Chapter 6

Branch Points

In R? any solution of Plateau’s problem minimizing Dirichlet’s integral D
or, equivalently, the area functional A, is an immersion in the sense that
it has no interior branch points. This fact can easily be proved for planar
boundaries as we have seen earlier, while the corresponding result in R™ is false
for n > 4 according to Federer’s counterexample. Therefore it remains to prove
the assertion for nonplanar minimizers. Here we describe a new method, due to
A. Tromba, to exclude interior branch points for nonplanar relative minimizers
of Dirichlet’s integral D. This method is based on the observation that one
can compute any higher derivative of Dirichlet’s integral in the direction of
so-called (interior) forced Jacobi fields, using methods of complex analysis
such as power series expansions and Cauchy’s integral theorem as well as the
residue theorem. These Jacobi fields lie in the kernel of the second variation
of D; they also play a fundamental role in the index theory and the Morse
theory of minimal surfaces.

We begin by calculating the first five derivatives of Dirichlet’s integral in
the direction of special types of forced Jacobi fields, thereby establishing that
relative minimizers of D cannot have certain kinds of interior branch points.
These introductory calculations will be carried out in Section 6.1, together
with an outline of the variational procedure to be used in the sequel. These
calculations are made transparent by shifting the branch point that is studied
into the origin, and by bringing the minimal surface into a normal form with
respect to the branch point w = 0 with an order n. Then also the index
m of this branch point can be defined, with m > n. Furthermore, w = 0
is called an exceptional branch point if there is an integer x > 1 such that
m+1 = k(n + 1). It turns out that Tromba’s method works perfectly in
excluding nonexceptional branch points of relative minimizers of D, while the
exclusion of exceptional branch points only succeeds for absolute minimizers
of the area A in C(I"). Since the general investigation is quite lengthy, we only
discuss one of the several general cases that are possible for nonexceptional
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branch points (see Section 6.2). A comprehensive presentation of the method
for all cases will be given in forthcoming work by A. Tromba.

In Section 6.1 it is described how the variations Z(t) of a minimal surface
X are constructed by using interior forced Jacobi fields. This leads to the
(rather weak) notion of a weak minimizer of D. Any absolute or weak relative
minimizer of D in C(I") will be a weak D-minimizer, and the aim is to inves-
tigate whether such minimizers can have w = 0 as in interior branch point.
This possibility is excluded if one can find an integer L > 3 and a variation
Z(t) of X, |t| < 1, such that E(t) :== D(Z(t)) satisfies

EDO)=0 for1<j<L-1, EH(0)<0.

It will turn out that the existence of such an L depends on the order n and
the index m of the branch point w = 0.

In Section 6.1, this idea is studied by investigating the third, fourth and
fifth derivatives of E(t) at ¢ = 0. Here one meets fairly simple cases for test-
ing the technique which show its efficiency. Furthermore, the difficulties are
exhibited that will come up generally.

A case of general nature is treated in Section 6.2. Assuming that n + 1 is
even and m + 1 is odd (whence w = 0 is nonexceptional) it will be seen that
E(m+1)(0) can be made negative while E(j)(O) =0for 1 <j <m,and so X
cannot be a weak minimizer of D.

In Section 6.3 we study boundary branch points of a minimal surface
X e C(I') with a smooth boundary contour. In particular we show that X
cannot be a minimizer of D in C(I) if it has a boundary branch point whose
order n and index m satisfy the condition 2m—2 < 3n (Wienholtz’s theorem).

Furthermore, in Sections 6.1 and 6.3 we exhibit geometric conditions which
furnish bounds for the index of interior and boundary branch points. These
estimates supplement the bounds on the order of branch points provided by
the Gauss—Bonnet theorem.

6.1 The First Five Variations of Dirichlet’s Integral,
and Forced Jacobi Fields

In this chapter we take the point of view of Jesse Douglas and consider minimal
surfaces as critical points of Dirichlet’s integral within the class of harmonic
surfaces X : B — R? that are continuous on the closure of the unit disk B and
map OB = S! homeomorphically onto a closed Jordan curve I" of R3. It will
be assumed that I" is smooth of class C*° and nonplanar. Then any minimal
surface bounded by I" will be a nonplanar surface of class C*°(B,R?), and so
we shall be allowed to take directional derivatives (i.e. “variations”) of any
order of the Dirichlet integral along an arbitrary C'°°-smooth path through
the minimal surface.



6.1 The First Five Variations of Dirichlet’s Integral, and Forced Jacobi Fields 489

The first goal is to develop a technique which enables us to compute vari-
ations of any order of Dirichlet’s integral, D, at an arbitrary minimal surface
bounded by I, using complex analysis in form of Cauchy’s integral theorem.
This will be achieved by varying a given minimal surface via a one-parameter
family of admissible harmonic mappings. Such harmonic variations will be
generated by varying the boundary values of a given minimal surface in an
admissible way and then extending the varied boundary values harmonically
into B. From this point of view the admissible boundary maps 0B = S — I"
are the primary objects while their harmonic extensions B — R? are of sec-
ondary nature. This calls for a change of notation: An admissible boundary
map will be denoted by X : 9B — I, whereas X is the uniquely determined
harmonic extension of X into B;i.e. X € C°(B,R3)NC?(B,R?) is the solution
of

AX =0 inB, X(w)=X(w) forwedB.

Instead of X we will occasionally write HX or H (X) for this extension, and
N 1 N A~
D(X) := 5/ VX -VXdudv
B

is its Dirichlet integral.

In the sequel the main idea is to vary the boundary values X of a given
minimal surface X in direction of a so-called forced Jacobi field, as this restric-
tion will enable us to evaluate the variations of D at X by means of Cauchy’s
integral theorem. In order to explain what forced Jacobi fields are we first
collect a few useful formulas.

Let us begin with an arbitrary mapping X € C*°(9B,R") and its harmonic
extension X € C°(B,R3). Then X is of the form

(1) X(w) = Re f(w),

where f is holomorphic on B and can be written as

(2) f=X+iX* with X, = X} and X, = - X,
We also note that

(3) fl(w) = 2X,(w) = X, (w) — iX,(w) in B.

Conversely, if f is holomorphic in B and X =Re f then [’ and X, are related
by the formula f' = QXw; in particular, X i8 holomorphic in B. This simple,
but basic fact will be used repeatedly in later computations.

Let us introduce polar coordinates 7, about the origin by w = re
set Y(r,0) = X (re'®). Then a straight-forward computation yields
_1 [Y5(1,0) +i%,(1,6)]

w=e® 2

¥ and

(4) wXy, (w)

whence
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(5) 2Re {iw X (w) } |, 0 = Yo(1,6) = % X(e) = ) (6)

since

Y(1,0) = X(e") = X() = Y (6).

If X € C*(S',R?) maps S homeomorphically onto I" then Yy() is tangent
to I" at Y'(0), i.e. Yp(0) € Ty (91", and so the left-hand side of (5) is tangent
to I'.

Consider now a continuous function 7 : B — C that is meromorphic in
B with finitely many poles in B, and that is real on dB. Then 7 can be
extended to a meromorphic function on an open set £2 with B C {2, and 7 is
holomorphic in a strip containing dB. It follows from (5) that

(6) 2Re {inw(w)T(w)} | = 7(e°)Y5(6) € Ty T

Suppose now that X is a minimal surface with finitely many branch points
in B. These points are the zeros of the function F(w) := X, (w) which is
of class C* on B and holomorphic in B. If 7(w) has its poles at most at
the (interior) zeros of the function wF(w), and if the order of any pole does
not exceed the order of the corresponding zero of wF(w), then the function
K (w) := iwX,(w)7(w) is holomorphic in B and of class (B, R3). We call
h := Re K an inner forced Jacobi field h : B — R3 at X with the
generator 7.

In case that one wants to study boundary branch points of X it will be
useful to admit factors 7(w) which are meromorphic on B, real on B, with
poles at most at the zeros of wF(w), the pole orders not exceeding the orders
of the associated zeros of wF'(w). Then

(7) h:=ReK with K(w) :=iwF(w)r(w), w e B, F:= X,

is said to be a (general) forced Jacobi field h : B — R? at the minimal
surface X, and 7 is called the generator of h. .
The boundary values h| g1 of a forced Jacobi field h are given by

. . 1 . N
(8)  h(h) :=h(e"?) =Re K () = 57‘(6’9)5/9(9), Y (0) := X(cosb,sinf).
Using the asymptotic expansion of F(w) = X,,(w) at a branch point wy € B
having the order A € N, we obtain the factorization
(9) F(w) = (w — wo)*G(w) with G(wp) # 0,

and, using Taylor’s expansion in B or Taylor’s formula on dB respectively,
it follows that G(w) = G(u,v) is a holomorphic function of w in B and a
C®°-function of (u,v) € B. It follows that any forced Jacobi field h:B—R3
is of class C*°(B,R3) and harmonic in B.
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Denote by J(X) the linear space of forced Jacobi fields at X, and let Jy(X)
be the linear subspace of inner forced Jacobi fields. The importance of J (X )
arises from the fact that every forced Jacobi field h at X annihilates the second
variation of D, i.e.

82D(X,h) =0 forall h e J(X).

This will be proved later in Section 6.3. In the present section we only deal
with inner forced Jacobi fields, and so we only prove the weaker statement
(cf. Proposition 1):

62D(X,h) =0 for all h e Jo(X).

The existence of forced Jacobi fields arises from the group of conformal au-
tomorphisms of B and from the presence of branch points; the more branch
points X has, and the higher their orders are, the more Jacobi fields appear—
this explains the adjective ‘forced’. To see the first statement we consider
one-parameter families of conformal automorphisms (-, ), [t| < €,e > 0 of B
with

(10)  w e p(w,t) =w+ tn(w) + o(t) and p(w,0) = w, $(w,0) = n(w).
Type I: ‘

o1 (w, t) = Wy
with a(t) € R,a(0) = 0,&(0) = a. Then ¢;(w,t) = w + tiwa + o(t), and so

m(w) =dwa with a € R.

Type II:
w+iB(t)
P2l )= 750,
with 8(t) € R, 5(0) = 0, 3(0) = b.
Then @o(w,t) = w + tnz(w) + o(t) with na2(w) = ib + ibw?, and so

ne(w) = fw (% + bw) with b € R.

Type I1I:

w— (1)
: t) ==

P =T

=0,%(0) =c.

w + tnz(w) + o(t) with ns3(w) = —c + cw?, whence

o) = (2 - ew).

with () € R,~(0)
Then ¢3(w,t) =
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We set

1 ,

(11) n(w):=a, m(w):=>b- ( +w) , m(w)i=c- (Z — zw) ,
w

with arbitrary constants a,b,c € R. For w = €Y € 9B we have

T1(w) =a, 7To(w)=2bcosl, 13(w)=—2csind,

and so 7j,j = 1,2,3, are generators of the ‘special’ forced Jacobi field iL]— =
Re K, defined by

(12) Kj(w) := iwF(w)r;(w), w e B, F:=X,,

which are inner forced Jacobi fields for any minimal surface X bounded by
I'. If we vary X by means of ¢ = ©1, @2, 03 with a := Rep, 8 :=Imey, i.e.
p(w,t) = alu,v,t) +iB(u,v,t), setting

Z(w,t) == X(p(w,t)) = X(a(u,v,t), Blu,v,t)),

we obtain

[
DN
=
@
o
€

S
s

and so J
—Z’ — 9Re{Xyp(0)}.
AR e{Xue(0)}
For ¢ = ¢, we have ¢(0) = n;, hence

d . R
(13) EZ(w,t)‘ = 2RefiwX, (w)r;(w)} = 2h;(w).
t=

Let us now generate variations Z(t), |t| < 1, of a minimal surface X using any
inner forced Jacobi field h € Jo(X). We write Z(t) = Z(-,t) for the variation
of X and Z(t) for the variation of the boundary values X of X, and start with
the definition of Z(t). Then Z(t) will be defined as the harmonic extension of
Z(t), i.e.

(14) Z(t) = H(Z(t)).
First we pick a smooth family v(t) = ~(-,t), |[t| < §, of smooth mappings
~(t) : R — R with (0) = idg which are “shift periodic” with the period 2,

i.e.

(15) v(0,0) =0 and ~(0+2m,t) =~(0,t)+2r for § € R.
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Setting o(0,t) := v(0,t) — @ we obtain
v(0,t) =0+ o(0,t) with 0(0,0) =0 and o(f + 27,t) = 0(6,1)

and
Y0(0,t) =14 09(0,t) = 1+ 0¢:(6,0)t + o(t).

Choosing ¢ > 0 sufficiently small it follows that
v0(0,t) >0 for (0,t) € R x (=4,9).
Now we define the variation {Z(t)};j<s of X by
(16) Z(e?,t) := X ("OY) = X (cos(0,t),sinv(0,1)).

Then

%Z(e”, t) = [—Xu<e”<”>) siny(6, 1) + Xy (e771) cos (6, t)} 7(0,1).

By (4) we have
3.6 - 10+ 55,00]

if we somewhat sloppily write X (r,0) for X(re?) and X (6) for X(1,6)
X (€%?). This leads to

— X (€70 siny(6, 1) + X, (€70D) cos 1(6, 1) = Xo((0, 1)

whence

52,0 = Xo0(0,0)0(0,1) - 20,
On account of
(17) Z(0,t) == Z(e t) = X (v(6,1))

we have
Zp(0,t) = Xo(v(t,0)) - 70(0, 1),

and so it follows that

&, w0 )
52 0t) = 5Z(e,t) = %Z(H,t) (0,1
with
o ’Yt(a’t)
(18) P(6,t) := D)

Defining the family {4(t)}y<s of 2m-periodic functions ¢(t) : R — R
o(t) := ¢(-,t), we have

493

by
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(19) 9 2(0) = o0 Z(1)o = h2).

Now we consider the varied Dirichlet integral

(20) E(t) == D(Z(t)) = % / VZ(t)-VZ(t) dudv.
B
Then p p
LB = /B VZ(t) - V%Z(t) du dv.

Since the operations % and H (i.e. Z) commute, we have

%Z(t) =H (%Z(t))

and therefore

%E(t):/}BVZ(t)~VH (%Z(t)) dudv.

Since AZ(t) = 0, an integration by parts leads to

(21) %E(t) =/ ! %Z(t) -h(t)df with h(t) = %Z(t).

For brevity we write in the following computations Z instead of Z(t). We have

if we write Z(r,0) for Z(w)|y_peis, cf. (4), and also
dw =iwdf forw=e" c OB.

Then on 0B:

Wy - Zy dw = i(wZy) - (WZy) dO

and so R . o
2Re[wZy, + Zyd dw]| = Z, - Zygpdf on OB.

Furthermore, Zy = Zy on OB as well as h = ¢Zy (see (19)), and so (21) leads
to the formula
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d

(22) o

LB = 2Re / W (1) - Z(8)wd(t) dw,
Sl

where the closed curve S! is positively oriented. This formula will be the start-
ing point for calculating all higher order derivatives C?TT;E (t) and, in particular,
of ;tn (0) := %E(t)h:o. In order to evaluate the latter expressions for any
n, it will be essential that we can choose ¢(t) and any number of t-derivatives
of ¢(¢) in an arbitrary way. This is indeed possible according to the following
result:

Lemma 1. By a suitable choice of v(0,t) = 0 + o(0,t) with 0 € C* on
X (—0,9),0(0,0) = 0 and o(0 + 2m,t) = o(0,t) we can ensure that
the variation of the boundary values of the minimal surface X, defined by
Z(0,t) := X(v(0,t)), leads to “test functions” ¢(0,t) in formula (22) such
that the functions
aIJ
% (07t)|t=0?

can arbitrarily be prescribed as 2mw-periodic functions of class C*°.

o, (0) := v=0,1,2,...,n,

Proof. Let us first check that, given ¢q, ¢1, ..., ¢y, the computation of o, and
so of v, can be carried out in a formal way. Consider the Fourier expansion of
the function o(6,t) which is to be determined:

(23) o(0,t) = %ao (t) + Z[ak (t) cos kB + by (t) sin k0)].
k=1

From ¢(6,0) = 0 it follows that

ap(0) = ax(0) = b,(0) =0 for k € N.

Furthermore,
(24)  0u(0) := 550(6,0) = ) + ;;1 a{”) (0) cos k6 + b (0) sin k6.
Hence if D} (0,0) are known for v = 1,2, ..., n, one also knows all derivatives
DyDy{c(6,0) = 0,,(6) from the defining equation (18) for o which amounts to
Ot (9, t)
0,t) = ——————.
9(0,%) 14 0¢(6,1)

By differentiation with respect to t we obtain

b = Ott 000t
. = _
1+ 09 (1 + 09)2 ’
by = 11 204109 o109 | 204(040)?
tt — -

1+op (1+09)2 (14092  (1+09)°
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etc. Setting t = 0 and observing that o¢(0,0) = 0 it follows that

g1 = ¢0 = (bu
oy = ¢1 + 0107,

03 = ¢g + 20207 + 0104 — 201(01)?,

/ /
Ovt1 = ¢p + fu(o1,...,00,01,...,0,).
Here f, is a polynomial in the variables o1,...,0,,01,...,0,,. This shows
that, given ¢q, ¢1, ..., ¢n, we can successively determine o1, 09,...,0,41. On

account of (23) we then obtain
Ay =al"(0), Av:=al"(0), BY:=b"(0) forkeN.

