A. Pignedoli (Ed.)

Some Aspects of Diffusion

CIME Summer Schools

4)
Varenna, Italy 1966

FONDAZIONE

@ Springer CIME



A. Pignedoli (Ed.)

Some Aspects of Diffusion Theory

Lectures given at a Summer School of the

Centro Internazionale Matematico Estivo (C.I.M.E.),
held in Varenna (Como), Italy,

September 9-27, 1966

FONDAZIONE

@ Springer CIME

ROBERTO CONTI




C.ILM.E. Foundation

c/o Dipartimento di Matematica “U. Dini”
Viale Morgagni n. 67/a

50134 Firenze

Italy

cime@math.unifi.it

ISBN 978-3-642-11050-4 e-ISBN: 978-3-642-11051-1
DOI:10.1007/978-3-642-11051-1
Springer Heidelberg Dordrecht London New York

©Springer-Verlag Berlin Heidelberg 2011

Reprint of the 1" Ed. C.I.M.E., Ed. Cremonese, Roma 1967.
With kind permission of C.I.LM.E.

Printed on acid-free paper

Springer.com



CENTRO INTERNAZIONALE MATEMATICO ESTIVO

(C.LM.E,)

4° Ciclo - Varenna - dal 9 al 27 settembre 1966

"SOME ASPECTS OF DIFFUSION THEORY"

Coordinatore : Prof, A. PIGNEDOLI

V.C.A.FERRARO

P, C.KENDALL

F,HENIN
T.KAHAN

C.CATTANEO
C.AGOSTINELLI

A, PIGNEDOLI

A,PIGNEDOLI

G. SESTINI

: Diffusion of ions in a plasma with applications

to the ionosphere pag.1
* On the diffusion in the atmosphere and

ionosphere pag. 81
: Kinetic equations and Brownian motion pag. 55

: Theorie des reacteurs nucleaires methodes

de resolution perturbationnelles, iteractives
et variationnelles, pag. 349

: Sulla conduzione del calore pag, 485

: Formule di Green per la diffusione del

campo magnetico in un fluido elettricamente
conduttore pag. 487

: Transformational methods applied to some

one-dimensional problems concerning the
equations of the neutron transport theory. pag.503

: On the rigorous analysis of the problem of

the neutron transport in a slab geometry
and on some other results. pag. 519

: Principi di massimo per le soluzioni di pag. 539

equazioni paraboliche,



CENTRO INTERNAZIONALE MATEMATICO ESTIVO
(C.I.M.E.)

V.C.A. FERRARO

DIFFUSION OF IONS IN A PLASMA
WITH APPLICATIONS TO THE IONOSPHERE

Corso tenuto a ¥arenna dal 19 al 27 settembre 1966



DIFFUSION OF IONS IN A PLASMA
WITH APPLICATIONS TO THE IONOSPHERE
by
V.C.A.Ferraro
(Queen Mary College, University of London)

I.Derivation of the diffusion equations in plasmas

1, The term 'plasma' was first used by Langmuir for the state
of a gas which is fully ionised (for example, the high solar atmosphe-
re) or only partially ionised, (for example, the ionosphere). Our main
interest in this course will be the diffusion of ions in such a plasma,
arising from non-uniformity of composition, of pressure gradients or

electric fields.

We begin by considering the simple case of a fully ionised gas

and for simplicity restrict ourselves to the case when only one type of

ion and electrons are present,

2, The velocity distribution function

We make the familiar assumption of molecular chaos, in which
it is supposed that particles having velocity resolutes lying in a certain
range are, at any instant, distributed at random. It is therefore most
convenient to use six dimensional space in which the coordinates are
the resolutes of the position vector r and velocity v . The state of
the plasma can then be specified by the distribution functions
fu(t, r,v) , where t is the time, that characterise each particle

component o , for example, the ions or the electrons The quantity

(1) fy(t & ¥) dr dv

then represents the number of particles in the six dimensional volume

element dr dv, In the simplest case, the plasma consists of single
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ions ( @ = 1) and electrons {G%= e). In more complicated cases, the
plasmamay consist of several ion species in addition to neutral par-
ticles (&= n) such as atoms, molecules, exited atoms, etc, The total
number of particles of constituent @& in the element dr is obtained
by integrating (1) throughout the velocity space. This number is, by
hypothesis, nugg and thus n“=/f¢(t, r, Xx) dy_¢(2) . The beha-
viour of the ionised gas is described by a system of equations (Bolt-
zmann equations) which can be derived as follows, Suppose that each
particle of mass m, is acted on by force m, f«‘, then in a
time dt in which the particles of constituent g suffer no collisions,
the same particles that occupy the volume of phase space dr .cl‘l‘
at time t would occupy the volume of phase (r + _‘fddt)(_":+ F‘;‘ dt)
at time t + dt ., The number in this set is

tdt o+ %‘dt, v + F, dt)
and the difference

+ +v + -
}‘u(t dt, r l/d'dt, X“ E‘tdt) fa(t, T, X«,) dr -d—th

therefore represent the difference in the gain of particles by collisions to
this final set and the loss of the particle to the original set in time

dt. This must be proportional to  dr d_v“dt; and we denote it by

Cdg, gwdt . Taking the limit as dt—0 , we arrive at Boltz-

mann's equation for f& , Viz

i

f
3 A +w D)t F .
(3) - (de)qu(_dVXd)fd C,
a2 2 9
Quu’a\&’awd

where Vz“ stands for the gradient operator

in velocity space.
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3. Charge neutrality and the Debye distance

In general a plasma will rapidly attain a state of electrical
neutrality; this is because the potential energy of the particle resulting
from any space charge would otherwise greatly exceed its thermal ener-
gy. Small departures from strict neutrality will occur over small di-
stances whose order of magnitude can be obtained as follows. The elec-

trostatic potential V satisfies Poisson's equation
2
(4) VVv=-4 7t(Zni - ne)e

Here Ze is the charge on an jon and -e that of the electrons. In
thermodynamic equilibrium , the number densities of the jons and elec-

tions respectively are given by
(5) n =n,© exp(-ZeV/kT,), n = al® exp (eV/kTp)
i1 i” e e e

where k is the Boltzmann constant, T.,T are the ion and electron

(0 ()

and n are the values of ni and ne

e
for strict neutrality so that néo) = ano)

neutrality are small so that we may expand the exponential to the first

temperatures and

. In general, departures from

power of the arguments only, We have approximately

(o) ZeV (o) eV
-n =7 -—) - + —
Zng - =Sl (1) s (L)
and hence

2 v
(8) AVALEE

D
1/2

where KTeTi
(7 D=

41'(Ze2(ni(o)Ti+nio)Te)
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The quantity D has the dimensions of a length and is called
the Debye distance, The solution of (6) for spherical symmetry is

e
(8) Ve—ew(-p)

where e o is the charge on the particle, For small distances r
from the origin (r << D), (8)reduces to the pure Coulomb potential
of the charged particle, For large distances(r >>D), V -%» 0 exponential-
ly ., Thus in a neutral plasma in thermodynamical equilibrium the Cou-
lomb field of the individual charge is cut off (shielded) at a distance
of order D, Hence, we may assume that the particles do not interact
in collisions for which the impact parameter is greater than D, The
Debye shielding is not established instantaneously ; oscillations of the
space charge will have a frequency wo= (4m1§/me (since the dis-
placemente of the electrons (or ions) bodily by a distance x gives rise
to an electric field of intensity 4n:neex lending to restore neutrali-
ty) . Thus the time required to establish shielding is of the order

fc ~ -

W
(o]

4, Diffusion of test particles in a plasma

A particular particle, which we call 'test particle!, in a plasma
will suffer collisions with the other particles in the plasma, which we
call 'field particles', Electrostatic forces between the particles have a
greater range than the forces between neutral molecules in an ordinary
gas. Consequently, the cumulative effect of distant encounters will be far

more important than the effect of close collisions, which change comple-
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tely the particle velecities. We shall therefore suppose that the de-
flections which the test particles undergo are mostly small. The motion
of the test particle is most conveniently descibed in the velocity space,
i.e., a space in which the velocity vector v is taken as the position
vector and the apex of this vector is called the velocity point of the
particle, Referred to Cartesian coordinates the coordinates of these
points will be denoted by Ve vy, vz .
As the test particle changes its position in ordinary space, its
position in velocity space changes either continuously or discontinuously

due to encounter with fixed particles. In general the displacement is

complicated, (Fig, 1)

%
It is clearly impossible, and indeed futile,

to trace the motion of a single particle
/\\(\ and we are forced t{o consider a statisti-
. cal description of the motion, In this, in-

stead of a single particle, we consider an

0 75* assembly containing a large number of test
particles which have the same velocity Y,

('8 initially.
FIG. 1.

Suppose these are concentrated around the point Xo in the velocity
space . At subsequent times the cloud will spread, changing both its

size and shape, as a result of successive encounters,
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We now require to find quantities which
Vs (t=0)

g will adequately describe the process. One

=

4*
e

such quantity is the change in velocity

A v of a test particle produced by the

encounters, Suppose that -Y-o is parallel

0 to the z-axis and consider the resulutes

¥ Avx,Avy,Av of Av . Suppose that
. v

(Avx)i is the change in ﬂvx produced
' f
FIG. 2. by the ith encounter, Then after N
encounters,

N
AVX = 1231 (AVX)i

We assume that all the encounters are random, but as we have alrea-
dy seen, we cannot predict the change A vy for a single test particles,
However, we can define an aVerage value of Avx, say Z;x for the
large assembly of particles under consideration, If the distribution of velo~
cities is isotropic, then Ex =0, by symmetry , and likewise Eys 0.
But Ez need not vanish since the assembly (or cloud) has an initial
velocity in the z-direction, However the mean square of Avi _will
not vanish . This mean value will contain terms of the form (Avx)2i
and (Avx)i‘AVx)j . If the collisions are small we may expect
that successive collisions will produce, on the average, the same ave-
rage change as the first collisions, Thus the N terms (Avx)i2 are
all equal , But the mixed products (Avx)i(ﬂvx)j will vanish when

averaged over all particles considered since successive collisions are

uncorrelated . Hence
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— —_—
(9) Avz = NAv )]
The dispersion of the points in Fig. 2 will therefore increase like

4/N, but not, in general, equally in all directions. But the centre of

gravity may be displaced by an amount proportional to N, (Fig, 2)

The dispersion of the points in the velocity space produced by
collisions of the test particles with the field particles is analogous
to the diffusion of particles in an ordinary gas. To measure the rate of
diffusion in the vy direction, we considgrht_he average value of (9}
per unit time, The resultant value of AVXZ , measuring the increase
of velocity of dispersion of a group of particles per second, will
be denoted by (Avi > and called a 'diffusion coefficient!, a term due to

Spitzer . If the velocity distribution of the field particles is isotropic,

the diffusion coefficients <AvX > and <Avavy > vanish identically,

The encounters between test and field particles which we are
considering are assumed to be binary encounters only ,(*)
Let v be the velocity of a field particle relative to a test particle,
Then there will be only three independent diffusion coefficients, namely,
<Av" >, <Av2" >and <Avy >, where v, @and v, are measured
respectively parallel and perpendicular to v . Their values will depend

on the velocity distribution function of the field particles,

(%)
The justification for this will be given in Section 7.
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5, Binary encounter of two charged particles

(Hyperbolic orbit) Consider the motion of charge e, relati-

2
ve to charge e let £1 and £2 be the
position vectors of e1 and ez relative

to a Newtonian origin, Then the equation of

motion of the charges are respectively

o0 e]_ e2£ (1] el 82£
= + S e e——
™3 30 Mol 3

where £=£2 -31 and m1 and m2

are the masses of the charges. Hence

ro= -e e (— L
2 -1 1211'11 m2

EH
u
s
"3

!
l

"‘w Il"ﬁ

that is,ihe relative motion is the same as that

of a particle under a central force at

A varying inversely as the square of the
ere

FIG.3. distance whose strength is
m m 12

= e loe -
m, m1 +m2 is the reduced mass. (Fig. 8),

Where

Let Ve be the relative velocity of the charges at infinity and

p the impact parameter, The energy integral is, with the usual nota-

tion, e e
2 2 1
Ve G
12
whence
2 %1%
(10) v, =
(<] ml2a

The polar eauation of the orbit is
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4

(1) r= l+e cosy

where 'g is the semi-latus rectum and e the eccentricity, As

r—wo, g ®-w so that (11) gives

1
cosw = —
e
Also AC = ae ; hence
sinw = B
ae

2 2 1 2 2
Thus 1 =sin w+cos w == * _~2_p2_ or e =1 +E§ giving

e ae a
1 . p
COSW = , sinw = tanw = —
pz p2
1+ — a/l+~ |,
2
a a
or using (1)
pv
(12) tanw = Z 12
12
6. Calculation of diffusion coefficients

Consider the scattering of test particles (&) by a flux of field
particles ( p) . The spatial density of the latter is

dnp= fp (v')dv'
where v' is the velocity of the particles and f B the distribution
function of the field particles. Consider the collision of a test particle
«0t  with a field particle ﬂ of this flux. Then the velocity v @ of the

test particle is related to the velocity Xg of the centre of mass of

the two particles and their relative velocity u by
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g

Yy Tl twTm, O
dgm“p

hence , since Xg is unaltered by the encounter,
m
o
(13) Av = )

where mwp is the reduced mass of m, and mp, and Ag
the change in u produced by the encounter.

Also, in taking the average of ttke change of velocity over the
test particles in the assembly, the summation reduces to a summation
over all particles of the flux incident on a fixed scattering centre.

The number of particles moving through an area dA = pdpdjp of a plane

7t perpendicular to 4 in unit time is

(14) dn”gl dA = fp (v') dv' u dA

Multiply this by the components of the vector A Y given by (13)
and integrate over all the plane 7 and then over the velocities

of the field particles we find

(15) <A Vi > =jfp " Wy dv' (k= x,y,2)
where n
ap
Y& Tm S v udA,
?hu-
(16) <Av, Avp> =5fp (¥) wepde' (k1=xy,2)

where m , 9
o
w.p" (—-m—d) SAHkA ) ud A

e
(15) and (16) are the diffusion coefficients ., It will be convenient to com-

pute these integrals relative to a coordinate system in which the z-axis
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is along u .

For referring to Fip.a,and Fig. 4b.
X

p7

SN
N

\
¥
’_Q
™
D

Qg
Q
B

FIG. 4a

we have
AuX = usin 6 cosg@
Au = using sing
A uyz=-u(1 -cos 6)

Also from (12) and the fact that 6 = 7¢ -2w we have

p
(17) tan g =—;-'!
where . ‘o °p
f m u2
pp "ﬁ PP
Then Au = 2u cosy s Au =2u sin})
X 2 2 y 2 2
p+p P o)

+ Au,= -2 P‘j.
2= Y

Integration with respect to p and @ over the plane gives

whilst



14 —

V.C. A, Ferraro

If the limits of integration for p are 0 and o, the integral
diverges; however, we have already seen that the Coulomb field of
individual charges is cut off at distance of order D, the Debye di-
stance, Hence we can take D as the upper limit for p in the integral,

We then find

m
1+m“‘ dxe o 2 2
LA d
417Cu ol o P +de
(18) My
1 —_—
mﬁ 4zce;¢¢2
= ‘A- 9 ( m
4Nu a
where 1
D (0%+p?)2
d
(19) l:S_pLZ =10ge_T'L_.
OP +P'L L

It has been tacitly assumed that D >> P to illustrate that this

is likely to be the case in general, let us take Ti =Te =

5 -3
=1 ke V( 107°K),ni=ne=1o em ™, and Z =1, then

kT 1
:——,)2 1 "3
D (81"@, ~ =X10 cm
and
_ e 1 -10
P "3 ~ X0 om

so that D/EL'» 107 . Hence in (19) we may neglect Py compared

with D in the numerator and write

33 1
D 3 kKT 3
(19) A~ log, — =log, { = (5=—)
W p-L e 3 ‘2un
2e
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Likewise

m pp 2
L. = (—df) g(Au ) u dA - (—e- S (2u—2—l§ cos})) updpd @

Mo plane  p +;iL

4nees (D 3
- (“5}9 p_dp
4mu \my 2 22

~ (A.'% #u (4:::# )2 neglecting terms of order(%z
Again wyy W and W“P =0, d.fp: Finally
2
zz=(m.(‘s ZS AU) udA = ":np : S (- 2u zp-L )updpd?
M ®  plane p +p

and the integration with respect to p can, in fact, be carried out

from 0 to o since the integral is finite ;

ol

zZ

we find

Since this is A times smaller than Wey OF W, itmay be set

to zero , We can now express wk and Wk& as a vector or ten-

sor respectively., In fact,

”% 4me g2 U
(20) w o= -X (m"zﬁ\ L
4 u
A oo\ /A 0 o 0, 0 0
b {o a olTo o o o
o o o/ Vo o al \o ¢ a

n
>
P
O~
=
-
=
L=
~

(21)
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where
4@ e.\2

1 1
(22) A3 gz (—m::a)
Finally m,, uk
23 <Dv > =-(1+—)Q S— f (v\)dv
(23) W TTUE TR ) e dy

Qw S u u
(24) <Avk A"& > = —47" S(—lu{‘"- :3 c) fﬁ(z')dz'
where u =v-Vv'

472p8 2

-\ (—uB .

(25) Q‘PJ\( m )

It can be shown that the third and higher diffusion coéfficients
<Ava\QAvm..>are smaller than the first two diffusion coeffients by
a factor of ). . This means that the motion of Coulomb particles can
be visualized as a diffusion in velocity space. The approximation in
which only the first two diffusion coefficients are considered is called

the Fokker- Planck approkximation,

7. Justification of the assumption of binary encounters in the theo-

I"L

The assumption is certainly justified for short-range force, If

the interaction range d(effective diameter of the molecule) is much
smaller thatn the mean distance between the particles, n-l/ 3 s
where n is the density of the gas, the sphere of action , of vo-
lume ~ d3 , will contain only a small number of particles Nd , that

is
3

Nd =nd <<1,
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Under these.conditions the probability of multiple collisions, involving
three or more particles simultaneously, is very small, A description

in terms of binary collisions is adequate.

Coulomb forces acting between particles of a plasma are not
short-range forces. The potential energy between two such charges e

and e2 is
e e

12
r

r
(26) exp (- )
where r is the distance apart of the charges. Thus the interac-
tion between them extends at least as far as the Debye distance D,

1/3

and for conditions in which we are interested D >>n’ and the sphe-

re of action contains many particles, i.e. ,
3
(27) ND =nD >>1

In this case a given particle will interact simultaneously with many par-
ticles and the results derived earlier on the basis of binary collisions is
suspect. A rigorous analysis shows that the formulae derived yield logari-
thmic accuracy. However, a non-rigorous, but plausible discussion can

be given along the following lines,

Let us consider a test particle moving through the plasmaand
suppose that it is so massive that its velocity can be treated as

constant . Draw a cylinder of radius p with the trajectory as axis

(Fig. 5

VA
L

A
J

 J

FIG. 5.
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Collisions of the test particles with field particles for whdch

p> >n-1/3 will be many-body collisons. Those characterized by im-
mact parameters p << n-l/3 are binary collisions , We shall show that
the method used to treat binary collisions need not be restricted to

1/3

collisions with impact parameters p <<n , but can be extended

to parameters >> n-l/3 .

Now, when r << D, the potential energy between the charges
is simply elez/r so that the presence of other particles has no effect
on the interaction between two particles separated by a distance smaller
than D, Thus results derived on the hypothesis of binary collisions
apply for all impact parameters smaller than the Debye radius, i.e. ,

1/3

regarded as binary interactions even when p >> n

p <<D. Because D >> n , in the present case the collisions can be

1/3

Accordingly, even if p~ D, the difference between the exact interac-

as long as p << D,

tion formulae which takes account of other particles, and a pure Cou-
lomb interaction, is small (by a factor of order 1) . Thus, cutting off the
Coulomb interaction for the impact parameter p =D provides an appro-
ximate method of taking into account the effect of multiple collisions for

. -1/3
which p >>n

8. Diffusion in velocity space.

From amicroscopic point of view , the change of spatial coordi-
nates of a particle during a collision can always be neglected , Hence, as
far as the spatial part of the phase space isconcerned, the motion of a

particler corresponds to a continuous point to point variation.

On the other hand, collisions have a marked effect on the conti-

nuity of motion in the velocity space. The velocity can be changed abruptly
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by a single near collision:, essential in a vanishingly small time inter-
val. Hence, a particular velocity point v in a cloud of particles in
velocity space canbe 'annihilated' by a collision and 'recreated' at
some remote point without passing through intermediate points in the

velocity space. Thus in general the effect of collisions cannot be expres-

%

sed in the kinetic theory by introducing a ter:
describing the divergence of flux in velocity
space, But this will certainly only be the

case for near collisions in which the

velocity of the particle is changed abruptly,

& In the case of coulomb forces, the change
in velocity, characterised by the quantities
<Avk > and <Avav£ >1is due to the

Y% FIG. 6

effect of remote interactions and the changes in velocity are small, For

example, if )t =15, then the relative change in particle velocity

|AV’ p
-l L _-AD __-6D
v p D 10 (_5)’

and so very small,

If these interactions are referred in velocity space, the whole
process may be regarded as a form of diffusion, The motion can be re-

garded as nearly continuous.

9. Calculation of the diffusion coefficient for a Maxwellian

distribution of velocities.

The expressions (23) and (24) may be expressed more conve-

niently by introducing the super-potentials, In fact, since
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we have
2

vk 9 12 WY o
= —_ - ! = _Lbz —
QVk v ! };V_kZU(V& ) 7\7;( u ;V_k
u u
= k L _1_
= . u3 +6.k£11

Hence (23) and (24) can be written

] " 99
(28) <Avk> = -1+ g )9 T
az
(29) <Bvdvp>=-2 Up 7
where
fa(v')ydv!
.. - -
60 %, "'ﬁJ vl
(31) "ee:-gl—ﬁj‘!x -v')’fp(xl) dv'

which have been termed 'super-potentials' by Rosenbluth et al. For

a Maxwellian distribution function

m v'2
3 TT2kT
1) < nl 2 e
Chandrasekhar found that
1 m, mpv
(32) <Av” >= - zanP( P G( g )
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2 2
v = \'a + v 2

1 mpv mpv
(33) " "B Qup{q’(z'i’r? -9 e )

2 (¥ -§?2
(34) where @(x) =%J e g
0

is the usual error function and

(35) G (x) - P20

2x
Values of G and Q - G are given by Spitzer and others.

10, Relaxion times, ({Collision interval)

The term "relaxation time" is used to denote the time in which
collisions will alter the original velocity distribution; or again , the time
that the ions and electrons in a gas will attain, through collisions, a

Maxwellian distribution,

Various relaxation times can be defined ; the time between colli-
sions (collision interval or the reciprocal of the collision frequency) may
be defined as the time in which small deflections will deflect test parti-
cles through 90° . More precisely, if 'b'D is the 'deflection time', we

have

(36) <Avi >Tp = VZ

Substituting from (33) we find

2v3

D nPde@p- Gg)

An energy exchange time T g can likewise be defined by the relation

(37) T
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(38) <OE? > Ty - g ;
the change of energy
(39) AE =lm(2vAv +A_v2 +Av2 )
-2 11 11 "4
If only dominant terms are required
<AE2 > =m2v2 <Av: >

11

and (38) gives
3

E= 4andp Gp

An important special case is that of a group of ions, or a group of

(40) v

electrons, interacting amongst themselves, If we consider such a group

whose velocity has the root mean square value for the group , then

2.4
myv \*
(2nT ) = 1,225,

i i =1 T ~T i
In this case we find that ’L’D/’UE ,14 so that p~ % and is

a measure of both the time required to reduce substantially any ani-
sotropy in the velocity distribution function and the time for the kinetic
energies to approach a Maxwellian distribution, We shall call this parti-
cular value of ’D‘D the 'self-collision interval’ for a group of particles
and will be denoted by T, From (37) we have

% 3/
12
(41) . mé@BkT)

¢ 5.71mnet Z4log,A'

where T is in degrees K, m 1is the mass of a typical particle of
the group, It may be written AmH where mH is the mass of a pro-

ton , For electrons, A = so that the self-collision time for elect-

1
) 1825
rons is el that for protons, provided the ions and electrons have the
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same temperatures,

We consider next the approach to equilibrium of a two com-
ponent plasma; to fix our ideas we consider the case when the consti-
tuents are ions and electrons, There are three stages involved in the
process, First, collisions between ions and electrons lead to an isotro-
pic. velocity distribution of electrons, and the same time collisions bet~
ween electrons themselves establishes a Maxwellian distribution, Secondly,
collisions between the ions themselves establishes an isotropic velocity
distribution amongst the ions. Thirdly, the ions and electrons which have
already attained Maxwellian distribution , but possibly at different tempe-
ratures Ti and Te , will be brought to the same temperature by colli-

sions between the ions and electrons.

To consider the last process we require the equation of energy

1

( éw_i m‘V )

d 1 d 1
(42) df“- TRy vivi=mﬂ,'(5<dviAvi>+vi <Avi >)
using
(43) ﬁviAvi A A _vi Vi
Using (28) and (29) we find

at g
(44) T:“m"de[?ﬁ”HEl_p‘)X'v?ﬁ]
since

- 2 -

(45) <AviAvi >= - ZprV“P/s = - ZQ“P?P

Since the distribution of velocities are Maxwellian, this may be rewritten
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dﬁ“ 25% me ﬂ)}

(46) T Q;P(t;) ;n;[l-(xp)-y)(x
2
, Mgy m g ,
where xs=§ k'-‘;‘p mf 2, and P (x) =P(x) - x é(x)
1
Also 1 3/
i G 'f:“ 2
(47) T (6) - S
“p o PQHLP ne, &P?z?mgl
m
where 9, = k(T + -m—-; TP ) . After some algebra, (46)can be redu-
ced to
9) qu' _ Tﬁ -T“
dt t:P
where 3/2
(49) L m"k 'E +IE)3/2
o s(z-u)zn e,‘ 1ogl ma

It is easily verified that
* * M M
CIER-EE ARE A =1:1ﬁ:—:-
ee i el Tie m m m

where T;"\—T and where M 1is the mass of the ion and m the

A

electronic mass.

