Chapter 2

The Boundary Behaviour of Minimal Surfaces

In this chapter we deal with the boundary behaviour of minimal surfaces,
with particular emphasis on the behaviour of stationary surfaces at their
free boundaries. This and the following chapter will be the most technical
and least geometric parts of our lectures. They can be viewed as a section
of the regularity theory for nonlinear elliptic systems of partial differential
equations. Yet these results are crucial for a rigorous treatment of many geo-
metrical questions, and thus they will again illustrate what role the study of
partial differential equations plays in differential geometry.

The first part of this chapter, comprising Sections 2.1-2.3, deals with the
boundary behaviour of minimal surfaces at a fixed boundary. Consider for
example a minimal surface X: B — R? which is continuous on B and maps
0B onto some closed Jordan curve I'. Then we shall prove that X is as smooth
on B as I', more precisely, that X is of class C*(B,R?) (or X € C¥(B,R3), or
X € C™%(B,R?))if I'is of class C (or I' € C¥, or I € C™*, respectively).
These results are worked out in Section 2.3. In Section 2.1 we shall supply
some results from potential theory that will be needed, and in Section 2.2 we
shall derive various regularity results and estimates for vector-valued solutions
X of differential inequalities of the kind

[AX| < o] VX2

which will be crucial for our considerations in Section 2.3.

The central part of this chapter consists of Sections 2.4-2.9 where we
prove analogous regularity results for minimal surfaces with free boundaries
on a support surface S. If the boundary 95 of S is empty, the reasoning is
considerably simpler than for 95 # (J; in fact this second case has to be viewed
as a Signorini problem (or else, as a thin obstacle problem). For a survey of the
results on the boundary behaviour of minimal surfaces with free boundaries
we refer the reader to Section 2.4.

Finally, in Section 2.10, we shall derive an asymptotic expansion for any
minimal surface at a boundary branch point which is analogous to the expan-
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76 2 The Boundary Behaviour of Minimal Surfaces

sion at an interior branch point that was obtained in Section 3.2 of Vol. 1.
The results of Section 2.10 are based on the discussion in Chapter 3.

2.1 Potential-Theoretic Preparations

In this section we want to supply some results from potential theory which will
be needed in Section 2.3 for investigating the boundary behaviour of minimal
surfaces which are bounded by smooth Jordan arcs. The reader who is well
acquainted with Schauder estimates may skip this part at a first reading. Al-
though a large part of the material can be found in the treatise of Gilbarg and
Trudinger [1], a brief presentation may be welcome because it will enable the
reader to study the essential results of Section 2.2 on solutions of differential
inequalities without consulting additional sources.

In what follows we shall use the following notation: We write w = u + iv,
¢ =¢&+in, d¢ = d€ +idn, and d*¢ = d¢ dn denotes the two-dimensional area
element. Moreover, we set

o _1(o 90N o0 _1/0 .0

ow  2\ou ‘ov) ow 2\ou  ‘ov)’
92 o2 o 0

A=52 T or " Youan

Br = Br(0) ={w e C: |w| < R}, B := B4(0).

Green’s function Gg(w, () for the disk Bg is given by
R? —w(
R(¢ —w)

and the Poisson kernel Pr(w,¢) = Ph(w,(),w = re, ( = Re'? € OBg, is
defined! by

)

(1) G, ¢) = 5-log

1 R2 _ y2 1 R+ ret0—%)

:P = = — _—
r(w; ) 2t R?2 — 2rR cos(6 — @)+ 12 27 °R— rei0—9)

2)
1 (+w 1 R?—|w]®* 0
“ 2w T e~ Fag O

where v denotes the exterior normal to dBr at (. One computes that

9 1 1 5
(3) a_wGR(w’O_E(Cw_RQwZ)’

,%GR(w, ¢) is called Poisson kernel; cf.

for instance Gilbarg and Trudinger [1], formula (2.29).

1 Note that often the expression %?R(w, p) =
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whence it follows that

0 (=) 1 7
(4) awSGR( Q) . [(C_w)s (R? — wl)* ’

A straight-forward estimation shows that
R|¢ —w| < |R* —w(| for all w,¢ € Bg,
which implies

88

ows

(s—1)!

1 —
—————— forall {,w e Br with w # (.
2 = wl

©® | GR<w,<>\ <

The following results is a direct consequence of Green’s formula and can

be found in any textbook on partial differential equations.?

Proposition 1. Any function x € C°(Br)NC?(Bg) with q := Az € Loo(Br)
and x(p) := x(Re'?) can be written in the form

(6) o) = hw) = [ Grw.0u(c) .
where

27
(7) h(w) = / Pr(w, p)w(p) dp

denotes the harmonic function in Br which is continuous on Br and satisfies
h =2x on OBg.

Proposition 2. Suppose that x(p) is of class C*(R) and periodic with the
period 27, and let g(w) be of class Loo(B). Assume also that

sup |q| < a, suplz”| <
B R

holds for some numbers «, 3. Then the function x(w),w € B, defined by (6)
and (7) for R = 1, can be ertended to B as a function which is of class
CY#(B) for any pu € (0,1) and satisfies x(e'?) = x(p). For suitable numbers
c1(a, B) and co(a, B, 1) depending only on the indicated parameters and not
on q and x, we have

(8) Valoz < aila, B),  [Va], 5 < cale, 0, ).

If g € C%(B) holds for some o € (0,1), then we have x € C*?(B), and the
equation Ax = q is satisfied on B. Moreover, for any R, R with 0 < R’ <
R <1 the function y(w) defined by

2 Cf. for instance Gilbarg and Trudinger [1], p. 18; John [1], p. 96.
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(9) y(w) = /B Gr(w, Q)g(C) d*¢

is of class C*°(Bgr) and satisfies

(10) Yl240.8, < (R, R, 0)|dlot0,Br-
Here and in the following we use the notation

|2(w) — 2(w)]

o —w

2|0, B =s%p|x|, [x]M,B:sup{ :w,u/EB,w;zféw'}7

S
jlen = D IV*alos,  |#lstn + [ales + (V525

k=0

Moreover, we shall use the notation V,, = (% ai) in order to distinguish the

real gradient V., f = (fu, fv) of a function f(u, v§ from its complex derivative
Jw = %(fu - va)

The reader will find more complete results on Schauder estimates in
Gilbarg and Trudinger [1], Chapters 2—4 and 6; Morrey [8], Chapters 2 and 6;
Stein [1]; Agmon, Douglis, and Nirenberg [1,2]. We shall use some of these re-
fined results later on. For the present the reader might welcome to see how one
can obtain Schauder estimates in the simple situation at hand. Proposition 2
and related results will be proved by a sequence of auxiliary results.

Lemma 1. Let H(w, () be a C%-kernel on the set {w,( € Br: w # (} such
that

(11) [H (w, Q)] <b

S|l o

b

1
lOg;', |va(U},C)| S

holds for r = |w — (| and some constant b > 0. In addition we assume that
q € Loo(BRr). Then the function y(w) defined by

(12) y(w)= [ H(w,{)q(¢)d*¢, w € Bg,

Br

can be extended to a function of class C**(BR) satisfying

(13) Wl 5, < (b, R)ldlo 5,

(14) [vy]u,ER < 02(b7R7 N)|CI|0,§R7

with constants ci1, co depending on the parameters b, R and b, R, i1, respectively.
Moreover, we have

(15) Vey(w) = ; VoH(w,)q(¢)d*¢  for w € Bg.
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Proof. As 1 € Li(Bgr) and q € Loo(Bg), the integrals (12) and (15) are well
defined. We choose a cut-off function 7, € C*(R) with 0 <n, < 1,n,(r) =0
for r < h,mp(r) =1 for r > 2h, and n},(r) < 2. Then we set

Hi(w,¢) == nu(r)H(w, () with r = [w —¢].
Then we have |Hy| < |H| and H = Hj, for r > 2h. The function

(16) yn(w) := [ Hp(w,()q(¢)d*¢, w € Bg,
Br
is of class C? and, setting a := |q|o, 5, We obtain
) =m@l <a [ (H+|E <2 [ 1] ¢
BRﬂth,(w) BRQBQh,(’u))

< const-h—0 ash — 0.

Thus we infer that y € C°(Bg).
Now we define

z2(w) = ; VuH(w,()q(¢)d*¢, w € Bp.

We want to show that y € C1(Bg) and V,y = 2. In fact, we have
Vyn(w) = I} (w) + I3 (w)

with
I (w) = /B (7). H (w0, O)q(C) %€

Lw) = [ Vum(r)Hw,qg(¢) d*C.
R
As before we show
|2(w) — I (w)| < const -h —0 ash —0,
and a straight-forward estimate yields

|13 (w)| < const R~ h2~%  for any o > 0

whence we infer that Vy;, tends uniformly to z on every 2 € Bpr. Together
with the uniform convergence of y, to y on {2 € Br as h — 0 we infer that
y € CY(Bg) and Vy(w) = z(w) for any w € Br. Consequently

IN

ly(w)| + [Vwy(w)] /B{IH(wyC)I+|VwH(w,C)I}\q(C)Id2C

¢(b,R)a for all w € Bpg;

A

thus (13) is also verified.
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Now let wy,ws € Bg, and set p := |w; — ws|. Then we infer from (15) that

Oy Oy B OH _oH 9
Gt = G| = | [ { G0 = Gt 0 ety
OH OH
<a —w,c‘dzua/ —w,c‘dzc
/BRﬂBz,,(wl) du (wn,¢) BrNBa,(w1) du (12:¢)
OH oOH 9
+fémmﬂm)5;WmCV—5;WmO d=¢.
Note that
OH OH
’%(Uﬂ,()‘ < blwy — ¢, ‘%(wz,é) < blws — ¢,
and the mean value theorem implies
O0H O0H 2bp
il _ < 7
’ ou (th) ou (’LUQ,C)‘ = |’LU* — C‘z

for some w* = (1 — t)wy + twe,0 < t < 1. If | — wy| > 2p, we infer that
* * 1
€= w2 ¢ —wi] = Jwy —w"| = S[¢ —wil,

and therefore

OH OH 8bp
— - == < i > 2.
’8u (w1,Q) 5 (wm()‘_ T for |¢ —wi| > 2p

Thus we arrive at

9y
ou

Sab[/ lwy — ¢|7Hd*¢
B2ﬂ(wl)

t [ qu—g s [ fun — (|72 d%¢
B3y (w2) Br\Bz,(w1)

<ab {47rp + 6mp + 167p logﬁ] < ac(b, R, u)p"
p

() = 52 ()

for any p € (0,1) and p = |wy — wsl, and (14) is proved. The estimates (13)

and (14) imply that y can be extended to Bp as a function of class C1'#(Bg)
for any p € (0,1). O

Lemma 2. Let H(w, () be a kernel of the form

H(w,¢) = K(w—() = K(u—§v—n)
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for some function K (C) which is of class C? on {¢ # 0}, and suppose that
H(w, () satisfies the growth condition (11). Furthermore we assume that q(w)
is of class CO"(BRr),0 < u < 1. Then the function y(w) defined by (12) is of
class C?(Bgr), and we have

(17) |v2y|0,BR/ < 01|Q|uyBR7 |y|2,BR/ < C2|q w,Br

for 0 < R' < R. Here c¢1 and co denote constants depending solely on b, u, R
and R'.
Moreover, if K(C) is of class C3 for ¢ # 0 and if also

(117) Vo H (w, Q)] < blw —¢| 72,

then y(w) is of class C**(Bgr) and satisfies

(18) V2l < csldluBrs  YlotnBy < caldlu sy

for 0 < R’ < R. Here the numbers c3 and c4 only depend on b, u, R', and R.

Proof. We set again Hy, = n, H where 7y, is chosen as in the proof of Lemma 1;
but in addition we arrange that |1, (r)| < yh~?2 for some constant v > 0. Then

zp(w) = . Vo Hp(w, ()q(¢) d*¢
is of class C'(Bg,R?), and for D = 2 or 2 we can write
Dzn(w) = | DVuHa(w.(a(0) d*¢
=/, DV Hy,(w,¢)[a(¢) — q(w)] d*¢ + q(w) . DV Hp(w, ) d*C.

By integration by parts, we obtain

DV yHp(w,¢)d*¢ = — | D¢V Hp(w, () d*¢
Br Br

Vth(wa C) COs « dS(C),
OBr

where ds is the line element on 0Br and cos o = % If 2h < |w—¢| we obtain

Dzh(w) = ¢h(w> - Q(w) va(wv C) COSQdS(<)
OBRr

i £ -
with cos o = ] O = 14 and

on(w) = DV Hy(w,¢)[q(¢) — q(w)] d*¢.

Br
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Similarly we set

(19) $(w) == |  DVyuH(w,C)a(¢) — q(w)] d*C.

Br
For r = |w — (| and a := |¢|,,B, We have
|IDVoH(w, )| <br 2 and |q(¢) — q(w)| < ar*,
whence
(20) [d(w)], |on(w)| < 2mabu™" R*.

By a similar reasoning we obtain (V =V, and 0 < h < 1):
ontw) ~ o(w)| < [ 7 (w) — DV H(w, O)llg(¢) — a(w)] d%¢
BRﬁth(w)
+ [ VPl 20V [P H () = a(w)] €
< const - A* <1 —|—10g%> —0 ash—0.
Thus Dz, (w) tends uniformly to
o(w) ~alw) [ VuH(w,0)eosa(()ds(()

OBRr

as h — 0, for w € Brs and 0 < R’ < R. On the other hand, if y;, is defined
by (16), we know that

z2h =Vyn, Dz =DVy,, z,€C,
and, as shown in the proof of Lemma 1, we also have

}llli%"y —Ynl1,B,, =0 for 0 < R < R.
Consequently we have y € C?(Bgr) and

(21) DVy(w) = ¢(w)—q(w) - VwH(w, () cosa(()ds(¢) for|w| < R.

Now inequalities (17) follow from (20) and (21).

Finally, taking assumption (11*) into account, we derive from the repre-
sentation formulas (19) and (21) that y is of class C?*(Bpg) and in conjunction
with (17) that the estimates (18) are satisfied. Since we may proceed in the
same way as in the last part of the proof of Lemma 1, we shall skip this part
of the proof. |
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Proposition 3. Suppose that x € C°(Br) N C?(Bgr) and that Vx € Ly(Bg)
and Ax € Lo (Bgr). Then we obtain the following representation formulas
which are satisfied for w € Bgr:

@) ) =5 [ (ReEE2) a0 - [ Grtw a0l

T 2r i¢ Uy
0 1 z(¢) 0
(23)  graw)=o— o5y (C—w)? ¢ — . 5 R (W, €)Az(C) d*,

1 1 1 1
24 = — [ — — — | A
(24) ,(0) o /BR Ty (u,v) dudv 5 /BR u [rQ RQ} z(u,v) dudv,

T
(25) (0)—L/ ( )dd—i/ Lo Av(u ) dud
2o(0) = —5 - 2y (U, v) du dv BRU 72 | Ae(u,v) dudv,

2m r2
r = |w| = Vu2 + 2.

Proof. Formula (22) is merely a reformulation of (6) and (7). Differentiating
(22), it follows in conjunction with Lemma 2 (in particular, with (15)) that
(23) holds if we take

2( _i(—kw_QiReC—kw_QiR?—huF
(Q—w)Q_aw(:—w_ ow C—w “ow |¢ — wl|?

for {( € OBR into account.
By applying (23) to w = 0 and noting that

0 1 /1 <
a—wGR(O,C)—EQ—ﬁ)

we infer that

20 (0) = — / ) 4o — £<i 1>Az(§)d2g‘.

T om oBn G2 By 4T 2 R2

Because of (72d¢ = —R~2d(, it follows that

1 _ 1 _
3wt COd =~ [ s e
= g [, Q) —ia)

1 |
e /BR(_W ~w,)dédy

1
= — d*C.
7TR2 /;R :I;C C
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Replacing ¢ by w, we arrive at (24) and (25) by separating the real and
imaginary parts. Actually we first prove (24) and (25) for Br/, R’ < R, instead
for Br, and then we let R — R. a

Now we prove Schwarz’s result concerning the boundary continuity of Pois-
son’s integral.

Lemma 3. Let x(p) be a continuous, 2m-periodic function on R, and let
h(w) := fo% Pr(w, p)x(p)dp be the corresponding Poisson integral, which
is a harmonic function of w € Bpg. Then we obtain h(w) — x(p) as

w — Rew_. Thus h(w) can be extended to a continuous function on Bg such
that h(Re'?) = x(p) for all p € R.

Proof. 1t suffices to treat the case R = 1. Then we have to prove
lim, ;g h(re?’) = z(6) uniformly in § € R. We can write

. 1 (™ 1—12
h(re') / ‘7T:c(9 + ) dep.

o . lew —r|?
Because of the identity

1 (™ 1—7r2
~ [ =TT go=1
o | e

it follows that

hre) —a(0) = o [ S a0+ ) — 2(0)]de

“ o e PP

whence

re) = o(0) < o [ (O + )~ al0)] d

o el —

1 [ 1 /0 1 [
< e e cei=T, T, 4 T
I 2m J_s 2m Js 1t it

for any 6 € (0,%). Fix some ¢ > 0 and choose 0 > 0 so small that
lx(p) — z(0)| < e for all ¢ and 6 with | — 0] < §. Then we obtain

1 [ 12
L<e — | ———=dp<e.
<o g | s

Moreover, by setting M := maxg || we obtain

1 2M 2M
I, I3 < —(m—0)(1—r)(1 —— < ——(1 -
LI < oo (m = (=) (L4 7) =5 < —o(1-1)

since |e%? — r|? > sin? ¢ for § < |¢| < w. Thus we arrive at
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: 4M
|h(re’®) —z(0)| < e+ —5——(1—7r) forre(0,1)
sin” §(g)
and therefore
lim h(re?) = x(f) uniformly in 6. O

r—1—-0
As a by-product of this proof we have found:

Lemma 4. Let h € C°(B) N C%(B) be harmonic in B and suppose that
|h(e'?) — h(e')| < e holds for all ¢ with | — 6] < 6,6 € (0,%). Then it
follows that

4lhlo,0B

(26) |h(re®) — h(e")| < e+ ——
sin“ ¢

(1—r)

holds for all r € (0,1).

Lemma 5. Let h € C°(Bg) N C?*(Bg) be harmonic in Br, and suppose that
the boundary values x(p) of h defined by x(p) := h(Rew) are of class C?*(R)
and satisfy |x" ()| < k for all ¢ € R. Then we obtain

(27) |Vh(w)| < eR™'k  for all w € Bg,
where ¢ is an absolute constant independent of h and R.

Proof. By virtue of an obvious scaling argument we can restrict our attention
to the case R = 1. Then we have to prove

|[Vh(w)| < const k for w € B.

Let h* be the conjugate harmonic function to h. Then f(w) := h(w) +ih" (w)
is a holomorphic function of w = u + iv, and we have the convergent power
series expansion

(w) = chwl for |w| < 1.
1=0
Set ¢o = %(ao —ibg),c; = a;—ibyif I > 1,a;,b; € R. Then we have for w = re*?
that .
h(w) = % + ;Tl(az cosly + bysinlyp)
whence

oo

x(p) = Qo +Z(al cosly + by sinlyp),

2
1=1
1 2m
a; = ;/ x(p) coslpdp = — / ) coslpdp,
1 0271'
by = ;/ xz(p)sinlpdp = — / ©)sinlpdep.
0
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Because of f = h,, + ih) = h, — ih, we infer that

[Vh(w)] = |f'(w)| =

Z l(al — ibl)wl_l
=1

oo oo 1/2 o 1/2
1
2 2 L 1 2
PUNCETE {; sz} RS
< Tk oif jw| <1,

V3

taking Schwarz’s inequality into consideration as well as Parseval’s relation
for the Fourier series expansion of x’’. O

The next result is known in the literature as Theorem of Korn and Pri-
valov.

Lemma 6. Let f(w) = h(w) + ih" (w) be holomorphic in Br,h =Re f, h* =
Im f, and suppose that h* € C°(Bgr) N C**(8Bg) holds for some p € (0,1).
Then f is of class C**(Bg) and we have

(28) [y Be < W)l ]no85-

Proof. We can assume that R = 1 applying a scaling argument. Set H :=
[h*],,08- Then we have

(29) [P (") — 1" ()| < Hle" — ™|
for all 6, ¢ € R. Fix some ¢ € [0,27) and consider the function
Y(w) = Re(1 — we™ )~

which can be viewed as a univalent harmonic function of w € B. Introducing
the angle « between the rays {te’?: ¢t > 0} and {t(e"? —w): t > 0}, we obtain

Y(w) = |w — "] cos(pax(w)),

where |a(w)| < §. Thus we infer from (29) that

. H
< b (w) — h*(e'?) < TV
COS &~ COS 7

(30) -

holds for all w € dB. Applying the maximum principle, we obtain that (31)
holds for all w € B and in particular for all w € By_,.(re'?) if 0 < r < 1.
Hence we infer that

20H

i
COS 2

(31 [p(w) =R ()] <

(1—r)* for|w—re®| <1—r

is satisfied.
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Now we set wg = re’?,0 < r < 1, and hj, := h*(wp). Applying Gauss’s
mean value theorem to the harmonic function h}, and to the ball B,(wy) with
some radius p € (0,1 — ), we obtain

1

— h* — h¥), d?
Py ( 0) w

By (wo)

* 1 *
hu(wo)rpQ/B( )hu(w)de*
wo

and an integration by parts yields

1 U — Ug
hy = — ———(h* — h}) ds.
L B O

Analogously,

vV — Vo

1
h(w :—/ h* — hi)ds.
= [y

Thus we obtain
(32) [Vh* (wo)| < 20~ [B* = hglo.0B, (w,)-

If we let p — 1 — r and combine the resulting inequality with (31), it follows
that

4H
Vh* <
VI (wo)| < =

2

—r)_1+”.

Since we can choose ¢ arbitrarily, we obtain that
(33) |f'(w)| < e(u)H(1 — |w])~*  for all w € B,

if we set ¢(p) := 4(cos &)1, Then it follows from (33) for 0 < r < 1 that

(7.33") |f/(w)] < c(p)H(r — |w|)~ ' for all w € B,.

For any r and v’ with 0 < r <7’ < 1 we now conclude

7,10

/ f'(w) duw

(34) [f(r'e) = f(re®)| < e(p)u™ " H(r' —r)* for 0 <7 <r' <1.

) = fre®)| = <t [ (- pyrap

whence

We infer that lim,_1_o f(re??) exists for any § € R. Setting &(p) =
lim, ;o f(re’?) we extend f(w) from B to B by defining f(e'?) := &(¢p )
We now want to show that f € CO#(B). In fact, setting ¢*(u) := p~te(n) w
obtain from (34) that

(34)  |f(r'e?) — f(re®)| < (W HG@ —r)* for0<r <1 <1,0€R,
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and in particular

1€0) — fre!)| < () H(1 —r)* for0<r <1and@cR.
Then it follows for 6; < 05 that

6(61) = €(62)| < [§(61) — F(re™)| +1§(02) — F(re™)
[€(01) = F(re™®)| + [€(05) — f(re®)| + [F(re™®) = f(re!®)|

02
< 2c*(w)H(1 —r)* —|—/ | (ret®) |r db.
01

IA

Moreover, we derive from (33) that
62 .
/ |/ (re®®)|rdf < He(u)r(1 — 7)1 (0y — 6y).
01

Suppose that 0 < 62 — 67 < 1, and choose r =1 — (63 — 01). Then it follows
that

1£(01) — £(02)| < {2¢7(n) + ()} H |02 — 0,["
if |61 — 62| < 1. Renaming 8c*(u) + 4c(p) by (), we arrive at

(35) |§(91) — §(92)| < C(/.L)H|91 — 92|,u for all (917 92 e R.

Applying the maximum principle to the modulus of the holomorphic mapping
fle"w) — f(w),w € B, we see that

max |f(e"*w) — f(w)] < max [f(e"*w) — f(w)|

weB wedB
holds for all @ € R, and in view of (35) we obtain
|f(e"w) — f(w)| < c(u)H|a|* for w € B and o € R.
This estimate is equivalent to
(35")  |f(re?) — f(re')| < c(u)H|O; — Oa|* for 0 <r <1, 0,05 € R.
Combining the estimates (34") and (35') we arrive at

|F(rie) — f(rae™?)| < [f(r1€™) = f(rae™)| + [ f(r2e™") — f(rae™®)]
< () Hlry — ol + c(u)H|01 — 02"

for arbitrary 1,7 € [0,1] and 61,602 € R.
If wy = rie wy = 7"26192,% < ry,re < 1,|02 — 61] < w, then there is a
constant K such that

|7’1 —7’2|N —+ |91 —02|N S K|U)1 —U}2|M.
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Consequently we have
|f(w1) = fw2)| < c(p)H|wy — wa|*

for all wi,wy € B\ By 2 and for some constant ¢(ut), and because of (33) the
same estimate holds for any wi,ws € B, s2- Then we easily infer that

|f(wy) — f(w2)| < e(p)H|wy —wo|*  for all wi,ws € B
holds true. u
Lemma 7. Suppose that h € C°(Bg) N C%(BR) is harmonic in Br and that
its boundary values x(p) := h(Re'?) satisfy x € C*(R) and |x"(p)| < k for
all ¢ € R. Then we obtain h € CY*(BR) for every p € (0,1) and
(36) [Vh, 5, < c(p)R™ "k,
where the number c(p) only depends on p.

Proof. 1t is sufficient to prove the result for R = 1. Let us introduce the
tangential difference quotient

(Toh)(re™?) := = [h(re'¥T9)) — h(re'®)]

SR

and note that (Tyh)(w) is a harmonic function of w € B which is continuous
on B and has the boundary values

(1) () = Jla(p + 0) — z(p)]-

Sl

By assumption the boundary values (mpx)(¢) tend uniformly to x'(p) as
0 — 0. Then, on account of Harnack’s first convergence theorem, we eas-
ily infer that the functions (Typh)(w) tend uniformly on B to the harmonic
function h,(w) with the boundary values &'(yp) = %h(ei‘f’) on OB which, by
assumption, are Holder continuous for any exponent p < 1, and

(37) [, r < 27k

Consider a holomorphic function f(w) on B with f = h + ih", that is,
h = Re f,h* = Im f. Then g(w) = iwf' (w) = g—i(w),w = re'?, is another
holomorphic function on B with g—z =Regand 2/(¢) = g—Z(ew), z' € CO*(R)
for any p € (0,1). Hence we can apply Lemma 6 to the holomorphic function
ig(w) = —wf'(w),w € B, and we obtain that ig(w) is of class C%#(B). This
implies

[ e CO¥"(B\ By 2),
and inequalities (28) and (37) yield
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(38) [f,]u,B\Bl/z < const - k.

Moreover, (27) implies
|f'|o,5 < const - k,

and Cauchy’s estimate for holomorphic functions then gives
|f"l0,B,,, < const -k,

whence
[f']u.B, 5 < const - k.

Combining this estimate with (38), we arrive at the desired inequality
[f'],B < const - k.
If we now recall that f’ = h, — ih,, we find that the lemma is proved. O

Proof of Proposition 2. We now see that Proposition 2 is a direct consequence
of Lemmata 1-7 in conjunction with Proposition 1 and with formulas (1)—(5).
O

Remark. We have formulated the estimates and the regularity results of
Proposition 1 in a global way. Analogous local results can be derived by similar
methods, but certain changes will be necessary to obtain local estimates at
the boundary. A very simple approach to local C!**-estimates is based on a
reflection method: it will be described in the next section.

2.2 Solutions of Differential Inequalities

In this section we want to derive a priori estimates for solutions X (u,v) =
X(w) = (2t (w), 2%(w), ...,z (w)) of differential inequalities

(1) |AX]| < a|VX|?,
which can equivalently be written as

(1) [ Xuww| < al Xyl
Here a denotes a fixed nonnegative constant.

Lemma 1. Let X € C?(£2,RY) be a solution of (1) in the open set 2 of R?
which satisfies | X|o o < M. Then we obtain

(2) AIX]2>2(1—aM)|VX|?

in £2. In particular, if aM < 1, then | X|? is subharmonic in (2.
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Proof. Because of
(X, AX)| < |X]|AX] < aM|VX]?,
the inequality (2) is an immediate consequence of the identity
(3) AlX|? =2|VX|? +2(X, AX)
which holds for every mapping X of class C?. O

Lemma 2. Suppose that X € C%(Br(wg),RY) N C?(Br(wg),RY) satisfies
(1) in Br(wg). Assume also that | X (w)| < M for w € Br(wg) and aM < 1
are satisfied. Then for any p € (0, R) we have

1 2rM
4 VX[ dudy < ————— X(w) — X
W [ wxPaud o T a7 wcllg X)X (00
and
1 4nM?
(5) / VX | dudv < — il
By (wo) log 21— aM’

Proof. Choose some p € (0, R) and apply Proposition 1 of Section 2.1 to the
function z(w) := | X (w)|? and to the domain Br(wg) instead of Br = Bg(0),
assuming in addition that X is of class C? on Bg(wp). Then formula (6) of
Section 2.2 yields

L o+ RE®) — (o) d 1/ log— 2 Apd?
_— T\ W, — (W, = — — AT w
2n 0 0N =50 Br(wo) g|w—wo|

Because of
|z(w) — z(wo)| < 2M|X (w) — X (wo)|
we infer that

1

—/ 1ogLAx d*w <2M  max | X(w)— X (wo)|.
27 J B (wo) |w — wo|

wEIBR(wo)
On the other hand, Lemma 1 gives

2(1 —aM)|VX|? < Au,
whence

R
(1—aM)7r_1/ logi\VXPde <2M max |X(w)— X (wp)l.
BR(U)()) ‘w - |

w€BR(wo)
Moreover,
1og§ IVX|? d*w g/ 1ogL\VX|2d2w
P JB,(wo) Br(wo) |w — wo

if 0 < p < R, and (4) is proved. The additional hypothesis can be removed if
we first apply the reasoning to p and R’ with 0 < p < R’ < R, and then let
R’ — R — 0. Inequality (5) is a direct consequence of (4). O



92 2 The Boundary Behaviour of Minimal Surfaces

Proposition 1. There is a continuous function k(t),0 < t < 1, with the
following property: For any solution X € C*(Bgr(wo),RY) of the differential
inequality (1) in Bgr(wo) satisfying

(6) | X(w)| <M for we Br(wp)

and for some constant M with aM < 1, the estimates

(™ VX ()| < Alad)
and
(®) Vx(wo) < MM Gy X (w) - X ()]

R wEBRr(wo)
hold true.

Proof. Fix any R’ € (0, R), and consider the nonnegative function
flw) = (R = [w — wo|)| VX (w)]

on Br/(wg) which vanishes on dBpg/(wg). Then there is some point w; €
Bpr/(wg) where f(w) assumes its maximum K, i.e.,

fwy) = K :=max {f(w): w € Br(wp)}.

