
Chapter 14
Image Similarity Measures

Abstract. The subject of this chapter is image similarity measures. These measure
provide a quantitative measure of the degree of match between two images, or im-
age patches, A and B. Image similarity measures play an important role in many
image fusion algorithms and applications including retrieval, classification, change
detection, quality evaluation and registration. For the sake of concreteness we shall
concentrate on intensity based similarity measures.

14.1 Introduction

Comparing two input images, or image patches, is a fundamental operation in many
image fusion algorithms [21, 25, 26]. A meaningful image similarity measure [1] has
two components: (1) A transformation T . This extracts the characteristics of an input
image and represents it as multi-dimensional feature vector. (2) A distance measure
D. This quantifies the similarity between the two images, where D is defined in the
multi-dimensional feature space.

Mathematically, we represent a similarity measure between two images A and B
as

S(A,B) = D(T (A),T (B)) .

The following example illustrates the use of a similarity measure in a content-based
image retrieval (CBIR) system.

Example 14.1. A CBIR System [7, 13]. A CBIR system aims to recover images
from an image repository or database, according to the user’s interest. In the
CBIR system each image in the database is represented as a multi-dimensional

1 We use the term “similarity measure” as a general term which includes both similarity
measures (which reach their maximum value when A = B) and dissimilarity, or distance,
measures (which reach their minimum value when A = B). Apart from mutual information
MI all the measures discussed in this chapter are dissimilarity measures.
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feature vector which is extracted from a series of low-level descriptors, such
as a color histogram, a co-occurrence matrix, morphological features, wavelet-
based descriptors or Zernike moments. The subjective similarity between two
pictures is quantified in terms of a distance measure which is defined on the
corresponding multi-dimensional feature space. Common distance measures
are: the Minkowski distance, the Manhattan distance, the Euclidean distance
and the Hausdorff distance.

A similarity measure S(A,B), or a distance D(T (A),T (B)), is metric when it obeys
the following:

1. S(A,B)≥ 0 or D(T (A),T (B))≥ 0 ,
2. S(A,B) = 0 or D(T (A),T (B)) = 0 if, and only if, A = B ,
3. S(A,B) = S(B,A) or D(T (A),T (B)) = D(T (B),T (A)) ,
4. S(A,C)≤ S(A,B)+ S(B,C) or

D(T (A),T (C))≤ D(T (A),T (B))+ D(T (B),T (C)) .

Many studies on image similarity [21] suggest that practical and psychologically
valid measures of similarity often obey the first three conditions but do not obey the
fourth condition (known as the triangle inequality) and are therefore non-metric.

In designing the similarity measure we choose the transformation T according to
what image characteristics are important to the user. The following example illus-
trates these concerns for a stereo matching algorithm.

Example 14.2. Stereo matching Algorithm [11]. In a stereo matching, or dis-
parity, algorithm we compare two images A and B which are two views of the
same scene taken from slightly different viewing angles. The image similarity
measures S(A,B) should therefore be insensitive to changes due to specular
reflections, occlusions, depth discontinuities and projective distortions [5, 11].
At the same time, S(A,B) should be sensitive to any other changes in A and B.

It is should be clear that there is no universal similarity measure which can be used
in all applications. In selecting a suitable similarity measure we find it useful to
broadly divide them into two groups:

Global Measure. These measures return a single similarity value which describes
the overall similarity of the two input images. The global measures may be fur-
ther divided into measures which require the input images to be spatially regis-
tered and those which do not require the input images to be spatially registered.

Local Measures. These measures return a similarity image or map which de-
scribes the local similarity of the two input images. By definition the local simi-
larity measures require the input images to be spatially registered.
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Although useful, the above division of the similarity measures into two classes
should not be regarded as absolute. In many cases, we may convert a global similar-
ity measure into a local similarity measure and vice versa. The following example
illustrates a case of the former.

Example 14.3. Global to Local Similarity Measures. The mean square error
(mse) is a simple global similarity measure. Given two M×N spatially regis-
tered input images A and B, the global mse measure is defined as follows:

mseG =
M

∑
m=1

N

∑
n=1

(A(m,n)−B(m,n))2 /MN .

