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I.Derivation of the diffusion equations in plasmas

1, The term 'plasma' was first used by Langmuir for the state
of a gas which is fully ionised (for example, the high solar atmosphe-
re) or only partially ionised, (for example, the ionosphere). Our main
interest in this course will be the diffusion of ions in such a plasma,
arising from non-uniformity of composition, of pressure gradients or

electric fields.

We begin by considering the simple case of a fully ionised gas

and for simplicity restrict ourselves to the case when only one type of

ion and electrons are present,

2, The velocity distribution function

We make the familiar assumption of molecular chaos, in which
it is supposed that particles having velocity resolutes lying in a certain
range are, at any instant, distributed at random. It is therefore most
convenient to use six dimensional space in which the coordinates are
the resolutes of the position vector r and velocity v . The state of
the plasma can then be specified by the distribution functions
fu(t, r,v) , where t is the time, that characterise each particle

component o , for example, the ions or the electrons The quantity

(1) fy(t & ¥) dr dv

then represents the number of particles in the six dimensional volume

element dr dv, In the simplest case, the plasma consists of single
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ions ( @ = 1) and electrons {G%= e). In more complicated cases, the
plasmamay consist of several ion species in addition to neutral par-
ticles (&= n) such as atoms, molecules, exited atoms, etc, The total
number of particles of constituent @& in the element dr is obtained
by integrating (1) throughout the velocity space. This number is, by
hypothesis, nugg and thus n“=/f¢(t, r, Xx) dy_¢(2) . The beha-
viour of the ionised gas is described by a system of equations (Bolt-
zmann equations) which can be derived as follows, Suppose that each
particle of mass m, is acted on by force m, f«‘, then in a
time dt in which the particles of constituent g suffer no collisions,
the same particles that occupy the volume of phase space dr .cl‘l‘
at time t would occupy the volume of phase (r + _‘fddt)(_":+ F‘;‘ dt)
at time t + dt ., The number in this set is

tdt o+ %‘dt, v + F, dt)
and the difference

+ +v + -
}‘u(t dt, r l/d'dt, X“ E‘tdt) fa(t, T, X«,) dr -d—th

therefore represent the difference in the gain of particles by collisions to
this final set and the loss of the particle to the original set in time

dt. This must be proportional to  dr d_v“dt; and we denote it by

Cdg, gwdt . Taking the limit as dt—0 , we arrive at Boltz-

mann's equation for f& , Viz

i

f
3 A +w D)t F .
(3) - (de)qu(_dVXd)fd C,
a2 2 9
Quu’a\&’awd

where Vz“ stands for the gradient operator

in velocity space.
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3. Charge neutrality and the Debye distance

In general a plasma will rapidly attain a state of electrical
neutrality; this is because the potential energy of the particle resulting
from any space charge would otherwise greatly exceed its thermal ener-
gy. Small departures from strict neutrality will occur over small di-
stances whose order of magnitude can be obtained as follows. The elec-

trostatic potential V satisfies Poisson's equation
2
(4) VVv=-4 7t(Zni - ne)e

Here Ze is the charge on an jon and -e that of the electrons. In
thermodynamic equilibrium , the number densities of the jons and elec-

tions respectively are given by
(5) n =n,© exp(-ZeV/kT,), n = al® exp (eV/kTp)
i1 i” e e e

where k is the Boltzmann constant, T.,T are the ion and electron

(0 ()

and n are the values of ni and ne

e
for strict neutrality so that néo) = ano)

neutrality are small so that we may expand the exponential to the first

temperatures and

. In general, departures from

power of the arguments only, We have approximately

(o) ZeV (o) eV
-n =7 -—) - + —
Zng - =Sl (1) s (L)
and hence

2 v
(8) AVALEE

D
1/2

where KTeTi
(7 D=

41'(Ze2(ni(o)Ti+nio)Te)
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The quantity D has the dimensions of a length and is called
the Debye distance, The solution of (6) for spherical symmetry is

e
(8) Ve—ew(-p)

where e o is the charge on the particle, For small distances r
from the origin (r << D), (8)reduces to the pure Coulomb potential
of the charged particle, For large distances(r >>D), V -%» 0 exponential-
ly ., Thus in a neutral plasma in thermodynamical equilibrium the Cou-
lomb field of the individual charge is cut off (shielded) at a distance
of order D, Hence, we may assume that the particles do not interact
in collisions for which the impact parameter is greater than D, The
Debye shielding is not established instantaneously ; oscillations of the
space charge will have a frequency wo= (4m1§/me (since the dis-
placemente of the electrons (or ions) bodily by a distance x gives rise
to an electric field of intensity 4n:neex lending to restore neutrali-
ty) . Thus the time required to establish shielding is of the order

fc ~ -

W
(o]

4, Diffusion of test particles in a plasma

A particular particle, which we call 'test particle!, in a plasma
will suffer collisions with the other particles in the plasma, which we
call 'field particles', Electrostatic forces between the particles have a
greater range than the forces between neutral molecules in an ordinary
gas. Consequently, the cumulative effect of distant encounters will be far

more important than the effect of close collisions, which change comple-
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tely the particle velecities. We shall therefore suppose that the de-
flections which the test particles undergo are mostly small. The motion
of the test particle is most conveniently descibed in the velocity space,
i.e., a space in which the velocity vector v is taken as the position
vector and the apex of this vector is called the velocity point of the
particle, Referred to Cartesian coordinates the coordinates of these
points will be denoted by Ve vy, vz .
As the test particle changes its position in ordinary space, its
position in velocity space changes either continuously or discontinuously

due to encounter with fixed particles. In general the displacement is

complicated, (Fig, 1)

%
It is clearly impossible, and indeed futile,

to trace the motion of a single particle
/\\(\ and we are forced t{o consider a statisti-
. cal description of the motion, In this, in-

stead of a single particle, we consider an

0 75* assembly containing a large number of test
particles which have the same velocity Y,

('8 initially.
FIG. 1.

Suppose these are concentrated around the point Xo in the velocity
space . At subsequent times the cloud will spread, changing both its

size and shape, as a result of successive encounters,
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We now require to find quantities which
Vs (t=0)

g will adequately describe the process. One

=

4*
e

such quantity is the change in velocity

A v of a test particle produced by the

encounters, Suppose that -Y-o is parallel

0 to the z-axis and consider the resulutes

¥ Avx,Avy,Av of Av . Suppose that
. v

(Avx)i is the change in ﬂvx produced
' f
FIG. 2. by the ith encounter, Then after N
encounters,

N
AVX = 1231 (AVX)i

We assume that all the encounters are random, but as we have alrea-
dy seen, we cannot predict the change A vy for a single test particles,
However, we can define an aVerage value of Avx, say Z;x for the
large assembly of particles under consideration, If the distribution of velo~
cities is isotropic, then Ex =0, by symmetry , and likewise Eys 0.
But Ez need not vanish since the assembly (or cloud) has an initial
velocity in the z-direction, However the mean square of Avi _will
not vanish . This mean value will contain terms of the form (Avx)2i
and (Avx)i‘AVx)j . If the collisions are small we may expect
that successive collisions will produce, on the average, the same ave-
rage change as the first collisions, Thus the N terms (Avx)i2 are
all equal , But the mixed products (Avx)i(ﬂvx)j will vanish when

averaged over all particles considered since successive collisions are

uncorrelated . Hence
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— —_—
(9) Avz = NAv )]
The dispersion of the points in Fig. 2 will therefore increase like

4/N, but not, in general, equally in all directions. But the centre of

gravity may be displaced by an amount proportional to N, (Fig, 2)

The dispersion of the points in the velocity space produced by
collisions of the test particles with the field particles is analogous
to the diffusion of particles in an ordinary gas. To measure the rate of
diffusion in the vy direction, we considgrht_he average value of (9}
per unit time, The resultant value of AVXZ , measuring the increase
of velocity of dispersion of a group of particles per second, will
be denoted by (Avi > and called a 'diffusion coefficient!, a term due to

Spitzer . If the velocity distribution of the field particles is isotropic,

the diffusion coefficients <AvX > and <Avavy > vanish identically,

The encounters between test and field particles which we are
considering are assumed to be binary encounters only ,(*)
Let v be the velocity of a field particle relative to a test particle,
Then there will be only three independent diffusion coefficients, namely,
<Av" >, <Av2" >and <Avy >, where v, @and v, are measured
respectively parallel and perpendicular to v . Their values will depend

on the velocity distribution function of the field particles,

(%)
The justification for this will be given in Section 7.
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5, Binary encounter of two charged particles

(Hyperbolic orbit) Consider the motion of charge e, relati-

2
ve to charge e let £1 and £2 be the
position vectors of e1 and ez relative

to a Newtonian origin, Then the equation of

motion of the charges are respectively

o0 e]_ e2£ (1] el 82£
= + S e e——
™3 30 Mol 3

where £=£2 -31 and m1 and m2

are the masses of the charges. Hence

ro= -e e (— L
2 -1 1211'11 m2

EH
u
s
"3

!
l

"‘w Il"ﬁ

that is,ihe relative motion is the same as that

of a particle under a central force at

A varying inversely as the square of the
ere

FIG.3. distance whose strength is
m m 12

= e loe -
m, m1 +m2 is the reduced mass. (Fig. 8),

Where

Let Ve be the relative velocity of the charges at infinity and

p the impact parameter, The energy integral is, with the usual nota-

tion, e e
2 2 1
Ve G
12
whence
2 %1%
(10) v, =
(<] ml2a

The polar eauation of the orbit is
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4

(1) r= l+e cosy

where 'g is the semi-latus rectum and e the eccentricity, As

r—wo, g ®-w so that (11) gives

1
cosw = —
e
Also AC = ae ; hence
sinw = B
ae

2 2 1 2 2
Thus 1 =sin w+cos w == * _~2_p2_ or e =1 +E§ giving

e ae a
1 . p
COSW = , sinw = tanw = —
pz p2
1+ — a/l+~ |,
2
a a
or using (1)
pv
(12) tanw = Z 12
12
6. Calculation of diffusion coefficients

Consider the scattering of test particles (&) by a flux of field
particles ( p) . The spatial density of the latter is

dnp= fp (v')dv'
where v' is the velocity of the particles and f B the distribution
function of the field particles. Consider the collision of a test particle
«0t  with a field particle ﬂ of this flux. Then the velocity v @ of the

test particle is related to the velocity Xg of the centre of mass of

the two particles and their relative velocity u by
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Yy Tl twTm, O
dgm“p

hence , since Xg is unaltered by the encounter,
m
o
(13) Av = )

where mwp is the reduced mass of m, and mp, and Ag
the change in u produced by the encounter.

Also, in taking the average of ttke change of velocity over the
test particles in the assembly, the summation reduces to a summation
over all particles of the flux incident on a fixed scattering centre.