Equation (48) was first given by Spitzer ; it shows that if the

T T
ol
mean square relative velocity, which is OC(E +m—),does not
]
*
change appreciably, , ’tu!p is nearly constant and departure from equi-

partitions decrease exponentially,

11, Relaxation towards the steady state

The solution of Boltzmann's equation for non-uniform gases is

found by successive approximation, We write



-5
V.C. A, Ferraro

f=1(1+§),

where f0 is the Maxwellian distribution function and £ is small
compared with unity . We have seen that in a plasma of two constitu-
ents each constituent: will approach its Maxwellian distribution in a
time equal to the relaxation time 'E:and the two constituents will attain
equal temperatures in a relaxatidn time ’t;; . As a first approxi-
mation , therefore, we can take the collision term Co: to be of the form

f -f
(50) -—

¥

so that if f is the distribution function at time t =0 and f the
o

Maxwellian distribution function, then departure from a Maxwellian state

f-fo—)o with time as e‘t/"’

12, Equations of continuity and motion for a fully ionized gas

We consider the plasma to be a mixture of positive ions (i)
and electrons (e) and denote their number densities by n, and n, .

and their velocities by A and L2 respectively, Then

(51) n, = Sf, dv., n = Sf dv

i i e e —e
where fi and fe denote the velocity distribution functions for the ions
and electrons respectively and dxi and d!e denote an element of volu-
me - in the velocity space for ions and electrons, respectively, Denoting
their masses by m, and m, and the densities of the ion and electron
gas by Pi and 9e respectively, we have

5 - .
(52) Piemmy Pe ™ "™

Denote by Ei and Ee the mean velocities of the ion and electron gas



— 2% —
V.C.A, Ferraro

in a volume element of the plasma, then

(53) n.v -S‘v fdv, nuv =Jv f dv
=1 Y= 1 =i e—e J~e e =—e
It is convenient to introduce the total number density n, and

total mass density [ defined as n, #-ni + n,

G P *Pi* e

and the mean velocity v o of the plasma element defined by

(55) P v +pv

FOXO i=i e—e

Let V, and V be the peculiar or thermal velocities of the ions and
=i

electrons, respectwely, defined by

(56) V.=v -v, V =v =v
-i =i _o - —e =0

Then it follows from (55) that

V+dPV =0

(57) Pi-i ?e\—,e

The partial pressure for the ion and electron gases, amd total pressu-
res definedin a frame of reference moving with the mean velocity

Yo are respectively given by

=p V =p. +
(38) P1-—1-1 Pe e—eve’ po pi pe

The hydrostatic partial pressures for ions and electrons are defined

by

— __

1 3 1
(39) p=3 P Yy P 3 PeVe

and the corresponding mean kinetic temperature by
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= = T
(60) P; kniTi’ P, kn

Boltzmann's equation for the two distribution functions fi and fe are

af

(61) ,at-l'(v.V)f +(F,. Vv IR A

where m, Ei and melie are the forces acting on an ion and electron
respectively, If these are produced by an electric field E and magnetic

field B, then

& e p-f m ey xn
(62) F_i-Tn-i(E v, XB), Fe " (E +y xB)

where ei and ee are the charges carried by an ion and electron
respectively,

We next form the moment equations; if Z(y_ d) be any function of mo-
lecular properties for the constituent & of the plasma, then by multi-

plying equation (61) by .?u , integrating partially and remembering that

(63) n g [,
we find
d(n,
(64) +V(n ? -n —n( ’v‘Q %_c‘ d!

The right-hand side represents the change of the mean value of ?“
due to collisions. This vanishes if 90" =1 and (64) gives

fdn an
(65) 3-—+V(n vt Vemg ¥, ‘aT*V‘“-c Y-

which is the equation of continuity for the component o/ . Multiplying

the equations of continuity for the ions and electrons (65) by mi and
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m_ respectively and adding we have the equation of continuity for the
plasma as whole,

)

(%9 7t TV (Bl o

If we set So =m“y_d, then , after some simplification and using

(65), one obtains
dy_o d(P v ")
bt (Ve pa-fgw——— (¥ Dy,

(67) _
+ P’.Vuv.y_o Smd Y C,dv,
Adding the equations for the ions and electrons and noting that the
total momentum of the ions and electrons in the element is unaltered
by collisions, we get

dv
(68) FoTiT-'Vp +pRFy+

e —e

which is the equation of mass motion, Equation (67) refers to an ele-
ment of either constituent following the mass-motion of the plasma. An

equation can also be obtained referred to the local mean velocity of the

constituent,_-\zd. Denoting by d o / dt the time derivative in this ca-
se, so that

d

L a+v \%
(69) & Jt e

we find after some rearrangement of terms that

(70) &_ d °“"V(P Bt‘z‘\z'z~ F&E‘(=Emu Vo Cx Wy

where

[ R
(71) d Pd ﬁyuy'd o~ —o d."uY“
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is the relative pressure tensor, It is easily shown that this is equal to

(72) B el D) )7 fuly B
v is the velocity of a particle relative to the mean

when Ed. = XoL -y,

velocity of the element., Thus (70) can now be written
05,
(73) A Bl v/ Py~ BEu" Sm"‘ v Gty
which is the equation of motion of the constituent o referred to the

mean velocity v of this constituent.
o

13, Approximate calculation of the collision term

Since particles of one constituent can collide With each other and
with particles from another constituent, the collision term in Boltzmann's

equation (3) may be written

(14) c, Z Copl L,1p)

where C _ gives the change per unit time in the distribution function
for particles of the constituent ® due to collisions with particles
of contituent p s C“p depend on the respective distribution functions

f «’ f ﬁ Certain properties of the collision terms are immediately obvious
and do not depend on the explicit form of the C “ﬁ . Thus

g dv =0
(75) -

jm dv =0
o x —d

neglecting processes which may convert particles of one constituent into

that of another, e.g., ionization, dissociation , etc.

We have alredady noted in section 11 that as a rough approxi-
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mation we may write

{9 g
(76) c -4 =
« (7
where f(o) is the Maxwellian distribution, On account of the second re-

o
lation in {75) , we may take T to be T;; and that, if departures

from equilibrium are small , we may treat t“; as constant. We can

now evaluate approximately the collision term in (73). Write
(17) P

where Xois the mean mass velocity of the two comtituent plasma,

Then
) = +
(78) Jrr&!‘ (‘u dl“ Jmu Xo Cq dla f m, X“Cu dxv

Since !0 is a constant in the first integral, this vanishes by

virtue of the first equation in (75) . Hence (78) reducesto

(79) J.md ‘_/‘C‘ dx“ .

Substituting (76) in (79) and noting that dy_‘ = d\i'a , this reduces to
0 v - — .

(80) 5"‘0‘2.: T Jmnzu't" I La

But j‘m vf(o)dV vanishes identically; thus (80) reduces to
o no —d

(81) -n, mugulr

*
Here T ~ 'l:,‘l, denotes effectively the electron-ion scattering time and
we may interpret this result as follows, The electrons lose their orde-

red velocity with respect to the ions in a time of the order ¢ and

hence lose momentum m, zaper particle & which is communicated to
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the particle P This implies that the particles are subjected to a fric-
tional force DMy V /’l: This is equal and opp051te to the force ex-
erted on the particle p In fact, since po 'Z‘P,, we have, adding
to (81) the corresponding equation for the particle p ,

nmV +nm,V, =0

aw—u” pTp—p

Using this relation, (81) may be expressed in terms of the mean

relative velotity , namely,

Fupﬁ -

(82) (V- Vo)l
fo o #
since v -v_ =V_ -V p- Hence equation (73) can finally be writ-
ten
d, v
d —o f’u. PP - -
83 + p - -
(83) fﬂ V. ﬂc_u (Xd_ Xﬁ)
14 Rate of diffusion of the two constituents

Dividing this equation by fo and substracting from it the
corresponding equation for the ﬂ-constituent we ohtain an expres-
sion for the differential or diffusion velocity

- ¢—¢ E P i 1
84 v o-v=- +Lye lop . -F,.

It is convenient at this stage to introduce the coefficient of diffusion

of the other two constituents, namely,

l.nO
(85) D, b kT ( oy ml‘)T

where m_ = m“ + m‘3 . We find, after some algebra, that (84) canbe
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written
m, m m, -m
- - “ P “a P
v-vs D i————— (1 1))~ ——Viog p
-d [) up kTmO < —P m o
n n m . m
o o
(86) +non ‘T-kTp (£ -
o P ) Mo T P
where P0 = P“ + P‘! is the total pressure, and we have written
dy Yy
B d for arra etc, The four terms inside the bracket (86) correspond

to components of the relative velocity of difftusion due respectively to (1)
the relative acceleration, (2) the pressure gradient, (3) a concentration
gradient, and (4) external forces. Note that gravitational forces do not
contribute to the velocity of diffusion., These component velocities of diffu-
sion tend to have the following effects: (1) and (4) have indeed the sa-
me effect and tend to separate the constituents in the direction of the re-
lative acceleration or forces. (2) tends to make the composition uniform
and (3) tends to increase the proportion of the heavier constitution in the

regions of higher pressure,

15. Three-constituent plasma. (Partially ionized gas) .

We shall consider a partially ionized gas consisting of electrons
one kind of ions and one kind of neutral particles, The velocity of each
constituent will be denoted by v , v, v respectively., Because of their

—e —-i —n
much smaller mass, the momentum of the electrons may be neglected

in defining the mean mass velocity v, which is thus approximately

(87) v .= l (n,m
-0 ii

v, tnmv),
i § n nmm
°
where =npm +nm,

(] 11 nn
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However, as in the case of a two-constituent plasma, it is
more convenient to derive the moment equation of the Boltzmann equa-
tion of each constituent relative to axes moving with the mean velocity
v of that component. The equation of continuity (65) wil hold as
before , and the equation of momentum will likewise be the same as
before, except for the collision term Ca6 .

It 1is clear that the collision of particles of each constituent with those
of the other two constituents will yield a collision term of the form (82);
however, we can no longer drop the suffixes so that denoting by

Fe, fi ' Pa the mcss derivatives of the electrons, ions, and neutrals,

we have

(88) vac ay - LPL 5 5y e fefn

S B R e

(89) jmi ¥, Cpdv = é‘f: v,y ) /%, Ff“fg vi7 1) /7,
- P"-fe - PAP - -

The ' s are called the 'collision intervals' by analogy with what has

been said previously. We have v oi =’L“_e , T =TT = Z"e, S0
i in mi "en n

that there areeffectively only three 'collision intervals' ; writing

wfp I

(91) 6, = —L—e- - (€, e,1,n)
e T P

the equation of motions for the ions, electrons and neutral particles are

respectively

dv'

(92) P dt : -V'Pi tZnge (£ +Xix B) +F1E ¢ %(_V.;‘Ze) - 9[;1 (2;'!“)
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= P ndE +vxB)+p F F -6, (_e-zl\ 6 zefg’l
d? o o
(94) f =-Vp o BEn = GV Y G (V- V)

where ni,n ,n are the number densities of the ions, electrons and
e n
neutrals, Pn is the relative partial pressure of the neutral gas, and

Ze, -e are the charges on a positive ion and electron respectively.

16, Diffusive equilibrium in a fully ionized plasma in a magnetic

field

The equations of motions for the ions (assumed to be singly
ionized for simplicity) and electrons may be written respectively

(dropping the bar over the velocities),

Siydlop Ly . £ .. Te

dt vapl -1 mg £ Txe 'C(—b —e)
(95)

dv f

e, L -F + £ + = Ly -

dt PVP Lo mg T TIXES PoT(X¢ ‘)

where W, =eB/m e and w =eB/m c are the cyclotron frequencies
= - 1 —-e - e
for the ions and electrons . Now a plasma is electrically neutral to a
high degree of approximation so that ni/ne ~ 1. Also me/m, <1 so
- 1
that Pe/ Po ~ me/mi and {Jl/ Po ~ 1 With these approximations the

equations may be rewritten

dv m

-t Mg e e
(96) —_—t = y. - — X'V’“" u"—(E"‘—VP)+F =G/

dt m"z -t m7T e - m, n.‘

dv v

-e, 1 *i e 1

—_— = -=t v, =-— (E +—=V. =
O Gt Yy it s n (& ne P¢)+EJ'G°
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where u is a unit vector along B, w = ]w] s = , w |, and
- R SRS e —e
lii and Ee are extraneous forces other that the electric and magne:

tic forces or pressure gradients,

An inspection of these equations shows that there exists a
transient part of the solution for v and v  which decays exponen-
tially with time approximately as e't/'v, i,e., in a time of the
order of the relaxation time, The plasma therefore attains what is

termed a state of diffusive equilibrium in which the acceleration

terms in (96) and (97) can be neglected, yielding the approximate

diffusive equations

m
B i
(%8) YtYe ¥y ¥ WG T
e
(99) v -v. + v x u=G T
—e -1 -e - e

where Q= we"t‘ . Solving these vector equations we obtain
m m -
100) v.= Arut—](— G+ G )T+ QT— G.xu
( ) v Vo Ze m X
m
(101) v = Au +—1 (—L G +G)’U+Q‘tG)<uJ
e Tem T 2 lmy T % =" =

where Ai and )e are arbitrary parameters. However, multiplying
(98) and (99) scalarly by n and adding the resulting equations
have

m

i
102 — G.+G . =0
(102) (G Gt G,) - u

Using the approximation n /n ~ 1 this reduces to
i e —

(103) (V.P, +pF +pFE).u=-0



— 36 —

V.C,A,. Ferraro

Thus , along a magnetic line of force, the pressure gradient in

that direction balances the total external force in the same direction,

In the case of the protonosphere this implies that, along a line of for-
ce, the pressure decreases exponentially with height, the temperature
being approximately constant in this region. The effect of the magnetic
field depends roughly on the magnitude of , that is, the product

W, T, the ratio of the cyclotron frequency to the collision frequency.
If the electrons are able to spiral many times between collisions, then
©2>>1 and we see from (100) and (101) that, whilst motion of the
ions and electrons along the lines of force is unimpeded, the component
at right angles is of order Q-l and thus becomes vanishingly, small
as (2 ~»w ; we note also that the drift of the ions at right angles

to the magnetic field due to the pressure gradient is greater than the

corresponding drift for the electrons.

These results, of course, are to be expected from general consi-

deration of the motion of charged particles in a magnetic field.
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II. Application to the Ionosphere

17, The atmosphere

The swientific study of the upper atmosphere is nowadays cal-
led aeronomy - a term due to Chapman, The discussion of the atmosphe-
re is based largely on chemical composition and temperature and the
various layers into which the atmosphere can so be divided are refer-
red to as !spheres' . The upper boundaries are referred to as
'-pause', Thus the troposphere denotes the layer extending from ground
level upwards in which the temperature decreases with height. Above
this layer is the stratosphere in which , for many kilometres
the temperature remains constant. The tropopause is the upper level
of the troposhere and separates it from the stratosphere. The height of
the the tropopause varies with latitude, being about 11 km in mid-latitu-
des. Above thestratosphere the temperature increases and the region
of higher temperature is the mesosphere; the temperature then decreases
again and reaches its lowest value (about 180° K) at a heightof 80-85
km, The temperature rapidly rises above this level (mesopause) to about
300 km where it attains a temperature of over 1000° K. This region is
called the thermosphere, Above this level the atmosphere is maintained in
isothermal equilibrium. This is the exosphere and here collisions between
the molecules are so rare that they move in free orbits under gravity.

The various regions are illustrated in figure 7

18. The ionosphere, heliosphere and protonosphere

-8
Sunlight of wave lengths less than about 2900 A(1 A =10 cm)

is capable of ionizing oxygen and nitrogen. This radiation cannot be obser-
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ved at ground level owing to strong absorption by atmospheric ozone. Its
emission from the sun has been detected by satellites and other space
vehicles and, prior to this, its presence was indicated by the existence

of several ionized layers in the atmosphere.

Radio methods of observations of the ionosphere have revealed
the existence of two main layers, the E and F layers, the former at
about 120 km height and the other at 180-300 km. The F layer is
thicker than the E layer and separates into two parts during daytime,
the lower called F1 and the upper F2 . At night they partly merge and
become indistinguishable. Below the E-layer there is another at about
7¢ km called the D-layer . The thickness of the F-layer diminishes rather
slowly with height and has no well defined upper boundary. It merges into
the heliosphere where neutral and ionized helium are present to a height
of about 1000 km and above this we have many ionized hydrogen or pro-
tons. This highest part of the ionosphere is called tle protonosphere
but its limits are difficult to define. It seems likely that this region is

in diffusive equilibrium, The various layers are illustrated in fig, 8 .

19. Processes in the ionosphere

We shall here deal only with the large-scale structure of the io-
nospheric layers, and particularly our attention will be directed fowards the

effect of diffusion on the distribution of ionization of the F2 region,

The ionization in the ionosphere is due essentially to the produc-
tion of ion-electron pairs by the absorption of solar U,V, and X-ray ra-
diation - at least in middle and low latitudes, At higher latitutles , ioni-
zation can also be produced by collisions between high-energy charged par-

ticles , precipitated in the atmosphere, with neutral atmospheric molecules
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Washington, D.C., 1962). Verti-
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density p, temperature T and
mean molecular mass M to 250
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STITUENTS. The temperature profile is
taken from the U.S. Standard Atmosphere
and the electron density profile represents
average daytime conditions for middle
latitudes, high solar activity,
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where 1
o 2 n
(2.3.61) Jn(r‘)= Er,T)(1-T) d7.
-1

Bergman considers a partial differential equation of the form:

(2.3.62) ASly +F(y,2)y = 0.

» f
We introduce the variables : X =x, Z=(ztiy)/2, Z = -(z-iy)/2,
and express the function F(y, z) appearing in Eq.(2.3.62) as a function
*
of Zand Z ; we also use the symbol F for this new function.

The equation (2.3.62) then assumes the form :

(2:3.83) o yy,x +FE, z*)'\y =0

We proceed to obtain particular solutions of (2.3.63) which are polyno-

" * . .
mials in X, as follows. Let ?(Z,Z } be any solution of the equation:

(2.3.64) '3’22" +F Y =0

PN, k)

and let the polynomials be defined as follows:

1:,(N, k,k-2v) N-k +\)Z#v

k-
=) (5 ) Z

H

(2.3.65) N=0,1,2,+ » - ; k=0,1,2,- - -, 2N; v=k, k-2, . - -,k-z[g],

2
N, k,a *
Let the functions TT( ) (Z, Z ') satisfy the equations :
N-1,k,k N,k k
(2. 3. 66) -N'i;z,,.P( ) rLkk) e plNKK g
' Vi

- Nw *P(N-I’k’v)..va P(N—l,k-Z,\)) +

LG ¥z

@.3.61  + e m OVl V) LY o
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Negative ions may be formed in the lower ionosphere by attachment of elec
trons.

The important losses of ionization arise from atomic ion-electron
(radiative) recombination, molecular ion and electron (dissociative) re-
combination and , in the lower ionosphere, by the attachment of an elec-

tron to a neutral molecule.

Ionization may also be affected by transport processes; the ions
and electrons (plasma) in the ionosphere may be thought as a minor con-
stituent of the atmosphere, It is acted on by gravity and by pressure
gradients in the plasma. Unlike the neutral constituent, the ions and elec
trons are acted on by electric and magnetic forces, As we have seen in
section 14, the plasma tends to diffuse through the neutral air if the
forces acting on it are not in equilibrium. Ions and electrons diffuse to-
gether, since any tendency to separate the positive and negative charges w:
give rise to alarge electric field opposing this separation. This is called
'ambipolar' or ‘'plasma' diffusion and proceeds rapidly in the F
region but not in the lower ionosphere. In this region the plasma tends
to be set in motion by movements of the neutral air, which may be due to

large scale wind-system or to temperature.

The various processes outlined above which modify the ionization
in the layers of the ionosphere must balance and this balance can be ex-
pressed as an equation of continuity . If the transport processes (wind
and diffusion) result in a net drift velocity v , and we denote the
electron density by n , the rate of production and loss of ionization

by q and L respectively, the equation of continuity is

(104) %—%Miv (nv) =q - L .
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In the absence of production and loss of ionization (104) re-
duces to (65)already found in of section 12

Various wavelengths in the radiation fromthe sun are responsi-
ble for the production of ionization. It would be outside the scope of
these lecturesto go into more than a few details. A major part of the
E-region ionization arises from the wavelength band 911-1027 A which
fonizes 0, to 02+'. In the F-region the wavebands 170-796Aand 796 A

to 911Aare mainly responsible for the ionization, in this case the ions

+ +
formed being 0 and N2
Amongst the loss processes we may note the following :

(a) Ion-ion recombination (coefficient d,i)

+ -
X +Y —X + Y.

(b) Electron-ion recombination (coefficient de)

+
(i) Three-body : X +e + M—» X + M

Here M denotes a neutral particle which exchanges energy and mo-
mentum but does not take part in the chemical reaction.
" - + *
(ii) Radiative : X + e - X" X+hy ,
. _— + ¥ x
(iii) Dissociative: XY + e —=2X" + Y
* . .
Here X denotes an atom left in the excited state.
Process (i) can occur in the lower D region but is rare at

greater heights.

Process (ii) is likely to be the fastest loss process only in
the uppermost levels of the F regions. Elsewhere in the E and F

regions the dissociative recombination process are important.
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(c) Ion-atom interchange
+ +
A + XY - XY + A

Ion-atom interchange (c) followed by dissociative recombination
b (iii) 1is the principal loss process in the E and F regions. The-
re is still considerable controversy as to precisely which reactions

are important,

The rates for processes b (iii) and (c) are given . in terms of

the reaction constants Kb and Kc , by the expressions

(105) d"éf) = - Kbn(XY+)n(e)
d A+ +
(108) _"ét_L -K (A In(XY) .

If we suppose that the atmosphere is electrically neutral,

+ +
(107) nfA) + n(XY ) =n(e)
and we suppose further that the ionization is in equilibrium . Then if
the electrons and positive ions are produced by incident radiation at
the rate q per unit volume

+ +
(108) q = K n(XY )nfe) * K n(A Jn(XY)
+
Eliminating n(A') and n(XY') by using (107) we find
Kchn(XY)n2 (e)

(109) 17 R AT R ae)
(o]

If Ken(XY) >> Kbn(e) , this reduces to
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2
(110 q=Kn'(e)

2
which corresponds to a quadratic law of recombination an , the

coefficient of recombination ¢ being equal to Kh . This law holds

3

-8 -
very nearly in the E region where ¢ ~ 10 cm® sec

If Kcn(XY) &« Kbn(e) , then (109) reduces to
(111) q= Kcn(XY)n(e)

which corresponds to an ‘attachment'law of the form IB n(e) with

an 'attachment! coefficient

(112) B- K_n(XY)

If, as 1is wusually the case , n(XY) decreases upwards, so will ﬂ

20. Chapman's Theory

We consider the simple case of ionization by absorption of mon-
ochromatic radiation in an atmosphere of uniform composition and tem-
perature, Such an atmosphere will be distributed exponentially; in fact
if h denotes the height, n the number density , g the acceleration

of gravity, m the mean molecular mass of the gas, the statical equa-

tion is

d
(113) &= -ome
(114) Also p = knT

where k is Boltzmann's constant (1,38 x 10'16cgs) and T is the

temperature, so that eliminating p between these equations we find
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(115) dlogn = mg _ 1
dh kT H
where H is a quantity having the dimensions of a length , called

the scale height . Integration of (115)now gives

(116) n - noe‘“/ H

that is, an exponential distribution of density. Let I denote the inten-
sity of the radiation at the height h and Iw the intensity of the inci-
dent solar radiation, Let ¥ denote the zenith distance of the sun at the
height h at any time, then the decrease in I by absorption over
the path of length ds = (sec X )dh between the levels h+dh and h is
given by

(117) d1=-[sh (sec)( )dh ,

where @~ is the absorption cross-section of the molecules, Using

(116) we have

dar -h/H
T °° (0'00 sec))e dh

which can be integrated to give

(118) /H

1oge (TI-) = -(o'nOHsec X )e-h dh
0

since I =1 as h —» o . Hence
00

-h/H
(119) L=lexe (-on, He sec X )

The absorption of radiant energy per unit volume of the atmosphere
is  dI/ds = (dI/dh) cos) and if ﬂ ions are produced by the

absorption of unit quantity of energy, the rate of production of ions
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per unit volume is

(120) qth) = p Ioo nOO'exp (-h/H - noa’He_h/H sec}) .

The total number of ions produced in a vertical column of air
of unit area of cross-section by the complete absorption of the incident ra-
diation is clearly {31 cos X .
[+ 0]
The rate of ion-production ¢ has a makimum qm at a

height h_ where
m

h /H
(121) e ™ - noo-H sec X,
giving
(122) q = (prCOSX)/He

Denote the values of h and q for the overhead sun (X=0)
m m

d .
by ho and q_; then

hO/H
1 = H = eH
(123) e n OH, L ﬁlw/
124 =h +HI1
whence (124) hm o g, sec X
125 =
(125) qrn q, cos x .

In terms of q, and ho’ we may now write (120) as
h-h
0

h-h_ T H
(126) qh) = qexp (1-—— -e sec X))

or measuring heights in terms of H as wunit from the level ho’

writing
h-h
0

H

(127) z =
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FIG. 9. NORMALIZED CHAPMAN PRODUCTION FUNCTION
a({z,X)/ao = exp (1 - z - e sec x). Values
at several reduced heights are shown as a
function of zenith angle. The broken line is
the envelope, qm/qo = cos X.



