Chapter 11

Turing Instabilities in Reaction-Diffusion
Systems with Temporally or Spatially Varying
Parameters

In Chap. 10 we considered the Turing instability in systems where the kinetic param-
eters and the transport coefficients are constant in space and time. While the vast
majority of theoretical work on Turing patterns deals with such systems, there are
good reasons from applications in biology and ecology to account for the effect
of spatial or temporal variations on the threshold of the Turing instability. Chem-
ical or biological systems are rarely completely uniform. Pattern formation in the
Drosophila egg, for example, occurs in the presence of maternally imposed gradi-
ents of gene products [106]. Experimental studies of Turing patterns in the CIMA
and CDIMA reactions use continuously fed unstirred reactors (CFURs), see Chap.
12, which unavoidably exhibit gradients in the concentrations of the feed reactants.
The problem of determining diffusion-driven instabilities in reacting systems with
spatially or temporally varying parameters is in general a rather difficult one. The
tools of the linear stability analysis employed in Chap. 10 cannot be extended to such
systems, since they do not posses a uniform steady state in most cases. Reaction—
diffusion systems with weak heterogeneities can be studied with perturbation tech-
niques [19, 50, 92, 40, 341, 342]. Lengyel and coworkers [249] used an approxima-
tion of the reaction—diffusion equation to study the effect of the gradients in CFURs
on the position and the possible three-dimensional character of the Turing structures.
In general, numerical studies are required to address the problem of Turing patterns
in heterogeneous systems, see for example [192, 433, 365, 394, 395, 55]. Voroney
and coworkers carried out numerical simulations of the Sel’kov model with a com-
plexing reaction [462]. They considered the case where the immobile complexing
species is confined to disks or stripes. If the spatial distribution of the complexing
agent varies on a scale small compared to the intrinsic length scales of the reaction—
diffusion system, normal Turing pattern formation occurs. If the spatial scales are
comparable, interactions between oscillatory behavior and Turing patterns generate
spatiotemporal dynamics not observed in a homogeneous medium.

While in general the problem of pattern formation in heterogeneous media is
a difficult one, the analysis is more manageable in situations where the spatial or
temporal variations in parameters of the reaction—diffusion system do not compro-
mise the existence of a uniform steady state. Such is the case for a varying diffusion
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334 11 Turing Instabilities with Non-Constant Diffusivities

coefficient. In that situation, a uniform steady state exists, but the standard tools of
bifurcation theory cannot be applied.

11.1 Turing Instability with Time-Varying Diffusivities

Ecological systems can display temporal oscillations in parameter values due to sea-
sonal variations. The effects of time-varying diffusivities on the Turing instability
were first considered by Timm and Okubo [436] in a predator—prey model describ-
ing the interaction between zooplankton and phytoplankton. Temporal variations
in the horizontal diffusion coefficients arise from the interaction of vertical current
shear with vertical mixing processes.

Consider the two-variable system

ap 82,0

au =Du_2u+Fl(pu’ pv)a (llla)
t dx

ap 82,0

8_V = Dv([) 2V +F2(10u7 pv)a (111b)
! ox

with no-flow boundary conditions (10.20) on the interval [0, L]. For simplicity, we
assume that only one of the diffusion coefficients is time-dependent, namely the
diffusivity of the inhibitor,

D, (t) = Dy[0 + € sin(wt)], (11.2)
with
0>1, 0> ]le|. (11.3)

We impose the first inequality in (11.3), since a Turing instability can occur in a two-
variable reaction—diffusion system with constant parameters only if 6gp > 1. The
second inequality ensures the positivity of D, (¢). We assume that the system (11.1)
possesses a uniform steady state, (0,(x), py(x)) = (0y, Py), With F1 (0, py) =
F>(py, py) = 0, which fulfills the stability conditions (10.23), and U is an activator
and V an inhibitor.

To assess the stability of the uniform steady state, we carry out a linear stability
analysis. We set

pu(x, 1) = Py + 8, (1) cos(kx), (11.4a)
py(x, 1) = By + 8, (1) cos(kx), (11.4b)
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and obtain the linearized evolution equations

ds

St(t) = [Jy1 — K Dy)8, (1) + J128,(1),
ds

(;t(t) = J184(t) + [Jzy — K2 Dy (113, (0).