The number of particles moving through an area dA = pdpdjp of a plane

7t perpendicular to 4 in unit time is

(14) dn”gl dA = fp (v') dv' u dA

Multiply this by the components of the vector A Y given by (13)
and integrate over all the plane 7 and then over the velocities

of the field particles we find

(15) <A Vi > =jfp " Wy dv' (k= x,y,2)
where n
ap
Y& Tm S v udA,
?hu-
(16) <Av, Avp> =5fp (¥) wepde' (k1=xy,2)

where m , 9
o
w.p" (—-m—d) SAHkA ) ud A

e
(15) and (16) are the diffusion coefficients ., It will be convenient to com-

pute these integrals relative to a coordinate system in which the z-axis
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is along u .

For referring to Fip.a,and Fig. 4b.
X

p7

SN
N

\
¥
’_Q
™
D

Qg
Q
B

FIG. 4a

we have
AuX = usin 6 cosg@
Au = using sing
A uyz=-u(1 -cos 6)

Also from (12) and the fact that 6 = 7¢ -2w we have

p
(17) tan g =—;-'!
where . ‘o °p
f m u2
pp "ﬁ PP
Then Au = 2u cosy s Au =2u sin})
X 2 2 y 2 2
p+p P o)

+ Au,= -2 P‘j.
2= Y

Integration with respect to p and @ over the plane gives

whilst
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If the limits of integration for p are 0 and o, the integral
diverges; however, we have already seen that the Coulomb field of
individual charges is cut off at distance of order D, the Debye di-
stance, Hence we can take D as the upper limit for p in the integral,

We then find

m
1+m“‘ dxe o 2 2
LA d
417Cu ol o P +de
(18) My
1 —_—
mﬁ 4zce;¢¢2
= ‘A- 9 ( m
4Nu a
where 1
D (0%+p?)2
d
(19) l:S_pLZ =10ge_T'L_.
OP +P'L L

It has been tacitly assumed that D >> P to illustrate that this

is likely to be the case in general, let us take Ti =Te =

5 -3
=1 ke V( 107°K),ni=ne=1o em ™, and Z =1, then

kT 1
:——,)2 1 "3
D (81"@, ~ =X10 cm
and
_ e 1 -10
P "3 ~ X0 om

so that D/EL'» 107 . Hence in (19) we may neglect Py compared

with D in the numerator and write

33 1
D 3 kKT 3
(19) A~ log, — =log, { = (5=—)
W p-L e 3 ‘2un
2e
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Likewise

m pp 2
L. = (—df) g(Au ) u dA - (—e- S (2u—2—l§ cos})) updpd @

Mo plane  p +;iL

4nees (D 3
- (“5}9 p_dp
4mu \my 2 22

~ (A.'% #u (4:::# )2 neglecting terms of order(%z
Again wyy W and W“P =0, d.fp: Finally
2
zz=(m.(‘s ZS AU) udA = ":np : S (- 2u zp-L )updpd?
M ®  plane p +p

and the integration with respect to p can, in fact, be carried out

from 0 to o since the integral is finite ;

ol

zZ

we find

Since this is A times smaller than Wey OF W, itmay be set

to zero , We can now express wk and Wk& as a vector or ten-

sor respectively., In fact,

”% 4me g2 U
(20) w o= -X (m"zﬁ\ L
4 u
A oo\ /A 0 o 0, 0 0
b {o a olTo o o o
o o o/ Vo o al \o ¢ a

n
>
P
O~
=
-
=
L=
~

(21)
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where
4@ e.\2

1 1
(22) A3 gz (—m::a)
Finally m,, uk
23 <Dv > =-(1+—)Q S— f (v\)dv
(23) W TTUE TR ) e dy

Qw S u u
(24) <Avk A"& > = —47" S(—lu{‘"- :3 c) fﬁ(z')dz'
where u =v-Vv'

472p8 2

-\ (—uB .

(25) Q‘PJ\( m )

It can be shown that the third and higher diffusion coéfficients
<Ava\QAvm..>are smaller than the first two diffusion coeffients by
a factor of ). . This means that the motion of Coulomb particles can
be visualized as a diffusion in velocity space. The approximation in
which only the first two diffusion coefficients are considered is called

the Fokker- Planck approkximation,

7. Justification of the assumption of binary encounters in the theo-

I"L

The assumption is certainly justified for short-range force, If

the interaction range d(effective diameter of the molecule) is much
smaller thatn the mean distance between the particles, n-l/ 3 s
where n is the density of the gas, the sphere of action , of vo-
lume ~ d3 , will contain only a small number of particles Nd , that

is
3

Nd =nd <<1,
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Under these.conditions the probability of multiple collisions, involving
three or more particles simultaneously, is very small, A description

in terms of binary collisions is adequate.

Coulomb forces acting between particles of a plasma are not
short-range forces. The potential energy between two such charges e

and e2 is
e e

12
r

r
(26) exp (- )
where r is the distance apart of the charges. Thus the interac-
tion between them extends at least as far as the Debye distance D,

1/3

and for conditions in which we are interested D >>n’ and the sphe-

re of action contains many particles, i.e. ,
3
(27) ND =nD >>1

In this case a given particle will interact simultaneously with many par-
ticles and the results derived earlier on the basis of binary collisions is
suspect. A rigorous analysis shows that the formulae derived yield logari-
thmic accuracy. However, a non-rigorous, but plausible discussion can

be given along the following lines,

Let us consider a test particle moving through the plasmaand
suppose that it is so massive that its velocity can be treated as

constant . Draw a cylinder of radius p with the trajectory as axis

(Fig. 5

VA
L

A
J

 J

FIG. 5.
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Collisions of the test particles with field particles for whdch

p> >n-1/3 will be many-body collisons. Those characterized by im-
mact parameters p << n-l/3 are binary collisions , We shall show that
the method used to treat binary collisions need not be restricted to

1/3

collisions with impact parameters p <<n , but can be extended

to parameters >> n-l/3 .

Now, when r << D, the potential energy between the charges
is simply elez/r so that the presence of other particles has no effect
on the interaction between two particles separated by a distance smaller
than D, Thus results derived on the hypothesis of binary collisions
apply for all impact parameters smaller than the Debye radius, i.e. ,

1/3

regarded as binary interactions even when p >> n

p <<D. Because D >> n , in the present case the collisions can be

1/3

Accordingly, even if p~ D, the difference between the exact interac-

as long as p << D,

tion formulae which takes account of other particles, and a pure Cou-
lomb interaction, is small (by a factor of order 1) . Thus, cutting off the
Coulomb interaction for the impact parameter p =D provides an appro-
ximate method of taking into account the effect of multiple collisions for

. -1/3
which p >>n

8. Diffusion in velocity space.

From amicroscopic point of view , the change of spatial coordi-
nates of a particle during a collision can always be neglected , Hence, as
far as the spatial part of the phase space isconcerned, the motion of a

particler corresponds to a continuous point to point variation.

On the other hand, collisions have a marked effect on the conti-

nuity of motion in the velocity space. The velocity can be changed abruptly
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by a single near collision:, essential in a vanishingly small time inter-
val. Hence, a particular velocity point v in a cloud of particles in
velocity space canbe 'annihilated' by a collision and 'recreated' at
some remote point without passing through intermediate points in the

velocity space. Thus in general the effect of collisions cannot be expres-

%

sed in the kinetic theory by introducing a ter:
describing the divergence of flux in velocity
space, But this will certainly only be the

case for near collisions in which the

velocity of the particle is changed abruptly,

& In the case of coulomb forces, the change
in velocity, characterised by the quantities
<Avk > and <Avav£ >1is due to the

Y% FIG. 6

effect of remote interactions and the changes in velocity are small, For

example, if )t =15, then the relative change in particle velocity

|AV’ p
-l L _-AD __-6D
v p D 10 (_5)’

and so very small,

If these interactions are referred in velocity space, the whole
process may be regarded as a form of diffusion, The motion can be re-

garded as nearly continuous.

9. Calculation of the diffusion coefficient for a Maxwellian

distribution of velocities.

The expressions (23) and (24) may be expressed more conve-

niently by introducing the super-potentials, In fact, since
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we have
2

vk 9 12 WY o
= —_ - ! = _Lbz —
QVk v ! };V_kZU(V& ) 7\7;( u ;V_k
u u
= k L _1_
= . u3 +6.k£11

Hence (23) and (24) can be written

] " 99
(28) <Avk> = -1+ g )9 T
az
(29) <Bvdvp>=-2 Up 7
where
fa(v')ydv!
.. - -
60 %, "'ﬁJ vl
(31) "ee:-gl—ﬁj‘!x -v')’fp(xl) dv'

which have been termed 'super-potentials' by Rosenbluth et al. For

a Maxwellian distribution function

m v'2
3 TT2kT
1) < nl 2 e
Chandrasekhar found that
1 m, mpv
(32) <Av” >= - zanP( P G( g )
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2 2
v = \'a + v 2

1 mpv mpv
(33) " "B Qup{q’(z'i’r? -9 e )

2 (¥ -§?2
(34) where @(x) =%J e g
0

is the usual error function and

(35) G (x) - P20

2x
Values of G and Q - G are given by Spitzer and others.

10, Relaxion times, ({Collision interval)

The term "relaxation time" is used to denote the time in which
collisions will alter the original velocity distribution; or again , the time
that the ions and electrons in a gas will attain, through collisions, a

Maxwellian distribution,

Various relaxation times can be defined ; the time between colli-
sions (collision interval or the reciprocal of the collision frequency) may
be defined as the time in which small deflections will deflect test parti-
cles through 90° . More precisely, if 'b'D is the 'deflection time', we

have

(36) <Avi >Tp = VZ

Substituting from (33) we find

2v3

D nPde@p- Gg)

An energy exchange time T g can likewise be defined by the relation

(37) T
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(38) <OE? > Ty - g ;
the change of energy
(39) AE =lm(2vAv +A_v2 +Av2 )
-2 11 11 "4
If only dominant terms are required
<AE2 > =m2v2 <Av: >

11

and (38) gives
3

E= 4andp Gp

An important special case is that of a group of ions, or a group of

(40) v

electrons, interacting amongst themselves, If we consider such a group

whose velocity has the root mean square value for the group , then

2.4
myv \*
(2nT ) = 1,225,

i i =1 T ~T i
In this case we find that ’L’D/’UE ,14 so that p~ % and is

a measure of both the time required to reduce substantially any ani-
sotropy in the velocity distribution function and the time for the kinetic
energies to approach a Maxwellian distribution, We shall call this parti-
cular value of ’D‘D the 'self-collision interval’ for a group of particles
and will be denoted by T, From (37) we have

% 3/
12
(41) . mé@BkT)

¢ 5.71mnet Z4log,A'

where T is in degrees K, m 1is the mass of a typical particle of
the group, It may be written AmH where mH is the mass of a pro-

ton , For electrons, A = so that the self-collision time for elect-

1
) 1825
rons is el that for protons, provided the ions and electrons have the
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same temperatures,

We consider next the approach to equilibrium of a two com-
ponent plasma; to fix our ideas we consider the case when the consti-
tuents are ions and electrons, There are three stages involved in the
process, First, collisions between ions and electrons lead to an isotro-
pic. velocity distribution of electrons, and the same time collisions bet~
ween electrons themselves establishes a Maxwellian distribution, Secondly,
collisions between the ions themselves establishes an isotropic velocity
distribution amongst the ions. Thirdly, the ions and electrons which have
already attained Maxwellian distribution , but possibly at different tempe-
ratures Ti and Te , will be brought to the same temperature by colli-

sions between the ions and electrons.

