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Abstract. In this paper we study the planar graphs that admit an acyclic
3-coloring. We show that testing acyclic 3-colorability is NP-hard for planar
graphs of maximum degree 4 and we show that there exist infinite classes of cu-
bic planar graphs that are not acyclically 3-colorable. Further, we show that ev-
ery planar graph has a subdivision with one vertex per edge that is acyclically
3-colorable. Finally, we characterize the series-parallel graphs such that every 3-
coloring is acyclic and we provide a linear-time recognition algorithm for such
graphs.

1 Introduction

A coloring of a graph is an assignment of colors to vertices such that no two adjacent
vertices have the same color. A k-coloring is a coloring using k colors. Planar graph
colorings have been widely studied from both a combinatorial and an algorithmic point
of view. The existence of a 4-coloring for every planar graph, proved by Appel and
Haken [4,5], is one of the most famous results in Graph Theory. A quadratic-time algo-
rithm is known to compute a 4-coloring of any planar graph [15].

An acyclic coloring is a coloring with no bichromatic cycle. An acyclic k-coloring is
an acyclic coloring using k colors. Acyclic colorings have been deeply investigated in
the literature. From an algorithmic point of view, Kostochka proved in [12] that deciding
whether a graph admits an acyclic 3-coloring is NP-hard. From a combinatorial point
of view, the most interesting result is perhaps the one proved by Alon et al. in [2],
namely that every graph with degree Δ can be acyclically colored with O(Δ4/3) colors,
while there exist graphs requiring Ω(Δ4/3/ 3

√
log Δ) colors in any acyclic coloring.

Acyclic colorings of planar graphs have been first considered in 1973 by Grünbaum,
who proved in [10] that there exist planar graphs requiring 5 colors in any acyclic col-
oring. The same lower bound holds even for bipartite planar graphs [13]. Grünbaum
conjectured that such a bound is tight and proved that 9 colors suffice for constructing
such a coloring. The Grünbaum upper bound was improved to 8 [14], to 7 [1], to 6 [11],
and finally to 5 by Borodin [6].

Since there exist planar graphs requiring 5 colors in any acyclic coloring, it is natural
to study which planar graphs can be acyclically 3- or 4-colored. In this paper we study
the acyclically 3-colorable planar graphs, from both an algorithmic and a combinatorial
perspective. We show the following results.

– In Sect. 3 we prove that deciding whether a planar graph of maximum degree 4 has
an acyclic 3-coloring is an NP-complete problem. An NP-hardness proof for de-
ciding acyclic 3-colorability was known for bipartite planar graphs of degeneracy
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2 [12]. The NP-hardness result is not surprising, since an analogous result is
known for deciding (possibly non-acyclic) 3-colorability of planar graphs of degree
4 [9]. However, we show an interesting difference between the class of 3-colorable
planar graphs and the class of acyclically 3-colorable planar graphs, by exhibit-
ing an infinite number of cubic planar graphs not admitting any acyclic 3-coloring
(while K4 is the only cubic graph that can not be 3-colored [8]). We remark that
it is known how to construct acyclic 4-colorings of every cubic (even non-planar)
graph [16].

– In Sect. 4 we prove that every planar graph has a subdivision with one vertex per
edge that is acyclically 3-colorable. Acyclic colorings of graph subdivisions have
been already considered by Wood in [18], where the author observed that every
graph has a subdivision with two vertices per edge that is acyclically 3-colorable.

– In Sect. 5 we consider the problem of determining the planar graphs such that ev-
ery 3-coloring is acyclic. Such a problem has been introduced by Grünbaum [10],
who showed that every 3-coloring of a maximal outerplanar graph is acyclic. We
improve his result by characterizing the series-parallel graphs such that every 3-
coloring is acyclic and by providing a linear-time recognition algorithm. As a side
result, we show a simple algorithm for obtaining an acyclic 3-coloring of any series-
parallel graph.

In Sect. 6 we conclude and we present some open problems. Some proofs are omitted
because of space limitations and can be found in the full version of the paper [3].

2 Preliminaries

A graph G is k-connected if removing any k-1 vertices leaves G connected; 3-connected
and 2-connected graphs are called triconnected and biconnected graphs, respectively.
The degree of a vertex is the number of incident edges. The degree of a graph is the
maximum degree of the vertices of the graph. In a cubic graph (resp. a subcubic graph)
each vertex has degree exactly 3 (resp. at most 3). A subdivision of a graph G is obtained
by replacing each edge of G with a path. A k-subdivision of G is such that any path
replacing an edge of G has at most k internal vertices. The internal (extremal) vertices of
the paths replacing the edges of G are called subdivision vertices (resp. main vertices).