Defining
n+1 n+1

1 Vv 1 vav
ap(t) ==Y AR bi(t) = > Bt
v=1 " v=1

equation (23) furnishes the function v(6,t) = 6 + o(0,t) with the desired
properties. Furthermore, the construction shows that this procedure leads to
a C'*°-function ¢ that is 27-periodic with respect to 6. O

Let us inspect a variation Z(t) = H(Z(t)) of a minimal surface X €
C>(B,R?) as we have just discussed. It is the harmonic extension of a vari-
ation Z(t) of the boundary values X of X, given by (15) and (16). Clearly,
Z (t) is not merely an “inner variation” of X, generated as a reparametriza-
tion X oo (t) with a perturbation o(t) = idg + tA+ - - - of the identity idg on
B, but the image Z(t)(B) will differ from the image X(B) Only the images
Z(t)(S') and X (S') of the boundary S* = 9B will be the same set X, but
described by different parametrizations Z(¢) : S* — X and X : St — X.

Definition 1. We call such a variation Z(t) a boundary preserving vari-
ation of X (for [t| < 1).

Note: If X € ©(I') then any boundary preserving variation Z(t) (with
[t| < 1) lies in C(I).

Definition 2. We say that X is a weak relative minimizer of D (with
respect to its own boundary) if E(0) < E(t) holds for any variation E(t) =
D(Z(t)) of D by an arbitrary boundary preserving variation Z(t) of X with
lt] < 1.

If X € (I') is a weak relative minimizer of D in G(I') with respect to
some C*-norm on B, then X clearly is a weak relative minimizer of D in the
sense of Definition 2.

Let us return to formula (19) which states that
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0

5120 = 6020,

According to (5) we have

Z(t)g = QRQ[ZWZw (w7 t)] |

w=eif)
and since ¢ is real-valued it follows that
0 S
(25) £2(6,1) = ReliwZuy (w0, 066, 1)),

Since % and the harmonic extension H commute we obtain

9 - . _

(26) aZ(t) = H{2Re[iwZ(t),¢(t)]} in B

having for brevity dropped the w, except for the factor iw (as this would
require a clumsy notation). Then, by

882 0

| @

(1),

2907 = 50

o))

t
it follows that

0

(27) S 2(t), = (H{2RewZ(t),0(1)]})

o
Now a straight-forward differentiation of (22) yields

2 7 A
(28) %E(t) - 4Re/s1 w {agit)} - Z(t)wd(t) dw

+ 2Re /S 1 WZ () - Z () (t) dw.

From (22) and (28) we obtain
Proposition 1. Since X = Z(O) is a minimal surface we have

dE

(29) 20 =
and
d*E 0X ,

with T := #(0). If 7 is the generator of an inner forced Jacobi field attached
to X, then
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d’E
1 — =0.
(31) o (0)=0
This means that
(32) 82D(X,h) =0 for all h € Jo(X),

i.e. for all inner forced Jacobi fields h = Re[iw X, (w)7(w)].

Proof. We have X,, - X, = 0 since X is a minimal surface, and so (29)
and (30) are proved. Secondly, & is holomorphic in B, as it is an inner forced
Jacobi field, and the w-derivative of any harmonic mapping is holomorphic
whence {%}w is holomorphic in B. Thus the integrand of [, (...) dw in (30)
is holomorphic. Hence this integral vanishes, since Cauchy’s integral theo-
rem implies [, )(-..)dw = 0 for any r € (0,1) and then [q(...)dw =
lim, 19 fBBT(O)(' ..)dw = 0 as the integrand (...) is continuous (and even of
class C*) on B. O

Now we want to compute j—;E(t), and in particular ‘f;tf (0) if 7 = ¢(0) is

the generator of an inner forced Jacobi field. Differentiating (28) it follows

3

d dZ(t) dZ(t)
S = 4Re/51w{7}w . {T}wqb(t)dw
+4Re/51w{%} - Z()wo(t) dw

02\
W {T}w 2 (t)wde(t) dw

(33)

>

+ 8Re

+ 2Re

e o

WZ(t) - Z(t)utult) du.

Proposition 2. Since X = Z(0) is a minimal surface we have

d*FE

(34) e

(0) = —4Re/ W3 X+ Xww T dw
Sl

if = ¢(0) is the generator of an inner forced Jacobi field at X.

Proof. The fourth integral in (33) vanishes at ¢ = 0 since
Z(0) - Z(0) = Xy - Xy = 0.

The integrand of the second integral in (33) is

927 X
{W(O)} cw X, T (W)
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which is holomorphic in B since the w-derivative of a harmonic mapping is
holomorphic and h = Re[iwX,,7] is an inner forced Jacobi field. So also the
second integral in (33) vanishes on account of Cauchy’s integral theorem.
Next, using (27), we obtain

(35) {%Z@)}w L:O - 23%H {Re[inwT]} = liwXw]w-

This implies

[w {%Z(t)}w - ZA(t)w} .

= w[inwT]w - Xy
= inw . XwT + inwa . XwT + iszw . XwTw =0

since Xy - Xop = 0, which also yields Xuww - X = 0. Thus
(30 S0 20
WS = : w
ot w
and so the third integral in (33) vanishes for ¢ = 0. Finally, by (35),

({70}, t@70y.)

= [iwf(wﬂw NiwX oy T)w
= [inT +iwX T + inwTw] . [inT + 1w X T + inwTw]

2 v % 2
= —-w wa . waT )

=0
t=0

t=0

using again Xw ~Xw =0 and X'w ~wa =0, i.e.

(31) ({%Zm}w - {%Zm}w)

Thus the first integral in (33) amounts to

t=0

—4Re/ w3wa -waTS dw.
Sl

In order to simplify notation we drop the ¢ in (33) and write

d? . . . .
—3E = Re |:4/ 'lUth . th(;SdU} + 4/ 'lUZttw . Zw(js dw
dt S1 S1

+8/ thw . Zw¢t dw + 2/ wa . Zw¢tt dw] .
St St

Differentiation yields
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d* . . . .
(38) —F = Re 12/ 'lUZttw . th¢ dw + 4/ wztttw . Zw(b dw
dt* S1 St

+ 12/ thw . thd)t dw + 12/ thtw . Zw¢t dw
St St

+12/ thw . ZAw(btt dw + 2/ ’UJZAw . Zw(bttt dw}
st 51
= Re[Il + I+ I3+ Iy + Iy +I6]
We have I5(0) = 0 since Z,,(0) - ZAP,(O) = X, -X:w = 0. Moreover, by Cauchy’s
theorem, I5(0) = 0 since both Zttt“”t:o = [Z#+(0)] and wX,,7 are holo-

morphic. On account of (36) we also get I5(0) = 0. Finally, taking (17) into
account, we see that

I3(0) = 712/ W3 Xy - X 7204(0) duw,
Sl

and we arrive at
Proposition 3. Since X = Z(O) is a minimal surface we have

d*E

(39) e

(0) = 12Re / Z11(0) « [10 71 (0)7 + WX 4 (0)] duo
Sl
- 12Re/ w2 X -wa72¢t(0) dw,
Sl

provided that 7 = ¢(0) is the generator of an inner forced Jacobi field at X.

Finally, as an exercise, we even compute ‘f;tf (0). Differentiating (38) it
follows that

SE
(40) d = =Re> I

with
I := IG/S Wit - Zewd dw, I = 12/S Wit * Zitwd dw,
I3 = 4/5 Wit  Lwddw, Iy = 16/S Wttt + Lt dw,
Wi - Ziwbrdw, Ts =24 | w2y - Zwpy dw,

I7 = 24 thw . th¢tt dw, Ig =16 wztw : Zw¢ttt dﬂ),

I9 = 2/ ’U)Zw . Zw¢tttt dw.
S
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I5(0) vanishes by Cauchy’s theorem since both Ztttt(O)w and wX,,7 are holo-
morphic provided that 7 = ¢(0) is the generator of a forced Jacobi field at X.
Furthermore, Is(0) = 0 because of (36), and X,, - X,, = 0 implies Iy(0) = 0.
Thus we obtain by (37):

Proposition 4. Since X is a minimal surface we have

d°F

(41) s

(0) = 16Re /S 2w (0) - [0 20 (O)7 + 0K 90(0)]

+ 12Re / Z110(0) - [w 2410 (0)7
Sl
+ 471}2tw (0)9¢(0) + 2WXw¢tt(0)] dw
— 24Re / W Xy - XepwT242(0) dw
Sl

provided that T = ¢(0) is the generator of an inner forced Jacobi field at X.

Note also that in (39) and (41) we can express Z,(0) by (35) which we
write as

(42) Z1(0) = [iwX 7]

The values of E”(0) and E’'(0) in (30) and (34) depend only on 7 = ¢(0)
and not on any derivatives of ¢(t) at ¢ = 0; in this sense we say that E”(0)
and E"'(0) are intrinsic. As we shall see later, this reflects important facts,
namely: The Dirichlet integral D has an intrinsic second derivative d?D, and
an intrinsic third derivative d®D in direction of forced Jacobi fields.

Let us try to show that a nonplanar weak relative minimizer X of D cannot

have a branch point in B. To achieve this goal, a somewhat naive approach
would be to compute sufficiently many derivatives E7)(0) := %(O) and to

hope that one can find some first nonvanishing derivative, say, E(")(0) # 0,
whereas E(j)(O) =0 for j = 1,2,...,L — 1. Then Taylor’s formula with

Cauchy’s remainder term yields
1

E(t) = E(0) + 7

EDt)tr for |t <1, 0< 9 <1,
that is,
. - 1
D(Z(t)) = D(X) + EE(L)(q%)tL,
and we infer for some ¢t with 0 < [t| < 1 that
(i) D(Z(t)) < D(X) if L odd=2(+1> 3 and EZ+D(0) #0,
and

(i) D(Z(t)) < D(X) if L even = 2¢ > 4 and E®?9(0) < 0.
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Let us see under which assumption on X this approach works for L = 3. Note
that an arbitrary branch point wg € B of a minimal surface X can be moved
to the origin by means of a suitable conformal automorphism of B. Hence it
is sufficient for our purposes to show that a minimizer X of D in C(I') does
not have w = 0 as a branch point. Therefore we shall from now on assume the
following normal form of a nonplanar minimal surface X (cf. Vol. 1,
Section 3.2):

X has w = 0 as a branch point of order n, i.e.

Xp(w) = aw™ + o(w™) as w — 0.

Choosing a suitable Cartesian coordinate system in R?® we may assume that
X, can be written as

(43) Xp(w) = (Ajw" + Apw™ 4o+ Rppw™+ Rypqw™ ™ 4--4), m>n,

with A; € C*,R; € C,A4; # 0 and R, # 0 for some integer m satisfying
m > n; the number m is called index of the branch point w = 0 of X given
in the normal form (43). Note that a surface X can also be brought into the
normal form (43) (with n = 0) if X is regular at w = 0.

Lemma 2. The normal form (43) satisfies

A1+ A1 =0, Ap=X Ay fork=1,2,...,2(m—n),
(44)

v Ao onis = —5 R
and therefore
(45) KXo (W) - Xpw(w) = (m —n)?R2w*™ 2 4+... | R, #0.
Proof. Equation (43) implies
Xo(w) - Xp(w) = (w?p(w) + R2,w*™) + O(|w|*™ 1)  as w — 0,

where p(w) is a polynomial of degree 2¢ in w with ¢ := m — n which is of the
form

p(w) = A1 . A1 + 2A1 . A2’LU + (2A1 . A3 + A2 . /12)11.)2
+ (2141 <Ay + 24, - A3)U}3 + (2A1 cAs +2A5 - Ay + As - A3)’LU4

+ oo 4+ (241 - Agppr + 240 - Agp+ -+ 2Ap40 - Ap 4 Apyr - Ag+1)u}%

= co+clw+02w2 +~~~+025w2€, c;j € C.

Since X, - Xw = 0 we obtain

2
cO:cl:-~-:cﬂ,1:0, CQ£+Rm:0.
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Let (A’, A”) := A’-A” be the Hermitian scalar product of two vectors A’, A” €
C2. The two equations co = 0 and ¢; = 0 yield A; - A; =0 and A; - 43 =0
which are equivalent to

<A1,A1> =0 and <A2,A1> ZO
Since A; # 0 and A; # 0 this implies
Ay = XAy for some Ay € C,

and so we also obtain
AQ'AQZAgAl'Al =0.

On account of ¢y = 0 it follows A; - A3 = 0, and thus it follows

<A1,Zl> =0 and <A3,A1> =0

whence

Az = X\3A; for some A3 € C,

and so
A2 : A3 = )\2)\3141 . Al =0.

Then ¢z = 0 yields A; - A4 = 0, therefore
<A1,Zl> =0 and <A4,Z1> = 0;

consequently

Ay = MA; for some \y € C.
In this way we proceed inductively using ¢y = 0,...,co¢—1 = 0 and obtain
A = MA; for k=1,2,...,2(m —n). Since A; - A1 = 0 it follows that
(46) Aj- Ay =0 forl<yjk<2(m—n).
Then the equation cop + R2, = 0 implies 24 - Ayp 1 + R, =0, i.e.

.

(47) Ay - A2(m—n)+1 = _§Rm

Furthermore, from
Xo(w) = (A1w" + Agw™ ™ + o+ Aoy 0w 4 Ry 4+ )
we infer

Xpw(w) = (nA1w" ™ 4+ -+ (2m — n) Agpm_on w1
+ . ’mmem—l +)

Then (46) implies
Xuw (W) - Xpw(w) = [20(2m — n) A1 - Agp_ons1 + m?R2Jw?™ 2 4.
and by (47) we arrive at
Xopw (W) - X (w) = [-1(2m — n)R%, + m2R2 Jw?™ 2 4 ...,

which is equivalent to (45). O
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Theorem 1. (D. Wienholtz). Let X be a minimal surface in normal form
with a branch point at w = 0 which is of order n and index m, n < m, and
suppose that 2m — 2 < 3n (or, equivalently, 2m +2 < 3(n+1)). Then we can
choose a generator T of a forced Jacobi field h such that E®) (0) < 0, and so
X is not a weak relative minimizer of D.

Proof. Define the integer k by
k:=(02m+2)—-2(n+1).
Because of m > n and 2m — 2 < 3n it follows that
1<k<n+1.

Let

10 :=cw "™, o i=cw Pk, ceC,

and set

(i) Ti=mifk=n+1,;
(il) 7:=ero+71,e>0,if k <n+1.

In both cases 7 is a generator of a forced Jacobi field at X, since w X, (w)
has a zero of order n + 1 at w = 0, and Im 7 = 0 on 9B. By (45) it follows
for w € B that

wSwa(U}) . wa(w) = (m —n)*R:w?™ ...

where + - - - always stands for higher order terms of a convergent power series.
In case (i) one has
7‘3(11)) = B30 L ,

and so

W3 X o (W) - X ()7 (w)? = (m — n)*R% AFw™t + f(w),

where f(w) is holomorphic in B and continuous on B. Then formula (34) of
Proposition 3 in conjunction with Cauchy’s integral theorem yields

E®)(0) = —4Re[2mi(m — n)?R2,¢®] if k=n+ 1.

With a suitable choice of ¢ € C we can arrange for E®)(0) < 0 since R,,, # 0
and (m —n)? > 1.

In case (i) we write w? Xy - Xpw as

wSwa(w) - Xpw (W) = (m — n)QRznwzm+1 + f(w),

where
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oo
flw) := w2 Zajwj, aj € C.
=0

From

= 637'03 + 3627'ng + 367‘07’12 + 7'13

it follows that . .
(W) := W X o (W) - X (w) 73 (w)

is meromorphic in B, continuous in {w : p < |w| < 1} for some p € (0,1), and
its Laurent expansion at w = 0 has the residue

Resy—o(g9) = 3¢2c*(m —n)*R% 4+ can_p, 1<k <n.

Cauchy’s residue theorem together with formula (34) of Proposition 3 then
imply

E®(0) = —4Re{2mi[32c (m — n)*R2, + &c3a, 1]} for k <n +1.

By an appropriate choice of ¢ € C and ¢ with 0 < € < 1 we can achieve that
E®)(0) < 0 also in case (ii). O

The following definition will prove to be very useful.

Definition 3. Let X be a minimal surface in normal form having w =0 as a
branch point of order n and of index m. Then w = 0 is called an exceptional
branch point if m + 1 = k(n + 1) for some k € N; necessarily x > 1.

Remark 1. If 2m — 2 < 3n, ie. 2(m 4+ 1) < 3(n 4+ 1), then w =
exceptional, because (m+1) = k(n+1) with £ > 1 implies 2k(n+1) <
and therefore 2x < 3 which is impossible for k € N with £ > 1.

0 is not
3(n+1)
Remark 2. Now we want to show that the notion “w = 0 is an exceptional
branch point” is closely related to the notion “w = 0 is a false branch point”.
To this end we choose an arbitrary minimal surface Z (¢), ¢ € B, in normal
form without ¢ = 0 being a branch point, i.e. Z = Re g where g : B — C3 is
holomorphic and of the form

9(¢Q) = Z(0) + (BoC + BiC* + -+ ,CuC" 4 -+-), By #0, Cu #0, k> 1.

Consider a conformal mapping w — ¢ = ¢(w) from B into B with ¢(0) =0
which is provided by a holomorphic function

ow)=aw+---, a#0, we B.

Then X (w) := Re f(w) with f(w) := g(¢" " (w)), w € B, is a minimal surface
X : B — R? such that X(0) = Z(0) and

flw) = X(0) + (a1 Byw" ™ 4 - | @Dt o,
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Thus we obtain for X, = %f’ that
Xpw) = (Ajw" + -, Rpw™ +---), A1 #0, Ry, #0,

and so X (w), w € B, is a minimal surface in normal form which has the
branch point w = 0 of order n and index m := r(n + 1) — 1, whence w = 0
is exceptional. Clearly X is obtained from the minimal immersion Z(¢) as a
false branch point by setting X:=2Zo "1, As the “false parametrization”
X of the regular surface 8 := Z(B) is produced by an analytic expression
¢ = " Hw) we call w = 0 an “analytic false branch point”.