Set 7 = |w — wy| for w € Br/(wp) and p := R’ — |w; — wy|. Clearly, we have
0<p<R.
By formulas (24) and (25) of Section 2.1, we obtain for any 6 € (0, 1) that

1
Xu(w) = W/ ( )Xududv
po (w1
1 1 1

—— — — AX dud
o Bpe(wl)(u w) <r2 292) v

and an analogous formula holds for X, (w). By means of Schwarz’s inequality
we infer that

1/2
1 1 AX
VX (wy)| < / |V X |? du dv + —/ ud d
ﬁpe Bpe(wl) 27T Bpg(u)l) r

Applying Lemma 2, (5) to pf and p instead of p and R, we also obtain

M
/ VX[ dudo < S - ).
Bpo(w1) log§

Taking |[AX| < a|VX|? into account, we arrive at
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1
VX (w1)] < Ve 7zt i-/ ~|VX|? dudv
Vpb(logs) 27 JBe(wi) T
and
a 1 9 9
— —|VX|*dudv < apf sup |[VX|°.
27 JBpawn) T Byo(wn)

On account of
K = f(w1) = p| VX (w1)]

we obtain

VX (w1)] = K/p.

Moreover, if r = |w — wy| < pb, it follows that
R —|w—wo| >R —|wg —w1| — |[w—wi| =p—r>(1-0)p.
Thus we infer from
VX (w)|(R — [w— wl) < K for all w € By (u)

that

K
X < -——— forall B
VX (w)| < =0 or all w € Bpg(w1)
holds true, and we conclude that
2
=z Loxpdude < 205
21 JBo(ur) T (1—=0)%p
whence
K < Ve ab K>
P AERN e
Vpl (logs)
and finally
c/m afK?
K< + .
9(log%)1/2 (1-10)?
Set
af c/m
a(f) = . B(0) = .
' =g Y 6(logt)'/?

Then we have

or equivalently

93
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Note that

av/c/m
a(0)B(0) = , c=cla, M).
O910) = e )

Hence there exists a number 0y(a, M) € (0,1) such that

if 0 <60 <6y,

that is,

Set

P VI - 4a(0)3(0) ) = LF V1—1a()3(6)

2a(0) ’
Then we infer for any 6 € (0, 6] that either
(i) K <m™ (), or (i) K>m"(0)

holds true.
Moreover, the functions m~(6) and m™*(6) are continuous on (0, 6,] and
satisfy
m~(0) <m*t(0) for0<6<by
and
lim m™ () = co.
0—+0

The last relation yields that case (ii) cannot occur for 6 close to zero; hence
we have K < m~ () for 6 near zero, and a continuity argument then implies

K <m™(0) forall e (0,6,

in particular, K < m~ (). Finally, for 6 € (0, 8], we also obtain that

. VI—4a@pl) 1 1-(1-4a(0)3(9))

2a(0) " 2a(0) 11 /1-4a(0)3(0)
23(6) L 200 4,

T 141 _4a0)p0) 1+1/2 3

whence
m” (6o) < 38(6).

Consequently,
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4\/c/m

300 (log )"

K < 20(65) = = ¢*(a, M).

Because of

R|VX(wo)| = f(wo) < f(wr) = K < c*(a, M)
we arrive at

VX (wp)| < c*(a,M)/R for any R' € (0, R)
whence
(7°) VX (wo)| < ¢*(a, M)/R.

This estimate is close to (7). We now introduce the function x(t) := ¢*(¢,1).
A close inspection of the previous computations shows that x(t) can assumed
to be an increasing and continuous function on the interval [0, 1).

In order to prove (7) we assume that M > 0 because that inequality
trivially holds true if M = 0. Then Z(w) := M~ X (w) satisfies both |Z(w)| <
1 and

|AZ| < aM|VZ|?.

Applying the estimate (7*) to Z, we arrive at
IVZ(wo)| < k(aM)/R.

Multiplying this inequality by M, we obtain (7).
Estimate (8) is now an easy consequence of (7). To see this we introduce
the quantity
m = sup {|X(w) — X(wp)|: w € Br(wo)}-

If m =0 or m = oo, the estimate (8) is true for trivial reasons. If M
m < oo, (8) follows directly from (7). If 0 < m < M, we introduce Z :
m~1[X — X (wp)] and obtain as before

A

|VZ(wy)| < k(am)/R < k(aM)/R,
and this implies (8). O
Corollary 1. Suppose that X € C%(Bgr(wg),RY) is a solution of (1) in

Br(wo) satisfying
| X (w)| < M for w e Bgr(wp)

and for some constant M with aM < 1. Then we have

M
9) VX (w)| < H(GM)? for all w € Br_,(wp), 0 < p < R.
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Proposition 2. Let X € C°(Bg(wo),RY) N C?(Br(wo),RY) be a solution
of the differential inequality (1) in Br(wo), and suppose that | X (w)| < M
holds for all w € Br(wg) and for some number M with 2aM < 1. Moreover,
set z(w) = | X (w)?, and let H € C°(Br(wg),RYN) N C?(Br(wo),RY) and
h € CO(Bgr(wo))NC?(Bgr(wy)) be the solutions of the boundary value problems

(10) AH =0 in Br(wg), H=X on 0Bg(wy),

(11) Ah =0 in Br(wy), h=x on 0Bg(wp).

Then for any w € Br(wg) and w* € 0Br(wy) we have the inequality

a
12 X —Xw")| < —————1h — h(w*
(12) X(w) = X ()] < 5=z lhte) ~ hw)
1—aM N
+ 1o (W) — Hw")l.
Proof. Inequality (2) implies
1
XP<—-— A
VAP < sa—aan 2
which in conjunction with
|AX| < a|VX]?
yields
a
AX| < ———Ax.
1AX] s sa—aanA®

Pick some constant vector £ € RY with |E| = 1 and consider the auxiliary
function 2z € C°(Br(wg)) N C?(Br(wp)) which is defined by

z(w) : a

= S ) — A+ () ~ X(w), B)

and vanishes on 0Br(wp). Because of

a

a
> % Ar—|AX|>
2 SA—an T 1AXI20

we see that z is subharmonic on Bg(wp). Then the maximum principle yields

a

w—xmggtmﬁ

[h— 2] on Bgr(wo)

for any unit vector E of RV, and we conclude that
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(13) |H = X| < 5=

A—ap" =

holds on Bg(wp). Moreover, the inequality | X (w)| < M in conjunction with
the maximum principle gives

|H(w)| < M for all w € Br(wp).

Then we obtain

h—x = (HP = |X]*)+ (h— [H|*)
< 2M(|H| - |X]) + (h — [H|?),
whence A
a a
H-X|< H-X|+———(h—|H.
| <17 |+2(1_GM)( |H|%)
Since o L oul
a —2a
1-— = 1
0< 1—aM 1—aM <5h
it follows that
a R
14 H-X|<——— (h—|H]? B .
(14) [H = X| < 5oz = 1) on Br(uy)

For w* € 0BRr(wp) we have

and therefore

(X (w) = X (w")] < [X(w) = H(w)| + [H(w) - H(w")]

< 3= gy () — [H@)P) + [H(w) = H(w))

Because of

h(w) — [H(w)|* = h(w) — h(w") + |H (w")[* — |H (w)[

[h(w) = h(w™)| + 2M|H (w) — H(w")],

A

we may now conclude that (12) holds for any w € Br(wg) and for any w* €
6BR(’LUO). O

Remark 1. Note that the differential inequality (1) remains invariant with
respect to conformal transformations of the parameter domain. Thus we can
carry over Proposition 2 from Br(wg) to any bounded domain {2 in C which
is of the conformal type of the disk and has a closed Jordan curve as its
boundary.
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Proposition 3. For any a > 0,R > 0,M > 0, and k > 0 with 2aM < 1,
there is a number ¢ = c(a, R, M, k) > 0 having the following property:

Let X € CO(Bgr(wo), RN)NC?(Br(wo),RY) be a solution of (1) in Br(wo)
satisfying | X (w)| < M for all w € Bgr(wg). Suppose also that the boundary
values X(p) := X (wo + Re'¥) are of class C*(R) and satisfy |X" ()| < k for
all ¢ € R. Then we have

(15) VX (w)| < cla,R,M,k) for all w € Br(wy).

Proof. Tt suffices to treat the case wy = 0 and R = 1, that is, we consider the
parameter domain B = B;(0). Let w = re'®,0 < r < 1, be an arbitrary point
of B. By formula (8) of Proposition 1 we have

16)  |VX(w)| < 0(1“’_1\? sup{| X (') — X (w)| : w' € By_,(w)}.

Moreover, for w,w’ € B and w* € B it follows from Proposition 2 that

(17) X (w) = X(w')] < [X(w) = X(w")] + X (w) = X(w")|
a
< ——{|h(w) — h(w* h(w') — h(w*
< gy () = bl + Ih(w') = hw)
1—aM B , .
b o LB ) — H )|+ [Hw') ~ Hw)]
holds true where H and h are harmonic in B and have the boundary values
X and z := |X|? respectively on dB. By Lemma 5 of Section 2.1 we obtain
that

IVH(w)| <ck forallwe B

whence
|H (w1) — H(wg)| < cklwy —wa| for all wy,ws € B.

Therefore we have
(18) |H(w) — H(w*)| + |H(w") — H(w*)| < 3ck(1—71)
for w = re?, w* = e w' € B;_,.(w).
Furthermore, the boundary values 1(p) := |X(p)|? of z(e!?) satisfy 7" =
2|X’|? +2(X, X "), hence
0| < 21X+ 2[(X, X )| < 2|X'|* + 2ME.

Let E € RY be a constant unit vector. Then we have

/0 B () dp = 0.

Consequently, there is some ¢q € [0, 27] such that
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(E, X' (¢0)) =0

and therefore o

(B.X (o)) = / (B, X" (¢)) d.

¥o
Hence we obtain

(B, X' (¢))| <27k for all p € [0,27].
Since F can be chosen as an arbitrary vector of R, we conclude that
|X'(¢)] < 2mk  for all p € R,

and therefore
In"| < 87°k* + 2Mk.

Then we infer from Lemma 5 of Section 2.1 that
|Vh(w)| < c*(1+ k%) forallwe B
whence
|h(w1) — h(ws)| < c*(1 + k?)|wy —wso| for all wy,ws € B
and consequently
(19) [h(w) — h(w*)] + [h(w') = h(w*)] < 3c*(1+k*)(1 1)

for w = re’, w* = e w' € By_.(w).
Combining (17), (18), and (19), we arrive at

|X (w) — X(w")| < e(a, M, k) (1 —r) forw=re?,0<r<1,
and w' € By_,(w),
and this implies
VX (w)| < ¢(a, M, k) forall we B,
taking (16) into account. O

Theorem 1. Suppose that the assumptions of Proposition 3 are salisfied.
Then X is of class CYH(Br(wo), RYN) for all p € (0,1) and we have

(20) (VX] < c(a, R, Mk, p).

1, Br(wo)

Proof. This result is an immediate consequence of Proposition 2 of Section 2.1
in conjunction with Proposition 3 that we have just proved. (|

Now we come to the proof of the most important result with regard to the
next section.
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Theorem 2. For wy € 0B, we introduce the set S,(wo) = B N B,(wp).
Assume that, for some p € (0,1), X € CO(S,(wo), RN)NC%(S,(wp),RY) is a
solution of the differential inequality (1) in S,(wo) that vanishes on 0S,(wo)N
OB. Then we obtain X € CYH(Sy(wo),RN) for every p € (0,1) and every

p' € (0,p).

Proof. Tt suffices to show that for any w* = ¢ € 9S,(wp) N OB there is a
§ > 0 such that X € C1#(Ss(w*),RY), where S5(w*) denotes the circular
two-gon B N Bs(w*). We may also assume that a > 0.

Thus, having fixed an arbitrary w* = e € B N S, (wy), we first choose
an € > 0 such that Ss.(w*) C S,(wo) holds and that

sup{|X (w)|: w € Szc(w*)} < i.

Then the mapping
Z(w) :=4aX, w € Sz (w"),

satisfies the inequalities
[Z| <1 and |AZ| < {|VZ|?

in Sz (w*).

We now consider the functions H(w) and h(w) which are harmonic in
Ss.(w*) and which have the boundary values X and |X|? respectively on
0S3.. As h and H vanish on the circular arc

C := 9B N ISz (w*)

we can extend h and H to harmonic functions in Bs.(w*) by reflection at C,
applying Schwarz’s reflection principle. Hence there is a number ¢(g) such that

[VH(w)| + |Vh(w)| < c(e) for all w € By (w™)
whence

(21) [H (w1) = H(wz)| + [h(wr) = h(ws)] < e(e)wr —wq

for all wy,ws € Bae(w™).

Fix some w = re® € S.(w*). Then we have |w| = r > 1—¢ and, for |w—w'| <
1—r, we have [w' —w*| < |w' —w|+|w —w*| < e+ = 2¢, and consequently

Bi_p(w) C Sae(w*) C Sse(w*) € S, (wp).

By Proposition 2 and the subsequent Remark 1 we obtain for 2 :=
Ss(w*),w’ € 2 and €'? € B N Sz (w*) that

Z(w)] = 12(w') = Z(e¥)| < Hh(w') = h(e#)] + §H (@) — H(e').
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In connection with (21) we infer for any w’ € By_,(w) that
1Z(w')| < Ze(e)|w' — | < Ze(e)(1 =) < de(e)(1 — 7).
In other words, we have
sup {|Z(w")]: w" € By_.(w)} < 4e(e)(1—1)
for any w € Se(w*) with |w| = r.
Moreover, we infer from Proposition 1, (8) that

- 26(1/4)
1

|V Z(w)] sup{|Z(w")|: w" € B1_.(w)}

for any w € Sg(w*) with |w| = r.
This implies

[VZ(w)| < c*(e) for all w € Se(w*).
Since X = -7, we conclude that
|AX]o,s. (w+) < const, and [VX|g g (w+) < const.
Now we choose a cut-off function 7 € C°(R?) with n(w) = 1 for w €

Bs(w*),8 := £, and with n(w) = 0 for |[w — w*| > 2. Then the mapping

Y :=nX on S.(w*) satisfies
AY =nAX +2Vn- VX + AnX
and therefore

(22) |AY (w)| < const for all w € S.(w™),
(23) Y(w) =0 on dS:(w"),
(24) Y(w) =0 forall we S.(w*) with 3¢ < |w — w*| <e.

Consider a conformal mapping 7 of the unit disk B onto the two-gon
S.(w*). We can extend T to a homeomorphism of B onto S.(w*), and it can
be assumed that ( = £1 are mapped onto the two vertices of the two-gon.
By the reflection principle the mapping 7(¢) is holomorphic on B\ {-1,1}.
Then it follows from (22) and (24) that the mapping Y*(¢) := Y(7(¢)) is of
class C°(B,RY) N C?%(B,RY) and satisfies

|[AY™(¢)| < const for all ¢ € B.
Moreover, we infer from (23) that
Y*(¢)=0 forall¢ecdB.

Thus we can apply Proposition 2 of Section 2.1 and obtain that Y* €

C#(B,RYN) for any pu € (0,1). It follows that Y € C'#(Sc(w*),RY), and

therefore X € CU#(Ss(w*),RY) as Y(w) = X(w) for all w € Ss(w™*),

5= ¢ O
2
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2.3 The Boundary Regularity of Minimal Surfaces Bounded
by Jordan Arcs

In this section we want to investigate the boundary behaviour of minimal
surfaces at smooth Jordan arcs. The results can be applied to minimal surfaces
bounded by one or several Jordan curves, to solutions of the partially free
boundary problem, and to solutions of the thread problem (see Chapters 1
and 5 as well as Vol. 3, Chapters 1, 2).

As all results are of local nature, it suffices to formulate them on simply
connected boundary domains, say, for minimal surfaces X : B — R? defined
on the unit disk B = {w € C: |w| < 1}. The same results can be carried over
without any problem to minimal surfaces X: B — R, N > 2. At the end of
this section we shall sketch analogous results for minimal surfaces X: B — M
in an n-dimensional Riemannian manifold M.

The main theorem of this section is the following result.

Theorem 1. Consider a minimal surface X : B — R? of class CY(BU~v, R3)N
C?(B,R3) which maps an open subarc v of OB into an open Jordan arc I' of
R3 which is a regular curve of class C™* for some integer m > 1 and some
p € (0,1). Then X is of class C™H(BU~,R?). Moreover, if I is a regular real
analytic Jordan arc, then X can be extended as a minimal surface across ~.

In fact, we shall only prove a slightly weaker result. We want to show that
the statement of the theorem holds under the assumption I' € C™*" with
m > 2 and 0 < g < 1. It remains to verify that the assumption I' € Ot
implies X € C'#(BU~,R3). This can be carried out by employing a reflection
method combined with refined potential-theoretic estimates. A version of this
reasoning was invented by W. Jéger [3]. Other methods to prove this initial
step can be found in Nitsche [16,20] and [28] (see Kapitel V, 2.1), Kinderlehrer
[1], and Warschawski [5].

It will turn out that the method to be described also covers the boundary
behaviour of surfaces of prescribed mean curvature at a smooth arc. Thus we
shall deal with this more general result.

Theorem 2. Let X € C°(BU~,R?*)NC?(B,R?) be a solution of the equations
(1) AX = 2H(X) Xy A Xy,

(2) |Xu|2 = |Xv|2» <Xu7Xv> =0

in B which maps an open subarcy = {e%: 0, < 6 < 0} of B into some open
regular Jordan arc I' of R3, i.e. X (w) € I" for all w € . Then the following
holds:

(i) If H(w) := H(X (w)) is of class Loo(B), and if I' € C?, then we obtain
that X € CH*(BU~,R3) for any u € (0,1).

(ii) If H is of class C%* on R3, and if I € C**,0 < u < 1, then X (w) is
of class C**(B U~,R3).
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Proof. (i) It suffices to show that for any wy € v there is some § > 0 such
that X € CV#(Ss(wp),R?),0 < p < 1, provided that H(w) := H(X(w)) is
of class Loo(B) and that I € C?. Here Ss(wg) denotes as usual the two-gon
BN B (wo)

Thus we fix some wqg € . Without loss of generality we may assume that
X (wp) = 0. For sufficiently small p > 0 we can represent I' N X,(0) in the
form

(3) zt = gl(t)a x’ = 92(t)a a? = t, |t| < 2to,

where the functions g!(¢) and ¢2(t) are of class C?, and by a suitable motion
in R? we can arrange that

(4) g*(0)=0, 4*0)=0, k=12,

choosing the parameter ¢ appropriately.

We may also assume that wy = 1 and that v = {w € 0B: |w — 1| < Ry}
for some Ry € (0,1). Choosing to > 0 and R € (0, Ry] sufficiently small we
can achieve that

(5) 9 OF +1g°@)1* < g for [t] < to
and
(6) |28 (w)| < to  for w € Sp(1).

Consider the auxiliary function Y (w) = (y*(w), y?(w)) which is defined by
(7) y*(w) = 2F(w) — g* (23 (w)), k=1,2, we Sr(1),

where X (w) = (z!(w), 2?(w), 23(w)). Clearly, we have Y € C°(Sg(1),R?) N
C?(Sr(1),R?) and Y (w) = 0 for w € dBNISk(1). Moreover, we infer from (1)
and from the relations

(8) Ayt = Ak — (@) Ax® — §F (0%)| V2P, k=1,2,
that
(8%) |AY| < | VX2

holds for some constant o > 0.
In addition, we have

(9) wh =y + ")y, k=12,
and therefore
2
20yn|* + 20y P + 20l 2 198 ()P

k=1
2lyn® + 20ya* + $l=3

(10) |z + 2

IN

IA
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since (5) and (6) imply S7_, |§¥(2%)]? < 1.
Now we write the conformality relations (2) as

(11) 0= (X, Xo) = (23,)" + (a7,)* + (23,)°

whence
23,12 < |z, |* + |2, |2

and therefore
(12) 31 Xwl? < oy P+ [ad 2.
From (10) and (11) we infer
TXul? <21y,

whence
(13) |IVX|? <8|VY|%.

From (8*) and (12) we derive the differential inequality
(14) |AY| < 8a|VY[]* on Sgr(1),
and we know already that
(15) Y =0 ondBNASk(1).
Thus we can apply Theorem 2 of Section 2.2 to Y: Sg(1) — R?, and we

obtain Y € C1#(S.(1),R?) for any € € (0, R) and any u € (0,1).
Combining (9) and (11) it follows that

(16) => (Wh)+ 229 Nybal, + { +) gk(wg’)IQ} (x3,)%.

k=1 =

If we introduce

(17) P =W =1+ S IR,

this relation can be rewritten as

2 2 2 2
2+ S | = e b - 3 )
e q(2%) (=

k=1

(18)

As the right-hand side of (18) is continuous in S¢(1), it follows that [...] and
therefore also a2, are continuous. Thus we arrive at X € C*(S.(1),R3) for
any ¢ € (0, R).
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Multiplying (18) by —w?, we obtain

2 2 2 2 2
(19) |iwal, + > pFa®)iwyl | = - {Zpk(fv?’)wyfi} :
k=1 k=1

k:l

Introducing polar coordinates r, ¢ with w = re’¥, we find that

wa, = g(ray, i), wyl, = 5(ryk — i)
(1 =1,2,3) (k=1,2).

For w € v/ := 9BNAS:(1), we infer from (15) that the right-hand side of (19)
is equal to

2 2
—Iq Zq s ? (ng(ﬂcg)yf)
k=1

and this expression is real and nonnegative on account of (5) and (6). The
left-hand side of (19) is of the form

(a+ib)? = (a® — b?) + 2iab

( Z ) b= % (g;ﬁ + Zpk(xg)yf> .
=1 k=1

From the relations

with

[\Dlﬂ

a?=b?>0 and ab=0
we infer that b = 0, that is,

(20) 2d 4+ pFE’)yf =0 ony
k=1
Thus we have found:
(21) |Az3| + |Va3| < const on S.(1), ﬁzs e CO1 ().

or

Now we choose a cut-off function n € C2° which is rotationally symmetric
with respect to the pole w = 1 and satisfies n(w) = 1 for w € Bs(1),6 :=
£.n(w) =0 for |w— 1| > 3e. Set

(22) y(w) == n(w)z®(w), w e S.(1).

We have y, = nz3 + .23, and therefore



106 2 The Boundary Behaviour of Minimal Surfaces
(23) yr € COH(Y).
From the identity
Ay = nAz® + 23 An + 2V - Va?
and from (21) we infer that
(24) |Ay| < const on Sc(1).
Finally we have
(25) y(w) =0 for all w € S.(1) with 3e < |w—1| <e.

Consider a conformal mapping 7 of the unit disk B onto the two-gon S.(1). We
can extend 7 to a homeomorphism of B onto S, (1), and it can be assumed that
¢ = +£1 are mapped onto the two vertices of the two-gon. By the reflection
principle the mapping 7(¢) is holomorphic on B\ {—1,1}. Then it follows
from (23) and (25) that the function y*(¢) = y(7(¢)),{ € B, is of class
CY(B) N C?(B) and satisfies

|Ay*| < const on B,

3y* 0,1 .
s e C*H(0B);

here the radial derivative y; is the normal derivative of y* on 0B.
According to Section 2.1, Proposition 2, the solution p(¢) of the boundary
value problem
Ap=Ay* inB, p=0 ondB

is of class C'#(B) for any p € (0,1). Hence h := y* — p is of class C*(B) N
C?(B), harmonic in B, and h,. is of class C%* on B. Therefore the conjugate
harmonic function 2* with respect to h is of class C'(B) too, and the equation
h, = h, on OB implies that h*|yp is of class C L Applying the Korn-Privalov
theorem (see Section 2.1, Lemmata 6 and 7) we infer that h € C*(B),
and therefore also y* € C1#(B). Returning to y = y* o 771 it follows that
y € CH(S.(1)). Since y(w) = z*(w) holds true for w € Ss5(1), § = 5, we
finally arrive at 2° € C1#(Ss(1)), and therefore X € C1#(S5(1),R3) for any
w € (0,1). This concludes the proof of the first part of the theorem.

(ii) The initial step (i) is the crucial part of our investigation whereas the
further proof is essentially potential-theoretic routine. However, as our esti-
mates in Section 2.1 are not quite complete, we only want to indicate how
one can proceed. The reader should use the Schauder estimates (described for
example in Gilbarg and Trudinger [1]) to derive higher regularity by boot-
strapping.

Thus let us assume that H € C%*(R3) and that I' € C** for some
p € (0,1). Then H(w) := H(X(w)) is of class C®*(B U ~) and, using the
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notation of (i), the functions ¢g'(¢) and ¢2(t), |t| < 2to, are of class C**. On
account of (8) and (2) the mapping Y satisfies

AY = Q in Sg(1),

(26)
Y =0 ondBNJSgk(1)

with Q € CO#(Sg(1),R?). B
Then a potential-theoretic reasoning yields Y € C%#(S.(1),R?) for 0 <
€ < R. Now we use the equations (cf. (1) and (20))

Ax® = 2H(X)(zla? —zl2?) in Sg(1),

(27)
3 = —Zpk(x3)yf on BN ISk(1)

to prove by a potential-theoretic argument that x3 € C?#(S.(1)) for 0 <
e < R. We only have to note that p*(z3)y! + p?(23)y? is of class C1# (/) for
~' = dBNASk(1) because of the result for Y that we obtained before. By virtue
of (7) we then infer X € C%#(S.(1),R?), and therefore X € C%*(B U~,R?).

(]

Remark 1. Similarly one proves X € C™#(B U ~,R?) as claimed in The-
orem 1if I' € C™* and H € C™ %#(R3). The proof is carried out by a
bootstrap reasoning, considering the boundary value problems alternatingly.
Since a similar idea is developed in detail in the following sections, we want
to omit the proof of higher boundary regularity of X except for proving an-
alyticity in the case that I is a real analytic, regular arc. This will be done
next for a minimal surface. We shall present H. Lewy’s regqularity theorem.

In the following we shall suppose B to be the semidisk {w = u +
iv: Jw| < 1, v > 0}, and I will denote the straight segment {u € R: |u| < 1}
on the boundary of B.

Theorem 3. Let X € C°(BUI,R3)NC?%(B,R?) be a minimal surface which
maps I into a real-analytic and reqular Jordan arc I' in R3. Then X can be
extended analytically across I as a minimal surface.

Proof. Let X*(w) be an adjoint minimal surface to X (w) = (z'(w), 2?(w),
23(w)) which is assumed to satisfy AX = 0 and (2) in B, and let

(28) flw) = X (w) +iX*(w) = (' (w), f2(w), f*(w))
be the holomorphic curve in C3 with X = Re f and X* = Im f satisfying
(29) (f'(w), f'(w)) = 0.

By Theorem 2 we know already that X € C?(BUI, R?) holds true. We have to
show that for any ug € I there is some ¢ > 0 such that f(w) can be extended
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as a holomorphic curve from Ss(ug) := B N Bs(ug) to Bs(ug). Without loss
of generality we can assume that ug = 0. Set Bs := Bs(0) and S5 = S5(0) =
BN Bs. As in the proof of Theorem 2 we can arrange for the following:

z1(0) = 22(0) = 23(0) =0, ie. X(0)=0.
For sufficiently small p > 0, we can represent 1" N K,(0) in the form
(30) b =g't), 2?=4%(t), 2*=t, telp,

where I5 := {t € R: |t| < §}, and g'(¢) and ¢g?(t) are real analytic functions
on Isp,, Ry > 0. Hence, choosing Ry sufficiently small, we can assume that
g*(¢) and g?(¢) are holomorphic functions of ¢ € Bag,; hence

9(¢) = (9"(€).9%(€).0), ¢l <2Ro

is a holomorphic curve on Bsg,. In addition, we may (in accordance with
X (0) = 0) assume that

and
dg"
d¢

are satisfied, and that

|f3(w)] < Ry holds for w € Sg,

where R is a sufficiently small positive number.
Consider now the holomorphic function

(31) F(w,¢) :=

of (w,¢) € Sg x Bg,, and note that F is of class C! on Sg x Bg, (of course,
differentiability in the second statement is real differentiability).
We claim that the differential equation

(32) 23 (u) = F(u,23(u)) foru € Ig

u

holds true. In fact, the boundary condition X (I) C I" together with the above
normalization implies that

(33) X(u) = g(z3(u)) for u € Ig,
hence

(34) X, (u) = ¢/ (x*(u))z3 (u) for u € Ig.

u
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Therefore z3(u) = 0 for some u € Ip yields X, (u) = 0, and (2) gives

X,(u) = 0 or X} (u) = 0 and consequently f'(u) = 0; therefore we also
have F(u,z3(u)) = 0, and (32) is trivially satisfied. Thus we may now assume
that 23 (u) # 0. Because of (34) and (2), we obtain on Ig:

2o (g’ (@), f') = (¢ (@®)a}, ') = (Xu, ')
= (X, Xy +iX5) = | Xu|? — i(Xu, Xo) = | Xu?
= (g'(«%), ¢ (%)) (x})?

whence

(3) ) = [ Pl ¢t du.
0
It can easily be shown that there is some constant M > 0 such that
|F(w,¢) = F(w,¢)] < M|¢ = (|

holds for all w € Sg and (,(’ € Bg,. Then it follows from a standard fixed
point argument that there is a number § € (0, R) such that the integral
equation

(36) sw) = [ " Plw,2(w) dw, weSs,

has exactly one solution z(w), w € Ss, in the Banach space A(S5) of functions
z: 85 — C which are holomorphic in Ss and continuous on Sj. (As usual, the
proof of this fact can easily be carried out by Picard’s iteration method.?)
Similarly one sees that the real integral equation (35) has (for u € I5) exactly
one solution ((u),u € Is, whence we obtain ((u) = 23(u) and ((u) = z(u) for
|u| <6, that is,

(37) 2(u) = 23(u) for u € Ts.

Consequently z(w) is real-valued on I, and by Schwarz’s reflection principle
we can extend z(w) to a holomorphic function Bj.
Now we consider the mapping ¢: Ss — C3, defined by

(38) d(w) = f(w) — g(z(w)),
which is continuous on Ss, holomorphic in Ss, and purely imaginary on I,
since we have

3 The integral in (36) is a complex line integral independent of the path from 0 to w
within Ss.
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(39)  o(u) = f(u) — g(2(v) = X(u) +iX"(u) — X(u) = iX"(u)

on account of (33). Applying the reflection principle once again, we can extend
¢(w) to a holomorphic function on By, and therefore also

(40) f(w) = o(w) + g(z(w))
is extended to a holomorphic mapping on B. (I

We conclude this section by sketching the proof of a generalization of
Theorem 1, employing the method of the proof of Theorem 2.

Theorem 4. Let M be a Riemannian manifold of class C?, and let I" be
an open reqular Jordan arc in M which is of class C%. Moreover let X €
C?*(B,M),B = {w € C: |w| < 1} be a minimal surface in M. Finally we
assume that 7y is an open subarc of OB such that X € C°(BU~, M) and that
X(v) C I'. Then we have:

(i) X € CL¥(BU~,M) for any p € (0,1).

