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Abstract. Regret minimization has proven to be a very powerful tool in
both computational learning theory and online algorithms. Regret min-
imization algorithms can guarantee, for a single decision maker, a near
optimal behavior under fairly adversarial assumptions. I will discuss a re-
cent extensions of the classical regret minimization model, which enable
to handle many different settings related to job scheduling, and guarantee
the near optimal online behavior.

1 Regret Minimization

Consider a single decision maker attempting to optimize it performance in face
of an uncertain environment. This simple online setting has attracted attention
from multiple disciplines, including operations research, game theory, and com-
puter science. In computer science, computational learning theory and online
algorithms both focus on this task from different perspectives. I will concentrate
only on a certain facet of this general issue of decision making, and consider set-
tings related to regret minimization, where the performance of the online decision
maker is compared to a benchmark based on a class of comparison policies.

Regret minimization has its roots in computational learning theory and game
theory. While the motivation for the research in the two fields have been very dif-
ferent, the basic model that both fields has studied have been very similar. They
both consider an online setting, where an agent needs to select actions, while
having only information about the past performance and having no (or very lim-
ited) information regarding the future. Many natural computer science problems
give rise to such online settings; typical examples include scheduling problems,
paging, routing protocols, and many more. Online regret minimization learn-
ing algorithms have been introduced and studied in the computational learning
community [27,19,2,13,24] and also in the game theory community [20,17,16,21].
(See [11] for an excellent book on the topic.)

The online model studied has the following general structure. In each time
step, the online algorithm needs to select an action, and it can select a specific
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action or a convex combination of some of the actions. After the online algorithm
performs its action, it observes the loss of all the actions and receives a loss for
the action it chose. The aim is to minimize the total cumulative loss. In general,
one would like to prove guarantees that hold for arbitrary loss sequences; that
is, one imagines there is a powerful adversary that might generates the worse
loss sequence for the online learning algorithm.

When evaluating the performance of online algorithms, it is important to
select the “right” benchmark. On the one hand we like it to be sufficiently chal-
lenging, so that it will encourage innovative algorithms. On the other hand we
need to keep the expectation realistic, which will allow to introduce algorithms
and not only impossibility results. One way to think about the benchmark is
a set of algorithms that we like to match the performance of the best of them.
In the above online setting it is clear that no online algorithm can hope to com-
pete well against any algorithm, simply consider the case of predicting a random
coin, any online algorithm will succeed in the prediction only half of the times
(in expectation) while someone who first views the coins outcome will be able
to predict perfectly. External regret bounds the difference between the online
algorithm loss and the best algorithm in a comparison class of algorithms, and
generally one can achieve a regret bound of the form O(

√
T log N), where T is

the number of time steps, N are the number of algorithms in the comparison
class and assuming that the losses are from [0, 1] (see [13,14]). This implies that
the per step regret is vanishing at the rate of O(

√
(log N)/T ). From an online

algorithm perspective, the external regret can be viewed comparing the online
algorithm to the best static solution. In the multi-arm bandit setting [28,25] the
decision maker observes only the payoff of the action it selected (and does not
get any information regrading the other actions). In this setting the average re-
gret vanishes at the rate of O(

√
(N log N)/T ) for the adversarial setting [2] and

O((log T )/T ) for the stochastic setting [1].1

2 Regret Minimization and Job Scheduling

In an online job scheduling setting, at each time step a job arrives and the online
algorithm needs to schedule it on one of the machines. At the end of the run,
the online algorithm has a certain load on each machine (depending on the jobs
it scheduled on it) and the global loss function can be either makespan (the load
on the most loaded machine) or some norm of the loads (e.g., the sum of the
square of the loads). Such objective functions are very different from the additive
objective function usually used in regret minimization.

It is worth first discussing the differences between the regret minimization
model, suggested here, and the classical job scheduling model. We have a very
different information model, where the decision maker discovers the actions out-
come (e.g., in job scheduling this is the load of the job on each machine) only

1 The O-notation in the stochastic setting hides dependency on the stochastic param-
eters.
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after it selects an action (e.g., a machine where to schedule the job) and not be-
fore (e.g., when the job arrives). In contrast, in the classical online job scheduling
model, when a job arrives, the decision maker, first observes the load of the job
on each machine (the outcome of the actions) and only then selects an action.