- 48 -
M. Z, v.Krzywoblocki

Once we know the relation between the densityP and velocity q, we
can integrate Egs. (2,6.17) and (2.6.18) to yield the sonic line in
the physical (x, y)-plane.

For stream functions \u defined by corresponding ')(1(6), ‘XZ(B)
given in (2.6.16), the sonic line in the physical (x, y)-plane is given

in terms of the parameter 6 by :
(2.6.19)  x=(1/2) (6/5)3[a-(6b /5)] cos® 6,
(2.86,20) y = (6/5)3% (1/2)[a+ (6b/5)] (6 -7/2) +

(1/4)[a- (sb/s)] sinze} ,

provided we take the origin in the physical plane as the image of the

point q=(5/6)1/2, 6 =W/2 on the sonic line in the hodograph plane .
2 2

The value of q 1is calculated by M =g /[1 -(y-1) qz/z] with

¥=1.4.

Example (I) : sonic line in physical plane is circular.
If we consider the stream function xY defined by (2.6, 16jwith

a, b related according to:
(2.6.21) a+(6b/5) = 0,

then (2,6.19) and (2.6.20) yield for parametric equations of the sonic

line in the physical plane :

3 2
(2.6,22) x = a(6/5) cos” 0, y = (1/2)a(6/5) sin 26
Elimination of 6 gives:

(2.6.23) 5 y2 - a(6/5)3 x =0,



49 .

V.C.A, Ferraro

(called the reduced height), we have
-z
(128) q(h) = q _exp (l-z-¢ secX ).

This is called the Chapman-function (Chapman, 1931) . It has the inter-
esting property that as J varies, its shape is unchanged, its peak
is shifted to the level z = loge(secX) and its amplitute is scaled by
the factor cosQ . This can be seen by writing the above equation in

the form

Z -z

: s .M
(129) g=(aeos Xyewp[1 - (z-z )-e ™ ],
The ratio q/qo is shown in Fig, 9.

In the actual ionosphere the production formula is considera-
bly more complicated, partly because there are different atmospheric
gases, differently distributed, and the ionizing radiation is not monoch-
romatic but consists of a range of wave lengths and ¢~ depends on the

wavelength .

The above theory neglects the curvature of tke earth; Chapman
has considered the modifications introduced by taking this into account.

This correction is only important near sunrise and sunset,

The theory can also be extended to deal with gases which are
not at the same temperature at all: heights, If the temperature is pro-

portional to the height, so that

(130) H=K +7h

then it can be shown that (125) takes the modified form

14

(131) q -a (cos) )
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21, Plasma diffusion

The F2 peak of ionization is observed at about 300 Km.
No mechanism seemed capable of causing a peak of production at such
a height and Bradbury (1938) suggested that the production peak occur-
red at a lower height (the F1 region, in fact) and he attributed
the upward increase in electron density to a rapid upward decrease of
a linear loss coefficient. The hypothesis is unsatisfactory, for even if p

varies as

~(h-h }/H
exo [ )/ ]
where H B is the scale height , then the electron density well above

1 1
the production peak is approximately g/B oCexp | +(h-h )— - )1,
PP o'H, “H
8

where Ha is the scale height of the ionizable gas,

Since Ha < Hﬂ , then q/p increases indefinitely upwards, and we must
find some other explanation for the peak in the electron density . We
require some transport process to limit the value of the electron densi-

ty at great heights. Onesuch process is plasma, or ambipolar diffusion

Attention to the probable importance of diffusion in the ionosphere was
first directed by Hulburt in 1928, I considered the problem in grea-
ter detail in 1945 and showed that diffusion was unimportant in the E
and F ) region of the. ionosphere but that it might become important in
the F2 region and above it., Mariani (1956) drew similar conclusions but
Yonezawa first discussed in detail the problem of the formation of the

F2 region and showed that diffusion could provide an explanation .

In deriving the equation of diffusion for the ionization, we shall
neglect, for the present, the earth's magnetic field, so that the only
forces acting are gravity g, the electric field E , and the frictional for-

ces due to collisions, The full equations for a three constituent plasma,
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(92-94), , have been derived in section 15. However, in the absence of
any external electric fields, the slightest separation of the ions and ele-
ctrons will give rise to large electrostatié fields opposing any further
separation so that we many set n, =n, and LA in these equations.
Also, if we assume that the neutral air is at rest, Xn =0 . Further-
more, the relaxation times in the F2 region are small , so that the
steady state is quickly attained. That is, we may neglect the acceleration
of the ions and electrons in (92-94) ., Writing vin = 1/’(:in , etc, ,

for the collision frequencies, these become

2 - + E + - =
(132) VPi ne nmig nmi Vin L 0
- - + - =
(133) VPe nekE +nm g nm Venv D 0
134 -¥ + + -+ =
(134) Pn nnmng nmivinv0 nme Ve v 0

where we have written D for the common velocity of diffusion , of the

the ions and electrons, and n for their number density.

Further simplifications can be made by noting that m <« m,,

miym >> me Uen (i.e. collision with the neutral particles are important
for ions but not for electrons). Also, if Ti and Te are the temperature

of the ionic and electronic constituent, we have

(135) P.=knT. , P =knT
1 11 e e e

Using these equations, on adding (132) and (133) and solving for
the velocity of diffusion of the ion-electron component we find, if h

denotes the height at any level,
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1 1 0 }
VT { = AT C+T )+
(136) D my. in Falnk(T] +T )+ me]
i7" in
where D is measured positively upwards, In the F region, the ion,

electron and neutral air temperatures may all be different. It seems
likely that Ti =T, the temperature of the neutral air.

Then , if we introduce the neutral
air scale height H = kT/mng, and write f = mi/ Zmn, T-= Te/Ti =
= Te/T’ and introduce the coefficient of diffusion of ions through
the neutral gas

(137) Dy, = KT/my,

equation (136) becomes

) 1 gn 19T 2 9%/h
(138) -vp= D, (1+7) [% St (Tr—'tk;'_ﬁ + 208

IfT = Te =T at all heights, 2 =1, and
i

(139) p PGt R

where we have written D=2Din

The contribution of diffusion to the continuity equation (104) is
to add the term a(nvD /)h to the left hand side of equation. In gene-

ral

dnvy)
(140) -2 -pdn

where 09 is a differential operator of the second order.

The value of D is of the form h/nn , where the factor b depends

on the temperature, It is now believed that in the F2 layer the neutral

+
gas is mainly atomic oxygen and the ions mostly 0 . The value of b is
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affected by charge exchange and its value not exactly known. The value
derived from kinetic theory, taking account of the effect of elecirostatic
induction by the charged ions on .the neutral ions, gives n D of

order 1019 . But this may well be too large by a factor of 10 beca-
use of charge exchange., Also Do¢ l/noce(h-hO)/H; if we assume that

the temperature of the gas 1is uniform, then

1gn |
-v_ =D
(141) vp =D T ),
and the diffusion term in the continuity equation on the right hand

side takes the form

9 n 3 an 'n
(142) DD n - D92 T

(Ferraro 1945) . The first term in this equation is characteristic of diffu-
sion formulae, The second and third arise from the effect of gravity and

the height dependence of D,

22, The equation of diffusion for the F2 region

We shall ignore for the present the geomagnetic field; we shall
also assume that we are considering a locality on the equator so that X=5J
the time in radians measured from sunrise? It is related to tle actual

time by the equation
(143) t=kg,

4 -1
where k=1.37 x 10 sec . The rate of production of electrons q
will be taken to be represented by the Champan function

h-h

h-h - H°

= expl-—o-cosec e 0<@p<T
.79, " ( b2 fgiT,

(144)
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=0 gl olw

where ho refers to the level of maximum rate of production of ions q,-
Electrons are assumed lost in the F2 region according to an attach-
ment-type law (119) with a coefficient which decreases at a rate propor-

tional to the density of the neutral particles. Thus

(145) L = Kn

where heh

K =ﬂ0 exp ( -TO)

Then the equation of diffusion to be solved is

(146) 9_n= ne h-hO+D92n+i ﬁ+—n
TREL XP(' H) (3_11_2 2H 2n 2H2)
h-h_

147 = = -
(147) where D b/nrl and n N0 exp ( m )

Since D = (b/nn) increases exponentially upwards, whereas both q and L
decrease exponentially with height, it follows that at some level the diffu-

sion term will be the dominant term in equations (146) which then reduces

to
2
3 3 9n n
(148) 0= +— =0,
- 2 2
0 %M dn 2H
Solving this equation we find
o h
(149) neAe 2H A H

and from equation (141)- it follows that the first term corresponds to

diffusive equilibrium , with VD = 0, mn which the ionization has a scale
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height twice that of the neutral gas. For the second term p #0, and
is positive if A2 >0 . This represents a boundary condition of a finite
flux of ionization at h == w, which is upwards if A2 >0 ., If ionization
is gained or lost at the top of the ionosphere, ; then a term of this

type must be included in the solution.

23. Solution of the diffusion equation
Writing
h-h
(150) x =

and expressing t in terms of by (143), equation (146) can be
P by (43)

written in the non-dimensional form

(151) ’g@ ka- Be n+-3_.2_ i;g_ )

where N H2
(152) p=kpo

are non-dimensional parameters, The solution of (151) thus depends on-

ly on these two parameters and the boundary conditions, One of these,
as we have already seen above, depends on the value of the flux of

ionization at z = +w. The other requires that n—-» 0 as z—2 - .

Assuming that q is given by the Chapman function (144), we
require a solution of (151) which is periodic 1in 9. wih period 27,
The method of solution of this, and related, equations has been given
by Gliddon (1959) and consists in determining a suitable Green's function for
this equation. The analysis is involved and reference must be made to the
original papers . Typical solutions indicating the variation of the ionization

at various heights from the level of maximum ion production are illustra-
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ted in Figs. 10 a and 10 b . Fig, 11 illustrates the variation of the level of
maximum electron density for two distinct cases. From such solutions,
the following general daytime characteristics of the behaviour of the ioni-
zation may be deduced.

(i} The F2 maximum electron density occurs at a level where
diffusion and loss are comparable , i,e,, where Km ~ Dm/Hzand

the subscript m refers to the maximum,

(ii) At the maximum and below it, the electron density is appro-
ximately given by n ~ q/K, that is , balance between production and
loss, as in the absence of diffusion.

(iii) Well above the maximum, diffusion becomes important and n

-(1/2
varies as e (1/2)2 as already noted in section 22.

(iv) The level of maximum ionization falls rapidly at sunrise beca-
use of the rapid production of ionization in the lower TF regions. It reaches
a minimum height of one or one and a half scale heights above the level
h0 of maximum ion-production which remains at about the same level until

late afternoon. Therefore, the level rises again steadily to a height of a-

bout three scale heights above ho after sunset(See Fig, 11)

The night-time decay of the ionization has been studied by Martyn
(1856) , Duncan (1956) and Dungey (1956) . This is also affected by verti-

cal electromagnetic drifts ,

24, Effect of a magnetic field on diffusion in the ionosphere

We now consider the effect of a magnetic field on diffusion of ions
in the ionosphere. We are here dealing with a thernary mixture of neutral

molecules, ions and electrons, of which the ioniged particles form a minor
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Fig.10 b Diurnal variation of electron density at intervals of one
scale height. Cage II (P = 10, Y = 20)
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below (2.7.22):

Pé" 212 gy

2.7.24) £ (r, 1)= (kr)n=0,1, ",

M+V+2n
where t=cos 20, r2 = x2 + y2 and Pn(d”“ stands for the Jacobi

Polynomials (see [16‘] )

‘?‘ -1/2, p- 1/2) ) (k™ Ju4v4on (kr) = £ (r,1) =
o

[ (et (120 (1] 'll {tk«)"‘ Ut (kc)] -
(ol g g tomvighe o (ong)™ " e,

0‘=x+iycos%>, x=rcosh, y=rsinf, §1=-yzsin2&% /(4 x¢),

1 22 231
(T\=-ky Slné/4. k:)h:\)’>0’q\=0, 11 21""

An arbitrary solution of the class S may be represented in a series

form [39]
ey 2 " -1
w(r, 6) = (kr)~ Yazn | [Pntp+ 1/2)] .
n=0
(2.7.25) .Pn("'l/z""'l/z €05 20) J 1) ron(k0)

and an even analytic function regular about the origin may be expres-

sed as

00
( = -}A-\) '
(2.7.26) f (§) = C Z:a% Jvve o ©) -

Hence for r sufficiently small it follows that the class of analytic fun-
ctions (2.7.26) is mapped onto the class of solutions (2.7.25) by an ope-

rator of the form :
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Fig. 11 . Comparison of height of maximum electron density for
two distinct cases : case I for , case II for,
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+1 :
/ | -g)v'1/2(1+g) \.+1/2Pn(v-1/2,,M-1/2 (6P ¢ o Ui D L 1/2)(§)d§
1

=[ 2r+\|2‘(n+\)+ 1/2) (ntp+1/2) .

nm
(2.7.30) ; [(2n +pAV)T (nt1)f (n+v+/a)] )

Thus, if we define :

: »
Ko, r,B) 2 (FW)&n(kr/k“‘)“ Tp+v+an® ) U ppv4 20" r)”

- al/2 .
(2.7.31) pn(v 1/2,pa1/ ’(5)(1-5)" 1/2(1 +§),..1/2,

where

b= (20 p +9) Tin s4v) (Pm o+ 1727,

have
we hav +1

a, (ko) '(H+V)JN+\,+2n(kw) =[1 K (5, r,8)-

1/2 1/2

(2.7.32) r((1+§)/2) (1-§)/2) "% ag.

Hence +1
(2.7.33) f(ke) / K, r§)u] r((1+§)/2)1/2, r((1-£)/2)
L1

1/2

dE,

where

o(14Y) vd) 9-1/2{“&)}1-1/2.

K(@,T, €)= =gy
. i(zww)r (v 4Py (T(ntpa))!

\; -1/2, p- 1/2)

(£).

To verify that these formal calculations are justified and that K

Tusvt on K9 [ J4v+ 2n (kr)]



—_ 6 —

V.C.A.Ferraro

constituent. The relevant equations of the problem have been given in
section 15, namely equations (92-94). However, for much the same rea-
son as stated in section 21, we may neglect the acceleration of the ions
and electrons, and assume that the neutral air is at rest. It should be
stated, however, that Yonezawa (1958) and Dougherty (1960) have suggested
the possibility that the neutral atoms and molecules are accelerated by

the flow of the ions through the neutral air, in the comparatively short
time of 20 minutes.Nevertheless we shall restrict ourselves to the case
when v ~ 0; Againquite apart from the fact that the collision frequencies
for encounter between ions and electrons exceed those for collisions of the
ions or electrons with the neutral atoms, the differential velocity v -y_e
between the ions and electrons must remain small otherwise large elec-
tric fields would develop because of the consequent large separation of
charges of opposite sign. Likewise, we must have, very nearly, overall
charge neutrality, so that n, =, - Assuming also that the ion and elec-
tron temperatures are equal , equations (92) and (93) then reduce to

(153) -VP +ne®+v XBfe)+pe- PV, =0

(154) -Vpe -ne(E+y xBlc)+p g “Pe Venle

where n is the number density of the ions or electrons, B the magne-
tic field intensity, Vin and Ven the collision frequencies for ion-neutral
atom and electron-neutral atom encounters. Again, in the F2 region,

m, Vih >> me ven so that collision with neutral particles are important
for the ions but not for electrons, In fact, we may neglect this term and
also the weight of the electrons in (146) because of the small mass of the

electrons. This now becomes approximately,

(155) -VP, ne(E+v X B/c)-0.
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Also P =knT(~ P )and if, as is legitimate, T is assumed constant,
e =1

this equation can he written

(156) kTV log n+ e(E+y X B/c) =0
Hence ,

B =
(157) curl E+curl (Xex B/c)

or, using Maxwell's equation, curl E = - , this becomes

o l=
P
A=

9B

; — =curl (v X B
(158) 3 (_eX B)
showing that the magnetic field lines are frozen in the electron gas. Sin-
ce the magnetic pressure of the geomagnetic field greatly exceeds the ele-
ctron gas pressure in the F2 region, the electrons can only move fre-
ely along the magnetic lines of force, but not at right angles to them.

Thus Ve is parallel to B and (148) now gives the electric field as

(159) E -- "%vlog n
or
(160) noc e ¢V/ET

where V is the electrostatic potential. This implies that the electron
density attains its thermodynamic equilibrium a each instant . Substitu-
ting (159) in (153) now gives an equation to determine the velocity of

diffusion of the ions, namely,

1 - + + - = 0.
(161) 2kT Vlog n+ev X B/c mg -m ¥ v =0

The solution of this vector equation is
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(162 yirah=cr@ . ge rexe
where
eB
(163) Q= 0
1 mn
and
1 1
= - + = + —_—
c oy Vin( 2kT V log n m.g) = D(Vlog n + - k)

k being a unit vector along the downward vertical, and D the coefficient
of diffusion defined earlier, In general , Vlog n will also be a vector

directed along the vertical so that C is vertical.

Equation (162) shows that the velocity of diffusion of the ions
has three components, | one along C and the other two along and per pendi-
cular to the magnetic field. Again, in the F2-region , lQlis large,
being of the order of 200 at a level of 300 km. Hence, except over the
magnetic equator where C and  are in general perpendicular, the
largest component of the diffusion velocity is along the magnetic lines of

force and the smallest, that along C . Hence, very nearly, we may write

cxb

Q1=

(164) v, =(.Ch +

where b is a unit vector along B (or ). This result is easily inter-

preted; a large value of Q implies that the ions can spiral around a line
of force many times between collisions and hence its velocity is along the
line of force except when changed abruptly' by a collision, The net results
of such collisions is to give rise to the 'Hall' component of the velocity

of diffusion given by the second term in (164) .

The equation of diffusion can now be obtained by using the equa-

tion of continuity for the ions
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dn
ot

and substituting for Xi the expression given in (164)

(165) =q-L-div(n !i)

For a plane stratified atmosphere, I showed in 1945 that the diffu-

sion term in (165) can be expressed in the approximate form D~97b,

where

2
2 an 3 3n n

(166) ¢9n = D(sin 1) + = +—) ,

fahz 20 Db 2

I is the inclination of the lines of force above the horizontal (magne-
tic dip angle ) and h the vertical height; (168) is the same as equa-
tion (142) except for the extra factor sinzl. This approach is incorrect

if the neutral air is in motion, as may well be the case., Near the magne-
tic equator the 'correction factor' sinzl fails to give the correct result,
and a more careful derivation of the diffusion operator D is required.
This was derived by Kendall (1962) and by Lyon (1963) . Assuming that
the geomagnetic field is that of a centred dipole, Kendall found that one

form of the operator is given by

/ sinzl 3cot 6 3n + 1 92 n
n=—g—nt 2. 96 2 2 2 3
2H aH(1 + 3cos“9) a'sin‘g(1+3cos"0) 06

4 2
15cos 6 + 10cos 6-1

z 2) n ’
gin 6(1 + 3c0829)

+

where 6 is the magnetic colatitude and a the distance of the highest

point from the centre of the earth,
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The geomagnetic field in effect
reduces the coefficient of diffusion from
D to DsinZI and this diminishes the veloci-
ty of diffusion in the ration 1: sinzl. The
correction is small, amounting to -;— for
6= 450; but near the equator, where Iis
small , vertical diffusion is clearly negli-

gible,

One final remark needs to be made; although we have been able
to determine the velocity of the ions, that of theelectrons cannot be deter-
mined. However, as we have already mentioned, the velocities of the
ions and electrons at any one point cannot differ greatly, and their compo-

nents along a magnetic line of force must be very nearly equal.

25, Diffusive equilibrium in the upper ionosphere

The equations of diffusion of ions and electrons , (132) and (133),
are also useful in discussing the equilibrium of charged particles in the
topside F region, At these heights photochemical processes are negligi-
ble and the collision frequencies vin’ ven so small that they can also
be neglected. Assuming also that the ions are stratified horizontally, that
they are singlyionized and all at the same temperature Ti’ the equatior

of equilibrium for the jth species of ions and electrons are respectively

d
(njkTi)

167
(167) o

-nm g +n ek i1, 2,...
TETY { )

d(n k
(ne Te)

(168) — -nemeg - neeE
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where E is the elctric field and T the electron temperature, Since there

must be very nearly overall charge neutrality we must have turther
(169) L no=n
]

so that adding the equations (167) and (168) we can eliminate the electric

field . Defining the mean ionic mass m, by the equation
170 nm =
(170) ZJ o, T mn

and negle¢ting the electronic mass, we find after elimination of E that
d log n, ] m g
dh kT,(1+7T)
where 7’ = Te/Ti . Substituting this equation in (168) determines E which

(171) -

when inserted in (167) gives the equation for the distribution of ions as

d logn, m
(172) - _._._J_ = (m -—i—.)-g—
dh i1+ kTi

If there is only one species of ion present, and Te = Ti (so that '=1), the
mean ionic mass is equal to m, o that the effective scale height is twi-
ce that of the neutral atomic mass, as before. However, a light atom for
which mj <-1’f—,c m actually has a negative scale height, so that nj
increases upwards , as first pointed out by Mange (1957) . The solution

of the equation (171) and (172) has been effected by Hanson (1962) taking
account of the variation of g with height. A typical equilibrium distribu-
tion computed for a mixture of O+, H: , H+ ions is shown in Fig. 12 ., The

reduced scale height z refers to the level z = 0 at which the ionic concen-

+ +
trations of 0 and He are equal,
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12 IDEALIZED DISTRIBUTIONS OF ELECTRONS (e)
AND OF O+, He* and H* IONS, COMPUTED BY SOLVING
EQS. (I11-59), (III-60). Electron and ion con-
centrations are given in terms of the electron
density Ngg at the level z = 0, at which height
the ionic composition is taken to be [0+] = [He*] =
49%, [H*] = 2%. The level at which the Het and H*
concentrations are equal is near z = 17. The unit
of reduced height 2z is the scale height of

neutral atomic oxygen.

Fig, 12
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f=a - f=a ; g=x ; n+mp=0; = -nm

f,=exp (ma) ; f,=exp(na) ; g= x ; ntmp=0 ;p = nm !

p -1

(3.4.4) f1= exp (ima) ; f2= exp (ina); g=x ; ntmp=0; p=-nm

where in the last proposition only the real parts Re { fj} should be
taken into account. One may construct easily more complicated func-

tions fi (i=1,2) and g

(3.4.5) X =ma+x;F=yexp (na); y=yexp (pX) = yexp (px),
which results in p=-n/m, or :

(3.4.6) X=ma+x;y=yexp(aexpn);y = yexp(pX) = yexp(px),

-1
which results in p = - m “expn, The absolute invariants of the group

are
(3.4.7) y= y M=y exp {px) .

In a similar way we deal with the dependent variables; thus , as

an example one may choose:

(3.4.8) EJ z f3(a)y = f K¢

¥y =

For illustrative purposes assume a function g{(x) equal to x"

;.

say . Then it should be :

r _ - =r r
(3.4.9) ka = kJ X g fol = 1 , ete

The procedure is identical with the one, explained above. The ab-
solute invariants of the group (3.4.8) are :

(3.4.10) gr = kex

Hence by virtue of equation :
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ATMOSPHERIC DYNAMO

26. Introduction

Balfour Stewart in 1882 first put forward the hypothesis that the
daily variations of the earth's magnetic field could be ascribed to elec-
tric currents induced in conducting regions of the upper atmosphere by
its motion across the geomagnetic field. The motion of the atmosphere
was attributed to tidal forces due to the sun and moon, The theory, gene-
rally known as the dynamo theory, was developed mathematically by
Schuster in 1908 and later by Chapman. However, their theory encounte-
red certain difficulties connected with the reduction of the electrical con-
ductivity, by the geomagnetic field, the required value appearing to the
too large to be reconciled with theoretical values of the estimates of
the tidal motion. The difficulty was eventually resolved by Martyn and
Hirono, almost simultaneously, who showed that because of the horizontal
and vertical variations of the inducting polarization electric charges are set
up which tend to restore the full electrical conductivity, We shall begin

by calculating the electrical conductivity in a highly ionized gas ,

217, The electrical conductivities

These were derived in formal manner by Baker and Martyn
(1952-3) and reviewed by Chapman (1956) ; we shall denote, as before, all
quantities referring to ions, electrons arﬂlneutral particles by suffixes i,
e, n, Also the region of the ionosphere in which the dynamo currents flow
are now known to lie at a height of about 110 km, that is, in the E-re-
gion , In this region, the number of ions and electrons is about 10

per cc, Thus, in the equations (92}-(94) we have P N >> Fi >> Pe so that
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d th i
1e ~ fe e 1e ~ (Jl i’ en ~ (,e en an ese equations become
approximately
173 —_= - + + - 1 vV
(173) P Vp n e(E V x B/C ﬂf Pe ie(zl —e) Pl 1n(zl Xn
o,
174 —_—= - E+ +pF - -
(174) ?e dt Vp n e( VXB/C P P ‘Vle(ze -1) [3 en(—e —n)
dv
-n _ - - -
(175) Pn_cf B Vp * Pn—n Pl in= Vn Xi) Pe Ven(zn Ve)

In the dynamo region it is legitimate to neglect the acceleration of the
particles; it is also convenient to introduce the mean mass velocity Y

and the electric current density J as new variables, where
= + +
Fozo 121 Pe—e Pn—n
=p +p +
(176) Po = Py *P. TP,

'-e(nv nv)
N L S

where eo is the total mass density. The variables are thus v , v and
-0

j ; assuming that ni ~ ne =1 and neglecting the ratio me/m. , wWe

- - i

find approximately

n mo

n .
v, v+—(v-v)+-£—3
=i =0 n o -n" m ne-=

(177) n
c

v v+—rl(v-v)-—J.
~¢ =0 n -0 - ne +

From (173) (175) we then find the approximate equation of mass equilibrium
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. c.
(178) =-Vp+jXB+ PiE+ me(yen -Vin)gi in' en rm)eo(v %)

whilst it can be shown that the approximate equation for the electric
current density j is

-Vo +jxB

mec
= - +jXB+t——(¥ _+¥ )j-—-(————) x B
(1791 0= meB FIXB SN YNy ) x B

in

olo

where we have taken m ~ m_and m ). >>m ) . Here
n—- i i%in e’ en

E =E' +E"
(180) 20 = -
where E' = E+XOX]§/C is the electric field following the mean motion and
E" = (Vpe)/ne , the 'equivalent electric field produced by the electron pres-

sure gradient , Equation{179) can be solved for j as a linear vector

function of }_51_0 and Vp. Writing
eB eB
(181) w=— w==—, B=Bb

“* mc’ —i mec

so that W and w, are the jon and electron cyclotron frequencies an

b is a unit vector along B, and defining the conductivity

= - +
(182) o ’ Ve Vie yen
we find
2 2. 2
(A+D%)j = AGE_+ G(ACHD')E_.bb + oDE _Xb -
183)

\'

AcVbe +CD (4 X b) Xb

where
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W W, W,
, D=—,
ye

(184 A=1+C, C-=

In the case when Vp =0, (173) can be simplified, In fact, if we write

(185) E =E_+E

-0 -11 =L
where E11 and E..L arethe components of the total electric field E
. -0
parallel and perpendicular to B , we find
E =(E.b E = E b
(186) E S (E b, B=bX(E X Db

So that ({183) can now be written

i = +
(187) i =0 (E.bb+obxX(EXD)+obxE .