To consider the last process we require the equation of energy

1

( éw_i m‘V )

d 1 d 1
(42) df“- TRy vivi=mﬂ,'(5<dviAvi>+vi <Avi >)
using
(43) ﬁviAvi A A _vi Vi
Using (28) and (29) we find

at g
(44) T:“m"de[?ﬁ”HEl_p‘)X'v?ﬁ]
since

- 2 -

(45) <AviAvi >= - ZprV“P/s = - ZQ“P?P

Since the distribution of velocities are Maxwellian, this may be rewritten
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dﬁ“ 25% me ﬂ)}

(46) T Q;P(t;) ;n;[l-(xp)-y)(x
2
, Mgy m g ,
where xs=§ k'-‘;‘p mf 2, and P (x) =P(x) - x é(x)
1
Also 1 3/
i G 'f:“ 2
(47) T (6) - S
“p o PQHLP ne, &P?z?mgl
m
where 9, = k(T + -m—-; TP ) . After some algebra, (46)can be redu-
ced to
9) qu' _ Tﬁ -T“
dt t:P
where 3/2
(49) L m"k 'E +IE)3/2
o s(z-u)zn e,‘ 1ogl ma

It is easily verified that
* * M M
CIER-EE ARE A =1:1ﬁ:—:-
ee i el Tie m m m

where T;"\—T and where M 1is the mass of the ion and m the

A

electronic mass.

Equation (48) was first given by Spitzer ; it shows that if the

T T
ol
mean square relative velocity, which is OC(E +m—),does not
]
*
change appreciably, , ’tu!p is nearly constant and departure from equi-

partitions decrease exponentially,

11, Relaxation towards the steady state

The solution of Boltzmann's equation for non-uniform gases is

found by successive approximation, We write
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f=1(1+§),

where f0 is the Maxwellian distribution function and £ is small
compared with unity . We have seen that in a plasma of two constitu-
ents each constituent: will approach its Maxwellian distribution in a
time equal to the relaxation time 'E:and the two constituents will attain
equal temperatures in a relaxatidn time ’t;; . As a first approxi-
mation , therefore, we can take the collision term Co: to be of the form

f -f
(50) -—

¥

so that if f is the distribution function at time t =0 and f the
o

Maxwellian distribution function, then departure from a Maxwellian state

f-fo—)o with time as e‘t/"’

12, Equations of continuity and motion for a fully ionized gas

We consider the plasma to be a mixture of positive ions (i)
and electrons (e) and denote their number densities by n, and n, .

and their velocities by A and L2 respectively, Then

(51) n, = Sf, dv., n = Sf dv

i i e e —e
where fi and fe denote the velocity distribution functions for the ions
and electrons respectively and dxi and d!e denote an element of volu-
me - in the velocity space for ions and electrons, respectively, Denoting
their masses by m, and m, and the densities of the ion and electron
gas by Pi and 9e respectively, we have

5 - .
(52) Piemmy Pe ™ "™

Denote by Ei and Ee the mean velocities of the ion and electron gas
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in a volume element of the plasma, then

(53) n.v -S‘v fdv, nuv =Jv f dv
=1 Y= 1 =i e—e J~e e =—e
It is convenient to introduce the total number density n, and

total mass density [ defined as n, #-ni + n,

G P *Pi* e

and the mean velocity v o of the plasma element defined by

(55) P v +pv

FOXO i=i e—e

Let V, and V be the peculiar or thermal velocities of the ions and
=i

electrons, respectwely, defined by

(56) V.=v -v, V =v =v
-i =i _o - —e =0

Then it follows from (55) that

V+dPV =0

(57) Pi-i ?e\—,e

The partial pressure for the ion and electron gases, amd total pressu-
res definedin a frame of reference moving with the mean velocity

Yo are respectively given by

=p V =p. +
(38) P1-—1-1 Pe e—eve’ po pi pe

The hydrostatic partial pressures for ions and electrons are defined

by

— __

1 3 1
(39) p=3 P Yy P 3 PeVe

and the corresponding mean kinetic temperature by
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= = T
(60) P; kniTi’ P, kn

Boltzmann's equation for the two distribution functions fi and fe are

af

(61) ,at-l'(v.V)f +(F,. Vv IR A

where m, Ei and melie are the forces acting on an ion and electron
respectively, If these are produced by an electric field E and magnetic

field B, then

& e p-f m ey xn
(62) F_i-Tn-i(E v, XB), Fe " (E +y xB)

where ei and ee are the charges carried by an ion and electron
respectively,

We next form the moment equations; if Z(y_ d) be any function of mo-
lecular properties for the constituent & of the plasma, then by multi-

plying equation (61) by .?u , integrating partially and remembering that

(63) n g [,
we find
d(n,
(64) +V(n ? -n —n( ’v‘Q %_c‘ d!

The right-hand side represents the change of the mean value of ?“
due to collisions. This vanishes if 90" =1 and (64) gives

fdn an
(65) 3-—+V(n vt Vemg ¥, ‘aT*V‘“-c Y-

which is the equation of continuity for the component o/ . Multiplying

the equations of continuity for the ions and electrons (65) by mi and
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m_ respectively and adding we have the equation of continuity for the
plasma as whole,

)

(%9 7t TV (Bl o

If we set So =m“y_d, then , after some simplification and using

(65), one obtains
dy_o d(P v ")
bt (Ve pa-fgw——— (¥ Dy,

(67) _
+ P’.Vuv.y_o Smd Y C,dv,
Adding the equations for the ions and electrons and noting that the
total momentum of the ions and electrons in the element is unaltered
by collisions, we get

dv
(68) FoTiT-'Vp +pRFy+

e —e

which is the equation of mass motion, Equation (67) refers to an ele-
ment of either constituent following the mass-motion of the plasma. An

equation can also be obtained referred to the local mean velocity of the

constituent,_-\zd. Denoting by d o / dt the time derivative in this ca-
se, so that

d

L a+v \%
(69) & Jt e

we find after some rearrangement of terms that

(70) &_ d °“"V(P Bt‘z‘\z'z~ F&E‘(=Emu Vo Cx Wy

where

[ R
(71) d Pd ﬁyuy'd o~ —o d."uY“
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is the relative pressure tensor, It is easily shown that this is equal to

(72) B el D) )7 fuly B
v is the velocity of a particle relative to the mean

when Ed. = XoL -y,

velocity of the element., Thus (70) can now be written
05,
(73) A Bl v/ Py~ BEu" Sm"‘ v Gty
which is the equation of motion of the constituent o referred to the

mean velocity v of this constituent.
o

13, Approximate calculation of the collision term

Since particles of one constituent can collide With each other and
with particles from another constituent, the collision term in Boltzmann's

equation (3) may be written

(14) c, Z Copl L,1p)

where C _ gives the change per unit time in the distribution function
for particles of the constituent ® due to collisions with particles
of contituent p s C“p depend on the respective distribution functions

f «’ f ﬁ Certain properties of the collision terms are immediately obvious
and do not depend on the explicit form of the C “ﬁ . Thus

g dv =0
(75) -

jm dv =0
o x —d

neglecting processes which may convert particles of one constituent into

that of another, e.g., ionization, dissociation , etc.

We have alredady noted in section 11 that as a rough approxi-
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mation we may write

{9 g
(76) c -4 =
« (7
where f(o) is the Maxwellian distribution, On account of the second re-

o
lation in {75) , we may take T to be T;; and that, if departures

from equilibrium are small , we may treat t“; as constant. We can

now evaluate approximately the collision term in (73). Write
(17) P

where Xois the mean mass velocity of the two comtituent plasma,

Then
) = +
(78) Jrr&!‘ (‘u dl“ Jmu Xo Cq dla f m, X“Cu dxv

Since !0 is a constant in the first integral, this vanishes by

virtue of the first equation in (75) . Hence (78) reducesto

(79) J.md ‘_/‘C‘ dx“ .

Substituting (76) in (79) and noting that dy_‘ = d\i'a , this reduces to
0 v - — .

(80) 5"‘0‘2.: T Jmnzu't" I La

But j‘m vf(o)dV vanishes identically; thus (80) reduces to
o no —d

(81) -n, mugulr

*
Here T ~ 'l:,‘l, denotes effectively the electron-ion scattering time and
we may interpret this result as follows, The electrons lose their orde-

red velocity with respect to the ions in a time of the order ¢ and

hence lose momentum m, zaper particle & which is communicated to
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the particle P This implies that the particles are subjected to a fric-
tional force DMy V /’l: This is equal and opp051te to the force ex-
erted on the particle p In fact, since po 'Z‘P,, we have, adding
to (81) the corresponding equation for the particle p ,

nmV +nm,V, =0

aw—u” pTp—p

Using this relation, (81) may be expressed in terms of the mean

relative velotity , namely,

Fupﬁ -

(82) (V- Vo)l
fo o #
since v -v_ =V_ -V p- Hence equation (73) can finally be writ-
ten
d, v
d —o f’u. PP - -
83 + p - -
(83) fﬂ V. ﬂc_u (Xd_ Xﬁ)
14 Rate of diffusion of the two constituents

Dividing this equation by fo and substracting from it the
corresponding equation for the ﬂ-constituent we ohtain an expres-
sion for the differential or diffusion velocity

- ¢—¢ E P i 1
84 v o-v=- +Lye lop . -F,.