Clearly we may apply the mse measure to individual pixels. In this case we
obtain a local mse map mseL(m,n) which is defined as follows:

mseL(m,n) = (A(m,n)−B(m,n))2 .

More generally, we may calculate the mse over a local window. Let W (m,n)
define a L×L window centered at (m,n), where we assume L is an odd number
(Fig. 14.1). Then we may designate the gray-levels of the pixels in A which
lie in W (m,n) as ˜A(p,q|m,n), p,q ∈ {1,2, . . . ,L}, where

˜A(p,q|m,n) = A(m+ p−1−L/2�,n+q−1−L/2�) .

Similarly, ˜B(p,q|m,n), p,q ∈ {1,2, . . . ,L} designates the gray-levels of the
pixels in B which lie in W (m,n). In this case, we define a local windowed
mse map, mseW (m,n), as follows:

mseW (m,n) =
L

∑
p=1

N

∑
q=1

(

˜A(p,q|m,n)− ˜B(p,q|m,n)
)2

/L2 ,

=
m+L/2�
∑

p=m−L/2�

n+L/2�
∑

q=n−L/2�
(A(p,q)−B(p,q))2 /L2 .

Example 14.4. Local to Global Similarity Measures. Given two spatially reg-
istered M×N binary images A and B, a local similarity algorithm returns a
local similarity measure SL(m,n) for each pixel (m,n),m ∈ {1,2, . . . ,M},n ∈
{1,2, . . . ,N}. We may obtain a global similarity measure by aggregating the
SL(m,n) values, e. g. by finding the global maximum of the SL(m,n) values:

SG = max
(m,n)

(SL(m,n)) .
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Fig. 14.1 Shows an input image with gray-levels A(m,n),m,n ∈ {1,2, . . . ,5}. Centered
at (3,4) we have a 3 × 3 window W (3,4). The gray-levels in W (3,4) are ˜A(3,3) =
{A(2,3),A(2,4),A(2,5),A(3,3),A(3,4),A(3,5),A(4,3),A(4,4),A(4,5)}.

We start our discussion with the global similarity measures which do not require
image registration.

14.2 Global Similarity Measures without Spatial Alignment

In this section we consider global similarity measures which do not require spa-
tial alignment. These are similarity measures which compare the probability dis-
tributions or gray-level histograms of the two images. In general these similarity
measures are robust against changes in illumination. However, because they do not
require spatial alignment, their discrimination power is low.

14.2.1 Probabilistic Similarity Measures

The probabilistic similarity measures are global measures which do not require the
input images to be spatially registered. By converting the input images to probability
distributions, they are robust against changes in illumination and are widely used
when the images have been captured under widely varying illumination and viewing
conditions or by different sensor types.

Let A and B denote the two input images. We convert the pixel gray-levels a ∈
A and b ∈ B to a common gray scale x (see Chapt. 6). Let p(x) and q(x) denote
the probability of a transformed gray-level x appearing in A and B, then several
commonly used probabilistic similarity measures are:
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Chernoff

SC = − log
∫

x
pα(x)q1−α(x)dx , 0 < α < 1 .

Bhattacharyya

SB = − log
∫

x

√

p(x)q(x)dx .

Jeffrey’s-Matusita

SJM =
√

∫

x

(
√

p(x)−
√

q(x)
)2

dx .

Kullback-Leibler

SKL =
∫

x
p(x) log

p(x)
q(x)

dx .

If the images A and B are spatially registered then we may use the sliding window
procedure to generate local probabilistic similarity maps. Let W (m,n) define a lo-
cal L× L window centered at (m,n). If ˜A and ˜B designate the gray-levels of the
pixels in A and B which lie in W (m,n) (cf. Ex. 14.3) and p̃(x) and q̃(x) designate
the corresponding transformed local (window) probability densities, then the local
probabilistic similarity maps are

˜SC(m,n) =
∫

x
p̃α(x)q̃1−α(x)dx ,

˜SB(m,n) =
∫

x

√

p̃(x)q̃(x)dx ,

˜SJM(m,n) =

√

∫

x

(

√

p̃(x)−
√

q̃(x)
)2

dx ,

˜SKL(m,n) =
∫

p̃(x) log
p̃(x)
q̃(x)

dx ,

Note The typical window size used in the local probability similarity measures is
20× 20. This is needed to ensure we have sufficient pixels to accurately calculate
the local probability densities p̃(x) and q̃(x).