Here o-o, a-l, °'§ are respectively the direct transverseand Hall conductivi-

ties and it is easily verified that

0
A
(189) g, =T
1 2 2
A +D
D
(1om 0_2 ) o
A +D
where g~is givenby (182) . These formulae agree with those found

by Chapman bya somewhat different approach . If B =0, then C=D =0
and ¢ = g, and o 0 as should be the case. Equation (187) can

be then written .

(191) i=00E
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the usual form of Ohm's Law. If B £0, then (ig7} shows that the
electrical conductivity is anisotropic, and if we take cartesian axes

O(xyzd with 0x along EXEO’ Oy along E and 0z along _]?11 we
may wirte (187} in the form
(192) i=0.E

where @ is the second order tensor

(193) o O] 0

(the right hand side of (192) denoting the contracted product
of O and Eo ) . Formulae (189), (190) show that the transverse and Hall

conductivities are reduced respectively in the ratio

(194) A D

2 2
A2+D A2+D

If the magnetic field is large, A and D will be large , the reduc-

tion of the electrical conductivities a‘1 and g-_ will also be large,

2
and the electric currents will flow mainly along the lines of force.
Let us suppose that an electric field is set up which 'prevents
any further flow of the Hall current. Such a field must be in the
direction of b ¥ E so that the total electric field is now E -Jb XE ,
-% =0 —0 '~ —0o

where A is a constant. Substituting in (187) we find that the Hall current
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(parallel to b X @.0) vanishes provided A =0‘2 /0‘1 , and that

(195) j=0 (B .bp +ob X (EXDb)
where 9
o+ 22
o+ 2
(196) 0'3 1 o

is called the Cowling conductivity. In a fully ionized gas, 0‘3 = T
that is, the conductivity is the same as in the absence of a magnetic
field. In a partially ionized gas; however, although 0‘3 exceeds both D‘l

and 0'2 , it is in general smaller than 0"0 .

28 . Numerical Illustrations

A review of the electrical conductivitiesin the ionosphere has
been given by Chapman . Values were given for a hot (1500 “K) and a
cool (850 *K) ionosphere and in the table below the values of
v, ,y._ .V are taken from a corresponding table in Chapman's

ie in"  em

paper. In the table below we also give numerical values of the conduc-
tivities for the higher temperature. The conducting O’O increases upwards
over the range considered (100- 300 km )} and the conductivities 00,0,

23
each have one peak in this range,

29, Effective conductivities in the ionosphere

Baker and Martyn have shown that because of the limited vertical
extent of the conducting layer of the E-region , the flow of current is
nearly horizontal. In fact, if j contains a vertical compnnent, charges will
accummulate on the boundaries of the layer because this current cannot

flow in the region of low conductivity, These charges are called polarisation
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1.88x10" 2

1.74x 10”13

-16
1.23x10
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Collision frequencies,
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4.50x10
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1.07=10"
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to collision frequencies for a model ionosphere at a temperature
(<)
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electric conductivities, and the ratio: of cyclotron
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2.29:¢102

2.79x10 0

4.31%10° %7
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charges, Because the flow is horizontal we can replace the 3 X 3 tensor
o bya 2 X 2 tensor 0'* representing the layer conductivity whose
components depend on the magnetic dip angle I, It will be convenient
to use coordinate x, y for the magnetic southward and eastward direc-

tions, Then we can write

-
x O xx Xy
(197) o -
- g
Xy Yy
where
6,0 N
o. - ¢} 21 5 : : )
xx O sin [+0 cos’l sin I
- ) 007 sin 1 N )
= 2 — -
(198) xy G sin’1+ oicoszl sinl
2 2
oy cos |
- + ~Q
o9

o :
vy O‘osinzl + ai coszl

The approximations given on the right arise generally since 0'0»(7'1

org,, but they are not valid near the magnetic equator where I=0,

Here we have

2
%,
9 o =0 =0, O =0+ < o .
(199) % Ty w Gt e

Two consequences follow immediately from (199) ; firstly , the high
conductivity o o along the magnetic lines of force ensures that these
are very nearly electric equipotentials . Secondly, the east-west conducti-

vity o vy at the equator is very large, being the Cowling conductivity o,
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which is comparable with, though smaller than, a-o . This highly condu-

cting strip along the magnetic equator carries a large current,

known as the equatorial electrojet and is confined to a belt a few degre-

es in widths about the magnetic equator, where O‘Osinzl << o‘lcos L
Outside these belts the electric current falls rapidly. The simple model
of the dynamo region is therefore a relatively horizontally stratified la-
yer. The magnetic variations observed at the ground which are produced
by these currents are best calculated by considering the layer as a

current-sheet, with integrated conductivities,

El= So'l b, Ez= J"-zdh ’

where the integrals are taken over the thickness of the horizontal layer,
*
X -
If Z denotes the tensor SO' dh, we can summarise the electrical

equations as

3
(200) I=JeE. I =Jidh
where
(201) E =wxB Vo,

W being the velocity of the neutral air and S) the electrostatic poten-
tial . The first term in (201) represents the induced field, whilst the

electrostatic field -—V(P forces the electric currents to flow horizontal-

ly.
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4
) f = 0, then

cannot be zero . If in the last equation of (3.6.

QT _ oU _ou : : V(X J, 1)

— = == == = 0 in which case =0,

Dx 0y du R IRy )

contrary to the original assumption. Therefore it is necessary that
f4;£ 0.

Similarly, the subgroup :

(3.6.10) S, x=tlx, y;a), '37=f2(x,y;a),
1

must have an inverse and therefore neither the Jacobian determinant

associated with S

Al
(%, F) 0% OX
(3.86. ll)} %, y) 3% ".D—
27 27|
vx Uy

nor the Jacobian determinant :

(3.6.12) [J__M(i ;’)l x x|

X D'y'
Jy 9y
7% Ty

associated with the inverse transformation may be equal to zero .

From (3.6.12), it follows that not both —O—f and ?—l are

du 0y oy
equal to zero.. If T # 0, then from (3.6.8) :
0 X
3.6.13 —— = O )
(3.6.13) 5=

and therefore

(3.6, 14) %# 0.

Egs. (3.6.6), (3.6.7), (3.6.8) and the above remarks imply that :

=<
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and
(vi) pCV(%3+u‘:%—T;+vlT§+w%)+
2 2 2
3
el 3n o 25 Yr
¥ 0x Dy ez
[Qu.2 Tov.2 D W2 v Yu .2
-2/‘*[(—;) (W)"'(—;)]-/*[(g; T
dw,dvz . du, dw
+(Dy+ z) 3z° T
2.
(3.6, 21) +§(—o—:-+%-§ bT- ] 0 (energy)

where M , R , CV and k are constants
The above system of six partial differential equations in six un-
known functions of x, y, z and t will be referred to as the

system " A" . In order to find the conditions on a group Al such

that " A" is conformally invariant under Al , it is necessary to -

find the system corresponding to " A" and Al' A1 is a transforma-

tion group defined as :

A X
X

fl(x, y,2;a), §=f2(x, y.z:a), E‘-’fs(x,y, z;a) ,
u =f4(u;a)§ fs(u;a) u+ fs(a) :

Since no new techniques are involved in finding the system in
question, this problem will be left to the reader. The present paper
will confine its attention to one such group under which " A " is confor-

mally invariant, It is the following group :
P :x=x+b/1a . y=y-\{2a, z=z+x3a,

'—t=t'la‘ ﬁzus ‘F:V,W:W,
u4



CENTRO INTERNAZIONALE MATEMATICO ESTIVO
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. P.C. KENDALL

"ON THE DIFFUSION IN THE ATMOSPHERE AND IONOSPHERE "

Lecture 1 : Ambipolar diffusion in a uniform magnetic field

"™ 2: Diffusion in a plane stratifiea atmosphere

L.

w

 Numerical and analytical methods

" " 4 The diffusion operator with curved magnetic field lines
(neutral air at rest)

5 : Equilibrium solutions
mo % 6: Time dependent solutions of the F2 region diffusion equation

" ® 7. Motions of the neutral air induced by ion-drag

Corso tenuto a Varenna dal 19-al 27 settembre 1966
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v,y 2V, 3 ¥ V3
i LLK Y oy h"?er L o>, '

2,
(3.6.24)  +/,Y, o, )= o0,

"B
) My W, |
(3.6.25) (i)V (¥, h——%%vlﬁ Foo)de =0,

0Vs vy
(mws‘xaﬁs""h B'1‘Tq13 )4 =0,

(3.6.27) (iv)\)4 = R\>5 \>6 g

Wy L OV V) DYV,
Y5, % T e,

VPV, AV, V,)
(3.6.28) +XZ W + 4T =0,
0V, 0

(3.6.29) (vi) CV\)5(X3W+52){1W+”')+"“20'
3 1
The system " B " is absolutely invariant under the group :
P(z)_" :{Tl +Yy_a ‘rﬁ ='Y‘l _)/a m =r{1 +Xa
M TN T8 Ty T Eg® . Mg Ty Ty

(3.6.30) ﬁj =V [i=1,"=, B) ,

whose invariants , as in the previous case, may be chosen as follows:
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C.1.M.E. lectures

by
P.C. KENDALL

(University of Sheffield)
Introduction

This set of lectures is not intended to be a comprehensive survey
of the ionosphere. It is intended to lead the student with great speed to cer-
tain specialized research areas of possible interest to applied mathemati-
cians ., I apologise to the many ionospheric physicists (both experimental
and theoretical) whose work is not mentioned here; the short list of refe-
rences included at the end reflects current theory. Present day achieve-
ments have only been made possible through the patient experimental

work and international collaboration of many scientists over decades.
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Lecture 1

In his lectures Professor Ferraro will show how dif-
fusion of a plasma (a gas composed of equal numbers of ions and elec-
trons) takes place through a neutral atmosphere, The electrons are often

very mobile and would in absence of electrostatic forces disperse to
infinity in a very short time. The ions are bigger and heavier and so
cannot move as quickly through the neutral atmosphere, Thus, the tenden-
cy of the electrons to "boil off" is prevented by the electrostatic forces
between ions and electrons, and an electric field is set up. This has the
effect of increasing by a factor of two the pressure gradient which cau-

ses diffusion; thus causing faster diffusion, known as ambipolar diffusion

The purpose of this lecture is to establish the equations of the problem

including the effects of a uniform magnetic field HO. In general these

equations have not yet been fully solved, I will describe what can be done,
and also mention the difficulties, Practical application of the equations
may be made in the upper ionosphere, in diffusion of meteor trains and

in the laboratory, wherever the plasma is a mingt constituent,

Solution of the problem (ion-neutral collisions only)

The main problem is how to work out the electric field arising from
attempted charge separation. In the case when the electrons are perfectly
mobile (i,e, we can ignore collisions of electrons with both ions and neutral
atoms) this can be done in full (provided that certain other minor simpli-
fications are made) . In particular , it will be seen that the external electric
field gives rise to complicated drift motions of the joint ion-electron

gas.
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The equation of motion of the electrons is
dY-e
) —— =-VUp -eN(E+V x B

(1) Nm 5 Vp -eN(E+V x B)
Here,

m, = mass of electron

P, * electron pressure

N =electron density = ion density

e = electronic charge

V = electron velocity

—e

d/dt = mobile operator 9/t + (v, V)

E = total electric field in fixed axes

The magnetic field is assumed constant and uniform (i.e. the number of
ions and electrons is so small that their associated electric currents

may be neglected) , Thus the electric field is a potential field, i,e.
(2) curl E = 0 . . E=-Va
Neglecting terms which involve m (which is small)

0:=-Vp -eNE+V x B),

(3) i,e,
Vo, -eNyo--NeVx B

So, in an atmosphere at uniform temperature T, if k 1is Boltzmann

constant such that
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equation (3) becomes

(4) Y(ﬂ log N-Q)=-VxB
e . - -
Write
kT
= — +
(5) Q2 . log N QH
Then

(6) B.Vo, =0

showing that the potential QH is constant along a magnetic field

line, Further, if

we obtain

2
(7) =E x B /B

N
-

This 1is known as the Hall drift or Hall motion of electrons. The

electric field EH is at right angles to the magnetic field and if pre-
sent must be regarded as an applied electric field, external in origin.
The electric potential kT (log N)/ e is internal in origin. One might
well ask what happens when N =»0; apparently the electric field beco-
mes infinitely large. The answer lies in our assumption of electrical

neutrality, which becomes invalid for gmall values of N,

The equation of motion of the ions is
dv,

-1
— 4 - - - +eN(E+ _
Nm =g *Nm», (V- V) v preN(E+VxXE)

Here,
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m, = mass of ion
P, = lon pressure
N = ion density = electron density
\_/i = ion velocity
'\_7a= neutral air velocity
Vi = collision frequency ions = neutral atoms

In the diffusion approximation it is usual to neglect the acceleration,

(The student should find out why) . Then

(8) Nm, Vi(V‘-V)=-Ypi+eN(E+Yix B)

1 a -1 —a

Adding (3) and (8) to eliminate E,

7 V (V -V )=- + +eN VxB-eNVxB
(9) Nm V. (V-V)=- YV +p) VXB-eNVxB
Writing
) =p =NkT,.
(10) P, Pe
and
kT e
(1) LV - g IV v x B
iuia iV ia

we see that

e
+— =F
(12) Vot o By cE

This must be selved for Yi' Then the diffusion equation is formed
by using the continuity equation, which  in absence of production and

loss is

(13) B oaw Wy -Yavy)
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Denote by W and )1 components parallel to and perpendicular to B.

Then :
0 0
(14) y'oapt oM L EKT 9y
34007 2 Nmy, =
17 1a
d
- L e i 4
(15) v o+ BxV = F
-1 m. . - = -
17 1a

There are many ways of solving this equation, A quick convenient me-

thod is to introduce coordinates x, y , Z with the z-axis parallel

tO B (I igc 1).

X
Fig, 1
Then if
4
v, (V) Y, 0
we have
4
]é xyi = ( BV2, BVl’ 0) .

It follows that if we introduce

i=v (-1

and write



P. C.Kendall
&
=V + jV
Y=Vt iv
we obtain
F S NS
BxV.=BjV-.
! !
So equation (15) becomes
4 A
(16) V.:F/(1+ ¢B i)
-1 - m, V.
i ¥ia
where
i 2 1 i
1 Fev. -—2KL vy B,y
(17) - -2 Nmy - m Y, —-e
i%ia i ia

Equations (14) (16) and (17) describe the motinn completely and with (13)
we
give an equation governing N. FirstAdiscuss two special cases. These will

help to clarify the general problem.

Special case I B =0 (no magnetic field)

Equation (12) gives at ence

V.=V - 2 kT Vn
-i -a Nm w, =
i” ia
This is the case of ordinary ambipolar diffusion, We define the coeffi-
cient of ambipolar diffusion in this case- to be

a m, .
i ¥ia

so from (13) if T and wia are constants,
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(18) g—lf—hdiv (N ya)ﬂ)avz N

This is the isotropic diffusion equation. The term div (N Ya) is cal-

led a transport term. Its presence indicates that all diffusion takes

place relative to the wind \_/_a in the neutral air, Note the factor 2 in

D
a

Special case II eB/mi v, @

Physically

via = collision frequency

e B ()

NXm,
i

= Larmor frequency

(*)In absence of electric fields the motion of a single ion is given

by dv
—_ = b4
m1 dt € Y— E
i.e,
ay
o CuxV
where

b = eBfm,

Thus in absence of other forces the velocity vector rotates with angular
velocity w = eB/m. in a certain sense, The motion is one of spiralling
about the magnetic field lines.
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Thus case II corresponds to many spirals between collisions
and magnetic effects dominate.

Clearly \_11" is unchanged from (14); but from (16) and (17)

The diffusion equation then becomes

2
1
(19) AN iy NV ) cdiv (v v )+D—a—-—N— ,
—a —e

2
ot a 9z
where z 1is the coordinate along the magnetic field. Note that (a)
the only effective neutral wind component is along a field line (b) the

Hall drift, caused by electric fields is at right angles to a field line.

In general

Rearranging equation 1n.,

D i
L 1L 1
E=Y'V"ﬁ§ !N+(1+ ¢ B )V
a e iuia €
Thus from (16)
D
L -1 + A L
V‘." =V +(1+—?£—j)l(v R AN N)
-1 —e VIR -a —e N =
i¥ia
Also from (14)
V. =V -— XN
—-i —a N

So, letting s =e B/mi v, we have
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IN : U Y s L
- =-d NV - i i
30 iv ( v, div (NV )+ 5 div (NkxV ")

1+s 1+s
. 4 . 4 s . 1
-d1v(N\1e )+ dlv(NY-e ) - 2d1v(N£<_uY_e )
1+s 1+s
2
+ D 31\2]
¥
D s D 'y
+.Y_'L {_Lz_ le- aé l_{xVN},
1+s 1+s
where k=(0, 0, 1).
1 4
Thus as Vokx IV =VxeUNyz0, e nave
]
N . g vv'- div (NVY)+——div NkxvY)
ot -a —-a 2 =% —a
1+s 1+s
s2 P N s 'S
- 2div (NVT) - 2div(Nl__(iﬂ_/e )
1+s ¢ l1+s
D 2 2 2
N N 3N
(20) + a2(32+b g)+D —5
1+s dy 2z

Note how on putting s =0 this equation reduces to (18) and how it reduces
to (19) on putting s =« . The terms in Y: disappear when s =0 and the
first one remains when s % o . They might be called "Hall terms" . No-
te also how complicated the effects of electric fields EH (such that Ye =
= EHX ]_?._/ B2) and winds Ya become when s ~ 1. The effective wind is

not V but is
-—a

4

V -skxV
1]
Y-effective =Ya + = =
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Asymptotic solutions of the ambipolar diffusion problem

Consider equation (20) in the case when EH =0 and V =0
- —a
i.e, diffusion in a stationary atmosphere with no electric fields present

other than internal ones. Then

(21) ay % (32N +__32N)+D R
3,2 3y° 232
Write
x' = x/[(l + sz)/Da‘i y'= yf((l + sz)/D;! z! = Z/JDa
D)
ThenAbecomes
2 2 2
(22) gg=31;l+aN2 L 9N

b Iy 32'2

Suppose that diffusion takes place over a region of infinite extent in all

diredions, 2 given cloud of plasma being released at time t =0. If the

. 2 2, 2
plasma is released as a point source such that if r= J(x' +y'+zh),

N, 0) -8 @
then it may be shown that

X'2 + y'2 + z'2
4t

N(r, t) = exp =

(4“)3/2

It follows that for a general cloud of plasma such that

N = N(x', y', 2z, 1)

(*)&(r) :0if r 0 and is so defined that H[&' (r)dx'dy'dz' =1
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we have
2 2 2
1_ +(y!- 1.
N(x', y', 2", 1) “’I O)ex (x XO) (y yo) Hz Zo)
3/2 P at
dx dy d
*o Yo %%
So the asymptotic shape of any plasma cloud as t o is
N 2 2. 3
" +y' +z!
——7— exp - yr s
(470 1)
where N'O = total electron content =H N dx'dy' dz'. Converting

back we see that if

N=§S8Nddd,
o x dy dz

as t -y o the asymptotic form is obtained, namely,

2
(1+s)N 2 2 2 2
(I+s)(x +y)+z
(23) N=—7—° exp [-
(4\!Dat)3 2 4Dt

This shows that in a uniform magnetic field a discrete plasma
cloud will take wup the shape of an ellipsoid of revolution, elongated in

the direction of the field.

. - o L ¥
Dispersion of meteor trails

A*meteor trail is an infinitely long cloud of plasma left behind
as the meteor passes through the ionosphere, see Fig. 2 for notation) . At

time t =Q one might suppose the trail to be of small cross-section,
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(earth's magnetic
field)

y*

X
Fig. 2

Clearly the problem is in two dimensions, at right angles to the

meteor train . Assuming that an equation of type (21) holds we may put

X » ¥
X =Xy =y coset +tzsindd z =-y sinet +z cos o
and
*
N=Nx Ly, 1)
giving
D 2 2 2
(34 g_t1_v= 2332“3 (Si“2“+_cos°2"aN2
1+s X a 1+s ay*

Unfortunately we have omitted electron collisions. Nevertheless, this serves

as useful illustrative problem.

Exercise Show that a solution of the equation

aN_;zN +32N
at —)t'z 3y'2

Is n a’ 2 2
N = 2_0___ exp - .(.u_l
(a + 4t) (a2 + 4t)

Hence obtain a solution of equation (24) and discuss its nature.
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Note , When electron-ion collisions and electron -neutral atom collisions

are included the ambipolar diffusion equation can not be solved, A re-
cent paper by Holway (1965) J.G.R. 70 3635 is known to be incorrect
as curl Ef 0
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Lecture 2

Diffusion in a plane stratified atmosphere

The diffusion equation

Figure 3
B

A
1 .
/.../{ - =horizontal

I=angle of dip
angle between B and horizontal

All variables are assumed to be functions of =z only, where
z = height above some fixed reference level (Fig. 3) . Roughly speaking we

choose

z = 0 at base of ionospheric F layer

The preceding results on ambipolar diffusion may be used to simplify the

derivation, for in the F2 layer, 300 km above the ground

Y ~ 1 sec
la

Therefore

-20
1.6 0
eB | X 1 x0,3 200

)
MY gex10 2% 1
giving

s> 1

It follows that
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(i) The only relevant equation of motion of the ions is that
along a field line 1i.e. parallel to B

(i1) The motion Y:' at right angles to the field lines is deter-
mined by the Hall electric field, Thus

4
V. = E xB/B2
-i =H -

4
For a self consistent model we must take V. to be uniform,
!

The physical meaning of ®g(Whis that the ions can spiral freely between

collisions with neutral atoms, and do so many times, Their random

motions across field lines are therefore considerably reduced (Fig. 4).

Figure 4

Schematic view of motion of ion

However, the Hall drift is as though the field lines were themselves moving
4 .
with velocity \_/i , giving a transverse velocity \_/:' to the motion of the

ions.
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Fiqure 5

With & /dt = 0 the equation of motion of the plasma along a field line
is (Fig. 5)
2NkT
D

VAR AN RS

(The partial pressure of the plasma is p; + pe = NkT + NkT) .
We assume that the temperature of all constituents is the same and is

uniform and constant. Here

D=2D, =2y coeff. diff. ions - neutrals
ia

and from gas theory

Dm‘l/na (n =neutral air density)
a

The neutral atmosphere is in equilibrium. Thus the neutral air density
is

n =0 exp(~z/H),

where

H = scale height :kT/mag

We shall assume that ma = mi .

A
Thus if T denotes a unit tangent along a field line
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1=3>
13>

"
V' -T(T.9)
and

A
g"=-gsin1"£
giving
Wy _Deh N )T
vyl (TN grsin ) T

The diffusion equation is formed f{rom the continuity equation

Here
Q = rate of electron production (by sun)

L =loss rate (by recombination)

The equation could be written

N ;N . aN

* C-.0-11, - AT 1

e Q-L WH cos oz Va cos I sin 32
(1) +D9N,

where

W, = Hell drift L to field lines
(assumed uniform)

V = Horizontal velocity of neutral air
(assumed uniform)

9 = diffusion operator defined by :
A A
Df)N:!.{D@.Y N+2—1\}II sin 1)1_"}

A A N
=(T.9) {D (T.YN+ 25 S 1)}



-— 101 —

P. C.Kendall
But in this case
A )
'Ev =sin 1 3
2. 9 . aN N
Thus DON = sin"1I 3. P tap )
giving , as D &exp(z/ H)
2
3N 3 9N, N ., .2
(2) QO N=(T=+55 5+—5)sin’ I
ass M 7,y

This equation is due to Professor V.C.A, Ferraro.
We have to solve equation (1) , where @ is given by (2) . The rate of

production may be taken to be the Chapman function
_ z -z/H
(3) Q—qoexp (1-H e secX),
where x is the zenith angle of the sun, during daylight hours, At

night Q =0, The constant q0 is the rate of maximum production.

Let & = Northern declination of sun, Q' = local time in radians mea-

sured from noon ( ¢' = 04 noon) . Then spherical trigonometry gives
(Fig. 6)
cosx = cos (.g‘S')COS ¢ + sin (E-S)Sin # cos ¢'

sun

-————--—.