It is convenient at this stage to introduce the coefficient of diffusion

of the other two constituents, namely,

l.nO
(85) D, b kT ( oy ml‘)T

where m_ = m“ + m‘3 . We find, after some algebra, that (84) canbe
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written
m, m m, -m
- - “ P “a P
v-vs D i————— (1 1))~ ——Viog p
-d [) up kTmO < —P m o
n n m . m
o o
(86) +non ‘T-kTp (£ -
o P ) Mo T P
where P0 = P“ + P‘! is the total pressure, and we have written
dy Yy
B d for arra etc, The four terms inside the bracket (86) correspond

to components of the relative velocity of difftusion due respectively to (1)
the relative acceleration, (2) the pressure gradient, (3) a concentration
gradient, and (4) external forces. Note that gravitational forces do not
contribute to the velocity of diffusion., These component velocities of diffu-
sion tend to have the following effects: (1) and (4) have indeed the sa-
me effect and tend to separate the constituents in the direction of the re-
lative acceleration or forces. (2) tends to make the composition uniform
and (3) tends to increase the proportion of the heavier constitution in the

regions of higher pressure,

15. Three-constituent plasma. (Partially ionized gas) .

We shall consider a partially ionized gas consisting of electrons
one kind of ions and one kind of neutral particles, The velocity of each
constituent will be denoted by v , v, v respectively., Because of their

—e —-i —n
much smaller mass, the momentum of the electrons may be neglected

in defining the mean mass velocity v, which is thus approximately

(87) v .= l (n,m
-0 ii

v, tnmv),
i § n nmm
°
where =npm +nm,

(] 11 nn
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However, as in the case of a two-constituent plasma, it is
more convenient to derive the moment equation of the Boltzmann equa-
tion of each constituent relative to axes moving with the mean velocity
v of that component. The equation of continuity (65) wil hold as
before , and the equation of momentum will likewise be the same as
before, except for the collision term Ca6 .

It 1is clear that the collision of particles of each constituent with those
of the other two constituents will yield a collision term of the form (82);
however, we can no longer drop the suffixes so that denoting by

Fe, fi ' Pa the mcss derivatives of the electrons, ions, and neutrals,

we have

(88) vac ay - LPL 5 5y e fefn

S B R e

(89) jmi ¥, Cpdv = é‘f: v,y ) /%, Ff“fg vi7 1) /7,
- P"-fe - PAP - -

The ' s are called the 'collision intervals' by analogy with what has

been said previously. We have v oi =’L“_e , T =TT = Z"e, S0
i in mi "en n

that there areeffectively only three 'collision intervals' ; writing

wfp I

(91) 6, = —L—e- - (€, e,1,n)
e T P

the equation of motions for the ions, electrons and neutral particles are

respectively

dv'

(92) P dt : -V'Pi tZnge (£ +Xix B) +F1E ¢ %(_V.;‘Ze) - 9[;1 (2;'!“)
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= P ndE +vxB)+p F F -6, (_e-zl\ 6 zefg’l
d? o o
(94) f =-Vp o BEn = GV Y G (V- V)

where ni,n ,n are the number densities of the ions, electrons and
e n
neutrals, Pn is the relative partial pressure of the neutral gas, and

Ze, -e are the charges on a positive ion and electron respectively.

16, Diffusive equilibrium in a fully ionized plasma in a magnetic

field

The equations of motions for the ions (assumed to be singly
ionized for simplicity) and electrons may be written respectively

(dropping the bar over the velocities),

Siydlop Ly . £ .. Te

dt vapl -1 mg £ Txe 'C(—b —e)
(95)

dv f

e, L -F + £ + = Ly -

dt PVP Lo mg T TIXES PoT(X¢ ‘)

where W, =eB/m e and w =eB/m c are the cyclotron frequencies
= - 1 —-e - e
for the ions and electrons . Now a plasma is electrically neutral to a
high degree of approximation so that ni/ne ~ 1. Also me/m, <1 so
- 1
that Pe/ Po ~ me/mi and {Jl/ Po ~ 1 With these approximations the

equations may be rewritten

dv m

-t Mg e e
(96) —_—t = y. - — X'V’“" u"—(E"‘—VP)+F =G/

dt m"z -t m7T e - m, n.‘

dv v

-e, 1 *i e 1

—_— = -=t v, =-— (E +—=V. =
O Gt Yy it s n (& ne P¢)+EJ'G°
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where u is a unit vector along B, w = ]w] s = , w |, and
- R SRS e —e
lii and Ee are extraneous forces other that the electric and magne:

tic forces or pressure gradients,

An inspection of these equations shows that there exists a
transient part of the solution for v and v  which decays exponen-
tially with time approximately as e't/'v, i,e., in a time of the
order of the relaxation time, The plasma therefore attains what is

termed a state of diffusive equilibrium in which the acceleration

terms in (96) and (97) can be neglected, yielding the approximate

diffusive equations

m
B i
(%8) YtYe ¥y ¥ WG T
e
(99) v -v. + v x u=G T
—e -1 -e - e

where Q= we"t‘ . Solving these vector equations we obtain
m m -
100) v.= Arut—](— G+ G )T+ QT— G.xu
( ) v Vo Ze m X
m
(101) v = Au +—1 (—L G +G)’U+Q‘tG)<uJ
e Tem T 2 lmy T % =" =

where Ai and )e are arbitrary parameters. However, multiplying
(98) and (99) scalarly by n and adding the resulting equations
have

m

i
102 — G.+G . =0
(102) (G Gt G,) - u

Using the approximation n /n ~ 1 this reduces to
i e —

(103) (V.P, +pF +pFE).u=-0



— 36 —

V.C,A,. Ferraro

Thus , along a magnetic line of force, the pressure gradient in

that direction balances the total external force in the same direction,

In the case of the protonosphere this implies that, along a line of for-
ce, the pressure decreases exponentially with height, the temperature
being approximately constant in this region. The effect of the magnetic
field depends roughly on the magnitude of , that is, the product

W, T, the ratio of the cyclotron frequency to the collision frequency.
If the electrons are able to spiral many times between collisions, then
©2>>1 and we see from (100) and (101) that, whilst motion of the
ions and electrons along the lines of force is unimpeded, the component
at right angles is of order Q-l and thus becomes vanishingly, small
as (2 ~»w ; we note also that the drift of the ions at right angles

to the magnetic field due to the pressure gradient is greater than the

corresponding drift for the electrons.

These results, of course, are to be expected from general consi-

deration of the motion of charged particles in a magnetic field.
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II. Application to the Ionosphere

17, The atmosphere

The swientific study of the upper atmosphere is nowadays cal-
led aeronomy - a term due to Chapman, The discussion of the atmosphe-
re is based largely on chemical composition and temperature and the
various layers into which the atmosphere can so be divided are refer-
red to as !spheres' . The upper boundaries are referred to as
'-pause', Thus the troposphere denotes the layer extending from ground
level upwards in which the temperature decreases with height. Above
this layer is the stratosphere in which , for many kilometres
the temperature remains constant. The tropopause is the upper level
of the troposhere and separates it from the stratosphere. The height of
the the tropopause varies with latitude, being about 11 km in mid-latitu-
des. Above thestratosphere the temperature increases and the region
of higher temperature is the mesosphere; the temperature then decreases
again and reaches its lowest value (about 180° K) at a heightof 80-85
km, The temperature rapidly rises above this level (mesopause) to about
300 km where it attains a temperature of over 1000° K. This region is
called the thermosphere, Above this level the atmosphere is maintained in
isothermal equilibrium. This is the exosphere and here collisions between
the molecules are so rare that they move in free orbits under gravity.

The various regions are illustrated in figure 7

18. The ionosphere, heliosphere and protonosphere

-8
Sunlight of wave lengths less than about 2900 A(1 A =10 cm)

is capable of ionizing oxygen and nitrogen. This radiation cannot be obser-
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ved at ground level owing to strong absorption by atmospheric ozone. Its
emission from the sun has been detected by satellites and other space
vehicles and, prior to this, its presence was indicated by the existence

of several ionized layers in the atmosphere.

Radio methods of observations of the ionosphere have revealed
the existence of two main layers, the E and F layers, the former at
about 120 km height and the other at 180-300 km. The F layer is
thicker than the E layer and separates into two parts during daytime,
the lower called F1 and the upper F2 . At night they partly merge and
become indistinguishable. Below the E-layer there is another at about
7¢ km called the D-layer . The thickness of the F-layer diminishes rather
slowly with height and has no well defined upper boundary. It merges into
the heliosphere where neutral and ionized helium are present to a height
of about 1000 km and above this we have many ionized hydrogen or pro-
tons. This highest part of the ionosphere is called tle protonosphere
but its limits are difficult to define. It seems likely that this region is

in diffusive equilibrium, The various layers are illustrated in fig, 8 .

19. Processes in the ionosphere

We shall here deal only with the large-scale structure of the io-
nospheric layers, and particularly our attention will be directed fowards the

effect of diffusion on the distribution of ionization of the F2 region,

The ionization in the ionosphere is due essentially to the produc-
tion of ion-electron pairs by the absorption of solar U,V, and X-ray ra-
diation - at least in middle and low latitudes, At higher latitutles , ioni-
zation can also be produced by collisions between high-energy charged par-

ticles , precipitated in the atmosphere, with neutral atmospheric molecules
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FIG,7', U.S., STANDARD ATMOSPHERE
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STITUENTS. The temperature profile is
taken from the U.S. Standard Atmosphere
and the electron density profile represents
average daytime conditions for middle
latitudes, high solar activity,
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where 1
o 2 n
(2.3.61) Jn(r‘)= Er,T)(1-T) d7.
-1

Bergman considers a partial differential equation of the form:

(2.3.62) ASly +F(y,2)y = 0.

» f
We introduce the variables : X =x, Z=(ztiy)/2, Z = -(z-iy)/2,
and express the function F(y, z) appearing in Eq.(2.3.62) as a function
*
of Zand Z ; we also use the symbol F for this new function.

The equation (2.3.62) then assumes the form :

(2:3.83) o yy,x +FE, z*)'\y =0

We proceed to obtain particular solutions of (2.3.63) which are polyno-

" * . .
mials in X, as follows. Let ?(Z,Z } be any solution of the equation:

(2.3.64) '3’22" +F Y =0

PN, k)

and let the polynomials be defined as follows:

1:,(N, k,k-2v) N-k +\)Z#v

k-
=) (5 ) Z

H

(2.3.65) N=0,1,2,+ » - ; k=0,1,2,- - -, 2N; v=k, k-2, . - -,k-z[g],

2
N, k,a *
Let the functions TT( ) (Z, Z ') satisfy the equations :
N-1,k,k N,k k
(2. 3. 66) -N'i;z,,.P( ) rLkk) e plNKK g
' Vi

- Nw *P(N-I’k’v)..va P(N—l,k-Z,\)) +

LG ¥z

@.3.61  + e m OVl V) LY o
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Negative ions may be formed in the lower ionosphere by attachment of elec
trons.

The important losses of ionization arise from atomic ion-electron
(radiative) recombination, molecular ion and electron (dissociative) re-
combination and , in the lower ionosphere, by the attachment of an elec-

tron to a neutral molecule.

