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C.1.M.E. lectures

by
P.C. KENDALL

(University of Sheffield)
Introduction

This set of lectures is not intended to be a comprehensive survey
of the ionosphere. It is intended to lead the student with great speed to cer-
tain specialized research areas of possible interest to applied mathemati-
cians ., I apologise to the many ionospheric physicists (both experimental
and theoretical) whose work is not mentioned here; the short list of refe-
rences included at the end reflects current theory. Present day achieve-
ments have only been made possible through the patient experimental

work and international collaboration of many scientists over decades.
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Lecture 1

In his lectures Professor Ferraro will show how dif-
fusion of a plasma (a gas composed of equal numbers of ions and elec-
trons) takes place through a neutral atmosphere, The electrons are often

very mobile and would in absence of electrostatic forces disperse to
infinity in a very short time. The ions are bigger and heavier and so
cannot move as quickly through the neutral atmosphere, Thus, the tenden-
cy of the electrons to "boil off" is prevented by the electrostatic forces
between ions and electrons, and an electric field is set up. This has the
effect of increasing by a factor of two the pressure gradient which cau-

ses diffusion; thus causing faster diffusion, known as ambipolar diffusion

The purpose of this lecture is to establish the equations of the problem

including the effects of a uniform magnetic field HO. In general these

equations have not yet been fully solved, I will describe what can be done,
and also mention the difficulties, Practical application of the equations
may be made in the upper ionosphere, in diffusion of meteor trains and

in the laboratory, wherever the plasma is a mingt constituent,

Solution of the problem (ion-neutral collisions only)

The main problem is how to work out the electric field arising from
attempted charge separation. In the case when the electrons are perfectly
mobile (i,e, we can ignore collisions of electrons with both ions and neutral
atoms) this can be done in full (provided that certain other minor simpli-
fications are made) . In particular , it will be seen that the external electric
field gives rise to complicated drift motions of the joint ion-electron

gas.
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The equation of motion of the electrons is
dY-e
) —— =-VUp -eN(E+V x B

(1) Nm 5 Vp -eN(E+V x B)
Here,

m, = mass of electron

P, * electron pressure

N =electron density = ion density

e = electronic charge

V = electron velocity

—e

d/dt = mobile operator 9/t + (v, V)

E = total electric field in fixed axes

The magnetic field is assumed constant and uniform (i.e. the number of
ions and electrons is so small that their associated electric currents

may be neglected) , Thus the electric field is a potential field, i,e.
(2) curl E = 0 . . E=-Va
Neglecting terms which involve m (which is small)

0:=-Vp -eNE+V x B),

(3) i,e,
Vo, -eNyo--NeVx B

So, in an atmosphere at uniform temperature T, if k 1is Boltzmann

constant such that
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equation (3) becomes

(4) Y(ﬂ log N-Q)=-VxB
e . - -
Write
kT
= — +
(5) Q2 . log N QH
Then

(6) B.Vo, =0

showing that the potential QH is constant along a magnetic field

line, Further, if

we obtain

2
(7) =E x B /B

N
-

This 1is known as the Hall drift or Hall motion of electrons. The

electric field EH is at right angles to the magnetic field and if pre-
sent must be regarded as an applied electric field, external in origin.
The electric potential kT (log N)/ e is internal in origin. One might
well ask what happens when N =»0; apparently the electric field beco-
mes infinitely large. The answer lies in our assumption of electrical

neutrality, which becomes invalid for gmall values of N,

The equation of motion of the ions is
dv,

-1
— 4 - - - +eN(E+ _
Nm =g *Nm», (V- V) v preN(E+VxXE)

Here,
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m, = mass of ion
P, = lon pressure
N = ion density = electron density
\_/i = ion velocity
'\_7a= neutral air velocity
Vi = collision frequency ions = neutral atoms

In the diffusion approximation it is usual to neglect the acceleration,

(The student should find out why) . Then

(8) Nm, Vi(V‘-V)=-Ypi+eN(E+Yix B)

1 a -1 —a

Adding (3) and (8) to eliminate E,

7 V (V -V )=- + +eN VxB-eNVxB
(9) Nm V. (V-V)=- YV +p) VXB-eNVxB
Writing
) =p =NkT,.
(10) P, Pe
and
kT e
(1) LV - g IV v x B
iuia iV ia

we see that

e
+— =F
(12) Vot o By cE

This must be selved for Yi' Then the diffusion equation is formed
by using the continuity equation, which  in absence of production and

loss is

(13) B oaw Wy -Yavy)
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Denote by W and )1 components parallel to and perpendicular to B.

Then :
0 0
(14) y'oapt oM L EKT 9y
34007 2 Nmy, =
17 1a
d
- L e i 4
(15) v o+ BxV = F
-1 m. . - = -
17 1a

There are many ways of solving this equation, A quick convenient me-

thod is to introduce coordinates x, y , Z with the z-axis parallel

tO B (I igc 1).

X
Fig, 1
Then if
4
v, (V) Y, 0
we have
4
]é xyi = ( BV2, BVl’ 0) .

It follows that if we introduce

i=v (-1

and write
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&
=V + jV
Y=Vt iv
we obtain
F S NS
BxV.=BjV-.
! !
So equation (15) becomes
4 A
(16) V.:F/(1+ ¢B i)
-1 - m, V.
i ¥ia
where
i 2 1 i
1 Fev. -—2KL vy B,y
(17) - -2 Nmy - m Y, —-e
i%ia i ia

Equations (14) (16) and (17) describe the motinn completely and with (13)
we
give an equation governing N. FirstAdiscuss two special cases. These will

help to clarify the general problem.

Special case I B =0 (no magnetic field)

Equation (12) gives at ence

V.=V - 2 kT Vn
-i -a Nm w, =
i” ia
This is the case of ordinary ambipolar diffusion, We define the coeffi-
cient of ambipolar diffusion in this case- to be

a m, .
i ¥ia

so from (13) if T and wia are constants,



— 90 —

P. C.Kendall

(18) g—lf—hdiv (N ya)ﬂ)avz N

This is the isotropic diffusion equation. The term div (N Ya) is cal-

led a transport term. Its presence indicates that all diffusion takes

place relative to the wind \_/_a in the neutral air, Note the factor 2 in

D
a

Special case II eB/mi v, @

Physically

via = collision frequency

e B ()

NXm,
i

= Larmor frequency

(*)In absence of electric fields the motion of a single ion is given

by dv
—_ = b4
m1 dt € Y— E
i.e,
ay
o CuxV
where

b = eBfm,

Thus in absence of other forces the velocity vector rotates with angular
velocity w = eB/m. in a certain sense, The motion is one of spiralling
about the magnetic field lines.
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Thus case II corresponds to many spirals between collisions
and magnetic effects dominate.

Clearly \_11" is unchanged from (14); but from (16) and (17)

The diffusion equation then becomes

2
1
(19) AN iy NV ) cdiv (v v )+D—a—-—N— ,
—a —e

2
ot a 9z
where z 1is the coordinate along the magnetic field. Note that (a)
the only effective neutral wind component is along a field line (b) the

Hall drift, caused by electric fields is at right angles to a field line.