In Remark 1 we have noted that w = 0 cannot be “exceptional” if 2m—n <
3n, and so it cannot be an “analytic false branch point”.

It will be useful to have a characterization of the nonexceptional
branch points, the proof of which is left to the reader.

Lemma 3. The branch point w = 0 is nonexceptional if and only if one of
the following two conditions is satisfied:

(i) There is an even integer L with

(48) (L-=1)(n+1)<2(m+1) < L(n+1).
(ii) There is an odd integer L with

(49) (L-—1)(n+1)<2(m+1)<Ln+1).

We say that w = 0 satisfies condition (1) if either (48) with L even
r (49) with L odd holds.

In Theorem 1 it was shown that E()(0) can be made negative if 2m —
2 < 3n. Therefore we shall now assume that 2m — 2 > 3n. It takes some
experience to realize that the right approach to success lies in separating the
two cases “w = 0 is nonezceptional” and “w = 0 is exceptional”. Instead one
might guess that the right generalization of Wienholtz’s theorem consists in
considering the cases

(CL) (L=1)n<2m-2<Ln, LeNwithL>3
and hoping that one can prove
ED0)=0 for1<j<L-1, EY(0)<0

using appropriate choices of forced Jacobi fields in varying the minimal surface
X. Unfortunately this is not the case. To see what happens we study the two
cases

(Cy) 3In<2m—2<4n
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and
(Cs) dn <2m —2 < bn

by computing F®(0) in the first case and E®)(0) in the second one. We begin
by treating special cases of (Cy) and (Cjs), where we can proceed in a similar
way as before with E(3)(0) for 2n < 2m — 2 < 3n.

The case (Cy) with 2m — 2 =4p,p € N.

Proposition 5. If wZ;,(0)7 + wXwd(0) is holomorphic, then

(50) E®W(0) = —12Re / W3 X - X 7204(0) duw.
S1

Proof. Since Zttw(O) is holomorphic in B, the integrand of the first integral
in (39) is holomorphic, and so this integral vanishes. 0

Remark 3. In case (C4) with 2m — 2 = 4p the branch point w = 0 is nonex-
ceptional. To see this we note that p < n whence

2m+2=4(p+1) <4(n+1)

and therefore
n+l<m+1<2(n+1).

Also note that n = 1,2,3 are not possible since n = 1 would imply p < 1;
n = 2 would mean p = 1 whence 6 = 3n < 4p = 4; and n = 3 would imply
p <2, and so 9 = 3n < 4p = 8. Finally 3n < 4p and n > 4 yields p > 3.

Theorem 2. If 3n < 2m — 2 = 4p < 4n for some p € N, then one can find a
variation Z(t) of X such that E(0) < 0, whereas EV)(0) = 0 for j = 1,2,3.

Proof. First we want to choose 7 = ¢(0) and ¢;(0) in such a way that the
assumption of Proposition 5 is satisfied. To this end, set

7(w) := (a — ib)w P~ + (a4 ib)wPH,
which clearly is a generator of a forced Jacobi field. By (43) we get

WX (w)7(w)
= (a — ib)(Ajw" P + Apw™ P o g g TP
Rpw™ P+ )+ (a+ ib)(Alw”'f‘P"r? 4. ’mem+P+2 +e0).

By (35) it follows

W Zp (W, 0)7(w) = wliw Xy (0) 7 (W))W (w)
=i(a—ib)*((n —p)Aw™ "'+ (n—p+ 1) Asw" % + -
+ (2m —n-—= p)A2m72n+1w2m—n—2p—1 T+ (m - p)mem—2p—1 +- )
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Note that 2m — 2 = 4p implies m —2p — 1 = 0, whence n —2p — 1 < 0 because
of m>n,but 2m—n—2p—1=(m—2p—1)+(m—n) =m—n > 0. Thus the
third component above has no pole, while the first (vectorial) component has
a pole at least in the first term, but no pole anymore from the (2m—2n+1)-th
term on. These poles will be removed by adding wa¢t(0) to thw(O)T with
an appropriately chosen value of ¢:(0). We set ¢¢(0) = 1 + -+ + ¥ where
P1,...,%, are defined inductively. First set

Ui(w) = —i(n —p)(a — ib)*w™ 72
+i(n — p)(a + ib)*w?P*2.

Now thw 0)r + wal/}l has no pole associated to A; while the poles asso-
ciated to Ax, 1 < k < s, are of the same order as before. Then we choose
1 so that there is no pole associated to As, etc. The number s is the index
of the last term (n — p + s)Ag 1w 2Pt~ where n — 2p + s — 1 is > 0 and
< 2m — 2n. Note that

wa (’U}) = (Alwn+1+A2wn+2+' : '+A2mf2n+1w2m_n+1+' o ameerl—i_' o )

and
Ay -Ap=0 fork=1,2,...,2m — 2n.

Therefore, wa(bt(O) = wX, - [th1 + o + -+ + 1] removes all poles from
W24y, (0)7 and creates no new poles. Consequently wZy,, (0)7 + wX,,¢:(0) is
holomorphic, and so we have

E(4)(0) = —12Re/ W X pw -wa72¢t(0) dw.
Sl

Formula (45) yields
W3 X o (W) - X (w) = (m —n)2RE w1 4.
The leading term in ¢;(0) is that of ¢, and
Y1(w) = —i(n —p)(a — ib)*w 2P~ ...

Furthermore,
72(w) =(a— ib)2w72p72 + ey

and so
T2(w)¢t(wv 0) = _Z((L — Zb)4(n — p)w_4p_4 + .-

Noticing that 2m 4+ 1= (2m+2) — 1 =4(p+ 1) — 1, and setting
k= 12(m —n)*(n —p) > 0

we obtain
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EW(0) = kRe [i(a — ib)*R2, /S d—“’] = —27kRe[(a — ib)* R ]

1w

and an appropriate choice of a and b yields F (4)(0) < 0. Finally we note that
E®(0) =0 and E®)(0) = 0 for the above choice of Z(t). The first statement
follows from Proposition 1. To verify the second, we recall formula (34) from
Proposition 2:

E(3)(0) = —4Re/ W Xpw - X" duw.
Sl

From the preceding computations it follows that

0 R (0) - Ko ()7 () = (0 — ) B — )P+ 15040
and, by assumption, 2m — 2 = 4p, whence
2m+1-3(p+1)=4p+3-3(p+1)=p>1;
therefore E®)(0) = 0. O

Remark 4. Under the special assumption that 2m — 2 = 4p we were able
to carry out the program outlined above for L = 4. However, applying the
method from Theorem 2 to cases when 2m — 2 # 0 mod 4 one will get
nowhere. Instead, trying another approach similar to that used in the proof
of Theorem 1, one is able to handle the case (C4) under the additional as-
sumption 2m —2 = 2 mod 4 by considering the next higher derivative, namely
E®)(0) instead of E™(0), cf. Theorem 4 stated later on. This seems to shat-
ter the hope that one can always make E")(0) negative, with E()(0) = 0
for 1 < j < L—1,if (Cp) is satisfied. In fact, by studying assumption (Cj)
we shall realize that (Cp) is probably not the appropriate classification for
developing methods that in general lead to our goal. Rather, the case (C5)
will show us that one should distinguish between the cases “exceptional” and
“nonexceptional” using the classification given in Lemma 3 to reach this pur-
pose.

Let us mention that, assuming (Cy),the branch point w = 0 is nonexcep-
tional according to Lemma 3, since 3n < 2m — 2 < 4n implies

3n+1)<3n+4<2m+2<4(n+1).

Let us now turn to the investigation of (Cs) by means of the fifth derivative
E®)(0).

Lemma 4. If f(w) := wZ(0)7 + wX ¢ (0) is holomorphic, then

o Zi1w(0) = {iw[iwX 7] oT + iwX yde (0) b,
(51 Zw(0) - Xy = = Z1p (0) - Z10p (0) = 02 X - X T2
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Proof. By (27) we have
Zyw = {2H[Re(iwZy9)] }o
whence
Zitw = {2H [Re(iwZtyd + 1w 2y )| b
and therefore

Z11(0) = (2H[Re(if)]}w = {if}u
= {iwZ4y (0)7 + 1w Xy 1 (0) }op.

th(O) = [inwT]w,

and so
Zttw(O) = {’L'w[i’waT]wT + inw¢t(0)}w.

It follows that

§><>

Zitw(0) - Xop = {iw[iX w7 + iwX o + iwX o] T + iwXyée (0) by -

From X'w . Xw = 0 one obtains Xw 'X’ww =0, and then

waw : Xw = _wa : wa~

This leads to

Ziw(0) - Xy = 0 Xy * Koo

- szww . waTZ - _th(o) . ZAtw(O)y
taking (37) into account. O
Proposition 4 and Lemma 4 imply

Proposition 6. If f(w) := wZ4,(0)7 + wX,¢:(0) is holomorphic, then

(52) E®(0) = 12Re /S [ Z400(0) + Zug(O)7 + 40 210 (0) - Z(0)64(0)] dv

We are now going to discuss the envisioned program for the case (Cs)
using the simplified form (52) for the fifth derivative E(®)(0). It will be useful
to distinguish several subcases of (Cs):

(a) 5n <2m+ 2,
(b) 5n > 2m + 2.
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In case (a) we have 5n < 2m + 2 < 5n + 4, that is,
2m+2=5n+a, 0<a<3d.
Therefore (a) consists of the four subcases
(53) 2m —5n =0,1,—1, —2.

In case (b) we have 5n > 2m + 2, and (Cs) implies 2m + 2 > n + 4, whence
5n > n + 4, and so we have n > 1 in case (b).

Case (a) allows an easy treatment based on the following representation
of 2m + 2 which we apply successively for a = 0, 1,2, 3 to deal with the four
cases (53). We write

an+1)+pn=2m+2

with  :=2m +2 —5n, 8 := 5 — «a where 0 < o < 3 and 3 > 2. Then we
choose
T: =10+ €, €>0,

where
o =cw 4w, mi=cw 4", ceC.

With an appropriate choice of ¢;(0) we obtain by an elimination procedure
similar to the one used in the proof of Theorem 2 that f := wZu,(0)T +
wa¢t(0) is holomorphic. Here and in the sequel we omit the lengthy com-
putations and merely state the results. As f is holomorphic one can use for-
mula (52) for E®)(0); we investigate the four different cases of (53) separately,
but note that always

EW0)=0, j=1,...,4.

(I) 2m —5n=0,1 <n <4. Ounly (i) n = 2 and (ii) n = 4 are possible. This
leads to

(i) n=2, m=5, (m+1)=2(n+1), ie. w=0 is exceptional;
(ii) n = 4, m = 10, hence m + 1 # 0 mod (n + 1), and so w = 0 is not
exceptional.

For (i) we obtain E®)(0) = 0 + o(e), whereas (ii) yields
E®)(0) = 12Re[27i - 336 - €2 - ¢°R2] + 0(€?)

which can be made negative by appropriate choice of ¢. Thus the method is
inconclusive for (i), but gives the desired result for (ii).

(IT) 2m — 5n = 1, 1 < n < 4. Then n necessarily either (i) n = 1 or (ii)
n = 3. Here,
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(i) n=1, m=3, m+1=2(n+1), ie. w=0 is exceptional;
(ii) n =3, m =8, and m+1 # 0 mod (n+1), hence w = 0 is not exceptional.

For (i) it follows that E®)(0) = 0+ o(e?), i.e. the method is inconclusive,
while for (ii) one gets

E®)(0) =12 - Re[27i - 250 - € - ¢°R2 | 4 o(€%),
and so E(®)(0) < 0 for a suitable choice of c.

(III) 2m — 5n = —1, 1 < n < 4. Then either (i) n =1 or (ii) n = 3, i.e.

(i) n=1, m=2,and so m+1 #Z 0 mod (n+1), i.e. w = 0 is not exceptional.
(i) n =3, m =7, whence m + 1 = 2(n + 1), i.e. w = 0 is exceptional.

For (i) we have 2m — 2 < 3n, and this case was already dealt with in the
positive sense by using E(®(0), cf. Theorem 1. For (ii) the method is again
inconclusive since one obtains

E®(0) =0+ ofe).

(IV) 2m —5n = —2, 1 < n < 4. Then either (i) n = 2 or (ii) n = 4, that is,

(i) n =2, m =4, whence m+1 #£ 0 mod (n+1), i.e. w = 0 is not exceptional.
(i) n=4, m=9,and so m+1=2(n+ 1), i.e. w = 0 is exceptional.

In case (i) we have 3n = 2m — 2 < 4n, i.e. condition (Cy) holds, and this
case will be tackled by Theorem 4, to be stated later on. Case (ii) leads to
E®)(0) = 0+ 0(1) as € — 0 which is once again inconclusive.

Conclusion. The method is inconclusive in all of the exceptional cases. In
the nonexceptional cases it either leads to the positive result E®)(0) < 0 for
appropriate choice of ¢, or one can apply the cases (Cs) or (Cy), and here
one obtains the desired results E®)(0) < 0 or E®W(0) < 0 respectively (see
Theorems 1 and 4).

Now we turn to the case (b). We first note that (Cs) together with (b)
implies 4(n + 1) < 2m + 2 < 5n. Hence either (i) 2(n + 1) = m + 1, or (ii)
4(n + 1) < 2m + 2 < 5n. Therefore, w = 0 is exceptional in case (i) and
nonexceptional in case (ii). Furthermore we have

2m+2=4dn+k with <k <n,
where k = 4 is the case (i) and 4 < k < n is the case (ii).

In order to treat the case (b) which in some sense is the “general subcase”
of (Cs) we use
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Ti=c-(ew "+ w ) +E (ew” + wh).
Choosing ¢;(0) appropriately we achieve that f is holomorphic, and so E ) (0)
is given by (52). Moreover, E)(0) = 0 for 1 < j < 4. It turns out that

E®)(0) =12 - Re[2mic’e*yR2] + o(€*), €>0,
with
5[5 5

v=(m—n)(k—4) ZnJrg(ka)

and v = 0 in case (i), whereas v > 0 in case (ii).

Thus the following result is established:

Theorem 3. Suppose that (Cs) and (b) hold, hence 4n + 4 < 2m + 2 < 5n.
This implies 2m + 2 = 4n + k with 4 < k < n. For k = 4 the branch point
w = 0 is exceptional, and the method is nonconclusive. If, however, 4 < k < n,
then 7 = ¢(0) and ¢(0) can be chosen in such a way that E®)(0) < 0 and
ED0)=0forj=1,...,4.

Next, we want to prove that the remaining cases of (Cy) lead to a conclusive
result also for the remaining possibility 2m — 2 # 4p for some p € N with
1 < p < n. Because of 3n < 2m — 2 < 4n we can write 2m — 2 = 4p + k with
0 < k < 4 (the case k = 0 was treated before). Since k& must be even, we are
left with & = 2, and we recall that w = 0 is a nonexceptional branch point in
the case (Cy).

Theorem 4. Suppose that 3n < 2m — 2 =4p + 2 < 4n with 1 < p < n holds
(this is the subcase of (Cy) that was not treated in Theorem 2). Then T = ¢(0)
and ¢¢(0) can be chosen in such a way that

EWD0)=0 forj=1,...,4, E®(0)<o0.
Proof. This follows with
7i=clw F ew ) e (wh +ewP™), e>0.
Then E(j)(O) =0forl1<j<4and
E®)(0) =12 - Re[2mic®e* R2 ] + o(€*),
where
v = (m—n)*(m —2p —1)* +4(m —n)*(m — 2p — 1)(m — k — p)

—8(n —p)(m —p)(m —n)(m — k —p)
—4(m —n)(m—=2p—1[(n—p)(m—p+1)+(m—p)(2n—p—k+1)].

Since 4(p+1) + k =2m + 2 and
5p+1)=4dp+k+p+B-k)=2m—2)+3+p>2m+2

one can prove that v < 0. Thus one can make E(®)(0) < 0 for a suitable choice
of c. O
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Let us return to the case (C4): 3n < 2m — 2 < 4n which splits into the

two subcases 2m — 2 = 0 mod 4 and 2m — 2 = 2 mod 4. The first one was
dealt with by E™(0), cf. Theorem 2, the second by E(®)(0), see Theorem 4.
Combining both results we obtain

Theorem 5. Let X be a minimal surface in normal form having the branch
point w = 0 with the order n and the index m such that (Cy) holds. Then X
cannot be a weak minimizer of D.

We want to give a new proof of this result which combines both cases into
a single one. Note first that 3n < 2m —2 < 4n is equivalent to 3(n+1) +1 <
2m+2 < 4(n+1) = 3(n+1)+n+ 1. Therefore w = 0 is not exceptional, and

(54) 2m+2=3n+1)+r, 1<r<n.

The new approach consists in choosing the generator 7 = ¢(0) as

—n—1 “+1

(65) T =10+ 7 Wwith 70 := ecw +ecw™™, Ti=cw "+ 7w, ceC.

We need the following auxiliary result:

Lemma 5. For any v € N and a € C we have

(56) {2H[Re(aw )]} = vaw”™  on B.

Proof. On S' one has w™" = wW"” whence

aw™ = aw’ = aw’ on S

and therefore
Re(aw™) = Re(@w”) on S*.

Consequently

2H[Re(aw™)] = 2H[Re(aw"”)] on B.
This implies
{2H[Re(aw™)]}w = {2H[Re(@w")]},, on B.