Ionization may also be affected by transport processes; the ions
and electrons (plasma) in the ionosphere may be thought as a minor con-
stituent of the atmosphere, It is acted on by gravity and by pressure
gradients in the plasma. Unlike the neutral constituent, the ions and elec
trons are acted on by electric and magnetic forces, As we have seen in
section 14, the plasma tends to diffuse through the neutral air if the
forces acting on it are not in equilibrium. Ions and electrons diffuse to-
gether, since any tendency to separate the positive and negative charges w:
give rise to alarge electric field opposing this separation. This is called
'ambipolar' or ‘'plasma' diffusion and proceeds rapidly in the F
region but not in the lower ionosphere. In this region the plasma tends
to be set in motion by movements of the neutral air, which may be due to

large scale wind-system or to temperature.

The various processes outlined above which modify the ionization
in the layers of the ionosphere must balance and this balance can be ex-
pressed as an equation of continuity . If the transport processes (wind
and diffusion) result in a net drift velocity v , and we denote the
electron density by n , the rate of production and loss of ionization

by q and L respectively, the equation of continuity is

(104) %—%Miv (nv) =q - L .
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In the absence of production and loss of ionization (104) re-
duces to (65)already found in of section 12

Various wavelengths in the radiation fromthe sun are responsi-
ble for the production of ionization. It would be outside the scope of
these lecturesto go into more than a few details. A major part of the
E-region ionization arises from the wavelength band 911-1027 A which
fonizes 0, to 02+'. In the F-region the wavebands 170-796Aand 796 A

to 911Aare mainly responsible for the ionization, in this case the ions

+ +
formed being 0 and N2
Amongst the loss processes we may note the following :

(a) Ion-ion recombination (coefficient d,i)

+ -
X +Y —X + Y.

(b) Electron-ion recombination (coefficient de)

+
(i) Three-body : X +e + M—» X + M

Here M denotes a neutral particle which exchanges energy and mo-
mentum but does not take part in the chemical reaction.
" - + *
(ii) Radiative : X + e - X" X+hy ,
. _— + ¥ x
(iii) Dissociative: XY + e —=2X" + Y
* . .
Here X denotes an atom left in the excited state.
Process (i) can occur in the lower D region but is rare at

greater heights.

Process (ii) is likely to be the fastest loss process only in
the uppermost levels of the F regions. Elsewhere in the E and F

regions the dissociative recombination process are important.
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(c) Ion-atom interchange
+ +
A + XY - XY + A

Ion-atom interchange (c) followed by dissociative recombination
b (iii) 1is the principal loss process in the E and F regions. The-
re is still considerable controversy as to precisely which reactions

are important,

The rates for processes b (iii) and (c) are given . in terms of

the reaction constants Kb and Kc , by the expressions

(105) d"éf) = - Kbn(XY+)n(e)
d A+ +
(108) _"ét_L -K (A In(XY) .

If we suppose that the atmosphere is electrically neutral,

+ +
(107) nfA) + n(XY ) =n(e)
and we suppose further that the ionization is in equilibrium . Then if
the electrons and positive ions are produced by incident radiation at
the rate q per unit volume

+ +
(108) q = K n(XY )nfe) * K n(A Jn(XY)
+
Eliminating n(A') and n(XY') by using (107) we find
Kchn(XY)n2 (e)

(109) 17 R AT R ae)
(o]

If Ken(XY) >> Kbn(e) , this reduces to
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2
(110 q=Kn'(e)

2
which corresponds to a quadratic law of recombination an , the

coefficient of recombination ¢ being equal to Kh . This law holds

3

-8 -
very nearly in the E region where ¢ ~ 10 cm® sec

If Kcn(XY) &« Kbn(e) , then (109) reduces to
(111) q= Kcn(XY)n(e)

which corresponds to an ‘attachment'law of the form IB n(e) with

an 'attachment! coefficient

(112) B- K_n(XY)

If, as 1is wusually the case , n(XY) decreases upwards, so will ﬂ

20. Chapman's Theory

We consider the simple case of ionization by absorption of mon-
ochromatic radiation in an atmosphere of uniform composition and tem-
perature, Such an atmosphere will be distributed exponentially; in fact
if h denotes the height, n the number density , g the acceleration

of gravity, m the mean molecular mass of the gas, the statical equa-

tion is

d
(113) &= -ome
(114) Also p = knT

where k is Boltzmann's constant (1,38 x 10'16cgs) and T is the

temperature, so that eliminating p between these equations we find
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(115) dlogn = mg _ 1
dh kT H
where H is a quantity having the dimensions of a length , called

the scale height . Integration of (115)now gives

(116) n - noe‘“/ H

that is, an exponential distribution of density. Let I denote the inten-
sity of the radiation at the height h and Iw the intensity of the inci-
dent solar radiation, Let ¥ denote the zenith distance of the sun at the
height h at any time, then the decrease in I by absorption over
the path of length ds = (sec X )dh between the levels h+dh and h is
given by

(117) d1=-[sh (sec)( )dh ,

where @~ is the absorption cross-section of the molecules, Using

(116) we have

dar -h/H
T °° (0'00 sec))e dh

which can be integrated to give

(118) /H

1oge (TI-) = -(o'nOHsec X )e-h dh
0

since I =1 as h —» o . Hence
00

-h/H
(119) L=lexe (-on, He sec X )

The absorption of radiant energy per unit volume of the atmosphere
is  dI/ds = (dI/dh) cos) and if ﬂ ions are produced by the

absorption of unit quantity of energy, the rate of production of ions
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per unit volume is

(120) qth) = p Ioo nOO'exp (-h/H - noa’He_h/H sec}) .

The total number of ions produced in a vertical column of air
of unit area of cross-section by the complete absorption of the incident ra-
diation is clearly {31 cos X .
[+ 0]
The rate of ion-production ¢ has a makimum qm at a

height h_ where
m

h /H
(121) e ™ - noo-H sec X,
giving
(122) q = (prCOSX)/He

Denote the values of h and q for the overhead sun (X=0)
m m

d .
by ho and q_; then

hO/H
1 = H = eH
(123) e n OH, L ﬁlw/
124 =h +HI1
whence (124) hm o g, sec X
125 =
(125) qrn q, cos x .

In terms of q, and ho’ we may now write (120) as
h-h
0

h-h_ T H
(126) qh) = qexp (1-—— -e sec X))

or measuring heights in terms of H as wunit from the level ho’

writing
h-h
0

H

(127) z =



— 47 —

FIG. 9. NORMALIZED CHAPMAN PRODUCTION FUNCTION
a({z,X)/ao = exp (1 - z - e sec x). Values
at several reduced heights are shown as a
function of zenith angle. The broken line is
the envelope, qm/qo = cos X.
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Once we know the relation between the densityP and velocity q, we
can integrate Egs. (2,6.17) and (2.6.18) to yield the sonic line in
the physical (x, y)-plane.

For stream functions \u defined by corresponding ')(1(6), ‘XZ(B)
given in (2.6.16), the sonic line in the physical (x, y)-plane is given

in terms of the parameter 6 by :
(2.6.19)  x=(1/2) (6/5)3[a-(6b /5)] cos® 6,
(2.86,20) y = (6/5)3% (1/2)[a+ (6b/5)] (6 -7/2) +

(1/4)[a- (sb/s)] sinze} ,

provided we take the origin in the physical plane as the image of the

point q=(5/6)1/2, 6 =W/2 on the sonic line in the hodograph plane .
2 2

The value of q 1is calculated by M =g /[1 -(y-1) qz/z] with

¥=1.4.

Example (I) : sonic line in physical plane is circular.
If we consider the stream function xY defined by (2.6, 16jwith

a, b related according to:
(2.6.21) a+(6b/5) = 0,

then (2,6.19) and (2.6.20) yield for parametric equations of the sonic

line in the physical plane :

3 2
(2.6,22) x = a(6/5) cos” 0, y = (1/2)a(6/5) sin 26
Elimination of 6 gives:

(2.6.23) 5 y2 - a(6/5)3 x =0,
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(called the reduced height), we have
-z
(128) q(h) = q _exp (l-z-¢ secX ).

This is called the Chapman-function (Chapman, 1931) . It has the inter-
esting property that as J varies, its shape is unchanged, its peak
is shifted to the level z = loge(secX) and its amplitute is scaled by
the factor cosQ . This can be seen by writing the above equation in

the form

Z -z

: s .M
(129) g=(aeos Xyewp[1 - (z-z )-e ™ ],
The ratio q/qo is shown in Fig, 9.

In the actual ionosphere the production formula is considera-
bly more complicated, partly because there are different atmospheric
gases, differently distributed, and the ionizing radiation is not monoch-
romatic but consists of a range of wave lengths and ¢~ depends on the

wavelength .

The above theory neglects the curvature of tke earth; Chapman
has considered the modifications introduced by taking this into account.

This correction is only important near sunrise and sunset,

The theory can also be extended to deal with gases which are
not at the same temperature at all: heights, If the temperature is pro-

portional to the height, so that

(130) H=K +7h

then it can be shown that (125) takes the modified form

14

(131) q -a (cos) )
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21, Plasma diffusion

The F2 peak of ionization is observed at about 300 Km.
No mechanism seemed capable of causing a peak of production at such
a height and Bradbury (1938) suggested that the production peak occur-
red at a lower height (the F1 region, in fact) and he attributed
the upward increase in electron density to a rapid upward decrease of
a linear loss coefficient. The hypothesis is unsatisfactory, for even if p

varies as

~(h-h }/H
exo [ )/ ]
where H B is the scale height , then the electron density well above

1 1
the production peak is approximately g/B oCexp | +(h-h )— - )1,
PP o'H, “H
8

where Ha is the scale height of the ionizable gas,

Since Ha < Hﬂ , then q/p increases indefinitely upwards, and we must
find some other explanation for the peak in the electron density . We
require some transport process to limit the value of the electron densi-

ty at great heights. Onesuch process is plasma, or ambipolar diffusion

Attention to the probable importance of diffusion in the ionosphere was
first directed by Hulburt in 1928, I considered the problem in grea-
ter detail in 1945 and showed that diffusion was unimportant in the E
and F ) region of the. ionosphere but that it might become important in
the F2 region and above it., Mariani (1956) drew similar conclusions but
Yonezawa first discussed in detail the problem of the formation of the

F2 region and showed that diffusion could provide an explanation .