Figure 6




— 102 —

P. C.Kendall

-sin & cos B+cosd sin 6 cos ¢'

The length of day, § , is given by the equation
1
0=sin§ cos 6 +cos & sin6cos E\P

Thus time can be measured in radians from sunrise by writing

§ =¥+ ¢
Then we have

sunrise  at ¢=0

sunset at ¢ =\

and 1
cos ¥ =sin8§cos 6+ cos® sin 0 cos (? - E(r)

(4)

= function of time ¢

The loss rate is proportional to N and is given by

= N -
(5) L =@ Nexp (-Az/H)
The exact value of A for the F2 layer is believed to be

AN =1.75,

and numerical calculations are possible in this case. However, a wide

range of analytic solutions L8 available in the case A=1, The constant

Bo has dimensions sec

Tllustrative solutions

The problem may be formulated in dimensionless variables as

follows. Note that for simplicity's sake we consider only the case
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Write
(6) t=vé

where
Y = number of secs in a radian =1,37X 10

(M) G-7@,

2

_H ~ z/H
(8) X _T_-—Do sin2 I (D = D0 e’ )
Then
ON _ z e_Z/H ~Mz/H 2/H
20 TP U TR Ty @ re ".:; HON
Also put
\5 -¢/20 and N = 'S v
Then
v ~$ise 1 a’v
(9) . T ede ;l, —
cY) s @ K 2y’

The solution of equation (9) is required under the conditions

(i) Solution is periodic = ©)2W
(ii) There are no sources at z = o (‘g = 0)

(iii) v «» 0 as zd=0 (4 )

Gliddon (1958 a,b) has provided solutions of this equation in full for
the case N =1 following earlier work by Ferraro and 6zdogan for the
case A =0. There are possible generalizations in the case A=1
which appear in the Journal of Atmospheric and Terrestrial Physic
under the authorship of Gliddon or Gliddon and Kendall, The analysis and

elegant mathematics are due to Gliddon.
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Exercise  Show by direct substitution that a periodic solution of
equation (9) with A =land cos X = sin¢ is
1

3 2
— ’ 5 X C(”%)
R SRR EL I

(o]

1 3 2
Ao o -~ xM¢, ¢ -20m)
1 4 2 oxp - ——
n E'qu e (6‘6) Z_ S X{A(¢’¢o - 2n'l')} exp - 4A(Q: ¢0-2nl) d‘o
n=1 ‘o 0

where 1 l 1
™ (4,9 -Qy 2 cosec ¢ cosh{ (e) 2 (4;(;*)} + Sinhi(g )2(¢0-’)}

1 L L
A (¢O)¢) = (@-‘) 2 cosec ¢ sinh{ _(%)2 (@0 ~*)} + cosh[(§)2(¢0 -’B

and
2 ; 2
x =4 (@8)2 'S
Note This solution does not satisfy condition (ii); however, Gliddon cor-

rected this in his later papers.

There is scope for more analytical work on equation (9) for the ca-

se M= 1.75 (or possiblyx= 2) .

The equilibrium problem

At noon and in the early afternoon the sun is nearly overhead

for about 3 hours, so that near-equilibrium may be reached. Then

aN/ag=x~ O
and, choosing an overhead sun for convenience,

cos ®1
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Thus
2 2
?qV 26 -3
(10) =5 -4Byy ve-dgTaed e
2%
One boundary condition may be found from the expression for \_/':'
If v =0
—a
N N & .
—_ 4 —
WD( T, ) sin 1
Thus
\_/:‘ w /9%

and we require

(i) qv/dd =0 at $ =0
Also

(ii) v90 as by .

These are called two point boundary conditions. There are two methods of

solution (a) the method of binary splitting and (b) the use of lattice

techniques. In the next lecture I shall give recommended formulae and

describe the numerical methods wused in detail, and briefly, before

describing how to integrate numerically equation (9) with ® /o £0.

Note that T q, e is a scaling factor which may be omitted

from the calculations and inserted afterwards,
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Numerical and analytical methods

The binary splitting method

We present two methods of integrating the equation

2 2

-] 2N -
(1) ——%-49:5 v=-4gbe

%
in preparation for the equation

dv -3 sec) 28 1 azv
(2) =— =Ye B% vV tT

o6 LY ;

The first is the binary splitting method used by Rishbeth and Barron.

Briefly, we observe that equation (1) may be integrated under

the initial conditions
V= v dv/o =0 at 4 =0,

where vo is a constant, However, in general we see that the solu-

tion will not satisfy the condition
vy 0 as 4

except for a particular value of v ,say , v = vo’ . In fact solu-
o 0

tions fall into two types: either vy o or ve-» - o . The different

types of solution are shown, in Fig. 7.
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Figure 7

./'\ N Isol“ satisfying
~~==- boundary

! conditions

In practice as N >0 always we know that a solution may be discar-
ded as soon as v becomes -ve i,e, when v<(, We also may
assume that a solution is such that v - o when v reaches 10, We

start with two solutions corresponding to Vo © v1 and v0 =V such that

for vl Vay -

for v2 vy +ow

Then test the solution for
v + v
( 2)

If it is such that va -mo we replace v by Vg -
If it is such that v-» +to we replace Vo by v3 .
In this way we refine the value of Vo as far as the accuracy of
the computer permits. The two {inal solutions give an approximation
to the exact solution, and it is obvious where they fail to give a good

approximation (Fig. 8);
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/ Figure 8

exact solution

{

A suitable starting pair is Vo =0 and v, =9 (say) . The me-

thods recommended are the Runge-Kutta ~method for starting the inte-

gration and Hamming's method for continuing it. These two integration
5
formulae are equally accurate (of order h ) but the Runge-Kutta method

is unstable when v starts getting large. This can cause convergence: to

a false value of V: . The reader should note that there are many

other integration formulae, including Runge-Kutta formulae of diffe-

rent orders.

Runge-Kutta formula

To integrate the system of d.e.'s

dyi

_-_=f ] 3wy i= 385000y

o Ly, y) i=Lz2 n
we have for n=2,

dy

1_
—d-x— - fl(x, yla yz)

dy
—2=f(x Yo ¥,)
dx 2771 79
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The Runge-Kutta formula for the increments in Y, and y_ correspon-
&

ding to an increment h in x is

1
= = +9K +2K_+K
b i T Ky i Fy Ty €212

where

(0] (8] [0}
=hf
Ko "By yg)

o 1 o 1 1
=hf(x® +h 1
Ky whie +shy +5 K ’yz 2 %02
K =hi (C+oh yP4s K 30 +1 K )
2 4 2T M Y2 e B

K. =hf(x  +h, yl +K

. . A +K 9) (i=1,2)
3i i

21

To use this in integrating (1) we have

n=2 ¥ -x vy TV y2=3V/aS

Then

dy
Ly =1 (%,y..7,)
dx 2 17791772
dy 2

2 25 -X
—_—= ; - 4 =
= Wy e Ly 3123y)

The procedure is quite straightforward, but we only make 5 steps,

then start using Hamming's method (with same steplength } .

Hamming 's method (see Ralston and Wilf

To integrate numerically the d.e.
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%E = i(x, y)

let x (i=1,2,...)be a sequence of values of x; spaced at equal
1
intervals, h, and such that the values y(xi) (0g i & n) are

. ind
known, We require to fin y(an)

To simplify the notation, write

B dy -
y, =) (5 f
X=Xi

then is evaluated by the following method :

yn+1

4h
ictor : = +—L - +
(1) Predictor : Poe1 Yoo 3 3 (an fn-l an-z)
2)  Modifier : - 20 lc)im fx ,m.)
(2) oditler = M 1 TP 7121 Pu T M Tht T Fner M

1 [
. == - + ' 49f -
(3) Corrector: Cn+l 3 9yn Y9 3h(mn+l 2fn fn-l)]

)

i . = i
(4) Final Value ) Cn+1 + 21 (pnJrl Cn+l

Lattice techniques

Assume that the solution at § =0 is v,s at f -his Vi

=2h i d . Th
ats 2h is v2 and so on en

2 - +
v n-1 2Vn Vntl
2~ 2
()] h
Suppose 'S ='S at v =v . The finite difference approximation to
n n

equation (1) is then
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2, 2M
Vn-l -2 4@1 . .sn )vn ¥ vn+1

(3) 32

= - 48 h2$ne-

At % =0 we have ®v/d% =0. The correct procedure here is to
introduce a spurious value v 1' outside the boundary, Then on the

boundary S =0,

v VitV
e =0
Y 2h

(4 Sy e

The d,e, is satisfied on the boundary, so we obtain from (4) with

n=0 in (3) (§_=0)

- + =
(5) vorv =0

There is no easy way of exactly ensuring that v 0 as S % . Fron

(1) we observe that for large values of § (§>>1)
2
1-2% -%
vV X s e / (s
Thus we choose for n large enough (=N, say)

2
- .S 1-2&9-33 /6

(®) N

and impose this as a boundary condition. In practice (b‘ ~ 30 and

we could choose ‘SN =1as a remarkably good approximation to oo,
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Equations (3) (5) and (6)

-y +v
0 1

~Av +v
Vo O 2

+v

- A
Vi e'e

where

) 242A
A =2 +4fgh sn

This system of equations is
straightforward enough to solve for

given by Richtmyer,

give

v

us

(0]

the

VN- 1

P. C. Kendall

set of N-1 equations

) 1-28 -
Pyl e

fN/@

2
e a2 o On
Fn—-4~6h ‘Sne

called a tridiagonal: system, It is

by using an algorithm

Algorithm for solving tridiagonal system (see Richtmyer)

Suppose the general form is
{8) Ci vi_ + Bivi + Ai vi+1
Set (9) v, ® ri Vitl + Hi
(10) YTt TR

:K‘
1

i:o, "-u ,N"'
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Then
+C.H +B v +A =K
GtV TGN TR A i T
+ =K -C H _-A
(1) or vi GTia PB TR G E L Ay
Then comparing (9) and (11)
-A Ki - CH, 1
(12) S e B )
ii-1 i ii-1 i

st . . St cp
Now from 1~ equation ; i.e., 1 ~ boundary condition

o
K A
or v =2 .2
o B B |
-} o
AO KO
4 S e — = —_—
s0 (14  r -3 ;(15) Hj c
° °

Method of Solution (1) Calculate H, ‘\'i for i =1, .., M= using (12) - (1
i

(2)  Using (10) repeatedly calculate \A

2 2
Numerical solution of QN/3t = d N/9dx (Note that the methodes given

here are only two of many possibilities)

Well formulated problem (Fig. 9)
h = distance between t lattice

h = distance between x lattice
X
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--L-'-J------u--------
| t—>
-1ﬁj' *- - en En o» o 6 S G 6D S u &

L' - s S b U P S ah & i & o

o o
o
XO  E O |
oty b tyee
Fig. 9
In a well formulated problem N will be given at time t=t0
as a function of x and it is required to find N =N(x, t)at all
later times under given boundary conditions: one on x=xo and one
on x =x_,
n
Wrong numerical method (i.e. wrong for slow computers)
Denote by brackets { -}t the value of any function at time t.
Then }
N -{N
+
aw o‘ tht o)
t 7 h
3 t
and 2 fv o +x - 2v}
IN -1 1 t
2 ~
ox h2
X
. T . 2 2
giving on substituting into IN/ @t =9 N/ ¥x

h
¢
{N]Hht ={N}t +F{N"1+N1 -2N0\ )

Note It is common practice to refer suffixes to the central point

as origin, thus at x we have the situation shown in Fig. 10
n
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|
R st
Xp ==—dmeeQ e N is Ny iNo is Ny
s —--'L---I Ond NI iS Nn,..l
Fig. 10

This gives quick and unstable integration from time t to time
t +h . The method is not recommended (except for very fast compu-
ters where the steplength can be made small enough to achieve stability.

Crank-Nicolson method (See Smith)

Evaluate all derivatives at a point 0 midway between

the two t lattice points at X=X

{No} t+h, -{No} t

~ h
ot X

N +N -
62N { -1 N1 2No] td h
7 2 2t

X h

X

But we have no known values of N at t+=h, so we use the

t

[

approximation

1
ft%htz E[If]t +{f}t+ht]
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2 2
Then, substituting into 'aN,/ ot = 9 N/ ox using the abbreviation

s =h [2h 2
t X
gives
N =
iNo} t+h, { o}t
N - 2N +{ FN, - ]
s[{N-l 1 o} t+h, NN ZNo} i
that is

“SS.N-J t +h, v+ 2s) {No}t+ht ) S{NJ thh,

=8 {N-l}t (- 2s){N0}t +S{N1} t

Thus the integration proceeds from time t to t+ht by solving a
system of tridiagonal equations like (7). The first and last equations

of the set are formed by introducing spurious points outside the boundary,
if necessary, and by assuming that the differential equation is satisfied

there.

n
Consider  the operator S fi(xl’ . xn) 9/ X, (%)
i=1

This may be reduced to the form afl /3(1' by suitable transfor-
mations given below, thus making soluble the generalised diffusion
equation

n

Z fi 3N/3Xi=q-L+9N (e
i=1

which can then be subjected to automatic numerical procedures.
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In full () becomes

d f

22

d

b

f

d f

1Y

dx f

n. 1

dxl f1
ith s , X FX , ..., X = t = .
wit Xz X20 3 30 n Xno 2 x1 0

This defines a series of functions

Xy ” XZ(XI’ X20’ *30’ " *no
Xg = XXy Xgor X oo X))
x =x(x,x ,Xx X )

n n 1 72 730 """ "no
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Consider the transformation from the variables xl, X2"°' xn to
variables xi , x2' x'n defined by
X !'=x
1 1
"= ;X X
Xy T Xoolpe X, n
=X (X, X, ... X
%3 30( 2 n)
x'=x (x,x, x )
n no 1 2 n

Then we know that

9x 3x dVx
}’ : - s 5. :X
% X p 9%y ¥ By 1 %%y
£ £ fg
= ——a——+_f—2- _..a__ +_3 38_ +...+ 0 5
o) f w9 5 %

and so (% ) becomes

n
. o % ¢ S
1 SX'I i=1 i axi

Note that all the transformations of variables can be carried out
numerically, even if exact integrals cannet be found., The variables
X

X X retain the vajiues of x_, x_... xn at the start of

20° 730" 777 Tno PR
the integration, At any subsequent point we obtain from (yy)

N = N(x,'", x_,x_,...x +other coordinates)
1 20 3o no

The values  of xl, xn at which this 1is the solution are obtained
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by integrating the system of equations, Note that in any case these
would be needed in the computer at the correct stage of the

calculation,

Exercise . Use the above analysis to derive the transformation

which reduces the operator

|u

b ——
—3T+Wosm wt+8

a

[- 7]

. ]
to the form S-F , where v , & and W0 are constants,

W
Answer t'=t, a' =a+—69- cos wt+8
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Lecture 4

The diffusion operator with curved magnetic field lines (neutral air at

rest!

We choose to write the diffusion equation in the form

ON
(1) 3 "L +W91N+DE)2N

where W is a constant with dimensions of veloci’cy,91 is  the

Hall drift operator defined by

4
(2) wl N -V
and 92 is the diffusion operator defined by

3) DN = - V.(NV.")

Geometry of geomagnetic dipole field lines (Fig. 11)




Field lines are

(4)

Thus

(®)

where
(6)
Also
(7)

Thus the tangent

— 121 —

P.C. Kendall

family of curves

o2
r=a sin @

sin I1=2cos 6/ A cos I =sing/ §

Q- J(1+3 cosze)

tan I =2cot 6
A

Tto a field line is

A
(8) T={sin I, cos I, O}
i aa
v-rr.9
A ] cosI @
= —_— + —
Tisin Iy "7 %)
Form of 9 2
Thus as , .
2NKT .. "
(10) D \11 Y(ZNkT) +Nmi§
we have
oN , cos I aN N sin I
L + -~ =
(1) Nﬁ_fi DT sin IT - 39 T )
QN , cos I AN +Nsin I
| T +
Hence Y-NYi (T YD (sin 3o +—— 30 + =)
(12) 3 .
N cos[ N  Nsinl
- +
D(LD) (sin e TR
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Using the fact that D ot exp (z/H), where z=r - r and r = r

is the base of the F2 layer, this gives

Nsginl
2H

& ,cosl

QN=(sin [ — + ﬂ+cosl
2 or r

r r

)

) . 9N
W)(smI -—a—6+

(13)

sin I A . 1N ,cosI @N Nsinl
+2—  +(R.T W (sin [ &£ 4+ —_— 4
{ H "")} dr r 99 2H )

It may be verified that

A 3
(14) ¥.T =(9cos@ +15 cos30)/rA
Form of 01
We have
5 VL‘ B/B2
(15) Vi By % B

Also , the electrostatic potential is constant along a field line so

that
(16) Q=-Fd, 3,

where ¢ is the longtitude (t=7¢ , where T =number of seconds in

a radian =1.37 % 104) . Then

(17) Ey=-grad @ ,

and so in spherical polar coordinates (r, 8, Q )

1 2 cos 6 oF
E :( - 0) —
— 3 3 ]
H sinze sin 6 da
1 oF
(18) +0, 9, —/m — )

rsin 9 O¢
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That is
= A 1 sinI, 0 lF—
E '3(cos,-m, )aa
sin 6
(19)
1 oF
+ - =
(©. ’ rsin @ a¢)

Also if M =dipole moment, B=M A /r3 and

M—g(sin I, cos I, 0)

(20) B -
T 2
Thus . __MA" F
gﬂxg_ 3 3 aa(oxoxl)
r sin §
(21)
- 4MA -a—F- (cos I, -sinl, 0)
r sing @
But V.EmB) = E.(!xl_c‘“) -E.(VeB )
(22) =0
So
WON (& xBTS
B
(23) :—_—M.Az_ E 1 —( rs “)
r3sin30 9a rsin g 0’ M2 A2
: 6
13 19
<+ 4MA L (cos Iair '51: 'a—a)( 2r2 N)
rsin g 8 M°A

2
And as r =asin 6

W9N=_gi_ _?Eﬂ+r23F&’(cosI§_I\I_sirnIQ_N_)
1 M da 3p HDO r  r 396

6r(1 + cos2 6) dF
¥ 2.2 ag
M(1 + 3 cos )" P

(24)
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Finally to make this dimensionless we may substitute

W M
(25) F= == 1),

r
o

where f is dimensionless giving

2 2 )
91N=-_E‘T§f_ N, rzaf/aé ( cos I:_I_\I ) smrI %\r)
I‘O 3a 34’ ro Asine r
(26) + 6r(1+c0526 y__ N

2,4
ro A %
Finally, we make the substitution

(27) N-ed2H ¥

to obtain the dimensionless form of (1), namely,

AV z e-Z/H - Az/H
ae T U E Ty B T
(28) JJH
WO VEEI O v
1 ¥ 2
H-‘Q' V=[—i at 3y +r2 3t/ab (cosl—a—Y-sinI v
! r2 30 3 rozAsme r T e
(29)

+[_ r2 cos I  6r(l+ cosze) of V}
2HY 2Asin 6 r 2A4H a?
0 o
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20 1 v 1 B LcOs T @ 2
H QZV-(smIar +———r ae) v
(30) RIS SR B I-!79-)‘1
o Ar r 3
where
(31) W's AW/H

1
and ﬁ and ¥ are as before , except that a factor sin®I is omitted fro
¥ +We wish to integrate equation (28) , which is a partial differen-
tial equation in 3 independent variables, This is now possible, and

I first outline the difficulties.

Difficulties
field lines
¥

w W

Fig, 12

Roughly speaking we are integrating outwards along lines L " to

B (Fig, 12) . The line z =0 is not a natural boundary in our coordinate

system (Fig. 13) .

1. See Lecture 2, equations 7 and 8,
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. ~/\/. r
line {E N /\’, Nine L to B

natural boundaries

Fig. 13

Also as rae the total length involved a‘ong a field line becomes
infinite and the region of integration becomes infinite. We therefore

need a coordinate transformation which

(a) transforms Z =0 into a natural boundary

(b) transforms z = into a finite point.

A suitable transformation is

2

) e-hr/H ) e-ha/H
X

R -h
. hro/H_e a/H

-hr/H -hr /H
e -e 0
e-hrOZH ) e-hafH

(33) =1+

where

h = dimensionless constant >0
and

x >0in Northern hemisphere

x<0 in Southern hemisphere
If a > r

- e-hz/ZH

~
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On equator r =a,

Also atr=r ,
(s}

x = 1 (Northern )or -1 (Southern)

We thus obtain the mapping shown in Fig, 14

Xw| z=O(N)

XsQp==weoneae--- gquator

x==| z=Q(S)
Fig. 14

Choose as independent variables

-hr [H
9 e-hr/H_e 0 A1
(34) x =1+ /H =1+
-hr/ B hafH 4
e -e
and
_r
a = . 9
sin 0
Then /
~ha/H
(35) ® 1 8 4+(.h M i 82, 9
Ty 00 BRy HAT eryd
A e-ha/H
(36) 19 . 2cms6 8 il % 3

r 36 sindg 32 B Azz ra6’ 3(x%)
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i 9 . -hr/H
. # cos el + 2 Y 2};{_ : cos 8
aI‘ r a Az a(x )
giving
) -hr/H d
o e b
P) He o -e ) 3%
Similarly 2 -,
sin 91__2_59_3___93_5_A (E—_IILQ |
’ AT R A S Y
h sin 8 e-hr/H ’3
) 2
HA, 3x)
giving Ii sin I a_ - A d
cos 3ar r Y sin30 ry
(39)
b {618 ha/H si. e /H 3
- 3 . a xz
A\ sin"6 A Aa (x%
Therefore
2 2
©rv. LY 3V _aH Bt BV
1 r 2 N da r2 a2 o
0 o
(40 b a /aq{uz-uae-halﬂ amee™ 5y
rdeins (Asin's ol ey
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2 2
(40) +(?er(12+ T A COSI] o !
L rQ 2r” A sinf 4
0 o
and
V- "éhsmlehr/ﬁ)’(i_ﬂ_j_a__
2 \e o/l | o B8 \13 4x2 aD
b sm’I + 2(hH/as%) | { o-hr/H 9v
(41) 2x(e” bro/i -ha/ﬁ) \ ax)

-/M*va%}lsinle'hr/n )_aj_
‘ S P
\ 2 x(e ro/l e ha/ﬁ) ax

which simplifies to (see (14))

42 ®,v- {_....__.__._.h sin 1 6™7/E2 g2y
]
2x A2 ox
-h -
_ ihsin’I “he/H {(1 th)e r/H_ g ha/t o 1out + 10u% - 1 oh}ﬂ
~hr, -ha/H -
”‘2 e o T 202/ ox
- e
Check : If a > r and h =1, xx e z/ 2H =90
I 0
1 -z/H
then 92' Vx T 2 Y V/ax in agreement with Lecture 2,

equation 9 (‘5= ) .
We shall take

(43) f= (r “fa’) cos $

giving a Hall drift which is independent of a at the equator and o€

sin 4’

The full diffusion eqution is thus
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(1-2“:Hcos¢ ) g—:+W'Hsin¢%§

ez/H { h sin 1 e.hr/H } 2 QZV
¥ 92x A, 3x°

_ihsin®l e

(z-hl‘)/ﬂ f(1+h)e-hr/ﬂ - e-h&/H R 15u4 + 10‘,_(2 -1 -2h

L xh, ¥ [ e/l ha/H ru?a? /M

ol 2 .. o - N
. Whr?sin g ((x’-1) % ha/H + sin'6 e hI‘/HJ-J‘ v
ax

2xa’A2A°ain‘a

['6&1 + c03%0) _ r? );]V

- W sin ¢
La'(1+} ¢0s%6)?  2a%(1+43 cos?0

_Ge-kz/H v
-z/H
(44) * Taq eexp ('éﬁ'%ggx—)

We see from lecture (3) that this can be now integrate

numerically.

~

J
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Lecture 5

Equilibrium solutions
Diffusive equilibrium (and comparison of theoretical and satellite results)

When the velocity of the ions is zero, i.e.

(1) vV =0

we have a situation known as diffusive equilibrium.

You may be surprisedthat such a simple situation could occur at all;
however all this means is that the ion gas is in hydrostatic equilibrium,
Production Q and loss L of electrons could only be occurring if

Q =1L, but this is wunlikely to occur simultaneously with (1) . The ion-
electron gas has half the mean molecular weight of the ion gas and so

if the temperature is uniform

() N o€ exp (-z/2H)

where z is the height above some fixed reference level and H is the
scale height of the ions, It follows that (2) should satisfy equation (44)
of the previous lecture. The student should verify this as an exercise.
Note that this is also a useful check of complicated diffusion equations.
Thus , what we are in fact obtaining when we use (1) is a solution of
equation (44) of the previous lecture, for the case of no production (night-
time) and no loss ({3=0). It follows that in investigating solutions of th
full diffusion equation we first study diffusive equilibrium. There is another
reason for doing this, We can include the effects of a height varying tem-
perature field quite easily. Consider a constituent characterised by ionic
mass mi , partial pressures pi, pe for ions and electrons, and electric
field E . For equilibrium of the ions along a field line where I is the

dip angle
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dpi
— 1 +
= N m, g sin I Ne ES ,

where s denotes arc length and ES is the component of E along
a field line, For equilibrium of electrons, neglecting the electron

mass,

dp

e
— =.Ne E s
ds € s

Thus, as p = NkT = Py where T = T(z) is the temperature, z being
i

the height, we have along a field line

dp. p.sin I
1
2H(z)

where
H(z) = kT(z)/mig

ds |dz

Fig. 15

But along a field line (Fig. 15)

dz =ds sin I

Thus
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giving
dz
o I
Py exp .[ 2H °

Thus alonﬁ field line

1 dz
(3) Nc‘i“ exp '[ﬁ .

If & is the latitude, the equation of a field line in
cal polar coordinates, r, ,(P (6 = colatitude, qJ = longtitude) is
. 2
(4) r=a smze =acos o
we see that
(5) N=1fa)  g(z)

where f is some function of a only and

1 d
(6) glz) =7 exp - f o

spheri-

On these assumptions, (i.e. ignoring variations of H with respect to lati-

tude) we can compare theory and experiment.