Example 14.5. Color Image Segmentation [17]. The goal of image segmenta-
tion is to decompose the input image into a set of meaningful or spatially co-
herent regions sharing similar attributes. The algorithm is often a crucial step
in many video and computer vision applications such as object localization or
recognition. A simple image segmentation is the K-means cluster algorithm in
which we divide the pixels into K clusters. Given a input image I in a given
color space, we may characterize each pixel (x,y) in I by its local histogram
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˜H(x,y):
˜H(x,y) = ( ˜H1, ˜H2, . . . , ˜HM)T ,

where ˜Hm is the number of pixels in the local window W (x,y) whose color
values fall in the mth bin. We then apply the K-means algorithm as follows.
Initially we define K cluster centers by randomly selecting K histograms. Let
C1,C2, . . . ,CK denote the K cluster centers or histograms. Each pixel (x,y) is
associated with a given cluster

δk(x,y) =
{

1 if (x,y) is associated with Ck ,
0 otherwise .

Then the K-means algorithm attempts to find the set of cluster centers Ck,k ∈
{1,2, . . . ,K}, such that the overall error

E = ∑
(x,y)

K

∑
k=1

δk(x,y)D
(

˜H(x,y),Ck

)

,

is a minimum, where D( ˜H(x,y),Ck) is an appropriate distance (similarity)
measure between ˜H(x,y) and Ck. Mignotte [17] recommends using the Bhat-
tacharyya distance.

14.2.2 χ2 Distance Measure

If we represent the transformed distributions p(x) and q(x) as discrete distributions
pk and qk, then we may use the χ2 distance as a dissimilarity measure.

Let A and B denote two input images with gray-levels a∈A and b∈B. We convert
the gray-levels a ∈ A and b ∈ B to a discrete common scale x by defining K pairs
of corresponding bins [a′k,a

′′
k ) and [b′k,b

′′
k ). Then the χ2 distance between gray-level

distributions of A and B is

χ2 =
K

∑
k=1

(mk−nk)
2

mk + nk
, (14.1)

where mk is the number of gray-levels a ∈ A which fall in the interval [a′k,a
′′
k ) and

nk is the number of gray-levels b ∈ B which fall in the interval [b′k,b
′′
k ).

Example 14.6. Face Recognition With Local Binary Patterns [1]. Ref. [1] de-
scribes an efficient image representation based on the local binary pattern
(LBP) texture features (see Sect. 3.4). Given a training set of K facial im-
ages A(k),k ∈ {1,2, . . . ,K}, we divide each image Ak into R regions. Note: We
assume the training images are spatially aligned.
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For each pixel (m,n) in A(k) we extract its local binary pattern LBP(m,n)
which is a label l, l ∈ {1,2, . . . ,L}. Then for each region r,r ∈ {1,2, . . . ,R}, we
construct a histogram (vector)

H(k)
r = (H(k)

r (1),H(k)
r (2), . . . ,H(k)

r (L))T ,

where H(k)
r (l) is the number of pixels in the rth region of Ak which have a LBP

label equal to l. Each training image A(k) is thus represented by R histograms

H(k)
r ,r ∈ {1,2, . . . ,R}. Given a test image B we spatially align it to the train-

ing images and carry out the above process. Let hr,r ∈ {1,2, . . . ,R}, denote
the corresponding histograms (vectors). Then we identify the test image B as
belonging to the k∗th individual if

k∗ = argmin
k

( R

∑
r=1

χ2(hr,H
(k)
r )

)

,

where

χ2(hr,H
(k)
r ) =

L

∑
l=1

(hr(l)−H(k)
r (l))2

hr(l)−H(k)
r (l)

.

The method showed high performance on difficult face recognition experi-
ments.