A planar graph is a graph with no K5-minor and no K3,3-minor. A planar graph is
maximal if all its faces are delimited by 3-cycles. An outerplanar graph is a graph ad-
mitting a planar drawing with all the vertices on the outer face. Combinatorially, an out-
erplanar graph is a graph with no K4-minor and no K2,3-minor. An outerplanar graph
is maximal if all its internal faces are delimited by 3-cycles. A series-parallel graph
(SP-graph) is a graph with no K4-minor. SP-graphs are inductively defined as follows.
An edge (u, v) is an SP-graph with poles u and v. Denote by ui and vi the poles of an
SP-graph graph Gi. A series composition of SP-graphs G0, . . . , Gk, with k ≥ 1, is an
SP-graph with poles u=u0 and v=vk, containing graphs Gi as subgraphs, and such that
vi=ui+1, for each i=0, 1, . . . , k − 1. A parallel composition of SP-graphs G0, . . . , Gk,
with k ≥ 1, is an SP-graph with poles u=u0=u1=. . .=uk and v=v0=v1=. . .=vk and con-
taining graphs Gi as subgraphs. The SPQ-tree T of an SP-graph G is the tree, rooted
at any node, representing the series and parallel compositions of G.
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3 Deciding the Acyclic 3-Colorability of Planar Graphs

In this section we study the problem of deciding whether a given planar graph admits
an acyclic 3-coloring. First, we present a very simple proof that Planar Graph Acyclic
3-Colorability is NP-hard. We remark that a proof of NP-hardness for Planar Graph
Acyclic 3-Colorability has been already presented by Kostochka in [12]. We later prove
an analogous complexity result for planar graphs of maximum degree 4.

Theorem 1. Planar Graph Acyclic 3-Colorability is NP-complete.

The membership in NP is trivial. To show the NP-hardness, we sketch a simple re-
duction from Planar Graph 3-Colorability that uses the graph G9 shown in Fig. 1.a as a
gadget. It is easy to see that G9 has only one acyclic 3-coloring (up to a switch of the
color classes), which satisfies the following properties: (P1) u1 and u2 have different
colors; (P2) every path connecting u1 and u2 contains vertices of all the three colors.

The reduction works as follows. Let G be an instance of Planar Graph 3-Colorability
(see Fig. 1.b). Replace each edge (u, v) of G with a copy of G9 by identifying vertices
u and v with u1 and u2, respectively (see Fig. 1.c). Let G′ be the resulting planar graph.
We argue that G admits a 3-coloring if and only if G′ admits an acyclic 3-coloring.

First, suppose that G admits a 3-coloring. For each edge (u, v) of G, color the cor-
responding graph G9 in G′ by assigning the color of u to u1, the color of v to u2, and
by then completing the unique acyclic 3-coloring of G9. The resulting coloring of G′

is acyclic. Namely, assume, for a contradiction, that G′ contains a bichromatic cycle C.
Such a cycle is not entirely contained inside a graph G9 replacing an edge of G in G′

(in fact, the 3-coloring of each graph G9 is acyclic). Hence, C contains vertices of more
than one graph G9. This implies that C contains as a subgraph a simple path p connect-
ing vertices u1 and u2 of a graph G9. However, by property P2 of the G9’s coloring, p
contains vertices of all the three colors, a contradiction.

Second, if G′ admits an acyclic 3-coloring, a coloring of G is obtained from the
acyclic 3-coloring of G′ by assigning to each vertex of G the color of the corresponding
vertex of G′. By property P1, each edge of G connects vertices of distinct colors.

Next, we show that testing whether a planar graph has an acyclic 3-coloring remains
an NP-hard problem even when restricted to planar graphs of degree 4.
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Fig. 1. (a) Graph G9 and its unique acyclic 3-coloring. (b) A planar graph G. (c) The planar graph
G′ obtained by replacing each edge of G with a copy of G9.
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Fig. 2. (a) Graph H1. (b) Graph H3.

Theorem 2. Degree-4 Planar Graph Acyclic 3-Colorability is NP-complete.