In general

Rearranging equation 1n.,

D i
L 1L 1
E=Y'V"ﬁ§ !N+(1+ ¢ B )V
a e iuia €
Thus from (16)
D
L -1 + A L
V‘." =V +(1+—?£—j)l(v R AN N)
-1 —e VIR -a —e N =
i¥ia
Also from (14)
V. =V -— XN
—-i —a N

So, letting s =e B/mi v, we have
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IN : U Y s L
- =-d NV - i i
30 iv ( v, div (NV )+ 5 div (NkxV ")

1+s 1+s
. 4 . 4 s . 1
-d1v(N\1e )+ dlv(NY-e ) - 2d1v(N£<_uY_e )
1+s 1+s
2
+ D 31\2]
¥
D s D 'y
+.Y_'L {_Lz_ le- aé l_{xVN},
1+s 1+s
where k=(0, 0, 1).
1 4
Thus as Vokx IV =VxeUNyz0, e nave
]
N . g vv'- div (NVY)+——div NkxvY)
ot -a —-a 2 =% —a
1+s 1+s
s2 P N s 'S
- 2div (NVT) - 2div(Nl__(iﬂ_/e )
1+s ¢ l1+s
D 2 2 2
N N 3N
(20) + a2(32+b g)+D —5
1+s dy 2z

Note how on putting s =0 this equation reduces to (18) and how it reduces
to (19) on putting s =« . The terms in Y: disappear when s =0 and the
first one remains when s % o . They might be called "Hall terms" . No-
te also how complicated the effects of electric fields EH (such that Ye =
= EHX ]_?._/ B2) and winds Ya become when s ~ 1. The effective wind is

not V but is
-—a

4

V -skxV
1]
Y-effective =Ya + = =
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Asymptotic solutions of the ambipolar diffusion problem

Consider equation (20) in the case when EH =0 and V =0
- —a
i.e, diffusion in a stationary atmosphere with no electric fields present

other than internal ones. Then

(21) ay % (32N +__32N)+D R
3,2 3y° 232
Write
x' = x/[(l + sz)/Da‘i y'= yf((l + sz)/D;! z! = Z/JDa
D)
ThenAbecomes
2 2 2
(22) gg=31;l+aN2 L 9N

b Iy 32'2

Suppose that diffusion takes place over a region of infinite extent in all

diredions, 2 given cloud of plasma being released at time t =0. If the

. 2 2, 2
plasma is released as a point source such that if r= J(x' +y'+zh),

N, 0) -8 @
then it may be shown that

X'2 + y'2 + z'2
4t

N(r, t) = exp =

(4“)3/2

It follows that for a general cloud of plasma such that

N = N(x', y', 2z, 1)

(*)&(r) :0if r 0 and is so defined that H[&' (r)dx'dy'dz' =1
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we have
2 2 2
1_ +(y!- 1.
N(x', y', 2", 1) “’I O)ex (x XO) (y yo) Hz Zo)
3/2 P at
dx dy d
*o Yo %%
So the asymptotic shape of any plasma cloud as t o is
N 2 2. 3
" +y' +z!
——7— exp - yr s
(470 1)
where N'O = total electron content =H N dx'dy' dz'. Converting

back we see that if

N=§S8Nddd,
o x dy dz

as t -y o the asymptotic form is obtained, namely,

2
(1+s)N 2 2 2 2
(I+s)(x +y)+z
(23) N=—7—° exp [-
(4\!Dat)3 2 4Dt

This shows that in a uniform magnetic field a discrete plasma
cloud will take wup the shape of an ellipsoid of revolution, elongated in

the direction of the field.

. - o L ¥
Dispersion of meteor trails

A*meteor trail is an infinitely long cloud of plasma left behind
as the meteor passes through the ionosphere, see Fig. 2 for notation) . At

time t =Q one might suppose the trail to be of small cross-section,
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(earth's magnetic
field)

y*

X
Fig. 2

Clearly the problem is in two dimensions, at right angles to the

meteor train . Assuming that an equation of type (21) holds we may put

X » ¥
X =Xy =y coset +tzsindd z =-y sinet +z cos o
and
*
N=Nx Ly, 1)
giving
D 2 2 2
(34 g_t1_v= 2332“3 (Si“2“+_cos°2"aN2
1+s X a 1+s ay*

Unfortunately we have omitted electron collisions. Nevertheless, this serves

as useful illustrative problem.

Exercise Show that a solution of the equation

aN_;zN +32N
at —)t'z 3y'2

Is n a’ 2 2
N = 2_0___ exp - .(.u_l
(a + 4t) (a2 + 4t)

Hence obtain a solution of equation (24) and discuss its nature.
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Note , When electron-ion collisions and electron -neutral atom collisions

are included the ambipolar diffusion equation can not be solved, A re-
cent paper by Holway (1965) J.G.R. 70 3635 is known to be incorrect
as curl Ef 0
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Lecture 2

Diffusion in a plane stratified atmosphere

The diffusion equation

Figure 3
B

A
1 .
/.../{ - =horizontal

I=angle of dip
angle between B and horizontal

All variables are assumed to be functions of =z only, where
z = height above some fixed reference level (Fig. 3) . Roughly speaking we

choose

z = 0 at base of ionospheric F layer

The preceding results on ambipolar diffusion may be used to simplify the

derivation, for in the F2 layer, 300 km above the ground

Y ~ 1 sec
la

Therefore

-20
1.6 0
eB | X 1 x0,3 200

)
MY gex10 2% 1
giving

s> 1

It follows that
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(i) The only relevant equation of motion of the ions is that
along a field line 1i.e. parallel to B

(i1) The motion Y:' at right angles to the field lines is deter-
mined by the Hall electric field, Thus

4
V. = E xB/B2
-i =H -

4
For a self consistent model we must take V. to be uniform,
!

The physical meaning of ®g(Whis that the ions can spiral freely between

collisions with neutral atoms, and do so many times, Their random

motions across field lines are therefore considerably reduced (Fig. 4).

Figure 4

Schematic view of motion of ion

However, the Hall drift is as though the field lines were themselves moving
4 .
with velocity \_/i , giving a transverse velocity \_/:' to the motion of the

ions.
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Fiqure 5

With & /dt = 0 the equation of motion of the plasma along a field line
is (Fig. 5)
2NkT
D

VAR AN RS

(The partial pressure of the plasma is p; + pe = NkT + NkT) .
We assume that the temperature of all constituents is the same and is

uniform and constant. Here

D=2D, =2y coeff. diff. ions - neutrals
ia

and from gas theory

Dm‘l/na (n =neutral air density)
a

The neutral atmosphere is in equilibrium. Thus the neutral air density
is

n =0 exp(~z/H),

where

H = scale height :kT/mag

We shall assume that ma = mi .

A
Thus if T denotes a unit tangent along a field line
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1=3>
13>

"
V' -T(T.9)
and

A
g"=-gsin1"£
giving
Wy _Deh N )T
vyl (TN grsin ) T

The diffusion equation is formed f{rom the continuity equation

Here
Q = rate of electron production (by sun)

L =loss rate (by recombination)

The equation could be written

N ;N . aN

* C-.0-11, - AT 1

e Q-L WH cos oz Va cos I sin 32
(1) +D9N,

where

W, = Hell drift L to field lines
(assumed uniform)

V = Horizontal velocity of neutral air
(assumed uniform)

9 = diffusion operator defined by :
A A
Df)N:!.{D@.Y N+2—1\}II sin 1)1_"}

A A N
=(T.9) {D (T.YN+ 25 S 1)}
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But in this case
A )
'Ev =sin 1 3
2. 9 . aN N
Thus DON = sin"1I 3. P tap )
giving , as D &exp(z/ H)
2
3N 3 9N, N ., .2
(2) QO N=(T=+55 5+—5)sin’ I
ass M 7,y

This equation is due to Professor V.C.A, Ferraro.
We have to solve equation (1) , where @ is given by (2) . The rate of

production may be taken to be the Chapman function
_ z -z/H
(3) Q—qoexp (1-H e secX),
where x is the zenith angle of the sun, during daylight hours, At

night Q =0, The constant q0 is the rate of maximum production.