The original χ2 distance as defined in (14.1) defined between histograms HA =
(m1,m2, . . . ,mK) and HB = (n1,n2, . . . ,nK) and not between the discrete probability
distributions pk and qk. However, (14.1) may be easily converted to a probability
distance measure by replacing mk and nk by pk = mk/M and qk = nk/N, where
M = ∑K

k=1 mk and N = ∑K
k=1 nk.

Example 14.7. Probability Binning [19]. In probability binning we use vari-
able width bins such that each bin contains the same relative number of obser-
vations of A. If pk = mk/M and nk = qk/N denote, respectively, the relative
number of observations of A and B in the kth bin, where M = ∑K

k=1 mk and
N = ∑N

k=1 nk, then m1 = m2 = . . . = mK and the probability binning χ2 test is

χ2
PB =

K

∑
k=1

|pk−qk|2
pk + qk

.

Given χ2
PB we can define a normalized scale for it as follows. Let

T (χ2
PB) = max

(

0,
χ2

PB− μ
σ

)

,
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then T (χ2
PB) represents the difference between the probability distributions

of A and B as the number of standard deviations above μ , where μ =
K/min(M,N) is the minimum difference between F and G for which a confi-
dent decision of histogram difference can be made and σ =

√
K/min(M,N)

is an appropriate standard deviation for χ2
PB. Recently, Baggerly [3] has pro-

posed a more accurate scale as follows:

T (χ2
PB) =

2MN
M+N χ

2
PB− (K−1)

√

2(K−1)
.

As in (14.1) we may define a local χ2 measure:

˜χ2(x,y) =
K

∑
k=1

(m̃k(x,y)− ñk(x,y))
2

m̃k(x,y)+ ñk(x,y)
,

where m̃k(x,y), ñk(x,y) denote, respectively, the number of pixels in ˜A, ˜B which have
a gray-level which falls in the kth histogram bin.

14.2.3 Cross-Bin Distance Measures

The global similarity measures considered until now (SC, SB, SJM , SKL and χ2),
all suppose the gray-levels a and b are measured on a common gray-scale. These
similarity measures are therefore sensitive to any errors involved in defining the
common gray-scale.

A discrete similarity measure which is less sensitive to any errors involved in
defining a common gray-scale is the Earth Mover’s distance (EMD) [20, 23]: Let
mk and nk be the number of pixels in A,B which fall, respectively, in the kth his-
togram bin. Then the Earth Mover’s distance between m = (m1,m2, . . . ,mK)T and
n = (n1,n2, . . . ,nK)T , is defined as

dEMD(m,n) = min
αh,k

K

∑
h=1

K

∑
k=1

c(h,k) ,

subject to

αi j ≥ 0 ,

∑
k

αhk = mh ,

∑
h

αhk = nk ,

where c(h,k) is an appropriate cost function. The earth mover’s distance may be
understood as an optimization technique which finds the minimum transportation
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cost. In this case, c(h,k) is the cost of moving a unit mass from the hth bin to the
kth bin and αhk is the number of mass units carried from h to k.

Example 14.8. Mallow’s Distance [12]. If we use normalized distributions p =
(p1, p2, . . . , pK)T , where pk = mk/M and q = (q1,q2, . . . ,qK)T , where Qk =
nk/N, then the EMD becomes the Mallow’s distance [12]. If the histograms
are one-dimensional and we use the following cost function c(i, j) = |i− j|/K,
then

dmallow(p,q) = dEMD(p,q) =
1
K

K

∑
k=1

|Pk−Qk| ,

where

Pk =
k

∑
h=1

pk and Qk =
k

∑
h=1

qh .

The circular EMD [18] is a variant of the EMD which is used when one of the
variables is circular in nature e.g. an angle.