(i) If M and I' are of class C™* m > 2,0 < u <1, then X € C™H*(B U
7, M).

(i) If M and I" are real analytic, then X is real analytic in BU~ and can
be extended as a minimal surface across 7.

Proof. We shall sketch a proof of (i). The results of (ii) can be derived from
(i) by employing a bootstrap reasoning together with potential-theoretic es-
timates, as described in the proof of Theorem 2 and in Remark 1. The proof
of (iii) now follows from a general theorem by Morrey [8] (cf. Theorem 6.8.2,
pp. 278-279). We refer the reader to Hildebrandt [3], p. 80, for an indication
how Morrey’s result can be used to prove (iii). Another proof (in the spirit of
H. Lewy) can be obtained by the method of F. Miiller [1-3].

Let us now turn to step (i). We fix some point wy € . Then there is
some R > 0 such that X maps Sg(wg) := BN Br(w) into some coordinate
patch on the manifold M since X is continuous on B U +. Introducing local

coordinates (z!,z2,...,2™) on this patch, we can represent X in the form

X(w) = (28 (w), 2% (w), ..., 2" (w)) for w € Sg(w)

with X € CO(FR(U}()) @] ’}/,Rn) N C’l(SR(wo),R”).
Suppose that the line element ds of M on the patch is given by

(41) ds® = gri(z) da® da',
where repeated Latin indices are to be summed from 1 to n, and let
(42) iy, = 39" (gjrae + Grig = Ginor)

be the Christoffel symbols corresponding to gk, where (g") = (gjx)~'. Then
we have the equations
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(43) Azt + F]lk(X){xflxﬁ + zf)xf, =0, 1<i<n,
and
(44) gr(X)xpal, = gu(X)zsel,  gu(X)zial, = 0.

(Equations (43) replace the equations Az! = 0 holding in the Euclidean
case, and equations (44) are the Riemannian substitute of the conformality
relations (2).)

Without loss of generality we may assume that wy = 1, and we set Sg :=
Sr(1),0 < R < 1,and v/ = 0BNASk. We can also assume that the coordinate
patch containing X (Sg) is described by {z € R": |z| < 1} and that X (1) = 0.
Furthermore, we can assume that I" in {|x| < 1} is described by 2! = 2% =

< =2"" 1 =0, and that gy € C', gxi(0) = dj;. Thus we have
| X(w)| <1 forwe Sk
and
*(w)=0 fora=1,...,n—1and w €.

We write (44) as

gkl(X)x’fum =0, weSxg,

l
w

which can be transformed into

o (i) - (i) -

(summation with respect to repeated Greek indices is supposed to run from
1ton—1).
The definiteness of the matrix (gx;) implies

my < gnn(z) and |ggi(z)| <mg for |z| <1

where my and mgy denote two positive constants. Then we obtain from (45)
that there is some constant mgz > 0 such that

n—1
|Va"|? < mg Z |V2z*|? on Sg.

a=1
As in the proof of Theorem 1 we infer from (43) and (45) that the mapping
Y (w) = (z' (w), 2% (w), ..., 2" (w))
is of class C°(Sg) N C?(Sg) and satisfies the relations
|AY| < my|VY]? on Sg,

(46)
Y =0 on~.
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Now we proceed as in the proof of Theorem 2. In fact, from (46) we infer that
Y € C1¥(S.) for any v € (0,1) and ¢ € (0, R), whence (45) implies that 27
is of class C°(S.). Therefore we obtain X € C1(S.).

Moreover, from (45) and (462) it follows that

2 . 2
. Jan . a 1 n Gan o 1 n Jan o
!, + ——iwx =—|al+—=—z%|+= (2" +—=x
( v 9nn w) { 2 ( " 9nn " ) 2 ( v 9nn ‘P) }

2
= 92 (g (wad) - (©2usy) 20
gnn gnn

on v :=+" NS, (cf. the computations leading to (20)). Hence we have

n( i g (0,”"0,1,71(62'(,0)) af
7) = () = _gan(o T 0an(ew) @) e 7
Setting
(48) p =~ (X){agal, + aia},

it follows that
(49) Az =p inS., z'=f on~’,

where 2" is of class C! on S., of class C? on S.,p € Loo(S.), f € COV(v").
Then a potential-theoretic reasoning yields 2" € C1¥(S./) for 0 < ¢’ < € and
therefore X € C1V(S./).

Alternating between (49) and

(50) AY =@Q inS., Y=0 on~’,
where
Q= —Ig(X) (wyat, + xyas,),

we obtain higher regularity of X at the boundary part . This completes the
sketch of the proof. [l

2.4 The Boundary Behaviour of Minimal Surfaces at Their
Free Boundary: A Survey of the Results and an Outline
of Their Proofs

The boundary behaviour of minimal surfaces with free boundaries is some-
what more difficult to treat than that of solutions of Plateau’s problem. In
fact, Courant [9,15] has exhibited a number of examples indicating that the
trace of a minimal surface with a free boundary on a continuous support sur-
face S need not be continuous. One of his examples even shows that the trace
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curve can be unbounded although S is smooth (but not compact). Unfortu-
nately Courant’s examples are not rigorous as their construction is based on a
heuristic principle, the bridge theorem, which has not yet been established for
solutions of free boundary problems, and therefore we shall describe Courant’s
idea only in the Scholia. However, one of Courant’s constructions is not based
on the bridge theorem and has been made perfectly rigorous by Cheung [1].

We consider here a modification of Cheung’s example. The supporting
surface S (see Fig. 1) in our example will be defined as follows. Let us define
sets B1, Bo, C, E4,G and curves v4, 0+ by

By = {(z,9,2):2=0,-1<y<1,-3<2<0},
By {(z,y,2):2=0,-1<y<1,-5<z< -3},
C = {(2,y,2): 2=0,2>0,—e " <y <e "},
By = {(z,y,2): £ >0,y = +1,-5 < 2 < =3},
G :={(z,y,2): >0,-1<y<1,2z= -5},
Y+ {(z,y,0): >0,y = £e 7},
Bt = {(z,y,-3): x>0,y = +1}.

Now we connect each point (z, £e~*,0) on v+ by straight segments with the
corresponding point (z,£1,—3) on (4, thus obtaining two ruled surfaces Fy.

Fig. 1. A noncompact, Lipschitz continuous, nonclosed supporting surface S which satisfies
no chord-arc condition. The configuration (I', S) bounds an unbounded minimal surface of
the type of the disk
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Let
S12 :E+UE7UF+UF7UG

and denote by S; the reflection of S at the plane {x = 0}. Then we define
S:=5US85]
and
I ={(z,y,2): 2=0,2=0,-1<y <1}

Claim. FEvery solution Y € C(I,S) of the corresponding free boundary prob-
lem P(I,S) has an unbounded trace on S; in particular Y is discontinuous
along the interval I.

In fact, suppose that Y € C(I, S) is a solution of P(I, S) which is continu-
ous on B U I. Then the trace Y (I) is compact and has to pass G continuously
as Y(I) C S. By a projection argument we infer that the area of the part of
Y (B) below the plane {z = —3} is greater than or equal to the area of B
which is 4, and thus it is larger than the area of C' which is 2. Thus each so-
lution Y of P(I,S) must have a discontinuous trace Y. In fact, Y| cannot
be contained in the subregion Sg := Xg(0) NS for any R > 0. (Otherwise,
by Theorem 2 of Section 2.5, we would obtain ¥ € C%#(B,R?) for some
p > 0.) Hence it follows that the trace Y|; is unbounded, and a projection
argument shows that Y has to be a parametrization of C' or of its reflection
C* at {x = 0}. In other words, if there is a solution Y of P(I',S), it will
be given either by C' or by C*. As the existence theory of Vol. 1, Chapter 4
yields the existence of a solution of P(I,S), we infer that C' and C* are the
two solutions of P(I',S) and that there is no other solution of this minimum
problem.

By reflecting S at the plane {z = 0} we can extend it to a Lipschitz contin-
uous noncompact surface S without boundary. Furthermore, by rounding off
the edges of S and of S, we can even construct examples of smooth supporting
surfaces, with or without boundary, having the desired property that there is
no solution Y € C°(B U I,R?) of the minimum problem P(I’,S).

Thus we have an example of a boundary configuration (I, .S) consisting of
a smooth arc I" and a smooth support surface S for which the minima of area
in €(I,S) have a discontinuous (and even unbounded) trace on S. However,
the reader will note that the surface S in the Courant example does not satisfy
a uniform extrinsic Lipschitz condition in R3, i.e., the quotient of the distance
of two points on S divided by their air distance is unbounded. We say that S
does not satisty a chord-arc condition (the precise definition of this condition
will be given in Section 2.5).

Surprisingly, the chord-arc condition suffices to enforce that all minima of
a free or partially free boundary problem have a continuous free trace. In fact,
we shall prove:
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(i) Suppose that X minimizes Dirichlet’s integral in the class C(I',S) and
that D(X) > 0. Assume also that the support surface S satisfies a chord-arc
condition. Then X is of class CO*(B U I,R3) for some u € (0,1).

This result is the main statement of Theorem 1 in Section 2.5. The proof
is based on an adaptation of Morrey’s idea to compare any minimizer locally
with a suitable harmonic mapping. To make this idea effective one constructs
such a mapping by exploiting the chord-arc condition in order to set up its
boundary values on S.

Several variants of the assertion (i) are given in Theorems 2—4 of Sec-
tion 2.5. In particular, Theorem 4 of Section 2.5 provides a regularity theo-
rem analogous to (i), holding for minimizers of a completely free boundary
problem.

In Section 2.6 we shall prove regularity of stationary points of Dirichlet’s
integral at their free boundaries. At present it is not known whether the free
trace X' of any such surface X is a continuous curve provided that the support
surface S satisfies merely a chord-arc condition. However, assuming that S is
of class C? we obtain the desired result. More precisely, we have:

(ii) Let S be an admissible support surface of class C?, and suppose that
X is a stationary point of Dirichlet’s integral in the class C(I,S). Then there
is some o € (0,1) such that X € C®*(BUI,R3).

This result is the content of Theorem 2 in Section 2.6; a similar statement
can be obtained for solutions of completely free boundary problems (cf. Sec-
tion 2.6, Remark 2).

The proof of (ii) is quite different from that of (i). Whereas in (i) we shall
proceed by deriving a priori estimates for X, the approach in (ii) is indirect.
Using the finiteness of Dirichlet integral of X we shall first derive suitable
monotonicity results for functionals that are closely related to Dirichlet’s in-
tegral. Combining these results we shall infer that X has to be continuous on
BUITif D(X) < cc.

Once the boundary values X|; are shown to be continuous, we can apply
suitable techniques from the theory of nonlinear elliptic equations to obtain
X € C%(BUI,R3),a € (0,1). For instance, Widman’s hole-filling method
(cf. Lemma 5 in Section 2.6) yields a direct way to this result; the details are
carried out in the proof of Theorem 2 in Section 2.6.

Note that in all these cases the support surface S may have a nonempty
boundary. If 35S is void, we can say much more on the free trace X =
{X(w): w € I} of X on S. Roughly speaking X' will turn out to be as good
as the support surface S. We shall, in fact, obtain:

(iii) Let S be an admissible support surface with S = O which is of class
C™B m > 3,8 € (0,1). Then any stationary point X of Dirichlet’s integral
in C(I,S) is of class C™P(B U I,R3). If S is real analytic, then X is real
analytic on BU I and can be continued analytically across I.
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This result is formulated in Theorems 1 and 2 of Section 2.8. Starting
from (ii), we shall first verify that X is contained in C'(B U I,R?). This can
either be achieved by transforming the boundary problem for X locally into
an interior regularity question for some weak solution Z of an elliptic system

AZ = F(w)|VZ|?,

which is derived by a reflection argument, and then applying Tomi’s regularity
theorem, or by playing the full regularity machinery for nonlinear elliptic
boundary value problems. The first possibility is sketched in Remark 1 of
Section 2.8, whereas the second approach is discussed in Section 2.7 in great
detail and in a wider context (see in particular Theorem 4 of Section 2.7).

Having proved that X is of class C1(B U I,R3), we use classical results
from potential theory to derive X € C™#(B U I,R?) by employing a suit-
able bootstrap argument. The reader can find this reasoning in the proof of
Proposition 1 in Section 2.8.

In Theorem 2 of Section 2.8 we show that X can be continued analytically
across its free boundary if the support surface S is real analytic. To this end,
we set up a Volterra integral equation

Z(w) = /OwF(w,Z(w))dw

which has exactly one solution Z in the space A(Ss) of mappings Z: S5 — C3
which are continuous on Ss and holomorphic in S5 = {w: |w| < § < 1,
Imw > 0}, and F is constructed in such a way that

Z(u) = X(u) forue R with |u| <4é

(assuming a suitable normalization of X).
Let X™* be an adjoint surface of X and f =X + 1X*. Then both f and
g = f — Z are of class A(S5), and we have

ImZ=0 and Reg=0 on I.

By Schwarz’s reflection principle, we can continue both Z and g across Is as
holomorphic functions, whence also f = g + Z and X = Re f are continued
analytically across I;.

This approach to analyticity at the boundary, due to H. Lewy, is by far
the easiest, but it cannot be carried over to H-surfaces or to minimal surfaces
in a Riemannian manifold as it uses the holomorphic function f = X +iX™.
This tool is, however, not available in those other cases. Here one can apply a
general regularity theorem due to Morrey [5] (cf. also Morrey and Nirenberg
[1] and Morrey [8]), or the work of Frank Miiller which extends Lewy’s method
to more general situations.

Let us now turn to the case when the support surface S has a nonempty
boundary. Then we shall establish the following result (cf. Section 2.7, Theo-
rem 1):
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(iv) Let S be an admissible support surface of class C* (by definition,
this implies 05 € C*; cf. Section 2.6, Definitions 1 and 2). Moreover, let X
be a stationary point of Dirichlet’s integral in C(I',S). Then X is of class
CY/2(BUI,R?).

According to Remark 1 in Section 1.8 of Vol. 3, this is the best possible
result which can, in general, be expected. This follows from the asymptotic
expansions (1) and (2) in Section 2.10 around points u; and ug on I where the
free trace X|; of X on S lifts off the boundary 9 of the support surface S. We
could interpret (iv) as a regularity result for a Signorini problem (or else for
a thin obstacle problem). The proof of (iv) will be carried out in three steps.
First, by applying Nirenberg’s difference quotient technique, we shall derive
Lg-estimates for the second derivatives V2X up to the free boundary. For
this purpose we need the Holder continuity of X on B U I, established in (ii),
as well as an important calculus inequality due to Morrey (cf. Section 2.7,
Lemma 2) which implies that the Morrey seminorm is reproducible.

As a second step it will be shown that X is of class C*(BUI,R?). This fol-
lows from L,-estimates for solutions of the Poisson equation. In order to apply
these estimates we introduce suitable local coordinates {U, g} on S such that
the boundary conditions for Y (w) = (y!'(w), y*(w), y*(w)) = g(X (w)) become
uncoupled. For y? we derive a Neumann condition and for y3 a Dirichlet con-
dition. Then we apply the L,-estimates to y? and y3, thus obtaining Holder
continuity of Vy? and Vy? up to the free boundary. Finally, the continuity of
y! up to the free boundary will be derived from the conformality relations.

As a third step we devise an iteration scheme, which allows us to attain
X eCht/? (BUI,R3), by exploiting once again the conformality relations.

The use of Ly-estimates can be circumvented by a method which is devel-
oped in Section 2.9. Here one derives directly that V2X satisfies a Dirichlet
growth condition (i.e., has a finite Morrey seminorm) up to the free bound-
ary by alternatively applying one of two possible Poincaré inequalities. This
method is nothing but a skilful improvement of the estimates derived in step 1.

Note that the regularity results (i)—(iv) are not directly meaningful for
differential geometry, as the free boundary I may contain branch points. This
can, at least partially, be remedied in the following way. First, by applying a
technique due to Hartman and Wintner, we show that, for every branch point
wo € I, we have an asymptotic expansion

Xuw(w) = A(w — wo)” +o(Jlw —wpl”) as w — wo

with some v € Nand A € C3, A # 0, (A, A) = 0.
This implies that there exists a limit tangent plane of X as w — wy with
the normal Ny = limy,—.,, N(w), where

N(w) = [ X, 72Xy A Xy),
and that the oriented tangent

tu) == | X, (u)| " Xy (u) as u— wo=ug €T
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of the free trace X|; is either continuous or jumps by 180 degrees; the first
case occurs if the order v of the branch point wy = ug € I is even, the second
case, if v is odd.

Hence, if v is even, the representation x(s) of the trace ¥ = X|; with
respect to its arc length .

5= / X, ()] du
uo
is of class C', and therefore the trace X can be viewed as a regular C'*-curve
in the neighbourhood of xg := X (ug). If v is odd, then X has a cusp at xo,
and only the unoriented tangent is continuous at xg.

We sketch the derivation of this result in Section 2.10; the details of the
Hartman—Wintner technique are given in Chapter 3. In the first two chapters
of Vol. 3 we shall study cases where boundary branch points can entirely be
excluded.

Most of our results will be stated and proved merely for stationary points
of Dirichlet’s integral in C(IS), that is, for solutions of a partially free
boundary problem. Similar results hold mutatis mutandis for minimal surfaces
with completely free boundaries, or for minimal surfaces of higher topologi-
cal type spanned in a general boundary configuration (I7,...,17,51,...,Sm),
and their proofs can be carried out in essentially the same way. In fact, the
considerations in Sections 2.7-2.10 are strictly local and require only changes
in notation, and the reasoning of Sections 2.5 and 2.6 can be adjusted without
major difficulties. We leave it as an exercise to the reader to carry out the
details.

2.5 Holder Continuity for Minima

Courant’s examples indicate that one cannot expect a solution of a free or
a semifree boundary problem to be regular at its free boundary, even if the
support surface S is of class C*°. On the other hand, we shall see that a
minimal surface is continuous up to its free boundary if it is minimizing and
if S satisfies a kind of uniform (local) Lipschitz condition. Such a condition
on S will be called a chord-arc condition.

Definition. 4 set S in R? is said to fulfil a chord-arc condition with constants
M and 6, M > 1 and 6 > 0, if it is closed and if any two points P and Q of
S whose distance |P — Q)| is less than or equal to 6 can be connected in S by
a rectifiable arc I'* whose length L(I'*) satisfies

L(I™) < MIP - Q.

For example, every compact regular C'-surface S without boundary sat-
isfies a chord-arc condition, and the same holds true if the boundary 95 is
nonempty but smooth.
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Let us first deal with the semifree problem. We now denote by B the
parameter domain

B={w=u+iv: |w| <1,v>0}
the boundary of which consists of the circular arc
C={w=u+iv: |lw=1,v>0}

and of the interval
I={uekR:|u <1}

on the real axis.

Consider a boundary configuration (I', S) consisting of a closed set S in R?
satisfying a chord-arc condition and of a Jordan curve I" in R? whose endpoints
Py and P, lie on S, Py # P5. As in Section 4.6 of Vol. 1 we define the class of
admissible surfaces for the semifree problem as the set C(I,S) of mappings
X € H}(B,R3) satisfying

(i) X(w) € S H'-a.e. on I;

(ii) X: C — I' is a continuous, weakly monotonic mapping of C' onto I
such that X(1) = P, X(—1) = P».

Let us also introduce the sets

Zg ={weB: |lw|<1-d}={we B:dist(w,C) >d}, (0<d<1l),
Sy(wp) := BN B(wp).

Then we can prove:

Theorem 1. Suppose that X € C(I', S) minimizes the Dirichlet integral D(X)
within the class C(I,S), and let e = e(I,S) := inf{D(Y): Y € C(I,S)} be
positive. Moreover, assume that S satisfies a chord-arc condition with con-
stants M and 6. Then, for any d € (0,1), and wy € Z4, and for any r > 0,
we have

2\ 2+
(1) / VX | dudv < <) / |VX |2 du dv,
Sy (wo) d B
where
(2) = min {(1+ M?)~ §%/(2en)}.

It follows that X is of class CO*(Z4,R®) and that

(3) Xz, < )@ = d)" "V D(X) = e(p)(1 = d)"/e(I,5)

holds true for some constant c(p) > 0.



120 2 The Boundary Behaviour of Minimal Surfaces

Proof. Let X be a minimizer of the Dirichlet integral in C(I7.S). Then X is
harmonic in B, satisfies the conformality relations

(4) |Xu| = |Xv‘v <XU7Xv> =0,

and
D(X)=e.

For any point wy € B we define
(5) D (r, wo) ::/ |VX|? dudv.
Sy (wo)
We begin by proving that for any d € (0,1) and for any wg € I with |wy| < 1—d
the inequality
(6) D(r,wo) < (r/d)* ®(d,wp)

holds true for all » € (0,d]. To this end we fix wy € I with |wg] < 1—d
and set B, := B,(wg), Sr := Sr(wo), and &(r) := &(r, wp). Introducing polar
coordinates p, 6 around wg by w = wg + pe? and writing somewhat sloppily

X(w) = X (wo + pe’?) = X(p,0),

we obtain

) 20) = [ [ 0,008 + 521 Xalo.0) ) p 0 .
From (4) we infer

(8) X, * =021 Xol?, (X, Xp) =0,

hence

9) ®(r) = 2/ p_l/ 1 Xo(p,0) db dp.
0 0
There is a set N C [0, d] of 1-dimensional measure zero such that
(10) / Xo(r,0)[2d6 < 00 for r € (0,d)\ N
0

and that the absolutely continuous function @(r) is differentiable at the values
r € (0,d) \ N and satisfies

(11) & (r)y=2r"" /OW | Xo(r,0)|* db.

We can therefore assume that, for r € (0,d) \ N, the function X(r,0) is an
absolutely continuous function of 6 € [0, 7]; in particular, the limits
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Q1(r) ;== lim 0X(r7 0), Q2(r):= gl_ig_loX(r,G)

O0—m—

exist for r € (0,d) \ N.
Consider now any r € (0,d) \ N for which

(12) / | Xo(r,0)]2do < n15°
0

holds true. Then we infer from

s

T 1/2
13) Qi) - @l < [ |X9<r,e>|dosﬁ{ / |X9<r,9>|2de}

the inequality
Q1(r) — Qa(r)| < 0.

Since S satisfies a chord-arc condition with constants M and &, there exists a
rectifiable arc
I'"={£(s): 0<s <"}

of length I* = L(I'*) on S which connects the points Q1(r) and Qz(r), and
whose length L(I™) satisfies

(14) I"=L(I™) < M|Q:1(r) — Qa(r)].

We assume s to be chosen as parameter of the arc length on I'*. Then it follows
that |¢'(s)| = 1 a.e. on [0,1*]. Introducing the reparametrization (), 7 < 6 <
2m, of I'* which is defined by

¢(O) = (@1 (O — m)I"),

we obtain
|Co(8)] = const = 1*/m a.e. on [, 27]

2
= / 1Co] db:
2

2 2
(15) «f |<92d9=(/ |C0|d9) 2,

From (13)—(15) we conclude that

and

therefore also

2m ™
(10 [l ao <o [ 1xotr o) as
™ 0

Consider now the harmonic vector function H(w) in B, whose boundary
values 7(0) = H(wo + re'®) are defined by
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o X(r,0) ‘ 0<6<r
() = (6) T <<

Because of (16), we have

27 T
(17) / ol d6 < (1+ M?) / | Xo(r,0)[2 do.
0 0

Expanding H and ( in Fourier series we obtain
H(w) = lA + i (£>n (A, cosnb + B, sinnf)
- 2 0 o r n n

and
1 i ]
n(0) = 5140 + nE:1(An cosnb + B, sinnf).

From these expressions, we derive

/|wﬁmmzw2mmm+wm;
n=1

r

21 oo
/ ol df = 7S (| Au? + | Baf?),
0

n=1

and therefore

2
(18) /|wmmmg/|m%&
0

T

Relations (11), (17) and (18) imply that

(1+ M?)rd'(r).

(19) / |VH|? dudv < %

Next we consider the mapping Y (w) on B U B, which is defined as

H(w) w € B,
Y(w) := {X for .
(w) w € B\ B,

Clearly Y is continuous and of class Hi on B U B,.. Let 7 be the homeomor-
phism of B onto B U B,. which maps B conformally onto B U B, keeping the
points 1,—1,¢ fixed. Then the mapping Z := Y o 7 is contained in C(IS),
and the minimum property of X implies

/|VX|2dudv§/ |VZ|? du dv.
B B
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On account of the conformal invariance of the Dirichlet integral we have

/|VX|2dudv§/ VY |2 du dv,
B BU

T

and the definition of Y now implies
(20) / IVX|? dudv < / |VH|? dudv.
S, B,

By virtue of (5), (19), and (20) we obtain the relation

(21) D(r) < (1 + M?)rd'(r)

1
2

for every r € (0,d) \ N satisfying equation (12).
On the other hand, if the equation

/ | Xo(r,0)|*do > 7152
0
holds for some r € (0,d) \ N, then we trivially have
®(r) <2D(X) =2e < 267r5_2/ | Xo(r,0)|? db,
0
and the identity (11) yields
(22) O(r) < med 2rd (r).
Defining the number p € (0,1) as in (2), it follows that
(23) 2ud(r) < rd'(r) for all 7 in (0,d) \ N,

and an integration yields

&(r) < (r/d)*®(d) for all r € [0,d).

123

Thus we have established (6) for any d € (0,1),wq € I with |wg| < 1—d, and

r € [0,d].

Consider any wg with |wg] < 1 — R and Imwy > R for some R € (0,1).
Then we have B, (wg) C B for any r € (0, R), and analogously to (18) we

obtain
2m
/ IVX|? dudv < / | Xo(r,0)|? do
By (wo) 0
for almost all r € (0, R). By (5) and (11) we therefore infer

1 d
D(r,wp) < irasﬁ(r, wp)
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for a.a. r € (0, R), and an integration yields
(24) @(r,wo) < (r/R)*®(R,wq) for all r € [0, R].

_ Finally we fix some d € (0,1) and choose an arbitrary point wy € Zg =
Bn{lw| < 1—d}. Set up = Rewp and vg = Im wy. We distinguish three cases:

(i) vo > d/2.

Choosing R = d/2 we infer from (24) that

(25) D(r,wp) < (2r/d)2/ VX |?dudv for 0 <r <d/2
B

holds true.

(if) 0 < vy < d/2 and vy <7 < d/2.
Then we have B,.(wg) C Ba,-(ug), and it follows that

D(r,wg) < D(2r,up).
Applying (6) we have also
D(2r,ug) < (2r/d)*®(d, up),
and therefore
(26) B(r, wy) < (2r/d)2" /B VX du do.

In particular we have

(27) & (vg, wp) < (2v0/d)2“/ IVX|?>dudv for any vg € [0,d/2].
B
(iii) 0 < wg < d/2 and 0 < r < vy.
Applying (24) to the case R = vy we obtain
D(r,wo) < (/)@ (v, wo).
Combining this inequality with (27) it follows that
(28) B{r.un) < (/) (2o0/d)* [ VX dude
B
< (27‘/d)2“/ VX2 dudv.
B
On account of (25), (26) and (28) inequality (1) holds true for any r €
[0,d/2], and for r > d/2 estimate (1) is satisfied for trivial reasons. The bound

(3) and X € CO*(Z4,R?) now follow from Morrey’s Dirichlet growth theorem
(see Morrey [8], p. 79). O
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Remark. Note that the assumptions of Theorem 1 do not require .S to be a
regular surface. In fact, S is allowed to degenerate to a rectifiable arc. Thus
several variants of Theorem 1 can be proved. For instance we get:

Theorem 2. Suppose that SUI satisfies a chord-arc condition with constants
M and §, and let X € C(I',S) be a minimizer of the Dirichlet integral in the
class C(I,S), that is, a solution of the minimum problem P(I, S) considered in
Section 4.6 of Vol. 1, which satisfies D(X) > 0. Then X is of class CO*(B,R?)
for some p € (0,1).

Fixing a third point P € I" and requiring X (i) = P5 we can even derive
an a priori estimate for [X], 5 analogous to (3).

In particular, the chord-arc condition for S U I implies the Hélder conti-
nuity of any minimizer X in the corners w = 1 which are mapped by X on
the points Py and Py where the arc I is attached to S.

If we consider minimal surfaces bounded by a preassigned closed Jordan
curve I of finite length, we can even drop the minimizing property of X since
we then can avoid the detour via the comparison surface Z =Y o 7 obtained
from X and H. Instead we derive an inequality of the type (21) directly
by applying the isoperimetric inequality to the part X|g (,) of the minimal
surfaces. Leaving a detailed discussion to the reader we just formulate the
final result:

Wy =Wy T -exp(t - 02(r))

. 0B, (w)\ G

w; = wy +71-exp(i- 61(r)

Fig. 1.

Theorem 3. Let I be a closed rectifiable Jordan arc in R? of the length L(I)
satisfying a chord-arc condition with constants M and §. Denote by F(I') a
family of minimal surfaces Y € C(I') bounded by I' which maps three fized
points on C'= OB onto three fized points on I'. Then there exists a number
R > 0 such that for all X € F(I') we have

(29) / VX |?dudv < (r/R)*D(X) for allr >0
Sr(w())

with the exponent u = (1+ M)~2, and
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(30> [X]O—i-u,ﬁ < CL(F)v

where the constant ¢ only depends on M,§ and on the chosen three-point
condition of the family F(I").*

Similar results hold for solutions of minimum problems with a completely
free boundary, i.e., for the minimizers of the Dirichlet integral within one of
the classes €(a, S), C*(S), and C(I1, S) introduced in Sections 1.1 and 1.2. As
in Chapter 1 we now choose the parameter domain B as the unit disk in C,

B={weC:|w| <1},

and
C=0B={weC: |w =1}

Moreover, we set
ST(’LU()) = BN Br(wo), CT(U)O) = E N 8Br(w0)

Theorem 4. Let S be a closed, nonempty, proper subset of R? satisfying a
chord-arc condition with constants M, . Moreover assume that for some p > 0
the inclusion S — T, of S in T, induces a bijection of the corresponding
homotopy classes: 71(S) < 71(1,).° Finally, suppose that € denotes one of the
classes C(a,S),CT(S),C(II,S). Then for every minimizer X of the Dirichlet
integral in the class C there is a constant ¢ such that

(31) / IVX|? dudv < cr®”
Sy (wo)

holds for any wo € B and any r > 0, where
(32) v=(1+M*""
In particular, we have X € C%"(B,R?) and

(33) lim dist(X(w),S) =0 for all wy € IB.

w—wo

Sketch of the proof. Set §g := %mﬂ; this constant is nothing but the number §
which appears in Theorem 2 of Section 1.1. Then there is a number Ry € (0, 1)
such that

(34) / |VX|? dudv < &
20

holds true for the annular domain {2y := {w € C: 1 — Ry < [w[ < 1}.
For any point wy € B we define

4 See Hildebrandt [3], pp. 55-59, for a sketch of the proof.
5 This is Assumption (A) of Section 1.1.
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(35) O(r) = &(r,wp) = / |VX|? dudv.
ST(“’U)

Introducing polar coordinates p,# around wy by w = wy + pe? and writing
X(w) = X (wo + pe’?) = X(p,0), we obtain analogously to (9) that

r r02(p) . )
(35') o =2 [ [ xalp ) dody
0 Jo01(p)

holds for two angles 61,02 with 0 < 65(p) — 01(p) < 2m. Consequently the
absolutely continuous function &(r) satisfies

92(T)
(36) / | Xo(r,0)> do = 1rd'(r)
91(T)

for all r € (0,00) \ N where N is a one-dimensional null set.
Let wg € C and consider some positive number 3 which will be specified
later. Moreover, let r € (0, Rg) \ N.

