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Summary. In this paper an advanced aeroelastic numerical tool for horizontal axis
wind turbines is presented. The tool is created by non-linear coupling an unsteady
aerodynamic model based on the lifting-line approximation with an elastodynamic
model based on the beam approximation. The aero-to-elastic interface defines the
loads exercised on the structure, whereas the elastic-to-aero interface transmits the
rates of deformations. The aeroelastic model is evaluated through comparisons of its
predictions with experimental data as well as with predictions obtained by simpler
models.

1 Introduction

The design problem of horizontal axis wind turbines (HAWT) is related to two
dominant model problems: the aerodynamic problem and the elastodynamic
one. Their combination leads to the aeroelastic problem of a horizontal axis
wind turbine. Input to this problem is the wind inflow conditions.

In this work, the authors present a non-linear advanced aeroelastic model
based on a lifting line model as regards the aerodynamics, and a beam
structural model adapted to this problem, useful to a number of design
problems.

2 The Numerical Method

The key point of the approach adopted herein is based on the formulation
of the aeroelastic problem as an appropriate coupling of two different prob-
lems: the aerodynamic and the elastodynamic.
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2.1 The Aerodynamic Model

The response of an horizontal axis wind turbine to dynamic excitation is a
special case of the aerodynamic performance problem. In this connection,
a computational environment based on a lifting line method [2, 3], and a
semiempirical dynamic stall model of Leishman and Beddoes [4] has been
developed. This method is an unsteady model based on the vorticity filament
approximation of the vorticity on blades.

For the classical prescribed wake-lifting line blade model, the unknown
quantity is the spanwise bound circulation distribution. The relationship for
the section bound circulation (Γ ) can be shown to be related to the local
velocity (U), section chord (c), and section lift coefficient (CL) through the
Kutta-Joukowski theorem,

Γ =
1
2

c CL (α) U (1)

The local velocity and effective angle of attack (α) are functions of the tan-
gential velocity (UT ), the local axial and azimuthal induced velocities (u, w),
wind velocity (Vw), and blade pitch angle (θp) ,

U =
[
(UT + w)2 + (Vw − u)2

]1/2

, α = −θp + tan−1

(
Vw − u

UT + w

)
, UT = Ω r

(2)
The components of the induced velocity for a given wake geometry, at control
point (i) and at any time k Δt, can be shown to be a function of the bound
circulation distribution and individual vortex filament influence coefficients
(GC ) as

u
(k)
i =
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4πR
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GC
(k)
u,ij Γ

(k)
j , w

(k)
i =

1
4πR
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GC
(k)
w,ij Γ

(k)
j (3)

where N is the number of blade inflow solution stations [3]. The total lift
force coefficient is given by sum of circulatory and noncirculatory components
under attached flow conditions

Cβ
L (t) = CLI (t) + CLC (t) (4)

and by sum of nonlinear separation and vortex components under dynamic
stall conditions [4]

Cs
L (t) = CLF (t) + CLV (t) (5)

The nonlinear solution is based on the linearization of the relationships given
above ((1), (2), (3), and (4) or (5)) to form a system of linear equations which
can be corrected for the actual nonlinearities of the problem by a lagged
iteration procedure. Since the induced velocities are also functions of the cir-
culation distribution (3), the equation at the ith blade segment (1) can be
reformulated as
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Γi =
1
2

c a

⎛
⎝UT θ − 1

4πR

N∑
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GCu,ijΓj

⎞
⎠ +

1
2
c a Cf,i (6)

where a is the linear lift curve slope, θ̄ = −θp − α0 + Vw/UT , α0 is the zero
lift offset angle, and Cf is the correction to the linearized equations for the
nonlinearities of the actual problem,

Cf = U (CL/a) − UT (−θp − α0 + (Vw − u)/UT )

This equation can be written for each blade segment, and thus, a system of
simultaneous linear equations results if the correction term (Cf ) is assumed
known. In matrix form, this can be expressed as

[A] [Γn] = [B] − [
C Γn−1

]
(7)

where [A] is the matrix of influence coefficients and
[
C Γn−1

]
is a correction

vector calculated based on the circulation solution from the previous iteration.
Once (7) has been solved, the circulation distribution on blades is known
at the present time and the foregoing procedure may be repeated to obtain
the solution at future times. The last phase of the computations consists of
calculations of blade forces and the performance.

2.2 The Elastodynamic Model

The aspect ratio of wind turbine blades is, usually large and, therefore, beam
theory can be used to describe, the elastodynamic behaviour of the blade.
Let O [Xe, Ye, Ze] denote the beam coordinate system, and it is assumed that
the elastic axis is straight and coincides with axis Ye. In this model three
types of deformations are introduced: δx(y) – the bending deformation along
Xe direction (flapwise bending), δz(y) – the bending deformation along Ze
direction (leadwise bending) and θy(y) – the spanwise torsional deformation.