The membership in NP is trivial. To show the NP-hardness, we sketch a simple re-
duction from Planar Graph Acyclic 3-Colorability. Consider the family of graphs Hi

defined as follows. H1 is shown in Fig. 2.a. Hi is obtained from a copy of Hi−1 and
a copy of H1 by renaming vertices u1, v1, and w1 of H1 with labels ui, vi, and wi,
respectively, and by identifying vertex wi−1 of Hi−1 and vertex ui of H1. H3 is shown
in Fig. 2.b. Vertices uj , vj , and wj of Hi, for 1 ≤ j ≤ i, are the outlets of Hi. The
family of graphs Hi has been defined in [9] to perform a reduction from Planar Graph
Colorability to Degree-4 Planar Graph Colorability. Here we use the same graph class
to reduce Planar Graph Acyclic 3-Colorability to Degree-4 Planar Graph Acyclic 3-
Colorability. It is easy to see that Hi satisfies the following properties: (P0) Hi admits
an acyclic 3-coloring; (P1) in any acyclic 3-coloring of Hi, the outlets have the same
color c0; (P2) in any acyclic 3-coloring of Hi, for any two outlets xj and yk of Hi,
there exist two bichromatic paths with colors c0 and c1, and with colors c0 and c2,
respectively, where x, y ∈ {u, v, w} and j, k ∈ {1, 2, . . . , i}.

We reduce Planar Graph Acyclic 3-Colorability to Degree-4 Planar Graph Acyclic
3-Colorability. Let G be any instance of Planar Graph Acyclic 3-Colorability (Fig. 3.a).
For each vertex z of G with d neighbors z1, z2, . . . , zd, delete z and its incident edges
from G, introduce a copy H(z) of Hd, and add an edge between outlet vj of H(z)
and zj , for each j=1, 2, . . . , d (Fig. 3.b). We argue that the resulting planar graph G′ of
degree 4 admits an acyclic 3-coloring if and only if G admits an acyclic 3-coloring.

Suppose that G admits an acyclic 3-coloring. Color the outlets zj corresponding to
each vertex z of G with the color of z. By properties P0 and P1, the coloring of each
H(z) can be completed to an acyclic 3-coloring. Any cycle C′ of G′ either is entirely
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Fig. 3. (a) A planar graph G. (b) Graph G′ obtained by replacing each degree-d vertex z of G
with a copy H(z) of Hd. For each graph H(z), only its outlets are shown.
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contained in a graph H(z) (hence C′ is not bichromatic), or contains vertices of several
graphs H(z). In the latter case suppose, for a contradiction, that C′ is bichromatic.
Consider the (possibly non-simple) cycle C of G containing a vertex z if C′ passes
through vertices of H(z) and containing an edge (z1, z2) if C′ contains an edge between
a vertex of H(z1) and a vertex of H(z2). Since the outlets of H(z) have the same color
of z, the colors of the vertices of C are a subset of the colors of the vertices of C′;
since C′ is bichromatic, C is bichromatic, as well, contradicting the assumption that the
coloring of G is acyclic.

Suppose that G′ admits an acyclic 3-coloring. Color G by assigning to each vertex z
the color of the outlets of H(z) (by Property P1, all such outlets have the same color).
Suppose that G contains a bichromatic cycle C with colors c0 and c1. A bichromatic
cycle C′ in G′ is found by replacing each vertex z1 of C with a path with colors c0 and
c1 connecting the outlets of H(z1) adjacent to the outlets of H(z2) and H(z3), where
z2 and z3 are the neighbors of z1 in C. Such a path exists by Property P2. Then, C′ is a
bichromatic cycle in G′, contradicting the assumption that the coloring of G′ is acyclic.

Now we show infinite classes of cubic planar graphs not admitting any acyclic 3-
coloring. Such a result is based on the following lemmata. Denote by K2,3 the complete
bipartite graph whose vertex sets V A

2,3 and V B
2,3 have two and three vertices, respectively.

Denote by K1,1,2 the complete tripartite graph whose vertex sets V A
1,1,2, V B

1,1,2, and
V C

1,1,2 have one, one, and two vertices, respectively.

Lemma 1. Let G be a graph having a vertex z of degree 2 adjacent to two vertices
u and v. Let G′ be the graph obtained by substituting z with a copy of K2,3, where a
vertex uB

2,3 of V B
2,3 is connected to u and a vertex vB

2,3 �=uB
2,3 of V B

2,3 is connected to v
(see Fig. 4.a and Fig. 4.b). Then, G′ has an acyclic 3-coloring if and only if G has an
acyclic 3-coloring.