Case 1.

02(T)
/ | Xo(r,0)|*do > 152,
91(T)

Then we obtain the trivial inequality

02(r)
(37) P(r) < Qw*QD(X)/o " | Xg(r,0)?d0 = 737 2D(X)rd'(r).

Case 2.

92(T)
/ | Xo(r,0)|*do < 7132
91(T)

Then for any two points P := X(r,6) and P’ := X (r,0") on X(C,(wo)) we
have

1/2

0’ 0’
|P’7P\§/ |X9(r,0)d9§0'0|1/2{/ |X9(r,9)|2d0}
0 0
whence
9/
(38) PPl [ Xr0)|do < p.
0

In particular, this estimate holds true for the two endpoints Q1 (r) and Q2(r)
of the arc X : C,.(wp) — R? which lie on S. Choosing 3 less than or equal to
0 (M and ¢ being the constants of the chord-arc condition of S), we have
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|Q1(r) — Qa(r)] < 6.

Thus there is a rectifiable arc I™ = {{(s): 0 < s < *} of length I* = L(I'™)
which connects the points Q1(r) and Q2(r), and whose length satisfies

(39) " =L(I') < M|Q1(r) — Q2(r)].

Consider now the harmonic vector function H(w) in B, = B,(wp), the bound-
ary values 1() = H(wo + re'®) of which are defined by

X(r,0) O1(r) <0 < 0s(r)
n(f) := for
¢(9) 0 € [0,27] \ [01(r), 02(0)]

where {(0) is a suitable reparametrization of I'* proportional to the arc length.
Then analogously to (19) we obtain

(40) / | |VH|? dudv < %(1 + M*)rd'(r).

T

We now define the mapping Y (w) on B U B, by

H(w) wE B,
Y(w):= for
X (w) w € B\ B,
and set
Z:=Yor,

where 7 is a homeomorphism of B onto B U B, which maps B conformally
onto BU B,.

Claim. The mapping Z is an admissible comparison surface, i.e. Z € C, if
we choose (B as

(41) B = min{d, u, [(1 + M?)""7do] %}
Then analogously to (21) we arrive at

(42) B(r) < L(1+ M2)rd/(r).

1
2

Combining the discussion of the cases 1 and 2 we infer from (37) and (40)
that
(43) ®(r) < 5erd'(r) a.e. on (0, Ry),

where
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(44) ¢ :=max{1l+ M? 27672D(X)}.

Now we can proceed as in the proof of Theorem 1, and we obtain the Dirichlet
growth condition (31) with v = 1/c. As this implies X € C%"(B,R3), we can
repeat the previous discussion in such a way that case 1 becomes void. For
this purpose we only have to choose Ry > 0 so small that

|Q1(r) — Qa2(r)| < § forr € (0,Rg) \ N.

Then we obtain condition (31) with the desired exponent v = (1 + M?)~!.

It remains to verify the claim.

First of all we choose a radius p € (0, 1) so close to 1 that the closed curve
Z:0B,(0) — R3 is completely contained in T, /2 and represents the boundary
class [Z|pp]. We shall show that this curve is homotopic in T}, to some curve
X: 0B,/ (0) — R? which represents the boundary class of X.

Let Q1(r) = X(w1),Q2(r) = X(ws),wi,wy € OB. Since 7 is a confor-
mal mapping of B onto B U B,(wyp), the tangent of the curve C,(wq) :=
77O, (wp)) tends to a limit as w tends along C,.(wg) to one of the endpoints
wy and wsy of C,.(wp), and this limit is different from the tangent of 9B. This
can either be seen by an explicit computation of 7 or from a general theorem
of the theory of conformal mappings (cf. Carathéodory [4], p. 91). Therefore
the above number p can be selected in such a way that 0B,(0) intersects
C.(wp) in exactly two points z3 and 24, and that the curve 7(9B,(0)) is com-
pletely contained in {2, := B,.(wp) U B\ B1_-(0) where ¢ is chosen to satisfy
0 < e <r < Ry. Because of (34), it follows that

(45) 2D, (X) < do.

7(8B,(0))

Fig. 2. This sketch illustrates the proof that the comparison surface used in the regularity
proof is admissible
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We can find a number p’ € (1 — ¢, 1) such that the trace of the curve
X:0By(0) — R?

is completely contained in T}, /> and represents the boundary class [X|sp] of X.
We can also achieve that 0B,/ (0) \ By.(wo) lies between 0B and 7(CY), where
Cf denotes that part of 9B,(0) which is mapped by 7 into B\ B, (wp). Set
C3 = 0B,(0) \ Cf. Moreover, note that the curve X : C,(wp) — R3 remains
completely in 7T}, /5 since its endpoints lie on S and its length is less than or
equal to 8 (cf. (38)), and 8 < p on account of (41).

Finally we infer from (36) and (40) that

92 (’I“)

/ VY |2 dudv < (1+M2)/ | Xo(r, 0)]* 6,
B, (wo) 01(r)

and the right-hand side of this inequality is bounded from above by
(1+M*r~1p2%

By virtue of (41) we arrive at
(46) / VY2 dudv < .
Br(wo)

We infer from (34), (45) and (46) as well as from Theorem 2 of Section 1.1
that all curves to be considered in the following are contained in 7),/7, and
that we obtain the following homotopies (~). Here C. will denote the subarc
of C(wp) which connects the intersection points ws and w4 of Cy.(wg) with

T(0B,(0)):

Xlon, 0) = XloB,, (0)\B,(wo) - X
~ Xlrep) - Xloy

C, (wo)ﬂgp/ (0)

~Yor Cy - Y‘C;
~ YoTCf 'YOTCQ* :Z|83,,(0)'
This completes the proof of the claim and thus of the theorem. O

Remark. An Inspection of the proof of Theorem 4 shows that the constant
¢ in (31) will depend on the number Ry which in turn depends on X. Hence
(31) does not yield an a priori estimate of the Morrey seminorm or of the
Holder seminorm of X.

2.6 Holder Continuity for Stationary Surfaces

In the previous section we have proved that minimizers of the Dirichlet inte-
gral in various classes of admissible surfaces corresponding to free boundary
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problems are Hélder continuous up to their free boundary. The proof has
made essential use of the minimum property of the solution of the free bound-
ary problem. In case of partially free problems we have even derived a priori
estimates for the Holder seminorm up to the free boundary. Now we want
to establish Holder continuity of stationary minimal surfaces up to the free
boundary. However, we shall have to use a completely different approach in
this case as we are not able to derive a priori estimates for the Holder semi-
norm or even for the modulus of continuity. In fact, such estimates do not
exist, as an inspection of the Schwarz examples discussed in Section 1.9 will
show. Consider, for instance, the boundary configuration (I, S) depicted in
Fig. 1 which consists of a cylinder surface S and of a polygon I' with its
endpoints on S. For this particular configuration the corresponding semi-free
boundary problem possesses infinitely many stationary solutions, all of which
are simply connected parts of helicoids, and it is fairly obvious that there is
neither an upper bound for their areas (Dirichlet integrals), nor for the length
of their free traces, nor for their moduli of continuity.

For this reason we shall not approach the regularity problem by deriving
estimates. Instead we want to use an indirect reasoning, first proving continu-
ity up to the boundary by a contradiction argument. We shall constrain our
attention to stationary surfaces in the class C(I', S) defined for semi-free prob-
lems. Similar results can be obtained for stationary solutions of completely
free problems without any essential alterations.

We begin by defining Assumption (B) and the notion of admissible support
surfaces.

N "

L —S

T
N~

B

Fig. 1. The stationary solutions of the boundary value problem for the configuration (I, S)
cannot be estimated a priori

Definition 1. An admissible support surface S of class C™,m > 2, (or of
class O™ P with 0 < B < 1) is a two-dimensional manifold of class C™ (or of



132 2 The Boundary Behaviour of Minimal Surfaces

class C™P ) embedded in R, with or without boundary, which has the following
two properties:

(i) The boundary 0S of the manifold S is a regular one-dimensional sub-
manifold of class C™ (or C™# ) which can be empty.

(ii) Assumption (B) is fulfilled.

Assumption (B), a uniformity condition at infinity, is defined next. We

write z = (21,22, 23),y = (y',9%,y3),... for points z,y, ... in R3.

Definition 2. A support surface S is said to fulfil Assumption (B) if the
following holds true: For each x¢ € S there exist a neighbourhood U of xg in
R3 and a C?-diffeomorphism h of R3 onto itself such that h and its inverse
g = h™! satisfy:

(i) The inverse g maps U onto some open ball Br(0) = {y € R3 : |y| < R}
such that g(xo) =0;0 < R < 1.

(ii) If OS is empty, then

g9(SNU) = {y € Br(0): y* = 0}.
If 0S is nonwvoid, then there exists some number o = o(xg) € [—1,0] such that

9(SNU) = {y € Br(0): y* =0,y" >0},
g(dSNU) = {y € Br(0): y* =0,y' =0}

holds true. If xg € 0S, then 0 =0, and o < —R if S NU is empty.
(iil) There are numbers my and mo with 0 < my < mg such that the
components

9ir(y) = iy (¥)hi (y)

of the fundamental tensor of R® with respect to the curvilinear coordinates y
satisfies ,
my ¢ < gin(y)EEF <malé® for all y, & € R®.

(iv) There exists a number K > 0 such that

0gik
<K
’ . (y)‘ <

is satisfied on R3 fori k,1=1,2,3.
We call the pair {U, g} an admissible boundary coordinate system
centered at zg.

Let us recall the standard notation used for semifree problems and for the
definition of (I, S): The parameter domain B is the semidisk

B={w=u+iw: |w| <1lv>0},

the boundary of which consists of the circular arc
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C={w=u+iv: |w=1v>0}

and of the segment
I={weR: |wl <1}

Moreover, we set
Zi={w=u+iv: lw<1-—d,v>0}, de(0,1),
ST(’LUO) =BnN BT(UJO), L«(wo) =1InN Br(’wo),
Cr(wo) :FﬂaBr(wo).

Next we introduce some terminology with respect to a fixed admissible
boundary coordinate system {U, g}. Given a minimal surface X : B — R3, we
use the diffeomorphism g: R3 — R3 to define a new mapping Y € C3(B,RR3)
by

(1) Y (u,v) := g(X(u,v)),

whence also
(1) X (u,v) = h(Y (u,v)).
In other words, we have
Y=goX and X =hoVY.
Quite often we use the following normalization:

Let wg € I, and set xg := X (wg). Suppose that {U, g} is an
(2) admissible boundary coordinate system for S centered at xg.
Then Y (wp) = 0.

In case of this normalization, the following holds true:

Let 2 be a subset of B such that X (£2) C U. Then we have

Y(w)| < R. Ifwo €I,d=1—|wo|, 7 <d, X € C°(S,(wp), R?),
(2" and X : I.(wg) — S, then we have y*(w) = 0 for w € I,.(wy).

If 0S is nonempty and xo € S, then we have y'(w) > o

for all w € I.(wp).

For any Z = (21,22,23) € H3(02,R3),2 C C, we define the transformed
Dirichlet integral (or. energy functional) Eq(Z) by

(3) Eq(Z) := %/Qgik(Z)[z 2B 22k dudo
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and we set

(3) E(Z) = Ep(2).

We note that

(4) Eo(Z)=Dg(hoZ) forall Z € Hy(2,R?),
whence, by (1'),

(5) Eo(Y) = Do(X), E(Y)=D(X).

For every ¢ = (¢!, 9% ¢%) € Hi N Loo(B,R?) and for X, := h(Y + £¢) we
have

i S{B(Y + ) - B(Y)} = lim ~{D(X.) - D(X)}.

The left-hand side is equal to the first variation 6 E(Y, ¢) of E at Y in direction
of ¢, and a straightforward computation yields

(6) SE(Y,¢) = /Bgik(Y){yZ¢§+yiwﬁ}dudv

1 i i
+/ §gik,z(Y){yuy5+yvyf}sol dudv
B

while the right-hand side tends to
(M) 0D(X, W) = / (VX, V) dudv, Wy:=hy(Y)o
B

because of
X=hnY), X.=hY +ep)=nY)+e¥(,c)=X+e¥(,e)
with )
Uy :="(,0) = sll_I)I(lJ E{XE — X} =hy(Y)o.
Thus we have
(8) 0E(Y, ) = 6D(X,¥).

Now we can reformulate the conditions which define stationary points X of
the Dirichlet integral in terms of the transformed surfaces ¥ = g(X). Recall
Definition 2 in Section 1.4:

If X is a stationary point of Dirichlet’s integral in C(I',S) and if X. = X+
e¥(-,e) is an outer variation (type I1) of X with X, € C(I,S) for 0 < e < &,
we have

1
lim —{D(X.) - D(X)} = / (VX, V) dudv >0
e—40 ¢ B
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for Wy :=W(-,0), and this is equivalent to
(9) SE(Y.$) > 0.
This holds true in particular for every ¢ € C2°(B,R?) and thus we have both
SE(Y,¢) >0 and O0E(Y,—¢) >0
whence
(10) SE(Y,¢) =0 forall ¢ € C°(B,R?).

An integration by parts yields
—/Bgu(Y){yf;wL + Yyt dudu
= /B 90 (Y)Vy' @' + g u (V) Wayss + yoys)#'] du dv
for any ¢ € C°(B,R3), and we infer from (6) and (10) that

(11) /B[gu(Y)Ayi + {9k (Y) = 590.0(Y) iy + voys)]¢' dudv =0
for allp € C°(B,R?).
Then the fundamental lemma of the calculus of variations yields
(12) 9a(V)AY" + {gax(Y) = 5900 (Y)}wiys + viys) = 0.
Introducing the Christoffel symbols of the first kind,
Ly = %{guc,i — Gik,l + Girk
we can rewrite (12) in the form
(13) 9 (Y)Ay" + L (Y) (W + yuy) = 0
using the symmetry relation Iy, = 'k, and this implies
(14) Ayt + Th (V) (yhyl + ylyl) =0, 1=1,2,3,

if, as usual, ka = ¢"™ji, and (¢"™) = (g)~'. As one can reverse the
previous computations, we have found:

The equation AX = 0 is equivalent to the system (14).

Moreover, we infer by a straight-forward computation from (1’) and from
gik = h;i h;k:

The conformality relations
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[ Xul? = 1X0]?, (X, Xo) =0
are equivalent to
(15) 9 (V)yiys = g (V)ydys, g (Y)ylyy = 0.

The advantage of the new coordinate representation Y (w) over the old
representation X (w) is that we have transformed the nonlinear boundary
condition X (I) C S into linear conditions as described in (2). We pay, how-
ever, by having to replace the linear Euler equation AX = 0 by the nonlinear
system (14). The variational inequality (9) will be the key to all regularity re-
sults. Together with the conformality relations (15) it expresses the fact that
X = h oY is a stationary point of the Dirichlet integral in the class C(I, S).
(Here I' can even be empty if X is a stationary point for a completely free
boundary configuration; however, to have a clear-cut situation, we restrict our
attention to partially free problems.)

The two main steps of this section are:

(i) First we prove continuity in B U I, that is, up to the free boundary I,
using an indirect reasoning. The corresponding result will be formulated as
Theorem 1.

(i) In the second step we establish Holder continuity on B U I employing
the hole-filling technique. The corresponding result is stated as Theorem 2.

Let us begin with the first step by formulating

Theorem 1. Let S be an admissible support surface of class C?, and suppose
that X (w) is a stationary point of Dirichlet’s integral in the class C(I,S).
Then X (w) is continuous on B U I.

The proof of this result will be based on four lemmata which we are now
going to discuss.

Lemma 1. Let X: B — R3 be a minimal surface. For any point w* € B we
introduce x* := X (w*) and the set

K,(z*) :={w e B: | X(w) — x| < p}.

Then, for each open subset {2 of B with w* € {2, we obtain

1
lim sup — IVX|? dudv > 2.
p—=+0 TP JonK,(x*)

Proof. Fix some w* € B and some {2 in B with w* € 2. We can assume that
z* = X(w*) = 0. Then we introduce the set

U, = {w: w=w"+te t > 0,0 € R, | X (w* +re')| < p for allr € [0,]}.

Clearly U, is an open set with w* € U,, and we have
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U, e for0<p<1

and therefore
U, e PNK,(2*) for0<p< 1l

Hence it suffices to prove

1
lim sup — \VX|? dudv > 2.
p—+0 TP™ Jy,

This relation is, however, an immediate consequence of Proposition 2 in Sec-
tion 3.2 of Vol. 1. O

Lemma 2. For each X € CY(B,R3?), every wg € I, and each p € (0,1 |wy)),
there is a number r with p/2 < r < p such that

1/2
0scc, (wo) X < (m/log 2)1/2 {/ VX% du dv} :
S

p('wO)

Proof. Let us introduce polar coordinates r, 6 about wy setting w = wq + re?
and X(r,0) = X (w). Then, for 0 < 6; < 0 < 7, we obtain

02
X (r.62) — X(r.01)] < /9 1Xo(r.6)] dB < \/7p(r)

where we have set

p(r) := /O7r | Xo(r, t9)|2 do.

If p/2 <r < p, it follows that

P dr
/ p(r)— < / |VX|? dudo.
p/2 r Sp(wo)

Consequently, there is a number r € [p/2, p] such that

Podt 9
— | p(r) < VX[ dudv
p/2 T Sp(wo)

1
p(r) < o 2/ VX2 du dv,
& /S, (wo)

and the assertion is proved. O

or

Lemma 3. Let wy € I,7 € (0,1 — |wp|), and X € C*(B,R?). Assume also
that there are positive numbers o and oo such that

0SCC, (wo) X < a1
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and

sup inf | X(w) - Xw")| < as.

w* €S, (wp) WECH(wo)

Then we obtain
08Cg, (wo) X < 201 + 2a2.

wy I

Fig. 2. A domain used in Lemma 3

Proof. Let w € S.(wp) and w', w” € C,.(wp). Then we infer from
(X (w) = X(w')] < |X(w) = X (w")] + | X (") — X (w)]
that

|X(’LU) — X(w/)| S w//eigf(w()) |X(’U}) — X(w//)‘ + 08CCT(wU)X~

Thus we have
| X(w) — X(w')] <a;+ay forall we S, (wy) and w’ € Cp(wp).
This yields for arbitrary wy,ws € S-(wp) and w’ € Cy(wp) the inequalities
X (1) — X(w3)] < |X(wr) = X(w')] + |X(ws) — X(w')] < 201 + 205,
and the assertion is proved. (I

Lemma 4. Let X be a stationary point of Dirichlet’s integral in the class
C(I',S). Suppose also that the support surface S is of class C?, and let
R, K, m1,mso be the constants appearing in Assumption (B) that is to be satis-
fied by S. Then, for Ry := R\/my and for some number ¢ > 0 depending only
on R, K, mq, ma, we have: If for some r € (0,1 — |wg|) and for some number
Ry € (0, Ry) the inequality

1/2
/ IVX|*dudv| < Rg/c
ST‘(U)O)

holds true, then it follows that

sup inf | X(w)— X(w*)| < Rs.
w*eS, (wo) weCy(wo)
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Before we come to the proof of Lemma 4 which is the main result in
step 1 of our discussion, let us turn to the Proof of Theorem 1. Since
[ IVX|? dudv < oo, we have

lim IVX|*dudv =0
r—+0 Sr(’wo)
for every wg € I. Then Lemmata 2, 3, and 4 immediately imply that
Tli_)r%oscST(wO)X =0
for wg € I. In conjunction with X € C°(B,R?) we then infer that X is
continuous on B U I. 0

Proof of Lemma 4. Let wy € I and 0 < r < 1 — |wg|. Then we have to prove
the following statement:

There is a number ¢ = ¢(R, K, m1,mz) with the property that for any R
with 0 < Ry < Ry and for any w* € S,.(wo) with

(16) inf | X(w) = X(w*)| > R
weC (wo)

the inequality

1/2
(17) Ry <c V |VX|2dudv]
Sr(wo)

holds true.
Thus let us consider some w* € S, (wp),wg € I,0 <r < 1 —|wp|, and set

¥ = X(w*), o(z*):=dist(z*,5).
We shall distinguish between two cases, §(z*) > 0 and §(z*) = 0.

Case (i): 6(z*) > 0.
Then we proceed as follows: Choose some function A € C*(R) with \ > 0
and with A(¢) = 0 for ¢ < 0, and introduce the real valued function

1

=5 [ Mo IX -~ DIVXP dudo,
Sr(wﬂ)

for 0 < p < min{§(z*), d*Ra}, where Ry is some number with 0 < Ry < Ry :=
R.,/m3, and where we have set

d:==,/—, 0<d<1/2.

Define a test function n(w) as
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o [ M= X (@) = D[X () =] for w0 € ),
= 0 for w € B\ S, (wp).

We use 1 to define a family {X, }o<c<e, of outer variations
X (w) := X (w) — en(w).

On account of
| X (w) —2*| > Ry >p for we Cpr(wp)

we find that X, is of class Ha(B,R?). Furthermore, we obtain
X (w) = X(w) for we B\ Sr(wo).

Hence X and X, have the same boundary values on C. Moreover, for L!-
almost all w € I, we have X(w) € S and therefore | X (w) — z*| > §(z*)
whence p — | X (w) — 2*| < 0. This implies n(w) = 0 for L'a.a. w € I.
Consequently we obtain X, € C(I,S) for 0 < & < g and for any ¢y > 0. As
n € HiN Ly (B,R3), we conclude that X, is an admissible variation of type IT
in the sense of Definition 2, Section 1.4. By Section 1.4, (3) and (7), it follows
that

/ (VX,Vn)dudv <0
Sr(wo)

(in fact, even the equality sign holds true since we are allowed to take € €
(—¢€0,€0)), and therefore

/ IVX|*A(p — | X (w) — *|) du dv
S,-(’QU())

<[ N-p - X -
Sy (wo)
AUX e, X =292 4+ (X, X — 2%)?} dudv.
By virtue of the conformality relations
Xul? = X, (Xu, X0) =0

we have

(.} < YVXPIX -2,

and the factor 1/2 will be essential for the following reasoning.
It follows that

(18) / IVXPA(p — |X — 2*]) dudv
Sy (wo)

1
- —/ N(p—|X - 2*)|VX[2X — 2*| dudv < 0.
2 s, (wo)
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Since

N(p—|X =) =0 if | X —a"| = p

it follows that

X — 2" [N (p = |X —2™[) < pXN(p— |X —27)),
and (18) yields
(18) 2¢(p) — p¥'(p) < 0.
Thus,

) 20,

and it follows that
(19) p~20(p) < (1) 2p(p)) for0<p<p <R,

where we have set
R* := min{d(z*),d*Ry}.

Now we choose A in such a way that it also satisfies
A(t)=1 foranyt > ¢,

where £ denotes some positive number (in other words, we consider a family
{Ac} of cut-off functions A, (t) with the parameter ¢).
Then we obtain

1
) VX2 dudv < p~%¢(p),
Sr(wo)NKp—e(x*)

where we have set
K (z*) :={w e B: | X(w) —z*| < 7}.

Letting € — 40 and then p’ — R* — 0, we find that

p*2/ VX |?dudv < (R*)*/ |VX|? dudv
Sy (wo)NK , (z*) Sr(wo)NK g (z*)

taking A(t) <1 and (19) into account. Now let p — 40. Then it follows from
Lemma 1 that

(20) 2TR*? < / VX2 dudv.
Sr(wo)NK g (z*)

In case that d?Ry < §(2*), we have by definition of R* that R* = d?Rs, and
(20) implies
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1/2
(21) Ry < {ﬁ/ |VX|2dudv} if d?Ry < 5(z™).
Sr(wo)

Now we treat the opposite case §(z*) < d? Ry where we have R* = §(z*).
Because of (20), we have already proved that

(22) 216% (%) < / |VX|? dudv.
Sr(wo)NKs(g*) (%)

(The still missing case d(z*) = 0 is formally included and will be treated at
the end of our discussion.)
First we choose some point f € S which satisfies

f—a*| =dist(z*,S) = §(z*) < d®Ry < 1R,.
1

Then we choose an admissible boundary coordinate system {U, g} for S cen-
tered at xgp := f as described in Definition 2, with the diffeomorphisms g and
h = g~'. As before we define by g;;(y) the components of the fundamental
tensor:

ont o
gir(y) == a—yj(y)a—yk(y)

Let us introduce the transformed surface Y (w) by

and set A
1Y ()] == {gn (Y (w)y? (w)y" (w)}'/2.
For p with d=§(z*) < p < dRa, we define

oy o [ OV @Y (@) for w € 5 ),
T 0 if we B\ S, (wo).

Firstly we prove that n € Hi(B,R3). For this it suffices to show that 7
vanishes on C,.(wp). For this purpose, let w be an arbitrary point on C,(wy).
By assumption (16) we have

Ry < |X(w) —2¥|,

whence
Ry <6(2%) + [X(w) — f| < Ro/4 + [X(w) — f],

and this implies

Ry/2 < |X(w) — f| for all w e Cy(wy).
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On the other hand, since h(0) = f, we obtain

X(w) — f| = jﬁ e (8 () (w) dt
< Vma|Y (w)] < (ma/m1)2|Y (w)].

Thus
[V (w)|| > (1/2)(m1/m2)"/*Ry = dR2 > p,

and therefore
n(w) =0 for w e Cy(wy).

For 0 < & < 1/2 we consider the family X, of surfaces which are defined by
Xe(w) := h(Y(w) — en(w)).

We want to show that X, is an admissible variation of X which is of type II.
In fact, we have X, € H3i(B,R3) and X.(w) = X (w) for all w € C since
n(w) = 0 for w € C. Now we want to show that X. maps L'-almost all points
of I into S. To this end, we pick some w € I with X (w) € S. If n(w) = 0, then
X (w) = X(w), and therefore X (w) € S. On the other hand, if n(w) # 0, we
have ||[Y (w)|| < p and therefore

V()] < o/ < o/ = 5 (Ve ) = g

2\/m2 2./m2
Rl meg
= = R/2.
< 2\/m2 2,/m2 R/

Since X (w) € S, this estimate yields y3(w) = 0 (see (2')), whence
Y (w) - en(w)]® = 0.
Taking the inequalities
Y (w) —en(w)] <2[Y(w)] < R
into account, we infer that
X =h(Y —en) € C(I,S)

provided that &S = (). This inclusion holds as well if S is nonvoid, since
y'(w) > o and —1 < o < 0 implies

y'(w) —en'(w) = y' (W){1 — eA(w)} > {1l — eA(w)} > 0.
Now we define

Do) ow {1 (W) —enw) =Y (w))]  for e >0,
T R () for = — 0.

oyk
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Then we have
Xe=h(Y —en) =X +e¥(,e) for0<e<1/2,
and Taylor’s formula yields
U(e,w) = ¥y(w) + o(e)

with
By o= (Y € HY O LB )

and
U(e,w) — Yo(w) a.e.on B ase— 0.

Moreover, the reader readily checks that
|V (e,)|L,(B) < const

holds for some constant independent of ¢ € [0,1/2). Hence the variations
{Xc}o<e<1/2 of X are admissible, and we infer from (9) that

or
SE(Y,n) <0,
which implies

. 1 .
/ ( ){gjk(Y)DayﬂDan’wigjk,l(Y)DayﬂDay’“nl du.dv <0,
S,- wo

where we have set

0 0
1 2
= Dy = —. Dy=—
u v, 1 8u7 2 v
(summation with respect to Greek indices from 1 to 2, and with respect to
Latin indices from 1 to 3).
Then it follows that

| an)Day Da A~ ¥ ) du o
Sy (wo)
m n]‘ -
= [ X I DD 5
r(Wo
{295 (V) (D’ )y" + 95,1 (y) (Day )y’ y* } du dv

1

<=5 [ gwiw)Day Dayy'Np ~ |Y]) dudo.
ST('LUO)

This is equivalent to
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(23) /S o R)Dey Dy Ao V1) e
r(Wo

_ "p— , j U i
/S o VI G = 1Y) { [gW)yu Hyd
] j—yk 2 U av
! [gf’“(y)y”nwd }d ‘

<- / 956.1(Y) Dt Doy Ap — 1Y) du o
Sr(wo)

N[ —

1 j yk 7
by [ NG 1Y D (V)Daty gt (V™" Do dus
Sr(wo) ” ”

Now we set
(o) == /S )P D N = Y )
»(Wo

Then, by virtue of the conformality relations (15), we obtain the estimate
k72 k72
i Y i Y 1 2
sV |+ o | < SIvvIe
{ ! 1Yl ! 1Yl 2
where we have set A
IVY||? == g% (Y) Doy’ Day".
Moreover we have
Y IX(e = Y1) < pAlp = IY]]),
IYVIN (o= IY1) < pX(p = 1Y)
Hence the left-hand side of (23) can be estimated from below by

¥(p) — 5p¢' (p);

compare (18) and (18’) for an analogous computation.
The first term on the right-hand side of (23) can be estimated from above
by

c(n)K VY Pmy Y A — Y ) dudv
Sr(wo)
< i [ L AITYIENG = ¥ dud
r(Wo
< Mpb(p),

where we have set
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M = c(n)Kml_?’/z,

and where ¢(n) denotes a constant depending on the space dimension (in our
case: n = 3).
Analogously, the second term is bounded from above by

C(n)K/S( )X(p—IIYII)IIVYIIIVYHYIZdudv

<elmm®? [ I YD dude
< Mp*)/(p).
Thus we have derived the following differential inequality
U(p) = 3¢ (p) < Mpth(p) + p*¢' ()]

which is equivalent to

_a
dp

[ 20(0)] < 2Mp~2(p) + ML (o 1(0)]

dp
with
M :=2M.