Example 14.9. Circular Earth Mover’s Distance [18]. If p and q are one-
dimensional and c(h,k) = |h− k|/K, then the corresponding circular EMD
is:

dCEMD = min
h∈{1,2,...,K}

(

1
K

K

∑
k=1

|˜Phk− ˜Qhk|
)

,

where

˜Phk =
{

∑k
i=h pi if k ≥ h ,

∑K
i=h pi +∑k

i=1 pi if k < h ,

˜Qhk =
{

∑k
i=h qi if k≥ h ,

∑K
i=h qi +∑k

i=1 qi if k < h ,

An important consideration in the χ2 and other histogram distance measures is the
optimal selection of the histogram bins. This is an important issue: If the bin width
is too narrow then the histogram is very noisy while if the bin width is too wide
then the histogram is too smooth. In both cases, the discrimination power of the
distance measure will be adversely affected. Recently [6] have described a simple
semi-empirical formula for estimating the optimal number of bins in a regular his-
togram. We assume the pixel gray-levels are defined in the interval [0,1]. If there are
N pixels, then the optimal number of bins is k∗:
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k∗ = argmax
k

(

L(k)−R(k)
)

,

where

L(k) =
k

∑
l=1

H(l) log2

(

kH(l)
N

)

,

R(k) = k−1 +(log2 k)2.5 .

We now consider global similarity measures which require spatial alignment of the
two input images A and B.

14.3 Global Similarity Measures with Spatial Alignment

In this section we consider the family of global similarity measures which require
spatial alignment of the two input images. These similarity measures tend to return
values change monotonically with increasing spatial misalignment. For this rea-
son, these similarity measures are often used for spatial alignment algorithms (see
Chapt. 4). We start with the mean square error (mse) and the mean absolute error
(mae) which are probably the simplest measures [2].

14.3.1 Mean Square Error and Mean Absolute Error

The mean square error (mse) and the mean absolute error (mae) are defined as fol-
lows:

mse =∑
k

(ak−bk)2/K ,

mae =∑
k

|ak−bk|/K ,

where ak and bk are, respectively, the gray-levels of the kth pixel in A and B.
The mse and mae should be used when the input images have been captured

with the same sensor under similar conditions, i. e. the photometric transformation
between corresponding pixel gray-levels should be close to the identity transforma-
tion. Both measures are sensitive to outliers although the mae is less sensitive (more
robust). In this case, we may robustify the mse and the mae by replacing the sum-
mations in the above equations by an α-trimmed summation:

2 The mse and mae increase with increasing misalignment. The correlation coefficient and
mutual information decrease with increasing misalignment.
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mseα =
1

K−2α

K−α
∑

k=α+1

d2
(k) ,

maeα =
1

K−2α

K−α
∑

k=α+1

|d(k)| .

where d(k) = dl if dl = |al−bl| is the kth largest absolute difference and α is a small
number. We often set α equal to K/20�.

14.3.2 Cross-Correlation Coefficient

The cross-correlation coefficient is defined as follows:

ρ = ∑k akbk
√

∑k a2
k∑k b2

k

. (14.2)

Sometimes we use a zero-mean cross correlation coefficient. This is defined as

ρZ = ∑k(ak− Ā)(bk− B̄)
√

∑k(ak− Ā)2∑k(bk− B̄)2
,

where Ā and B̄ are, respectively, the mean gray-levels of A and B.
The cross-correlation coefficients are more robust to changes of illumination than

the mse and mae. The cross-correlation coefficient should be used when the images
are captured by the same sensor and any changes in illumination may be approxi-
mated with a linear transformation. Many changes in illumination are not however
linear. In this case we must use mutual information and other ordinal similarity
measures.

The cross-correlation coefficients may be easily made robust against outliers [2].
For example, a robust version of (14.2) is

S′CC = ∑k ρkakbk
√

∑k ρA
k a2

k∑k ρB
k b2

k

.

where

ρA
k =

{

ak if ak < 1.345σA ,
1.345σAsgn(ak) otherwise ,

ρB
k =

{

bk if bk < 1.345σB ,
1.345σBsgn(bk) otherwise ,

ρk =
√

ρA
k ρ

B
k ,

and σA,σB are the standard deviations of the ak and bk values.
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14.3.3 Mutual Information

The mutual information [3] between two input images A and B is defined as follows:

MI(A,B) =
∫ ∫

pAB(a,b) log2
pAB(a,b)

pA(a)pB(b)
dxdy ,

where pA(a) is the probability a pixel (x,y) in A has a gray-level a, pB(b) is the
probability a pixel (x,y) in B has a gray-level b and pAB(a,b) is the probability a
pixel (x,y) in A has a gray-level a and the same pixel in B has a gray-level b.