Finally, since aw” is holomorphic in C, it follows that

{2H[Re(aw” )]}, = %(aw”) =vaw”~' on B. O

Now we calculate E®)(0) using the formulae (37) and (39):

(57) EW(0) = 12Re /S 1 Z11(0) - [0 Z4 (0)T + WXy 4 (0)] dw

+ 12Re /S 1 0 Z4(0) - Zies (0)4(0) duw.
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From
WX, = (AlwnJrl eeea A2m72n+1w2mfn+1 4o 7‘meerl 4. )

it follows that

wX,T
= 06(A1 + -+ A2mf2n+1w2m_2n + - ’mem—n + .- )
F (AT b Ao T L R IT )

+g(w), gw) = wX,(w)- [ecw" T +cw"].

The expression g(w) is “better” than the sum T; 4+ T» of the first two terms
T1,T> on the right-hand side of this equation, in the sense that it is built
in a similar way as T7 + Ty except that it is less singular. In the sequel this
phenomenon will appear repeatedly, and so we shall always use a notation
similar to the following:

WX, =T + Ty + (better).

This sloppy notation will not do any harm since in the end we shall see that

each of the two integrands in (57) possesses exactly one term of order w1 as

w-terms of least order, and no expression labelled “better” is contributing to
them.

Using (35) one obtains

Zw(0) = ice(Ag + -+ (2m — 2n) Agp—_appq w720 4o
(m —n)Rypw™ "4 ..0)
+ic(n+1—-r)Aw"™ "+
+2m —n 41— 7) Ay g w?™ T
+eoy(m A1 =r)Rpw™ " + ) + (better).

This implies

W24 (0)T = ic2e(Aqw ™ + -+ + (2m — 2n) Agm—onpq w31 4.
(m —n)Rypw™ 2"t 4.
+icle((n+1—7r)Ayw " +---
+(2m —n+1—7)Agpm_oppw?™ 2"
+-,(m+1=r)Rpw™ """ 4 .- ) + (better).

)

Recall that A, = Ay Aq for k = 1,...,2m — 2n. In order to remove all poles
in the first two components of

f = wztw (O)T + wa¢t(0)
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one chooses ¢:(0) in a fashion similar to that used in the proof of Theorem 2:

$:(0) := —i02A262w_2n_1 — icze(n +1-— r)w_”_l—r 4+
Then
f = ic? 2(, .. (gm — 2”)A2m—2n+1w2m73n71

+ .. ,(m—n)mem—Q"—l +)

+ i626(~ (2m-n+1- T)A2m72n+1w2mf2n—r

F oo (M=) Rppw™ " )

+ (better).
Here and in the sequel, - - - stand for non-pole terms with coefficients A; with
7 <2m —2n.

The first two components of f (i.e. the expressions before the commata)
are holomorphic; the worst pole in the third component is the term with the
power w™~2"~1: note that

[(2m +2) — 4(n +1)] < 0.

DO | =

yi=m-—2n—1=
Thus Lemma 5 yields
{H[Re(Ryw )]}y = —YRpw 75
Using a formula established in the proof of Lemma 4 one obtains

Zua(0) = —2€ (-~ (2m — 2n)(2m — 3 — 1) gz 10?5,
(m—=n)2n+1—m)Ruw* ™™ +-..)
—cPe(---(2m —n)(2m — 2n — 1) Ao _opi 1w

(m—n)(m—n—r)Ryuw™ " ") + (better).

2m—2n—r—1

It follows that

Zttw (0) - [thw (0)7 + WXw¢t(0)]
= {—ic*¢é(m —n)* (m —n—r)RZw ™ 4} + o(e?)

since
(58) 2m—=3n—-r—-2=02m+2)-3(n+1)+r]-1=-1.
A straight-forward calculation shows

wZ1(0) - Z2w(0)¢1(0)
= {ic*é3(m —n)*’(n+1—r)RZw™ + -} +o(e?).
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Thus one obtains by (57) that

E™(0) = 12¢°Re / z‘kc“R,%Ld—w + o(€%)
S1 w
with

k.= (mfn)z(nJrlfr)f(mfn)2(mfnfr).

Since
1 1
m—n—r:5{(2m+2)—2(n+1)—2r}:§(n+1—7")

it follows that

k= §(m—n)2(n+l—r) > 0.
Hence, by suitable choice of ¢ € C one can achieve that E*)(0) < 0, while
EW(0) =0 for j =1,2,3. This concludes the new proof of Theorem 5. O

Finally we want to show that it often is possible to estimate the index
m of an interior branch point wy of a minimal surface X € C(I') with the
aid of a geometric condition on its boundary contour I'. Following an idea by
J.C.C. Nitsche, we use Radd’s lemma for this purpose (cf. Vol. 1, Section 4.9),
which states the following. If f € CY(B) is harmonic in B, f(w) # 0 in B,
and V7 f(wg) = 0 at wg € B for j =0,1,...,m, then f has at least 2(m + 1)
different zeros on 0B.

We can assume that the minimal surface X is transformed into the normal
form with respect to the branch point wg = 0 having the index m. If the
contour I" is nonplanar, then X3(w) # X§ := X3(0), whence m < oo and

X3(w) = X3 + Re[cw™ ™ + O(w™ )] forw — 0

with ¢ € C\ {0}. Hence f := X® — X satisfies the assumptions of Radé’s
lemma, and therefore f has at least 2(m+ 1) different zeros on 9B. Hence the
plane IT := {(z%,2%,23) € R? : 23 = X3} intersects I" in at least 2(m + 1)
different points. If m = oo then even I' C II, and so we obtain:

Proposition 7. If the minimal surface X e C(I') possesses a branch point
wo € B with the index m, then there is a plane IT in R3 which intersects I in
at least 2(m+1) different points. Consequently, if every plane in R? intersects
I' in at most k different points, then the index m is bounded by

2m + 2 < k.
This result motivates the following

Definition 4. The cut number ¢(I") of a closed Jordan curve I' in R is the
supremum of the number of intersection points of I' with any (affine) plane
IT in R3, i.e.
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(59) c(l) :=sup{#(I'N1II): I = affine plane in R3}.
It is easy to see that

(60) 4<c(l) < o0,

and for any nonplanar, real analytic, closed Jordan curve the cut number ¢(I)
1s finite.

We can rephrase the second statement of Proposition 7 as follows:

Proposition 8. The index m of any interior branch point of a minimal sur-
face X € C(I") is bounded by

(61) 2m +2 < ¢(I).

If n is the order and m the index of some branch point, then 1 < n < m.
On the other hand, ¢(I") = 4 implies m < 1, and ¢(I") = 6 yields m < 2. Thus
we obtain

Corollary 1. (i) If ¢(I') = 4 then every minimal surface X € C(I") is free of
interior branch points.

(ii) If ¢(I') = 6 then any minimal surface X € C(I") has at most simple
interior branch points of index two; if X has an interior branch point, it
cannot be a weak minimizer of D in C(I").

Proof. (i) follows from 1 < n < m < 1, which is impossible. (ii) 1 <n <m <2

implies n = 1 and m = 2 for an interior branch point wg of X, whence
2n < 2m — 2 < 3. Thus condition (Cj3) is satisfied, and therefore the last
assertion follows from Theorem 1. O

Corollary 2. Let X € C(I") be a minimal surface with an interior branch
point of order n, and suppose that the cut number of I satisfies e(I") < 4n+3.
Then X is not a weak minimizer of D in C(I').

Proof. By (61) we have
om +2 < dn + 3

hence either
n+4<2m+2<3n+4<2n<2m-—2<3n

or
N+4<2m+2<4n+43n<2m-—2<4dn

hold true, i.e. either (C3) or (C4) are fulfilled. In the first case the assertion
follows from Theorem 1, in the second from Theorem 5. O
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6.2 The Theorem for n +1 Even and m + 1 Odd

In this section we want to show that a (nonplanar) weak relative minimizer X
of Dirichlet’s integral D that is given in the normal form cannot have w = 0
as a branch point if its order n is odd and its index m is even. Note that
such a branch point is nonexceptional since n + 1 cannot be a divisor of
m+ 1. We shall give the proof only under the assumptions n > 3 since n = 1 is
easily dealt with by a method presented in a forthcoming book by A. Tromba.
(Moreover it would suffice to treat the case m > 6 since 2m—2 < 3n is already
treated by the Wienholtz theorem. So 2m > 3n + 2 > 11, i.e. m > 6 since m
is even.)

The Strategy of the Proof

The strategy to find the first nonvanishing derivative of E(t) at t = 0 that
can be made negative consists in the following four steps:

(I) Guess the candidate L for which E(X)(0) < 0 can be achieved with a
suitable choice of the generator 7 = ¢(0).
(I1) Select DY $(0), B > 1, so that the lower order derivatives E@(0),j =
1,2,...,L — 1 vanish, (Df = (‘?T/;)
(IIT) Prove that

EWD(0) = Re/ chR?n%U = Re{2mickR? },
S1

where ¢ # 0 is a complex number which can be chosen arbitrarily, and
k € C is to the computed.
(IV) Show that k # 0.

Remark 1. In order to achieve (II) one tries to choose D’¢(0), # > 1, in
such a way that the integrands of EU)(0) for j < L are free of any poles and,
therefore, free of first-order poles. To see that this strategy is advisable, let
us consider the case L = 5; then we have to achieve E((0) = 0. Recall that
EM®(0) consists of two terms, one of which has the form

- 12Re/ (2H[Reif]}uf dw,
Sl

where . .
fri=w[iwXyTlwT + wX,y¢:(0).

Assume that f had poles, say,

f(w) = g(w) + h(w), g(w) = Zaj'w—j, h = holomorphic in B,

Jjz1

and h € C°(B). Then, by Lemma 5 of Section 6.1,
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{(2HReif]}o(w) = g"(w) + W' (w), g (w) = =iy jaju’~".
i>1

']:‘hllS7 I = 12 . {Il + IQ —+ Ig}, Wlth

I = Re/ grgdw, Ip:= Re/ Wgdw, I3:= Re/ (g"h + h'h) dw.
st st st

The worst term is I7; one obtains
I = Re/ > (—ijagw " agw™") dw =21 Y jlaj|* > 0
St i>1

and I3 = 0. Hence, in order to achieve I = 0, one would have to balance I,
against Iy > 0 which seems to be pretty hopeless.

Let us now apply the “strategy” to prove

Theorem 1. Let X be a nonplanar minimal surface in normal form that has
w =0 as a branch point of odd order n > 3 and of even index m > 4. Then,
by a suitable choice of T = ¢(0) and DP$(0), one can achieve that

EMD0) <0 and ED0)=0 for1<j<m.

Proof. Set N:=L—-1, M:=L—(a+p+1)=N—(a+ ), hence L—1=
a+ 8+ M. By Leibniz’s formula,

N-B N
DY (2 Zulo} = 30 3~ (DN 2,) - (DF 2) D},
= 5= alB(N = 8 — a)!

«

Since

DyE(t) = 2Re /S W 2(t)u - Z(t)ut(t) d,

we can use Leibniz’s formula to compute E(F)(t) from

ED () = 2Re /S 1 wDN{[Zw(t) - Z(1)] (1)} dw.

We choose L := m+1; then L > 5 as we have assumed m > 4. It follows that
(1) ED(0) = Jy + Jo + Js,

where the terms Jq, Jo, J3 are defined as follows: Set

(2 T = w (D} Z2(0)) D7 6(0).

Then,
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(3) J, = 4Re/ [DE2Z(0))w - (wX7) dw
Sl

+4-(L-1) Re/ [DE=2Z(0)]w f dw

Sl
L-3
(L—1)! / s
4 —— DM 7 Ly
+ Z M!(L—M—l)!Re Sl[ v Z(0)]w - gL—n—1 dw,
M>%(L-1)

fi=T 4+ T = w[Z(0)]WT + wXu i (0),

V'

- v o, ; Voo .
gy = Z CopT with cpg = m,
a+pB=v
L1
2(L - 1)! -
(4) J2 = Z W Re /Sl [DiWZ(O)]w . h]\/[ dw
M=2
+2(L —1)(L —2) Re/ [Z:(0)]w - THE73 duw,
Sl
M!

T(x,L—l—M—a
al(L-1-M — a)! ’

M
har =Y (M, a)
a=0

Y(M,a):=1 fora=M, Y(M,a):=2 fora#M;

(5) Ty = A(L — 1)Re/

W Z4 (0) - Xy DE2¢(0) dw
Sl

+2Re/ wX, - X DE19(0) dw.
Sl

We have J; = 0 since X, - Xu = 0 and th(O) - X, = 0 on account of
formula (36) in 6.1.

Now we proceed as follows:

Step 1. We choose 7 = ¢(0) and D (0) for 8 > 1 in such a way that f and
gr—nm—1 are holomorphic. Then the integrands of the three integrals in J; are
holomorphic because all w-derivatives [D!Z(0)], of the harmonic functions
D! Z(t) are holomorphic. Then it follows that J; = 0, and thus we have

(6) EW(0) = Js.

Step 2. Then it will be shown that E(%)(0) reduces to the single term

(7) E<L>(o)=2'7m!Re/ w[D"* Z(0)]w - D} Z(0)].7 dw
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which can be calculated explicitly; it will be shown that

2-m!

(8) EW(0) = Re(27i - k- R2),

where x is the number

(9) k=il a —ib) X (m — 1)%(m — 3)?...32 . 12
if the generator 7 = ¢(0) is chosen as

(10) 7(w) == (@ —ib)w™? + (a + ib)w?.

For a suitable choice of (a — ib) one obtains E(*)(0) < 0. Furthermore the
construction will yield E(j)(O) =0for1<j<L-1.

Before we carry out this program for general n > 3, m > 4, n = odd,
m = even, we explain the procedure for the simplest possible case: n = 3 and
m = 4.

From the normal form for X, with the order n and the index m of the
branch point w = 0 we obtain

(11) wa — (Alwn+1 I +A2m_2n+1w2mfn+1 N 7mem+1 4. )

Choosing 7 according to (10) it follows from

[Z0(0)]w = (1w X7 )
that

(12) [Z:(0)].
= (a—ib)(i(n — D) Ajw" % + inAyw™ ™t + ...
+i(2m —n — 1) Ao _on1w?™ "2 i(m — D Rpw™ 2 4 ---)
+ (better).

Here, (better) stands again for terms that are similarly built as those in the
preceding expression but whose w-powers attached to corresponding coeffi-
cients are of higher order. Then

(13) w[Z,(0)]wT
= (a—ib)2(i(n — 1) Ayw™ 3 + inAyuw™ 2 + - -
+ Z(2m -—n- 1)A2m_2n+1w2m7n73 + ,z(m - 1)mem73 + - )
+ (better).
Since this term is holomorphic we have the freedom to set ¢:+(0) = 0. Then

f(w) = wZ(0)T+wX ¢ (0) is holomorphic, and Proposition 6 in Section 6.1
yields
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(14) E®)(0) = 12Re / W Z41(0) - Zpt (0)7 duw.
Sl

(This follows of course also from the general formulas stated above.)
From formula (51) of Lemma 4 in Section 6.1 we get

Z14(0) = {iw[iwXyT)wT b = ({240 (0)T

and so
(15)  Zuw(0) = ~(a— b((n — 1)(n — ) Ay~ 4.

+(2m —n—1)(2m —n — 3)Agp_opw*™ "1

+ ooy (m—1)(m = 3)Rpw™ * + ) + (better).
Since n — 3 = 0 and m = 4, this leads to
(16)  Zuwl0) Zuwl0) = (a— ib)*(m — 1)%(m — 3R, + -+
and by (14) we obtain for L=m+1 =5:

dw

(17) ED(0) = E®(0) = 12. Re/SI(a — i8)(m — 1)%(m — 3R, %2

= 12-Re[27i(a — ib)°(m — 1)*(m — 3)°R2)], m = 4.

Now we turn to the general case of an odd n > 3 and an even index
m > 4.

Step 1. The pole removal technique to make the expressions f and gr_pr—1
in the integral J1 holomorphic.

We have already seen that f(w) is holomorphic if we set ¢:(0) = 0. In fact,
we set

n—1

(18) DPyp(0)=0 for1<p< and for 5 > %(L -3)

and prove the following

Lemma 1. By the pole-removing technique we can inductively choose Dtﬁ¢(0)
for B < %(L —3) such that g, is holomorphic forv =0,1,..., %(L —3). Then
the derivative [D} Z(0)]y is not only holomorphic, but can be obtained in the
form

(19) D) Z(0)]w = {igy_1}w fory=1,2...., %(L _1).

Suppose this result were proved. Since in J; there appear only g, with
v=L-M-1where 3(L—-1) < M < L-3,ie. 2<v < i(L-3),al
integrands in J; were indeed holomorphic, and so J; = 0. Thus it remains to

prove Lemma 1.
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Proof of Lemma 1. By definition we have

(20) gp = T TP = w[DZ(0)], D} ¢(0),
a+pB=v

and ¢(0) = 7.

The expressions w[D¢ Z(0)],,7 have no pole for a < n—1 and we make the
important observation that there are numbers ¢, ¢’ such that

w[D,; % Z(0)]wr = (cAy + -+ ¢ Rpuw™ " 4 ---).

Thus, a pole in w[D®Z(0)],7 may arise at first for @ = $(n +1); then we
have, say

1 n S — —_n—
(21) w[Df( +1)Z(O)]w7' = (cAyw™ 4 [Ruw™ T ),
ntl
This requires a nonzero D, 2 ¢(0) in case that cAs # 0 if we want to make
91 (nt1) pole-free. Now we go on and discuss the pole removal for v = %(n +

3),5(n+5),...,5(L—3).
Observation 1. Since m is even, n is odd, and m > n, we have
(22) m=n+(2k+1), k=0,1,2,...,
and therefore
(23) Yoo =tm—2=Lura—
5 =g(m =5(n .