*
Satellite Aloutte I results appear in the form of Fig. 16 , which

shows electron density versus latitude, each curve being for a fixed

height above the ground (shown in Km) .

% Taken from a private communication from Dr J.W. King
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MEASURED CURVES (King)
10:00 LMT 10/3/62

Altitude (km) /
of /
470, J

#N WAL Figure 16

. K N
Eorth Magnetic \ \
4 Field Line \ \\ RN
-~ '\ \_\\-\'\‘\
7 2 . \\\'\.\Q\
£ 660 " e, R NN
Fem SN SN
o O I IS
; 0 1 | 1 A I | | L 1
2 ¥ 4
3
o
512 Atitude (km) THEORETICAL
5 440
w 450
10
470 Figure 17
490
8
510
530
s 550
Earth Magneti §70
4 Field LimGlo

Magnetic Dip Angle

A clue as to the procedure is seen when we take K =
constant and f(a) = any function with a single maximum, Then we
obtain Fig. 17 (see Goldberg, Kendall and Schmerling, 1964, Journal of
Geophysical Research 69 , 417-427) .

This is so similar to the previous diagram that further investigation

is worthwhile, Baxter and Kendall, 1965, Journal of Atmpspheric and
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Terrestrial Physics 27, 129-132 have made quantitative comparisons bet-
ween theory and experiment, Thus, if the lowest of the constant height
experimental curves is assumed to be given together with the equatorial
profile, we can deduce all the other curves using this theory. As the ex-
perimental curves are also available this is an interesting comparison

between theory and experiment. Thus, at fixed height z = z, (say) we have

N=N (z1 , &) = given function ,

where oL = latitude , Thus , putting r s re + 2, where T is the earth's

radius and using (4), (5) gives

2
f(r1 sec of )= N[zl' a.] /g(zl)
giving

-1
f(a) = N[z1 , CoS /(rl/a)] /g(zl) .
We also know that at the equator
N = N(z,0] = given function.

Thus from (5)
g(z) = Nz, 03/t (r)
=N [z, 0)/ir_+2)
If follows that at a general point
N=i(a) glz)
Rt (xeos” Jir cos’s /e (2,0
oy e e /o ]
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The results of the investigation are shown in Fig. 18 . The solid

lines are observations, the broken lines are theory.

~

(electrons cm™)

Eiectron Density x 10

Figure 18

Magnetic Ldtifude

All we can conclude without. further information on the temperature and
composition is that mathematically the distribution N is almost separable

in the variables z and a.

Effects of electrodynamic drift on the topside icnosphere

By expanding in a power series Baxter, Kendall and Windle,
Journal of Atmospheric and Terrestrial Physics 1965 _21, 1263-1273
have studied the disturbance of this type of diffusive equilibrium by an
upwards and outwards Hall drift, They find that the ionization adjusts
itself so as to compensate for the Hall motion at right angles to the
field lines. The diagrams will not be reproduced in these notes. The ad
hoc methods they used to solve the diffusion equation show that there is

room for mathematical work 1in this field.

Equilibrium solutions and the effects of electrodynamic drift

Bramley and Peart (1966) and Hanson and Moffett (1966) have both
integrated the equilibrium equations with realistic prodiuction and loss

terms. The word "equilibrium" is taken to mean @ /dt® 0. Thus we take
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¢ = constant and put @ /a¢l 0 in equation (44) . Then, using obvious

abbreviations
v =f(x,a)+f (x, a )}V+{ (x a)a—v+f(xa)-Bzi
aa 17" 7o 277 7o 3’oax3’0}12’
o X
where

= a/H
a_ af

It should be noted that these authbrs did not use the mathematical transfor-
mations of Lecture 4. The problem is clearly readily tractable numerical-
ly. The calculation is started from the field line a, =(6550 kaH

and continued as far as may be required. The boundaries of the system are

shown in Fig, 19

X=0

dipole field lines
(a=constant)

level z=o
N Xx= | }  x=- S
equator
Fig, 19.

The problem in the ao,x plane is straightforward (Fig.20)

| X=l
] ¥ ]
: . 1 . )
of 1 : : —> qa, direction
Y I Figure 20
ho X==l

h = steplength of numerical process
in aodirection
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On the boundaries (which happen also tobe 2z =0, we put V= - fl(x,
ao) / f2( X, ao). The results obtained are sketched in Fig., 21,
N (electron Np
density)
|

L
! : ! |
| |ed-equator ! |e—pequator
ISN 15 1SN I5%
latitude latitude
Observed (Appleton 1947)  Theoretical
(n00n) (symmetry)
Figure 2l

A drift upwards of about 10m/s is needed, with typical F2 layer
parameters, to produce a suitable "Appleton anomoly" in the case of sym-
metry. Hanson and Moffett find that a SN wind of 60 m/s could cause

the observed asymmetry, but do not claim this as explanatinn.
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Lecture 6

Time dependent solutions of the ¥2 region diffusion equation ( with
Dr. R.G. Baxter) Using obvious abbreviations, the full diffusion equation

of Lecture 4 (equ.44) becomes approximately, if W'H/a « 1,

AV oV
2% +1() 3a
(1) 2
v v
=1(x, 8, )+ £(xa4)VH,x, a.0) 5 *1,xa.$) 2

The operator on the right hand side may be reduced by integrating

the equation

da
3% - 1)
Thus , as the integral is
¢
= +
a=a J’ fdé ,
0

where a is a constant of integration, the required transformation is
o

1"=¢ é
(2) a'=a-I f d¢
0

That this algorithm works can be seen at once, for

! '
3M3+aa 9

22 0
a¢l aai
Also
9 P
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Thus
)
__;g_a_.;vf_é_
¢ 29 92
Using variables
x, a2, ¢ ,
so that ¢’
fi(X,8.¢) =fi(X. a'+ { fdd', ") i=1,2,... 4
0
equation (1) becomes
2
(3) —a—V!=f +fzv+f3lY_+f4___3‘;
' ! x Ix

This is the form of equation dealt with successfully in lecture 3
by numerical methods. Mathematically we simply choose a value of a',
then integrate in ¢ ' as usual, using the Crank-Nicolson method to

advance

X |
-»direction of

X= Oprmmcdupescans ‘W

Xz~

Fig. 22

t [}
the integration from ¢' to ¢ +8§(Fig. 22) . On the boundaries we put
V=-f 1/ f, (boundary condition)

i
The integration is started at Q = hQ|, where h¢| , 1is the step length
in the @' direction. This avoids difficulty with the singularity at §'s0.
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We can thus develop the values

V=Vx a9
Hence

V= V(x, a,4¢)

Then the electron density is

N= e‘Z/ZH V,

where z denotes the height , and H is the constant scale height.

Physical explanation

Figure 23
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Fig. 23 shows how the Hall drift E ¥ ]_3_/B2 combines with the earth's
rotation so that a magnetic field line moves up and down and also rotates
about the axis of symmetry, We have simply chosen coordinates moving
with the field lines. The diagram showg the surface described by a

moving field line as it passes round the earth.

Processing of results

The results appear as tables of N, the e'ectron density, against

x for a given (P' and a'. This immediately gives us

aza+ [¢f dé,

0

so we then know which field line

r=asin 0

we are on. Knowing a, to each value of x equation (33) of lec-
ture 4 gives one value of r. Thus we can make the computer print

out

0.1 - - -

(say) 0.2 - - -

1.0 - - -

The problem can thus be readily converted back into the original spheri-
cal polar coordinates r, 6, ¢ . (of course 4’ measures the time,
because t=’r¢) . As a final grace we can make the computer interpolate

(0]
to 6=90", 89°, 88° ... and also £-0, 0.5, 1.0... This enables us to
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draw curves of N at fixed latitutle or fixed height.

ths ical data

The measurements of electron density in the ionosphere are
made by ionosonde from either the ground, thus dealing with the 'botto-
mside' of the ionosphere, or from a satellite, thus dealing with the
'topside' ionosphere. A radio wave travelling into the ionosphere is re-
flected at a point where the electron density has a given value which
depends on the wave frequency. Thus, in a layer with a single maximum

of electron density there is a critical frequency foF2 ( in the ordinary

mode of propagation) beyond which radio waves pass through without reflec-
tion. There is another mode of wave propagation, the extraordinary mode,

with the critical frequency fEF2 .[See Ratcliffe's book]

Thus an analysis using the critical frequency IOF2, from
many ground based stations gives results such as those of Appleton

(1947) (Fig. 24) and Martyn (1959) (Fig. 25)

Nm
Nm (maximum electron
/\" density)

N 15° &® I15°S
Appleton anomaly

(noon)

Figure 24
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b m e

N\
20 )

&0° |
L
§ ~
-é 300
,,x
¥
(&
(o]
§ 300

69° {

Locai time,  hr

World curves of f,F2 for the equinox, sunspot minimum year 1943-1044
{after MARTYN),

In lecture 5 we saw some curves (resulting from a satellit ) of N at
fixed height as a function of latitude. These may be found in King et
al (1964) . There are now many of these results available as printed
tables e.g. from the Canadian Defence Telecommunications Laboratory,
Ottawa. Ground based results have been given by Croom et al for N

at fixed height.

Results. Figures 26 and 2Tshow results for typical F2 region parameters and
drift amplitudes of 7.3 m/s and 73 m/s respectively, Note the develop-

ment of the Appleton anomaly. These results are only preliminary,
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Clearly 73 m/s is too large, as the trough is too deep. However, the
results do show that Martyn (1947) had a good idea as to the real cau-
se of the Appleton anomaly. He proposed that Hall drift would transport

ionization away from the equator, thus producing the trough.

Near the dip equator, at stations such as Huancayo , the diur-

nal variation of Nm has a double maximum, as sketched in Fig, 28

Nm

61218246 6 12 18246
sunrise sunrise
timeChrs) time(hrs)

moderate latitude Huancayo (say)
(sketch) (sketch)
Fig. 28
This is reproduced by our theoretical results for a drift amplitude of
73 m/s as shown in Figure 29. It should be stressed that 73 m/s is too

large and that these results ae only preliminary.
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Lecture 7
Motions of the neutral air induced by ion-drag (Nith Mr, W, M. Picker-
ing) The ion-drag problem (owling (1945), Hiroro (1953), Baker and Martyn

(4953), Hirono and Kitamura (1956) and Dougherty (1961) have suggested
that the motion of the plasma(in the F2 region) could itself set the neutral
air in motion, Consider the case of moderate latitude, with a horizontally

stratified atmosphere, as inlecture 2 (see Fig. 30)

A

2y ol

u
--/' horizontal

I=dip angle

Fig. 30
Let ube the diffusion velocity ( along a field line )and v be the spe-
cified Hall drift. Then if the neutral air has achieved the same hori-

zontal velocity as the ions,

va=ucos I-v sin I

But along a field line the plasma equation of motion is

d(pi * Pe) _
ZNST (u - Vacos I) =-sin 1'_3‘2‘— - Nmig sin |

But p, =p_ = NkT (we assume ) and H = kT/mig. Thus
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eeveorl. -2 AN, N,
mveotl- Yesin1 3z T7m
e A . A .

and if t is the unit tangent along B and n is the unit normal

shown, the continuity equation becomes

aN

3 =Q-L - !Nut+vn)

:Q-L-/t:.!(Nu)-v_r_l.YN

A
But t = (cos I, sinl)and is = ( - sin Iy cos I). Thus

oy, 3 v cos1 2
at =Q-L-sinl (Nu) - vcos1I 3
9 L oN, N
=Q-L-5, P ")
Thus as
D X exp (z/H)
we have
3N
39 L+p®Y%,
where
P M Bt TR
Tyt W R 2

Looking back to lecture 2 we there obtained

® = sin’] o
We also see that the electrodynamic (Hall) drift term v has been
completely cancelled . The consequences of including neutral air coupling

may thus be serious.
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The temperature gradient problem

Apart from the problem of ion-drag there is another problem.
King and Kohl (1965) have suggested that as there is a temperature
gradient in the upper atmosphere (see their references) it might drive a
neutral wind through the pressure gradient ., Bey showed that in the F-re-
gion the major force on the neutrals, apart from this pressure gradient,
is due to their collisions with ions . It is clearly of interest to investi-
gate the coupling between the plasma and neutral air motions. A given
temperature gradient would certainly set the neutral air in motion; howe-
ver, the velocity would be coupled with the jon velocity; giving rise to
a coupled system of equations. If the ions were at rest, the problem of
working out the neutral air velocity v would be relatively simple.The
ions are, however, free to move along the field lines . In .he I'1 layer,
for example, diffusion is regarded as unimportant and Geisler (1966) has
shown how the problem of neutral air motion canbe treated . We he-
re consider the F2 layer where slipping between the moving plasma and
the neutral atmosphere is believed to occur, The configuration in Fig. 3
will be used. The magnetic field B is taken to be horizontal., The x-
axis is also horizontal. The y-axis is vertical. All variables are functions
of x and y only, being, in particular, independent of {ime. The plane
x = 0 is taken to be the equatorial plane, and there is supposed to be

symmetry about this plane,

equator

Fig. 3|
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Notation

n = equilibrium neutral air density
=n_ exp(-y/H)
T = equilibrium temperature , assumed uniform
H = scale height = kT/mig
mi‘—“ mass of ion { = mass of neutral atom)
k = Boltzmann constant
g = acceleration due to gravity
A = velocity of neutral air
vy = horizontavl velocity of neutral air
Voo = vertical velocity of neutral air
v, =1ion velocity

u = ion velocity along a field line

Hall drift 1 v to a field line = constant

<
1]

T' = artificially maintained small temperature perturbation
D =twice coefficient of diffusion ions through neutrals
n; = perturbation in neutral air density

@ =rate of production of electrons

L = rate of loss d electrons

In the model we assume that all temperature gradients, velocities

and their effects are small,

We also ignore the self viscosity of the neutral air.
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Equations of the problem

The horizontal and vertical linearized equations of motion for

the neutral air are

INKT LI 9 \
— (v, -u) =.-—.(nakT)- ™ (nakT)

(1) D al ox
and

2NKT T PRVRAEE B
(2) ) (v::12 v) 3y (nal kT)- 5y (nakT ) -m.n g

The linearized horizontal equation of motion of the plasma is

2NKT )
u- T o —
( val) ox

(3)

We note that there is no vertical equation of motion of the
plasma,as it moves vertically with the given Hall drift v, assumed

constant, Adding (1) and (3) gives

K (n'kT + 2NKT + n kT') = 0
X " a a

Thus
n' +2Nn T'/T=F(y) ,
a a

where F is an arbitrary function of y. We shall assume that
n;-DO N-»0 and T'»0 as X900 ,
giving
'+2N +n T'/T =
(4) n! naT/T 0
Substituting back we obtain

D
= + -_— —
(5) voTutg

(6) V., =vts T bm ot




— 152 —

P, C, kendall
Assuming that N << s so that production and loss of neutral air
molecules are negligible, the linearized continuity equation for the
neutral air ie

divnv =0
a—a

Thus, substituting for Y from (5) and (6),

2 naD aN 3 naD

\ P TAO §
(nu) ax(N bx _ryTay) By(H)

d
3y o t ey

éx

(nav) =0

Whence, under conditions of symmetry (u =0 at x=(), and assuming
that
-1

D&Xn
a

We obtain an expression for the horizontal velocity of the ions, namely,

X vx X a3 naT'
(7) U=-D[ VlOgN dX+i-D[ a—y(m)dx
0 0

This enables us to form the diffusion equation from the continuity

equation for electrons, @ - L =div (in) . Thus

B K R S 3N .1 &
_Q-L+—3—XNDIO V log Nax-v (35t e 0N
(8) a X a nT'
¥ SYNDS ay(ZHNT)dX

o
Thus, even from a very simple model we have produced a non-linear

diffusion equation .
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3. Conclusion

It is of interest to compare equation (8) with the the sim-
pler diffusion equation which might be obtained by making earlier ap-
proximations. For example, if we had argued that for the purpose
of calculating Yo the ions might as well be assumed stationary, and the
pressure gradient might as well be assumed to be (3 /o )qhakT'), we

would have obtained

) D _a_naT'
) Vc.l_ -—Zﬁ X _—-'-I‘_)

Then the diffusion cquation would have become

1
3N an, 32 Pt
-v———+—(
axz 3y 2

(10) 0=Q-L+D 2T )
This equationis linear, and has terms correspondirg in turn to each
term in (8) . It is, nevertheless, incorrect. We note, however, that
a temperature which is, higher at the equator than alsewhere would
give rise to terms of the same sign in (7) and (9), corresponding to
transport of plasma away from the equator.

We conclude that although current F2 layer theory looks promising
there are still questions to be answered concerning the coupling

between the plasma and neutral air motions .
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Introduction,
In this series of lectures, we shall deal mainly with the mi-

croscopic theory of brownian motion,

Brownian motion owes its name to an English botanist, Ro-
bert Brown, who noticed in 1827 the fact that small particles suspended in
fluids perform peculiarly erratic movements, The origin of this phenome-
non is of course quite simple: we are dealing with a manifestation of the
molecular motion,

The first satisfactory theory of brownian motion was produced
by Einstein in 1905 who derived the diffusion equation. This result has
been particularly important because the expression he obtained for the
diffusion coefficient D allowed a determination of Avogadro's number N
by Perrin,

Thereafter, the phenomenological theory has been widely develo-
ped. A very good presentation of the ideas used can be found in a re-
view paper by Chandrasekhar 1). We shall give a brief summary of these
ideas n chapter I. The starting point is the Langevin equation which intro-
duces as basic assumption the fact that the interactions of the particle
with the medium have a twofold effect; first, an overall dynamical fric-

tion, then a fluctuating force. Intuitive assumptions about the statistical
properties of this fluctuating force lead to the Fokker-Planck equation

for the time evolution of the probability distribution of finding the particle
at a given point in space with a given velocity. One of the most interesting
features of the Fokker-Planck equation is that it is an irreversible equation;

it predicts an irreversible evolution towards an equilibrium distribution.

The stochastic theory has been widely used and proved success-
ful in the study of a great variety of phenomena. Neverthele , it requires

a good deal of intuition to reach a phenomenological description of the
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effect of the medium on the particle. However, intuition can sometimes
be misleading ;. therefore, there has been much effort to understand this
phenomenon on a microscopic level, Such an effort can be rewarding
in several ways ; it will clarify the conditions under which the phe-
nomenological theory will be valid, it will give us the phenomenological
constants in terms of molecular parameters and finally, it may be ho-
ped that it will show us the path to follow when the conditions
for the validity of the phenomenological theory are not fulfilled.
An understanding of the brownian motion on

a microscopic level necessarily requires the consideration of an
N-body system, It is quite obvious that the detailed description provi-
ded by the laws of mechanics cannot be used directly and that one
must resort to the methods of statistical mechanics. A most useful con-
cept is the idea of an ensemble introduced by Gibbs. In classical sta-
tistical mechanics , such an ensemble is characterized by the
N-particle distribution function which obeys the Liouville equation.

The Liouville equation has been the starting point for the study
of non equilibrium many-body systems by Prigogine and his coworkers.
An extensive presentation of the basic ideas can be found in the mono-

2 3 4
) ) and Résibois )

graphg by Prigogine ', Balescu . This method emphasi-
zes strongly the role played by the correlations in the evolution of the
distribution function. We really deal with a "dynamics of correlations",
This formalism is particularly well suited to take account of the charac-
teristic features of macroscopic systems : large number of degrees of
freedom N, large volume £ , finite concentration; these features

allow the consideration of the asymptotic case :

(1) N =) w; 2= o, N/Q =C (finite
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which brings in several important simplifications,

Moreover, in general, we are interested in the asymptotic beha-
vior in time of the system. Then , it can be shown that in many cases,
the behavior of the system can be correctly described by the so cal-
led kinetic equations., (A simple example of kinetic equation is the Bol-
tzmann equation for dilute gases) . The derivation of the kinetic equation
for the velocity distribution function will be discussed in chaper II.

The kinetic equation is an irreversible equation : systems for
which such an equation holds tend asymptotically to an equilibrium
distribution , which 1is a function of the hamiltonian only.

Once we have equations for the description of the asymptotic
hehavior of the N-body system, we can introduce the special features
of the brownian motion problem, There, we are interested in the motion
of a single particle in a surrounding fluid. The simplest case will of
course be that of a particle moving in a fluid at equilibrium . This is
in fact the problem which , in microscopic theories, is often referred
to as the brownian motion or test particle problem, The assumption
that the fluid is at equilibrium introduces an enormous simplification
in the kinetic equation: all the particles no longer play the same role.
All of them, but one, are in the equilibrium state (strictly speaking,
the fact that one particle is out of equilibrium prevents the others to
stay in the equilibrium state; however, this departure from the equilibrium
state is of order N-1 and can be neglected) .

There are two cases where the kinetic equation, particularized
to the brownian motion problem, can be shown to lead to a Fokker-
Planck equation. The simplest case is that of weakly interacting systems

which will be discussed in chapter III, There, a Fokker-Planck equation
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is obtained whatever the mass of the brownian particle, The other

case is that of brownian motion in systems interacting through short
range forces where the brownian particle is much heavier that the
particles of the fluid. This problem, in the absence of any external for-
ce, will be studied in chapter IV, In chapter V, we shall generalize
it to the case where the brownian particle is charged and acted upon by
a constant external electrical field , The interest of all these problems
not only lie in the fact that they allow us to state the conditions of va-
lidity of the Fokker-Planck equation. They also enable us to obtain
expressions of the diffusion coefficient which enters into the
Fokker-Planck equation in therms of microscopic quantities. Moreover,
they show us the way to obtain corrections to the Fokker-Planck

equation when required . This will be briefly discussed in Chapter V,

So far, we have only considered classical systems. The same
ideas can be extended to quantum mechanics a5 we shall show in
chapter VI . Here contact can be made with the results of recent ex-
periments on the mobility of heavy ions in liquid He4 and He

All the work which will be described in chapters
IIl to VI concerns one special class of brownian motion: that of a par-
ticle moving in a fluid at thermal equilibrium (in chapters IV to
VI, the brownian particle is supposed to be much heavier than the par-
ticles of the fluid) . Less specialized situations could of course be consi-
dered. We could for instance consider the motion of a test particle in
a medium which is not at equilibrium . In this case, the problem is
much less simple; we can no longer obtain a single closed equation

for the distribution function of the test particle . However, in all systems
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where the kinetic equation is asymptotically valid, the basic features
are preserved, The distribution function of the particle will obey

an irreversible equation, Whenever, in the brownian motion in a fluid
at equilibrium, we can derive a Fokker-Planck equation, the same kind
of equation can be obtained if the fluid is out of equilibrium but

the coefficients appearing in the equation will be functionals of the state
of the system. A simple example of this is given in chapter III

for the case of weakly coupled systems. More details can be found in a
paper by Balescu and Soulet %) .

However,there are systems where the kinetic equation is not
val:id, even asymptotically. An important case is that of systems inte-
racting through gravitational forces, For such systems, an entirely
new approach seems necessary. We first have to derive an equation whicl
will, in this case, play the same role as the kinetic equation for
systems with short range interactions. In the last chapter (VII) we shall
briefly describe a recent attempt by Prigogine and Severnes) to
obtain such an equation. This equation predicts a behavior which differs in

many important aspects from the behavior predicted by the kinetic
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I. STOCHASTIC THEORY

I.I. Introduction

The stochastic theory does not make any attempt to describe in detail
the interactions between the brownian particle and the particles of the
fluid, Rather, it describes the effect of the medium on the heavy partic-
le in a phenomenological way. From the beginning, one assumes that the
influence of the medium on the particle can be split into two parts.

First, we have a systematic frictinn effect. Secondly, we have
to account for the random motion. This is done by assuming that the me-
dium exerts a fluctuating force on the particle, It is obvious that this for-
ce is not known exactly and that the best thing we can do is to make gues.
ses about its statistical properties. The main question will then be: given
the statistical properties of the fluctuating force, what is the probability
that, if the brownian particle at t = 0 is at the point L, with velocity go,
it will be at timet at the point r with velocity 2? The assumptions
of the stochastic theory lead to the Fokker-Planck equation for this proba-
bility distribution,

We shall first discuss the assumptions which lead to the Lange-
vin's equation of motion for the heavy particle (§ 2) . Then we shall ma-
ke some further assumptions about the statistical properties of the fluc-
tuating force ( § 3) which will enable us to write down the probability
distribution in velocity space (§ 4).

We shall then show how the problem of finding this distribution func~
tion can be reduced to the solutinn of a differential equation (§ 5),
the Fokker-Planck equation in velocity space, The Fokker-Planck equation

for the complete distribution function in phase space, with or without an
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external field acting on the particle , will then be obtained by means of
an easy generalization of the previous problem | §6) . Finally, we shall
consider the case of an inhomogeneous system where the density gradient
is small oer distances of the order of the mean free path, Then, we
shall see that for times much longer than the relaxation time, the spa--
tial distribution obeys a diffusion equation,
All this discussion will follow quite closely the excellent
1)

review paper by Chandrasekhar ' ., An extensive bibliography can be found

there,

1.2, Langevin equation

The first step in the stochastic theory is to write down an e-
quation of motion for the heavy particle., From the beginning , one assu-
mes that the influence of the medium leads :

1. to a systematic slowing down effect ; the friction coefficient /5 is
assumed to be independent of the velocity of the heavy particle . Usual-
ly, one also assumes that it is given by Stokes' law. For a sperical

particle of mass M and radius a, we then have:
6 W
(1.2.1) f- ————Mf—”

where 7 is the viscosity of the fluid.