In deriving the equation of diffusion for the ionization, we shall
neglect, for the present, the earth's magnetic field, so that the only
forces acting are gravity g, the electric field E , and the frictional for-

ces due to collisions, The full equations for a three constituent plasma,
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(92-94), , have been derived in section 15. However, in the absence of
any external electric fields, the slightest separation of the ions and ele-
ctrons will give rise to large electrostatié fields opposing any further
separation so that we many set n, =n, and LA in these equations.
Also, if we assume that the neutral air is at rest, Xn =0 . Further-
more, the relaxation times in the F2 region are small , so that the
steady state is quickly attained. That is, we may neglect the acceleration
of the ions and electrons in (92-94) ., Writing vin = 1/’(:in , etc, ,

for the collision frequencies, these become

2 - + E + - =
(132) VPi ne nmig nmi Vin L 0
- - + - =
(133) VPe nekE +nm g nm Venv D 0
134 -¥ + + -+ =
(134) Pn nnmng nmivinv0 nme Ve v 0

where we have written D for the common velocity of diffusion , of the

the ions and electrons, and n for their number density.

Further simplifications can be made by noting that m <« m,,

miym >> me Uen (i.e. collision with the neutral particles are important
for ions but not for electrons). Also, if Ti and Te are the temperature

of the ionic and electronic constituent, we have

(135) P.=knT. , P =knT
1 11 e e e

Using these equations, on adding (132) and (133) and solving for
the velocity of diffusion of the ion-electron component we find, if h

denotes the height at any level,
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1 1 0 }
VT { = AT C+T )+
(136) D my. in Falnk(T] +T )+ me]
i7" in
where D is measured positively upwards, In the F region, the ion,

electron and neutral air temperatures may all be different. It seems
likely that Ti =T, the temperature of the neutral air.

Then , if we introduce the neutral
air scale height H = kT/mng, and write f = mi/ Zmn, T-= Te/Ti =
= Te/T’ and introduce the coefficient of diffusion of ions through
the neutral gas

(137) Dy, = KT/my,

equation (136) becomes

) 1 gn 19T 2 9%/h
(138) -vp= D, (1+7) [% St (Tr—'tk;'_ﬁ + 208

IfT = Te =T at all heights, 2 =1, and
i

(139) p PGt R

where we have written D=2Din

The contribution of diffusion to the continuity equation (104) is
to add the term a(nvD /)h to the left hand side of equation. In gene-

ral

dnvy)
(140) -2 -pdn

where 09 is a differential operator of the second order.

The value of D is of the form h/nn , where the factor b depends

on the temperature, It is now believed that in the F2 layer the neutral

+
gas is mainly atomic oxygen and the ions mostly 0 . The value of b is
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affected by charge exchange and its value not exactly known. The value
derived from kinetic theory, taking account of the effect of elecirostatic
induction by the charged ions on .the neutral ions, gives n D of

order 1019 . But this may well be too large by a factor of 10 beca-
use of charge exchange., Also Do¢ l/noce(h-hO)/H; if we assume that

the temperature of the gas 1is uniform, then

1gn |
-v_ =D
(141) vp =D T ),
and the diffusion term in the continuity equation on the right hand

side takes the form

9 n 3 an 'n
(142) DD n - D92 T

(Ferraro 1945) . The first term in this equation is characteristic of diffu-
sion formulae, The second and third arise from the effect of gravity and

the height dependence of D,

22, The equation of diffusion for the F2 region

We shall ignore for the present the geomagnetic field; we shall
also assume that we are considering a locality on the equator so that X=5J
the time in radians measured from sunrise? It is related to tle actual

time by the equation
(143) t=kg,

4 -1
where k=1.37 x 10 sec . The rate of production of electrons q
will be taken to be represented by the Champan function

h-h

h-h - H°

= expl-—o-cosec e 0<@p<T
.79, " ( b2 fgiT,

(144)
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=0 gl olw

where ho refers to the level of maximum rate of production of ions q,-
Electrons are assumed lost in the F2 region according to an attach-
ment-type law (119) with a coefficient which decreases at a rate propor-

tional to the density of the neutral particles. Thus

(145) L = Kn

where heh

K =ﬂ0 exp ( -TO)

Then the equation of diffusion to be solved is

(146) 9_n= ne h-hO+D92n+i ﬁ+—n
TREL XP(' H) (3_11_2 2H 2n 2H2)
h-h_

147 = = -
(147) where D b/nrl and n N0 exp ( m )

Since D = (b/nn) increases exponentially upwards, whereas both q and L
decrease exponentially with height, it follows that at some level the diffu-

sion term will be the dominant term in equations (146) which then reduces

to
2
3 3 9n n
(148) 0= +— =0,
- 2 2
0 %M dn 2H
Solving this equation we find
o h
(149) neAe 2H A H

and from equation (141)- it follows that the first term corresponds to

diffusive equilibrium , with VD = 0, mn which the ionization has a scale



V.C.A.Ferraro

height twice that of the neutral gas. For the second term p #0, and
is positive if A2 >0 . This represents a boundary condition of a finite
flux of ionization at h == w, which is upwards if A2 >0 ., If ionization
is gained or lost at the top of the ionosphere, ; then a term of this

type must be included in the solution.

23. Solution of the diffusion equation
Writing
h-h
(150) x =

and expressing t in terms of by (143), equation (146) can be
P by (43)

written in the non-dimensional form

(151) ’g@ ka- Be n+-3_.2_ i;g_ )

where N H2
(152) p=kpo

are non-dimensional parameters, The solution of (151) thus depends on-

ly on these two parameters and the boundary conditions, One of these,
as we have already seen above, depends on the value of the flux of

ionization at z = +w. The other requires that n—-» 0 as z—2 - .

Assuming that q is given by the Chapman function (144), we
require a solution of (151) which is periodic 1in 9. wih period 27,
The method of solution of this, and related, equations has been given
by Gliddon (1959) and consists in determining a suitable Green's function for
this equation. The analysis is involved and reference must be made to the
original papers . Typical solutions indicating the variation of the ionization

at various heights from the level of maximum ion production are illustra-
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ted in Figs. 10 a and 10 b . Fig, 11 illustrates the variation of the level of
maximum electron density for two distinct cases. From such solutions,
the following general daytime characteristics of the behaviour of the ioni-
zation may be deduced.

(i} The F2 maximum electron density occurs at a level where
diffusion and loss are comparable , i,e,, where Km ~ Dm/Hzand

the subscript m refers to the maximum,

(ii) At the maximum and below it, the electron density is appro-
ximately given by n ~ q/K, that is , balance between production and
loss, as in the absence of diffusion.

(iii) Well above the maximum, diffusion becomes important and n

-(1/2
varies as e (1/2)2 as already noted in section 22.

(iv) The level of maximum ionization falls rapidly at sunrise beca-
use of the rapid production of ionization in the lower TF regions. It reaches
a minimum height of one or one and a half scale heights above the level
h0 of maximum ion-production which remains at about the same level until

late afternoon. Therefore, the level rises again steadily to a height of a-

bout three scale heights above ho after sunset(See Fig, 11)

The night-time decay of the ionization has been studied by Martyn
(1856) , Duncan (1956) and Dungey (1956) . This is also affected by verti-

cal electromagnetic drifts ,

24, Effect of a magnetic field on diffusion in the ionosphere

We now consider the effect of a magnetic field on diffusion of ions
in the ionosphere. We are here dealing with a thernary mixture of neutral

molecules, ions and electrons, of which the ioniged particles form a minor
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Fig.10 b Diurnal variation of electron density at intervals of one
scale height. Cage II (P = 10, Y = 20)
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below (2.7.22):

Pé" 212 gy

2.7.24) £ (r, 1)= (kr)n=0,1, ",

M+V+2n
where t=cos 20, r2 = x2 + y2 and Pn(d”“ stands for the Jacobi

Polynomials (see [16‘] )

‘?‘ -1/2, p- 1/2) ) (k™ Ju4v4on (kr) = £ (r,1) =
o

[ (et (120 (1] 'll {tk«)"‘ Ut (kc)] -
(ol g g tomvighe o (ong)™ " e,

0‘=x+iycos%>, x=rcosh, y=rsinf, §1=-yzsin2&% /(4 x¢),

1 22 231
(T\=-ky Slné/4. k:)h:\)’>0’q\=0, 11 21""

An arbitrary solution of the class S may be represented in a series

form [39]
ey 2 " -1
w(r, 6) = (kr)~ Yazn | [Pntp+ 1/2)] .
n=0
(2.7.25) .Pn("'l/z""'l/z €05 20) J 1) ron(k0)

and an even analytic function regular about the origin may be expres-

sed as

00
( = -}A-\) '
(2.7.26) f (§) = C Z:a% Jvve o ©) -

Hence for r sufficiently small it follows that the class of analytic fun-
ctions (2.7.26) is mapped onto the class of solutions (2.7.25) by an ope-

rator of the form :
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Fig. 11 . Comparison of height of maximum electron density for
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+1 :
/ | -g)v'1/2(1+g) \.+1/2Pn(v-1/2,,M-1/2 (6P ¢ o Ui D L 1/2)(§)d§
1

=[ 2r+\|2‘(n+\)+ 1/2) (ntp+1/2) .

nm
(2.7.30) ; [(2n +pAV)T (nt1)f (n+v+/a)] )

Thus, if we define :

: »
Ko, r,B) 2 (FW)&n(kr/k“‘)“ Tp+v+an® ) U ppv4 20" r)”

- al/2 .
(2.7.31) pn(v 1/2,pa1/ ’(5)(1-5)" 1/2(1 +§),..1/2,

where

b= (20 p +9) Tin s4v) (Pm o+ 1727,

have
we hav +1

a, (ko) '(H+V)JN+\,+2n(kw) =[1 K (5, r,8)-

1/2 1/2

(2.7.32) r((1+§)/2) (1-§)/2) "% ag.

Hence +1
(2.7.33) f(ke) / K, r§)u] r((1+§)/2)1/2, r((1-£)/2)
L1

1/2

dE,

where

o(14Y) vd) 9-1/2{“&)}1-1/2.

K(@,T, €)= =gy
. i(zww)r (v 4Py (T(ntpa))!

\; -1/2, p- 1/2)

(£).