‘We rescale time, T = wt, and find

dé,(r) - R
P J118,(7) + J128,(7),
T
dé, (7) A N
e J218,(7) + J2p(7)é, (7)),

with

Jiy =1 =K DyJo ",
Jip = Jpo
oy = o™,
Jos(7) = [Jay — k*D0lw " — (K*Dyew ") sin(z).

From (11.6a) we obtain
8,(1) = [d8,(1)/dT — J18,()1/ Jya,

and substitution of this result into (11.6b) yields

2
d=§,(7) A A ds, ()
S = i+ In(@]—;
dr T

With the transformation
LT = 7 )«
u(r) = exp { 3 [J11+J22(t )]dr 8.,

(11.9) turns into Hill’s equation [259]

24

d7é «
>+ 0(1)8, =0,
dr
where
1dip() 1.+  » 5 . . A
0(r) = 3 de Z[J“ + I (O] + [J1120n(7) = JinJa].

+ (1195 (T) = J15J518,(2) = 0.
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If the corresponding system with constant parameters, i.e., ¢ = 0, is at the Turing
2
threshold, i.e., 0 = gp,, = [Jl_ll (JZ + ,/—112121)] , see (10.41), and if k> =

k%’RD =.,/A/(D,D,), then a perturbation analysis of Hill’s equation (11.11) shows
that the uniform steady state of (11.1) with a temporally varying diffusion coefficient
of the inhibitor is stable for sufficiently small oscillations, € < 1 [436]. In other
words, small oscillations in the diffusion coefficient have a stabilizing effect; they
delay the onset of the Turing instability.

Gourley and coworkers [168] have generalized Timm and Okubo’s result and
have applied perturbation theory to the system (11.1) with D; = Di(o) + eDi(l) (1)
positive (i = u, v), where € small and the Di(l) are periodic with period 7 and aver-
age zero. Choosing the system parameters again such that the corresponding system
with constant parameters, i.e., € = 0, is at the Turing threshold, i.e., 6 = ORD.c>

and k% = k%’RD, they find that the uniform steady state is stable. In other words,
all small-amplitude periodic perturbations with average zero in the diffusion coeffi-
cients delay the onset of the Turing instability. Further, if the periodic variations are
O (¢€), then the stabilizing effect is 0(62).

More general analytical results can be obtained if the periodic oscillations of the
inhibitor diffusion coefficient are dichotomous or of “square-tooth” form [400]:

Do(r) = Dt onn7 <t<mn+1/2)7, (11.13)
VWIDT on+1/2T <t <+ DT, ’

where n € 7. We assume DT > D~ > 0 and define D = (D+ + D7)/2 and
d= (DJr — D) /2. For simplicity, we rescale x such that D, = 1:

2

ap a"p
2000y e (1114
t ox
2
ap o)
P~ D)+ g, p). (11.14b)
at ax

We assume again that (11.14) possesses a uniform steady state, (o, (x), py(x)) =
(Pus Py)» With Fi(p,, py) = F>(py, py) = 0, which fulfills the stability condition
(10.23), and that U is an activator and V an inhibitor.

With (11.4), the linearized evolution equations read

dé

;t(” = [y — KX18,(0) + T1a8, (1), (11.152)
ds

gf) = Iy183(6) + [n — KD, (1)18,(0). (11.15b)

As is well known, any nth order homogeneous system of nonautonomous linear
ordinary differential equations
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du

5 = A(H)u (11.16)
has n linearly independent solutions [458, 435]. We compose these n linearly inde-
pendent solutions u; (), ..., u, (¢) to a matrix ®(¢) with these solutions as columns,
P() = (uy(H)uy()...u,(r)). Such a matrix is called a fundamental matrix of
(11.16). The solution of (11.16) with the initial condition u(f,) = wug is then
given by

u(t) = ()P (1y) vy (11.17)

If the linear equation (11.16) has periodically varying coefficients with period
T,A(t +7) = A(r), the Floquet theorem provides the fundamental result that the
fundamental matrix of (11.16) can be written as the product of a 7 -periodic matrix
and a (generally) nonperiodic matrix [458, p. 80].

Theorem 11.1  Suppose A(t) is periodic with period T. Each fundamental matrix
D (1) of (11.16) can be written as the product of two n X n matrices

d (1) = P(t) exp(Br), (11.18)

where P(t) is T -periodic and B is a constant matrix.

Equation (11.18) implies that

Ot +7)=P()exp(BT) = ©(1)M. (11.19)

Remark 11.1 The matrix M = exp(B7) is called the monodromy matrix of a =
A(r)u [458].