Thus, for m = n+ 1, all g, with 2 < v < %(L — 3) are pole-free if we set
DP$(0) = 0 for all 8> 1; cf. (18). For m = n + 3, we have to choose D} ¢(0)
appropriately for 3 = % (n+1) while the other D? $(0) are taken to be zero. For
m = n+5, we must also choose Df(b(O) appropriately for § = %(n+3) whereas
the other D/ $(0) are set to be zero. In this way we proceed inductively and
choose DP¢(0) in a suitable way for 3 = Tn+1),3(n+3),....,4(n+2k—1)
in case that m = n + 2k 4+ 1 while all other Df¢(0) are taken to be zero
according to (18).

Observation 2. The pole-removal procedure would only stop for some g,
with %(n +1)<v< %(L — 3) if the w-power attached to Agy,—2,41 became
negative. We have to check that this does not happen for v < %(L—S). Since at

the a-th stage in defining [D$*Z(0)],, the w-powers have been reduced by 2«
we must check that the terms T have no poles connected with Ag, 2,41 if
a+3 < 1(L-3). Looking first only at 70 = w[DXZ(0)] 7 for oo < 1(L-3),
we must have
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1
2m—n—-2a=2m-n+1-2(a+1) >0 foroz§§(L—3),
which is true since
1
2m—n+1-2-(L-1)=m-n+1>0.

We must also check that during the process no pole is introduced into the
third complex component. Again we first look at 7% for o < %(L —3). Then
the order of the w-power at the R,,-term is

m—-2a—1=(m+1)—2(a+1)>(m+1)—(L-1)=1,
and so there is no pole.

Let us now look at the pole-removal procedure. For m =n + 1 all g, with
2 < v < 1(L—3) are pole-free if we assume (18). If m = n+3 we have to make

91 (nt1) pole-free. To this end it suffices to choose Dt%(nﬂ)gb(O) appropriately;
it need have a pole at most of order (n + 2) in order to remove a possible pole
of T*0 oo = 3 (n+1), cf. (21).

If m = n + 5, we have to choose Dt’ggb(()) appropriately for g = %(n +1)
and 8 = (n+ 3). The derivative Dt%(nﬂ)qﬁ(O) will be taken as before, while
Dt%(n%)(b(O) is to be chosen in such a way that

91nis) = T%(n+3),0 + T1,%(n+1) + To,%(n+3)

becomes holomorphic. Since

Tl,%(n-‘rl) — w[ZAt(O)]th%(nJrl)(ﬁ(O)

(i(n —1)(a —ib)Ayw™ 4 --- |
i(m — 1)(a — ib)Rpw™ ' + - )DE " (0)
= (cAyw 3+ [ IRpuw™ 3 )

. , .. L(n+3) .
with some constants c, ¢, the derivative D; #(0) in
L1
70,5(n+3) _ wX, D} (n+3)¢(0)

should have a pole of order n + 4, while a pole of lower order than n +
4 is needed to remove a possible singularity in the first term Tz(n+3),0 —

wDE") Z(0)]wr.

In this way we can proceed inductively choosing the poles of Df #(0) always
at most of order
(24) n+2 (ﬁ —

n—1
2

>:2ﬁ+1 for %(n+1)§5<%(L—3)~

This is the crucial estimate on the order of the pole of Df #(0) in order to
ensure that these derivatives play no role in the final calculations.
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Observation 3. Consider the last complex component of
1(n+1) 5 S L(n+1
93 sy = wIDF "V Z(0)] 0 + wX, DV 6(0).

The lowest w-power attached to R,, in the first term is 1+m—(n+1) —2 =
m —mn—2 > 1 (since in this case m > n + 3 according to Observation 1). The
lowest w-power associated to R,, in the second term is 1 + m — (n + 2) =
m—n—1>m—n—2. Continuing inductively we see that the lowest w-power
attached to R,, in any g, arises from 7 = ¢(0) and not from any D ¢(0). O

This ends the proof of Step 1, and we have found that E(*)(0) = J,. Now
we come to

Step 2. The integral Js is a linear combination of the real parts of the integrals
(25) = [ 0D Z0) - (D120 D}600) do.

where 1 < a,7 < (L —1) and 3 = (L — 1) — a — 7. Then we have

(26) B =0 if and only if a:’y:%(L—l):%.

This implies

2-m)! m . m o  dw
(27) Jo = WRG/SIM[Dt Z(0)]w - [D# Z(0)]wT d

because of the following

Lemma 2. We have
1
(28) Iy =0 forlﬁa,’ygi(L—l)andlgﬁ:m—a—'y.

Proof. Let us first show that the product of the last complex components of
[D$Z(0)]w and [D] Z(0)]. and of wDP$(0) have a zero integral. In fact, this
product has the form

const(wR,w™ 2% - Ryw™ ™27 4 ) (w4

= COHStR?n’lU1+2m72(a+ﬁ+’Y)71 + ... = const - R%L + ..
sincea+fB+y=L—1=m.

The same holds true for the scalar product of the first two complex compo-
nents, multiplied by wa #(0). To see this we assume without loss of generality
that a > . Denote by P®7 the expression

P = w[C? - CY +CS - C3),
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where C¢, C¢ and C7, CJ are the first two complex components of [D Z(0)],,
and [D} Z(0)],, respectively.

Case 1. If 2y < 2a < n then
P = w(constA;w™ 2 + - + constAgy, _app w40
- (const Apw™ ™ + - + const Ao,y —gp W™ )
with 7, < 2m —2n + 1.
Case 2. If 2y < n < 2c then

P*7 = w(constAj + - - + const Ay _op 1w ™ 4 )
- (constApw™ 27 + - - + const Agm_anp w2 40

with j,¢ < 2m —2n + 1.

Case 3. If n < 2a and n < 27 then

P = w(constAj + -4 ConstA2m72n+1w2m_n_2a +--)

- (constAp + -+ - + const Agy,—on w2 4. ).

Let zu(cv, ) be the lowest w-power appearing in P*YD? ¢(0). Recalling a +
B+~ = m we obtain the following results:

Case 1.

wla,y) =142m—2y—2a—25—1
=24+2m—-2(a+08+~v+1)
=2+ 2m—2(m+1)=0.

Case 2. p(a,y) is either zero as in Case 1, or

pla,y) =142m—n—2y—-20-1
242m—n—2+8+1)
=24+2m—-n—2m+1—a)=2a—n>0.

Case 3. As in Case 2 we have p(a,v) > 0.

This proves Ioyg =0 for 1 <,y < F and 1 < 8 =m — a — v, which yields
Lemma 2. (]

Thus we have arrived at (27), and a straight-forward computation leads
to (8) and (9); so the proof of Theorem 1 is complete. O
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6.3 Boundary Branch Points

In this section we first show that Dirichlet’s integral possesses intrinsic second
and third derivatives at a minimal surface X on the tangent space Tx M of
M := H?(3B,R") of X = X|sp on the space J(X) of forced Jacobi fields for
X. These results will also be used in Vol. 3, Chapters 5 and 6. In particular
it will be seen that .J(X) is a subspace of the kernel of the Hessian D2E(X)
of Dirichlet’s integral F(X) defined in (1) below, and an interesting formula
(see (16)) for the second variation of Dirichlet’s integral is derived.

Secondly we prove that, for a sufficiently smooth contour I” in R3, not only
the order, but also the index of a boundary branch point of a minimal surface
X € C(I') can be estimated in terms of the total curvature of I' if curvature
and torsion of I" are nowhere zero.

Finally we prove Wienholtz’s theorem, which states a condition under
which a minimizer for Plateau’s problem cannot possess a boundary branch
point. In particular we show: If n is the order and m the index of a boundary
branch point of X such that 2m—2 < 3n (equivalently 2m+2 < 3(n+1)) then
X cannot be a minimizer of Dirichlet’s integral or of area. The key idea of
the proof will be to recompute the third derivative of Dirichlet’s integral, D,
in an intrinsic way on J(X), thereby showing that the formula for E®)(0) =
;—;D(Z(t))’tzo derived in Section 6.1 is valid in the presence of boundary
branch points as well.

Towards these goals, we first show that if the boundary contour I" C R"
is of class D™*7 7 > 3, the space H?/Q(F, R™) of harmonic surfaces from B
into R™, mapping S' = 9B to I, is a C™ manifold, in fact, a C"-submanifold
of the space H®/?(B,R") of harmonic mappings from B into R™. Instead of
the dimension n = 3 we do this for arbitrary dimension n, since this result
is necessary for the index theorem to be derived in Chapter 5 of Vol. 3. Here
it is essential that we operate in the context of a manifold since the third
derivative of any real-valued C3-smooth function is seen to be well defined as
a trilinear form on the kernel of the Hessian of this function at any critical
point. As in Chapters 5 and 6 of Vol. 3 we shall use the symbol D for the
total derivative or the Fréchet derivative. Therefore we need another notation
for Dirichlet’s integral; instead of D we employ the symbol E and consider
E as a function of boundary values X : S' — R" (instead of their harmonic
extension X), i.e.

1 N N N N
1) EX):= 5/B(XH-XWLXU-XU)dudv for X € HY/?(S*,R").

It is a well-known fact that R™ carries a C"*t6-Riemannian metric g with
respect to which I' is totally geodesic, i.e. any g-geodesic o : (—1,1) — R"
with o(0) € I' and 0'(0) € T5()I" remains on I'. Let (p,v) +— exp, v denote
the exponential map of g; it is of class C™*%. Via harmonic extension we
identify the space
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M := H*(S',T)

of H?-maps from S* to I' with the space %;/Q(E, R™). In order to show that
M is a submanifold of H?(S*, R") we need to identify the tangent space Tx M
for X € H%(S',I'). (In Vol. 3, Chapters 5 and 6, we shall denote M by N, if
I is given by I' = a(S1).)

Definition 1. We define the tangent space Tx M of M at X € H?>(S',TI) as
TxM :={Y € H*(S",R") : V(&) € T (eie\I, 0 € R}.

Clearly Tx M is a Hilbert subspace of H?(S',R"™). Our goal is to show
that the map

P(Y)(s) ==expx(s) Y(s), s= e,

is a local C"-diffeomorphism about the zero 0 € H?(S!, R™) mapping a neigh-
bourhood of zero in T'x M onto a neighbourhood of X in M. Towards this goal
we have:

Theorem 1. If ¢ € C"T3(R™,R"), then & : H*(S*,R") — H?(SY,R") de-
fined by ®(Y) := oY is of class C". Furthermore,

D" Py (A1, ..., Am)(5) = Doy (5)(A1(0), ..., Am(s))  for 0 <m <.
The proof of this theorem will be a consequence of the following
Lemma 1. Let L™(R™ R™) be the space of m-linear maps from R™ into R™,
and suppose that f € C3(R"™,L™(R",R")). Then the map F : H*(S*,R") —
Lm(H?(SY,R™), H3(S',R")) defined by
Y= FY) A1, An)(8) = F(Y(5)(A1(8), ..., Am(8))

is continuous. Moreover, if f € C* then F € C', and the derivative of Y
F(Y) is
A= df(Y(s))(A(s), Ar(s), -5 Am(s))-

Proof. Recall that H?(S!,R") is continuously and compactly embedded into
C1(S1,R™). Assume for simplicity that

Nl <1, 1Y llgz <20 ¥ |lae <2,

and consider the difference

[FY) = FY)(A1- o, An)(8) = [F(Y(5)) = FY (DI AL(S), -+ Am(9))-

Then
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LIRY) ~ FO s An)(8)

= df (Y ()Y ()(Ai(5), -+, Am(8)) = dF (Y () (Y (5)) (N (), - .
+ i[f(Y(S)) = FY ()M (5), -, A1 (), Aj(5), Aja(s), -
= df(Y(5))(Y'(s) = Y'(5)) (M (5), - Am(s))
+ [df (Y (s) = df (Y ()Y () (Aa(8), - -5 A (s))
+ Y () = FE () A(), - Xj(8), s Amls))-

j=1
Since f is Lipschitz continuous, we have
sup [ f(Y(s)) = f(Y(5))] < const sup |Y(s) = Y(s)]
< const |Y = Y| g1,

and therefore

Z[f(Y(S)) — FEGDIA8)s -, N5 (8), -, Am(s))

< const Z Y — Y/||H1 ‘)\;(5)‘>

j=1

from which it follows that

i DA Ny, A

Furthermore, the Lipschitz continuity of df implies

< const ||V = Y| g2.

2

ldf (Y)(Y' —Y YOO Am) 22 < const||Y—5~/HH2~,
ldf (Y') — df( NY YAy Am) |22 < const||Y — V| g

Summarizing these estimates we obtain

PO~ OO )| < const [V ¥
L2

In the same manner we infer

d? ~ ~
TSIFO) = PO )| < comst [V = Ve,
L2

since f,df, and d?f are Lipschitz continuous, using
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d2
pel
=Y () (Y ()Y (5) = V' ()A()s -+ Am(9))
+df(Y(s)(Y"(s) —

+ Z df (Y ()(Y'(s) = Y'(5))(M(8), -, Xj(8), -+, An(5))

FY) = F(V)] (At A (5)

+FY ()Y (5) = (Y ()Y (DI ()M (5), - Am(5))
+[df (Y () = df (Y ()Y () (Aa(s), -5 Am(s))

+ Z[f(Y(S)) — FY (), A7 (), -, Am(5))

j=1

j=1

The estimates above prove that F maps H?(S!,R") continuously into the
space
L7(HA(SY, R"), HA(S1,R™)).
If f € C* then df € C® and d?f € C2, and Taylor’s theorem yields
flu+h) = f(u) —df (w)h = r(u, h)(h, h),

where
1
r(u,h)(h,h) = /0 (1- t)[de(u +th) — d2f(u)}(h7 h) dt.

Since f is in C* we obtain
|7 (w, h)(hy h)|| 2 < comst ||h||%2  for ||B]| g < 1.

This shows that the mapping F is differentiable, and its derivative DF(Y") at
Y € H?(S',R") is given by

(DE(Y)h)(s) = df (Y (s))h(s).
Since df € C3, the first part of the lemma yields DF € C°. O

Proof of Theorem 1. Applying Lemma 1 to f = d™¢ succesively to m =
0,1,...,7 — 1, we infer that D®, D*, .. ., D7 ® exist and are continuous. [
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Theorem 2. M = H?(S',I") is a C"-submanifold of H?(S',R™).

Proof. Since H?(SY,R") C C(S,R"), the set M is closed in H?(S* R").
Consider the map Y +— &(Y') defined by

D(Y)(s) :=expx() Y(s) for X € H?*(S', I,

which is of class C™ by virtue of Theorem 1.

Since @(0) is the identity map, the inverse function theorem implies that
@ is a local C"-diffeomorphism about 0. Moreover, as the Riemannian metric
g is totally geodesic with respect to I', we see that & maps T'x M into M.
Since @ is also locally invertible, it provides a coordinate chart for M as a
submanifold of H?(S!,R™). O

Before we can apply the preceding results to Plateau’s problem we need
an abstract functional analytic reasoning which shows that a C3-function
E : M — R on a C"-smooth submanifold M of a Hilbert space H,r > 3,
possesses intrinsic first, second, and third order derivatives for any critical
point z of E (i.e. DE(x) = 0). To prove this we need a few prerequisites.

By E € C3(M) we mean that F extends to a C3-map on a neighbourhood
of every point x € M. Equivalently we can use coordinate charts as follows.
From the definition of a submanifold it follows that about each point z € M
there is a C"-diffeomorphism p : V — V' from a neighbourhood V of z in H
onto a neighbourhood V' of 0 in H with p(z) = 0 such that p(VN M) is an
open subset of a fixed subspace Hy of H. Then “E € C3(M)” means that
E 01 is of class C? for any such chart (p,V) where v is the inverse of p. For
x € M with the image 0 = p(z) we define the tangent space T, M of M at x
by

T M := Dp(0)[Fo] C ¥,

i.e. as the image of Hy under the mapping provided by the derivative D(0).
This definition of T, M does not depend on the choice of the chart (p, V).
As each h € T, M can be written as h = D (0)h with h € Hy, we define

DE(x)h := D(E o )(0)h,

which again can be shown to be independent of the choice of the chart.
A point x € M is a critical point of E: M — R if DE(z) = 0. At a critical
point z of E there is a well-defined bilinear form

D?E(x) : T,M x T,M — R
defined by
D2E(z)(h, k) := D*(E o 9)(0)(h, k) for
h = D(0)h, k= Dyp(0)k; h, ke H.

This is the Hessian (bilinear form), which again does not depend on the choice
of the chart (p, V), as we will shortly show. Surprisingly, there is also a third
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intrinsic derivative D3 E(x), but this is intrinsically defined only on the kernel
K, of D>E(x), i.e. on

K, :={h€T,M : D*E(x)(h,k) =0 for all k € T, M}.
Let us state this formally as

Theorem 3. At a critical point x of E € C3(M) there is an intrinsically
defined" second derivative D2E(ac) Ty M x T, M — R, and a third derivative
D3E(x) : K, x K, x K, — R defined as a trilinear map on the kernel K, of
D?E(x).