Multiplying by €27, we obtain

d d
0< d—p[eszp_zlb(Pﬂ + M€2Mpd—p[/)_11/)(P)]-

Then by integrating between the limits p and p’, p < p/, and by applying an
integration by parts, we infer that

M o 7 geante @
0 < [l + [ MM T (o)) dp
p

’
’ ’

= [ M7 20 (p)]5 + (MM p~ (p)]f — / " anzeRMe 1 ) dp.
p

Therefore, )
0 < [e2MPp=2y(p) + MeMPp ()7
whence
62Mp' 4 le€2Mp’
e2Mp + pMe2Mp
Applying once again the reasoning which led to (20) (that is, choosing A = A,
and letting first € — +0 and then p’ — dRs — 0) and setting

p~2(p) < ()20 (p").

C(Ry) := (1 + dRyM)e*MF2,



2.6 Holder Continuity for Stationary Surfaces 147

we arrive at

(24) 2 / VY |2 dudv
Sr(wo)N{w: [Y(w)ll<p}
< C(Rg)(ng)_Q/ VY2 dudo.
Sr(wo)
Furthermore,
Sr(wo) N{w: [ X(w) — f] <26(z")} C Sp(wo) N{w: [|Y (w)] < p}
since )
Y (w) :/ Goi (X + (1 =) f)(2? — fI)dt
0
implies

1Y (w)]| < (mz/ma) 21X (w) = fI < 2(mz/ma)/25(a%) = d™"6(z") < p.
For 6(z*) > 0 and p — d~16(z*) + 0, we then infer from (24) that
d2

62(z*) ~/Sr(wo)ﬁ{u;: X (w)— f|<26(z*)}
< C(Rz)d—2352/ VY ||? du dv,
Sr(wo)

VY ||? du dv

and this inequality can be rewritten in the form

(25) 5(x*)—2/ VX |? du dv
Sr(wﬂ)mK

25(z*)(f)
< C(Rz)d—‘*R;?/ |VX|? du dv.
Sy (wo)
By virtue of
| X (w) — fI < [X(w) — 2™+ |f — 27
we obtain
K&(I*)(I*) C KQ(S(J;*)(f)a
and therefore

R25(z")? /

VX[ dudo < C(Rg)d‘4/ VX2 du dv.
ST(’LU())I'TK Sr(wo)

§(x*)(@*)
By virtue of (22), the left-hand side is bounded from below by 27 R3. Thus

we obtain

1/2
(26) Ry < {C;Ef;) / IVX|? du dv} if 0<d(z*) < d*Rs.
ST(wO)
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Combining (21) and (26), we obtain from C(Rz2) < C(R;), Ry = R\/m3 and
d=2 = 4(mgy/m,) that

1/2
(27) Ry <c {/ |VX|? dudv} in Case (i): 0(z*) > 0,
Sr(wo)

if we set
c = (2°77 (ma/m1)?C(R1))"/? = (R, K, m1,ms).
Case (ii): 6(z*) = 0.
Here we take f = x* as the center of an admissible boundary coordinate

system {U, g} for S. Then we obtain (24) for any p € (0, dRz). Setting p' :=
py/m1/ma, it follows that

p—Q/ IVX|?dudv < C(Rz)d—2R52/ IVX|? dudv.
Sy (wo)NK ,/ (z*) s

r(wo)

Now let p’ — +0; then another application of Lemma 1 yields

p'—==+0

C(R2)/ 2
X[2dud
ARE Js, () VX dudv

27 < lim sup (p’)_g/ VX |? du dv
ST('wo)ﬂKp/(I*)

whence we obtain

1/2
(27 Ry <c {/ |VX|? dudv} in Case (ii): §(z*) = 0.
Sr(wo)

Combining (27) and (27'), we arrive at (17). O
Now we turn to the second step with the aim to prove

Theorem 2. Let S be an admissible support surface of class C2, and suppose

that X (w) is a stationary point of Dirichlet’s integral in the class C(I,S).

Then there exists a constant a € (0,1) such that the following holds true:
For every d € (0,1), there exists a constant ¢ > 0 such that

(28) / VX |*dudv < er?®
Sr(u’o)

holds true for every wo € Z4 and for all v > 0. In particular, X is of class
CY**(BUI,R?).

We shall use the following simple but quite effective
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Lemma 5. Let ¢(r),0 < r < 2R be a nondecreasing and nonnegative function
satisfying

(29) @(r) < 0p(2r)

for some 6 € (0,1) and for all r € (0, R]. Then, for

— 1 1
Q1= 2108 5,
we have
(30) o(r) < 2%(R)(r/R)*  for allr € (0, R].

Proof. For any r € (0, R] and for any v =0,1,2,..., we have
©(27771) < Bp(277 ).
Iterating these inequalities, we obtain
©(277r) < 0"p(r) for0<r<R.
Fix some r € (0, R]. Then there exists some integer v > 0 such that
27"l <r/R<277,
Since 6 = 27* and ¢(r) is nondecreasing, we see that
e(r) <@(27"R) < 0"p(R) < 277" p(R) < 2%p(R)(r/R)". 0
For later use we note a generalization of Lemma 5.

Lemma 6. Let ¢(r),0 < r < 2R, by a nondecreasing and nonnegative func-
tion satisfying

(31) o(r) < 0{p(2r) +r7}

for some 6 € (0,1), 0 > 1,0 < R < 1, and for all r € (0, R]. Then, for
e € (0,0 — 1) and for

(32) 0" :=max{0,2°"°(0R° + 1)}, a:= 210g9i*,
we have
(33) o(r) <2%{e(R) + R°~°}(r/R)* for allr € (0, R].

Proof. Since R0 < 1 and 2°77 < 1/2, we infer that

27 (AR" +1) < 1
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and therefore 0 < 6* < 1. Set

o) = plr) + 77
Then, for any r € (0, R], it follows that

©*(r) < 0p(2r) +0r° + 177 = 0p(2r) + r°~°(0r° + 1)
< Gp(2r) + (2r)7752°77(6r° + 1)
< 0{p(2r) + (2r)777} = 07" (2r).

Applying Lemma 5, we infer

©*(r) < 2%"(R)(r/R)* forall r € (0, R] and a := 21Og0_1*

whence
o(r) < (r) + 177 <2%{p(R) + R °}(r/R)* for 0 <7 < R. O

Proof of Theorem 2. We want to show that the growth estimate (28) is sat-
isfied for any wyg € I. Let us first assume that 95 is empty. We intro-
duce an admissible boundary coordinate system {U,g} for S centered at

0 = X(wp) with the inverse mapping h = ¢g~1, and we set Y := g(X).
Then we have Y € C%(B U I,R3) and Y(wp) = 0, and we can find some
number py € (0,1 — Jwp|) such that

Y (w)] < R/2 for w e S,,(wo), Y3(w)=0 forwelIns, (w)

(cf. Definition 2 for the meaning of R, as well as the discussion following
Definition 2).

Suppose that X, := h(Y —¢), |e| < e0(¢), ¢ = (o', 9%, ©?), is a family of
admissible variations with X, € (I, 5). Then we have

. 1 .
(34) / Gik(Y) Doy’ Doip® dudv < —5/ 9it1(Y)Doy? Doy* o' dudv.
B B
(In fact, equality holds true.) Now let r € (0, po/2], and choose some cut-off
function ¢ € C°(Ba,(wp)) with £(w) =1 on B.(wp) and 0 < & < 1,|V¢| <

2/r.
Set Ty, := Szr(wo) \ Sr(wo),

wh = ][ y'dudv, w? ;:][ y? dudv, w*:=0,
Tor Tor

1
][ ... stands for / o
0 meas {2 /o

o = (o', 0%, %), o*(w) == (y*(w) — w*)E?(w) for w € BU I. Then the test
vector ¢ is admissible in (34), and we obtam

where
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_ j k2 1 _ j kol g2
gjk(Y)Dozy Day E du dv + 9 gjk,l(Y)Day Day (y w )f dudv
B B
< 72/ gt (Y) Dot (y*F — wF)ED € dudv.
B
Hence, for any ¢ > 0 and some constant K1(e) > 0, we find the inequality
1 _
(35) m [ [VYPEdudo 5 [ lgnaVlIDa? | Daglly - oI dudo
B B
<< [IEPIVYIPdudo+ Ki(e) [ 1Y~ wlPIVEP dud
B B
where w = (w!, w? w?3). Since
VY ||? <mo| VY2
we can absorb the term
5/ || VY ||? dudv
B

by the first term on the left-hand side, if we choose

my

o 2m2'

Moreover, the absolute value of the second term of the left-hand side of (35)
can be bounded from above by

@/ VY22 du dv,
4 Jp

if we choose r € (0, p1), where p; € (0,p0/2) is a sufficiently small number
depending on the modulus of continuity of X. Hence there is a number K5 > 0
such that

(36) / IVY|? dudv < / E|VY|? dudv
S’r(w()) SQT(U)())

< KQ'I"_Q/ Y — w|? dudv
Ty,

holds for all r € (0, p1).
By Poincaré’s inequality, there is a constant K3 > 0 such that

(37) / Y —w|* dudv < K37“2/ VY |2 du dv
Tor Ts

T

is satisfied for 0 < r < p;. Consequently, there is a constant K4 such that
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/ VY |? du dv §K4/ VY |? du dv
ST(’W()) Sr(wﬂ)\sr(wo)

for all r € (0, p1).
Now we fill the hole Sy.(wo) by adding the term Ky [ ., | |VY |2 dudv to

both sides. Then we arrive at

(1 +K4)/ VY |? dudv < K4/ |VY |2 du dv
Sy (wo) S.

2 (Wo)

whence, setting

p.— s
14Ky
we attain
/ VY | dudv < 9/ VY |? du dv
Sr(wo) Sar(wo)

for every r € (0,p1). As 0 < 6 < 1, we can apply Lemma 5 to R = p; and to
o(r) == [q (wo0) |VY |2 du dv, thus obtaining

2
/ VY |2 dudv < 22a/ VY |2 du dv <1>
S,,.(wg) S,-(’I,Uo) pl

for 0 < r < pq, if we set a := % olog 6. For
Ky :=2%%(my/my), (Ks>1),
and by virtue of
VY[ = VX2, mu|VY]? < [VY|? < mo| VY%,
we obtain

(38) / VX |?dudv < KsD(X)(r/p1)**
ST(’LUO)

for all r € (0, p1), and consequently for all > 0.

Combining (38) in a suitable way with interior estimates for X, we arrive
at (28). We can omit this reasoning since it would be a mere repetition of the
arguments used in the second part of the proof of Theorem 1 in Section 2.5.

Finally, Morrey’s Dirichlet growth theorem yields X € C%®(B U I,R3).
Thus we have proved Theorem 2 in the case that 95 is empty.

The general case where 0S is not necessarily empty can be settled by a
slight modification of our previous reasoning.

First we note the that test function

6= (0,0%0%, o=@ - k=23
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is admissible in (34), where w* and ¢ are chosen as before. Then we obtain an
inequality which coincides with (35) except for the term

my / VY |*¢% du dv,
B
which is to be replaced by
mi [ (9P + Vi) dud
B

However, this expression can be estimated from below by

mi

1+ K*

/ IVY'|2€% du dv
B
since there is a constant K* > 0 such that

IVy'[? < K*(IVy* ) + [Vy*)?)

holds true, and this inequality is an immediate consequence of the conformality
relations (15), written in the complex form

<<Y’UJ7 Yw>> =0,

where we have set '
(& m) = giw&n"*

(cf. Section 2.3, proof of Theorem 2, part (i)).
Thus we arrive again at an inequality of the type (36) from where we can
proceed as before. This completes the proof of the theorem. O

Remark 1. A close inspection of the proof of Theorem 2 shows that we would
obtain a priori estimates for the a-Holder seminorm in the case that we had
bounds on the modulus of continuity of X. Hence only the approach used in
the proof of Theorem 1 is indirect.

Remark 2. Without any essential change we can replace the class €(T, S) in
the previous reasoning by €(S). In other words, we have analogues to Theo-
rems 1 and 2 for stationary points of Dirichlet’s integral in the free boundary
class C(5).

2.7 CV1/2_Regularity

In this section we want to prove C*'/2-regularity of a stationary point X of
Dirichlet’s integral up to its free boundary. As we have seen in Section 2.4,
this regularity result is optimal, that is, we can in general not prove X &
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CHo(BUI,R3), I being the free boundary, for some o > 1/2, if the boundary
of the support surface S is nonvoid. On the other hand, if S is empty or if
X|; does not touch 95, then one might be able to achieve higher regularity
as we shall see in the next section.

As in Section 2.6 we shall restrict our considerations to minimal surfaces
with partially free boundaries or, more precisely, to stationary points of Dirich-
let’s integral in C(I, S); stationary points with completely free boundaries can
be treated in exactly the same way, and perfectly analogous results hold true.

Consequently we can use the same notation as in Section 2.6. Our main
result will be the following

Theorem 1. Let S be an admissible support surface of class C*, and suppose
that X (w) is a stationary point of Dirichlet’s integral in the class C(I,S).
Then X is of class CVY/2(BUI,R?).

The proof of this result is quite involved; it will be carried out in three
steps. In the first step we prove that X € H2(Z4,R3) for any d € (0, 1), using
Nirenberg’s difference quotient technique to derive Lo-estimates for V2X.
Secondly, using ideas related to those of Section 2.3, it will be shown that
X € CY(BUI,R3). In the third part of our investigation we shall see how the
boundary regularity can be pushed up to X € CY'/2(B U I,R?) by applying
an appropriate iteration procedure.

Let us note that, assuming X € C°(B U I,R3), all regularity results will
be proved directly by establishing a priori estimates. Thus the only indirect
proof entering into our discussion is that of Theorem 1 of Section 2.6.

Step 1. Lo-estimates for V2X up to the free boundary. Let us begin with a few
remarks on difference quotients which either are well known (cf. Nirenberg [1],
Gilbarg and Trudinger [1]) or can easily be derived.

We consider some function Y € H3(Zg4,,R™) with 0 < dp <1 and m > 1,
s> 1. For w € Zy and t with |t| < dy — d, we define the tangential shift Y; by

Yi(u,v) = Y (u+,0)
and the tangential difference quotient A;Y by

AY (u,v) = <[V (u+t,0) — Y(u,v)],

o~ | =

that is,
AY (w) = %[Yt(w) Y (@W), w=u+tiv.

Moreover, let D, = % be the tangential derivative with respect to the free
boundary I. Then we have:

Lemma 1. (i) Let Y € H5(Z4,,R™),s > 1,m > 1,dy € (0,1),d € (0,dp),
[t| < do—d. Then Yy, ALY € H5(Zg,R™), and
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/ |AtY|2dudv§/ |D,Y|? du dv, lim/ |D,Y — AY > dudv = 0.
Zq Zay =0z,

The operators V and A, commute; more precisely,
(AVY)(w) = (VAY)(w)  for w e Zy,
and similarly
(VY ) (w) = (VY)(w)  for w e Zy.
Moreover, we have the product rule
A(pY) = (Ap)Yy + @AY = (Arp)Y + 91 AY

on Zg for scalar functions v, and

/ PA_pdudy = —/ (Ap)pdudv  for 0 < |t] < 1
B B

if either @ or v has compact support in BUI.
(i) Similarly, if Y and D,Y € Ly(Zqy,R™),q > 1, then

/ |AtY|qdudU§/ |D,Y|? du dv, }in(l)/ |D,Y — AY|?dudv = 0.
Zq d —YJz4

0

(iii) Finally, if Y € H5(Zq,,R™), then

(VPY), = VPY,,
/|Vth|2dudv:/ |VPY |2 dudv, 0<|t| <1,
0 2

for0<p<sand 2 :={w+t: we 2}, for any open set 2 € Zy, UI.

Now we turn to the derivation of Ls-estimates for the second derivatives
of X. We begin by linearizing the boundary conditions on X. This will be
achieved by introducing suitable new coordinates on R3. Thus let wy be an
arbitrary point on I, and set zp := X(wp). Then we choose an admissible
boundary coordinate system {U, g}, centered at g, as defined in Section 2.6.
Let h=g 'and Y =go X,ie., X = hoY. Then we can use the discussion
at the beginning of Section 2.6; in particular we can employ the formulas
(1)—(15) of Section 2.6.

By Theorem 1 of Section 2.6, we know that X and Y are continuous on
BUI, and Y (wg) = 0. Hence there is some number p > 0 such that

|V (w)] < R for all w € Sa,(wp)

and therefore
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y*(w) =0 for w € Iy, (wp),
and, if dS is nonempty, we have
y'(w) > o for w € Iy, (wy).

Let r be some number with 0 < r < p which is to be fixed later, and
let n(w) be some cut-off function of class C°(Ba,(wp)) with n(w) = 1 on
B, (wp),0<n < 1,|Vn| <2/r, and n(u,v) = n(u, —v).

Now we set

(1) (b = A,t{’l’]zAtY}.
We claim that
(2) X =h(Y +e¢), 0<e<eo(d),

is an admissible variation of X in C(IS) of type II (see Definition 2 of
Section 1.4) for some sufficiently small ¢(¢) > 0. In fact, we have ¢ €
H}N Lo(B,R?), and

Y (w) + ep(w) = Y (w) +eA_{n*A;Y }Hw)
)\1Y}/(’LU) + )\QY,t(w) + (1 — A — )\Q)Y(w),

where
A=t (w), Mg i=et Tt (w), 0< |t < 1.

Thus Y (w) +ep(w),0 < e < t2/2, is a convex combination of the three points
Y (w), Y (w), and Y_;(w).
Since n(w) = 0 for |w — wy| > 2r, we obtain
AM(w) =0, Xp(w)=0 if |w—wy| >2r+|t|, we B.

Therefore we have

Y(w) +ep(w) =Y (w) for |w—wp| > 2r + |t
On the other hand, if |w — wg| < 2r + |t|,w € B, then we have

|w £t — wp| < 2r + 2]t

and therefore

w,w +t € Sop(wp), provided that [t| < p— 7.

Hence, for w € Iy p(wo), the points Y (w), Yy (w),Y_;(w) are contained in
the convex set

Cr={yeR® y* =0,y <R} ifdS=0
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or in

Ch={yeR®y*=0,y' >0yl <R} if0S#0

respectively, and we have

[ nCy) ifas=4,
Smu‘{h(cg) if 05 # 0.

Thus we obtain
Xe(w) = h(Y(w) +ep(w)) € S forall we I,
provided that 0 < & < t?/2 and |t| < p — 7, and clearly
Xe(w) =X(w) forweC=0B\I
since ¢(w) = 0 on C. Consequently, we have
X. =h(Y +¢¢) € C(I,S) for0<e<t*/2and |t| <p—r,

and it follows from Section 2.6, (9) that

SE(Y,¢) > 0.

Inserting the expression (1) into this inequality, we obtain
/ 951 (Y) Doy’ Da{ Ay (1> Ay*)} du dv
B

1 ,
> —5/ A_{n* Ay} gj 1 (Y) Doy’ Day® dudv,
B

ul = 2

o

where D = %,Dg =

/ Ai[gix(Y)Day’1Da(n® Ay®) du dv
B

1 .
< —5/ 0 Ay Ad[gik 1 (V) Doy’ Day"] du do;
B

see Lemma 1. Since
Algie(V)Day’] = gix(Y)Da Ay’ + Doyl Avgin(Y)

and
Do(*Ay*) = Dan® Awy® + 1> Do Ay,

we arrive at

157

u,u” = v, and an integration by parts yields



158 2 The Boundary Behaviour of Minimal Surfaces
(3) /3772gjk(Y)DaAtijaAtyk du dv
< — /B 2nDa77Atyk[gjk(Y)DaAtyj + Day{Atgjk(Y)] dudv
- /anDaAtykDay{Atgjk(Y) dudv

— 1/2/ 772AtylAt[gjk’l(Y)Daijayk] du dv.
B
The ellipticity condition for (g;i) yields
(4) m1/ 772|VAtY|2dudv < / nzgjk(Y)DaAtijaAtyk du dv.
B B

Moreover, Lemma 1 implies
(5) At[gik,1(Y) Doy’ Day"]
= (A4gjk,1(Y)) Do’ Doty + i1 (Ye) (At Doy’ ) Doy
+ gjt,1(Ye) Doyl Ac Doy,
Furthermore, there is a constant K* > 0 such that
(6) [Aegse (V)] + [Asgie (V)| < K¥[AY].

On account of (3)—(6), there is a number ¢ = ¢(mq, K, K*) independent of ¢
such that

ml/ VALY |? du dv
B
<e{ [ lar (v Ay + (0¥ AY ) duds
B
+/ ?|VAY||VYi||AY | du dv
B

+ /3772|AtY|(|AtY||VY|2 + |[VAY||VY | + [VAY||VY,]) dudv} :
By means of the elementary inequality
2ab < ea? + é b2
for any € > 0, we obtain the estimate

my / 772|VA75Y|2 dudv
B

< E/ |V AY|? du dv + <
B 9

P2 / |AY | du dv
SQT(“’O)

+/772|AtY|2|VY|2dudv+/n2|AtY|2\VYt|2dudv .
B B
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Choosing € := m1 /2, we can absorb the first integral on the right-hand side
by the positive term on the left-hand side, and secondly, we have

/ |AY|? du dv
Szr(wg)

IN

/\DuY\zdudvg/ VY |2 du dv
B B

IN

mfl/ ||VY||2dudv:m;1/ |VX|? du dv
B B

2m; ' D(X).

Thus we arrive at

(7) / | VAY|? dudv
Sar(wo)

<M lrﬁ)(x) +/

PAY (VY ]2 + |VY ) dudo| .
Sgr(’u)(])

Moreover, we claim that the estimate (28) in Theorem 2 of Section 2.6 implies
the existence of some number ¢y independent of r and t such that

(8) / PIAYE(VY P + VY ) dudo
Sar(wo)

< cor?® / P IVAY [?dudv+r2D(X) 3.
Sar(wo)

Let us defer the proof of the inequality (8) until we have finished the derivation
of the Ly-estimates of V2X. Then we can proceed as follows:

We choose 7 € (0, p) so small that ¢**cor?® < 1/2. Then we infer from (7)
and (8) the existence of a number ¢; independent of ¢ such that

(%) / N |IVAY|)? dudv < ¢;D(X)
Sar(wo)

holds true for all ¢t with 0 < |t| < p—r. If we let ¢ tend to zero, this inequality
yields

(10) / VD, Y| dudv < ¢; D(X)
Sar(wo)
since Y = go X is of class C3(B,R?), and from (8) and (9) we infer
(11) / DY |2 |VY |? dudv < coD(X).
Sar(wo)

Moreover, the conformality relation

IDLY|? = DY
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implies that
|DvY|2 < (m2/m1)|DuY|27

whence we obtain

(12) / VY| dudv < e3D(X),
Sar(wo)

taking (11) into account.
Moreover, by formula (14) of Section 2.6 we have

Ay + T (V) (lyk +yiyk) =0 in B,
whence
|ID2Y|? < ey(|D2Y > + |VY]!) in B.

Combining the last relation with (10) and (12), we arrive at

(13) / n?|V?Y|? dudv < c;D(X)
Sar(wo)
whence
(14) / IV2Y|? du dv +/ IVY|*dudv < cgD(X).
Sy (wo) Sy (wo)

Moreover, from X = h(Y) we obtain
V2X = hy (Y)VY VY + h, (Y)V?Y,

and therefore
|V2X 2 < er (VY2 + |[V2Y ).

By virtue of (14) it follows that
(15) / |V2X|? dudv < cgD(X).
Sr(wo)

This is the desired estimate of V2X.

Before we summarize the results of our investigation, we want to prove the
estimate (8) which, so far, has remained open. We shall see how ¢y depends
on X, and this will inform us about the dependence of the numbers ¢y, ...

on X.

The estimate (8) will be derived from Theorem 2 of Section 2.6 and from

the following calculus inequality:
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Lemma 2. Let 2 be an open set in C of finite measure, and define d > 0 by

the relation wd? = meas £2. Suppose also that ¢ € L1(£2) is a function such
that

(16) / lg(w)] dudo < Qr®
QﬂBr(wo)

holds for some number Q@ > 0, for some exponent o > 0 and for all disks
B, (wp) in C. Then, for any v € (0,a), there is a number M(a,v) > 0,
depending only on o and v, such that

(17) / ‘q(w)||¢(w)|2dudv < MQDQ(Qs)duTQa—V
2B, (wo)

holds true for all wy € C, for all v > 0, and for any function ¢ € H%(Q, R™),
m > 1.

Proof. As the set C°(£2,R™) is dense in H}(£2,R™), it is sufficient to
prove (17) for all ¢ € C°(§2,R™), taking Fatou’s lemma into account.

Thus let ¢ € C2(2,R™),w = u' + iu?, ¢ = €' +i€?, d>w = du' du?,
d?¢ = d¢' dg?. From Green’s formula, we infer that

1
o) =~ [ w7~ uDasle) g
T Jo
is satisfied for any w € £2. Set £2,. := 2 N B,.(wp); then we obtain
1) [ lawliow)] dw

<on [ [ el - A voO

:i 1/2 =14 1/2 P 0. o
QW/QT/QW(“J) lw =] lg(w)|Y 2w — ¢ 7|V (C)] d*¢ d*w

i _ A2v—2 52 2 1z
o | o= el
1/2
[/ J 'q“")“w—<I‘2”|V¢<<>|2d2wd2<] |
2J02,

By an inequality of E. Schmidt, we have

IN

[ o= g <
2

the simple proof of this fact is left to the reader. Then, by (16), we obtain

(19) S [ atwlh - et < Tagre,
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For s > 0 and ¢ € C we introduce the function

o 2
P(s,Q) = /QmBs(g) lg(w)| d“w.

By (16), we have
0<1(s,¢) < Qs* foralls>0andeC

as well as
0 <(s,¢) < Qr*™ forall ¢ €C.

Introducing polar coordinates p,§ about ¢ by w = ¢ + pe*® we have

w(s,o/;(/x

2, ={0:0<0<2m,(+pe' € 2,10 Bs(0)}.

Iq(C4pew)|d9> pdp,

P

where

It follows that

00 =s [ a5 do

s

Case 1. Let ¢ € B,(wp). Then we have |w — ¢| < 2r for any w € £2,.. Accord-
ingly,

2r
[ o=l s [T [ 5o se)lsdods
2 0 po

2r d 2r d
= /0 5_2V£¢(83C) dS == EE}EO i 5_2V£w(33<) dS
2r
1 —2v 2r : —2v—1
- 61_1}5_10[8 1/1(370]5 + QV 61_1}5_10 S 1/1(&0 dS

S

S Q(QT,)QanV 4 21/Q2 (2,,“)204721/ — C(OL, l/) Q,rQoszu.

1
(a—v)
Case 2. If ¢ € 2\ B,(wp), then we have

Co = wo + (¢ —wo) € B,(wp).

T
¢ — wo

Moreover, for all w € (2, it follows by a simple geometric consideration (cf.
Fig. 1) that

¢ —wl| = [¢o — wl.
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Consequently,

[ latwlic = ol > #w < [ i -l dw,

T [d

and, by case 1,

/ lg(w)[¢o — w| 7> dPw < ea,v) QrioT.

Thus we have found that

/ lg(w)||¢ — w|~? d®w < ¢(a,v)Qr**2" for all ¢ € 2.

r

Consequently,
2w 2 2 2
(20) [l - 960 i
< clan) @ [ Vo)
Q
From (18), (19), and (20) we infer that

@) [ )l d < 0 Qe Dl o)

T

In other words, the function ¢* := q¢ satisfies

(21 / " (w)] d*w < Q*r?*”  for all disks B,.(wp),
2NB,(wo)

163
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where

Q" :=c"(a,v) Qd”D}Z/Q(gZ))7 20" == 2a — 1.

Now let v and p be two positive numbers such that v+ < a. Then it follows
that
. v
a —p:a—i—u>a—(u+,u)>0.

Hence we can apply the estimate (21’) to ¢*, @, a*, u instead of ¢, Q, a, v,
and thus we obtain

| e @llsw] e < ¢ (@,uQ "Dl @)

2,

or equivalently
/ la(w)|[¢(w)[? d*w < ¢* (o, v)e* (o, 1) QA Do ()r2o= 0,
2NB, (wo)

Replacing v+ p by v and ¢*(«, v)c*(a, 1) by M(a, v), we arrive at the desired
inequality (17). O

Now we come to the proof of formula (8). From Y = g(X) it follows that
VY] < /ma|VX]|

whence by Section 2.6, Theorem 2 (and, in particular, Section 2.6, (28)) we
obtain that

(22) / VY |? dudv < QT2
BNB- (CD)

holds for some constant @ > 0, some « € (0,1), and for all disks B, ({p).
Therefore,

/ (VY > 4 |VY;?) dudv < 2Q7¢
Sar(wo)NB~(Co)

for some @ > 0, € (0,1), and for all disks B;((o) and all ¢ with |¢| < to and
0<tyk 1.
Let 2 := Ba.(wp),wp € I, and set

q(w) :== VY (w0)]? + |[VY:(w)]?, ¢(w) :=n(w)A;Y (w) for w € S, (wp)
and
q(u,v) := q(u, —v), P(u,v) := ¢(u,—v) for w=u+iv € By.(wp) and v < 0.

Applying Lemma 2, we can infer that

[ latw)llew) dudo < 2MQD g(é)(2r) 7.
208+ (o)
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In particular, for {y = wg and 7 = 2r, we have 2 = B.({y) and therefore

/B 6w dude < 4MQD (1, (9)Cr)*

whence, for reasons of symmetry,

/ 1AY (VY ]2 + | VYi]?) dudv
Szr,v(wo)

< AMQ2* 3 / |V (nAY)|? dudv.
SQT(U)[))
Moreover,
IV(nAY)|? = [VnAY +nVAY|?
<2 VAY 2 +8r 2 |AY %
Setting
(23) co = 25T2MQ max{1,m; '},

we arrive at formula (8). From (38) in Section 2.6 it follows that @ is of the
form

(24) Q = cD(X),

where ¢ depends on the diffeomorphism g and on the modulus of continuity
of X on BUI. Hence also the constants ¢, ..., ¢g are of the form ¢D(X) with
¢ depending on g and on the modulus of continuity of X.

Let us summarize the results (9)—(15), (22)—(24).

Theorem 2. Let S be an admissible support surface of class C3, and suppose
that X is a stationary point of Dirichlet’s integral in the class C(I,S). Then,
for any d € (0,1), there is a constant ¢ > 0 depending only on d, |g|s, D(X),
and the modulus of continuity of X such that

(25) / (V2X > + |[VX|Y dudv < ¢
Zq

holds true.

Applying Sobolev’s embedding theorem (see Gilbarg and Trudinger [1]),
we derive the following result from Theorem 2:

Theorem 3. Let S be an admissible support surface of class C3, and suppose
that X is a stationary point of Dirichlet’s integral in C(I',S). Then, for any
d € (0,1) and for any p with 2 < p < oo, there is a constant ¢ > 0 depending
only on d,p,|gls, D(X), and the modulus of continuity of X such that



166 2 The Boundary Behaviour of Minimal Surfaces
(26) / VX P dudv < ¢
Zq

holds true. Moreover both X, and X, have an Ls-trace on every compact
subinterval of I.