2. to the random motion of the particle; to account for this, we
assume that, besides the dynamical friction, the medium exerts a
a fluctuating force A (t) on the particle. This fluctuating force is as-

sumed to depend only on the time t. It is of course not known but
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plausible assumtions can be made about its statistical properties
Comparison with experiment will have to decide a posteriori of the
validity of these assumptions.
If we now suppose that these two effects are additive, the motion
of a brownian particle in the absence of an external field of force is

given by the Langevin equation :
du

(1.2.2) = - wH+A(t
a - frrdw

where u is the velocity of the particle

(I.2.3) L re

r being its position,
If an external field of force K (r,t)acts on the particle,
its effect has to be included in the equation of motion. This means

that (I.2.1) has to be replaced by

du

(L.2.4) ~ . N N
=P rEE nraw

We may notice an important feature of the Langevin equation .
The motion of the particle at time t is entirely independent of its
motion at previous times, Whatever happened to the particle in the past
does not matter to determine its future behavior at t+dt. This clearly
corresponds to the assumption that the collisions between the brownian

particle and the particles of the fluid are instantaneous.
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I, 3,8tatistical propertiesd the fluctuating force

Our next problem is now to specify the statistical properties
of the fluctuating force é(t) . Of course, in the framework of a phe-
nomenological theory, this amounts to the introduction of a certain
number of a priori assumptions, These assumptions will be based on
a very intuitive feeling of the phenomenon of brownian motion, Their
justification and limitations certainly require a description on a micros-
copic level of the whole system.

First of all, we know empirically that the characteristic ti-
me for the variation of the macroscopic quantities (i.e. the quantities
which we measure, as for instance the mean velocity) is much longer
than the time interval between two successive collisions of the Brownian
particle with particles of the fluid (which is of the order of 10.21
sec, in a normal liquid) , Therefore, we shall assume that we can
always find time intervals At such that during At macrosco-
pic quantities change by a negligible amount

Qutt+ BYY - {ut))

(1.3.1) << 1

<L ®)

while A (t) undergoes a large number of fluctuations , such that Altt At)
and A (t) are completely uncorrelated. This assumption is quite reasona-
ble if we take into account the fact that the brownian particle is much
heavier thah the particles of the surrounding fluid, Then, during the colli-
sions with the fluid particles, the velocity of the brownian particle chan-
ges by a very small amount. During /A t, the net acceleration suffe-
red by the brownian particle because of the action of the fluctuating

force will be
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t+ Dt

(1.3.2) BAY) = d§ A(¥)
t

We assume that this net acceleration depends only on the
time interval At and not on the time t at which we start
to compute it, i,e, we again neglect memory effects,
We shall now make an assumption about the probability of
occurence of different values for g A t). The net acceleration in
At is due to the superposition of a large number of random
accelerations. This is very much analogous to the situation one encoun-
ters when discussing random flight problems. There, one looks for the
distribution function of the increment Ag during At in the position
of a particle which has performed a large number of random steps.
If each displacement is governed by a probability distribution '|:(|£|2 )

which is spherically symmetric, one shows that . (see appendix I)

(1.3.3) W AR AL) = (4wD At)'s/zexp]'.wi\z/wm\
where D is the diffusion coefficient which depends on the average length of
the step and on the time interval between steps (see A.1,1.17)Using the ana-
logy between these problems, we shall assume that the probability distribu-
tion for B (At) is given by :

(L. 3.4) W[E( AN t)} = (4% th)‘3/2 exp[-\ B( At)\2/4th]

where q is a constant , The specification of this constant requires so-
me additional assumptions about the equilibrium properties of the veloci-

ty distribution function (see § 4)
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1.4, - Velocity distribution function,

Before dealing with the general problem of finding the com-
plete probability distribution in phase space W(_l:,g,ﬂ };0, 4, 0)
to find the particle at r with velocity u at time t given the ini-
tial condition 10, EO, we shall consider a simpler problem ., We
shall try to find the probability W(u, t\BO ) that the particle has a ve-
locity u at time t if its initial velocity is Y

The formal solution of the Langevin's equation is :

~0

(L4.1) u-u o~ P =e'f”ft eﬁsé(g)dg

Both sides  of (I.4.1) have the same probability distribution. Now, if

t
(I.4.5) 4 =e Pt g A('§ d€

we may also write :

1 N

exp\-_ PtJAt]B aty= ) o

= j=1

(1.4.3)

if we divide the interval (0,t)into N intervals At where At is
of the kind defined above (i.e. such that A suffers a large number of
fluctuations while all other quantities , such as e-’st, remain practically
constant) ,

With our assumption (I.3.4) about the probability distribution
of B(At), i.e. of éj’ we can, using the theory of random flights,

obtain the distribution function of & (see appendix A . I. 2):
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t -3/2
W) = [wq[ ag ¢’ (g't)]
[0}

X expi -\f\z 4th a¥ e'zf’(f'g)}

(¢}

(1.4.4)

Therefore, the velocity distribution function is :
-3/2
Wu,t;u )= [211' 1 (1-e'2pt)]
~ o P

(1.4.5) » \R'Eoe-m‘z 5

X exp ‘ - _—
2q l-e-z pt
For long times ( Pt >>1), we obtain asymptotically :
. _ -3/2 2
(1. 4.6) Wit o ) = (2Wa/P) exp (-fu/2q)

Therefore, we have an irreversible evolution towards a gaussian distri-
bution, independent of - The system has forgotten its initial condition.
A priori, nothing implies that this asymptotic distribution is the Maxwell-
Boltzmann equilibrium distribution ,If we add this condition as a further
requirement, we must choose the diffusion coefficient in velocity space

to be:

(1.4.7) q=kTP /M

Therefore, with the following set of assumptions :
1. Langevin equation
2. characteristic time for the variation of A(t) much smaller
that the characteristic time for the variation of macroscopic
quantities
3. net acceleration between t and t+ At depends on At

only
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4, distribution function for the net acceleration during At
is gaussian
5. asymptotic distribution for the velocity is Maxwell-Boltz-
mann distribution
the distribution function in velocity space for the brownian particle is

is completely determined by (I,4.5) and (1.4.7)

1.5, - Fokker-Planck equation in velocity space,.

So far, we have obtained the probability distribution function
corresponding to a well defined initial condition: at t=0, the velocity is
4 - To do this, we have introduced quite specific assumptions about the
statistical properties of the fluctuating force. We shall now show that
the problem of finding the distribution function can be reduced to the
solution of a partial differential equation, the Fokker-Planck equa-
tion, In fact, this method will require less restrictive assumptions
about the properties of the fluctuating force. When the same assumptions
as above are made, the general Fokker-Planck equation takes a simple
form and its solution reduces to (I.4.5). Another interesting feature of
this method is that when further restrictions on the problem are impo-
sed, they can be expressed as boundary conditions for the solution of the
Fokker-Planck equation, Also, this equatien will appear as the most
adequate tool for the comparison with the results of the microscopic
theory.

Again , we assume the existence of time intervals /Mt such that
macroscopic quantities do not vary very much during these time intervals
whereas the fluctuating force has changed several times,

If we consider brownian motion as a Markoff process, i.e, if we
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assume that the course which the brownian particle will take is enti-
rely independent of its past history, we expect that the probability di-
stribution function W(u , t +At) will satisfy the following integral

equation :

(1.5.1) Wi, t+ AY) = jd(Ag)W(g-AE» (- Aus Aw)

where +(}i A u)is the transition probability for a velocity increa-

se Au in At
Let us now expand the 1lhs in a power series of At

and the integrand in the rhs in a power series of A}l

W(E,t)+-§;¥ At‘fO(At)2 =
u u, L 5 u u+
»(1.5.2) fd(A ){W( t) - 3. Ai z 3y A A }X
X{Y(R;AE') - A 3 S‘L‘u Y Au Au +. ]

With the notation :
(L.5.3) o) - JaA 2“*‘2 A

this equation can be rewritten:

%“Z— At +o(AY - - ga—[w Buy]+
: .3:;“3- [¥ <A“1A“>]+ oln Ay 1)),

Taking into account the fact that in the Langevin equation, all syste-

(1.5.4 )

matic effects are accounted for in the friction term and that the flucua-
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ting force is random, we have:

Ot
(1.5.5) ( ‘0 at jl(t)> -
Ot
< L dtLAt aT A (¥) Aj(t')>

at At
(1.5.6) ~ I dtl de! S(T-r') ~ Bt
(0]

o

r=4

Therefore, if we take the limit [\ t-»0, we obtain the general

Fokker-Planck equation for the velocity distribution function :

W, D {(Aui) W] Y [(Auiﬁuj) w

Y A Y *3 XD Bt

(1.5.7)

From the Langevin equation, we have:
(1.5.8) Ay -- [52 Dt + B(AY

If we further assume that the probability distribution for the net accele-
ration E(At) due to the fluctuating force is given by (I.3.4) and that
the asymptotic distribution must be the Maxwell-Boltzmann distribution

the transition probability becomes :

Py = ewper v ®? x
(L.5.9)

X exp [-M‘Bg_ +Pu At\2/4[5kT l.\tl
Then , we have:

<A u>= - Pui Dt

(1.5.10) g 0
(AuiAuj) = (Z‘SkT/M) iy +0(Qt)

and we obtain the special form of the Fokker-Planck equation :
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PY 2
P i i kT 9 w)
(I.5.11) LA T
It P '}ui M -)ui2

One verifies easily that its fundamental solution, i.e. the solution which

reduces at t=0 to a delta function

(I1.5.12) Wu, 0;20) =S(u-u )

~ ~0

is given by (I.4.5) . From it , it is of course trivial to derive the

solution corresponding to an arbitrary initial distribution.

1.6, -Fokker-Planck equation in phase space,

The above procedire can be generalized to find an equation for
the complete distribution funetion W(r, u, t) in phase space . Instead of

(I.5.1), we have now :

wie .t +80 = [fwee- Ara- Ay, OY(z- Bz u-Bu; Br, Bu)

(1.6.1) dAr)d (Au)

From the Langevin equation (we directly consider the case where an ex-

ternal force is present ), we obtain:

Ar - u Bt
(t.6.2) Ay--(By -K)At +B(AY
Therefore, we have :
(1.6.3) Y u:Br , Bu)- ~y<g;ug)3m£ -u Q)

We shall take for the transition probability “’(,‘l ;A}l ) the assumption
(I.5.9), in which we add a term -K Dtin the exponential to take

into account the effect of the external field. This assumption will lead
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us to a generalization for the complete phase space of equation (I.
5.11) . If we do not make a special choice for ?(E;A}i) , We can
follow the arguments of the previous paragraph and obtain a genera-
lization of (I.5.7).

Integrating over A r and expanding again in a power series

of At, A,‘i , one obtains

WA Y
2w YW 2 ? i
(?t—+ui 31‘1 yOt+0 (At _..._1?1:__+

. dhwlen, auy
= et 0 ((Auihuj Auk7)

2 qu. Du,
! J
If one computes the various averages and then takes the
limit A t-»0, one obtains the Fokker-Planck equation :
W, w dw

Y ar, K D

(1,6.5) .Wui 32 .
+ (kT/M)
P Y P

u,
1

I.7. - Diffusion equation,

Let us now consider a spatially inhomogeneous system in which
we have a certain number n of brownian particles, We assume that
the dilution is such that we may neglect all interactions between these par-
ticles, Therefore, the probability distribution function W( {£ [} Au },t)

factorizes into a product of n factors:

n

(1.7.1) w Y quy.0)=TT Wy upt)

i=1
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where Wi is the one particle distribution function which satisfies the
Fokker-Planck equation .

We shall also assume that the density gradient is small,

In such a system, we have two kinds of processes : first, we
have collisions with the particles of the surrounding fluid which insure
that the velocity distribution function approaches the Maxwellian distribu-
tion ; next, we have a diffusion of the particles which will lead to spa-
tial uniformization of the system, The time scale for the first process is
given by the relaxation time P-l ; this is much smaller than the ti-
me scale for the diffusion process . As a consequence, if we are
interested in times long with respect to the relaxation time, we may
expect that the distribution function for one particle will be of the form:
-M.u.2/2kT
Wit u.b)en(.yM/2WkT) 12 ¢ 11

i~ ~ i~i i
(1.7.2)
+ SW (r., u,t)

i~ ™~

The first term describes the local equilibrium distribution which is
reached for times much longer than the relaxation time,
The second term is a small correction which takes into account the
existence of the diffusion process; it is of the order of the density
gradient .

We shall now show that, under these circumstances, the fun-
ction n i(i v t) obeys a diffusion equation .

If we integrate the Fokker-Planck equation (I.6.5) over the ve-
locity, we obtain
’b dB*i Wi 2

dt AT

(1.7.3) ‘dgig;wi =0
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If we first multiply both sides of the Fokker-Planck equation

by u,.‘ (® =x ,y,z) and then integrate over the velocity, we get:
1

(1.7.4) Y o,

'}‘du'W, u. 3
~11 .’du_u_W.u_ =-PIdu,W,u
r

~i~io1 1

If we combine these two equations, we obtain:

D [( 1 9 s 1 Dz
175 -5 dgiWi-ﬁ 3, Jdu, W "‘; 3r oz PRt W

Now , using (I.7.2) and keeping only lowest order terms, we easily,

obtain the diffusion equation :

Iz 72
(1.7.6) T_= D r, ni(ii,t)
with
(L7.7) D=kT/PM
The density of the particles at a given point x of space will
be :
n
(.7.8) et L P(z-si) Wiy Az 0 drdu

Again, if we keep only lowest order terms, i.e. if we take :

n

(1.7.9) C(x,t) = : n,(x,1t)

i=1

we verify easily that this also obeys the diffusion equation

(1.7.10) }—C{%i -p V2 C(xs 1)
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Appendix 1,1 - Proof of (I, 3, 3)

In the problem of random flights, one considers a particle
which performs a sequence of steps Lo Lgeee The magnitude and
direction of all the different steps are independent of the preceding
ones. One chooses a priori a distribution function Ti(ii) which gives
the probability distribution that a given step L, lies between E'i and
Lt dii . The problem is then to find the probability W(AR; Ot) that
the particle has travelled a distance & Rin the time interval Dt

We shall give a proof of (I.3.3) for the simple case of
one dimensional random walk with all steps of the same length and with
equal a priori probability for a step to the left or to the right. There-
fore, if the particle is at the origin at t=0, the probability that it

will be at the point m after N steps (-N< m<N), is given by :

1.,
(Al.1.1) W(m, N) = 3 W(m-1, N-1) +% W(m+1,N-1) (N >1)
(AL.1.2) W(1,1) = W(-1,1) = 1/2
Using Fourier transforms :
+ 1
(AL 1.3) p -3 W(m, Nje =™

m = = o

we obtain from (AL 1.1) and (AL 1.2):

D) = cosl PN_I(,{) N >1

(AL 1.4)
Py =cos 1

Therefore,

N
(AL 1.5) P (d) = (cos )
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and hence inverting (AI.1.3):
+W
-1 N il
(AL 1;6) W(m, N) = (2T) (cosl) e T dl
-®
Now, with
N .
N -N ' -1(N-
(AL 1.7) (cosl) =27 § = olN-ZR)
=0 p-(N-p).
p_
we obtain easily :
N N!  sinw(N-m-2p)
AL1.9 W(m, N) = 2 :
( ) . §=:0 pY(N-p)!  w(N-m-2p)

The last factor vanishes unless N-m-2p = 0, Therefore :

W(m,N) =0 if Nevenand m odd or vice versa (Al.1.9)
-N -1
W(m, N) = 2 N!{[(N-m)/z]'.ﬁNm)/z]!} if both N and m
even or odd (AL 1.10)

The first result is of course obvious. The second could have been
obtained using combinatorial analysis. However, the method involving
Fourier transforms can be generalized to more complicated problems and
although exact results for arbitrary values of N cannot always be obtained,
expressions such as (AL 1.6) are often useful to obtain an asymptotic
result.

For our present problem , for N~y and m finite , using

Stirling's formula :
1
(AL 1.11) log nY =(n +%) log n-n '+E log 2W (n =)

we obtain :
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1 1 N
log W(m, N)=(N+75 )Jlog N -o(N+m +1)log (3 *m

1 N _
(AL 1,12) --2-(N -m + 1) log (5 - m)-% log 2W - Nlog 2

=~ log (2/Nw) 1/2 - m2/2N

and hence the asymptotic expression:
1/2 2
(AL 1,13) W(m, N) ~ (2/wN) exp (-m"/2N)

If each stephas a length 1 and if € is the time lapse between

two steps, introducing the variables :

(AL 1.14) x = ml At = Nt

the probability W(x, A t)Ax that the particle lies between x and
x+ Dx after Ot is (Am = Ax/d):

Wix, At)Ox = > W(m, N)

me€ QAm

(AL 1.15) =(1/2) W(x/4, At/T) 2 _ 1
me€ Am

= (1/21) W(x/}, At/ T)

where the factor (1/2)takes into account the fact that for N given
(odd or even), only one half of the values of m contribute (those which
are odd or even).

Therefore, we obtain :

(AL1.16)W(x, O&t) = (4 WD At)'l
with
(AL 1,17) D =12/zt

/2 exp (-xz/ 4D At)
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(AL 1;16) is nothing else than (I.3.3) for this simple one dimensio-
nal problem. This asymptotic formula can be generalized for several
three dimensional random flight problems. For instance, for a gaussian

th
probability distribution for the j step:

/2

(AL 1.18) -cj(;;j) = (oW 1?/3)'3 exp (-3 \Lj\2 /21 J?)

one obtains:

(A.1.1.19) WN(g)=(21rN<1?)/3)'3/2 exp (-3|5\2/2N(12))

with

(AL 1.20) (12)=N'1 T ?
=1 ]

The same expression is obtained if the probability distribution
2
is identical for each step and spherically symmetric, Then {1 )
is the average displacement in each step (the 1j 's are independent

of the index j).

Appendix 1.2, - Proof of (l.4.4)

We want the probability distribution of the quantity o

5 )3
(AL 2.1) d - Q= . B(AY
with

(AL 2,2) \‘Jj = exp [- P(t-j o t)]

when the distribution function for B ( Dt)is given by (I.3.4). This
is again a random flight problem , the gieps being the 11, 's, The

probability distribution for each ij is a gaussian and corresponds
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to the function tj given in (AL, 18) with :

2 2
(AL 2.3) fj = 6q ‘|"j Ot

Therefore, for a large number of steps , using (AILI 19), wehave

N N
(AL 2.4) W(R) =| 2 2_ 1j2/3 ]'3/2 exp[-3|5\2/2 ) 112.]
=1 j=1

With
AL 2.5 2 2Bt 2pjot
(AL2.5) :1,=6qﬁte Z'e J
=l ] =1
If we use the same approximation that led wus from (I.4.2)to
(I.4.3), we may write :
N t
2 -
(AL 2.6) = Z 1j2 - 4q 2B ] af P2

izl o

Inserting (AI.2.6) into (Al.2.4) , we readily obtain (I.4.4)
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II, KINETIC EQUATIONS

II.LI - Introduction,

In this chapter , we shall consider the microscopic descrip-
tion of an N-body system from the point of view of statistical mecha-
nics, We shall restrict ourselves to classical systems which are homo-
geneous in space, although the formalism can be extended to include
quantum systems and inhomogeneous situations, As this will be the
most -useful for us, we shall consider the case of a gas interacting
through binary central forces. On the microscopic level, a complete de-

scription of the system is given by its hamiltonian , i,e, here:

p.
(II.1.1) H= ZE ﬁj + N 124:3' Vij (lgi-gj\) =H_ +\V
where m, is the mass of the jth particle , gq. and P. its posi-
tion and momentum. A is a dimensionless codpling chmstant.

Once we have the hamiltonian and the initial conditions, the
evolution of the system is of course completely determined by
Hamilton's equations of motion,

However, for a large system , a set of 6N differential equa-
tfons is not very practical, Moreover, we can only measure a few
macroscopic quantities and we never have, even at t =0, a detailed
information about the positions and moménta of all the particles. There~-
fore, we shall wuse the idea of a representative ensemble in phase spa-
ce, We imagine a large number of similar systems, with the same hamil-~
tonian but differing by their initial states. If we take a sufficiently
large set of equivalent systems, the ensemble will be characterized by

a continuous density in phase space f ( ‘E\ ,LqJ, t) . As all points in
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the ensemble move in time according to Hamilton's equations, the fun-

ction r satisfies the Liouville equation :

(IL1.2) ?—‘tfd[ﬂ,p\:-mf

where [H , P.l is the Poisson bracket of the Hamiltonian and P

and, hence, the Liouville operator L is

N dH 2 L) g
(I, 1,3) --lzj\‘)pj ‘;qj ) ‘qu ij\

From this equation, one verifies easily that :

N
(I.1.4) ’P(lR\'lﬂ.\' t\dpdg} = = constant

If we choose this normalization constant to be equal to unity :

(I 1.5) “’(iai Agy. tdpag | !

then , P (A P} A4 t)‘deg‘ N is the probability of finding at time t
a representative point in the volume element {dgdg\N of phase
space,

A basic postulate in statistical mechanics is that all macros-
copic quantities may be computed by taking the average value of the corre-
sponding microscopic dynamical quantity over the distribution function

of a suitable ensemble :

N
mre  Cam) =fageraay paey. 1ay ojeay
This description has the advantage that the whole mechanical
behavior is given by a single linear equation the Liouville equation

(I1.1.2) .
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To the decomposition (II.1.1) of the hamiltonian into un
unperturbed part H0 (kinetic term) and a perturbed part /\ V (inte~

raction) corresponds a similar decomposition of the Liouville operator :
(IL.1.7) L=L_ + %L

This feature , as well as the strong analogy between the Liouville
equation (II.1,2) and the Schrgdinger equation in quantum mechanics
will enable us to develop easily a perturbation technique to study the
time evolution of the distribution function. In this chapter, we shall con-

centrate ourselves on the evolution of the velocity distribution function :

(IL.1.8) Poiry. b ={\dq\Nf(lR\'lﬂ}’t)

Essentially, we shall solve formally the Liouville equation and write the
formal solution as a power series of the perturbation. The introduction
of a diagram technique to represent the various contributions will enable
us to rearrange the terms and to write the equation of evolution in a
form suitable for further discussions :

'DP t
o
ol ) de G(t -t)f’o(t) +@( \h,lf,\(O)" t)

(11.1.9)

First, we have a non-markovian term which relates Pb(t) to its value

at an earlier time ¢ . G(t) is an operator which describes the effect
of the collisions which occur in the system on the evolution of the ve-
locity - distribution function. The non-markovian character of the first con-
tribution is due to the fact that the collisions last over a finite time
interval < . The second term gives the contribution to the evolu-

coll
tion of ro(t) due to the existence of initial correlations in the
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system , these being described by the functions ﬂk} (0) .
We shall then show that, for systems int';racting through
short range forces and such that the initial correlations present

at t=0 are over molecular distances, in the limit of a large system;

(IL. 1, 10) Nyo, 2-9«, N/Q =C finite

(Q2: volume of the system)

and for long times :

(I 1. 11) t>>T

the second term in the rhs of (II.1.9) may be neglected and that
ro(t) satisfies a closed equation , which may be written in a

pseudomarkovian form :

1.1.12 2F =Q Yo
(IL.1.12) iy yo P,

where \‘/(z) is the Laplace transform of the collision operator Gt)

and \')(0) its limit when z =90, Q is a functional of \|l and its
derivatives for z-»0 and takes into account the finite duration of
the collision,

In this chapter, we shall show in detail how the kinetic
equation (II.1.12) can be derived. We shall then sketch briefly how
the same formalism can be extended to discuss the evolution of space
correlations in the system. We shall also indicate the necessary modifi-
cations when an external force is present . The equations so obtained will
be our basic tools for the next chapters.

We shall be able to give here only a very short outline of the

theory. More details , as well as references,to the original papers can
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2 3
be found in the monographs by Prigogine h , Balescu )and Résibois ).

1.2, Fourier analysis of the disf{ribution function.

Let us expand the distribution function in a Fourier series with

respect to the position variables :

P({Rl=iﬂ),t)=Q-N : fgl...liN({g},t) x

.ok
l'5'1 ~N

(IL.2.1) N

x exp|i

k..q
1 i

The factor Q-N is introduced to allow the normalization of f to unity:

N
(IL. 2. 2) Iideg}Nr(’c) =I{dg} o) = 1)

The formal expansion (II;2,1) is very interesting. Indeed, it is

easily verified that the Fourier coefficients r K K have a very sim-
~1. * ~N
ple physical meaning , First of all, we notice that, in a system which

is homogeneous in space, i,e. such that the distribution function is inva-

riant with respect to space translations :

+ =
(I1.2.3) ')({qj gugj}, t) f({gj\ ARy t)
only those coefficients such that :
(II.2.4 ) IZ:I? k. =0

are different from zero. Therefore, Fourier coefficients such that
(II.2.4) is not fulfilled are closely connected with the existence of spatial

inhomogeneities in the system,
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Also, we shall,most of the time,be interested in the average va-
lue of microscopic quantities which depend only on a small , finite num-
ber s of degrees of freedom. To compute these, all we need are the re-

duced distribution functions :

LRI AL ] k] = LY d DU
(1.2.5) fS(R'l Esgl gs t) ﬁgsﬂ d'g'N Rs+1 dRNf“R' ’tﬂ)'t)

In such reduced distribution functions, the only Fourier coefficients
which play a role are obviously those which have at most s wave vectors
different from zero.

One of the most important coefficients is that w:th all wave vec-

tors equal to zero. It is the velocity distribution function :

(11. 2.6) Po(m‘ ,t) = f{dg'; Nf(lg}.igl »t)

From (II,2,2), we notice that this function is normalized to unity.
To find out the meaning of the other Fourier coefficients, let
us consider for instance the averagedensity.
{n(x. t)) = ‘idads.\ N 7:_5(5:3]-) PURY Aat.t)
(II.2.7) !

. N
=N/n[1+ l; elk"[{dﬂ Py "Q{RM]

In this way , we see that the Fourier coefficients with one wave vector
different from zero are connected with the local deviations from the
mean density N/Q.