Proof: Suppose that G has an acyclic 3-coloring. Color each vertex of G′ not in K2,3

as in G, the vertices in V B
2,3 with the color cz of z, and the vertices in V A

2,3 with the two
colors different from cz . Every cycle C′ in G′ either does not pass through vertices of
K2,3 (hence it is also a cycle in G and it is not bichromatic), or it is a subgraph of K2,3

(hence it is not bichromatic), or it passes through vertices of K2,3 and contains a path
P ′ from uB

2,3 to vB
2,3 whose vertices do not belong to K2,3 (except for uB

2,3 and vB
2,3).

However, P ′ is a cycle in G (where uB
2,3 and vB

2,3 are identified to be the same vertex
z), hence it is not bichromatic.

Suppose that G′ has an acyclic 3-coloring. In any acyclic coloring of K2,3, the ver-
tices in V B

2,3 have the same color cz . Color each vertex of G different from z as in G′

and color z with cz . Every cycle C in G either does not pass through z (hence it is also
a cycle in G′ and it is not bichromatic), or passes through z. In the latter case, if C is
bichromatic then each of its vertices has either the color of z or the one of u. However,
one vertex in V A

2,3, say xA
2,3, has the color of u, hence the cycle C′ of G′ obtained from

C by replacing (u, z, v) with (u, uB
2,3, x

A
2,3, v

B
2,3, v) is bichromatic, a contradiction. �

Lemma 2. Let G be a graph having a vertex z of degree 2 adjacent to two vertices u
and v. Let G′ be the graph obtained by substituting z with a copy of K1,1,2, where a
vertex uC

1,1,2 of V C
1,1,2 is connected to u and a vertex vC

1,1,2 �=uC
1,1,2 of V C

1,1,2 is connected
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(a) (b) (c) (d) (e) (f) (g) (h) (i)

Fig. 4. (a) and (b) Replacement of a degree-2 vertex with a K2,3. (a) and (c) Replacement of a
degree-2 vertex with a K1,1,2. (d) G5. (e) G9. (f) G13. (g) G+

5 . (h) G+
9 . (i) G+

13.

to v (see Fig. 4.a and Fig. 4.c). Then, G′ has an acyclic 3-coloring if and only if G has
an acyclic 3-coloring.

Graph G5 (Fig. 4.d) has no acyclic 3-coloring and has a degree-2 vertex. For i > 0,
replace the degree-2 vertex of G4i+1 with a copy of K2,3, obtaining a graph G4i+5 that
has a degree-2 vertex and, by Lemma 1, is not acyclically 3-colorable. Figs. 4.e–f show
G9 and G13. Replacing the degree-2 vertex of G4i+1 with a copy of K1,1,2 yields a
graph G+

4i+1 that, by Lemma 2, is not acyclically 3-colorable. Figs. 4.g–i show G+
5 ,

G+
9 , G+

13. Graphs G+
4i+1 are cubic, for every i > 0.

4 Acyclic 3-Colorings of Planar Graph Subdivisions

In this section we prove the following theorem.

Theorem 3. Every planar graph has a 1-subdivision that admits an acyclic 3-coloring.

Proof: It suffices to prove the statement for maximal planar graphs. In fact, suppose that
the statement holds for maximal planar graphs. Let G be a planar graph. Augment G to
a maximal planar graph G′ by adding dummy edges. Then G′ has a 1-subdivision G′

s

that has an acyclic 3-coloring c. Remove the edges of G′
s corresponding to subdivided

dummy edges of G′, obtaining a planar graph Gs that is a subdivision of G. Since every
cycle of Gs is also a cycle of G′

s, c is an acyclic 3-coloring of Gs.
Consider a planar drawing of any maximal planar graph G. Let Gs be the planar

graph obtained by subdividing each edge of G with one subdivision vertex. Partition
the vertices of G into disjoint sets V 0, V 1, . . . , V k as follows. Let G0=G; while there
are vertices in Gi, denote by V i the main vertices incident to the outer face of Gi;
remove the vertices in V i and their incident edges from Gi obtaining a graph Gi+1.
Each edge of G is either incident to two vertices in the same set V i or to two vertices
in sets V i and V i+1, for some i ∈ {0, 1, . . . , k − 1}.