Let & = Northern declination of sun, Q' = local time in radians mea-

sured from noon ( ¢' = 04 noon) . Then spherical trigonometry gives
(Fig. 6)
cosx = cos (.g‘S')COS ¢ + sin (E-S)Sin # cos ¢'

sun

-————--—.

Figure 6
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-sin & cos B+cosd sin 6 cos ¢'

The length of day, § , is given by the equation
1
0=sin§ cos 6 +cos & sin6cos E\P

Thus time can be measured in radians from sunrise by writing

§ =¥+ ¢
Then we have

sunrise  at ¢=0

sunset at ¢ =\

and 1
cos ¥ =sin8§cos 6+ cos® sin 0 cos (? - E(r)

(4)

= function of time ¢

The loss rate is proportional to N and is given by

= N -
(5) L =@ Nexp (-Az/H)
The exact value of A for the F2 layer is believed to be

AN =1.75,

and numerical calculations are possible in this case. However, a wide

range of analytic solutions L8 available in the case A=1, The constant

Bo has dimensions sec

Tllustrative solutions

The problem may be formulated in dimensionless variables as

follows. Note that for simplicity's sake we consider only the case
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Write
(6) t=vé

where
Y = number of secs in a radian =1,37X 10

(M) G-7@,

2

_H ~ z/H
(8) X _T_-—Do sin2 I (D = D0 e’ )
Then
ON _ z e_Z/H ~Mz/H 2/H
20 TP U TR Ty @ re ".:; HON
Also put
\5 -¢/20 and N = 'S v
Then
v ~$ise 1 a’v
(9) . T ede ;l, —
cY) s @ K 2y’

The solution of equation (9) is required under the conditions

(i) Solution is periodic = ©)2W
(ii) There are no sources at z = o (‘g = 0)

(iii) v «» 0 as zd=0 (4 )

Gliddon (1958 a,b) has provided solutions of this equation in full for
the case N =1 following earlier work by Ferraro and 6zdogan for the
case A =0. There are possible generalizations in the case A=1
which appear in the Journal of Atmospheric and Terrestrial Physic
under the authorship of Gliddon or Gliddon and Kendall, The analysis and

elegant mathematics are due to Gliddon.



— 104 —-

P.C. Kendall

Exercise  Show by direct substitution that a periodic solution of
equation (9) with A =land cos X = sin¢ is
1

3 2
— ’ 5 X C(”%)
R SRR EL I

(o]

1 3 2
Ao o -~ xM¢, ¢ -20m)
1 4 2 oxp - ——
n E'qu e (6‘6) Z_ S X{A(¢’¢o - 2n'l')} exp - 4A(Q: ¢0-2nl) d‘o
n=1 ‘o 0

where 1 l 1
™ (4,9 -Qy 2 cosec ¢ cosh{ (e) 2 (4;(;*)} + Sinhi(g )2(¢0-’)}

1 L L
A (¢O)¢) = (@-‘) 2 cosec ¢ sinh{ _(%)2 (@0 ~*)} + cosh[(§)2(¢0 -’B

and
2 ; 2
x =4 (@8)2 'S
Note This solution does not satisfy condition (ii); however, Gliddon cor-

rected this in his later papers.

There is scope for more analytical work on equation (9) for the ca-

se M= 1.75 (or possiblyx= 2) .

The equilibrium problem

At noon and in the early afternoon the sun is nearly overhead

for about 3 hours, so that near-equilibrium may be reached. Then

aN/ag=x~ O
and, choosing an overhead sun for convenience,

cos ®1
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Thus
2 2
?qV 26 -3
(10) =5 -4Byy ve-dgTaed e
2%
One boundary condition may be found from the expression for \_/':'
If v =0
—a
N N & .
—_ 4 —
WD( T, ) sin 1
Thus
\_/:‘ w /9%

and we require

(i) qv/dd =0 at $ =0
Also

(ii) v90 as by .

These are called two point boundary conditions. There are two methods of

solution (a) the method of binary splitting and (b) the use of lattice

techniques. In the next lecture I shall give recommended formulae and

describe the numerical methods wused in detail, and briefly, before

describing how to integrate numerically equation (9) with ® /o £0.

Note that T q, e is a scaling factor which may be omitted

from the calculations and inserted afterwards,
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Numerical and analytical methods

The binary splitting method

We present two methods of integrating the equation

2 2

-] 2N -
(1) ——%-49:5 v=-4gbe

%
in preparation for the equation

dv -3 sec) 28 1 azv
(2) =— =Ye B% vV tT

o6 LY ;

The first is the binary splitting method used by Rishbeth and Barron.

Briefly, we observe that equation (1) may be integrated under

the initial conditions
V= v dv/o =0 at 4 =0,

where vo is a constant, However, in general we see that the solu-

tion will not satisfy the condition
vy 0 as 4

except for a particular value of v ,say , v = vo’ . In fact solu-
o 0

tions fall into two types: either vy o or ve-» - o . The different

types of solution are shown, in Fig. 7.
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Figure 7

./'\ N Isol“ satisfying
~~==- boundary

! conditions

In practice as N >0 always we know that a solution may be discar-
ded as soon as v becomes -ve i,e, when v<(, We also may
assume that a solution is such that v - o when v reaches 10, We

start with two solutions corresponding to Vo © v1 and v0 =V such that

for vl Vay -

for v2 vy +ow

Then test the solution for
v + v
( 2)

If it is such that va -mo we replace v by Vg -
If it is such that v-» +to we replace Vo by v3 .
In this way we refine the value of Vo as far as the accuracy of
the computer permits. The two {inal solutions give an approximation
to the exact solution, and it is obvious where they fail to give a good

approximation (Fig. 8);
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/ Figure 8

exact solution

{

A suitable starting pair is Vo =0 and v, =9 (say) . The me-

thods recommended are the Runge-Kutta ~method for starting the inte-

gration and Hamming's method for continuing it. These two integration
5
formulae are equally accurate (of order h ) but the Runge-Kutta method

is unstable when v starts getting large. This can cause convergence: to

a false value of V: . The reader should note that there are many

other integration formulae, including Runge-Kutta formulae of diffe-

rent orders.

Runge-Kutta formula

To integrate the system of d.e.'s

dyi

_-_=f ] 3wy i= 385000y

o Ly, y) i=Lz2 n
we have for n=2,

dy

1_
—d-x— - fl(x, yla yz)

dy
—2=f(x Yo ¥,)
dx 2771 79
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The Runge-Kutta formula for the increments in Y, and y_ correspon-
&

ding to an increment h in x is

1
= = +9K +2K_+K
b i T Ky i Fy Ty €212

where

(0] (8] [0}
=hf
Ko "By yg)

o 1 o 1 1
=hf(x® +h 1
Ky whie +shy +5 K ’yz 2 %02
K =hi (C+oh yP4s K 30 +1 K )
2 4 2T M Y2 e B

K. =hf(x  +h, yl +K

. . A +K 9) (i=1,2)
3i i

21

To use this in integrating (1) we have

n=2 ¥ -x vy TV y2=3V/aS

Then

dy
Ly =1 (%,y..7,)
dx 2 17791772
dy 2

2 25 -X
—_—= ; - 4 =
= Wy e Ly 3123y)

The procedure is quite straightforward, but we only make 5 steps,

then start using Hamming's method (with same steplength } .