Our information model is the “right” abstraction in many applications. For
example, consider a network load balancer (an online algorithm) which has to
select an outgoing link for each session (the action). The load balancer goal is to
minimize the load on the most loaded link (known as makespan). When a session
arrives, the load balancer needs to be scheduled on an output link before we learn
the load of the session. After we scheduled the session we can observe its load,
but then we can not change the link on which it is already scheduled.

It is worthwhile to note the difference between our setting and that of online
job scheduling in the competitive analysis literature [10]. The main difference is
in the information that the decision maker observes about the online tasks that
arrive. In the online job scheduling setting the “standard” assumption is that the
decision maker first observes the “load” of the job on each machine, and only then
decides on which machine to schedule it. In our model, much like the regret min-
imization model, we have a different information model. First the decision maker
selects how to schedule the job on the machines, and only then he observes the
“load” of the job on each machine. This different information model is a very im-
portant distinction between the two models. The other important distinction is
regarding the “benchmark class”, which in the competitive analysis is the optimal
hindsight assignment of jobs to machines, and in our case it is a significantly more
limited class. Finally, there is a very significant difference in the results we would
like to derive. We are aiming at getting a bounded regret, which is the difference
between the online cost and the minimal cost policy in the benchmark class, while
the competitive analysis is satisfied with bounding the ratio.

3 Model and Results

In this section we sketch the model and the results of [15], which would be our
main source.

We are interested in studying the following extension of the regret minimiza-
tion model. For each action we will maintain the cumulative loss of the online
algorithm resulting from this action. The online algorithm global loss function
would be a given (convex) function of the cumulative loss of the actions. (The
makespan is a perfect example of such a global loss function.) The online algo-
rithm objective is to minimize the loss of the global loss function. For example,
assume that �t

i ∈ [0, 1] is the loss at time t from action i, and let LT
i =

∑T
t=1 �t

i

be the cumulative loss of action i. At time t, first, the online algorithm specifies
a distribution pt

i over the actions, and then it observes the losses of the differ-
ent actions. Its loss from action i at time t is pt

i�
t
i, and the cumulative loss of

action i is LON,T
i =

∑T
t=1 pt

i�
t
i. Unlike the usual regret minimization model, we

will not sum the losses of the online algorithm for different action, but consider
the global loss function over the LON,T

i . For example, the makespan cost of the
online algorithm is maxi{LON,T

i }.
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We first need to select an appropriate benchmark, and a reasonable bench-
mark class is the class of policies that statically distributes the weight between
actions (and receives the proportional loss in each action). Specifically, given loads

L1, . . . , LN , for the makespan the best weights are p∗i = L−1
i∑

N
j=1 L−1

j

, and the

makespan is 1∑N
j=1 L−1

j

. As before, the regret is the difference between the global

loss function (e.g., makespan) of the online algorithm and that of the best set of
weights, and the average regret per step is the regret dividedby the number of steps.

In the talk we will discuss both an adversarial model (described above) and
a stochastic model of losses. For the adversarial mode, the main results appear
in [15] and include a general online algorithm whose average regret is vanishing
at the rate of O(

√
N/T ).

4 Other Extensions of the Regret Minimization Model

Unfortunately, we can not give a comprehensive review of the large body of
research on regret minimization algorithm, and we refer the interested reader
to [12]. In the following we highlight a few more relevant research directions.

There has been an ongoing interest in extending the basic comparison class
for the regret minimization algorithm, for example by introducing shifting ex-
perts [18], time selection functions [5], and wide range regret [26]. Still, all those
works assume that the loss is additive between time steps.

A different research direction has been to improve the computational com-
plexity of the regret minimization algorithms, especially in the case that the
comparison class is exponential in size. General computationally efficient trans-
formation where given by [23], in the case that the cost function is linear and the
optimization oracle can be computed in polynomial time, and extended by [22],
to the case of an approximate-optimization oracle.

There has been a sequence of works establishing the connection between online
competitive algorithms [9] and online learning algorithm [12]. One issue is that
online learning algorithms are stateless, while many of the problems address in
the competitive analysis literature have a state (see, [6]). For many problems one
can use the online learning algorithms and guarantee a near-optimal static solu-
tion, however a straightforward application requires both exponential time and
space. Computationally efficient solutions have been given to specific problems
including, paging [7], data-structures [8], and routing [4,3].

We remark that all the above works concentrate on the case where the global
cost function is additive between time steps.
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