Remark 11.2 The eigenvalues p; of M are known as Floguet multipliers or charac-
teristic multipliers and the eigenvalues v; of B are known as the Floquet exponents
or characteristic exponents. They are related by u; = exp(v;7) [435].

Theorem 11.2 A periodic linear system is stable if all Floquet multipliers satisfy
|M1 | < 1 (respectively all Floquet exponents satisfy Rev; < 0) and for all Floquet
multipliers with |u,~| = 1 (respectively all Floquet exponents with Rev; = 0) the
algebraic and geometric multiplicities are equal.

A periodic linear system is asymptotically stable if all Floquet multipliers satisfy
|:U«i’ < 1 (respectively all Floquet exponents satisfy Rev; < 0) [435].

Equation (11.19) implies that the monodromy matrix is given by M = d>(t0)_1 [
(to + 7)), independent of the choice of #,. The main difficulty in applying Theorem
11.2 to a particular set of equations lies in obtaining a linearly independent set of
solutions.
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In the following we provide a summary of the stability analysis of (11.15) as
carried out by Sherratt [400]. We write (11.15) in the form

j_‘f _ Tt onnT <t <(n+1/2T, (11.20a)
j—f =J78 on n+1/2T <t <m+ DT, (11.20b)
where
8(t) = (giﬁ;) (11.21)
and
G _ (Jn E i>. (11.22)
S I —kD

We denote the eigenvalues and corresponding eigenvectors of JE by Aii and zfE with
i = 1, 2 and write Ai(t) = diag(exp(kft), exp(kzit)). Let Z* be the matrix whose
first and second columns are Z?: and zzi . Then any fundamental matrices ®(¢) of
(11.20a) and (11.20b) have the form Z" AT (1)C" and Z~ A~ (r)C ™, respectively,
where C* are matrices whose entries are constants of integration. Without loss
of generality, we choose ct = [aT(T /2)]_1. Continuity at ¢+ = 7 /2 imposes
that

C =A@/ 1z 1'2" (11.23)
and
M=[d0)] ') =1Z 127 A @/ 1 '2" AT (T/2). 1124
The eigenvalues p of M, i.e., the Floquet multipliers are given by
1= fexp(=T'T/4), (11.25)

where

W —aplt+1=0 (11.26)
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2
and (K = k")
I =2[(1+D)K — (J;; + J)l. (11.27a)

1 _
a =3 expl(PT + P )7/4]{[1 + exp(—P+T/2)] [1 + exp(—IfT/Z)]

"
P L - ] 1 - er 7))
(11.27b)

0  =KDT— K+ J;; — Jn. (11.27¢)

PE = /47,05 + (0. (11.27d)

We focus on the case, most relevant in applications, that the period 7" of D, (¢) is
much longer than the characteristic time scale of the kinetics, which implies that

‘PiT‘ > 1. Analysis of (11.25), (11.26), and (11.27) leads to the conclusion

that there exists a 4 > 1, i.e., the uniform steady state is unstable to nonuniform
perturbations if either (i) PT > T or (i) [[ + (P1)? — (PT)*]* < 4r* (P~
Somewhat lengthy further calculations show that, to leading order for large 7, the

uniform steady state will be driven unstable by diffusion if and only if either

() 3J + Jy > 0, (11.28a)

Dt —1
—— > e (11.28b)

D +3

or

(i) DJyy + Jy >0, (11.292)
[DJy, + Jp]* > 4DA, (11.29b)
d<d,. (11.29¢)

Here, A =detJ = Jy;J5, — Ji2 /51, and x. > 0 is the larger root of
2 2 2 2
GBJi + J) " x” +26J1 —2J11Jan — Jop +4d12 000
+J121 —2J11J22 +4J12J21 +J222=0 (1130)
Further, d,. is the unique value of d for which

K*(J;; — K)(DK — J»)

F(K)=DK’— (DJj, + Jp)K + A+d*—1 .
[A+D)K — (Jy; + J»)]

(11.31)

touches the K-axis on (0, Jj;).
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The instability conditions (ii), (11.29), are an extension of the Turing instability
conditions (10.43) when DT =D =D. (Recall we rescaled space to set D, = 1.)
The first two inequalities, (11.29a) and (11.29b), are identical with the Turing insta-
bility condition (10.43) for the system (11.14) with a constant inhibitor diffusion
coefficient D, (t) = D. It is therefore a necessary condition that the system with
constant diffusion coefficients be Turing unstable, in order for condition (11.29) to
be fulfilled. In that sense, square-tooth temporal oscillations in the diffusion coeffi-
cient of the inhibitor have a stabilizing effect, since an additional condition, namely
(11.29¢), needs to be satisfied. Further, it turns out that condition (i), (11.28), defines
a region of diffusion-driven instability in parameter space that is separate from the
unstable region defined by condition (ii), (11.29), only if d is sufficiently large,
ie, D" and D are sufficiently different. Then, if the system possesses parameter
values that fall inside the region defined by condition (i), temporal variations in D,
can have destabilizing effect.