Hamming 's method (see Ralston and Wilf

To integrate numerically the d.e.
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%E = i(x, y)

let x (i=1,2,...)be a sequence of values of x; spaced at equal
1
intervals, h, and such that the values y(xi) (0g i & n) are

. ind
known, We require to fin y(an)

To simplify the notation, write

B dy -
y, =) (5 f
X=Xi

then is evaluated by the following method :

yn+1

4h
ictor : = +—L - +
(1) Predictor : Poe1 Yoo 3 3 (an fn-l an-z)
2)  Modifier : - 20 lc)im fx ,m.)
(2) oditler = M 1 TP 7121 Pu T M Tht T Fner M

1 [
. == - + ' 49f -
(3) Corrector: Cn+l 3 9yn Y9 3h(mn+l 2fn fn-l)]

)

i . = i
(4) Final Value ) Cn+1 + 21 (pnJrl Cn+l

Lattice techniques

Assume that the solution at § =0 is v,s at f -his Vi

=2h i d . Th
ats 2h is v2 and so on en

2 - +
v n-1 2Vn Vntl
2~ 2
()] h
Suppose 'S ='S at v =v . The finite difference approximation to
n n

equation (1) is then
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2, 2M
Vn-l -2 4@1 . .sn )vn ¥ vn+1

(3) 32

= - 48 h2$ne-

At % =0 we have ®v/d% =0. The correct procedure here is to
introduce a spurious value v 1' outside the boundary, Then on the

boundary S =0,

v VitV
e =0
Y 2h

(4 Sy e

The d,e, is satisfied on the boundary, so we obtain from (4) with

n=0 in (3) (§_=0)

- + =
(5) vorv =0

There is no easy way of exactly ensuring that v 0 as S % . Fron

(1) we observe that for large values of § (§>>1)
2
1-2% -%
vV X s e / (s
Thus we choose for n large enough (=N, say)

2
- .S 1-2&9-33 /6

(®) N

and impose this as a boundary condition. In practice (b‘ ~ 30 and

we could choose ‘SN =1as a remarkably good approximation to oo,
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Equations (3) (5) and (6)

-y +v
0 1

~Av +v
Vo O 2

+v

- A
Vi e'e

where

) 242A
A =2 +4fgh sn

This system of equations is
straightforward enough to solve for

given by Richtmyer,

give

v

us

(0]

the

VN- 1

P. C. Kendall

set of N-1 equations

) 1-28 -
Pyl e

fN/@

2
e a2 o On
Fn—-4~6h ‘Sne

called a tridiagonal: system, It is

by using an algorithm

Algorithm for solving tridiagonal system (see Richtmyer)

Suppose the general form is
{8) Ci vi_ + Bivi + Ai vi+1
Set (9) v, ® ri Vitl + Hi
(10) YTt TR

:K‘
1

i:o, "-u ,N"'
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Then
+C.H +B v +A =K
GtV TGN TR A i T
+ =K -C H _-A
(1) or vi GTia PB TR G E L Ay
Then comparing (9) and (11)
-A Ki - CH, 1
(12) S e B )
ii-1 i ii-1 i

st . . St cp
Now from 1~ equation ; i.e., 1 ~ boundary condition

o
K A
or v =2 .2
o B B |
-} o
AO KO
4 S e — = —_—
s0 (14  r -3 ;(15) Hj c
° °

Method of Solution (1) Calculate H, ‘\'i for i =1, .., M= using (12) - (1
i

(2)  Using (10) repeatedly calculate \A

2 2
Numerical solution of QN/3t = d N/9dx (Note that the methodes given

here are only two of many possibilities)

Well formulated problem (Fig. 9)
h = distance between t lattice

h = distance between x lattice
X
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--L-'-J------u--------
| t—>
-1ﬁj' *- - en En o» o 6 S G 6D S u &

L' - s S b U P S ah & i & o

o o
o
XO  E O |
oty b tyee
Fig. 9
In a well formulated problem N will be given at time t=t0
as a function of x and it is required to find N =N(x, t)at all
later times under given boundary conditions: one on x=xo and one
on x =x_,
n
Wrong numerical method (i.e. wrong for slow computers)
Denote by brackets { -}t the value of any function at time t.
Then }
N -{N
+
aw o‘ tht o)
t 7 h
3 t
and 2 fv o +x - 2v}
IN -1 1 t
2 ~
ox h2
X
. T . 2 2
giving on substituting into IN/ @t =9 N/ ¥x

h
¢
{N]Hht ={N}t +F{N"1+N1 -2N0\ )

Note It is common practice to refer suffixes to the central point

as origin, thus at x we have the situation shown in Fig. 10
n
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|
R st
Xp ==—dmeeQ e N is Ny iNo is Ny
s —--'L---I Ond NI iS Nn,..l
Fig. 10

This gives quick and unstable integration from time t to time
t +h . The method is not recommended (except for very fast compu-
ters where the steplength can be made small enough to achieve stability.

Crank-Nicolson method (See Smith)

Evaluate all derivatives at a point 0 midway between

the two t lattice points at X=X

{No} t+h, -{No} t

~ h
ot X

N +N -
62N { -1 N1 2No] td h
7 2 2t

X h

X

But we have no known values of N at t+=h, so we use the

t

[

approximation

1
ft%htz E[If]t +{f}t+ht]
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2 2
Then, substituting into 'aN,/ ot = 9 N/ ox using the abbreviation

s =h [2h 2
t X
gives
N =
iNo} t+h, { o}t
N - 2N +{ FN, - ]
s[{N-l 1 o} t+h, NN ZNo} i
that is

“SS.N-J t +h, v+ 2s) {No}t+ht ) S{NJ thh,

=8 {N-l}t (- 2s){N0}t +S{N1} t

Thus the integration proceeds from time t to t+ht by solving a
system of tridiagonal equations like (7). The first and last equations

of the set are formed by introducing spurious points outside the boundary,
if necessary, and by assuming that the differential equation is satisfied

there.

n
Consider  the operator S fi(xl’ . xn) 9/ X, (%)
i=1

This may be reduced to the form afl /3(1' by suitable transfor-
mations given below, thus making soluble the generalised diffusion
equation

n

Z fi 3N/3Xi=q-L+9N (e
i=1

which can then be subjected to automatic numerical procedures.
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In full () becomes

d f

22

d

b

f

d f

1Y

dx f

n. 1

dxl f1
ith s , X FX , ..., X = t = .
wit Xz X20 3 30 n Xno 2 x1 0

This defines a series of functions

Xy ” XZ(XI’ X20’ *30’ " *no
Xg = XXy Xgor X oo X))
x =x(x,x ,Xx X )

n n 1 72 730 """ "no
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Consider the transformation from the variables xl, X2"°' xn to
variables xi , x2' x'n defined by
X !'=x
1 1
"= ;X X
Xy T Xoolpe X, n
=X (X, X, ... X
%3 30( 2 n)
x'=x (x,x, x )
n no 1 2 n