The first step in structural computation is to calculate beam cross-sectional
properties of thin-walled beam, multicell, nonhomogeneous, closed sections,
within the framework of Bernoulli’s bending theory and St. Venant torsion
theory [5, 7]. The key idea is the approximation of the airfoil’s shape by ne
straight, homogeneous elements. The thickness of every element is considered
constant and is evenly distributed across the two sides of its midline.

At the beginning, the element coordinates can be given with respect to any
coordinate system, but after the calculation of the elastic centre coordinates,
we switch to the elastic coordinate system.

The finite element technique. By using Lagrange equations the follow-
ing linear equations of motion are obtained [1, 8]

M D̈n + C Ḋn + K Dn = Rext
n (8)
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where M = ρ
∫
V

NTN dV is the mass matrix, C =
∫
V

NTC∗Nd dV is the
structural damping matrix, K =

∫
V

NT
dE Nd dV is the stiffness matrix, Rext

is the load vector, D is the displacement vector, which contain the degrees
of freedom, Nd – the derivative matrix of shape functions, and N – the
matrix of shape functions (for the beam element the shape functions most
commonly used are the third-degree polynomials and the first degree in the
case of torsion) [8].

The time advancement of (8) with the appropriate initial conditions is
performed with the specialized algorithm (Crank-Nicolson) method [3]. This
is an unconditionally stable implicit one-step method, which is second order
accurate in time.

2.3 Coupling Models

The solution of the aeroelastic problem requires the coupling of an aerody-
namic and an elastodynamic model. In previous paragraphs a brief description
of each part was done separately. In this paragraph the basic principles of the
communication between the two parts will be discussed.

As regards the elastodynamic part, the load vector must be input. This
vector is calculated by superimposing the gravitational forces on the aerody-
namic loads. The quantities that have to be transferred from the aerodynamic
part are, therefore, the aerodynamic forces that act on the blade.

The solution of (8) yields the vector D of the deformations, the vector Ḋ
of the deformation rates and the vector D̈ of the accelerations at the nodes
of the beam that simulates the blade.

The main modules can be summarized in the following flowchart Fig. 1.
The flowchart of the aeroelastic code has the following steps: (a) Initialize

code; (b) Perform same pure aerodynamic steps for the calculation of the
circulation distribution; (c) Time marching scheme. For every time step: (c.1)
start time step; (c.2) calculate the circulation distribution; (c.3) calculate the
force and the velocity distribution on the blades; (c.4) perform elastodynamic

Fig. 1. The flowchart of the coupling between aerodynamic and elastodynamic
models
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Table 1. Comparison between experiment and numerical results

Case 1 Case 2
Experiment Aeroelastic code Experiment Aeroelastic code

U∞ (m/s) 12.5 12.5 8.7 8.7
t1,st (s) 4.70 14.0 2.0 21.0
t1,end (s) 6.00 15.3 2.5 21.5
t2,st (s) 34.58 24.0 32.0 34.0
t2,end (s) 35.7 25.12 32.7 34.7
θ1 (deg) −1.164 −1.164 −0.07 −0.07
θ2 (deg) −3.19 −3.19 −3.716 −3.716

steps for a period of time equal to aerodynamic time step; (c.5) circulation
calculation step; (c.6) go to next time step. The only communication between
the two parts is in step (c.4) where the aerodynamic forces are imposed on
the beam and the elastodynamic problem is solved.

3 Results

The results presented in the sequel concern the two cases of double pitch steps
for the Tjaereborg HAWT, for which experimental data are available [6]. The
parameters used for each case are (Table 1) : the inflow velocity – U∞(m/s),
the starting time of first pitch step t1,st (s), the ending time of first pitch step
t1,end (s), the starting time of second pitch step t2,st (s), the ending time of
second pitch step t2,end (s), the initial pitch angle θ1 (deg), the pitch angle
after the first pitch step θ2 (deg). The numerical results are shown in Fig. 2.

4 Conclusions

A complete aeroelastic tool has been presented together with its self consis-
tency tests and some results. In this stage, we cannot conclude on its accuracy.
However, the experience suggests that this could be expected.

There are three points that must be underlined: (1) in some tests it
appeared necessary to introduce artificial damping; (2) the coupling, within
the context of approach described, must be non-linear and (3) the computa-
tional effort required to couple the aerodynamics with the structural part, is
small compared to the whole.

Prospective work: we will make a most elaborate model based on the
coupling of the aerodynamic model with a structural code based on the shell
model and composite materials.
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Case 1

Case-2

Fig. 2. Comparison between experiment and aeroelastic code
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