11.2 Turing Instability with Spatially Inhomogeneous
Diffusivities

As discussed at the beginning of this chapter, biological and ecological systems are
often spatially inhomogeneous, and consequently diffusion coefficients display spa-
tial variations. In analogy to the case of temporally varying diffusivities, dealt with
in Sect. 11.1, we study the simplest possible situation. Only the diffusion coefficient
of the inhibitor varies spatially, and it is piece-wise constant, a step function in space
with a single point of discontinuity. We consider the following two-variable system
on the interval [0, L] with no-flow boundary conditions:

ap, 82,0
=5 R ). (11.32a)
t 0x
dp, 0 9py
=—|D — F , , 11.32b
8t ax |: v(x) ax + Z(pu pv) ( )
with
D™ on0<x<E&L,
D = - 11.33
vx) iD+ onéL <x <L, (11.33)

D™ >0,D" >0,D" # D", and & € (0,1). We assume again that (11.32)
possesses a uniform steady state, (p,(x), p,(x)) = (0, py), With Fj(p,, py) =
F>(py, py) = 0, which fulfills the stability condition (10.23), and that U is an
activator and V an inhibitor.

The linear stability analysis of (11.32) was carried out by Maini and coworkers
[263, 41], and we provide a summary of their work in the following. With
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Pulx, ) =py + 8,(x) exp(rt), (11.34a)
py(x, 1) =p, + 8,(x) exp(rt), (11.34b)

the linearized evolution equations read

80 (xX) 4+ [Jy) — M8, (x) + J1p8,(x) =0, (11.35a)
[D, ()8, ()] + J318,(x) + [Jyy — A18,(x) = 0, (11.35b)

where the prime denotes d/dx. Since the system decomposes into parts, for each
of which the diffusion coefficient of the inhibitor is a constant, we consider (11.35)
separately on [0, £ L) and (£ L, L]. For the first part, we multiply (11.35b) by s~ /D"~
and add it to (11.35a) to obtain

— " J21S_
[6,(x) +s 8,(x)] +|:111_)\+ D ]

Jip+ Uy —2A)s /D
‘]ll —)\.+ J21S7/D7

x [%(x) + av(x)] =0. (11.36)

We choose s~ such that

]12+(.122—)\,)S_/D_ —

—— =95, (11.37)
J“ — A+ J21S /D
which is a quadratic equation:
—2 — — —
‘]Zl(s ) +[D (Jll —)») —(.122—)L)]S —leD =0. (1138)

Lets; ands, be the roots of (11.38). Then (11.36) turns into two equations for the
quantity §;(x) = §,(x) + sj_Sv(x) forj=1,2:

e

81(x) + |:J11 — A+ 28_1 } 8,(x) =0, (11.39a)
" Sy _

8() + [Ty — A+ i 85(x) =0. (11.39b)

The general solutions of (11.39) are given by
§;(x) =C; cos(oz;x) +C; sin(oz;x), (11.40)

where C; and C ; are constants of integration, and
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_ Jig— A+ Jys;
af = |2 (11.41)
: D

The no-flow boundary condition at x = 0 implies that the constants C ; vanish. We
express the constants C; in terms of the values of §;(x) at x = §L and solve for
8,(x) and &, (x) on [0, £L):

(rotsiny)sy  (De+saD)st
Sy(x) = — — — cos(o; x) — ——————cos(ap x) |,
Sy — 81 cos(o; EL) cos(ap EL)
) (11.42a)
i (ru +55T, ) (Fu 57T, )
8,(x) = — — — cos(oy x) — ———— = cos(og x) |,
S, — 8 cos(op EL) cos(cty L)
B (11.42b)

where I'y = §,(§L) and I', = §,(£L). Proceeding similarly for the second part of
the system, we obtain §,(x) and &, (x) on (§L, L]:

cos(ar; (L — x))