Color the main vertices in V i with color cj(i), where j(i) ∈ {0, 1, 2} and j(i) ≡
i mod 3. Color each subdivision vertex adjacent to a vertex in V i and to a vertex in
V i+1 with color cj(i+2). See Fig. 5.a. It remains to color each subdivision vertex adja-
cent to two vertices belonging to the same V i. Consider the outerplanar subgraph Oi

of G induced by the vertices in V i. Augment Oi to maximal by adding dummy edges.
See Fig. 5.b. Let Oi

s be the graph obtained by subdividing each edge of Oi with one
subdivision vertex. Each subdivision vertex of Gs adjacent to two vertices belonging
to the same V i, for some i ∈ {1, 2, . . . , k}, is also a subdivision vertex of Oi

s. Hence,
a coloring of the subdivision vertices of Oi

s determines a coloring of the subdivision
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Fig. 5. (a) Coloring the main vertices and the subdivision vertices of Gs adjacent to a vertex in
V i and to a vertex in V i+1. Thick edges connect vertices of G in the same V i. (b) Subgraph O2

of G augmented to maximal. (c)–(d) Coloring O2
s at steps x and x + 1 of the algorithm. Not yet

colored subdivision vertices of O2
s are not shown.

vertices of Gs adjacent to two vertices in the same V i. We show how to color the subdi-
vision vertices of Oi

s. The algorithm already chose to color all the main vertices of Oi
s

with color cj(i). Since Oi is maximal, every internal face of Oi
s has three subdivision

vertices. The coloring algorithm consists of several steps. At the first step, consider any
internal face f∗ of Oi

s. Color two of its subdivision vertices with cj(i+1) and the third
one with cj(i+2). At the x-th step, with x ≥ 2, suppose that the subgraph Oi,x

s of Oi
s

induced by the colored subdivision vertices and by their neighbors is biconnected. See
Fig. 5.c. Consider any internal face of Oi

s of which one subdivision vertex has already
been colored. Color the other two subdivision vertices incident to the face, one with
cj(i+1) and the other one with cj(i+2). See Fig. 5.d.

We show that the resulting coloring of Gs is acyclic. Consider any simple cycle C.
If C contains main vertices in V i and V i+1, then C contains two edges (vp, vs) and
(vs, vq), where vp and vq are main vertices in V i and V i+1, respectively, and vs is
a subdivision vertex. However, vp, vq , and vs have color cj(i), cj(i+1), and cj(i+2),
respectively, hence C is not bichromatic. Otherwise, C only contains main vertices in
the same V i. Then, C is also a cycle of Oi

s. We show by induction that the described
coloring of Oi

s is acyclic. The coloring of f∗ is acyclic. Suppose that, after a certain
step of the coloring algorithm for the vertices of Oi

s, the subgraph Oi,x
s of Oi

s induced
by the colored subdivision vertices and by their neighbors is acyclic. When a new face
is considered and two subdivision vertices v1 and v2 are colored with colors cj(i+1) and
cj(i+2), respectively, every cycle either entirely belongs to Oi,x

s , hence by induction it
is not bichromatic, or passes through v1, v2, and their common neighbor, hence it is not
bichromatic. �

5 Acyclic 3-Colorings of Series-Parallel Graphs

In this section we consider the problem of determining which are the SP-graphs such
that every 3-coloring is acyclic. First, we show a simple algorithm to construct an
acyclic 3-coloring of any SP-graph. Let c(x) denote the color assigned to vertex x.
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Theorem 4. Every SP-graph G with poles u and v admits an acyclic 3-coloring such
that c(u)�=c(v) and every path connecting u and v, except for edge (u, v), contains a
vertex w with c(w)�=c(u), c(v).

Proof: We prove the statement by induction on the number n of vertices. Case n=2 is
trivial. If n > 2, distinguish two cases: (Case 1) G is a series composition of SP-graphs
G0, · · · , Gk, such that Gi has poles ui and vi, with u0=u, vi=ui+1, and vk=v; (Case 2)
G is a parallel composition of SP-graphs G0, · · · , Gk with poles u and v.

In Case 1, apply induction to construct an acyclic 3-coloring of Gi with colors c0,
c1, and c2 such that c(ui)=cj(i) and c(vi)=cj(i+1), for each i=0, 1, . . . , k − 1, where
j(i) ∈ {0, 1, 2} and j(i) ≡ i mod 3. Apply induction to construct an acyclic 3-
coloring of Gk with colors c0, c1, and c2 such that c(uk)=cj(k), and such that c(vk)=c1,
if c(uk)=c0 or c(uk)=c2, and c(vk)=c2, if c(uk)=c1. By construction, c(u0=u)=c0,
c(u1)=c1, c(u2)=c2. Every path connecting u and v passes through u0, u1, and u2,
hence it is not bichromatic. Further, any simple cycle in G is also a cycle in a compo-
nent Gi. Hence, by induction, the coloring of G is acyclic.