In multi-modal applications no direct relationship between the input image inten-
sities can be assumed. In this case, similarity measures which rely on the probabilis-
tic relation and the distribution of the intensities in the input images is used. If the
input images have been captured by different sensors or by different spectral bands,
then the mutual information between two images A and B is used. Further details on
MI and how it is calculated is given in Sect. 4.6.

14.3.4 Ordinal Global Similarity Measures

Ordinal global similarity measures are based on order statistics. They do not use
the pixel gray-levels in A and B, but use instead the ordered gray-levels. In general,
these measure are insensitive to changes in illumination if the order of the gray-
levels is preserved. They are often used in applications involving change detection
or in applications where the images have been captured with two different sensors.

Two classical ordinal dissimilarity measures are the Spearman ρ measure and
Kendall’s τ measure [10]. If A,B each contain K pixels with gray-levels ak,bk,k ∈
{1,2, . . . ,K}, then these dissimilarity measures are defined, respectively, as

ρ = 1− ∑
K
k=1 |rA(k)− rB(k)|2

6K(K−1)
, (14.3)

τ =
K

∑
k=1

K

∑
l=1

sgn(ak−al)sgn(bk−bl)
K(K−1)

, (14.4)

where rA(k) and rB(k) denote, respectively, the rank of the kth pixel in A and B [4]

and

sgn(u) =

⎧

⎨

⎩

−1 if u < 0 ,
0 if u = 0 ,
1 if u > 0 .

Note: The definitions given in (14.3) and (14.4) assume no ties. For corrections nec-
essary if ties are present see e. g. [11]. Two additional ordinal dissimilarity measures
are the Kemeny-Snell dKS [15] and the Bhat-Nayar [5] dBN distance measures.

3 Mutual information is a similarity measure which reaches its maximum value when A = B
4 The ranks rA(k) and rB(k) are defined as follows. Suppose A and B each contain K pixels

with gray-levels ak,bk . Then rA(k) = l if ak is the lth largest gray-level in A and rB(k) = l
if bk is the lth largest gray-level in B.



14.3 Global Similarity Measures with Spatial Alignment 179

The Kemeny-Snell distance dKS compares the relative ranking of each ordered
pair of locations in one image with its relative ranking in the other image. Smaller
values of dKS indicate more agreement between the images.

Suppose A and B both contain K pixels with gray-levels ak,k ∈ {1,2, . . . ,K}, and
bk. Mathematically, dKS is defined as follows:

dKS(A,B) =
K

∑
k=1

K

∑
l=1

|φkl−ψkl | ,

where

φkl =

⎧

⎨

⎩

1 if ak > al ,
1
2 if ak = al ,
0 otherwise ,

and ψkl =

⎧

⎨

⎩

1 if bk > bl ,
1
2 if bk = bl ,
0 otherwise .

A normalized form of dKS is

d̂KS =
dKS

d̄KS
,

where d̄KS is the value of dKS if the pixel gray-levels occurring in A and B were
randomly distributed among the pixel locations in the two images.

Example 14.10. Kemeny-Snell Distance [15]. Given two one-dimensional im-
age patches

A = (24,12,14,7,50)T and B = (30,14,13,40,4)T .

The corresponding φkl and ψkl maps are

φkl =

⎛

⎜

⎜

⎜

⎜

⎝

0.5 1 1 1 0
0 0.5 0 1 0
0 1 0.5 1 0
0 0 0 0.5 0
1 1 1 1 0.5

⎞

⎟

⎟

⎟

⎟

⎠

and ψkl =

⎛

⎜

⎜

⎜

⎜

⎝

0.5 1 1 0 1
0 0.5 1 0 1
0 0 0.5 0 1
1 1 1 0.5 1
0 0 0 0 0.5

⎞

⎟

⎟

⎟

⎟

⎠

,

and the Kemeny-Snell distance is

dKS =
5

∑
k=1

5

∑
l=1

|ψkl−φkl|= 16 .