Then we know that

9x 3x dVx
}’ : - s 5. :X
% X p 9%y ¥ By 1 %%y
£ £ fg
= ——a——+_f—2- _..a__ +_3 38_ +...+ 0 5
o) f w9 5 %

and so (% ) becomes

n
. o % ¢ S
1 SX'I i=1 i axi

Note that all the transformations of variables can be carried out
numerically, even if exact integrals cannet be found., The variables
X

X X retain the vajiues of x_, x_... xn at the start of

20° 730" 777 Tno PR
the integration, At any subsequent point we obtain from (yy)

N = N(x,'", x_,x_,...x +other coordinates)
1 20 3o no

The values  of xl, xn at which this 1is the solution are obtained
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by integrating the system of equations, Note that in any case these
would be needed in the computer at the correct stage of the

calculation,

Exercise . Use the above analysis to derive the transformation

which reduces the operator

|u

b ——
—3T+Wosm wt+8

a

[- 7]

. ]
to the form S-F , where v , & and W0 are constants,

W
Answer t'=t, a' =a+—69- cos wt+8
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Lecture 4

The diffusion operator with curved magnetic field lines (neutral air at

rest!

We choose to write the diffusion equation in the form

ON
(1) 3 "L +W91N+DE)2N

where W is a constant with dimensions of veloci’cy,91 is  the

Hall drift operator defined by

4
(2) wl N -V
and 92 is the diffusion operator defined by

3) DN = - V.(NV.")

Geometry of geomagnetic dipole field lines (Fig. 11)




Field lines are

(4)

Thus

(®)

where
(6)
Also
(7)

Thus the tangent
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family of curves

o2
r=a sin @

sin I1=2cos 6/ A cos I =sing/ §

Q- J(1+3 cosze)

tan I =2cot 6
A

Tto a field line is

A
(8) T={sin I, cos I, O}
i aa
v-rr.9
A ] cosI @
= —_— + —
Tisin Iy "7 %)
Form of 9 2
Thus as , .
2NKT .. "
(10) D \11 Y(ZNkT) +Nmi§
we have
oN , cos I aN N sin I
L + -~ =
(1) Nﬁ_fi DT sin IT - 39 T )
QN , cos I AN +Nsin I
| T +
Hence Y-NYi (T YD (sin 3o +—— 30 + =)
(12) 3 .
N cos[ N  Nsinl
- +
D(LD) (sin e TR
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Using the fact that D ot exp (z/H), where z=r - r and r = r

is the base of the F2 layer, this gives

Nsginl
2H

& ,cosl

QN=(sin [ — + ﬂ+cosl
2 or r

r r

)

) . 9N
W)(smI -—a—6+

(13)

sin I A . 1N ,cosI @N Nsinl
+2—  +(R.T W (sin [ &£ 4+ —_— 4
{ H "")} dr r 99 2H )

It may be verified that

A 3
(14) ¥.T =(9cos@ +15 cos30)/rA
Form of 01
We have
5 VL‘ B/B2
(15) Vi By % B

Also , the electrostatic potential is constant along a field line so

that
(16) Q=-Fd, 3,

where ¢ is the longtitude (t=7¢ , where T =number of seconds in

a radian =1.37 % 104) . Then

(17) Ey=-grad @ ,

and so in spherical polar coordinates (r, 8, Q )

1 2 cos 6 oF
E :( - 0) —
— 3 3 ]
H sinze sin 6 da
1 oF
(18) +0, 9, —/m — )

rsin 9 O¢
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That is
= A 1 sinI, 0 lF—
E '3(cos,-m, )aa
sin 6
(19)
1 oF
+ - =
(©. ’ rsin @ a¢)

Also if M =dipole moment, B=M A /r3 and

M—g(sin I, cos I, 0)

(20) B -
T 2
Thus . __MA" F
gﬂxg_ 3 3 aa(oxoxl)
r sin §
(21)
- 4MA -a—F- (cos I, -sinl, 0)
r sing @
But V.EmB) = E.(!xl_c‘“) -E.(VeB )
(22) =0
So
WON (& xBTS
B
(23) :—_—M.Az_ E 1 —( rs “)
r3sin30 9a rsin g 0’ M2 A2
: 6
13 19
<+ 4MA L (cos Iair '51: 'a—a)( 2r2 N)
rsin g 8 M°A

2
And as r =asin 6

W9N=_gi_ _?Eﬂ+r23F&’(cosI§_I\I_sirnIQ_N_)
1 M da 3p HDO r  r 396

6r(1 + cos2 6) dF
¥ 2.2 ag
M(1 + 3 cos )" P

(24)
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Finally to make this dimensionless we may substitute

W M
(25) F= == 1),

r
o

where f is dimensionless giving

2 2 )
91N=-_E‘T§f_ N, rzaf/aé ( cos I:_I_\I ) smrI %\r)
I‘O 3a 34’ ro Asine r
(26) + 6r(1+c0526 y__ N

2,4
ro A %
Finally, we make the substitution

(27) N-ed2H ¥

to obtain the dimensionless form of (1), namely,

AV z e-Z/H - Az/H
ae T U E Ty B T
(28) JJH
WO VEEI O v
1 ¥ 2
H-‘Q' V=[—i at 3y +r2 3t/ab (cosl—a—Y-sinI v
! r2 30 3 rozAsme r T e
(29)

+[_ r2 cos I  6r(l+ cosze) of V}
2HY 2Asin 6 r 2A4H a?
0 o
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20 1 v 1 B LcOs T @ 2
H QZV-(smIar +———r ae) v
(30) RIS SR B I-!79-)‘1
o Ar r 3
where
(31) W's AW/H

1
and ﬁ and ¥ are as before , except that a factor sin®I is omitted fro
¥ +We wish to integrate equation (28) , which is a partial differen-
tial equation in 3 independent variables, This is now possible, and

I first outline the difficulties.

Difficulties
field lines
¥

w W

Fig, 12

Roughly speaking we are integrating outwards along lines L " to

B (Fig, 12) . The line z =0 is not a natural boundary in our coordinate

system (Fig. 13) .

1. See Lecture 2, equations 7 and 8,
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. ~/\/. r
line {E N /\’, Nine L to B

natural boundaries

Fig. 13

Also as rae the total length involved a‘ong a field line becomes
infinite and the region of integration becomes infinite. We therefore

need a coordinate transformation which

(a) transforms Z =0 into a natural boundary

(b) transforms z = into a finite point.