In brief, we have shown that any stationary minimal surface X in C(I,.5)
is of class H3 N H)(Z4,R?) for any d € (0,1) and any p with 2 < p < 0o, and
Xu, Xy € Lo(I',R3) for every I' CC 1.

Step 2. Continuity of the first derivatives at the free boundary. The aim of
this step is the proof of the following

Theorem 4. Let S be an admissible support surface of class C®. Then any
stationary point X of Dirichlet’s integral in C(I',S) is of class C*(BUI,R3).

Proof. We choose wyg € I,z9 = X(wg),p > 0, and a boundary coordinate
system {U, g} centered at x¢ as before, and we set Y = go X = (y!, 9%, y?).
Then we have

(27) Ayl + Fjlk(Y)Dozijayk =0.
Hence, for any ¢ = (o', 92, p3) € C°(Ss,(wo) U I2,(wp), R?), the equation
(28) SE(Y,¢) =0

is equivalent to
(29) [ it au=o,
120(“’0)

Case 1. 0S is empty.
Then ¢ is admissible for (28) if ¢*(w) = 0 on Iy,(wp). We conclude
from (29) that

gin(Y)y) =0 a.e. on I,(wo),
(30) gi2(Y)ys = 0 a.e. on Iz,(wo),
> =0 on I, (wo)
since Theorem 3 implies that both Y, and Y, are of class Lo(I’, R3 ) for every
el
Case 2. 0S is nonempty.
Then ¢ is admissible for (28) if ¢*(w) = 0 on Iy, (wo) and if ©'|f,, (w,) has
its support in I;rp(wo) := Iy, (wo) N {y*(w) > o}. We conclude from (29) that

gjl(Y)yi =0 a.e. on I;rp(wo)7

(31) ng(Y)yZ =0 a.e. on Iz,(wo),

y> =0 on Iy, (wo).
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Now we claim that, for S € C3 and S € C*, we can find an admissible
coordinate system {U,g} for S centered at zo which is of class C? or C3
respectively, and satisfies

1420 0 0

) 1, B 911(y0y ) 1200 0
(32) (gix(y",y%,0)) = g22(y", 97, 0)

0 0 1

for all (y',4%,0) € Br(0) if S = 0, or for all (y!,y%,0) € Br(0)N{y' > o} if
0S # (. Note, however, that we lose an order of differentiability if we pass from
S to g in case of the particular coordinate system {U, g} with property (32).
Let us postpone the construction of this coordinate system; first we want to
exploit (32) to derive regularity.

The special form of the metric tensor (g;x) simplifies the equations (30) to

Yo = 0
(33) y2 =0 ae. on Dy(w) if S =0,
y’ =0

and (31) takes the special form

yy = 0 ae. on I, (w)
(34) y2 =0 ae. on Iy,(wy) if S # 0.
y> =0 on I, (wp).

Furthermore, we infer from Theorem 3 that
(35) AY € L,(S2,(wo),R?)  for any p € (1,00),

provided that S is of class C® which implies h € C? and F;k € C° In case 1,
we infer from (33) and (35) by means of classical results from potential theory
that Y € H2(Sar(wo), R?) for any p € (1,00), any wy € I, and any r € (0, p);
cf. Morrey [8], Theorem 6.3.7, or Agmon, Douglis, and Nirenberg [1, 2], for
the pertinent L,-estimates.

Then we obtain Y € C1#(Sy,.(wp), R?) for all 8 € (0,1), taking a Sobolev
embedding theorem into account; cf. Gilbarg and Trudinger [1], Chapter 7, or
Morrey [8], Theorem 3.6.6.

If S € C*, then h € C3 and F}k € C', and consequently ij (Y)Doy’ Doy* €
CO9B(Sa,.(wp)),1 = 1,2,3. On account of (27) and (33), we then obtain

(36) AY € C%P(Sy, (wp),R?)  for any B € (0,1).
By classical potential-theoretic results of Korn—Lichtenstein—Schauder, we in-

fer from (33) and (36) that Y € C%5(S,,.(wp), R3) holds for any 8 € (0,1)
and any r € (0,p). A simple proof can be derived from the Korn—Privalov
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theorem; see Section 2.1, Lemma 6. Since h € C® and X = h oY, it follows
that
X € C*P(BULR?).

Note that the same result can be derived under the weaker assumption
S € C3? if we do not work with the special coordinate system (32) where
one derivative is lost. Then we have to use (36) and the more complicated
boundary conditions (30). Applying Morrey’s results (see [8], Chapter 6),
together with a strengthening by F.P. Harth [2], we obtain the desired result.

Thus, if 95 is empty, we have proved a result which is much stronger than
Theorem 4:

Theorem 5. Let S be an admissible support surface of class C3, and sup-
pose that 0S is empty. Then any stationary point X of Dirichlet’s integral
in C(I,8) is of class C*P(BUI,R?) for any B € (0,1).

Remark 1. If 95 is nonempty, the same holds true if X|; does not touch 95S.

Remark 2. In addition to Theorem 5, the Schauder—Lichtenstein estimates
together with our previous bounds (see Theorem 3) imply that there exists a
number ¢ depending only on d € (0,1), 8 € (0,1), |g]3, D(X), and the modulus
of continuity of X such that

(37) | X|oqp,2, < €

holds true for any d € (0,1) and any 8 € (0, 1).
These remarks complete our discussion in the case that 0.5 is empty.

Now we turn to case 2, i.e. 9S # (). As before, we have (35), and therefore
in particular

Ay?, Ay? € Ly(Sa,(wp))  for any p € (1, 00),
and the second and third equation of (35) yield
y2=0 and y*>=0 ae. on Iy,(wp).

By the same reasoning as in case 1 we first obtain y?,4* € H7(S2,(wo)) for
p € (1,00) and r € (0, p), and then

(38) vyl e Cl’ﬁ(Sgr(wo)) for any 8 € (0,1) and r € (0, p).

(For this result, we only use S € C?, whence h € C? and I'}, € C.)
The function y!(w) satisfies

(30) Ay € L, (Ss,(wp)) for any p € (1, 00),
yb=0 a.e.on I;p(wo), y' =0 on Iy,(wo) \ I;rp(wo).
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Fig. 2. Soap films attaching smoothly to the boundary of the support surface. Courtesy of
E. Pitts (above) and Institut fiir Leichte Flachentragwerke, Stuttgart — Archive (below)

It is not at all clear how to exploit (39) (cf., however, Section 2.9). Therefore
we shall instead use the conformality relations in complex notation,

(40) g (Y)ylyk =0,

in order to show that y' € C1(S2,(wg)) for some r € (0, p). Our reasoning will
be similar as in the proof of Theorem 2 in Section 2.3 (see formulas (16)—(20)
of Section 2.3). Since (g;) is a positive definite matrix, there is some v > 0
such that

g11(Y(w)) >~ for all w € Sa,(wp).

Hence we can rewrite (40) as

(41) { 1 g1(Y) L}2: [glL(Y) L]Q_M

yhyd!

)

w + w w
Y 911(Y) Y 911(Y) gll(Y)

where repeated indices L, M are to be summed from 2 to 3. If we introduce
the complex-valued function f(w) by
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. g1(Y)
(42) flw) =y, + gllf(y) Y,

w e ggp(wo),

we infer from (41) and (38) as well as from Y € C%%(B U I,R?) that
(43) 12 e C%P(Syr(wy)) for0<p<1,

whence
f? € C°(Sar(wo)).
In addition, we have f € C°(Ss,.(wp)). By the following lemma it will be seen

that f(w) is continuous on Sa,.(wp).

Lemma 3. Let f(w) be a complex-valued continuous function on an open
connected set 2 in C such that its square f?(w) has a continuous extension
to £2. Suppose also that 02 is non-degenerate in the sense that, for every
wo € 012, there exists a & > 0 such that 25(wp) := 2N Bs(wg) is connected.

Then f(w) can continuously be extended to {2.

Proof. Let wy be an arbitrary point on 9f2. Then there exists a complex
number z such that f2(w) — z as w — wg, w € 2. If z = 0, then | f(w)|?> — 0,
and therefore f(w) — 0 as w — wp. If 2z # 0, then we choose some ¢ # 0,
¢ € C, such that z = ¢?. We pick an & > 0 such that 0 < ¢ < [¢|. Then there
exists a number § > 0 such that £25(wp) is connected, and that f maps 2s(wp)
into the disconnected set B.() U B.(—0). Since f: 2 — C is continuous, the
image f(25(wo)) is connected, and therefore already contained in one of the
disks B(3), Be(—). Thus lim,, ., f(w) exists and is equal to 3 or —f. Set

f(w) w € 2
F(w) := for .
limg_y f(W) w € 012

Clearly this function is a continuous extension of f to {2, and the lemma is
proved. O

Thus we have found that the function f(w), defined by (42), is continuous
on Sa,(wp) for some r € (0, p). Since

_ g1r(w)
911(w)

(42') g(w): Yo

is Holder continuous on Ss,(wp), we infer that

Yo = f(w) = g(w)

is continuous on Sa,.(wp), and therefore Y € C1(Sa,.(wp),R?). This implies
X € CY(BUI,R?), and Theorem 4 is proved.
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However, we still have to verify that we can find a coordinate system {U, g}
centered at o which satisfies (32). To this end, we choose a neighbourhood U
of the point zy € U and an orthogonal parameter representation x = t(y!, y?),
(y*,y?) € P, of SNU with xg = £(0,0). In other words, we have F = 0, where

&= |ty1|2, ¥ = <ty1,ty2>, G .= |tyz|2
are the coefficients of the first fundamental form of S. Moreover, set

W=t Atye| = VEG—F2 = /€9

1
n:= W(tyl A tyz)

be the surface normal of S. If S = (), we can assume that the parameter
domain P is given by P = K where

and let

Krp:={W"9"): W'+’ <R’}, 0<R<Ll

If S # (), we can assume that S is part of a larger surface Sy such that SoNU
is represented on Kp in the form x = t(y',4?), (v}, y?) € Kg, and that SNU
is given by = = t(y!,vy?), (y',4?) € P = Krn{y! > o},0 € [-1,0]. We can
also suppose that 95 N U is represented by t on Kp N {y* = o}. Choosing
R € (0,1) sufficiently small, we can in addition assume that

(44) hy) =ty"y?) +v*ny',v%), v= (" v"y*) € Br(0),

provides a diffeomorphism of Br(0) = {y € R3: |y| < R} onto some neigh-
bourhood of zy which will again be denoted by U. Then h maps Cj or C%
onto S NU if S is void or nonvoid respectively, where

Cr={yeR’:y* =0,y <R},
Ch={yeR:y*=0,y" >0,y < R}

Moreover, we may assume that h can be extended to a diffeomorphism of
R3 onto itself; let g be its inverse. Then {U, g} is an admissible boundary
coordinate system for S centered at xg, which is of class C? or C? if S is of
class C% or C*, respectively (because of the special form (44) of h involving
the surface normal n of S, we unfortunately lose one derivate).

The components g;; = h; ; h; . of the metric tensor are computed as

g = |y > = & = 29°L + (4°)*|nyn |,

922 = |hy2|* = G = 2°N + (4°)|n2 ],

gss = |hys|® = In> =1,

912 = g1 = (hyr, hy2) = F = 20° M+ (%)% (nyr, ny2),
913 = gz1 = (hyr, hys) = (ty,n) +y*(ny,n) =0,

( h (ty2,n) +y*(nyz2,n) =0

>
<

¥
<

W
~

I

g23 = g32 =
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for y € Br(0). Hence we obtain

(g% (y", y%,0)) = 0 S(y'y*) 0
0

for y € C'; or C} respectively, and the proof of Theorem 4 is complete. O

Step 3. Regularity of class C*/? at the free boundary.

Now we turn to the final part of our discussion. We are going to prove
Theorem 1. Our main tool will be

Lemma 4. Let f(u) be a complez-valued continuous function of the real vari-
able u on a closed subinterval I' of I, and set a(u) = Re f(u),b(u) = Im f(u).
We suppose that a(u)b(u) = 0 on I', and that there are positive numbers «
and ¢ such that oo <1 and

(45) |F2(u1) — f2(ug)| < Pluy — uz|®™  for all uy,us € I'.
Then it follows that
(46) |f(u1) — flua)| < 2clug —ua|®  for all uy,us € I'.

Proof. Let uy,us € I'Juy # ug, and set f1 := f(u1), fo := f(u2).
(i) Let clu; — ug|® < |f1 + f2|- Then we obtain

clur —ua|“|f1 — fa| < |fi + follfi — fo

= |ff = 3] < Plur — ug*

and consequently
If1 = fa] < clug —ug|®.
(ii) If | f1 4 fo| < clug —ug|® and Re f; = Im fo = 0, orelse Re fo =Im f; =
0, then |f1 — fa| = |f1 + f2|, and consequently
lf1 = fa| <clur —ua|.

(iil) If | f1 + fa] < clug —ug|® and Im f; = Im fo = 0, then either | f1 — fo|
|f1 + f2|, and therefore

IA

If1 = fal < clur —ua|®,
or else |f1 — fa| > |f1 + f2|, whence
lay + as| < |a; —az| for a; := Re f1,a2 := Re fs.

Since a(u) is continuous on I’, there is a number ug between u; and ug such
that a(ug) := Re fo = 0, where we have set fy := f(ug). Thus each of the pairs
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{f1, fo} and {fs, fo} is either in case (i) or in case (ii), and by the previous
conclusions we obtain

|f1 = fol < clur —uo|® and |fa — fo| < clug —ugl®

whence
|fi — fal < 2clur —ua|®.

(iv) If | f1 + f2] < clu; — uz|® and Re f1 = Re fo = 0, then we obtain by a
reasoning analogous to (iii) that

|f1 — fal <2cluq — ual®.

Because of a(u)b(u) = 0 on I’, we have exhausted all possible cases and the
lemma, is proved. O

Proof of Theorem 1. We choose wg € I,z9 := X(wp),p > 0,7 € (0,p), and
a boundary coordinate system {U, g} with (32) as before, and set again ¥ =
goX. As we have now assumed that S € C4, we have g, h € C?, and therefore
F}k cC, F]lk(y) € Cl(S2r(w0))-

Since we have already treated the case 0S = (), we can concentrate our
attention on the case S # () where we have the boundary conditions (34).

Let f(w) be the complex-valued function defined by (42). Then, by (32),
it follows that

(47) fw) =yt (w) for all w € I, (w).

Furthermore, the equations (32) and (41) imply

~—

f2 = 7922(Y 1
g (Y g11(Y)

Since yi, = 1(yl — iyy) and y2,y® € CLF(Sy.(wp)) for any B € (0,1) and
Y € CY(Sa(wp),R?), we infer that f(u) with u € I' := I5.(wg) satisfies
the assumptions of Lemma 4 for all a € (0,1/2). Consequently y' is of class
CH(Ig-(wp)) for all a € (0,1/2). Moreover, the Euler equation

(48) (y)? — (yw)?  on Iz, (wo).

~—

Ay' = - (Y) (s + ylyk)
can be written in the form
Ay' + ayl, + by, = p+q|Vy')?

with functions a, b, p,q € C%?(Ss,(wg)). Then an appropriate modification of
potential-theoretic estimates (see Gilbarg and Trudinger [1], Widman [1,2])
yields y' € C12(Ss,(wp)) for all a € (0,1/2).

Next we use the Euler equations
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Ay? = TR (Y)(Yhys + viys)
Ay? = T3 (Y)(Whys + viys)

and the boundary conditions

in SQT (’LU())

yo =0, y>=0 in o (wy)

for any r € (0, p), as well as Y € C1*(Sa,(wo), R®) to conclude that both 32
and y? are of class C%%(Sa, (wo, R?)) for any r € (0, p).

By virtue of (48), the function f? is Lipschitz continuous on I’ = Ia,.(wp),
whence Lemma 4 implies that y. is of class C%1/2(I"). A repetition of the pre-
ceding argument with oo = 1/2 yields y* € C/2(Sy,.(wp)), and consequently
Y € CVY2(85,(wy), R?) for any r € (0, p). O

2.8 Higher Regularity in Case of Support Surfaces
with Empty Boundaries. Analytic Continuation Across
a Free Boundary

In this section we want to consider stationary points of Dirichlet’s integral in
C(I',S) whose support surface S has no boundary. We shall prove that any
such surface X is of class C"™#(B U I,R3), provided that S is an admissible
support surface of class C™# with m > 3 and 3 € (0,1). Moreover, X will
be seen to be real analytic on B U I if S is real analytic, whence X can be
continued analytically across its free boundary I.

Our key tool is the following

Proposition 1. Let X be a stationary minimal surface in C(I', S) and suppose
that S is of class C™,m > 2. Then X is of class C™ (B U I,R3) for any

€ (0,1). Moreover, if S is of class C™P for some m > 2 and some 3 € (0, 1),
then X is an element of C™#(BUI,R?).

Proof. Recall that, according to Definition 1 in Section 1.4, a stationary min-
imal surface in C(I',S) is an element of C(I',S) N CY(B U I,R3) N C?(B,R3)
which is harmonic in B, satisfies the conformality relations

|Xu‘2 = |X1)‘27 <Xu7Xv> = Oa
and intersects S perpendicularly along its free trace X given by the curve
X:I—R3.
Pick some wq € I, and set x¢ := X (wp). Without loss of generality we can
assume that x¢o = 0, and that for some cylinder

(1) C(R) = {(a",2%,2°): [2'|* + |2?* < R, |2"| < R}

with 0 < R < 1, the surface S N C(R) is given by
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3 1 .2 12 2|12 2
2) = f(ah,a?), [P +]a?? < R,

where f is a scalar function of class C™ or C™" if S is of class C™ or C"™?
respectively. Then S has the nonparametric representation

t(z' 2?) = (2',2%, f(a',2%)), (2" 2%) € Bgr(0),
with the surface normal

Q n=(fr ) = G,

(4) fl ::fxlv f2 ::frzv W = \/1+f12+f22

Now we choose some r > 0 such that S,.(wg) is mapped by X into the cylinder
C(R). Since X, is perpendicular to S, the vectors X,(w) and n(X(w)) are
collinear for any w € I, (wg) := I N B, (wp). Consequently we have

X, = (X, n(X))n(X) on I.(wo),

that is, , 4
z) = 2hnk(X)nd(X) on I.(wp) for j =1,2,3.

If we set
fK ::fK/W27 K:1a27

it follows that
(5) ol = B2t 2?) {2 — fr(at P2kl on I(wo), K =1,2.

(Indices K, L, M, ... run from 1 to 2; repeated indices K, L, M, ... are to be
summed from 1 to 2.) Let us introduce the function y3(w) by

(6) yHw) = 2* () — flat (w),2%(w)), w € Sy (wo).
Then we have the boundary condition “X (w) € S,w € I” transformed into
(7) y’(w) =0 for any w € I, (wo),
and (5) can be written as
(8) o = B2t 2?)y?  on I.(wg) for K =1,2.
Moreover, from (6) and AX = 0, we derive the equation
Ay? = —fKL(xl,xz)Da:rKDamL in Sy (wo).-

Thus we have the two boundary value problems
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(x) Ay = —frr(zt, 2?)Dox® Dozt in S, (wo),y> =0 on I,.(wp)
with fxr := fyx,r, and

(xx)  Az® =0 in S,(wo), zF = -8z 2?)y? on I.(wy),K =1,2.
Now we are going to bootstrap our regularity information by jumping back
and forth from (x) to (%), assisted by the relation (6). To this end, we note
that f € C™ or O™, fr, €8 € O™ or C™1B; fep € C™2 or O™~ 2P if
S € C™ of C™PB, respectively.

We begin with the information X € C*(S,(wp), R?) assuming that S € C2.
Then we infer from (x) that

Ay? € Loo(S,(wg)), > =0 on I.(wp).

whence y* € C1(S,(wp)) for any o € (0,1) and p € (0,7). In the following,
we shall always rename a number p with 0 < p < r in r; thus we actually
obtain a sequence of decreasing numbers r.

Now we can infer from (8) that X € C%%(I,.(wy)), and it follows from ()
that 2% € C1(S,.(w)), K = 1,2. By virtue of (6), we have

9) o =y’ + f(at,2?)

whence X € C1(S,.(wg), R?) for any a € (0, 1).
Suppose now that S € C%# holds for some 3 € (0,1). Then we infer from
(*) that
Ay? e COF(S,.(wp)), ¥>=0 on I.(wp),

whence y® € C%8(S,.(wy)). Now it follows from (xx) that 2% € CVP(I(wy))
whence 5 € C%8(S,.(wp)), K = 1,2. Then we obtain from (9) that X €
02’5(§T(w0),R3).

Next we assume S € C®, whence Ay® € C%%(S,.(wy)), and (%) yields
y> € C%(S,.(wp)) for all & € (0,1). Now (%) implies 2 € C1*(I,.(wp)), and
therefore 2% € C%%(S,.(wp)) for any o € (0,1) whence X € C%%(S,(wyp)),
taking (9) into account.

In this way we can proceed to prove the proposition. (Il

Recall that any stationary point X of Dirichlet’s integral in C(I,.S) is a
stationary minimal surface in €(I', S), provided that X is of class C'(BUI,R?)
(cf. Section 1.4, Theorem 1). Hence from Proposition 1 we obtain the following
result, by taking also Theorem 4 of Section 2.7 into account:

Theorem 1. Let S be an admissible support surface of class C™ or C™P,
m > 3, 8 €(0,1). Then any stationary point of Dirichlet’s integral in C(I, S)
is of class C™~5*(B U I,R3) for any a € (0,1) or of class C™P8 (B U I,R3)
respectively.
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Remark 1. The result of Theorem 4 in Section 2.7 is a by-product of the
general discussion of that section, the main goal of which was to deal with
surfaces S having a nonempty boundary. If S is void, we can use a different
method that avoids both the derivation of Ls-estimates and the use of the
L,-theory. This approach is more in the spirit of Section 2.3 and uses results
which are closely related to those of Sections 2.1 and 2.2. To this end we choose
Cartesian coordinates x = (x', 22, 2%) in the neighbourhood of 0 = X (wg) € S
in such a way that S is given by a nonparametric representation

t(at,a?) = (¢t 2?, f(at,2?)).
Moreover, we introduce the signed distance function
d(x) := £dist(z, S)

and the foot a(z) of the perpendicular line from x onto S which has the
direction n(x), |n(z)| = 1. Then, for all z in a sufficiently small neighbourhood
of the origin 0, we have the representation

(10) x = a(x) + d(x)n(x).

If z € 9, then clearly z = a(z) = t(x',2?). Note that a(z),d(z),n(z) are of
class C™~1if S € C™, i.e., their degree of differentiability will in general drop
by one. (In fact, it can be shown that d € C"™.)

Let now X be the stationary point that we want to consider, and let
wo € I, 0 < r < 1. Then we extend X (w) from S, (wg) to B,.(wp) by defining
the extended surface Z(w) as

[ X(w) for w € S, (wp),
(1) Zw):= { (X () — d(X(@)n(X (@) for T € Sy (w).

It turns out that Z is a weak solution of an equation
(12) AZ = F(w)|VZ|* in B,(wo)

with some function F' € Loo(B,(wp), R?), i.e. we have

(13) /B( )((VZ,V<p>+|VZ|2<F,<p>)dudv:0

for all ¢ €H} (B,(wp),R3) N Loo(B,-(wp), R?). This is proved by first estab-
lishing (12) in S,(wp) and in S} (wp) := By(wp) \ S,(wp), and then multiply-
ing (12) by ¢. We integrate the resulting equation over S, (wp) N {Imw > €}
and S (wo) N{Imw < —e},e > 0, and perform an integration by parts. The
boundary terms on 9B, (wg) vanish because of ¢ = 0, and the remaining
boundary terms cancel in the limit if we add the two equations and let € — 0;
the resulting equation will be (13). The cancelling effect is derived from a
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weak transversality relation which expresses the fact that X is a stationary
point of Dirichlet’s integral. Concerning details of the computation, we refer
the reader to Jager [1], pp. 808-812.

Then, by a regularity theorem due to Heinz and Tomi [1] (see also the
simplified version of Tomi [1]), it follows that Z € C1%(B,(wy), R?) for some
a € (0,1) and some ' € (0,7), whence X € C1%(S,.(wp), R?), which was to
be proved.

Remark 2. Another way to avoid L,-estimates, p > 2, is the approach of
Step 1 in Section 2.7. Assuming that S is of class C*, we can estimate the Lo-
norms of the third derivatives of a stationary point X up to the free boundary
I, and this will imply X € C1(B U I,R3). In fact, one can estimate |D*X|f,
for any s > 2 thus obtaining X € C*~2%(BUI,R?). Since one has to assume
S € C**! to keep this method going, we essentially lose 2 derivatives passing
from S to X. These derivatives can only be regained by potential-theoretic
methods such as used in the beginning of this section. For details, we refer to
Hildebrandt [3].

Analogously to Theorem 1, we obtain

Theorem 1'. Let S be an admissible support surface of class C™ or C™P,
m > 3,8 € (0,1), and let B be the unit disk. Assume also that X: B — R?
is a minimal surface of class C1(B U v, R3) which maps some open subarc
~v of OB into S, and which intersects S orthogonally along the trace curve
X:~y— R3. Then X is of class C™~1%(B U ~,R3) for any o € (0,1), or of
class C™B(B U ~,R3) respectively.

Now we come to the second main result of this section.

Theorem 2. Let S be a real analytic support surface. Then any stationary
point of Dirichlet’s integral in C(I',S) is real analytic in B U I and can be
extended across I as a minimal surface.

Note that in Theorem 2 the parameter domain B is the semidisk {Imw > 0,
|w| < 1} and I is the boundary interval {Imw = 0, |w| < 1}.
Analogously we have

Theorem 2'. Let S be a real analytic support surface in R3, and let B be the
unit disk. Assume also that X is a minimal surface of class C1(B U ~,R?)
for some open subarc vy of OB which is mapped by X into S, and suppose that
X intersects S orthogonally along the trace curve X: v — R3. Then X is real
analytic in B U~ and can be extended across v as a minimal surface.

Since both results are proved in the same way, it is sufficient to give the

Proof of Theorem 2. By Proposition 1 we already know that X is of class
C>(B U I,R3?). Let X*(w) be the adjoint minimal surface to X (w) in B,
and let
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flw) = X (w) + X" (w) = (f(w), *(w), f*(w))
be the holomorphic curve in C3 with X = Re f and X* = Im f, satisfying
(f'(w), f'(w)) =0 on B.

We have to show that, for any ug € I, there is some § > 0 such that f(w)
can be extended across Is(ug) = I N Bs(ug) as a holomorphic mapping from
Bs(ug) into C3. Without loss of generality we can assume that ug = 0. Set
Bs := B5(0), Is = I5(0) and Ss := BN Bs. We can also achieve that f(0) =0
holds true. Moreover, by a suitable choice of Cartesian coordinates in R?, we
can accomplish that S in a suitable neighbourhood U of 0 is described by

SNU={z=(z' 2% 2%): 2% =(a',2?), |2, |2?| < R}
for some R > 0, where
$(0,0) =0,  $,1(0,0) =0, ¢432(0,0) =0.
Then there is some &g > 0 such that
|zt (u)| < R, |2%(u)] < R for all u with |u| < &.
The vector fields Tk () defined by
= (L04), Toi= (0,1,02)

are tangent to S. Moreover X, is orthogonal to X,, and X, is tangent to S
along I. As X, is orthogonal to S along I, we have

(Tk(X),X,) =0 on s for K=1,2,

whence

(T (X),X*) =0 onls, for K=1,2,
and consequently
(Tk(X), X)) = (Tx(X),f) onls, K=1,2.

This can be written as

P e (o 02)a = (0, 2%)

on I5, for K = 1,2, and the identity
23(u) = Y(2' (u), 2%(u)) for all u € I,

yields
—thprc (22K + 23 =0 on T,

(summation with respect to K from 1 to 2!).
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Thus we obtain

1 0 Py (1‘171‘2) xl
(14) 0 1 hy2 (xl, 2?) z2
—pr (2t 2?) = (2t 2?) 1 o

fL+ (2t 2t f3

= fq% +¢$2($1,$2)f3)
0

on I5,. In matrix notation we may write
(15) A(X)X, =I(X, ') onTs,
with a 3 X 3-matrix A(X), the determinant of which satisfies
det A(X) =1+ 2 (2", 2?) + 2. (2!, 2%) #0 on I,

for 0 < §p < 1. Thus we obtain
(16) X, =AY X)X, f) onls,.
Let us introduce the function F(w, z) for w € C and

z= (24,2223 e C® with |w| < po, Imw >0, and |z| < p
(ie., x € Fil) by setting
(17) F(w,z) :== A7 (2)l(z, f'(w)).

The mapping F': gpo X Eil — C3 is of class C* (differentiability meant in the
“real sense” with respect to w) and holomorphic on S, x Bgl.
Then we can write (16) in the form

(18) %X(u) = F(u, X (u)) for all u € Is,

if 09 € (0, po] is sufficiently small. Since X (0) = 0, we obtain
u
(19) X(u)= / F(t,X(t)dt forall u € Is,.
0

By a standard reasoning this integral equation has not more than one solution
in C%(15,,R3) since F(w,z) satisfies a Lipschitz condition with respect to

=3 . = .
z € B, , uniformly for all w € S,,. By the same reasoning, the complex
integral equation

(20) Z(w) = /ow F(w, Z(w)) dw
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has exactly one solution Z(w),w € Ss, in the Banach space A(Ss) of functions
Z: S5 — C? which are continuous on Ss and holomorphic in Ss, provided that
0 € (0, do] is chosen sufficiently small (cf. the proof of Theorem 3 in Section 2.3,
and in particular the footnote; one uses the standard Picard iteration). By the
uniqueness principle, we have

Z(u) = X(u) forall u € Iy,

whence
ImZ =0 on Is.

Hence we can apply Schwarz’s reflection principle, thus obtaining that

Z(w) :=Z(w) forw e Bs with Imw <0

yields an analytic extension of Z across I onto the disk Bj centered at ug = 0.
Moreover, f = X + 1X " is holomorphic in S, continuous on S5, and

Re(f—Z)=0 on I;.
Thus we can extend i(f — Z) analytically across I by
i{f(w) — Z(w)} := —i{f(w) — Z(w)} for w € Bs with Imw < 0.

Hence _
fw) :=2Z(w) — f(w) for w e Bs with Imw < 0

extends f analytically across I5. Now f(w) is seen to be a holomorphic function
on Bs, and X = Re f defines the harmonic extension of X to Bs which, by
the principle of analytic continuation, has to be a minimal surface on Bs. [J

2.9 A Different Approach to Boundary Regularity

In this section we want to give a different proof of the Hélder continuity of
VX where X is a stationary point of Dirichlet’s integral in C(I',S). This new
proof merely requires that S is of class C®. The first step is the same as in
Section 2.7 and need not be repeated: one estimates the Ly-norms of V2X up
to the free boundary. The other two steps are replaced by a new argument:
We insert a suitable modification of the test function ¢ = A_;{n?A,Y} into
the variational inequality
0E(Y,¢) > 0.