The Kemeny-Snell distance measure has proven efficient and useful for content-
based image retrieval applications (cf. Ex. 14.1).
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14.4 Local Similarity Measures

In this section we consider the family of local similarity measures. By definition,
these measures require the spatial alignment of the two input images A and B. In
Ex 14.3 we explained how we may convert a global similarity measure to a local
similarity measure. We may use the sliding window procedure to generate local
mse, mae, correlation coefficient, mutual information and dKS similarity measures.
In general the windows required for these similarity measures should be at least
20×20.

We now consider the Bhat-Nayer distance measure which is, by definition, a local
ordinal similarity measure. It therefore does not require such a large window size:
windows of 3×3 to 13×13 are common.

14.4.1 Bhat-Nayar Distance Measure

Let W (m,n) denote a L×L window centered at the pixel (m,n). If ˜A and ˜B denote,
respectively, the image pixels which lie in W (m,n) in images A and B. Then the
Bhat-Nayar (BN) distance measure computes the similarity of the two windows ˜A
and ˜B by comparing the rank permutations of their pixel gray-levels as follows.

Given the two windows ˜Aand ˜B, we rewrite them as image vectors ã= (ã(1), ã(2),
. . . , ã(K))T and ˜b = (˜b(1),˜b(2), . . . ,˜b(K))T , where K = L2. The corresponding rank
vectors are:

r̃A = (r̃A(1), r̃A(2), . . . , r̃A(K))T and r̃B = (r̃B(1), r̃B(2), . . . , r̃B(K))T .

Let k = r̃−1
A (h) if h = r̃A(k). Then we may define a composite rank vector s̃ as:

s̃ = (s̃(1), s̃(2), . . . , s̃(K))T ,

where
s̃(k) = r̃B(h) = r̃B

(

r̃−1
A (k)

)

.

Informally, s̃ is the ranking of B with respect to the ranks of A.
The BN distance measure is then

λBN = 1−2
maxk(dk)
K/2� ,

where

dk = k−
k

∑
h=1

J(s̃(h),k) ,

J(a,b) =
{

1 if a≤ b ,
0 otherwise .



14.4 Local Similarity Measures 181

A modified BN distance measure due to Scherer, Werth and Pinz (SWP) [22] is

λSWP = 1−
(

maxk(dk)
K/2� + ∑k dk

K2/4�
)

.

The following example illustrates the calculation of the BN and the modified BN
distance measures.

Example 14.11. Bhat-Nayar Distance Measure [5, 22]. Given two one-
dimensional input images

A = (10,20,30,50,40,70,60,90,80)T ,

B = (90,60,70,50,40,80,10,30,20)T ,

the corresponding rank vectors are

rA = (1,2,3,5,4,7,6,9,8)T , rB = (9,6,7,5,4,8,1,3,2)T .

The composition permutation vector s̃ is

s̃ = (9,6,7,4,5,1,8,2,3)T ,

and the corresponding distance vector is

d = (1,2,3,3,3,2,2,1,0)T .

The BN and the modified BN distance measures are:

λBN = 1−2
maxk(dk)
K/2� = 1−2×3/4 =−0.5 ,

λSWP = 1−
(

maxk(dk)
K/2� + ∑k dk

K2/4�
)

= 1− (3/4 + 17/20)=−0.60 .

The following matlab code may be used to calculate λBN and λSWP.

Example 14.12. Matlab Code for λBN and λSWP. Let A and B be two input vec-
tors containing M gray-levels Ak,k ∈ {1,2, . . . ,K}, and Bk,k ∈ {1,2, . . . ,K}.

[ junk, invrA] = sort(A) ; [ junk,rA] = sort(invrA);
[ junk, invrB] = sort(B) ; [ junk,rB] = sort(invrB);
s = rB(invrA);
S = ones(K,1)∗ s(:)′;
G = (1 : K)′ ∗ ones(1,K);
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d = (1 : K)′ − sum(tril(S < G),2);
λBN = 1−2 ∗max(d)/ f loor(K/2);
λSW P = 1− (max(d)/ f loor(K/2)+∑(d)/ f loor(K2/4));

14.4.2 Mittal-Ramesh Ordinal Measure

Although the ordinal similarity measures are robust to monotonic changes in inten-
sity, they are not very robust to Gaussian noise. Even a small amount of Gaussian
noise can completely change the rankings between pixels that are not far from each
other in gray-level. Such a drawback occurs because the ordinal similarity measure
do not take into account the pixel gray-levels at all. In the Mittal-Ramesh ordinal
measure we take into account the pixel gray-levels. The similarity measure has a
very good performance but is computationally very expensive.