A suitable transformation is

2

) e-hr/H ) e-ha/H
X

R -h
. hro/H_e a/H

-hr/H -hr /H
e -e 0
e-hrOZH ) e-hafH

(33) =1+

where

h = dimensionless constant >0
and

x >0in Northern hemisphere

x<0 in Southern hemisphere
If a > r

- e-hz/ZH

~
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On equator r =a,

Also atr=r ,
(s}

x = 1 (Northern )or -1 (Southern)

We thus obtain the mapping shown in Fig, 14

Xw| z=O(N)

XsQp==weoneae--- gquator

x==| z=Q(S)
Fig. 14

Choose as independent variables

-hr [H
9 e-hr/H_e 0 A1
(34) x =1+ /H =1+
-hr/ B hafH 4
e -e
and
_r
a = . 9
sin 0
Then /
~ha/H
(35) ® 1 8 4+(.h M i 82, 9
Ty 00 BRy HAT eryd
A e-ha/H
(36) 19 . 2cms6 8 il % 3

r 36 sindg 32 B Azz ra6’ 3(x%)
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i 9 . -hr/H
. # cos el + 2 Y 2};{_ : cos 8
aI‘ r a Az a(x )
giving
) -hr/H d
o e b
P) He o -e ) 3%
Similarly 2 -,
sin 91__2_59_3___93_5_A (E—_IILQ |
’ AT R A S Y
h sin 8 e-hr/H ’3
) 2
HA, 3x)
giving Ii sin I a_ - A d
cos 3ar r Y sin30 ry
(39)
b {618 ha/H si. e /H 3
- 3 . a xz
A\ sin"6 A Aa (x%
Therefore
2 2
©rv. LY 3V _aH Bt BV
1 r 2 N da r2 a2 o
0 o
(40 b a /aq{uz-uae-halﬂ amee™ 5y
rdeins (Asin's ol ey
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2 2
(40) +(?er(12+ T A COSI] o !
L rQ 2r” A sinf 4
0 o
and
V- "éhsmlehr/ﬁ)’(i_ﬂ_j_a__
2 \e o/l | o B8 \13 4x2 aD
b sm’I + 2(hH/as%) | { o-hr/H 9v
(41) 2x(e” bro/i -ha/ﬁ) \ ax)

-/M*va%}lsinle'hr/n )_aj_
‘ S P
\ 2 x(e ro/l e ha/ﬁ) ax

which simplifies to (see (14))

42 ®,v- {_....__.__._.h sin 1 6™7/E2 g2y
]
2x A2 ox
-h -
_ ihsin’I “he/H {(1 th)e r/H_ g ha/t o 1out + 10u% - 1 oh}ﬂ
~hr, -ha/H -
”‘2 e o T 202/ ox
- e
Check : If a > r and h =1, xx e z/ 2H =90
I 0
1 -z/H
then 92' Vx T 2 Y V/ax in agreement with Lecture 2,

equation 9 (‘5= ) .
We shall take

(43) f= (r “fa’) cos $

giving a Hall drift which is independent of a at the equator and o€

sin 4’

The full diffusion eqution is thus
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(1-2“:Hcos¢ ) g—:+W'Hsin¢%§

ez/H { h sin 1 e.hr/H } 2 QZV
¥ 92x A, 3x°

_ihsin®l e

(z-hl‘)/ﬂ f(1+h)e-hr/ﬂ - e-h&/H R 15u4 + 10‘,_(2 -1 -2h

L xh, ¥ [ e/l ha/H ru?a? /M

ol 2 .. o - N
. Whr?sin g ((x’-1) % ha/H + sin'6 e hI‘/HJ-J‘ v
ax

2xa’A2A°ain‘a

['6&1 + c03%0) _ r? );]V

- W sin ¢
La'(1+} ¢0s%6)?  2a%(1+43 cos?0

_Ge-kz/H v
-z/H
(44) * Taq eexp ('éﬁ'%ggx—)

We see from lecture (3) that this can be now integrate

numerically.

~

J
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Lecture 5

Equilibrium solutions
Diffusive equilibrium (and comparison of theoretical and satellite results)

When the velocity of the ions is zero, i.e.

(1) vV =0

we have a situation known as diffusive equilibrium.

You may be surprisedthat such a simple situation could occur at all;
however all this means is that the ion gas is in hydrostatic equilibrium,
Production Q and loss L of electrons could only be occurring if

Q =1L, but this is wunlikely to occur simultaneously with (1) . The ion-
electron gas has half the mean molecular weight of the ion gas and so

if the temperature is uniform

() N o€ exp (-z/2H)

where z is the height above some fixed reference level and H is the
scale height of the ions, It follows that (2) should satisfy equation (44)
of the previous lecture. The student should verify this as an exercise.
Note that this is also a useful check of complicated diffusion equations.
Thus , what we are in fact obtaining when we use (1) is a solution of
equation (44) of the previous lecture, for the case of no production (night-
time) and no loss ({3=0). It follows that in investigating solutions of th
full diffusion equation we first study diffusive equilibrium. There is another
reason for doing this, We can include the effects of a height varying tem-
perature field quite easily. Consider a constituent characterised by ionic
mass mi , partial pressures pi, pe for ions and electrons, and electric
field E . For equilibrium of the ions along a field line where I is the

dip angle
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dpi
— 1 +
= N m, g sin I Ne ES ,

where s denotes arc length and ES is the component of E along
a field line, For equilibrium of electrons, neglecting the electron

mass,

dp

e
— =.Ne E s
ds € s

Thus, as p = NkT = Py where T = T(z) is the temperature, z being
i

the height, we have along a field line

dp. p.sin I
1
2H(z)

where
H(z) = kT(z)/mig

ds |dz

Fig. 15

But along a field line (Fig. 15)

dz =ds sin I

Thus
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giving
dz
o I
Py exp .[ 2H °

Thus alonﬁ field line

1 dz
(3) Nc‘i“ exp '[ﬁ .

If & is the latitude, the equation of a field line in
cal polar coordinates, r, ,(P (6 = colatitude, qJ = longtitude) is
. 2
(4) r=a smze =acos o
we see that
(5) N=1fa)  g(z)

where f is some function of a only and

1 d
(6) glz) =7 exp - f o

spheri-

On these assumptions, (i.e. ignoring variations of H with respect to lati-

tude) we can compare theory and experiment.

*
Satellite Aloutte I results appear in the form of Fig. 16 , which

shows electron density versus latitude, each curve being for a fixed

height above the ground (shown in Km) .

% Taken from a private communication from Dr J.W. King
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MEASURED CURVES (King)
10:00 LMT 10/3/62

Altitude (km) /
of /
470, J

#N WAL Figure 16

. K N
Eorth Magnetic \ \
4 Field Line \ \\ RN
-~ '\ \_\\-\'\‘\
7 2 . \\\'\.\Q\
£ 660 " e, R NN
Fem SN SN
o O I IS
; 0 1 | 1 A I | | L 1
2 ¥ 4
3
o
512 Atitude (km) THEORETICAL
5 440
w 450
10
470 Figure 17
490
8
510
530
s 550
Earth Magneti §70
4 Field LimGlo

Magnetic Dip Angle

A clue as to the procedure is seen when we take K =
constant and f(a) = any function with a single maximum, Then we
obtain Fig. 17 (see Goldberg, Kendall and Schmerling, 1964, Journal of
Geophysical Research 69 , 417-427) .

This is so similar to the previous diagram that further investigation

is worthwhile, Baxter and Kendall, 1965, Journal of Atmpspheric and
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Terrestrial Physics 27, 129-132 have made quantitative comparisons bet-
ween theory and experiment, Thus, if the lowest of the constant height
experimental curves is assumed to be given together with the equatorial
profile, we can deduce all the other curves using this theory. As the ex-
perimental curves are also available this is an interesting comparison

between theory and experiment. Thus, at fixed height z = z, (say) we have

N=N (z1 , &) = given function ,

where oL = latitude , Thus , putting r s re + 2, where T is the earth's

radius and using (4), (5) gives

2
f(r1 sec of )= N[zl' a.] /g(zl)
giving

-1
f(a) = N[z1 , CoS /(rl/a)] /g(zl) .
We also know that at the equator
N = N(z,0] = given function.