This will lead us to a Morrey condition for V2X which, in turn, implies that
VX is of class C%® on BUI for some « € (0, 3. The essential new feature of
this approach is that we shall explicitly use the first equation of Section 2.7,
(35) which states that y! = 0 a.e. on I;rp(wo), and y' = 0 on I»,(wo) \I;p(wo).
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Throughout this section we shall assume that S is an admissible support
surface of class C® in the sense of Section 2.6, Definition 1.

As in Steps 2 and 3 of Section 2.1, we shall use a special boundary coor-
dinate system satisfying (32) of Section 2.7. Note that, therefore, the defining
diffeomorphisms g and h of the boundary coordinates are merely of class C?.

We also assume that we have the same situation as in Section 2.6, that is:

wo € I,zg := X(wp), {U, g} is an admissible boundary coordinate system
centered at w9, h = g~ 1, Y := g(X),Y (wg) = 0; p > 0 is chosen in such a way
that |Y (w)| < R for all w € S2,(wp); in addition, {U, g} is chosen in such a
way that (32) of Section 2.7 holds true; we have

y'(w) > o and y*(w)=0 forallw e Ir,(wo),
yl(w) = 0 a.e. on I;p(wo) = Iy, (wo) \ {w: yt(w) =o};

finally, by Step 1 of Section 2.7, Y € H3 N H; (Sa,(wo), R?) for any r € (0, p),
as well as Y € C%(S,,.(wg), R3) for all a € (0,1).

Lemma 1. Let ¢ = (¢!, 9%, ¢®) € H3 N Loo(S2,(wo), R?) be a test function
with ©* =0 on I,(wp), supp ¢ € S2,(wo) U Iz, (wo), and suppose that

Xo:=h(Y +¢e¢), 0<e<e(o),

is an admissible type Il-variation of X in C(I,S). Then we have

(1) /BDaijOc(Pj dudv > /lgﬁk(Y)Daijayk@l dudv.
For . '
gl =Dy’ =V, §:=Doy —d

with d* = d? = 0 and arbitrary constants b', b2, b3, d3, we also have
(2) / 7 Do du dv > / ij(Y)Daijaykcpl du dv.
B B

Proof. Because of (32) in Section 2.7, we infer that also X? := h(Y + e¥)
with & = (1,92, 9%), 7 == g™ (Y)oF, ¢ = (¢!, 9%, ¢?) is an admissible type
II-variation of X in €(I,S), with ¢ = 0 on I5,(wg) and

supp ¥ € Sa,(wo) U Io,(wo).

Hence
SE(Y,¥) > 0,

and by computations similar to those in the beginning of Section 2.6, we
obtain (1).
Secondly, an integration by parts yields the identities
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[ #Dagi dude = [ Dulgedudo - [ (ay)e! dudo
B B B

- [ du- [ (@) dudo
I B

- / [(Duy')e" + (Doy?)?] du — / (Ay?)e? du dv
I B

_/I<DUY7¢>du—/B<AY,¢>)dudv

/(DQY,DQ@ dudv:/ Doy’ Do’ dudv.
B B

Hence (2) is a consequence of (1). O
Next we shall prove a generalized version of Poincaré’s inequality.

Lemma 2. For any v > 0, there is a constant M > 0 with the following
property: If wyg € R,7 > 0, Ty, := Sa,.(wo) \ Sr-(wo), vy € Hi(Ts,) and

HHw € Lo (wo) \ I-(wo): ¥(w) = 0} > Ar,

then

Y2 dudv < Mr2/ V| du dv.

Tor Tor

Proof. Suppose that » = 1,7 > 0, and let C, be the class of functions
v e HY(T), T := Ty, with HY{w € Ir(wp) \ I1(wo): ¥(w) = 0} > ~v. We
claim that there is some number M > 0 such that

(3) /Wdudng/ |V|? du dv

T T
is satisfied for all 1 € €,. By a scaling argument we then obtain the assertion
of the lemma.

Suppose now that there is no M > 0 with (3). Then there is a sequence of
functions ¢ € C,, k € N, such that

/ V2 dudv > k:/ V| du do.
T T
Without loss of generality we may assume that
(4) / Y2 dudv =1,
T
whence

(5) / |V |* dudv < 1/k, Kk €N.
T
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Then, by a well-known compactness argument for bounded sequences in
Hilbert spaces, there is a subsequence {1/} of {1y} which converges weakly
in H3(T) to some v € H3(T). Then {1},} converges strongly to 1) both in
Lo(T) and in Ly (9T'), on account of Rellich’s theorem and a result by Morrey
(cf. [8], pp. 75-77). As Dirichlet’s integral is weakly lower semicontinuous, we
infer from (5) that

/ |V |2 du dv = 0.
T

Hence there is a constant ¢ such that
Y(w)=c a.e onT,

and, because of (4), we have ¢ # 0.
On the other hand, we have

/ |w;fc|2df}clz/ [ — ef? 3
aT oTN{y!,= 0}

= AHYOT N {¢), =0}) > c*y foralln € N.

As
lim [yl — c[*dH' =0,
it follows that c?y = 0, which is impossible since ¢ # 0 and v > 0. (]

Now we want to use the generalized Poincaré inequality to establish the ba-
sic estimates of the stationary surface X in €(I,.S), or rather of its transform
Y = g(X).

Lemma 3. Set Ty, := So,(wp) \ Sr(wo), and

1
(6) Clr) == —2min{/ |Duy1|2dudv,/ |Dvy12dudv}.
r T

Toyr

Then, for every 6 € (0,1), there is a constant ¢ = ¢(6) > 0 such that the
inequality

(7) / IV2Y 2 dudv < ¢ {((7") N +/ |V2Y|2dudv}
ST(WO)

T,
holds true for all r € (0, p).

Proof. Choose a cut-off function 7 as in Section 2.7, and replace the test
function ¢ in Section 2.7, (1) by

(8) ¢ = A*t{nz(AtY - A)}’ ¢ = (Lpla 9027 903)7

where
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A= (AY, A2, A3) == (0,a,0)

is a constant vector with an arbitrary constant a € R. We claim that ¢ is
admissible for inequalities (1) and (2) in Lemma 1 provided that |t| < 1. In
fact,

Y(w) 4+ ep(w) = MY (w) + MYt (w) + (1 = A\ — X2)Y (w) + pA,

A= et (w), o= etk (w), = et i (w) — n?(w)].

Thus Y (w) 4+ e¢(w) is a convex combination of the three points Y (w), Y3 (w),
Y_;(w) which is translated by pA, that is, in direction of the y?-axis, provided
that 0 <e < %t2. Then, by a repetition of the reasoning used in the beginning
of Section 2.7, we infer that X, := h(Y + €¢),0 < ¢ < 1, is an admissible
variation of X in €(I',S) which is of type II. Thus we can insert ¢ in (1),
whence

/ DozijaAft{"f(Atyj — AJ)} du dv
B
2 / Fglk(Y)Daijaykﬂft{nQ(Atyl — AW} dudv.
B

If we multiply this inequality by —1 and perform an integration by parts (cf.
Section 2.7, Lemma 1), it follows that

[ ADoy? (P (Do) + 20Dan(Auy? — A1)} dude
B
< - / F}k(Y)Daijayk{(Aftnz)(Atyl - Al) + nfﬂftAtyl} dudv.
B
As t tends to zero, we arrive at
/ n*|VD,Y |* dudv
B
§/ 2n|Vn|IVD,Y||D,Y — A| dudv
B
+ c/ VY |*3|Vn|| DY — Al dudv + c/ VY |*n?|D2Y | du dv.
B B
Here and in the following, ¢ will denote a canonical constant. Then, by means

of the inequality
2ab < ea? + eflbz,

we obtain that
/n2|VDuY|2dudv < 5/ 772|VDuY|2dudv+§/ VY [* du dv
B B B

+f/ (V2| D.Y — A]? du dv.
€JB
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By choosing ¢ = 1/2, the first term on the right can be absorbed by the
left-hand side, and it follows that

/ n*|VD,Y |2 du dv
Sar(wo)
< cr_2/ |D,Y — A dudv—I—c/ VY |* du dv.
TQT SQT('IUO)
From the Euler equation
Ay' + I (Y) Doy’ Day® = 0
we infer the inequality
DY |? < |DRY P + ¢ VYT,
and consequently
(9) / n?|V2Y |2 du dv
Sar(wo)
< cr_2/ |D,Y — A? dudv—i—c/ VY |* du dv.
Tor Sar(wo)
Since we have already shown that

Y e HyNH)(Z4,R), 0<d<]1,

for any p € (1,00), it follows that, for any § € (0,1), there is a constant
¢(0) > 0 such that

(10) / VY |* dudv < ¢(8)r!te
Sa2r(wo)
holds for all r € (0, p). Moreover, we have

/ IDLY — AP dudy = / (D2 + |Dut? — af? + | Duy®|?) dudo.
T27‘ 2r
Poincaré’s inequality yields

(11) / |Duy?|? dudv < c7“2/ VD, du dv
Tor T

r

for all r € (0, p) since y* vanishes on I»,(wp). Moreover, for

a:= Dyy? dudv,
T
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we infer from Poincaré’s inequality that
(12) / \Dqu — a|2 dudv < er? / |VDuy2|2 du dv
Tor To,.

is satisfied for all r € (0, p).
Combining inequalities (9)—(12), we find that

(13) / \V2Y'|? du dv
Sr(wo)

< ¢(9) {7“_2/ | Dyt |2 du dv —|—/ \V2Y|? du dv + 7"1'“5} .
T27‘

27

By a similar reasoning, it follows that
(14) / |V2Y |2 du dv
Sy (wo)

< 0(5) {7‘_2/ |Dvy1|2 du dv _|_/ |v2y|2 dudv + T1+6}
Tor b

r

holds true if we insert the test function
(15) ¢ =P AL AY

in inequality (2) of Lemma 1. We leave it to the reader to check that (15) is
an admissible test function for (2), and to carry out the derivation of (14) in
detail.

Then the desired inequality (7) is a consequence of (13) and (14). O

Now we are going to prove our main result.

Theorem 1. Let S be an admissible support surface of class C3, and suppose
that X is a stationary point of Dirichlet’s integral in C(I', S). Then there exists
some a € (0,1/2) such that X € CH*(BUI,R3).

Proof. We have
yl =0 ae on I (wp) = {w € Iy (wo): y' (w) > o},
yl =0 ae on I9.(wy) := {w € L (wo): y'(w) = o}.

Hence, either
(15, (wo) \ I (wo)) = 7

or

H (I, (wo) \ I (wo)) > 7

holds true, and we can apply Lemma 2 to ¢ = y! or 1 = yl respectively,
obtaining
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Y2 dudv < MTQ/ V|2 du dv.

T27- T2r

Thus the function {(r), defined by (6), will satisfy

Cry< M |V2y > dudv  for all r € (0, p),

T27‘

and we infer from formula (7) of Lemma 3 that

udv <cqr + u dv
V2Y|? dud 149 V2Y|? dud
S (wo) Sar(wo)\Sr(wo)

holds true for some ¢ € (0,1) and for all r € (0, p). Adding the term

c/ VY |? du dv
ST(IU())

to both sides of the last inequality and dividing the result by 1 + ¢, it follows

that
/ VY |? dudv < 6 / |V2Y'|? du dv 4 r'T0
Sr(wo) Sar(wo)

holds true for some 6 € (0,1) and for all r € (0, p), where

c

0:= :
1+¢’

that is, 0 < 6 < 1. Hence, by Lemma 6 of Section 2.6, we infer the existence
of positive numbers k and o < 1 such that

(16) / VY |2 dudv < kr**  for 0 <r < p,
Sr(wﬂ)

whence by
IV2X | < {|V2Y )2 + | VYY)

and (10) we obtain

/ IV2X |2 dudv < k*r?® for0<r<p
Sr(wo)

and some constant k* depending on p but not on r. By virtue of Mor-
rey’s Dirichlet growth theorem we infer that X € C1%(Z,4,R?), for any
d e (0,1). |
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2.10 Asymptotic Expansion of Minimal Surfaces
at Boundary Branch Points and Geometric
Consequences

We have seen that a minimal surface X : B — R3 can be extended analytically
and as a minimal surface across those parts of 9B which are mapped by X
into an analytic arc or which correspond to a free trace on an analytic support
surface. Therefore, at a branch point of such a part of 9B, the minimal sur-
face X possesses an asymptotic expansion as described in Section 3.2 of Vol. 1.
In this section we want to derive an analogous expansion of X at boundary
branch points, assuming merely that I" or .S are of some appropriate class C"™.
Our main tool will be a technique developed by Hartman and Wintner that is
described in Chapter 3 in some detail. Presently we shall only sketch how the
Hartman—Wintner technique can be used to obtain the desired expansions at
boundary branch points.

Since in the preceding sections we have discussed stationary points of
Dirichlet’s integral in C(I,.S), that is, stationary minimal surfaces with a
partially free boundary on I, we shall begin by considering such a minimal
surface X. Thus we can assume that we have the same situation as in Sec-
tion 2.6:

S is assumed to be an admissible support surface of class C3;wg € I, xg :=
X (wp); {U, g} is an admissible boundary coordinate system centered at xg, h =
g LY = (yhy2y3) = g(X),Y (wg) = 0;p > 0 is chosen in such a way that
Y (w)| < R for all w € Sa,(wp); in addition, {U, g} is chosen in such a way
that (32) of Section 2.7 holds true. We have

yg =0 and %*=0 in I, (wo)

and '
Ay + T (Y)Day’ Doy® =0 in B.

Moreover, on account of
g (Y)ylys =0 in B,

it follows that

(1) IVy'? < {IVYP + VY 1P}
and
(2) A%+ |Ay®| < {IVY? ) + (VY [*}

holds is Sa,(wo) for some constant ¢ > 0.
In Section 2.7 we have also proved that y? and 33 are both of class
C12(S2(wo)) and of class HZ(Sa,(wp)) for any o € (0,1),p € (1,00), and
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r € (0,p). Then the mapping Z(w) = (z'(w),2?(w),z3(w)) defined by
2Y(w) := 0 and by

3(w) == y?(w) if Imw >0,
3(w) == —y*(w) if Imw <0,

);
(E>7

w=u+iv € B,(wp), W = u—iv, is of class C1*(B,(wp), R?) and of class C*
in B,(wo) \ I,(wo). Furthermore, for some constant ¢ > 0, we have

B

z = 2 z
z = z

3) | Zww| < ¢ Zw| 0 By(wo) \ I, (wo).

Let 2 be an arbitrary subdomain of B,.(wp) for some r € (0, p) which has
a piecewise smooth boundary 942, and let ¢ = (o, %, ©3) be an arbitrary
function of class C1(£2,C?). Then, by an integration by parts, we obtain that

(4) > <zw,¢>du)=(/‘«zm”¢m>+<zwmﬂw>d2w,

2 a9 2

where dw = du + i dv, d®>w = du dv.
Combining (3) and (4), we arrive at the inequality

()

| @ daw| <2 [ 12,160+ dol)
o1 £

which holds for all ¢ € C1(2,R3) and for all 2 C B,(wp) with a piecewise
smooth boundary 9f2. But this relation is the starting point for the Hartman—
Wintner technique; cf. Chapter 3, Section 3.1.

Suppose now that wg € I is a branch point of X, that is,

| Xu(wo) =0 and |X,(wp)| =0.

Then we have
[YVu(wo)| =0 and |Y,(wo)| =0

and consequently
Yw (’LU()) =0.

We claim that there is no r € (0, p) such that Yy, (w) = 0 for all w € S, (wo).
In fact, suppose that Y, (w) = 0 on S, (wp). Then we obtain X,,(w) = 0 on
Sy(wo), whence X,,(w) = 0 on B; but this is impossible for any stationary
point of the Dirichlet integral in C(I,S).

From Y, # 0 on S, (wp) for any r € (0, p) it follows that Z,(w) # 0 on
Sy (wp), on account of (1). Then by virtue of Theorem 1 of Section 3.1, there
is some vector P = (p!,p?,p3) # 0 in C3 and some number v € N such that

Zw(w) = P(w —wp)” + o(|lw —wp|”) as w — wy.

Because of z} (w) = 0, it follows that p' = 0:
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P = (0,p*p°).
Now we consider the function e(w), w € S,(wp) \ {wo}, defined by
e(w) := (w —wo)™"f(w),

where f(w) is defined by (42) in Section 2.7. Since Y (wg) = 0 and

E& 0 0
(gix(0)=10 Go 0|, &y #0, Go#0,
0 0 1

we infer from formula (41) in Section 2.7 that lim,, .., e*(w) exists, and that

lim () = —20 lim (w — wp) (42 (w))?

w—wo 0 w—wo

1 o
o T (w0 = wo) (4 (w))?,
0 Ww—wo

Then, by Lemma 3 of Section 2.7, we see that lim,,_,,e(w) does exist. Set

fli= Jim e(w) = lim (w—wo) "y, (w), f*:=p% fPi=p".
It follows that
Yo (w) = F(w —wp)” + o(|lw —wp|”) as w — wo,
where F' € C3 satisfies F # 0 and (F, F)) =0, i.e.
gr(0)f* f1 = 0.
Because of X,, = hy(Y)Y,,, we obtain the following result:

Theorem 1. Let S be an admissible support surface of class C® and X be a
stationary point of Dirichlet’s integral in the class C(I',S). Assume also that
wg € I is a boundary branch point of X. Then there exist an integer v > 1
and a vector A € C3 with A # 0 and

(6) (A, A) =0
such that
(7) Xw(w) = A(w —wp)” + o(jw —wo|”)  as w — wo.

We call v the order of the branch point wy.



192 2 The Boundary Behaviour of Minimal Surfaces

From this expansion we can draw the same geometric conclusions as in
Section 3.2 of Vol. 1. To this end we write

A= %(a —if3) with o, 8 € R3.

Then it follows that
la| =18 #0, {a,B)=0

and

Xu(w) = aRe(w —wp)” + fIm(w — wo)” + o(|w — wp|”),

(8> v v v
Xyp(w) = —aIm(w —wp)” + S Re(w — wo)” + o(Jlw — wo|”)

as w — wg, whence
Xu(w) A Xy(w) = (a A B)|lw—wo|? 4+ o(jw —wo|?)  as w — wo.
This implies that the surface normal N(w), given by
N = | X, A X 7H XL A XY,
tends to a limit vector Ny as w — wy:

(9) lim N(w) = Ny =|aAB| " (aApB).
w—wq

Consequently, the Gauss map N(w) of a stationary minimal surface X (w) is
well-defined on all of B U I as a continuous mapping into S2. Therefore the
surface X (w) has a well-defined tangent plane at every boundary branch point
on I, and thus at every point wg € BUI.

Consider now the trace curve X : I — R3 of the minimal surface X on the
supporting surface S. We infer from (8) that

Xu(w) = alw —we)” + o(|lw —wp|”) as w — wg,w € I

and, writing w = u,wy = ug for w,wy € I, we obtain for the unit tangent
vector

t(u) := [ Xo(u)| ™ Xy (u)
the expansion

a (u—wug)”

(10) t(u) =

= T oll) asu— .

Therefore the nonoriented tangent moves continuously through any bound-
ary branch point ug € I. The oriented tangent t(u) is continuous if the order
v of ug is even, but, for branch points of odd order, the direction of t(u) jumps
by 180 degrees when u passes through ug.

Finally, by choosing a suitable Cartesian coordinate system in R?, we
obtain the expansion



2.11 The Gauss-Bonnet Formula for Branched Minimal Surfaces 193

w(w) + iy(w) = (zo + o) + alw — wo)" ™ + o(jw — wo|"*1),

11
. 2(w) = 20+ of|w — wo|"*T)

as w — wp, where X (wg) = (2o, Y0, 20) and a > 0; see Section 3.2, (6), of
Vol. 1.

The same reasoning can be used for the investigation of X at a boundary
branch point wy € int C. We obtain again an expansion of the kind (7) with
some v > 1 and some A € C3, A # 0, (A, A) = 0. As X: C — I is a monotonic
mapping, the tangent vector

t(p) = [ X ()7 X ()

of this mapping has to be continuous, and we infer from (7) thal v is even,
provided that I is of class C?.

The same result can be proved for minimal surfaces X € C(I") which solve
Plateau’s problem for a closed Jordan curve I' of class C?; cf. Chapter 4 of
Vol. 1 for the definition of €(I"). Thus we obtain

Theorem 2. Let I' be a closed Jordan curve of class C? in R3, and suppose
that X € C(I') is a minimal surface spanning I'. Then every boundary branch
point wy € OB is of even order v = 2p,p > 1, and we have the asymptotic
expansion

(12) Xo(w) = A(w — w)* + o(|w — wo|*?)  as w — wo,
where A € C3, A #0, and (A, A) = 0.

W. Jiger [3] has pointed out that I" € C1# suffices to prove (12).

2.11 The Gauss—Bonnet Formula for Branched Minimal
Surfaces

In Section 1.4 of Vol. 1 we have derived the Gauss—Bonnet formula

(1) /KdA—l—/mgds:%'
X r

for regular surfaces X € C?(£2,R?) defined on a simply connected bounded
domain {2 C C which map 02 onto a Jordan curve I'. The result as well as
the proof given in Section 1.4 of Vol. 1 remain correct if X does not map 042
bijectively onto a Jordan curve in R? provided that we replace formula (1) by

(2) /KdA—I—/ kgds = 2m
b'e X

or, precisely speaking, by
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(3) /K|Xu/\XU\dudv+/ KqldX| = 2m.
2 o0

Now we shall drop the assumption of regularity and, instead, admit finitely
many branch points in the interior and on the boundary of the parameter

domain §2. To make our assumptions precise, we introduce the class PR({2)
of pseudoreqular surfaces X : 2 — R as follows:

A surface X is said to be of class PR(12) if it satisfies the conditions
i) X € C%(2,R3) and

4) |Xu‘ = |Xv|v <XU7X”U> =0.

(
(
(ii) There is a continuous function H(w) on 2 such that
(5) AX = 2HX, A Xy,

(

iii) There is a finite set Yo of points in 2 such that X, (w) # 0 for all
w € 2\ Xy. For any point wy € Xy there is an integer v > 1 and a vector
A € C3? satisfying A # 0 and (A, A) = 0 such that

(6) Xw(w) = A(w — wp)” + o(jw —wo|”)  as w — wy.

We call Xy the singular set of X € PR(£2).

Remark 1. The set 2y := {w € 2: X,,(w) # 0} of regular points of X in
{2 is open and, by Section 2.6 of Vol. 1, equations (4) yield the existence of a
function H € C°(§2y) such that (5) holds true on 29. Moreover, the function
H is the mean curvature of X|q,. Thus condition (ii) is a consequence of (i) if
we assume that H(w) can be extended from 2y to 2 as a continuous function.
This extension is possible if, for some reason, we know that X is a solution of

(7) AX = 2H(X) X, A X,

in 2, where H € C(R3).

If, on the other hand, X € CZ%(£2,R3) is a solution of (4) and (7) for
some H € C'(R3), it is sometimes possible to extend X to a function of class
C?(£2,R3). For instance, the extendability can follow from suitable boundary
conditions (e.g. from Plateau-type conditions or from free boundary condi-
tions) as we have seen in the previous sections.

Finally if X (w) is a nonconstant surface such that (4) and (5) hold for
some H € C%*(2),0 < a < 1, then the set of branch points of X defined
by Yo := {w € 2 : X,,(w) = 0} is finite (and possibly empty), and, for any
wp € Yo, the mapping X has an asymptotic expansion (6) as described in (iii).
For minimal surfaces we have stated this result in Section 2.10. The general
theory will be developed in Chapter 3, using Hartman—Wintner’s technique.

Now we can formulate the Gauss-Bonnet theorem for pseudoregular sur-
faces; we shall immediately state it for multiply connected domains.
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Theorem 1. Let 2 be an m-fold connected domain in C bounded by m closed
reqular curves vy, ...,Ym of class C°°, and let X : 2 — R3 be a pseudoregular
surface with the area element dA = | X, A X,|dudv, the singular set Xy, the
Gauss curvature K in 2\ X, and the geodesic curvature rg of X|oo\ x5, Sup-
pose also that the total curvature integral fX |K|dA of X exists as a Cauchy
principle value. Then we obtain the generalized Gauss—Bonnet formula

(8) /XKdA:27r(2—m)+27r dovw)+m Yy V(w)_/mngwm,

where o' 1= Xy N {2 is the set of interior branch points, o’ := XoN OS2 the set
of boundary branch points, and v the order of a branch point w € X.

For the proof of (8) we shall employ the reasoning of Section 1.4 of Vol. 1.
To carry out these arguments in our present context, we need two auxiliary
results.

Lemma 1. Let a > 0,1 = (0,a], and be f a function of class C1(I) such that
|f(r)] < m holds for all v € I and some constant m > 0. Then there is a
sequence of numbers ry, € I satisfying r, — 0 and r. f'(rr) — 0 as k — oo.

Proof. Otherwise we could find two numbers ¢ > 0 and € € (0, a] such that
rlf'(r)| > ¢ forall r € (0,e].

Then we would either have

(i) f'(r)>c¢/r forallre (0,
(ii) f'(r) > —c/r forallr e (0,¢].

In case (i) we obtain

€ d €
clogs=c [ < [ reyar= 1) - £0)
r . T .
whence )
log— < e log e for all r € (0,¢]
r c

which yields a contradiction since log2 — oo as r — +0. Similarly case (ii)
leads to a contradiction. O

Lemma 2. Let Xy be the singular set of a map X € PR(§2). Then, for any
wg € Xy, there is a sequence of positive radii ri, k € N, tending to zero such
that

. 0 _f2mv if wo € 92,
©) i Cluwnrn) OF log VA do = {m if wo € 092,

where r = |w—wp|, w = wo+re!?, v is the order of the branch point wy defined
by the expansion (6), and A = | X,|?.
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Proof. Let us write C(wo,r) = {w € 2: |w —wp| =7} as
Clwo,r) = {w = wo +1e": 91 (r) < < pa(r)}

for 0 < r <e <1, and set

w2(r)
f(r) = / log| X (w)| [ — wo| ™ de.
w1(r)

By Lemma 1, there is a sequence r, — +0 such that rpf/(rg) — 0. Since

| Xw| = VA/V/2, we obtain
log | X (w)||w — wo| ™ = log \/A(w) — log V2 — vlogr

for w € C(wo, r), whence

0 ., 0 v
Elog|Xw(w)||w—w0| —arlog\//l(w) —

Thus it follows that

. p2(re) /9 #2(rk)
ref (rg) :/ <8Tlog\/_) rkdgofu/ dy
® ®

1(7x) 1(7x)

+ 105 (re) log(|A| + 0k) — rre (1) log(JA] + 67),

where {0} and {6} } are two sequences tending to zero.
If wy € 2, we can assume that ¢1(r) = 0 and @o(r) = 27, whence

rif (k) = / (aglog \/Z) do — 27v.
C(wo,Tk) r

Because of r f/(r;) — 0, we then obtain

lim 2 log VAdo = 27v.

k—oo C(wo,rk)
If wy € 012, then the smoothness of 02 implies
e1(re) —1(rw) = and  rp{[P)(re)] + [05(rk)[} — 0 as k — oo,

whence

lim 0 log VAdo = 7v. a
k—oo C(’LUO,Tk aT

Now we turn to the
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Proof of Theorem 1. Let ¢/ = {wy,...,wy} and ¢” = {wWq,...,Wp} be the
sets of interior branch points and of boundary branch points respectively. We
consider N + M sequences {r((l])} and {féj)},l <a<N,1<pB<M,of
positive numbers tending to zero as j — oo. Set

2;: ={we: |w—wa|>7’&j),|w—wﬁ|>féj),1§a§N,1§ﬁ§M}.

By formula (32) of Section 1.3 of Vol. 1 we have

—/ KdA:/ A log VA du dv

taking | X, A X,| = A into account, and an integration by parts yields

(10) f/ KdA:/ (alogﬂ) dH*,
2; 89, on

where n denotes the exterior normal to 0f2;. (Actually, we should write
Jx, K dA instead of [, KdA, with X; := X|g,.) According to Lemma 2,

the sequences {rg)} and {féj)} can be chosen in such a way that

9 1
R N T P

as j — oo, and that

(12) / _ 9 log VA dH' — 7w (wg),
(g, on

where v(w,) and v(wg) denote the orders of branch points w, and wg, re-
spectively, which are defined by the corresponding expansions (6).

Moreover, let v, be one of the m closed curves, the union of which is
012, and let (a(0),b(0)),0 < o < L, be a parameter representation of 7y
in terms of its parameter of arc length o which orients 92 in the positive
sense with respect to £2. Then we have a2 + b2 = 1,a(0) = a(L), b(0) = b(L),
and n = (b, —a) is the exterior normal to 7, with respect to §2. The geodesic
curvature k, of the (oriented) curve X o7y can, according to Vol. 1, Section 1.3,
(46) be computed from the formula

. P

(13) KoV A = (ab — db) + 5,7 log VA
n

From a2 + b2 = 1 we infer that

(14) /OL(aB — ib) do = +2m,
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where we have the plus-sign if 4 is positively oriented with respect to its
interior domain while otherwise the minus-sign is to be taken. As 0f2 consists
of the closed Jordan curves ~y1,79,...,vm, we can assume that v; forms the
outer boundary curve of 92 whereas 7, . . . , ¥, lie in the interior domain of 7.
Consequently we have the plus-sign for «; and the minus-sign for vs, ..., Ym,
and we infer from (13) and (14) that

L L
(15) —/ 2log\/ZdU = 2mel, — Iig\/ZdO',
o On 0

where e := 1 for k = 1 and ¢ := —1 for 2 < k < m. (If there are branch
points on g, the integrals in v, are to be understood as Cauchy principal
values.) Adding (15) from k =1 to k = n, we obtain

(16) —/{m (C%log\/ﬁ) dH = 27(2 —m) — /89 KgldX]|.

Thus, letting j tend to infinity, we infer from (10) that

N M
(17) /XKdA:2W(2—m)+27raz_1y(wa)+wlglu(wg)—/69#;9dX|

provided that the integral f K dA exists as principal value

(18) / KdA = lim KdA
j—o00 O

In various instances it is superfluous to assume that the principle value
(18) exists. Let us consider some instructive cases.

Suppose that X € PR({2) is a minimal surface. Then we have K < 0, and
we infer that [ K dA exists, but it can have the value —oo. If, however, X
maps 02 topologically onto I" = U;"Zl I'; where I, I, ..., I}, are mutually
disjoint and regular Jordan curves of class C?, then the geodesic curvature
kg of X|po is bounded by |k4| < k where x denotes the curvature of x.
Hence [, ki4|dX| exists and is finite, and we infer from (10) for j — oo that
/ + | K| dA exists and is finite. Thus Theorem 1 implies the following result.