In Case 2, apply induction to construct an acyclic 3-coloring of Gi, for i=0, 1, · · · , k,
with colors c0, c1, and c2 such that c(u)=c0, c(v)=c1, and every path connecting u and
v in Gi, except for edge (u, v), contains a vertex w with c(w)=c2. By construction,
c(u)=c0 and c(v)=c1. Further, every path connecting u and v is also a path in a compo-
nent Gi which, by induction, contains a vertex with color c2, unless it is edge (u, v). Let
C be any simple cycle in G. If all the vertices of C belong to a graph Gi, then C is not
bichromatic by induction. Otherwise, C contains vertices u and v, hence it consists of
two paths P1 and P2 connecting u and v and belonging to two distinct components Gi

and Gj . At most one of P1 and P2, say P1, coincides with edge (u, v). By induction,
P2 contains a vertex of color c2. �
Second, we characterize the SP-graphs that have a 3-coloring in which the poles have
distinct colors and the SP-graphs that have a 3-coloring in which the poles have the
same color.

Corollary 1. Every SP-graph with poles u and v admits a 3-coloring with c(u)�=c(v).

Lemma 3. Every SP-graph G with poles u and v admits a 3-coloring with c(u)=c(v)
if and only if G does not contain edge (u, v).

Proof: The necessity is trivial. We inductively prove the sufficiency. Suppose that G is
a parallel composition of SP-graphs G0, G1, . . . , Gk and that G does not contain edge
(u, v). Then, no component Gi contains (u, v), hence it admits a 3-coloring in which
c(u)=c(v) by induction. Suppose that G is a series composition of graphs
G0, G1, . . . , Gk. Color G0 so that c(u)=c0 and the other pole of G0 has color c1. Such a
coloring exists by Corollary 1. For 1 ≤ i ≤ k− 1, assume that the color of the pole that
Gi shares with Gi−1 has been already determined to be either c1 or c2. Color the pole
that Gi shares with Gi+1 with color c2 or c1, respectively, and color Gi so that its poles
have colors c1 and c2 (such a coloring exists by Corollary 1). Complete the coloring of
G by setting c(v)=c0 and by coloring Gk so that its poles have colors c0 and either c1

or c2. Again, such a coloring exists by Corollary 1. �
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Third, we characterize the SP-graphs that have a 3-coloring in which there exists a
bichromatic path between the poles.

Lemma 4. Let G be an SP-graph with poles u and v. Suppose that G is a parallel com-
position of SP-graphs G0, G1, . . . , Gk. Then, G admits a 3-coloring with c(u)�=c(v)
and with a bichromatic path between u and v if and only if there exists a component
that admits a 3-coloring with c(u)�=c(v) and with a bichromatic path between u and v.

Proof: The necessity comes from the observation that every bichromatic path between
u and v in G is internal to a component Gi. We prove the sufficiency. There exists a Gi

admitting a 3-coloring with c(u)�=c(v) and with a bichromatic path between u and v.
By Corollary 1, all other components can be colored with c(u)�=c(v), thus completing
a 3-coloring of G with the required properties. �

Lemma 5. Let G be an SP-graph with poles u and v. Suppose that G is a series com-
position of SP-graphs G0, G1, . . . , Gk. Then, G admits a 3-coloring with c(u)�=c(v)
and with a bichromatic path between u and v if and only if the following two condi-
tions are satisfied: (1) Each component admits a 3-coloring with a bichromatic path
between its poles and (2) there exists a component Gi with poles ui and vi that admits
a 3-coloring with c(ui)=c(vi) and with a bichromatic path between ui and vi, and a
3-coloring with c(ui)�=c(vi) and with a bichromatic path between ui and vi, or there
exists an odd number of components that admit a 3-coloring in which the poles have
different colors and are connected by a bichromatic path.