To prove this we have to show that, with respect to any transition map
@ :U — U on U C M fixing the critical point x € U of E, the second and
third derivative of FE o ¢ depend only on the first derivative of ¢ and are
independent of D?p(z) and D3p(z). Since we may choose the critical point z
as the origin 0, the theorem is a consequence of the following

Lemma 2. Let U be an open subset of a Hilbert space and suppose that 0 € U
is a critical point of E € C3(U). Assume also that K is the kernel of the
Hessian of E at 0 and ¢ : U — U is a C3-diffeomorphism of U onto itself
with ¢(0) = 0. Then

D*(E 0 ¢)(0)(k1, k2) = D* E(0)(Dp(0)k1, Dp(0)k2),
and furthermore, if D(0)k; € K,j =1,2,3, then
D?(E 0 )(0)(k1, ka, k3) = D3*E(0)(D¢(0)ky1, Dp(0)k2, Dp(0)ks).
Proof. Repeatedly using the chain rule we see that
(i) D(Eo@)(x)(h) = DE(¢(z))De(x)h,
(ii) D*(E o) (x)(h, k) = D*E(p(2))(Dp(x)h, Dy(x)k)
+DE(p(x))D*p()(h, k).

(iii) D*(E o ¢)(x)(h,k,{) = D*E(p(x))(Dy(x)h, Dp(x)k, Do(x)l)
+D?E(p(x))(D*¢(x)(h, £), Do(x)k)
+D?E(p(x))(Dp(x)h, D*p(x)(k, 1))
+D?E(p(2))(D*¢(x)(h, k), Dp(x)l)

+DE(p(x))D3p(z)(h, k, £).

L An intrinsic derivative D* f(z) of a map f : M — R on a subspace o of the tangent space
T M is an r-linear form 0t — R of 6" = ¢ X --- X o which is defined independently of the
choice of any coordinate chart.
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Set k1 := h,kg := k,ks := ¢ and note that DE(0) = 0. Then the first
assertion follows from (ii) and ¢(0) = 0. The second claim is a consequence
of (iii) noting that ¢©(0) = 0, DE(0) = 0, and by assumption Dp(0)k; € K,
1<j<3. O

Now we shall apply the preceding result to Dirichlet’s integral E :
H?(S',R") — R defined by (1). Recall the assumption I" € C™*7 r > 3. By
Theorem 2 it follows that M := H?(S', I') is a C"-submanifold of H?(S!,R"),
and since E : H?(S*,R") — R is of class C, it follows immediately that the
restriction E|M is of class C". Let us simply write F instead of E|M, i.e. we
view FE as a function of class C"(M).

We wish now to calculate the intrinsic third derivative in the direction
of certain specific elements of the kernel of D?E(X) : TxM x TxM — R,
namely the forced Jacobi fields, in the case that X € H?(S',I") is a minimal
surface. By the results of Chapter 2 we know that X e CT62(B,R") and
therefore also X € C7T6:%(§1 R") for all a € (0, 1).

Besides assuming that I" € C™7 we make another standing assumption
on I', namely that the total curvature [ r kds of I' satisfies

1
(2) / kds < —mr,
r 3

which implies 7 > 6. Then the generalized Gauss-Bonnet formula (19) of
Section 2.11 implies

27 Z v(w;) +m Z v(Ck) + 2 < %7‘(”!‘,

w; €B (r€OB

where v(w;) are the orders of the interior branch points w; of a (branched)

minimal surface X € €(I), and v((;,) are the orders of its boundary branch
points, k =1,...,q. Suppose that ¢ > 1. Then

(3) v(lk) <r/3-2.

Recall the definition of a forced Jacobi field of a minimal surface X:B—-R3
which we now generalize to a minimal surface X : B — R" with n > 3 which
has the interior branch points wi,...,w, and the boundary branch points
C1,--+,Cq- The generator T of a forced Jacobi field Y for X is a meromorphic
function on B with poles possibly at w = 0 and at the branch points of X
whose orders are at most v(w;) at w; # 0, ¥(0) +1 at w =0, v(¢;) at ¢;, and
which is real on 0B. Then the forced Jacobi field Y of X with the generator
T is a mapping Y : B — R™ of the form

Y = 2BRe(iwX,7) with 3 € R,

and
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Y = BXp7|g1 : ST = R"

are its boundary values. From the regularity of X and (3) we infer as in 6.1
that certainly Y € H2(S',R"), Y,, € C°(B,R"), and clearly Y € Tx M. The
space of forced Jacobi fields of X is denoted by J(X).

We shall show that the forced Jacobi fields are in the kernel of the Hessian
of £ : M — R, and we will compute the second and third derivative of F
in these directions. In Chapter 5 of Vol. 3 we shall describe how the forced
Jacobi fields were discovered.

Computation of D>E and D3E.

Let 2(p) : R — T,I" be the C"*5-smooth orthogonal projection of R™ onto
the tangent space T,I for p € I". We extend 2(p) to a C""5-smooth mapping
p— 2(p) from R" into L(R™, R™). We then can write the first derivative of
Eat X € M = H?(SY,I) as

(4)  DE(X)= / (R(X)X,,h)do, X, =radial derivative of X.
Sl

A slight generalization of Theorem 1 yields that X — (2(X) belongs to
C"(M, H?*(S', L(R™,R"™))), M = H*(S',I), if we take Theorem 2 into ac-
count. Clearly, X is a critical point of E if and only if

(5) (X)X, = 0.

X will be a solution to Plateau’s problem if X is also a monotonic map from
St onto I )
The derivative of 2(X)X, is given by

(6) h— 2(X)h, + DR(X)h[X,],

and so the Hessian of F is

(7) D2E(X)(h, k) — / (Q(X)hy + DRAX)R[X,], k) do.
S1

It follows that the kernel of (6) is just the kernel of the Hessian D*E(X) of
FE at X.

Claim: The forced Jacobi fields of X lie in the kernel of D* E(X). To see this
we first note that

(8) | Xo202(X)m = (m, Xg)Xp for m € R".

Differentiating this in direction of a tangent vector h € Tx M, M = H?(S1,I'),
we obtain
(9) 2(Xg, ho)2(X)[m] +|Xe|>DR(X) (h)[m]

= <m, he)Xg + <m7X9>h9.
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Thus the kernel of (6) is the kernel of
b | Xo|"2H{(X0, ho) Xo + (Xr, Xo)ho — 2(X0, ho) 2(X) X, } + 2(X)h,.

From (5) we infer

and (8) yields
Q(X)h, = |Xo|"*(hy, Xo) Xo.
Thus h is in the kernel of (6) if and only if
‘X9|_2{<XT7 h9>X0 + <X9, iLT>X9} =0
that is, if and only if
(10) (X, ho) + (Xo, hy) =0,

since the zeros of Xy(6) are isolated because of the asymptotic expansion of
X, at branch points wg € B.
On S' = OB we have

iwX, = %(Xg +iX,), iwh, = %(he +ihy),
implying that
(11) (X, ho) + (Xo, hy) = —4Tm{w? (X, hu) }-
If h is a forced Jacobi field we have

h=pXer|s1 and h = 2Re(ﬁinwT)

with 8 € R and 7 the generator of h. Since wX,,7 is holomorphic on B, it
follows . R
heyw = BliwXyT)w-
Hence, if w € B is not a branch point of X, we obtain
B (w) = BliX o (W) T + 1w X o (w) T (W) + WXy (W) T (w))].
On the other hand, a minimal surface X satisfies
(X, Xu) =0

and therefore also A R

(Xuw(w), hop(w)) =0
if w € B is not a branch point of X, and by continuity of h,, on B it follows
(12) (X, h) =0 if h e J(X).

From (10), (11) and (12) we infer that for a forced Jacobi field A its boundary
values h lie in the kernel of (6) and therefore in the kernel Kx of the Hessian
D?E(X). This proves the claim, and we have established
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Proposition 1. If X is a minimal surface with X € M = H2(S',T") then
the boundary values h of any h € J(X) lie in the kernel Kx of the Hessian
D?E(X) of E at X, that is, h € Tx M and

D?E(X)(h,k) =0 for all k € Tx M.

Remark 1. We would like to point out that D?E(X) has been defined for
branched minimal surfaces without making normal variations of X.

Before we compute D?E(X) we give a geometric interpretation of
D?E(X)(h,h) = *E(X, h),

i.e. of the second variation of E' at X in direction of h € T'x M. An integration
by parts yields

(13) /vﬁ-vﬁdudv :/ (ﬁr,h>d9—/(Aﬁ,B> du dv
B St B

= /Sl<fzr,h>d9

since Ah = 0. Away from branch points on S* we set
h=aXy and b= (h,, Xg).

By (8) we have
2(X)hy = |Xo|~*(hr, Xo) Xo,

and so
(h, Q(X)hy) = (X, bXe)|Xg| 2 = ab = (hr, aXg) = (i, h)
and by continuity it follows
(hyp,h) = (h, 2(X)h,) on S*.

On account of (7) and (13) it follows that
(14) D?E(X)(h,h) = / |VA|? du dv +/ (h, DRA(X)h[X,]) db.
B St

In order to simplify the boundary term we return to (9) where we insert
m = X,. Since (X,, Xp) = 0 we have 2(X)X, = 0 on S, and so two terms
in (9) vanish. We are left with

DR(X)h[X,] = | Xo| (X, ho)Xo

Since h = aXy (away from branch points), we have
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hg = aXgg + a9 Xp

whence

(X, ho) = a(X,, Xog).
This implies

(h, DR(X)A[X,])
= | Xo|"%(aXp, a(X,, Xgg) Xg) = a*(X,, Xgg)
= |h*[Xo|7*(X,, Xog) = || Ky,

where
(15) kg = | Xo| 72X, Xop)

is the signed geodesic curvature of I' in the minimal surface X, i.e. the interior
product of the curvature vector of I' with the unit vector |XT|*1X}, since
|Xp| = |X,| on S

Thus we infer from (14) the following result which was independently
obtained by R. Bohme and A. Tromba:

Proposition 2. IfX is a minimal surface with X € M = H?(S',I") then,
for any h € Tx M, we obtain

(16) D2E(X)(h,h):/ |vh|2dudv+/ ky|h|? df,
B St

where ky is the signed geodesic curvature (15) of the boundary contour I' in
the minimal surface X.

Now we proceed to compute the intrinsic third derivative D3E(X). Let
us return to formula (9) which will be differentiated in direction of a vector
k € Tx M. This yields

2(hg, ko) 2(X)m + 2(Xg, hg) DR(X)[k]m
+2(Xg, ko) DR(X)[]m + | X2 D> 2(X) (h, k)m
= (m, hg)kg + (m, ko) ho.

Choosing m := X, we see that

2(Xp, ho) DRAX)(K)[X,] + 2(Xg, ko) DR(X) (h)[X,]
+ ‘X9|2D2“Q(X)(ha k)[XT] = <XT7 h9>k0 + <X7‘a k9>h’9-

By (7) we may write for h, k in the kernel of D?E(X) (and therefore in the
kernel of (6))

A7)  DRAX)(W[X,] = —2X)h, DRX)(K)[X,] = —2(X)k:,
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then obtaining

(18) —2(Xg, ho) (X )k, — 2(Xg, ko) 2(X ),
+ [ Xo2D202(X) (h, k) [X,] = (X, hoVko + (X, ko) ho.

Setting in (9) m = k, we get

(19) 2(Xo, ho)Q2(X)k, + | Xo|2DR(X)[h]k,
= (ky, ho) X + (kr, Xo)he.

Commuting h and k it follows also

(20) 2(Xo, ko) 2(X)hy + | Xo|> DR(X) [k,
= <}ALT3 k0>X9 + <iLraX0>k6-

Adding (19) and (20) to (18) we see that

(21) | Xo|*D*Q2(X)(h, k)X, + [ Xo|* DRA(X)[Bkr + | Xo[* DR(X)[K] R

= (X,, ho)ko + (X, ko)ho + (hy, ko) Xo + (hy, Xo)ko
+ <I%’r‘; he)Xe + <kr,X0>h/0.

By (10) we have
(Xo,hy) = —(X;, ho) and  (Xg, k) = —(X;., ko).
Therefore (21) reduces to

(22) | Xo|2{D22(X)(h, k)X, + D(X)[h)kr + DR(X)[K]hy}
= {<i17., k9> =+ <f€7‘7 h9>}X9~
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Suppose now that k, k, £ lie in the space J(X) of forced Jacobi fields. By (7)

we have

(22) D?E(X)(h,0) = / (DR(X)h[X,] + (X )h,, L) df.
Sl

Differentiating this in direction of k it follows
(23) D3E(X)(h, 4, k)
— [ (D*X) 0B+ DR, + DL K. 0 0,
Sl

which by (22) yields
(24) D3*E(X)(h, 0, k)

— [ Al )+ G )} X2, ).
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Actually there are two more terms on the right-hand side of (24) which come
from the derivatives ¢ and h’' of ¢ and h. We have to shows that these terms
are zero if £ and h are forced Jacobi fields. The additional #-term is

/ (DQXHX,] + QX )y, ) do.
Sl

It vanishes since R R
DR(X)h[X,] + 2(X)h, =0,

as h is a forced Jacobi field.
The second additional term becomes

/Sl<h’, (AXg)r — (AX,)o) db

if we write £ = A Xy = Re{)\inw} and integrate by parts. But £ is holomor-
phic in B. and so the Cauchy—Riemann equations yield

0

_ 9 —
—%()\Xg) + —(AXp) =0.

ar
This equation extends to the boundary S' = dB, and so the second additional
term vanishes too.

The two expressions (23) and (24) yield the intrinsic third derivative of E
at X. We synonymously write

oF
9 (x) = DM

(25) O (X) = DB (0, b),
PE(X)

_ 3
Siaion = DB L k).

Suppose that h, k, ¢ € J(X) have the generators 7, p, \; we shall write 7, p, A
also for the boundary values 7|g1, p|g1, Algt:

h(0) = 7(0)Xe(0), so h(w) = 2Re(iwr(w)X,(w)),
(26) k(0) = p(0)Xo(0), k(w) = 2Re(iwp(w) Xy (w)),
0(0) = X(0)X4(6), I(w) = 2Re(iwA(w) Xy (w)).
Then (24) becomes
(27) D3E(X)(h, 0,k) = | {(hy, ko) + (kv, hg)}N(0) d6.
Sl

On S! we have df = % and
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2wilw = }ALT - ihg, 2’[0/;“} = ]%r - ikg

whence

(hy, ko) + (ky, hg) = —4Tm(w?hy k).

Furthermore,

iLw = (iwXyT)w = i(wTwa + XwT + waTw)7
]Afw = (iWXwP)w = i(prww + pr + wapw>-
Since Xo - Xo = 0 and X, - X = 0 it follows that

27 4 %
hwkw = —w Tprw . wa

g

and consequently
<iLT, ko) + (/Acr7 he) = 4Im(w4Tprw . wa).

This implies

D3E(X)(h,0,k) = 4 / Im(w 7 pX e - Xuw )X d
Sl

4Im w47p)\wa X dO

Sl
. . d
=41Im w4Tp)\wa ~wa,—w,
St rw
and we arrive at
(28) D3E(X)(h,0,k) = —4Re / W3 PAX - X dw
Sl

= 4/ Im(w4TpAwa -wa) do.
Sl

It follows from (23) that the right-hand side of (28) is the integral of a contin-
uous function. If we wish to apply the residue theorem to evaluate the integral
in (28) we have to get a better grip to the integrand. To this end we impose
an additional standing assumption: n = 3, i.e. we consider boundary contours
only in R3.

First we wish to understand what the generators 7 of forced Jacobi fields
for a minimal surface X with a boundary branch point wg € S* are. By means
of a rotation we can move wy to the point w = 1. Thus we make the following
further standing assumption:

X e C(I") is a minimal surface in the unit disk B with the boundary branch
point w = 1 of order n, and the boundary contour I € C? has a total cur-
vature k(I') = [, k(s)ds satisfying 3s(I") < 7r. It is also assumed that
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I' € C™7 . r > 2, which implies X € CTt6B8(B,R%), 0 < B < 1, and
n<r/3-—2.

It is easy to verify that

w—+1
w—1

(29) rw)i= 5 (i )Z, BeR,

is a meromorphic function on B with a pole of order £ at w = 1 such that
T(w) € R for w € ST\ {1}. If £ < n then X,,(w)7(w) is holomorphic in B and
at least continuous on B since we have the asymptotic expansion

(30) Xow) =a(w—1)"+o(lw—-1") asw—1, we B\ {1}
with a € C3, a #0, and a-a = 0.

Thus 7 generates a forced Jacobi field for X . Consider the conformal mapping
p: B\ {-1} — H, defined by

LW —

(31) w—z=p(w):= T w e B\ {-1},

which maps B = {w € C: |w| < 1} onto the upper halfplane

H:={zeC:Imz >0}

and takes S\ {—1} onto the real line R such that ¢(1) = 0, (i) = 1, p(—1) =
0o. The inverse 1) := ¢~ ! is given by
1+iz

(32) z—w=1(z) =T

We write z = x + 1y with * = Rez and y = Imz, while w = v + w,u =
Rew,v = Imw. From (31) we infer

1 w+1
Z—y=T-
z w—1
and so
g
(33) Ui:TO¢=?~

Transforming the minimal surface X (w) to the new parameter z, we obtain
(34) Y(z) = X(4(2))
which has the branch point z = 0 on R = 0H with the asymptotic expansion

Y.(z) = bz" +0(]2]") asz—0, ze H\ {0}
be C*\ {0}, b-b=0.
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Choosing a suitable coordinate system in R® we may assume that Y (z) can
be written in the normal form

(35) Y.(2) = A12" + o(z")

with Ay = (ay+ib1); a1,by € R3, |a1]? = |b1|*> # 0; a1 -by = 0, ap = (n+1)aes,
e; = (1,0,0), a > 0, where a1,b; span the tangent space to X at X (1). Let
us recall that the order of any boundary branch point is even; thus we can set

(36) n=2v withveN.

Now we wish to write Y, in the more specific form

(37) Ya(2) = (Ar2" + -+ Apopn 2™ + Oz ), Runz™ +0(|2™+)
with

(38) Ry, # 0.