Theorem 2. Let {2 be an m-fold connected, bounded domain in C whose
boundary consists of m closed, reqular, disjoint curves vi,...,Vm. Secondly,
let

X € C°(2,R* N C?*(02,R?)
be a minimal surface on 2 which maps the v; topologically onto closed regular
and disjoint Jordan curves I';,1 < j < m, of class C**,0 < a < 1, with the

curvature k. Then [, |K|dA and [,, kg|ldX| = [jkgds are finite, and we
have
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(19) / KdA+//£gd5:27r(27m)+27TZV(w)+7r Z v(w),

X r weo’ wea’’
where ds = |dX| is the line element of I" := U;n:l I'j,v(w) is the order of a
branch point w € X, 0’ = 2N Xy, 0" := 02 N Xy, Xy is the set of branch
points of X in 2, and kg 15 the geodesic curvature of I' viewed as curve on
the surface X. In particular, equation (19) implies that

(20) 27m+21/(w)+%zy(w)§%/ﬁds.

wea’ weaoa’’ r

Here we have used the fact that the assumption I € C? implies that
X € PR(£2), as we have seen in the previous sections of this chapter. We
recall that the order of boundary branch points has to be even since X maps
012 topologically onto I

Remark 2. Because analogous regularity results hold for solutions X €
C°(2, R3) NC?(2,R?) of

AX = 2H(X) X, A X,

|Xu|2 = |Xv|27 <Xu7Xv> =0,
where H € C%(R?) (see Section 2.3), we infer from

K <H?<h? h:=sup H(X)
wes?

that [ [K|dA and [} kg ds are finite, and that we have formula (19) as well
as the estimate

1 1
1 — = < - ZAX
(21) 2 m—i—wezgly(w)—l—2w§//u(w)_27T/Ff<ads+h (X),

where A(X) = D(X) denotes the area of X which in certain situations can be
estimated in terms of the length of I" by, say, by isoperimetric inequalities.

Remark 3. Let X € C? N Hi(£2,R?) be a minimal surface which is sta-
tionary with respect to a boundary configuration (S, Ss,...,S,,) consisting
of m regular, sufficiently smooth surfaces S; whose principal curvatures are
bounded in absolute value by a constant k£ > 0, and suppose that {2 is an
m-fold connected bounded domain. Then X is of class PR({2) and intersects
S = U;nzl S; perpendicularly. Moreover, the geodesic curvature x4 of the free
trace X = X|sq can be written as

(22) Kg = Ky,

where 7 is the normal curvature of X' viewed as curve(s) on S. By virtue of
|k%| < k we then infer that
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kgl < k.

Therefore we obtain the Gauss—Bonnet formula

(23) /XKdA—&-/ManMX\ =2m(2—m)+ 2w Z viw)+7 Z v(w),

weo’ weao’!

where 0/ = Xy N 2,0"” = Xy N 012, and X is the set of branch points wq of
X, v(wg) is the order of wy € Xy, and we have the estimate

(24) 2 mt Y v 4y Y ) < %L(Z).

weo’ weao’!

The length L(X) = [, |dX] of the free trace X' can possibly be estimated by
other geometric expressions (see Sections 2.12 and 4.6).

If we want to state similar formulas for minimal surfaces solving partially
free boundary problems, we have to take the angles at the corners of X into
account (see Section 1.4 of Vol. 1, (12) and (12")). The necessary asymptotic
expansions can be found in Chapter 3.

Remark 4. For (disk-type) minimal surfaces X solving a thread problem (see
Chapter 5), the thread X has a fixed length L(X) and a constant geodesic
curvature kg if we view X' as curve on X. Hence it follows that

/ Kg|dX| = kg L(X).
b))

This observation can be used to draw interesting conclusions from the Gauss—
Bonnet formula.

Remark 5. It is not difficult to carry over the Gauss-Bonnet formula (14)
of Section 1.4 in Vol. 1 to minimal surfaces X : M — R? with branch points
which are defined on a compact Riemann surface M with nonempty bound-
ary. Suppose that dM consists of m disjoint, regular, smooth Jordan arcs
Y1, - - -, ¥m Which are topologically mapped by X onto a system I" of disjoint,
regular, smooth Jordan arcs I7,...,I,,, and let g be the genus of the ori-
entable surfaces X. Then we have

/ KdA+/ kgds +4m(g—1) +2mm =27 Z v(w)+7 Z v(w),
x r weaa’ wea”

where ¢’ and ¢” denote the sets of interior and of boundary branch points,
and v(w) is the order of any w € o/ Uo”.

2.12 Scholia

1. The first results concerning the boundary behaviour of minimal surfaces
are the reflection principles of Schwarz; see Sections 3.4 and 4.8 of Vol. 1.
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They insure that a minimal surface can be extended analytically across any
straight part of its boundary, or across any part of its boundary where the
surface meets some plane perpendicularly. Schwarz’s reasoning is described in
Section 3.4 of Vol. 1; cf. Schwarz [2], vol. I, p. 181. (As Schwarz mentions,
he learned this reasoning from Weierstrass.) Our discussion in Section 4.8 of
Vol. 1 follows the exposition in Courant [15], pp. 118-119 and pp. 218-219.

2. Another important result, found rather early, is Tsuji’s theorem that
a minimal surface X € H2(B,R?) has boundary values X|sp of class
H{(0B,R3) if their total variation is finite, i.e., if

/ |dX| < 0.
oB

(Here we have used the parameter domain B := {w: |w| < 1}.) The im-
portance of this result, which remained unnoticed for a long time, has been
emphasized in the work of Nitsche, see [28]. Tsuji’s paper [1] appeared in 1942;
it is based on a classical result by F. and M. Riesz [1] from 1916 concerning the
boundary values of holomorphic functions. We have presented Tsuji’s result
in Section 4.7 of Vol. 1.

3. The result stated as Theorem 3 in Section 2.3 is H. Lewy’s celebrated
regularity result from 1951; see Lewy [5]. It is the direct generalization of
Schwarz’s reflection principle guaranteeing that any minimal surface can be
extended analytically across an analytic part of its boundary. In Courant’s
monograph [15], this problem was still quoted as an open question (see [15],
p. 118). Lewy succeeded in proving his result without using Tsuji’s theorem.
Our proof essentially agrees with that of Lewy except that we use the fact
that X is of class C* on B U if v is a subarc of 9B which is mapped by
X into a real analytic arc I" of R3. One can, however, avoid the use this fact
(which follows from the results of Section 2.3); see Lewy [5], or Nitsche [28],
pp- 297-302.

4. Hildebrandt [1] has in a first paper derived a priori estimates for minimal
surfaces assuming them to be smooth up to the boundary. In conjunction with
Lewy’s result, one then obtains the following:

Let X € C°(B,R®) N H1(B,R?) be a minimal surface which is bounded by
a closed Jordan arc I'. Suppose that I' € C™H* m > 4, € (0,1), and that
there is a sequence of real analytic curves I, with

(1) |I' = Iylegmwe — 0 as n— oo.

Assume also that there is a sequence of minimal surfaces X, bounded by I,
such that
| X — Xn|co — 0 asn— oo

Then X is smooth up to the boundary, i.e., X € C™"(B,R?).

However, it might be possible that not every solution of Plateau’s problem
for I' satisfies this approximation condition; it certainly holds true for isolated
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local minima of Dirichlet’s integral; cf. Hildebrandt [1]. By approximating a
given smooth curve I' in the sense of (1) by real analytic curves I,, and by
solving the Plateau problem for each of the approximating curves I3,, the
above result yields:

Every curve I' € C™*,m > 4,1 € (0,1), bounds at least one minimal
surface X of class C™*(B,R?).

As a given boundary I may be spanning many (and, possibly, infinitely
many) minimal surfaces, this regularity result by Hildebrandt [1] is consid-
erably weaker than Theorem 1 of Section 2.3 whose global version can be
formulated as follows:

Let I' € C°(B,R3) be a minimal surface, i.e.,
AX =0, |X,)?=|X,* (Xu,X,)=0 in B,

which is bounded by some Jordan curve I' of class C™*" with m > 1 and
p € (0,1). Then X is of class C™*(B,R?).

Assuming that m > 4, this result was first proved by Hildebrandt [3] in
1969. Some of the essential ideas of that paper are described in Step 1 of
Section 2.7. Briefly thereafter, Heinz and Tomi [1] succeeded in establishing
the result under the hypothesis m > 3, and both Nitsche [16] and Kinderlehrer
[1] provided the final result for m > 1. Warschawski [6] verified that X has
Dini-continuous first derivatives on B, if the first derivatives of I" with respect
to arc length are Dini continuous; cf. also Lesley [1].

These results on the boundary behaviour of minimal surfaces hold for sur-
faces in R™,n > 2, and not only for n = 3; the proof requires no changes.
For n = 2 these results include classical theorems on the boundary be-
haviour of conformal mappings due to Painlevé, Lichtenstein, Kellogg [2], and
Warschawski [1-4]. (Concerning the older literature, we refer to Lichtenstein’s
article [1] in the Enzyklopédie der Mathematischen Wissenschaften; the most
complete results can be found in the papers by Warschawski.)

As Nitsche has described his technique to prove boundary regularity in
great detail in his monograph [28], Section 2.1, in particular pp. 283-284
and 303-312, we refer the reader to this source or to the original papers by
Nitsche and Kinderlehrer quoted before. Instead we have presented a method
by E. Heinz [15] which needs the slightly stronger hypothesis m > 2. By this
method, Heinz could also treat H-surfaces, and Heinz and Hildebrandt [1]
were able to handle minimal surfaces in Riemannian manifolds; cf. Section 2.3.
The basic tools of Heinz’s approach are the a priori estimates for vector-valued
solutions X of differential inequalities

|AX| < a|VX]?

which we have derived and collected in Section 2.2. They follow from classical
results of potential theory which we have briefly but (more or less) completely
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proved in Section 2.1. The results of Section 2.2 and, in part, of Section 2.1
are taken from Heinz [2,5], and [15].

Closely related to this method is the approach of Heinz and Tomi [1] and
the very useful regularity theorem of Tomi [1].

The first regularity theorem for surfaces of constant mean curvature was
proved by Hildebrandt [4]; an essential improvement is due to Heinz [10]. The
method of Heinz [15], described in the proof of Theorem 2 in Section 2.3,
can be viewed as the optimal method. A very strong result was obtained by
Jager [3].

5. The possibility to obtain asymptotic expansions of minimal surfaces and,
more generally, of H-surfaces by means of the Hartman—Wintner technique
was first realized by Heinz (oral communication). A first application appeared
in the paper by Heinz and Tomi [1].

6. In Theorem 2’ of Section 2.8 we proved that any minimal surface X,
meeting a real-analytic support surface S perpendicularly, can be extended
analytically across S. The proof basically follows ideas from H. Lewy’s paper
[4], published in 1951. There it was proved that any minimizing solution X of
a free boundary problem can be continued analytically across the free boundary
if S is assumed to be a compact real-analytic support surface. In fact, Lewy
first had to cut off a set of hairs from the minimizer by composing it with a
suitable parameter transformation before he could apply his extension tech-
nique. (Later on it was proved by Jéger [1] that the removal of these hairs is
not needed since they do not exist.)

7. Combining Lewy’s theorem with new a priori estimates, Hildebrandt [2]
proved that the Dirichlet integral possesses at least one minimizer in C(I,.5)
which is smooth up to its free boundary provided that S is smooth and satisfies
a suitable condition at infinity which enables one to prove that solutions do
not escape to infinity. (A very clean condition guaranteeing this property was
later formulated by Hildebrandt and Nitsche [4].)

8. The first regularity theorem for minimal surfaces with a merely smooth,
but not analytic support surface S was given by Jager [1]. He proved for
instance that any minimizer X of Dirichlet’s integral in C(I,S) is of class
C™H(B U I,R3), I being the free boundary of X, provided that S € C™H
and m > 3, € (0,1). Part of Jéger’s method we have described or at least
sketched in Section 2.8. We have not presented his main contribution, the
proof of X € C°(B U I,R?), which requires S to be of class C?. Instead, in
Section 2.5, we have described a method to prove continuity of minimizers up
to the free boundary that needs only a chord-arc condition for S. Because of
the Courant—Cheung example, this result is the best possible one.

The approach of Section 2.5 follows more or less the discussion in Hilde-
brandt [9]. The sufficiency of the chord-arc condition for proving continuity
of minimizers up to the free boundary was almost simultaneously discovered
by Nitsche [22] and Goldhorn and Hildebrandt [1].
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Later on, Nitsche [30] showed that Jager’s regularity theorem remains valid
if we relax the assumption m > 3 to m > 2. Moreover, if we assume S € C?,
then every minimizer in €(I,S) is of class C*(B U I,R3) for all « € (0,1).

9. The regularity of stationary surfaces in C(I',.5) up to their free bound-
aries was — almost simultaneously — proved by Griter-Hildebrandt-
Nitsche [1] and by Dziuk [3]. Both papers are based on the fundamental the-
sis of Griiter [1] (see also [2]) where interior regularity of weak H-surfaces
is proved. The basic idea of Griiter’s paper consists in deriving monotonicity
theorems similar to those introduced by DeGiorgi and Almgren in geometric
measure theory.

We have presented the method used in Griiter-Hildebrandt-Nitsche [1]; it
has the advantage to be applicable to support surfaces with nonvoid boundary
0S. Moreover we do not have to assume that

lim dist(X(w),S5) =0 for any wg € I

w—wo

as in Dziuk [5-7]. On the other hand, Dziuk’s method is somewhat simpler
than the other one since it reduces the boundary question to an interior reg-
ularity problem by applying Jéger’s reflection method. This interior problem
can be dealt with by means of the methods introduced in Griiter’s thesis.

10. The results in Section 2.7 concerning the C'™'/2-regularity of stationary
minimal surfaces with a support surface S having a nonempty boundary 95
are taken from Hildebrandt and Nitsche [1] and [2].

11. The proof of Proposition 1 in Section 2.8 is more or less that of Jéger
1], pp. 812-814.

12. The alternative method to attain the result of Step 2 in Section 2.7,
given in Section 2.9, was worked out by Ye [1,4]. Ye’s method is a quantitative
version of the Lg-estimates of Step 2 in Section 2.7 which is based on an idea
due to Kinderlehrer [6].

13. Open questions: (i) The regularity results for stationary minimal sur-
faces X with a free boundary are not yet in their final form. In particular
one should prove that X is of class C*#* up to the free boundary if S € CH*,
and that X € C%® for some a € (0,1) if S satisfies a chord-arc condition
(this is only known for minimizers of the Dirichlet integral). Here we say that
S e Ci*if § e Clmand if S satisfies a uniformity condition (B) at infinity
(see Section 2.6). Dziuk [7] and Jost [8] proved that X is of class C** up
to the free boundary, 0 < p < 1, if S is of class C? and satisfies a suitable
uniformity condition.

(ii) It would be desirable to derive a priori estimates for stationary minimal
surfaces, in particular for those of higher topological type. As in general there
are no estimates depending only on the geometric data of the boundary con-
figuration (cf. the examples in Section 2.6), one could try to derive estimates
depending also on certain important data of the surfaces X in consideration
such as the area (= Dirichlet integral) or the length of the free trace.



2.12 Scholia 205

Such estimates could be useful for approximation theorems, for results
involving the deformation of the boundary configuration, for building a Morse
theory, and for deriving index theorems.

Note, however, that a priori estimates depending only on boundary data
can be derived in certain favourable geometric situations, for instance if the
support surface is only mildly curved. Results of this kind were found by Ye
[2]. Let us quote a typical result:

Suppose that S is an orientable and admissible support surface of class
C3%, o € (0,1), and let ng be a constant unit vector and o be a positive
number, such that the surface normal n(p) of S satisfies

(2) (n(p),no) > o forallpeS.

Then the length [(X) of the free trace X of a stationary point X of Dirichlet’s
integral in C(I',S) without branch points on the free boundary I is estimated
by the length of I' via the formula

(3) WX) <UI)/o,

and the isoperimetric inequality yields the upper bound

(4) D(X) < = (1+ 0~ 2)2(I)

4m
for the Dirichlet integral of X .

Let us sketch the proof of (3), which is nothing but a simple variant of the
reasoning used in Section 4.6.

By means of Green’s formula we obtain

(5) O:/ AXdudv:—/deu—&—/er(p
B I c

with w = u+iv = re’?, where B stands for the usual semidisk. Because of (2)
and of
Xy =|Xyn(X) onlI

(where we possibly have to replace n by —n),

| Xy =X, onC=0B\1I,
| Xu| = [Xy| on I,

J/|Xu|du:/U|Xv|du
I I

[ Xln(0).moh e = [ (Xmo)
= g < [ 1X1de = [ X ldp = 1D,

we then obtain

ol(X)

IA
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ie.,

ol(X) <I(I).
This proof of (3), (4) is not quite correct but it can easily be rectified by the
reasoning in Section 4.6. We leave it to the reader to carry out the details. O]

By way of an example Ye showed that the assumption ¢ > 0 in (2) is
necessary if one wants to bound I(X); see Ye [2], p. 101.

14. Now we briefly describe Courant’s example of a configuration (I, S)
with a continuous supporting surface S and a rectifiable Jordan arc I" with end
points on S which bounds infinitely many solutions of the corresponding free
boundary problem with a discontinuous and even nonrectifiable trace curve;
see Courant [15], p. 220. We firstly select a sequence of numbers g,, > 0,n € N,
with >°°° | &, < 1/4, and then we define set A,,, B,,, C}, C2, D}, D? as follows:

1
A, = {(;U,y,z): z2=0,z| < 1,‘y—E’ <E§l},

1 en
Bn = {(xvy7z):zz_€nv|x<1vy_g‘<7}v
cl .= {(:r,y,z): 2] <1,z = 2 <y153> ,5n§z§0},
" 22 -1 n "
02 = {(x7yﬁz)|x|S17Z:L(y_l+53>7_€ng'z§0}a
" 1-—2e2 n "

D2 := the compact region in {x = 41} which is bounded by
{z =+1}N(0A, UIB, UICE UIC?),
see Fig. 1.

Ay
As A2
2 1
A4 /_\ cf\q‘ cﬂl
By Bs B, B
Fig. 1. Cross section of the sets Ay, Bn, C’}l, C’,ZL at the levels x = +1

Set

and define S by
S:=8u|JB,uCyuUCUD, LD}
n=1

(see Fig. 2).
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Lyuugu

Fig. 2. Cross sections of the surface S at the levels © = 0, +1

Then we observe the following: If Iy denotes the straight segment {z =
0,7 = 0,]y — 1| < &3}, then the associated free boundary problem P(I7,S)
has at least two solutions, namely the representations of the sets

AT ={z=0,0<2<1,|y—1 <&}

and
A7 ={2=0,-1<z2<0,ly— 1 <}

In fact, there is still another stationary but not minimizing surface bounded
by Iy and S, namely the surface describing the compact region in {z = 0}
which is bounded by {z = 0} N (I'1 U By U C} U C%). Similarly, if we set

Ssi},

then we obtain at leat two minimizing surfaces in C(I7,,S) which are deter-
mined by the sets

1
y— —
n

I, = {z:O7x=O,

Al ::{Z:O,0<x<1,’y—l‘<€i}
n

and

Fig. 3. The curve I, lifted

Now let us lift the curves I, to a height z = €%,q > 4, and connect the

endpoints P! = (0, +&3,¢%), P2 = (0,2 — £3,¢4) via vertical segments

n»-n n?

with S, see Fig. 3. Denoting again the lifted curves together with the vertical
segments by I, it is reasonable to expect the existence of at least two solutions
X! X2 € @(I,S) for the problem P(I},, S), provided that ¢ is large enough.
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In particular, we can expect that the minimal surfaces X!, X2 converge to
Al and A, respectively, if ¢ tends to infinity.

At a small height z = ¢ < EZH, we connect I, and I,,+; with a straight
line segment parallel to {z = 0} and omit the corresponding parts of the
vertical segments, see Fig. 4.

, e )
RYAVAWA

Fig. 4. Cross section of the boundary configuration (I n41,S) at the level z =0

This way we obtain a Jordan arc I, 41 with endpoints on S. Furthermore,
let us assume the validity of the following bridge principle:

Given any two area-minimizing minimal surfaces X, € C(I},,S) and
Xnt1 € C(Ih41,S), there exists an area-minimizing minimal surface Yz €
C(Ln,n+1,S) which converges (in a geometric sense) to the union of X, (B),
Xn+1(B) as € tends to zero.

By means of this heuristic principle we obtain at least four stationary
minimal surfaces in C(I%, ,41,S5) combining X! with X711+1 or X72z+17 and
X2 with X}, or X2, respectively. Similarly we now define the Jordan
arcs Iy nt2, ..., nntr which bridge the ditches A,, Ant1,..., Aptr. Then
Iy ntr and S bound at least 2k+1 area-minimizing minimal surfaces which
are stationary in C(I, n4x,S). Finally, let I' := I oo denote the rectifiable
Jordan arc which bridges all the ditches and connects the points (0,0, 0) and
(0,1 + £1,0). Then it follows that there are infinitely (and even nondenu-
merably) many stationary minimal surfaces in C(I',.S) each of which has a
discontinuous and nonrectifiable trace curve.

Let us add that the previous reasoning is by no means rigorous; thus this
example by Courant is merely of heuristic value.

15. Complementary to the existence result for the obstacle problem
P(E,C), which we have described in the Scholia of Section 4 in Vol. 1 (see
also Chapter 4 of the present volume), we want to mention some regularity
properties of solutions for P(E, (), see also Chapter 4.

The problem P = P(E,C) is a special case of a parametric obstacle
problem which was first treated by Tomi [3,4], Hildebrandt [12,13], and
Hildebrandt and Kaul [1]. Tomi’s results are based on important earlier
work by Lewy and Stampacchia [1,2], whereas Hildebrandt’s approach uses
the difference-quotient technique and some important observations due to
Frehse [4].
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For nonparametric obstacle problems we refer the reader to the treatise
of Kinderlehrer and Stampacchia [1] and to the literature quoted there. Here
we shall restrict our attention to the two-dimensional parametric case, basi-
cally following the papers by Hildebrandt and Hildebrandt-Kaul cited above.
Consider the integral

B(X) = /B {95 XL X3+ X1XT] 4 (Q(X), Xo A X,)} dud,

and the class C = C(K,€*) := C* N H3(B, K), where €* stands for C*(I)
or C*(I,S) respectively and K C R? denotes some closed set. Let us also
introduce the variational problem

P(E,C): E — minin C.
Using the abbreviation

e(z,p) = gi (2){pip, + piph} + (Q(x), p1 A pa)

for (z,p) € K x RS, p = (p1,p2), we assume that, for suitable constants
0 <mg < myq, the coerciveness condition

(6) mo|p? < e(z,p) < ma|p|?

holds true for all (x,p) € K x RS.

Recall that the existence of a solution of P(E,C) can be proved under
the mere assumption that K be a closed set. If we want to prove regularity,
say Holder continuity, we clearly have to add further assumptions on K. The
concept of quasiregularity turns out to be of use.

Definition 1. We call a set K C R3 quasiregular if it is closed and if there
are positive numbers &g, 01 and d such that for any point xg € K, there exist a
compact convex set K* and a C’l-@ﬁeomorphism g of an open neighbourhood
of K* which maps K* onto K N Bg(xo), Ba(zo) = {x € R®: |z — x¢| < d},
such that the matriz H(y) = (g—i)T . (g—g) satisfies
(7) Jol€|* < €(y)€ < aul¢?

for all (y,&) € K* x R3. Here g—g denotes the Jacobi matriz of g and (g—z)T
stands for its transpose.

Remarks. 1. Obviously, each closed convex set in R? with nonvoid interior
is quasiregular. Also, each compact three-dimensional submanifold of R3 with
Cl-boundary is quasiregular.

2. The preceding Definition 1 and the following Theorem 1 extend to the
case where K denotes some subset of RN, N > 3.

3. For our purposes it would be sufficient to assume that g is some bi-
Lipschitz homeomorphism.
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Theorem 1. Suppose that (6) holds with functions g;; € C°(K,R), g5 = g,
and Q € C°(K,R3). In addition let K C R? be a quasiregular set such that
C(K,C*) = €* N H} (B, K) is nonempty. Then each solution X of P(E,C)
satisfies a Morrey condition of the type

r

(8) DBT(UJU)(X) < DBR(“"’)(X) (E)ZM

in 0 < r < R, for each wg € B1_r(0) and all R € (0,1) and some constant
p> 0. Hence X is of class CO*(B,R3).

Furthermore, if €* = C*(I"), then X is also of class C°(B,R3), and for
C* = C*(I,S) we infer that X € C°(B\ I,R?).

The idea for proving Holder continuity is to convexify the obstacle K
locally by using the definition of quasiregularity, and then to fill in harmonic
functions with the right boundary values. Elementary properties of harmonic
functions will yield the estimate (8). The reasoning is similar to the argument
used in the proof of Theorem 1, Section 2.5; for details we refer the reader to
the original paper by Hildebrandt and Kaul [1].

We now give a brief discussion of higher regularity properties of X. First
we need the following

Definition 2. A set K C R? is of class C*® if K is the closure of an open set
in R3, and if, for each boundary point xo € OK, there exists a neighbourhood
U of xg and a C*-diffeomorphism ¢ of R3 onto itself which maps UNK onto

Bf (0) = {z € R3: |2| < 1,2* > 0},

U NOJOK onto
BY(0) = {z € R3: |z| < 1,2% = 0},

and xo onto 0.

We shall also assume that the integrand e(z,p) has the following prop-
erty (E):

There exist some open set M C R® with K C M and functions Q €
C*(M,R?) and G = (gj%)j k=123 € C*(M,R) with g, = gxj such that

e(fL‘,p) = ZpaG<x)pa + <Q($),p1 /\p2>

and
molp|® < e(z,p) < malp|*  for all (z,p) € K x R, p = (p1,p2).

Theorem 2. Suppose that e(x,p) has property (E), and let K be quasireg-
ular of class C3. Then each solution X € C(K,C*) of P(E,C) is of class
H2(B',R®*) N CY*(B,R3) for all B" € B and for all s € [1,00) and all
a € (0,1).
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Remarks. 1. Holder continuity of the first derivatives is still valid for solu-
tions of the elliptic variational problem

/ fu,v, X (u,v), VX (u,v))dudv — min in C = Hy(£2,K)NEC*,
2

with a regular Lagrangian f: 2 x M x R?>® — R, where M C RY denotes
some open set containing K, and 2 C R? denotes the domain of definition.
For details we refer to Hildebrandt [12,13].

2. Assuming the conditions of Theorem 2, Gornik [1] proved that each
solution X € C = C(K,C*) of P(E,C) is in fact of class C11(B,R3). Simple
examples show that this result will in general be the best possible one. Gornik’s
work is based on fundamental results due to Frehse [1], Gerhardt [1], and
Brézis and Kinderlehrer [1] concerning C1l-regularity of solutions of scalar
variational inequalities.

16. The first to estimate the total order of branch points of a minimal
surface via the Gauss—Bonnet formula was Nitsche [6] who reversed an idea
of Sasaki [1]. R. Schneider [1] later established the formula

for all disk-type minimal surfaces X : B — R? which are continuous in B and
map OB monotonically (and hence topologically) onto an arbitrary closed
Jordan curve I" which has a generalized total curvature x(I).

The method of Section 2.11 and the generalization of the Nitsche—Sasaki
formula is taken from a paper by Heinz and Hildebrandt [2].

17. Let 2 C R? be an open connected domain with smooth boundary
and suppose ¢ € C?(2) satisfies max 1 > 0 and ¥ < 0 on 9f2. Consider
the convex set of comparison functions Ky := {v € H3(2): v > 1 in £2,
v =0 on 012} and a solution u € K, of the variational problem

1
D(u) := 5/ |Vu(z)|* de — min  in K.
0
One readily verifies that a solution u € K, satisfies the variational inequality
(9) / D;uD;(v—wu)dz >0 for all v € Ky.
Q

Lewy and Stampacchia [1] used the method of penalization together with
suitable a priori estimates to show that u is of class C1®, a < 1 (at least, if
1 is smooth and strictly concave). It is in fact true that w is of class H2 (£2);
cf. Frehse [1], Gerhardt [1], and Brézis and Kinderlehrer [1].

The set {2 may now be divided into two subsets, the coincidence set

I=T(u) ={z € 2: u(z) =¢¥(z)}
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and its complement
2\I={x € 2: u(x) > P(x)}.

Of particular importance is a careful analysis of the boundary 9J of the set
of coincidence J. Such investigations were initiated by H. Lewy and G. Stam-
pacchia [1] and continued by Kinderlehrer [7] and Caffarelli and Riviere [1].
It was proved that the free boundary 97 is: (i) An analytic Jordan curve if ¢
is strictly concave and analytic; (ii) a C*#-Jordan curve, 0 < 8 < a, if ¢ is
strictly concave and of class C*¢; (iii) a O™~ 1@-Jordan curve if ¢ is strictly
concave and of class C™* withm >2and 0 < a < 1.

The investigation of 97 is more difficult if we span a nonparametric surface
as a graph of a function u over some obstacle graph v such that it minimizes
area. In other words, if {2 is a strictly convex domain in R? with a smooth
boundary, if 1 is given as above and K is the convex set of functions v €
H! () satisfying v > 1), we consider solutions of the variational problem

/ V14 |Vul?2dz — min in K.
17

The existence of a solution u € Ky was proved by Lewy and Stampacchia
[2] and by Giaquinta and Pepe [1]. Moreover, these authors showed that the
solution u is of class HZ N C1(42) for every ¢ € [1,00) and any a € (0,1).
Thus the set of coincidence I = {z € £2: u(x) = ¢(z)} is closed, and we have

divL =0 in 2\J aswell as

V14| Vul?

(10) / (14 |Vul|?)"Y2(Vu, V(v —u))de >0 for all v € Ky,
2

Finally, using ideas of H. Lewy (see, for instance, the proof of Theorem 2
in Section 2.8), Kinderlehrer [6] proved that the curve of separation I' :=
{(z*, 22, 2%): 23 = u(z) = ¥(x),x € §J} possesses a regular analytic parame-
trization provided that 1 is a strictly concave, analytic function.

Thin obstacle problems were treated by Lewy [6], Nitsche [19], and
Giusti [2].

18. For solutions X € C*(I") of Plateau’s problem satisfying a fixed three-
point condition X (w;) = Q;, j =1,2,3, w; € 0B, Q; € I' and for I' € C™*",
m > 2, u € (0,1), there is a number ¢(m, ), independent of X such that
| X || g (B ray < c(m, p). This a priori estimate is a quantitative version of
Theorem 1 in Section 2.3, which also holds for m =1 (cf. Jager [3]).
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