To verify that these formal calculations are justified and that K

Tusvt on K9 [ J4v+ 2n (kr)]



—_ 6 —

V.C.A.Ferraro

constituent. The relevant equations of the problem have been given in
section 15, namely equations (92-94). However, for much the same rea-
son as stated in section 21, we may neglect the acceleration of the ions
and electrons, and assume that the neutral air is at rest. It should be
stated, however, that Yonezawa (1958) and Dougherty (1960) have suggested
the possibility that the neutral atoms and molecules are accelerated by

the flow of the ions through the neutral air, in the comparatively short
time of 20 minutes.Nevertheless we shall restrict ourselves to the case
when v ~ 0; Againquite apart from the fact that the collision frequencies
for encounter between ions and electrons exceed those for collisions of the
ions or electrons with the neutral atoms, the differential velocity v -y_e
between the ions and electrons must remain small otherwise large elec-
tric fields would develop because of the consequent large separation of
charges of opposite sign. Likewise, we must have, very nearly, overall
charge neutrality, so that n, =, - Assuming also that the ion and elec-
tron temperatures are equal , equations (92) and (93) then reduce to

(153) -VP +ne®+v XBfe)+pe- PV, =0

(154) -Vpe -ne(E+y xBlc)+p g “Pe Venle

where n is the number density of the ions or electrons, B the magne-
tic field intensity, Vin and Ven the collision frequencies for ion-neutral
atom and electron-neutral atom encounters. Again, in the F2 region,

m, Vih >> me ven so that collision with neutral particles are important
for the ions but not for electrons, In fact, we may neglect this term and
also the weight of the electrons in (146) because of the small mass of the

electrons. This now becomes approximately,

(155) -VP, ne(E+v X B/c)-0.
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Also P =knT(~ P )and if, as is legitimate, T is assumed constant,
e =1

this equation can he written

(156) kTV log n+ e(E+y X B/c) =0
Hence ,

B =
(157) curl E+curl (Xex B/c)

or, using Maxwell's equation, curl E = - , this becomes

o l=
P
A=

9B

; — =curl (v X B
(158) 3 (_eX B)
showing that the magnetic field lines are frozen in the electron gas. Sin-
ce the magnetic pressure of the geomagnetic field greatly exceeds the ele-
ctron gas pressure in the F2 region, the electrons can only move fre-
ely along the magnetic lines of force, but not at right angles to them.

Thus Ve is parallel to B and (148) now gives the electric field as

(159) E -- "%vlog n
or
(160) noc e ¢V/ET

where V is the electrostatic potential. This implies that the electron
density attains its thermodynamic equilibrium a each instant . Substitu-
ting (159) in (153) now gives an equation to determine the velocity of

diffusion of the ions, namely,

1 - + + - = 0.
(161) 2kT Vlog n+ev X B/c mg -m ¥ v =0

The solution of this vector equation is
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(162 yirah=cr@ . ge rexe
where
eB
(163) Q= 0
1 mn
and
1 1
= - + = + —_—
c oy Vin( 2kT V log n m.g) = D(Vlog n + - k)

k being a unit vector along the downward vertical, and D the coefficient
of diffusion defined earlier, In general , Vlog n will also be a vector

directed along the vertical so that C is vertical.

Equation (162) shows that the velocity of diffusion of the ions
has three components, | one along C and the other two along and per pendi-
cular to the magnetic field. Again, in the F2-region , lQlis large,
being of the order of 200 at a level of 300 km. Hence, except over the
magnetic equator where C and  are in general perpendicular, the
largest component of the diffusion velocity is along the magnetic lines of

force and the smallest, that along C . Hence, very nearly, we may write

cxb

Q1=

(164) v, =(.Ch +

where b is a unit vector along B (or ). This result is easily inter-

preted; a large value of Q implies that the ions can spiral around a line
of force many times between collisions and hence its velocity is along the
line of force except when changed abruptly' by a collision, The net results
of such collisions is to give rise to the 'Hall' component of the velocity

of diffusion given by the second term in (164) .

The equation of diffusion can now be obtained by using the equa-

tion of continuity for the ions
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dn
ot

and substituting for Xi the expression given in (164)

(165) =q-L-div(n !i)

For a plane stratified atmosphere, I showed in 1945 that the diffu-

sion term in (165) can be expressed in the approximate form D~97b,

where

2
2 an 3 3n n

(166) ¢9n = D(sin 1) + = +—) ,

fahz 20 Db 2

I is the inclination of the lines of force above the horizontal (magne-
tic dip angle ) and h the vertical height; (168) is the same as equa-
tion (142) except for the extra factor sinzl. This approach is incorrect

if the neutral air is in motion, as may well be the case., Near the magne-
tic equator the 'correction factor' sinzl fails to give the correct result,
and a more careful derivation of the diffusion operator D is required.
This was derived by Kendall (1962) and by Lyon (1963) . Assuming that
the geomagnetic field is that of a centred dipole, Kendall found that one

form of the operator is given by

/ sinzl 3cot 6 3n + 1 92 n
n=—g—nt 2. 96 2 2 2 3
2H aH(1 + 3cos“9) a'sin‘g(1+3cos"0) 06

4 2
15cos 6 + 10cos 6-1

z 2) n ’
gin 6(1 + 3c0829)

+

where 6 is the magnetic colatitude and a the distance of the highest

point from the centre of the earth,
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The geomagnetic field in effect
reduces the coefficient of diffusion from
D to DsinZI and this diminishes the veloci-
ty of diffusion in the ration 1: sinzl. The
correction is small, amounting to -;— for
6= 450; but near the equator, where Iis
small , vertical diffusion is clearly negli-

gible,

One final remark needs to be made; although we have been able
to determine the velocity of the ions, that of theelectrons cannot be deter-
mined. However, as we have already mentioned, the velocities of the
ions and electrons at any one point cannot differ greatly, and their compo-

nents along a magnetic line of force must be very nearly equal.

25, Diffusive equilibrium in the upper ionosphere

The equations of diffusion of ions and electrons , (132) and (133),
are also useful in discussing the equilibrium of charged particles in the
topside F region, At these heights photochemical processes are negligi-
ble and the collision frequencies vin’ ven so small that they can also
be neglected. Assuming also that the ions are stratified horizontally, that
they are singlyionized and all at the same temperature Ti’ the equatior

of equilibrium for the jth species of ions and electrons are respectively

d
(njkTi)

167
(167) o

-nm g +n ek i1, 2,...
TETY { )

d(n k
(ne Te)

(168) — -nemeg - neeE
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where E is the elctric field and T the electron temperature, Since there

must be very nearly overall charge neutrality we must have turther
(169) L no=n
]

so that adding the equations (167) and (168) we can eliminate the electric

field . Defining the mean ionic mass m, by the equation
170 nm =
(170) ZJ o, T mn

and negle¢ting the electronic mass, we find after elimination of E that
d log n, ] m g
dh kT,(1+7T)
where 7’ = Te/Ti . Substituting this equation in (168) determines E which

(171) -

when inserted in (167) gives the equation for the distribution of ions as

d logn, m
(172) - _._._J_ = (m -—i—.)-g—
dh i1+ kTi

If there is only one species of ion present, and Te = Ti (so that '=1), the
mean ionic mass is equal to m, o that the effective scale height is twi-
ce that of the neutral atomic mass, as before. However, a light atom for
which mj <-1’f—,c m actually has a negative scale height, so that nj
increases upwards , as first pointed out by Mange (1957) . The solution

of the equation (171) and (172) has been effected by Hanson (1962) taking
account of the variation of g with height. A typical equilibrium distribu-
tion computed for a mixture of O+, H: , H+ ions is shown in Fig. 12 ., The

reduced scale height z refers to the level z = 0 at which the ionic concen-

+ +
trations of 0 and He are equal,
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12 IDEALIZED DISTRIBUTIONS OF ELECTRONS (e)
AND OF O+, He* and H* IONS, COMPUTED BY SOLVING
EQS. (I11-59), (III-60). Electron and ion con-
centrations are given in terms of the electron
density Ngg at the level z = 0, at which height
the ionic composition is taken to be [0+] = [He*] =
49%, [H*] = 2%. The level at which the Het and H*
concentrations are equal is near z = 17. The unit
of reduced height 2z is the scale height of

neutral atomic oxygen.

Fig, 12
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f=a - f=a ; g=x ; n+mp=0; = -nm

f,=exp (ma) ; f,=exp(na) ; g= x ; ntmp=0 ;p = nm !

p -1

(3.4.4) f1= exp (ima) ; f2= exp (ina); g=x ; ntmp=0; p=-nm

where in the last proposition only the real parts Re { fj} should be
taken into account. One may construct easily more complicated func-

tions fi (i=1,2) and g

(3.4.5) X =ma+x;F=yexp (na); y=yexp (pX) = yexp (px),
which results in p=-n/m, or :

(3.4.6) X=ma+x;y=yexp(aexpn);y = yexp(pX) = yexp(px),

-1
which results in p = - m “expn, The absolute invariants of the group

are
(3.4.7) y= y M=y exp {px) .

In a similar way we deal with the dependent variables; thus , as

an example one may choose:

(3.4.8) EJ z f3(a)y = f K¢

¥y =

For illustrative purposes assume a function g{(x) equal to x"

;.

say . Then it should be :

r _ - =r r
(3.4.9) ka = kJ X g fol = 1 , ete

The procedure is identical with the one, explained above. The ab-
solute invariants of the group (3.4.8) are :

(3.4.10) gr = kex

Hence by virtue of equation :
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ATMOSPHERIC DYNAMO

26. Introduction

Balfour Stewart in 1882 first put forward the hypothesis that the
daily variations of the earth's magnetic field could be ascribed to elec-
tric currents induced in conducting regions of the upper atmosphere by
its motion across the geomagnetic field. The motion of the atmosphere
was attributed to tidal forces due to the sun and moon, The theory, gene-
rally known as the dynamo theory, was developed mathematically by
Schuster in 1908 and later by Chapman. However, their theory encounte-
red certain difficulties connected with the reduction of the electrical con-
ductivity, by the geomagnetic field, the required value appearing to the
too large to be reconciled with theoretical values of the estimates of
the tidal motion. The difficulty was eventually resolved by Martyn and
Hirono, almost simultaneously, who showed that because of the horizontal
and vertical variations of the inducting polarization electric charges are set
up which tend to restore the full electrical conductivity, We shall begin

by calculating the electrical conductivity in a highly ionized gas ,

217, The electrical conductivities

These were derived in formal manner by Baker and Martyn
(1952-3) and reviewed by Chapman (1956) ; we shall denote, as before, all
quantities referring to ions, electrons arﬂlneutral particles by suffixes i,
e, n, Also the region of the ionosphere in which the dynamo currents flow
are now known to lie at a height of about 110 km, that is, in the E-re-
gion , In this region, the number of ions and electrons is about 10

per cc, Thus, in the equations (92}-(94) we have P N >> Fi >> Pe so that
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d th i
1e ~ fe e 1e ~ (Jl i’ en ~ (,e en an ese equations become
approximately
173 —_= - + + - 1 vV
(173) P Vp n e(E V x B/C ﬂf Pe ie(zl —e) Pl 1n(zl Xn
o,
174 —_—= - E+ +pF - -
(174) ?e dt Vp n e( VXB/C P P ‘Vle(ze -1) [3 en(—e —n)
dv
-n _ - - -
(175) Pn_cf B Vp * Pn—n Pl in= Vn Xi) Pe Ven(zn Ve)

In the dynamo region it is legitimate to neglect the acceleration of the
particles; it is also convenient to introduce the mean mass velocity Y

and the electric current density J as new variables, where
= + +
Fozo 121 Pe—e Pn—n
=p +p +
(176) Po = Py *P. TP,