By Taylor’s theorem and (35) we can achieve (37) for any m € N with m > n
and such that Y € C™+2(FH, R3).

However, it is not at all a priori obvious that one can achieve also (38).
This fact is ensured by the following

Proposition 3. Suppose that Y € C3"t6(H R3) and that both the torsion T
and the curvature k of I' are nonzero. Then there is an m € N with n +1 <
m+1<3(n+1) such that

(39) V3(2) = Rpz™ + O(|2|™Y)  for |2| < 1 and Ry, # 0.

z

Proof. Otherwise we have
(40) Y2(2) = O(lz*"").

Let v(s) = (71(s),72(s),73(s)) be the local representation of I" with respect
to its arc-length parameter s such that v(0) = Y(0) and 7/(0) = e;. By (35)
and (36) we have

Y, (2,0) = (n 4 Daez™ + O(z"*Y), n =2,
and so s and x are related by s = o(z) with
o'(x) = [Yo(2)| = [(n+ Daz" + O(z"+1))],
whence
(41) o(r) = az"™ + O(z"?) asz — 0.

Then Y (x) = y(o(x)) for |z| < 1, and therefore the third component Y2 of
Y is given by
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Y¥(z) = (0 (x)
Because of (40) we have Y2
(42) Y3(z) = O(2®"™) asx — 0.
On the other hand

) = y3(az"™ + O(z"?)) for z — 0.
(

x) = O(z3"*+3) as & — 0, which implies

7(s) =~ (0)s + O(s*) ass— 0.
Consequently
Y3(z) = 74 (0)az™ ™ + O(z"?) asz — 0.
On account of (42) and « > 0 it follows 4(0) = 0. Thus we can write

1
v3(s) = §7§’(0)82 +0(s*) ass—0,

which implies
1
Y3(z) = 575’3’(0)02902"*'2 +0(2*"*3) asx — 0.

By (42) and a > 0 we obtain v4(0) = 0, and we have

1
%(s) = S (0)° +O0(s) as 5 — 0.
Hence,

1 .
Y3(2) = é'yél'(O)asx3"+3 +O0(@* ™) asx — 0,

and then v4"(0) = 0 on account of (42) and « > 0. Thus we have found

’Vé(O) =0, ’Yé/(O) =0, ’7:/3/1(0) =0,

and so the three vectors 7/(0),~"”(0),~"'(0) are linearly dependent. This will
contradict our assumption x(s) # 0 and 7(s) # 0. To see this we introduce
the Frenet triple T'(s), N(s), B(s) of the curve I' satisfying T = +/,T' =
,y// T// — ,y/// and

T = KN

N' = —kT +7B

B = —TN.
Then T'3(0) = 0,T%(0) = 0,T%(0) = 0, and from T = kN and Kk # 0 it
follows that IN3(0) = 0. Since

N - <1>’T,+1T,,
K K

we obtain IN%(0) = 0 whence 7(0)B3(0) = 0. Because of T # 0 it follows that
B3(0) =0, and so T'(0), N(0), B(0) are linearly dependent. This is a contra-
diction since (T, N, B) is an orthonormal frame, hence the assumption (40)
is impossible. O
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Remark 2. Note that n < /3 — 2 implies 3n + 6 < r < r 4+ 7. Thus the
assumption Y € C3"6(F{, R3) is certainly satisfied if we assume 3x(I") < 77
and I' € C™7. Thus we have a lower bound on r and upper bounds on n
and m. We call the number m in (39) with n < m < 3n + 3 the indez of the

boundary branch point z = 0 of Y, or of the boundary branch point w = 1
of X.

Assumption. In what follows we assume that the assumptions and therefore
also the conclusions of Proposition 3 are satisfied.

Proposition 4. If m + 1 # Omod(n + 1) (i.e. if z =0 is not an exceptional
branch point of Y ) then the coefficient R, in (39) satisfies

(43) ReR,, =0,

i.e. Ry, is purely imaginary, and therefore

(44) R% <0

since Ry, # 0. If we write (39) in the form

(45) Y3(2) = Rp2™ + Rpps1 2™ + Rypyaz™ 2 4+ o(|2|™2)  for 2| < 1
and if 2m — 2 < 3n, then we in addition obtain that

(46) ReR;p1 =0 and, ifn > 2, also ReR,42 =0.

Finally, independent of any assumption on m, we have

(47) Aj=pjA, j=1,... min{n+1,2m —2n}, with u; € R

for the coefficients Aj in the expansion (37).

Remark 3. The relations (47) are in some sense a strengthening of the equa-
tions
Aj:AjAh j=1...,2m — 2n, Wlth)\JE(C

which hold at an interior branch point w = 0 of a minimal surface X in normal
form.

Proof of Proposition 4. (i) From (45) we infer

R R R
4 Y3(x) = _tm metl mAl m42 m+2  m+3 M43
(48) (z) =Re (m+1$ +m+2x +—+3x +o(z )
for x — 0.

On the other hand,

Y3(2) = y3(az" ™ + o(a" )
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and v(0) = 0,7/(0) = e3 whence also y3(0) = v5(0) = 0. As pointed out before
it is then impossible that both 4 (0) = 0 and ~4’(0) = 0 because this would
imply that T'(0), N(0), B(0) are linearly dependent. Thus we obtain

1
73(s) = 277 (0)sF + O(*H) s s — 0,9(0) £0,
for k =2 or k = 3. Therefore
1
(49) Y3(x) = y’yék) (0)aPz*+D) 4 o(zFM+DY ag 2 — 0.

Comparing (48) and (49) it follows that Re R,;, # 0 implies m+1 = k(n + 1)
for kK = 2 or k = 3, which is excluded by assumption. Thus Re R,,, = 0, and
we have

R R
3 — 2mAl m42 | ftmt2 mi3 m+3
(50) Y°(z) = Re (m 5% + ——— +o(x ))

1
E’yk(O)aka(”H) +o(z*™ D) asz — 0.

Suppose now that 2m — 2 < 3n, which is equivalent to
(51) 2m < 3n

since m is even, and so
3
m+2<m+3< §n+3<3(n—|—1).
Thus, for k = 3, equation (50) can only hold if

ReR,,+1 =0 and ReR,,12=0.

Furthermore, (51) yields also

3 - n\ [ =2n+2 n=2
m+2<m+3§§n+3—(2n+2)+(15){<2n+2 and "

Hence it follows in this case that always Re R,,,+1 = 0 while Re R,,42 =0
holds for n > 2.

(ii) From Y, (z) = 2Re Y, (z,0), (50) and (37) it follows that
Y, (7) = 2Re(A12" + - + Ap12®" + o(z?™), 0(z*™))
whence

A A,
Y(xz) =2Re (—n_:lx”“ LR e _tllxz’”l + O(SCQ”H),O(IQ"H)) .
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Furthermore,
v(s) = e1s +0(s?) ass—0

and
o(x) =ba" ™+ + by 2T+ o(x* ) asz —0

with bl, .. .,bn+1 S ]R, ae; = bieg = ni—&-l Re A;. Then
Y(z) =7(o(2)) = (b12" ™" + -+ + by 2® ey + O(2*"2).
Comparing the coefficients we get

2Red; = (n+j)bjer witha=b >0for1 <j<n+1.

Then Re A; = ((21]1))}:; Re Ay, and so

ReA;j =pjRedy forj=2,...,n+1
with
L TL-l—jbj
i
Set A; := a; + ib;; a; := Re A4;, b; == ImA; € R*. We know from 6.1 that
Aj =X jA; for j =1,...,2m — 2n with A\; € C hence

. 2<j<n+1.

a; = (ReXj)ar — (ImA;)by  for 2 <j <2m —2n

and
a; = pjar for2 <j<n+41.

From |Y,| = |Y,| it follows that |b;| = |a;| = otle > 0, and Y, - Y, = 0 yields
a1 - by = 0; thus we obtain ImA; =0 for j =2,...,n4+1 whence A\; = p; € R
and A; = p;A; for 1 < j <min{n +1,2m — 2n}. O

Let us now return to formula (28) for D3E(X)(h,k,¥) in the direction
of forced Jacobi fields (with the boundary values) h,k,¢; note that (28) is
symmetric in h, k, £. We already know that (28) is the integral of a continuous
function; but we need to understand (28) at a level where we can apply the

residue theorem. To this end we consider the conformal mapping (31) defined
by

w—1 —
= =—f— B\ {-1
w2 = plw) = —ie— weB\{-1}
which has the derivative
—24

52 ! =

(52) o) = o

Using the inverse

_ I+iz
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we obtain
(53) P W(:) = S (1 -2,
or sloppily

3—2 = —%(1 —iz)%

From (34) we get X (w) = Y (¢(w)), whence

Xuw = Yar(0)(¢)? + Ya(0)@.

From Yz . }A’Z = 0 it follows }A’Z . f’zz =0, and then

(54) KXoww * Xoww = ZZ(‘P) 'YZZ(‘P)(SO/)47
which we sloppily write
. . N N dz \*
wa 'wa = Yzz . Yzz (d_> .
w

Lemma 3. Assuming 2m — 2 < 3n (i.e. 2m < 3n) we obtain the Taylor
exrpansion

(55) (Ytzz : Yzz)(«z) = Z szzm_2+j + R(Z)

7=0
with s .= (3n —1) — (2m —2) = (3n —2m) + 1 > 1, R(z) = O(2*"), where
Qo = (m—n)Qan <0andIm@; =0 for 0 < j <s.

Proof. From 2m — 2 < 3n we infer 2m < 3n since n is even. Thus s > 1 and
2m — 2n + 1 < n + 1. Consider the Taylor expansion

YZ(Z):(Alzn+AQZn+1+... ’Rmzm+Rm+1zm+1+...)’

where “4 - - -7 indicates further z-powers plus a remainder term. As for interior
branch points we have

(56) Ay Agnan1 = — R, /2
and
(57) Ag - Agm—ont1 + A1 - Aop—onyo = =Ry R

By (44) we have R2, < 0 whence A; - Ay 2,41 € R. Since 2 < 2m —2n <n
it follows As = pgA; with pus € R on account of (47). Then (56) implies
As - Aom—on+1 € R, and furthermore R, R,,+1 € R in virtue of (44) and (46).
Then (57) yields A1 - Aoym—2nt2 € R, and we arrive at
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}A/zz(z) : Yzz(z) = Q022m72 + Q122m71 + -

with Qo = (m — n)2R2,, (see Section 6.1), and Qp < 0 as well as Q; € R,
since ()7 is a real linear combination of Ay - Agpy—on42, Az - Aom—2n41, and
Ry Rppt1. Suppose now that s = 3n—2m+1 > 1. In order to show ImQ; = 0
for 2 < j < s, we note that by (54)

. . - dz \*
Tp)‘w4wa - Xpw = Tp)‘yzz Y., (w£> 3

where T, p, A are generators of forced Jacobi fields with the pole w = 1. Fur-
thermore, by (52),

dz —2iw 1+ 22
58 — = = .
(58) Y aw (w+ 1)2 2
Thus
~ ~ 1 ~ N
(59) Im(7pAw* Xy - Xuww) = — Im[7pA(1 + 22)*Y,, - V..].

16

By (28) the left-hand side of (59) is a continuous function on S, and thus
the right-hand side must be continuous in a neighbourhood of 0 in J{ for all
generators 7, p, A of forced Jacobi fields fL7 I%, [ with poles at w = 1.

Suppose now that not all @Q; with 2 < j < sarereal, s = (3n—1)—(2m—2),
and let J be the smallest of the indices j € {2,..., s} with the property that
Im @; # 0. Then we choose A, p, 7 such that the sum of their pole orders at
w = 1 equals (J 4+ 1) + (2m — 2) < 3n. Transforming A, p, 7 from w to z it
follows for z =z € R = OH that

(60) Im[rpA(1 + 22)1Y.. - Ys.] .
z=x€E

1
= (1+2%)*6,(Im QJ)E + (terms continuous in x),

B1 € R\ {0}. This is clearly not a continuous function unless Im Q; = 0, a
contradiction, therefore no such J exists. O

Now we want to evaluate the integral in (28) by applying the residue
theorem. To this and we state

Proposition 5. Let 7 be given by (29), and consider the function
(61) f(w) := 7(w)*'w Xy (W) - Xpw(z), weB,

which has a continuous imaginary part on S = OB. Then there is a mero-
morphic function g(w) on B with a pole only at w =1 such that
(i) Im[f(w) — g(w)] =0 for w € S* = dB;

(ii) f — g is continous on B.
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Proof. Setting w = ¢(z) = (1+iz)/(1 — iz) we obtain

1

= W)+ 2 (2) - Va2,

f((2))

By (55) of Lemma 3 we see that, in a neighbourhood of z = 0 in H, we can
write the right-hand side as

Z Z Bj@jzilj + G(Z)
j=0 ¢;

with 3; € R,Q; € R, 0 < I; < (3n—1) — (2m —2) = s, and a continuous term
G(z). Set

g(z) = Z Z Bjé}jz_lf for z € H \ {0}

j=01;=1
and
. s~ (w1
o(w) = 3(p(w)) = @ ()

° w—1

j=01;=1
Clearly f and g satisfy (i) and (ii). O
Corollary 1. We have
(62) [f(w) — g(w)]df = =27 reswzogizu).

Sl

Proof. For w =¥ € S* we have df = dw/(iw), whence

F(w) — gl b = [ [7w) — glw)] o
St St 2w
— 9rresy_o {M}
= —27resy—o {@}
since f(w)/w is holomorphic at w = 0. O

Since Im g = 0 on S!, we obtain

Corollary 2. We have

(63) Im [ f(w)dd=2rImres,_q { 9(w) } .

St w



6.3 Boundary Branch Points 551
Furthermore we have

74R6{w37'3wa . wa dw} = (74)Re{iw4T3wa . wa} do
= 4T {w*® Xy - X} d6 = 4Tm f(w) df.

Then (28) and Corollary 2 imply

(64) D?*E(X)(h,h,h) = —87 Imres,—o {@} :

Remark 4. We note the following slight, but very useful generalization of the
three preceding results. Namely, if X has other boundary branch points than
w = 1 we are allowed to change 7 by an additive term having poles of first
order at these branch points. Then Proposition 5 as well as Corollaries 1 and 2
also hold for the new f defined by (61) and the modified 7. This observation is
used in order to ensure that the forced Jacobi field & generated by 7 produces
a variation Z(t), |t| < 1, of X which is monotonic on B = S'.

Now we turn to evaluation of D3E(X)(h,h,h) using formula (64). We
distinguish three possible cases: There is an [ € N such that

(i) 2m — 1 = 3l; then [ is odd;
(ii) 2m — 2 = 3l; in this case [ is even;
(iii) 2m = 3i; here [ is again even.
Since 2m < 3n it follows [ < n for (i) and (ii), whereas | < n in case (iii).

Case (i). Choose 7 as

T:=0n+e™ and B>0, >0, and

(65) L (iw+1>l:l we B\ {1},

w—1 2

w = (z),w € B\ {~1},z € H\ {0}. We will choose 7* as a meromorphic
function that has poles of order 1 at the boundary branch points different
from w = 1 or z = 0 respectively. Then close to w = 1 or z = 0 respectively
we have

1 ~
7—311}4)(11171) : X’ww = 1_6T3(1 + 22>4}/;z : Ytzz

@) 5 n)QR,Qn% +G(2) + O(e)

with a continuous G(z).
Choose
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and let h(w) = Re(iwX, (w)r(w)) be the forced Jacobi field generated by
7, h := h|g1. Then by Proposition 5 and the Corollaries 1, 2 we obtain

(66) D*E(X)(h,h,h) = ——3%(m — "VR?nIm{resw—li <Z—i> }

1
= §7rﬂ3(m —n)?R2, + O(e).
Since R2, < 0 this yields for 0 < € < 1 that
D3E(X)(h,h,h) < 0.
Case (ii). Here we have 3] = 2m — 2 < 3n whence [ < n. Since both [ and n

are even we obtain I[+1 < n whence n > 2. Moreover, 2m—1 = 2(I+1)+(I—1).
Set

(67) Ti=en 4P+, >0, €>0,

w41\ w1\ o
T = |1 , To = |1 , 7" as in Case 1.

w—1 w—1
Note also that both I + 1 and I — 1 are odd. We then have that

% = 3373 + 38 rimie + 3B iy + O(€?)
_ ﬁ32—2m+5 + 3ﬁ225_2m+3 + 3ﬁ622_2m+1 4 0(63)

for z close to zero, but this does not add a contribution to (64).
By the same procedure as in Case 1 we find for h = Re(iwX,,7) that

(69) D3E(X)(h,h,h) = gwe2ﬁ(m —n)?R2, + O(€),

which implies
D3E(X)(h,h,h) <0 for 0 <e< 1.

Case (iii). Now we have 2m = 3[,1 = even. We have two subcases.

(a) If I =n we write 2m — 1 =2l + (I — 1) and set

-1 1
w+1 w1
(70) T = (Zw—l) , Toi= (Zw—1> ,

T:=0n4en+&TF, >0, € >0.

(b) Ifl <n we write 2m —1=2(1—1) + (I 4+ 1) and set

I+1 -1
(71) T = (iw+1) , Toi= (iw+1) ,

w—1 w—1

T =€ + o + €7
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Then our now established procedure yields
(72)

1

537T6€2(m —n)?R2 + O(¢*) in Subcase (a),
D3E(X)(h,h,h) =

%37‘(526(771 —n)2R% 4+ O(¢®) in Subcase (b).

This again implies D*E(X)(h,h,h) < 0 for 0 < ¢ < 1 and h =
Re(iwX 7).

