. 2.1. In this study we combine
these algorithms – we use the multiscale algorithm described in Sect. 2.2 when
the steep action potential wavefront is propagating across the tissue, and then
switch to using the semi-implicit algorithm described in Sect. 2.1 on the coarse
mesh shown in Fig. 1 with timestep Δtslow at other times. In the next section
we demonstrate the performance of this combined algorithm.

3 Computational Results

In this section we verify the accuracy and efficiency of the algorithm described
in Sect. 2.3.

3.1 Description of Simulations

We perform an identical simulation to that used in an earlier study [7]. A
square occupying the region 0 < x, y < 20 mm, with fibres running per-
pendicular to the x-axis, was stimulated at one corner at time t = 0.001 s.
A period of time 0 < t < 0.35 s was simulated. Intracellular conductivi-
ties are 0.13 mS mm−1 along the fibre and 0.026 mS mm−1 perpendicular to
the fibre. Extracellular conductivities are 0.13 mS mm−1 along the fibre and
0.065 mS mm−1 perpendicular to the fibre. In common with [7] we use
hfast = 0.1 mm, hslow = 1.0 mm, Δtfast = 0.1 ms, Δtslow = 1.0 ms. We use
the multiscale algorithm described in Sect. 2.2 initially. In common with [6]
we switch to solving the equations on the coarse mesh with timestep Δtslow
when the fast sodium current has dropped below 10 pA pF−1 at all points in
the computational domain. Vm was recorded at the central point of the square.

To assess the accuracy and efficiency of the algorithm described in Sect. 2.3
the simulation described above was repeated: (a) using the basic algorithm
described in Sect. 2.1, the fine mesh and timestep Δtfast; and (b) the multiscale
algorithm described in Sect. 2.2.

3.2 Results of Simulations

The action potential at the central point of the square calculated using all
three algorithms is shown in Fig. 2. We see that the plots are visually indistin-
guishable, thus verifying the accuracy of the combined algorithm. We now turn
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Fig. 2. The action potential at the central point of the square calculated using all
three algorithms

our attention to the efficiency of the three algorithms. The basic algorithm
using a fine mesh required 13,784 s of computation time. The multiscale algo-
rithm required 786 s of computation time. The combined algorithm required
253 s of computation time. We therefore conclude that, for the simulation pre-
sented here, the combined algorithm described in Sect. 2.3 allows an increase
in computational efficiency by a factor of roughly 3.

4 Discussion

Two previously published algorithms have been combined, allowing a compu-
tational speedup by a factor of around three for the simulation considered here.
Although a physiologically detailed electrophysiological cell model [4] was used
the geometry was very simple, being a two-dimensional square with regular
fibre orientation. Future work is currently being directed towards implement-
ing this algorithm in a realistic, irregular three-dimensional cardiac geometry
with irregular fibre orientation.
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