'-e(nv nv)
N L S

where eo is the total mass density. The variables are thus v , v and
-0

j ; assuming that ni ~ ne =1 and neglecting the ratio me/m. , wWe

- - i

find approximately

n mo

n .
v, v+—(v-v)+-£—3
=i =0 n o -n" m ne-=

(177) n
c

v v+—rl(v-v)-—J.
~¢ =0 n -0 - ne +

From (173) (175) we then find the approximate equation of mass equilibrium
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. c.
(178) =-Vp+jXB+ PiE+ me(yen -Vin)gi in' en rm)eo(v %)

whilst it can be shown that the approximate equation for the electric
current density j is

-Vo +jxB

mec
= - +jXB+t——(¥ _+¥ )j-—-(————) x B
(1791 0= meB FIXB SN YNy ) x B

in

olo

where we have taken m ~ m_and m ). >>m ) . Here
n—- i i%in e’ en

E =E' +E"
(180) 20 = -
where E' = E+XOX]§/C is the electric field following the mean motion and
E" = (Vpe)/ne , the 'equivalent electric field produced by the electron pres-

sure gradient , Equation{179) can be solved for j as a linear vector

function of }_51_0 and Vp. Writing
eB eB
(181) w=— w==—, B=Bb

“* mc’ —i mec

so that W and w, are the jon and electron cyclotron frequencies an

b is a unit vector along B, and defining the conductivity

= - +
(182) o ’ Ve Vie yen
we find
2 2. 2
(A+D%)j = AGE_+ G(ACHD')E_.bb + oDE _Xb -
183)

\'

AcVbe +CD (4 X b) Xb

where



V.C.A.Ferraro

W W, W,
, D=—,
ye

(184 A=1+C, C-=

In the case when Vp =0, (173) can be simplified, In fact, if we write

(185) E =E_+E

-0 -11 =L
where E11 and E..L arethe components of the total electric field E
. -0
parallel and perpendicular to B , we find
E =(E.b E = E b
(186) E S (E b, B=bX(E X Db

So that ({183) can now be written

i = +
(187) i =0 (E.bb+obxX(EXD)+obxE .

Here o-o, a-l, °'§ are respectively the direct transverseand Hall conductivi-

ties and it is easily verified that

0
A
(189) g, =T
1 2 2
A +D
D
(1om 0_2 ) o
A +D
where g~is givenby (182) . These formulae agree with those found

by Chapman bya somewhat different approach . If B =0, then C=D =0
and ¢ = g, and o 0 as should be the case. Equation (187) can

be then written .

(191) i=00E
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the usual form of Ohm's Law. If B £0, then (ig7} shows that the
electrical conductivity is anisotropic, and if we take cartesian axes

O(xyzd with 0x along EXEO’ Oy along E and 0z along _]?11 we
may wirte (187} in the form
(192) i=0.E

where @ is the second order tensor

(193) o O] 0

(the right hand side of (192) denoting the contracted product
of O and Eo ) . Formulae (189), (190) show that the transverse and Hall

conductivities are reduced respectively in the ratio

(194) A D

2 2
A2+D A2+D

If the magnetic field is large, A and D will be large , the reduc-

tion of the electrical conductivities a‘1 and g-_ will also be large,

2
and the electric currents will flow mainly along the lines of force.
Let us suppose that an electric field is set up which 'prevents
any further flow of the Hall current. Such a field must be in the
direction of b ¥ E so that the total electric field is now E -Jb XE ,
-% =0 —0 '~ —0o

where A is a constant. Substituting in (187) we find that the Hall current
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(parallel to b X @.0) vanishes provided A =0‘2 /0‘1 , and that

(195) j=0 (B .bp +ob X (EXDb)
where 9
o+ 22
o+ 2
(196) 0'3 1 o

is called the Cowling conductivity. In a fully ionized gas, 0‘3 = T
that is, the conductivity is the same as in the absence of a magnetic
field. In a partially ionized gas; however, although 0‘3 exceeds both D‘l

and 0'2 , it is in general smaller than 0"0 .

28 . Numerical Illustrations

A review of the electrical conductivitiesin the ionosphere has
been given by Chapman . Values were given for a hot (1500 “K) and a
cool (850 *K) ionosphere and in the table below the values of
v, ,y._ .V are taken from a corresponding table in Chapman's

ie in"  em

paper. In the table below we also give numerical values of the conduc-
tivities for the higher temperature. The conducting O’O increases upwards
over the range considered (100- 300 km )} and the conductivities 00,0,

23
each have one peak in this range,

29, Effective conductivities in the ionosphere

Baker and Martyn have shown that because of the limited vertical
extent of the conducting layer of the E-region , the flow of current is
nearly horizontal. In fact, if j contains a vertical compnnent, charges will
accummulate on the boundaries of the layer because this current cannot

flow in the region of low conductivity, These charges are called polarisation



90

2
1.43 x 10

6.83x% 105

4
4,12 %10

1.26x 10

3.92 w10 °

4.12x10° 1%

2.70 x10” "7

3.25x10" 16

3.93x10"1°

100

9. 35;:102

1, 61><105

3
8.59 %10

5.32x10

1.88x10" 2

1.74x 10”13

-16
1.23x10

3.27xqo‘15

g.70x10 4

Collision frequencies,

125

7. 637<102

1. 83,<104

6.16« 102

5. 92;(102

.282

2.91x10" 12

-15
1.29%10

4.54x10" 18

1.73 %10 %

150 175
6.66x10> 4.84 x102
2.81x10° 8.80x10>
1.12x10° 3.20 %10
2.48x10° 6.33 x10°
1.67 6.10
1.62x107 11 4, 145107 1!
2.88%10"1° 1 0ax10"'®
1.72%10° 1% 1.71x107%
3.01%10 1% 1,07 x10715

Table I

200

3.74:&102

2

3.57x 10

1.21x 1¢C
1.18 l(lO4
1.69x10

7.72x10"

3.87x10 18

2.29%10"

3.88x10 '8

11

17

250
3.08 ;(102
4.50x10
2.90

2. 14x10%
7.69x10
1.76%10"
1.07=10"
1.38%10

1.07x10°

to collision frequencies for a model ionosphere at a temperature
(<)
of 1480 K .

10

16

18

16

electric conductivities, and the ratio: of cyclotron

300
2.68x10°
3.74x10
1.08

2. 82.3(104

2.29:¢102

2.79x10 0

4.31%10° %7

1.87%x10” 1

4.31x10° "
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charges, Because the flow is horizontal we can replace the 3 X 3 tensor
o bya 2 X 2 tensor 0'* representing the layer conductivity whose
components depend on the magnetic dip angle I, It will be convenient
to use coordinate x, y for the magnetic southward and eastward direc-

tions, Then we can write

-
x O xx Xy
(197) o -
- g
Xy Yy
where
6,0 N
o. - ¢} 21 5 : : )
xx O sin [+0 cos’l sin I
- ) 007 sin 1 N )
= 2 — -
(198) xy G sin’1+ oicoszl sinl
2 2
oy cos |
- + ~Q
o9

o :
vy O‘osinzl + ai coszl

The approximations given on the right arise generally since 0'0»(7'1

org,, but they are not valid near the magnetic equator where I=0,

Here we have

2
%,
9 o =0 =0, O =0+ < o .
(199) % Ty w Gt e

Two consequences follow immediately from (199) ; firstly , the high
conductivity o o along the magnetic lines of force ensures that these
are very nearly electric equipotentials . Secondly, the east-west conducti-

vity o vy at the equator is very large, being the Cowling conductivity o,
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which is comparable with, though smaller than, a-o . This highly condu-

cting strip along the magnetic equator carries a large current,

known as the equatorial electrojet and is confined to a belt a few degre-

es in widths about the magnetic equator, where O‘Osinzl << o‘lcos L
Outside these belts the electric current falls rapidly. The simple model
of the dynamo region is therefore a relatively horizontally stratified la-
yer. The magnetic variations observed at the ground which are produced
by these currents are best calculated by considering the layer as a

current-sheet, with integrated conductivities,

El= So'l b, Ez= J"-zdh ’

where the integrals are taken over the thickness of the horizontal layer,
*
X -
If Z denotes the tensor SO' dh, we can summarise the electrical

equations as

3
(200) I=JeE. I =Jidh
where
(201) E =wxB Vo,

W being the velocity of the neutral air and S) the electrostatic poten-
tial . The first term in (201) represents the induced field, whilst the

electrostatic field -—V(P forces the electric currents to flow horizontal-

ly.
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4
) f = 0, then

cannot be zero . If in the last equation of (3.6.

QT _ oU _ou : : V(X J, 1)

— = == == = 0 in which case =0,

Dx 0y du R IRy )

contrary to the original assumption. Therefore it is necessary that
f4;£ 0.

Similarly, the subgroup :

(3.6.10) S, x=tlx, y;a), '37=f2(x,y;a),
1

must have an inverse and therefore neither the Jacobian determinant

associated with S

Al
(%, F) 0% OX
(3.86. ll)} %, y) 3% ".D—
27 27|
vx Uy

nor the Jacobian determinant :

(3.6.12) [J__M(i ;’)l x x|

X D'y'
Jy 9y
7% Ty

associated with the inverse transformation may be equal to zero .

From (3.6.12), it follows that not both —O—f and ?—l are

du 0y oy
equal to zero.. If T # 0, then from (3.6.8) :
0 X
3.6.13 —— = O )
(3.6.13) 5=

and therefore

(3.6, 14) %# 0.

Egs. (3.6.6), (3.6.7), (3.6.8) and the above remarks imply that :

=<
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and
(vi) pCV(%3+u‘:%—T;+vlT§+w%)+
2 2 2
3
el 3n o 25 Yr
¥ 0x Dy ez
[Qu.2 Tov.2 D W2 v Yu .2
-2/‘*[(—;) (W)"'(—;)]-/*[(g; T
dw,dvz . du, dw
+(Dy+ z) 3z° T
2.
(3.6, 21) +§(—o—:-+%-§ bT- ] 0 (energy)

where M , R , CV and k are constants
The above system of six partial differential equations in six un-
known functions of x, y, z and t will be referred to as the

system " A" . In order to find the conditions on a group Al such

that " A" is conformally invariant under Al , it is necessary to -

find the system corresponding to " A" and Al' A1 is a transforma-

tion group defined as :

A X
X

fl(x, y,2;a), §=f2(x, y.z:a), E‘-’fs(x,y, z;a) ,
u =f4(u;a)§ fs(u;a) u+ fs(a) :

Since no new techniques are involved in finding the system in
question, this problem will be left to the reader. The present paper
will confine its attention to one such group under which " A " is confor-

mally invariant, It is the following group :
P :x=x+b/1a . y=y-\{2a, z=z+x3a,

'—t=t'la‘ ﬁzus ‘F:V,W:W,
u4
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