Thus from (5)
g(z) = Nz, 03/t (r)
=N [z, 0)/ir_+2)
If follows that at a general point
N=i(a) glz)
Rt (xeos” Jir cos’s /e (2,0
oy e e /o ]
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The results of the investigation are shown in Fig. 18 . The solid

lines are observations, the broken lines are theory.

~

(electrons cm™)

Eiectron Density x 10

Figure 18

Magnetic Ldtifude

All we can conclude without. further information on the temperature and
composition is that mathematically the distribution N is almost separable

in the variables z and a.

Effects of electrodynamic drift on the topside icnosphere

By expanding in a power series Baxter, Kendall and Windle,
Journal of Atmospheric and Terrestrial Physics 1965 _21, 1263-1273
have studied the disturbance of this type of diffusive equilibrium by an
upwards and outwards Hall drift, They find that the ionization adjusts
itself so as to compensate for the Hall motion at right angles to the
field lines. The diagrams will not be reproduced in these notes. The ad
hoc methods they used to solve the diffusion equation show that there is

room for mathematical work 1in this field.

Equilibrium solutions and the effects of electrodynamic drift

Bramley and Peart (1966) and Hanson and Moffett (1966) have both
integrated the equilibrium equations with realistic prodiuction and loss

terms. The word "equilibrium" is taken to mean @ /dt® 0. Thus we take
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¢ = constant and put @ /a¢l 0 in equation (44) . Then, using obvious

abbreviations
v =f(x,a)+f (x, a )}V+{ (x a)a—v+f(xa)-Bzi
aa 17" 7o 277 7o 3’oax3’0}12’
o X
where

= a/H
a_ af

It should be noted that these authbrs did not use the mathematical transfor-
mations of Lecture 4. The problem is clearly readily tractable numerical-
ly. The calculation is started from the field line a, =(6550 kaH

and continued as far as may be required. The boundaries of the system are

shown in Fig, 19

X=0

dipole field lines
(a=constant)

level z=o
N Xx= | }  x=- S
equator
Fig, 19.

The problem in the ao,x plane is straightforward (Fig.20)

| X=l
] ¥ ]
: . 1 . )
of 1 : : —> qa, direction
Y I Figure 20
ho X==l

h = steplength of numerical process
in aodirection
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On the boundaries (which happen also tobe 2z =0, we put V= - fl(x,
ao) / f2( X, ao). The results obtained are sketched in Fig., 21,
N (electron Np
density)
|

L
! : ! |
| |ed-equator ! |e—pequator
ISN 15 1SN I5%
latitude latitude
Observed (Appleton 1947)  Theoretical
(n00n) (symmetry)
Figure 2l

A drift upwards of about 10m/s is needed, with typical F2 layer
parameters, to produce a suitable "Appleton anomoly" in the case of sym-
metry. Hanson and Moffett find that a SN wind of 60 m/s could cause

the observed asymmetry, but do not claim this as explanatinn.
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Lecture 6

Time dependent solutions of the ¥2 region diffusion equation ( with
Dr. R.G. Baxter) Using obvious abbreviations, the full diffusion equation

of Lecture 4 (equ.44) becomes approximately, if W'H/a « 1,

AV oV
2% +1() 3a
(1) 2
v v
=1(x, 8, )+ £(xa4)VH,x, a.0) 5 *1,xa.$) 2

The operator on the right hand side may be reduced by integrating

the equation

da
3% - 1)
Thus , as the integral is
¢
= +
a=a J’ fdé ,
0

where a is a constant of integration, the required transformation is
o

1"=¢ é
(2) a'=a-I f d¢
0

That this algorithm works can be seen at once, for

! '
3M3+aa 9

22 0
a¢l aai
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Thus
)
__;g_a_.;vf_é_
¢ 29 92
Using variables
x, a2, ¢ ,
so that ¢’
fi(X,8.¢) =fi(X. a'+ { fdd', ") i=1,2,... 4
0
equation (1) becomes
2
(3) —a—V!=f +fzv+f3lY_+f4___3‘;
' ! x Ix

This is the form of equation dealt with successfully in lecture 3
by numerical methods. Mathematically we simply choose a value of a',
then integrate in ¢ ' as usual, using the Crank-Nicolson method to

advance

X |
-»direction of

X= Oprmmcdupescans ‘W

Xz~

Fig. 22

t [}
the integration from ¢' to ¢ +8§(Fig. 22) . On the boundaries we put
V=-f 1/ f, (boundary condition)

i
The integration is started at Q = hQ|, where h¢| , 1is the step length
in the @' direction. This avoids difficulty with the singularity at §'s0.
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We can thus develop the values

V=Vx a9
Hence

V= V(x, a,4¢)

Then the electron density is

N= e‘Z/ZH V,

where z denotes the height , and H is the constant scale height.

Physical explanation

Figure 23
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Fig. 23 shows how the Hall drift E ¥ ]_3_/B2 combines with the earth's
rotation so that a magnetic field line moves up and down and also rotates
about the axis of symmetry, We have simply chosen coordinates moving
with the field lines. The diagram showg the surface described by a

moving field line as it passes round the earth.

Processing of results

The results appear as tables of N, the e'ectron density, against

x for a given (P' and a'. This immediately gives us

aza+ [¢f dé,

0

so we then know which field line

r=asin 0

we are on. Knowing a, to each value of x equation (33) of lec-
ture 4 gives one value of r. Thus we can make the computer print

out

0.1 - - -

(say) 0.2 - - -

1.0 - - -

The problem can thus be readily converted back into the original spheri-
cal polar coordinates r, 6, ¢ . (of course 4’ measures the time,
because t=’r¢) . As a final grace we can make the computer interpolate

(0]
to 6=90", 89°, 88° ... and also £-0, 0.5, 1.0... This enables us to
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draw curves of N at fixed latitutle or fixed height.

ths ical data

The measurements of electron density in the ionosphere are
made by ionosonde from either the ground, thus dealing with the 'botto-
mside' of the ionosphere, or from a satellite, thus dealing with the
'topside' ionosphere. A radio wave travelling into the ionosphere is re-
flected at a point where the electron density has a given value which
depends on the wave frequency. Thus, in a layer with a single maximum

of electron density there is a critical frequency foF2 ( in the ordinary

mode of propagation) beyond which radio waves pass through without reflec-
tion. There is another mode of wave propagation, the extraordinary mode,

with the critical frequency fEF2 .[See Ratcliffe's book]

Thus an analysis using the critical frequency IOF2, from
many ground based stations gives results such as those of Appleton

(1947) (Fig. 24) and Martyn (1959) (Fig. 25)

Nm
Nm (maximum electron
/\" density)

N 15° &® I15°S
Appleton anomaly

(noon)

Figure 24
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World curves of f,F2 for the equinox, sunspot minimum year 1943-1044
{after MARTYN),

In lecture 5 we saw some curves (resulting from a satellit ) of N at
fixed height as a function of latitude. These may be found in King et
al (1964) . There are now many of these results available as printed
tables e.g. from the Canadian Defence Telecommunications Laboratory,
Ottawa. Ground based results have been given by Croom et al for N

at fixed height.

Results. Figures 26 and 2Tshow results for typical F2 region parameters and
drift amplitudes of 7.3 m/s and 73 m/s respectively, Note the develop-

ment of the Appleton anomaly. These results are only preliminary,
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Clearly 73 m/s is too large, as the trough is too deep. However, the
results do show that Martyn (1947) had a good idea as to the real cau-
se of the Appleton anomaly. He proposed that Hall drift would transport

ionization away from the equator, thus producing the trough.