Remark 5. The choice of 7% has to be carried out in such a way that the
variation Z(t) of X produced by h = Re(iwX,,7) furnishes a monotonic map-
ping of 8B = S! onto the boundary contour I'. The details on how this can
be achieved by the formulae (65), (67), (70) and (71) can be found in the the-
sis of D. Wienholtz [2]. The complete proof is technically quite involved and
will here be omitted. We just sketch the intuitive idea underlying the proof;
we shall argue only locally, identifying I" with its tangent line, and writing
I'=R. The boundary values Y (z), # € R, of our minimal surface Y (z) are
then interpreted as a mapping ¥ : R — R with }7(0) = 0 where z = 0 is the
boundary branch point of Y which we consider. Then we have

1

ey 1anx"+l +o(z"™) asxz —0

Y(z) =

with a,, > 0 which shows that Y (z) is (locally) monotone. Suppose now that
7(x) = Bz~%, k < n, k odd, 3 > 0. Now define a one-parameter family Z(t)
of variations

Z(x,t) = Z(t)(z) =Y (z) + tYy(z)7(2).
Then

822(%, t) = apx™ + ft(n — k)z" 1 4 o(z™) + to(a" kY
x

and we have P
a—Z(m,t) >0 for0<|z|]<landt >0
x

since [n— (k+1)] is even; thus Z(x,t) is monotonic in z for |z| < 1 and ¢t > 0.
In the actual proof one defines a variation

Z(t) =Y +tY,T,

and then, using either the normal bundle projection for I" or an exponential
map, we project Z(t) onto I", which defines Z(t). The technical difficulty lies
in showing that this variation remains monotonic near the branch point 0 for
all t > 0. Global monotonicity for small ¢ > 0 will follow from the compactness

of S1.
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In conclusion we have

Theorem 4. (D. Wienholtz). If X is a minimal surface in C(I') with I €
C”+7,3fpnds < mr, having a boundary branch point of order n and index
m satisfying the Wienholtz condition 2m — 2 < 3n, then X cannot be an
H?(SY,R3)-minimizer for Dirichlet’s integral E(X) defined by (1), and thus
X cannot be an H5/2(B,R3)-minimizer of area.

Remark 6. There remains the question if one can use higher derivatives of
E to show that minimizers X cannot have boundary branch points if I" is
taken to be sufficiently smooth. Proposition 3 implies that for this purpose
it would suffice to consider at most seven derivatives of E if one assumes
nonvanishing curvature and torsion of I". Focussing on nonexceptional branch
points, merely six derivatives of E would suffice.

The exceptional case is even more challenging since we no longer have
ReR,, = 0.

6.4 Scholia

The solution of Plateau’s problem presented by J. Douglas [12] and T. Radé
[17] was achieved by a — very natural — redefinition of the notion of a minimal
surface X : 2 — R3 which is also used in our book?: Such a surface is a
harmonic and conformally parametrized mapping; but it is not assumed to
be an immersion. Consequently X may possess branch points, and thus some
authors speak of “branched immersions”. This raises the question whether or
not Plateau’s problem always has a solution which is immersed, i.e. regular
in the sense of differential geometry. Certainly there exist minimal surfaces
with branch points; but one might conjecture that area minimizing solutions
of Plateau’s problem are free of (interior) branch points. To be specific, let I
be a closed, rectifiable Jordan curve in R3, and denote by C(I") the class of
disk-type surfaces X : B — R? bounded by I" which was defined in Vol. 1,
Section 4.2. Then one may ask: Suppose that X € C(I") is a disk-type minimal
surface X : B — R® which minimizes both A and D in C(I'). Does X have
branch points in B (or in B)?

Radé [17], pp. 791-795 gave a first answer to this question for some special
classes of boundary contours I, using the following result:

If Xy (w) vanishes at some point wg € B then any plane through the point
Py := X(wq) intersects I' in at least four distinct points.

This observation has the following interesting consequence: Suppose that
there is a straight line L in R3 such that any plane through L intersects I’
in at most two distinct points. Then any minimal surface X € C(I') has no
branch points in B. In fact, for Py ¢ L, the plane I determined by Py and L

2 We now denote a minimal surface by X and no longer by X, i.e. we no longer emphasize

the difference between a surface X and its boundary values X.
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meets I' in at most two points, and for Py € L there are infinitely many such
planes.

In particular: If I has a simply covered star-shaped image under a (central
or parallel) projection upon some plane Iy, then any minimal surface X €
C(I") is free of branch points in B.

Somewhat later, Douglas [15], pp. 733, 739, 753 thought that he had found
a contour I" with the property that any minimal surface X € C(I") is branched,
namely a curve whose orthogonal projection onto the z!, z2-plane is a certain
closed curve with a double point. Radé [21], p. 109 commented on this asser-
tion as follows: A curve I" with this 2!, z?-projection can be chosen in such
a way that its !, 23-projection is a simply covered star-shaped curve in the
x!, x3-plane; thus no minimal surface in €(I") has a branch point.

In 1941, Courant [11] believed to have found a contour I" for which some
minimizer of Dirichlet’s integral in €(I") has an interior branch point. This
assertion is not correct, as Osserman [12], p. 567 pointed out in 1970. More-
over, in [12] he described an ingenious line of argumentation which seemed to
exclude interior branch points for area minimizing solutions of Plateau’s prob-
lem. For this purpose he distinguished between true and false branch points
(cf. Osserman, [15], p. 154, Definition 6; and, more vaguely, [12], p. 558):
A branch point is false, if the image of some neighbourhood of the branch point
lies on a regularly embedded minimal surface; otherwise it is a true branch
point. Osserman’s treatment of the false branch points is incomplete,but con-
tains essential ideas used by later authors, while his exclusion of true branch
points is essentially complete (see also W.F. Pohl [1], Gulliver, Osserman, and
Royden [1], p. 751, D. Wienholtz [1], p. 2). The principal ideas of Osserman
in dealing with true branch points wg are the following: First, the geometric
behaviour of the minimal surface X in the neighbourhood of wq is studied,
yielding the existence of branch lines. Then a remarkable discontinuous pa-
rameter transformation G is introduced such that X := X o G lies again in
C(I") and has the same area as X, but in addition X has a wedge, and so its
area can be reduced by “smoothing out” the wedge. Osserman’s definition of
G is somewhat sloppy, but K. Steffen has kindly pointed out to us how this
can be remedied and that the construction of the area reducing surface can
rigorously be carried out.

Osserman’s paper [12] was the decisive break-through in excluding true
branch points for area minimizing minimal surfaces in R?, and it inspired the
succeeding papers by R. Gulliver [2] and H.-W. Alt [1,2], which even tackled the
more difficult branch point problem for H-surfaces and for minimal surfaces
in a Riemannian manifold (Gulliver). Nearly simultaneously, both authors
published proofs of the assertion that area minimizing minimal surfaces in
C(I') possess no interior branch points (and of the analogous statement for
H-surfaces).

Gulliver’s reasoning runs as follows: Let us assume that wy = 0 is an in-
terior branch point of the minimal surface X € €(I'),X : B — R3. Then
there is a neighbourhood V' & B of 0 in which two oriented Jordan arcs
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W72 € CH(0,1), B) exist with 11(0) = 12(0) = 0,[7/(0) = 1,7(0) #
2(0), X (11(8)) = X (2(¢)), and such that (X, A X,)(31(1)), (X, A X,)(22(t))
are linearly independent for 0 < ¢ < 1. One can assume that 0V is smooth,
and that v, v2 meet OV transversally at distinct points 71 (€), v2(€),0 < e < 1.
Then there is a homeomorphism F : B, — V with F(it) = v (t), F(—it) =
y2(t) for 0 < ¢t < ¢, and F € C?(B,. \ {0}) where B, := B.(0) = {w € C :
|w| < €}. Define a discontinuous map G : B, — B, such that {it : 0 < ¢ < 1}
and {—it : 0 <t < 1} are mapped to i and —i respectively; +€/2 are taken
to zero; on the segments of discontinuity [—e/2,0] and [0, €/2] are each given
two linear mappings by limiting values under approach from the two sides; G
is continuous on a neighbourhood of B, with G|sp, = idgp,; and G is con-
formal on each component of B, \ I.\imaginary axis, where I is the interval
[—€/2,€/2] on the real axis. Thus X o F o G is continuous and piecewise C2.
Now define

(XoFoGoF YH(w) forweV,
X(w) forw e B\ V.
Then X is continuous and piecewise C?, and X € C(I"). The metric
ds® == (dX,dX) = adu® 4 2bdu dv + cdv?,

a:= |Yu\2, bi= (X, X,), c:i= |YU\2,

induced on B by pulling back the metric induced from R® along X has
bounded, piecewise smooth coefficients. “It follows from the uniformization
theorem of Morrey ([1], Theorem 3) that there exists T : B — B with L? sec-
ond derivatives, which is almost everywhere conformal from B with its usual
metric to B with its induced metric, and T may be extended to a homeomor-
phism B — B”.

Now define X := X oT; then X € C(I'), A(X) = A(X), and (X,,, X,,) =0
a.e. on B, and consequently

infe(r) D = infery A = D(X) = A(X) = A(X) = D(X).

Thus X is D-minimizing, and so its surface normal N is continuous on B. On
the other hand, the sets X (B) and X (B) are the same, and so X (B) has an
edge, whence N cannot be continuous, a contradiction.

This reasoning requires two comments. First, D. Wienholtz in his Diploma
thesis [1], p. 3 (published as [2]), noted that Gulliver’s discontinuous map
G : B. — B, does not exist, since its existence contradicts Schwarz’s reflection
principle. A remedy of this deficiency is to set up another definition of G or
T, such as used in Alt [1], pp. 360-361, or in Steffen and Wente [1], p. 218, or
by a modification of the definition of G as in Gulliver and Lesley [1], p. 24.

Secondly, the application of one of Morrey’s uniformization theorems from
[1] is not immediately justified, as Theorem 3 of §2 requires besides a,b,c €
L*°(B) the assumption
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*) ac—b* =1,

and Theorem 3 of Moorey’s §4 demands the existence of constants A\j, Ay € R
with 0 < A1 < Ay such that

(**) M[E + 7] < a(w)€® + 2b(w)En + c(w)n® < A[€7 + 1]

for all (¢,7) € R? and for almost all w € B. However, X (w) = X (w) on B\ 'V,
and X might have another branch point wj € B\ V; then a(w() = b(wj) =
c(wy) = 0, and so neither (*) nor (**) were satisfied.
This difficulty is overcome by assuring that X is quasiconformal in the
sense that
IXu|? +|Xo? <KXy AX,| (ae. on B)

holds for some constant x > 0. Then it follows
a,|bl,c < kv ac— b2,

and thus the quadratic form
do? = acdu® + 26 du dv +  dv?

with
a b c

o=, =, =
vac — b? b vac — b? 7 vac — b2

satisfies |al, |B],]y] < & and ay — 3% = 1. Hence one can apply Morrey’s
first uniformization theorem (as quoted above), obtaining a homeomorphism
T from B onto B with T,T~! € H3(B, B) such that the pull-back T* do*

a multiple of the Euclidean metric ds?, i.e.

T* do? = \ds?

whence R
T* ds* = \ds?

with A := M\ aé—b2, a:=aoT, b:=boT, ¢:=coT.

Now one can proceed for X := XoT as above. Alt’s method to exclude true
branch points (worked out in detail by D. Wienholtz [1,2]) eventually uses the
same contradiction argument as Gulliver, namely to derive the existence of an
energy minimizer X € @(I') with a discontinuous normal N. The construction
of X is different from Gulliver’s approach. Alt defines a new surface X on B,
which is quasiconformal, and by reparametrization a new surface X = X o7 is
obtained which is energy minimizing with respect to its boundary values. Here
Morrey’s lemma on e-conformal mappings is used as well as an elaboration of
Lemma 9.3.3 in Morrey [8].

The nonexistence of false branch points for solutions X of Plateau’s prob-
lem was proved by R. Gulliver [2], H'W. Alt [2], and then by Gulliver, Osser-
man, and Royden in their fundamental 1973-paper [1]. Here one only needs
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that X|gp is 1 — 1, and this observation is used by Alt as well as by Gulliver,
Osserman, and Royden, while Gulliver also employs the minimizing property
of X. K. Steffen pointed out to us that Osserman’s original paper [12] already
contains significant contributions to the problem of excluding false branch
points, and it even is satisfactory if, for some reason, an inner point of X
cannot lie on the boundary curve I'; say, if I" lies on the surface of a convex
body.

Furthermore, in Section 6 of their paper, Gulliver, Osserman, and Royden
proved a rather general result on branched surfaces X : B — R™, n > 2, such
that X|sp is injective, which implies the following: A minimal surface X €
C(I") has no false boundary branch points (see [1], pp. 799-809, in particular
Theorem 6.16).

In 1973, R. Gulliver and F.D. Lesley [1] published the following result
which we cite in a slightly weaker form: If I is a real analytic and regular
contour in R3, then any area minimizing minimal surface in C(I') has no
boundary branch points.

To prove this result they extend a minimizer X across the boundary of
the parameter domain B as a minimal surface, so that a branch point wg on
OB can be treated as an inner point. Then the same analysis of X in a small
neighbourhood of wy can be carried out, and wy is either seen to be false or
true. To exclude the possibility of a true branch point, they apply the method
from Gulliver’s paper [2], except that a new discontinuous “Osserman-type”
mapping G is described, which is appropriate for this situation. In a different
way, true boundary branch points for analytic I" were excluded by B. White
[24], see below.

The elimination of the possibility of false branch points in the Gulliver—
Lesley paper is achieved by using results from the theory of “branched immer-
sions”, created by Gulliver, Osserman, and Royden.

The theory of branched immersions was extended by Gulliver [4,5,7] in
such a way that it applies to surfaces of higher topological type (minimal
surfaces and H-surfaces in a Riemannian manifold).

K. Steffen and H. Wente [1] showed in 1978 that minimizers of

1
Eq(X) := / [§|VX|2 +Q(X) (XuANXy)| dudv
B
in C(I") subject to a volume constraint V' (X) = const with
1
V(X) = g/ X - (X A X,) dudv
B

have no interior branch points. While their treatment of true branch points
essentially follows Osserman [12], they simplified, in their special situation,
the discussion of false branch points by Gulliver, Osserman, and Royden [1]
and Gulliver [4].

In 1980, Beeson [2] showed that a minimal surface in C(I"), given by a
local Weierstrass representation, cannot have a true interior branch point if it
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is a C'-local minimizer of D in C(I"). (According to D. Wienholtz, Beeson’s
proof does not work for C*-local minimizers with k > 2.) Motivated by the
discovery of forced Jacobi fields, Beeson achieved this result by arguing that
some first non-vanishing derivative must be negative.

Later on, in 1994, M. Micaleff and B. White [1] excluded the existence of
true interior branch points for area minimizing minimal surfaces in a Rieman-
nian 3-manifold, and in 1997, B. White [24] proved that an area minimizing
minimal surface X : B — R”,n > 3, cannot have a true branch point on any
part of 0B which is mapped by X onto a real analytic portion of I', even
if n > 4. This is quite surprising as X may have interior branch points if
n > 4 (Federer’s examples). However, White pointed out that, for any k < oo,
one can find C*-curves I' in R* that bound area minimizing disk-type min-
imal surfaces with true boundary branch points, and Gulliver [11] found a
C>®-curve in R® bounding an area minimizer with a true boundary branch
point.

It is a major open question to decide whether or not an area minimizing
minimal surface of disk-type in R® can have a boundary branch point assuming
that it is bounded by a (regular) C*- or C*-contour I', rather than by an
analytic one.

We furthermore mention the paper of H-W. Alt and F. Tomi [1] where
the nonexistence of branch points for minimizers to certain free boundary
problems is proved (see also Section 1.9 of this volume, Theorem 5), and the
work of R. Gulliver and F. Tomi [1] where the absence of interior branch
points for minimizers of higher genus is established. Specifically, they showed
that such a minimizer X : M — N cannot possess false branch points if X
induces an isomorphism on fundamental groups.

In 1977-81, R. Bohme and A. Tromba [1,2] showed that, generically, every
smooth Jordan curve in R, n > 4, bounds only immersed minimal surfaces,
and admits only simple interior branch points for n = 3, but no boundary
branch points. “Generic” means that there is an open and dense subset in the
space of all sufficiently smooth « : S' — R” defining a Jordan curve I, for
which subset the assertion holds. This result is based on the Bohme-Tromba
index theory, which is presented in Vol. 3.

A completely new method to exclude the existence of branch points for
minimal surfaces in R? which are weak relative minimizers of D was developed
by A.J. Tromba [11] in 1993 by deriving an intrinsic third derivative of D in
direction of forced Jacobi fields. He showed that if X € C(I') has only simple
interior branch points satisfying a Schiiffler condition (a condition which by
K. Schiiffler [2] had been identified as generic), then the third variation of D
can be made negative, while the first and second derivatives are zero, and so X
cannot be a weak relative minimizer of D in €(I"). D. Wienholtz in his Doctoral
thesis [3] generalized Tromba’s method to interior and boundary branch points
of arbitrary order, satisfying a “Schiiffler-type condition”, by computing the
third derivative of D in suitable directions generated by forced Jacobi fields.
This work of Tromba and Wienholtz is described in Sections 6.1 and 6.3. We
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note that Wienholtz’s results also refer to boundary branch points of minimal
surfaces in R™,n > 3, but they do not apply to Gulliver’s R6-example (see
Wienholtz [3], p. 244). In forthcoming work by Tromba it will be shown how
the ideas presented in Sections 6.1 and 6.2 can be used to exclude interior
branch points for absolute minimizers of A in C(I).
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