Proof: We prove the necessity of (1). Suppose that there exists a Gi that admits no
3-coloring with a bichromatic path between its poles. Every path connecting u and v
contains a path between Gi’s poles, hence it is not bichromatic. We prove the necessity
of (2). Suppose, for a contradiction, that (2) does not hold. Then, in every 3-coloring
of G with a bichromatic path between u and v, there is an even number of components
Gi such that c(ui)�=c(vi), hence c(u)=c(v). We prove the sufficiency. Suppose that
each component Gi admits a 3-coloring with a bichromatic path between its poles.
First, suppose that there exists a component Gi with poles ui and vi that admits a
3-coloring with c(ui)=c(vi) and with a bichromatic path between ui and vi, and a 3-
coloring with c(ui)�=c(vi) and with a bichromatic path between ui and vi. Set c(u0)=c0.
For 0 ≤ j ≤ i − 1, assume that c(uj) has already been determined to be either c0 or
c1; color Gj so that there exists a bichromatic path between uj and vj and so that c(vj)
is either c0 or c1. Analogously, set c(vk)=c1. For k ≥ j ≥ i + 1, assume that c(vj)
has been determined to be either c0 or c1; color Gj so that there exists a bichromatic
path between uj and vj and so that c(uj) is either c0 or c1. Color Gi so that there
exists a bichromatic path between ui and vi; this can be done both if c(ui)=c(vi) and if
c(ui)�=c(vi). Second, suppose that there exists an odd number of components that admit
a 3-coloring in which the poles have different colors and are connected by a bichromatic
path. Each component has either a 3-coloring with a bichromatic path between its poles
and the poles have the same color, or a 3-coloring with a bichromatic path between its
poles and the poles have distinct colors. Color each component with such a coloring, so
that its poles have colors in {c0, c1}. Since an odd number of components have poles
with different colors, c(u)�=c(v). �
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Lemma 6. Let G be an SP-graph with poles u and v. Suppose that G is a parallel com-
position of SP-graphs G0, G1, . . . , Gk. Then, G admits a 3-coloring with c(u)=c(v)
and with a bichromatic path between u and v if and only if G does not contain edge
(u, v) and there exists a component admitting a 3-coloring with c(u)=c(v) and with a
bichromatic path between u and v.

Lemma 7. Let G be an SP-graph with poles u and v. Suppose that G is a series compo-
sition of SP-graphs G0, G1, . . . , Gk. Then, G admits a 3-coloring with c(u)=c(v) and
with a bichromatic path between u and v if and only if the following two conditions are
satisfied: (1) Each component admits a 3-coloring with a bichromatic path between its
poles and (2) there exists a component Gi with poles ui and vi admitting a 3-coloring
with c(ui)=c(vi) and with a bichromatic path between ui and vi, and a 3-coloring with
c(ui)�=c(vi) and with a bichromatic path between ui and vi, or there exists an even
number of components admitting a 3-coloring in which the poles have different colors
and are connected by a bichromatic path.

Fourth, we characterize the SP-graphs such that every 3-coloring in which the poles
have distinct colors is acyclic and the SP-graphs such that every 3-coloring in which the
poles have the same color is acyclic.

Lemma 8. Let G be an SP-graph with poles u and v. Suppose that G is a parallel com-
position of SP-graphs G0, G1, . . . , Gk. Then, every 3-coloring of G with c(u)�=c(v) is
acyclic if and only if the following two conditions are satisfied: (1) For each compo-
nent Gi, every 3-coloring with c(u)�=c(v) is acyclic; (2) there exist no two components
admitting a 3-coloring with c(u)�=c(v) and with a bichromatic path between u and v.

Lemma 9. Let G be an SP-graph with poles u and v. Suppose that G is a series com-
position of SP-graphs G0, G1, . . . , Gk. Then, every 3-coloring of G with c(u)�=c(v) is
acyclic if and only if the following two conditions are satisfied: (1) For each compo-
nent Gi with poles ui and vi, every 3-coloring with c(ui)�=c(vi) is acyclic; (2) for each
component Gi with poles ui and vi, every 3-coloring with c(ui)=c(vi) is acyclic.

Lemma 10. Let G be an SP-graph with poles u and v. Suppose that G is a parallel
composition of SP-graphs G0, G1, . . . , Gk. Then, every 3-coloring of G with c(u)=c(v)
is acyclic if and only if one of the following two conditions is satisfied: (1) There exists
a component Gi not admitting any 3-coloring with c(ui)=c(vi); or (2) for each com-
ponent Gi, every 3-coloring with c(u)=c(v) is acyclic and no two components exist
admitting a 3-coloring with c(u)=c(v) and with a bichromatic path between u and v.

Lemma 11. Let G be an SP-graph with poles u and v. Suppose that G is a series com-
position of SP-graphs G0, G1, . . . , Gk. Then, every 3-coloring of G with c(u)=c(v) is
acyclic if and only if the following three conditions are satisfied: (1) For each com-
ponent Gi with poles ui and vi, every 3-coloring with c(ui)�=c(vi) is acyclic; (2) if
k > 2, for each component Gi with poles ui and vi, every 3-coloring with c(ui)=c(vi)
is acyclic; (3) if k=2, for each component Gi with poles ui and vi, every 3-coloring
with c(ui)=c(vi) is acyclic, or there exists a component not admitting any 3-coloring
in which c(ui)=c(vi).
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Fig. 6. Triconnected cubic planar graphs with no acyclic 3-coloring

Finally, we conclude by observing that an SP-graph with poles u and v is such that
every 3-coloring is acyclic if and only if every 3-coloring in which c(u)�=c(v) is acyclic
and every 3-coloring in which c(u)=c(v) is acyclic. The above characterization gives
rise to a linear-time recognition algorithm.