14.5 Binary Image Similarity Measure

Special similarity measures are used for binary images. Given two binary images A
and B we may define a local distance measure [4] as follows: Let dA and dB be the
corresponding distance transform images [8]:

dA(m,n) = min
(u,v)

˜A(u,v)
√

(m−u)2 +(n− v)2 ,

dB(m,n) = min
(u,v)

˜B(u,v)
√

(m−u)2 +(n− v)2 ,

where

˜A(u,v) =
{

1 if A(u,v) = 1 ,
∞ otherwise ,

and ˜B(u,v) =
{

1 if B(u,v) = 1 ,
∞ otherwise .

Then, the local distance measure is defined as:

L(m,n) = |A(m,n)−B(m,n)|max(dA(m,n),dB(m,n)) .

The following example illustrates the calculation of the local distance measure

Example 14.13. Local distance map. Given two binary images

A =

⎛

⎝

0 1 1
1 0 0
1 0 0

⎞

⎠ and B =

⎛

⎝

1 1 0
0 1 1
1 0 1

⎞

⎠ ,
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the corresponding distance transforms are

dA =

⎛

⎝

1 0 0
0 1 1
0 1 0

⎞

⎠ and dB =

⎛

⎝

0 0 1
1 1
√

2
0 1
√

5

⎞

⎠ .

and the local similarity measure distance map is

L =

⎛

⎝

1 0 1
1 0
√

2
0 0
√

5

⎞

⎠ . (14.5)

We now describe how we may convert the local binary distance measure map
L(m,n) into global Hausdorff measures.

14.5.1 Hausdorff Metric

The Hausdorff distance [9] between two M×N binary images A and B is defined as

H(A,B) = max
(m,n)

(L(m,n)) , (14.6)

where L(m,n) is the local distance measure defined in (14.5). According to (14.6),
H(A,B) is the maximum distance from a point in one image to the nearest point
in the second image. It is therefore very sensitive to noise and for this reason we
often use robust variants of the Hausdorff distance where we replace the maximum
operator in (14.6) by robust alternatives. Some examples are:

Partial Hausdorff distance

Hk(A,B) = L(k) ,

where L(k) = L(m,n) if L(m,n) is the kth largest local distance value.

Mean Hausdorff distance

HAVE(A,B) = ∑
(m,n)

L(m,n)/(MN) .

Median Hausdorff distance

HMED(A,B) = med(m,n) (L(m,n)) .

The following example illustrates the calculation of the original Hausdorff distance
and its variants for the two binary images A and B.
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Example 14.14. Hausdorff distances. Given two binary images

A =

⎛

⎝

0 1 1
1 0 0
1 0 0

⎞

⎠ and B =

⎛

⎝

1 1 0
0 1 1
1 0 1

⎞

⎠ ,

the corresponding local distance map L(m,n) (see Ex. 14.13) is

L =

⎛

⎝

1 0 1
1 0
√

2
0 0
√

5

⎞

⎠ .

The original, partial, mean and median Hausdorff distance measures are, re-
spectively, H(A,B) =

√
5, Hk(A,B) =

√
2, HAVE(A,B) = (3 +

√
2+
√

5)/9≈
0.75, and HMED(A,B) = 1, where Hk(A,B) was calculated assuming k = 8.

14.6 Software

END-L1. A fast matlab routine for the earth movers distance assuming an L1

metric. Authors: Haibin Ling and Kazunori Okada [14].
COMP STATS TOOLBOX. A computational statistics toolbox. Authors Wendy

Martinez and Angel Martinez [16].

14.7 Further Reading

In this chapter we have concentrated on similarity measures which are fixed in the
sense that they are not learnt from training data. Recently the training of such mea-
sures has received increasing interest. A comprehensive survey of the subject is
given in [24].
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