1 (Fu+sfrv) s;r
8u(¥) = —— [ ¥
§y — 8 COS(O!] (1 —é)L)

(ru+simy) st
~ cos(ad (1 —£)L)
1 (Fu + S;—Fv> n

L _
st [cos(a;f(l — L) cos(ez (L =)
(ru+siTy)

~ cos(a] (1—8)L)

cos(ay (L — x))i|, (11.43a)

8, (x) =
v S;_—

cos(ar; (L — x)):|. (11.43b)
By construction, the solutions §,(x) and §,(x) of (11.35) given by (11.42) and

(11.43) are continuous at x = £ L. However, the solution must also satisfy continuity
of flux at x = &L:

lim &, (x)= lim §,(x), (11.44a)
x—(EL)” x—@ELT
lim D 8,(x)= lim D8 (x). (11.44b)
x—(EL)” x—ELT

Substituting (11.42) and (11.43) into (11.44), we obtain
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PG) O (Ty) _ (0
(5 $) (1) = ©) e

where

— — + ot + ot
_Sl T2 _S2Tl +S1 T2 _SZTI

POy =12 "2 e (11.46a)
Sy — 8 2 — 8
s; 8, (T, —T; sys (T — 1"
00 = 12(_2 _1)+12i2 +1)’ (11.46b)
2 — 5 Sy =8
D (T —-T,) D @ —1"
rRp=20 D) PO —h) (11.46¢)
Sy — 8 Sy — 8
D (s;Tf —s;T,) D (/T -1,
SO = (s 5 =% ) n (5 1 sz 2 )’ (11.46d)
2 — 8 Sy — 8

with 7, = o tan(¢La;) and T} = o tan((1 — &)Le}) for j = 1,2. Here we
assume thatsft # s;, cos(oc;EL) # 0, and cos(a;r(l—E)L) # Ofor j = 1, 2. From
the solutions (11.42) and (11.43), I'y = I', = O implies that §,(x) = 6,(x) = 0. In
order to obtain nontrivial solutions §,(x) and §, (x), the determinant of the matrix in
(11.45) must vanish:

FA)=PRA)SA) — QAR =0. (11.47)

This is the dispersion relation for a two-variable reaction—diffusion system with a
step-function diffusivity for V. It is the analog of (10.26) for homogeneous reaction—
diffusion systems and relates the growth rates A of spatial perturbations to the
parameter values of the system. In contrast to the homogeneous case, the dispersion
relation (11.47) is a complicated expression that cannot be solved analytically if
D # D*. A diffusion-driven instability of the uniform steady state of the system
occurs if the stability condition (10.23) is satisfied and (11.47) has solutions with a
positive real part.

Note that in deriving (11.47) we have assumed that szi — sli s cos(a;SL), and

cos(ozj(l — &)L) are all nonzero. The analysis can be carried out for those cases
where one or more of these expressions are zero, but typically the solutions 8, (x)
and §, (x) cannot satisfy (11.44).

In general, the roots of the dispersion relation (11.47) will be complex valued. For
homogeneous, two-variable reaction—diffusion systems, all complex solutions of the
dispersion relation (10.26) have a negative real part. Extensive numerical simula-
tions of the full nonlinear inhomogeneous system (11.32) by Maini and coworkers
[263, 41] show that, if an instability occurs, the uniform steady state always evolves
to a steady pattern and not a temporally oscillating solution. These observations sug-
gest that the diffusion-driven instability is a Turing bifurcation, i.e., a real eigenvalue
passes through zero. If A is real, then F(}) is also real, and the dispersion relation
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is amenable to simple numerical solution. The Turing condition that F(A) = 0
has positive real solutions is far less enlightening than the Turing condition (10.43)
for homogeneous systems. In particular, it is not immediately clear that the sys-
tem must be either a pure activator—inhibitor scheme or a cross activator—inhibitor
scheme. Numerical solutions of (11.47) suggest, however, as expected, that these
requirements are still necessary for a diffusion-driven instability to occur in the
system (11.32). Studies of chemical and biological models [263, 41], such as the
Schnakenberg model, see Sect. 1.4.5, show that as expected the uniform steady state
of (11.32) undergoes a Turing instability if Dt >D > Orp.c» Where the latter is
given by (10.41). A Turing bifurcation can occur for D < Ojp ., if D" exceeds

some critical value D;L , which depends on the system parameters, with D;L > Orp,c-

Exercise

11.1 Explore the dispersion relation (11.47) for the Brusselator.
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