Theorem 5. There exists a linear-time algorithm for deciding whether an SP-graph is
such that every 3-coloring is acyclic.

Proof: The SPQ-tree T of an SP-graph G can be computed in linear-time (see,
e.g., [17]). Then, each node μ of T with poles uµ and vµ can be equipped with val-
ues indicating whether: (i) G(μ) admits a 3-coloring with c(uµ)=c(vµ); (ii) G(μ) ad-
mits a 3-coloring with c(uµ)�=c(vµ) and with a bichromatic path between uµ and vµ,
G(μ) admits a 3-coloring with c(uµ)=c(vµ) and with a bichromatic path between uµ

and vµ, and G(μ) admits a 3-coloring with a bichromatic path between uµ and vµ; and
(iii) every 3-coloring of G(μ) in which c(uµ)�=c(vµ) is acyclic, every 3-coloring of
G(μ) in which c(uµ)=c(vµ) is acyclic, and every 3-coloring of G(μ) is acyclic. Due to
Lemmata 3–11, the computation of such values for μ only requires simple checks on
analogous values for the children of μ in T . �

6 Conclusions

In this paper we have shown several results on the acyclic 3-colorability of planar
graphs. We proved that recognizing acyclic 3-colorable planar graphs of degree 4 is
NP-hard. Further, we exhibited infinite classes of subcubic and cubic planar graphs
with no acyclic 3-coloring, result contrasting with the fact that all cubic planar graphs
have a 3-coloring, except for K4 [8]. However, the following problem is still open.

What is the time complexity of testing whether a sub-cubic graph (resp. a cubic
graph) admits an acyclic 3-coloring?

The problem is interesting even when restricted to triconnected cubic planar graphs.
Moreover, we are aware of only three graphs that are cubic, triconnected, and not acyclic
3-colorable (see Fig. 6). The graphs depicted in Figs. 6.a and 6.b were already known
to have no acyclic 3-coloring. On the other hand, the graph depicted in Fig. 6.c seems
to have gone unnoticed in the literature.

Does an infinite number of triconnected, cubic, and not acyclic 3-colorable planar
graphs exist? What is the time complexity of testing whether a triconnected cubic planar
graph admits an acyclic 3-coloring?

We have shown that it is possible to test in linear time whether every 3-coloring of
an SP-graph is acyclic. Testing and characterizing the same property for general planar
graphs seems to be interesting and non-trivial.
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Is it possible to test in polynomial time whether every 3-coloring of a given planar
graph is acyclic?

Finally, we would like to remind a problem that has been already studied in the
literature but that has not been tackled in this paper.

Which is the smallest k such that all planar graphs with girth at least k are acyclic
3-colorable?

The best known lower bound for k is 5 (the second graph of Fig. 6, proposed by
Grünbaum, has girth 4 and is not acyclic 3-colorable [10]), while the best known upper
bound for k is 7, as proved by Borodin, Kostochka, and Woodall [7].
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Math. 14, 403–406 (1976)
14. Mitchem, J.: Every planar graph has an acyclic 8-coloring. Duke Math. J. 41, 177–181 (1974)
15. Robertson, N., Sanders, D.P., Seymour, P.D., Thomas, R.: Efficiently four-coloring planar

graphs. In: STOC, pp. 571–575 (1996)
16. Skulrattanakulchai, S.: Acyclic colorings of subcubic graphs. Inf. Proc. Lett. 92(4), 161–167

(2004)
17. Valdes, J., Tarjan, R.E., Lawler, E.L.: The recognition of series parallel digraphs. SIAM J.

Comput. 11(2), 298–313 (1982)
18. Wood, D.R.: Acyclic, star and oriented colourings of graph subdivisions. Discr. Math. Theor.

Comp. Sc. 7(1), 37–50 (2005)

http://web.dia.uniroma3.it/ricerca/rapporti/rt/2009-147.pdf

	Acyclically 3-Colorable Planar Graphs
	Introduction
	Preliminaries
	Deciding the Acyclic 3-Colorability of Planar Graphs
	Acyclic 3-Colorings of Planar Graph Subdivisions
	Acyclic 3-Colorings of Series-Parallel Graphs
	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