Near the dip equator, at stations such as Huancayo , the diur-

nal variation of Nm has a double maximum, as sketched in Fig, 28

Nm

61218246 6 12 18246
sunrise sunrise
timeChrs) time(hrs)

moderate latitude Huancayo (say)
(sketch) (sketch)
Fig. 28
This is reproduced by our theoretical results for a drift amplitude of
73 m/s as shown in Figure 29. It should be stressed that 73 m/s is too

large and that these results ae only preliminary.
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Lecture 7
Motions of the neutral air induced by ion-drag (Nith Mr, W, M. Picker-
ing) The ion-drag problem (owling (1945), Hiroro (1953), Baker and Martyn

(4953), Hirono and Kitamura (1956) and Dougherty (1961) have suggested
that the motion of the plasma(in the F2 region) could itself set the neutral
air in motion, Consider the case of moderate latitude, with a horizontally

stratified atmosphere, as inlecture 2 (see Fig. 30)

A

2y ol

u
--/' horizontal

I=dip angle

Fig. 30
Let ube the diffusion velocity ( along a field line )and v be the spe-
cified Hall drift. Then if the neutral air has achieved the same hori-

zontal velocity as the ions,

va=ucos I-v sin I

But along a field line the plasma equation of motion is

d(pi * Pe) _
ZNST (u - Vacos I) =-sin 1'_3‘2‘— - Nmig sin |

But p, =p_ = NkT (we assume ) and H = kT/mig. Thus
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eeveorl. -2 AN, N,
mveotl- Yesin1 3z T7m
e A . A .

and if t is the unit tangent along B and n is the unit normal

shown, the continuity equation becomes

aN

3 =Q-L - !Nut+vn)

:Q-L-/t:.!(Nu)-v_r_l.YN

A
But t = (cos I, sinl)and is = ( - sin Iy cos I). Thus

oy, 3 v cos1 2
at =Q-L-sinl (Nu) - vcos1I 3
9 L oN, N
=Q-L-5, P ")
Thus as
D X exp (z/H)
we have
3N
39 L+p®Y%,
where
P M Bt TR
Tyt W R 2

Looking back to lecture 2 we there obtained

® = sin’] o
We also see that the electrodynamic (Hall) drift term v has been
completely cancelled . The consequences of including neutral air coupling

may thus be serious.



— 149 —

P.C, Kendall
The temperature gradient problem

Apart from the problem of ion-drag there is another problem.
King and Kohl (1965) have suggested that as there is a temperature
gradient in the upper atmosphere (see their references) it might drive a
neutral wind through the pressure gradient ., Bey showed that in the F-re-
gion the major force on the neutrals, apart from this pressure gradient,
is due to their collisions with ions . It is clearly of interest to investi-
gate the coupling between the plasma and neutral air motions. A given
temperature gradient would certainly set the neutral air in motion; howe-
ver, the velocity would be coupled with the jon velocity; giving rise to
a coupled system of equations. If the ions were at rest, the problem of
working out the neutral air velocity v would be relatively simple.The
ions are, however, free to move along the field lines . In .he I'1 layer,
for example, diffusion is regarded as unimportant and Geisler (1966) has
shown how the problem of neutral air motion canbe treated . We he-
re consider the F2 layer where slipping between the moving plasma and
the neutral atmosphere is believed to occur, The configuration in Fig. 3
will be used. The magnetic field B is taken to be horizontal., The x-
axis is also horizontal. The y-axis is vertical. All variables are functions
of x and y only, being, in particular, independent of {ime. The plane
x = 0 is taken to be the equatorial plane, and there is supposed to be

symmetry about this plane,

equator

Fig. 3|
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Notation

n = equilibrium neutral air density
=n_ exp(-y/H)
T = equilibrium temperature , assumed uniform
H = scale height = kT/mig
mi‘—“ mass of ion { = mass of neutral atom)
k = Boltzmann constant
g = acceleration due to gravity
A = velocity of neutral air
vy = horizontavl velocity of neutral air
Voo = vertical velocity of neutral air
v, =1ion velocity

u = ion velocity along a field line

Hall drift 1 v to a field line = constant

<
1]

T' = artificially maintained small temperature perturbation
D =twice coefficient of diffusion ions through neutrals
n; = perturbation in neutral air density

@ =rate of production of electrons

L = rate of loss d electrons

In the model we assume that all temperature gradients, velocities

and their effects are small,

We also ignore the self viscosity of the neutral air.
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Equations of the problem

The horizontal and vertical linearized equations of motion for

the neutral air are

INKT LI 9 \
— (v, -u) =.-—.(nakT)- ™ (nakT)

(1) D al ox
and

2NKT T PRVRAEE B
(2) ) (v::12 v) 3y (nal kT)- 5y (nakT ) -m.n g

The linearized horizontal equation of motion of the plasma is

2NKT )
u- T o —
( val) ox

(3)

We note that there is no vertical equation of motion of the
plasma,as it moves vertically with the given Hall drift v, assumed

constant, Adding (1) and (3) gives

K (n'kT + 2NKT + n kT') = 0
X " a a

Thus
n' +2Nn T'/T=F(y) ,
a a

where F is an arbitrary function of y. We shall assume that
n;-DO N-»0 and T'»0 as X900 ,
giving
'+2N +n T'/T =
(4) n! naT/T 0
Substituting back we obtain

D
= + -_— —
(5) voTutg

(6) V., =vts T bm ot
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Assuming that N << s so that production and loss of neutral air
molecules are negligible, the linearized continuity equation for the
neutral air ie

divnv =0
a—a

Thus, substituting for Y from (5) and (6),

2 naD aN 3 naD

\ P TAO §
(nu) ax(N bx _ryTay) By(H)

d
3y o t ey

éx

(nav) =0

Whence, under conditions of symmetry (u =0 at x=(), and assuming
that
-1

D&Xn
a

We obtain an expression for the horizontal velocity of the ions, namely,

X vx X a3 naT'
(7) U=-D[ VlOgN dX+i-D[ a—y(m)dx
0 0

This enables us to form the diffusion equation from the continuity

equation for electrons, @ - L =div (in) . Thus

B K R S 3N .1 &
_Q-L+—3—XNDIO V log Nax-v (35t e 0N
(8) a X a nT'
¥ SYNDS ay(ZHNT)dX

o
Thus, even from a very simple model we have produced a non-linear

diffusion equation .
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3. Conclusion

It is of interest to compare equation (8) with the the sim-
pler diffusion equation which might be obtained by making earlier ap-
proximations. For example, if we had argued that for the purpose
of calculating Yo the ions might as well be assumed stationary, and the
pressure gradient might as well be assumed to be (3 /o )qhakT'), we

would have obtained

) D _a_naT'
) Vc.l_ -—Zﬁ X _—-'-I‘_)

Then the diffusion cquation would have become

1
3N an, 32 Pt
-v———+—(
axz 3y 2

(10) 0=Q-L+D 2T )
This equationis linear, and has terms correspondirg in turn to each
term in (8) . It is, nevertheless, incorrect. We note, however, that
a temperature which is, higher at the equator than alsewhere would
give rise to terms of the same sign in (7) and (9), corresponding to
transport of plasma away from the equator.

We conclude that although current F2 layer theory looks promising
there are still questions to be answered concerning the coupling

between the plasma and neutral air motions .
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