As another example, let us consider the binary correlation func-

tion :
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,x't) = d - . dp dp f _
B x'Y li;(dgi RISREE sﬂf R R )8R R 0

(I1. 2. 8) -‘dRifl(giRit) sdp~j fl('(ljgj t)}

~1 F\-J

«frey" Py, -0 e 2 ¢,

In an homogeneous system, this reduces to:

(IL. 2.9) gx. X', 1) = 7:. z“dR‘ka, O ok (%)
ij ‘15 ~~

Correlations among s particles therefore depend on the Fourier coef-
ficients with at most s indices different from zero, For a large system,
the spectrum of k becomes continuous and the rhs of (I 2.9) vanishes
for|x-x'|-ye if f’k,-k is sufficiently regular,

Another interesting feature of (II.2.1) is that this is in fact an
expansion in terms of the eigenfunctions of the unperturbed Liouville

operator. Indeed, from (II.1.7), (II.1.3)and (II.1.1), we have:

R;
(1L 2. 10) ==j Z
7™ ')gJ

If we use the same notation for eigenfunctions as in quantum mechanics:

(IL.2.11) “g}m -N/2 exp[ Z k; ~J]

we have

(I1.2.12) LOHE‘) = [Z (ij-ﬂj /mﬂ “‘i‘)
i
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These eigenfunctions are orthogonal and normalized to unity :

(IL. 2. 13) ’\dg} exp[ Z Kok ](ud\&k'i) T‘S .

'”J ~j

From these properties,the time dependence of the Fourier coefficients

hkk in a system of non interacting particles (X= 0) is easily found :

(IL. 2. 14) fw(lg},t) Ry (tp}) exp[i E(}ij.gj/mj)t]( A=0)

When the particles are interacting , the time dependence of the f{k(t)

is of course much more complex., Besides the oscillating exponen-
tial factor corresponding to the free propagation of the particles, we hav
a further time dependence in the coefficients F”‘N\HM) in the rhs of

(I, 2,14) because of the collisions occuring in the system.

1I.3. Formal solution of the Liouville equation.

Resolvent operator

The formal solution of the Liouville equation is of course very

easily written :

-iLt
(II. 3. 1) f(t) =e f(O)
From this, we obtain for the various Fourier coefficients of the distri-

bution function :
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f\}g'; (t) =5}<‘£3\ e-iuhk' )] hl‘" (0)

(11.3.2 - L sldgsN o[- Tk, 0]

x exp[i z K. 'gi}fik' 0

J

As L is an operator in the complete phase space, the matrix
elements in the rhs of (II.3.2) are still operators in velocity space.
The operator e-1Lt can be expanded formally in a power

series of the interaction :

. ALt gt -iL (t-t.) -iL t
oLt _ °-1{ dt e o 1§ ©°f
(o]
(1L 3. 3) 5 (1 t AL (t-t)  -iL (t.-t) -l t
+(-iX)I dt ldtz e © l8§Le 1 281 °2
(o] 0
+...

This equality is most easily verified if one takes the time derivative
of both sides of (I1.3.3).

However, the behavior of the system can be discussed much more easily
if, rather than the operator e-iLt , one considers its Laplace transform,

the resolvent operator R(z):

0 N
s izt -iLt 1 +
(IL.3.4) R(z) = J dte e = T (z€S)
0

From (II.3.2) and (II.3.4) , we obtain after an inverse Laplace transform :
1

(II.3.5) f{k‘(t) e e'iZt<{§\|R(Z)HE' ))fw}(o)
- C
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where the contour C is a parallel to the real axis in the upper half
plane, above all singularities of the integrand, (II. 3.5) can be easily ve-
rified for a finite system . Indeed, then, the operator L is a hermitian
operator and all its eigenvalues, although unknown , are real, For an
infinite system (2 —%w), the properties of the Liouville operator are
not known, We shall however assume that (II.3.5) remains valid when we
perform the limiting procedure (II.1.10).

The resolvent operator can be expanded in a power series of the

perturbation

0 n
(IL. 3. 6) R(z) = 2 *‘—Z_IL (5LZ.IL)
n=0 o} Y

This result.can also be obtained from (II.3.3) through a Laplace tran-
sform, using the convolution theorem.

(II. 3.5) and (II.3.6) will be our basic equationsfor the following
discussion, Of course this means that we assume that perturbation theory
up to an infinite order is valid. Whether this is true or not is an unans-
wered question and we shall not discuss it.

The unperturbed resolvent ope rator is diagonal in the ﬂ}ﬂ)

representation. Its matrix elements are very simple :

KA R @RS ¢t | =)

(I1.3.7)
_ 1
“n LAY
i
where
(11.3.8) v.=p [m,
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th .
is the velocity of the |  particle.

As to the operator SL, we obtain from (II.1.7),(II.1.3) and (II.1.1):

AV 9 .. D
(1. 3.9) -iSL=Z_(—1-J-.-—— e
i<j 24, R, 'ng "’Bj

If we expand the potential in a Fourier series :

ik.(q.-q.)
) . 3 ~ o~ R
M3.10) V. (g~ g (81'/9)% v, e
we have: 5
. 3 P
-LSL=(8W1/Q)Z:Z_V k. (g=—-2"—) %
g kK R IRy
(11, 3. 11) ik .(q.-q)

It is easy to verify that the only non vanishing matrix elements are tho-
se where the initial and final states have only two different wave vectors,
the total wave vector being conserved :

ok k| OL ]l KR
(II. 3. 12)

2 L)

3
8w /Q)V, k k'), (m -
BT Y 7K G Taj)

k +k , k' tk'

~] ~J ~] -\.J

The fact that only two wave vectors are modified and that the total wave
vector is conserved is of course due to our choice of binary central
forces. An interesting consequence of the condition of conservation of the
total wave vector is that the Fourier coefficients are divided into subsets
corresponding to the different values of the total wave vector. Each subset
evolves in time independently of all the others. Therefore, for instance,

a system which is initially homogeneous in space will remain so in the

course of time,
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II.4 - Diagram representation of the formal solu-

tion of the Liouville equation.

The classification of the various terms in the series (II.3.6) is
best performed if one uses a diagram technique . Let us associate with
each state “;ﬂ) =llil e kN’ with n non vanishing wave vectors a
set of n lines running from the right to the left, Each line is label-
led with an index corresponding to the particle; when necessary, we

shall also indicate the wave vector An example is given in fig, 1. 4.1,

i

J
1

Diagrammatic representation of the state
k k
HoYk, kS kY
Fig. 11.4.1

The matrix elements of SL provoke a modification of two wave
vectors Kk, kr)k'i k' . Taking into account the fact that among these,
none, one or two may correspond to the wave vector 0., we have 6

basic diagrams (see fig, I1.4,2) . N

‘ .
.
4 ; }

Gl V3L k) kb |30 )

k+k]-k'+k' k tk =k’

~] ~i~j ~1 ~) ~i

(a) (b)
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(--,‘ii-~2--\3L\-'E}--E'j‘-§ ..51..¥.\5L|..Q..g..>
k = k'+k' k +k =0

~ ~1~j

(c)

QIR IR 1 BT S S Y (..g..g..\SL\..g..gj..) |

0 -k *k! k=K
(e) 6]

Basic interaction vertices .

Fig. I1.4.2.

Taking into account the fact that the states \Ui‘) describe
well defined correlations in the system, the diagramsindicate very
clearly what changes in these correlations occur as a consequence of
the interactions, The present formalism thus appear as a description of
mechanics in terms of a dynamics of correlations.

With the diagrams, it is easy to represent any contribution

h

4+
to the formal solution of the Liouville equation. To obtain the n" order

contribution to the evolution of hk}(t) , we first draw the final state

Hg}) Then, we go to the right through n vertices, using all possible
combinations of the six basic vertices which conserve the total wave vec-
tor. As an example , the second order contributions to the evolution of

fk(t) are given in fig, II.4.3.
~
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. . . N
‘ . \ . .
¢

(o) (b) )

. , (n) to)
L .
» .

e :
(q)

(b) Second order cogtributions to rk (t)

~i

Fig. 4.3

Also, it is very easy, once we have a given diagram, to write down its

analytic contribution . Let us for instance consider diagram (g) in fig, I1.43.
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Reading the diagram from the left to the right, we obtain (we do not

write explicitly wave vector equal to 0):

<k‘ 1 3L-——-1--2hk'7 G | = ke x ffxt, k) ¢
tid z-LO( z-Lo) k' g z-L PSR
II41)<k' kl_ ~ v1> <k' Lk" E-“j‘liil) %

" n Il ]
x QE1Ky ~1| R j’kl)Sk.,k'.+k'sk.,k'!+k'!+k'
~T~M T A~~~

In other words, we write a sequence of matrix elements of SL, each
corresponding in a well defined order to the vertices; in between these
matrix elements, we sandwich propagators (see II.3,7), which are matrix
elements of R(z) for the corresponding intermediate state; we also have
such a propagator forthe initial and final states,

II5.Classification of diagrams,
We shall now discuss the topological structure of the diagrams

which appear in the solution of the Liouville equation,

In the most general diagram, we may distinguish three different

regions. Let us denote by |} g"})the initial state of correlation
(at the right ), by l“ﬁ") the intermediate state where we have the mini-
mum number of lines,(which may of course appear several times in the dia-
gram and b)ﬂggthe final state, If s is the minimum number of lines in the
diagram, it may of course happen that we have several different states
with that number of lines., We then choose as “,li' })the last one starting
from the right . As an example, in fig, II,5,1b we have two different
states with one line : llic( ,\9-\7 and\};:j, {3}) As the latter is the second
one when we start from the right, we choose it as our state “'li'})

Another example (with two lines ) can be found in fig.IL 5. le.
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In the most general case where “5"\) f-“l:'\) #"5» we

have :

1. a destruction region, i.e. a region where we go from the sta-

te |§k"}) to the state |{k'flin such a way that no intermediate sta-
te is identical to |{k'}); in such a region, we go from a state
with given correlations to a state where we have less correlations,
2. a diagonal region, i.e. a region where we go from the state
I{k'Y) back to the state k') ; in general such a region contains
a succession of irreducible diagonal fragments. By definition, an irredu-
cible diagonal fragment is such that we go from a given state back to
that state through a path such that no intermediate state is identical to
the initial state.

3. a creation region, , i.e. a region where we go from the state

“lg}) to the final state [{lﬁj) in such a way that no intermediate
state is identical to “}g'\) ; in this region, we go from the sta-
te of correlations “}S'}) to a state of higher correlations,
Examples of this decomposition are given in fig, IL.5.1
(diagrams (a) and (b) contain the three different types of regions while

diagrams (c), (d) and (e) have only one or two of them) .
)
1
v :
|
P | (
!
l
]
]
|
]
1
]

IRD destruction region

N

creation region| diagonal region

(A= 18 &e-b) WA= e U DI Y008 W AL DY
()
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; LN\,
2 /R 'dﬁ
L 0 T
3 N N

(
d

IRD
creation region diagonal region destruction region

WA= R4 R bt = 1855 5 1R 21, kb

(b)

O
>

IRD

OO

IRD IRD

- e T e e g e e ew we e we e e
ey e mE o Em e e oemmm e e am o=

diagonal diagram

HAD = LiA'D) = 1k = Hetd)
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IRD = irreducible diagonal fragment
Examples of decomposition of diagrams in creation,
diagonal and destruction regions,

Fig, 1I.5.1

As we shall see later on, the time dependence of the various contribu-

tions will be closely related to this decomposition,

1I.6 - Initial conditions.

We shall always consider initial conditions such that macrosco-
pic properties like the pressure, density etc.. are finite at every point
of the system, even when the limiting case of an infinite system is consi-
dered. The interest of this class of initial conditions is obvious from the
physical point of view; it can be shown that once the existence and
finiteness of the reduced distribution functions for a finite number of de-
grees of freedom is imposed at t=0, it will remain so at an arbitra-
ry later time,

This choice of initial conditions introduces mathematical restrictions
on the class of functions P we consider, It can be shown that this initial
condition requires the following volume dependence for the various Fourier

coefficients :

3 v
= (8TW/Q)
fgl...k

(I.6. 1) fk
~N

..k
217

N

where ¥ is the number of independent non vanishing wave vectors which
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appear in the set kl...kN.(By this, we mean the total number of non
vanishing wave vectors minus the number of relations of the form

ki+' ..tk =0 which they satisfy) . For instance :
~ ~j o~

3, 2
P e/ p (k F-k,)
51’}22 .131’52

(I1. 6. 2) -8 3 r~
r,lg,-k (8w /9Q) rg,-g

The coefficients do no longer depend explicitly on

~
Py
or N, although they migIl\"{t still depend on the ratio N/Q.

With these assumptions, although in the formal solution of the
Liouville equation, we find terms growing more and more rapidly
(N, N2...) , all contributions to the reduced distribution functionsfor a fi-
nite number of degrees of freedom remain finite, The proof of these
theorems is rather lengthy and cannot be given here . However, we shall
illustrate them with two examples. We shall consider the contribution
of the two diagrams of fig, II.6.1 to the one particle veloeity distribu-

tion function :

(I1. 6. 3) \fl(x,t) = idgz...dRN fo({ E* 1)

C

(o) (b)
Lowest order diagonal and destruction

tributionst t
contributionsto P 0( )
Fig. 1.6.1

The contribution of the cycle (fig. II.6.1a) to the evolution of PO (t)
is (see equ. (I11.3.5), (IL.3.7), (II.3.12) and (II.4.1)
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pely e o I D0l -
KR R T el BN 2 -5) .
(11.6,4)«<5i=5,5j,_,=-£ \8L| 0><0 Z_ILO o)FO (0)
-zt
Yen'ia? I Z 1/21:1)’ e A

i<j

2 ) 1 ’D
X k. - k.
tag A T & B ,RJ ),

In the limit of a large system (see II.1.10), the summation over k

becomes an integral :

(II. 6. 5) (811'3/9) 2--9 sdak
k
Hence
3 e-izt
[P (t)] X(Sﬂ /) z:_ ‘dk (1/2:1)[ dz 5 %
© i<j C z
(I1.6.6)

1 ? )
'Vk| (?a aj ) () * ST Ty 1P

= O(NC)
if we take into account the fact that the sum over the particles contains
N2 terms.
Similarily, using (IL.3.11), the contribution of the destruction

diagram (fig.IL. 6.1b) is :
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[Po(t)]c= - 1|'3/Q)2 Z Z dz & 1% (““)-l .

i<j k

KL Pend DIARIC IS SRR

For large systems, this becomes :

[F (t)] -\’ Sd k (1/2W i) [ dz £ v,
° C i<j C z

(11. 6. 8) ) 2 1 ~ (
(’)R ‘)R ) k.(v -v) P.lii_E’ ,lf.j_'.lf.

= O(NC)

Let us now introduce these two results in (II.6.3) . Because of the
integrations over the velocities, all contributions vanish except if i =1 .
This means, that, among the N(N-1)diagrams a or b of fig. II.6.1,
we only keep the (N-1)diagrams such that i=1. Therefore we
obtain

[ﬁfl(ll,t)]o \(811 /) Z‘d k 1/2m)I dz ‘l:t x

i>1 z

2 ? 1
v k. ld..d ————
¥ l k‘ ~ sl’z Ry z-}g.(xl-xj)
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? 2
II. 6.9 X k . - 0
(IL.6.9) T T T
= 0{C)

[\fl <1yt>] - Newha Z |k ni)/ e
C C

i>1 z
Vv k,— ...d ———————— =k = .k
(1.6.10)  * “k~"p (dg? REESRIED ik

= 0(C)

The general mechanism which insures convergence at an
arbitrary time for the reduced distribution function of a finite num-
ber of degrees of freedom is thus twofold ; first , our assumption
(II. 6. 1) (which for instance introduced a factor 9-1 in (II.6.7)), then
the suppression of the contributions of many diagrams once we perform
the integrations over all but a finite number of degrees of freedom.

In many problems we shall further reduce the class of initial
conditions we consider ., For instance we shall often restrict oursel-
ves to the class of initial conditions where the correlations are
over distances of the order of molecular distances, This will be discus-
sed when necessary.

The property of finiteness of the reduced distribution
functions plays a very important role in the obtention of irreversible
equations for the macroscopic quantities. Indeed, once finiteness is
ascertained with respect to N and £, we can further look at the time
behavior of the system and find out that in the long time limit, some
terms may become negligible, This is not the case for the complet distri-

bution function because of the divergenccs with respect to Nin the
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limit of a large system. However, for the sake of simplicity it
appears often convenient not to worry about this‘ N divergence
and to write down asymptotic equations for the complete distribu-
tion function (kinetic equations, see ﬁ 9) ,. This procedure is perfectly
legitimate provided we keep in mind the fact that all asymptotic equa-
tions we shall derive are valid only when, they are used for the
computation of average quantities which depend on a finite number of

degrees of freedom.

II,7- Time dependence

In order to get some feeling about the simplifications which muy
arise when we discuss the long time behavior of the system, let us con-
sider in detail some simple and typical contributions which we meet in
the evolution of homogeneous systems. To make things even clearer, let
us choose a special form of a repulsive potential which will enable us

to perform all calculations completely :

(IL.7.1) Vir)=V_ e

K = is here the range of the intermolecular force. The Fourier tran-

sform of this potential is:

8 WK
(I1.7.2) Vk = Vo (—k2-—+—;2—)2-

Let us now first investigate the time dependence of the contri-
bution of the simplest diagonal fragment to the evolution of the veloci-
ty distribution function : the cycle (fig, II.6.1a) . Using (II.3.6) ,{IL.3.11)
and (II.7.2), we have:



~ 206 —

F. Henin

-izt
_ . e
(11.7.3) [fo (ti’cyde— -(l/zm)IC dz — "/2(2) fo(O)
with :
(IL7.4) Yz(z) X (ol - _lL 3.0
o]

X(swum 8 W°/0) Z‘dk oy

i<]j
A N g LS A R
~ ')Ri ’)R. z -5.(}{‘1-1.) ~ ‘Jgi ')R.
- -).2 Z: l (8‘“’3/9)2:(— -
xy,2 px,y,z i Jct
11.7.5 1+ ) L )
(IL.7.9) ap'“RiE; ‘qpip' N
where
+ 3 kd kP

2
I (z,p.,P..k) = (8WKV ) ‘d k
d{xZE,l'\—J ] (k2+K2)4[-}E.(V.'V)]

+
(I1.7.6) (z € S)
Using cylindrical coordinates with the z axis along the relative veloci-
ty
(I1.7.7) E:Ki-lj

one obtains easily:

+ 2
Jdp(z,gi,gj,w-m/wstrkvo> S«./s x
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+oo
X (3 ) ) (1/4) dk, -1
4 v - (Z'kng)(ki + KAz)z
+o0 ki
(IL.7.8) +$“,z dk | .

(z-k, )2 + )

“00

+
As can be easily seen when performing the k, integration, Id/i(z) is

+ -
regular in S and has poles in S at

(1.7.9) =-iKg

. -1 . . . .
The quantity (Kg) represents the time during which the two parti-

cles 1 and j are interacting, i.e. the collision time ‘L’CO v Using

1
this result, we can easily perform the z integration in (II.7.3).

We ohtain :

(11.7.10) [fo(t)]cycle =-it\y2(0)+ Y'Z(O) + Res

e-iZt‘rz(Z)
2
z

z=-ikg

Therefore, we have three types of contributions: one proportional tot, a

second one which is of order Tcoll/t when compared to the first and

finally an exponentially decaying contribution proportional to exp(-t/t

).

coll
This last term becomes quite negligible for times much longer than the

collision time,
If we do not make a special choice of the intermolecular poten-
tial, it is easily verified (see an example in chapter III, § 2) that the

+
function I a P has the form of a Cauchy integral :

+o0
+ _ f((,)! +
I‘p(z)- dwz-w (z€5)

-0

(IL.7.11)
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Provided f(w) satisfies some general conditions 1) , this function is
regular in SJr and can be continued analytically in S . lts singulari-
ties in s are at a finite distance of the real axis, of the order
of t(-‘clﬂl . If we assume these singularities to be simple poles
(a]thoﬁgh other types of singularities can also be discussed 3)

), the
veneral result (I.7.10)1is valid (instead of a single residue , we must
take a sum over the residues at all poles in S-) .

Let us now consider the contribution of the simplest destruc-
tion fragment to the evolution of Po(t) (fig. II.6.1b) . In the limit of

an infinite svstem, we have (see (II.6.8)):

-1zt
-(1/2 iI z
(11.7.12) [? ] w . .(l)()

with
@1(2) = (81[3/9) E(dsk Vk 5(3.__ _3_) x

~
(11.7.13) X kv fki =K,k 0

In contrast with the operator \l/z(z) , the singularities of the destruc-
tion operator wl(z) depend not only on the type of intermolecular po-
tential we choose, but also on the 5 dependence of the function
-1
? , i.e; on the initial conditions. Let us denote by K the
k, -k . ’ corr
range of the initial correlations. We may for instance suppose that the

binary correlation function g(x,x) 0)(see Il.2.9) is of the form

K (x-x')
(I1.7.14) gx,x',0) =g (|x-x'| 0= e 7

Then we have :
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~ corr
(11.7.15) f 0 ~ ————s
K, -k 2 2
(ko * l‘2corr)

Therefore, besides the pole at 2z =-iKg due to the Fourier coeffi~

cient of the potential , we now have poles at:

(11.7. 16) z=-1 Kyopp &

in the rhs of (II.7.12) . We thus obtain:

-izt
_ e
[fo(t)]c = %1(0) + ReS [——"z—ﬁl (Z)] , = _IKg
-izt
+ Res [e . @1(2)]
z=-1 K g

corr

(IL.7.17)

As for  the diagonal fragment, taking into account the fact
that $1(Z) is of the form of a Cauchy integral, one generalizes
this result very easily for the case where one does not assume a par-
ticular form of the interaction and the correlation function.

For times t which are much longer than both the colijsion

time and the characteristic time (Kcorrg) , only the first ferrn remain
in the rhs of (II.7.17). In what follows we shall restrict ourseiveses
situations where the initial correlations are due to molecular interaction
tions, Then the range of the correlations is of the vrder of the range

the interaction and both characteristic times are .denticai .

Let us now consider the simplest creation fragment;

(fig. 11.7.1) >

Simplest creation fragment

Fig. I1.7.1
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It is a contribution to the evolution of fk _k(t) . Analytically, we have:

~

-izt
(I1.7.18) [rk,_k(t)l =-(1/21n)[ dz 2 — C,( rO(O)
~ ~ D C

with
(I.7.19)  C (2) = (81\'3/9) v,

1 k(’a 0]
2ok (70) ~R '52

)

The main difference with the two preceding cases is that we have no
longer a summation over the wave vector, However, our aim is to com-
pute average values of dynamical quantities in phase space.If we compute

the contribution of (I1,7,17)to the complete phase space distribution function

f({g‘,ig&,t), we have :

-izt

(11.7. 20) [f(la\:{ﬂ\' t)]D= (12 Wi dz = l"l(z) fo(O)

C
where

- 3 s -
(IL.7.21) M - [d Kk exp [15.(gi gj)] c, (@)

1

With our assumption (II,7,1) for the potential , we obtain:

e-izt z
(I.7.22) [f TARAE ]3 r1(0)+Res [__Z_raﬁ_)-] ik

The last term is proportional to  exp [- K(h; - g_tl)] where
r= g-i-gj' It will become negligible for times t such that :
(IL7.23) t>> rf/g

Later on, we shall only be interested in the value of the distribution
function for relative distances of the order of the range of the intermo-

lecular forces. Then the characteristic time r/g will be of the order
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of the collision time and for t >> tcoll , the asymptotic contribution
will reduce to rl(O) . This means that, for the computation of the

quantities defined above, we may take the asymptotic expression :

(IL.7.24) [ K"E(t)]:) = C,(0)p, ()

The contribution of other types of diagrams (diagonal fragments
inserted on a line , free propagating lines, destruction diagrams
involving exchange vertices (fig.Il, 4.2 a, f) can be discussed in a similar

1)

way but shall not be considered here (see ref. °)

1.8 - Evolution of the velocity distribution

function,
From (II.3.5) and (II.3.6) , we have:
fo(t) ={1/2T® i)f Y Z <o ——(SL—) liki)
C {k\ n=0
(I1.8.1) x hk‘(O)

If we separate out the diagonal part, we obtain:

P 0 /2w (C dz (o _(sL b) [op,@

(11,8, 2)

ol (ot Z.(O (8 gy

K} A0}

It is quite obvious that all contributions to the first term in the rhs
of (11.8.2) will be successions of irreducible diagonal fragments (see fig.

11.8.1) . As to the second term, we shall start from the right with a
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destruction region until we reach the vacuum of correlations \0} Then

we can again go on towards the left with a succession of irreducible

diagonal fragments (see fig, II. 8.2)

O

n=3 *©+©+<>?+
Oé*OOO*@*@*O*OO

First diagonal contributions to fo(t)
Fig. 11.8.1

- OC =

oSc. o
O

S
-
- O - OOC -
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First non diagonal contributions to O('t)

Fig. 11.8.2

If we use the diagrams of fig,(I1.8.3) to denote
(a) the sum of all irreducible diagonal fragments whose initial
(and final state ) is the vacuum of correlations
(b) the sum af all destruction fragments whose final state is
the vacuum of correlations
we easily obtain a regrouping of all terms in the rhs of (II.8.2)in

terms of diagrams (fig.Il. 8.4)

@y -+~ OO+
q-C- -oc-C&

Diagrammatic representations of diagonal and
destruction operators.

Fig.11.8.3
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Py = L@ I @"

Diagrammatic representation of the evolution equation
for the velocity distribution function

Fig.1I. 8.4

Let us introduce the following operators :

1 ) ?°_°—_ "
s (2 m=z<°\<5L“z.‘1:;> | )

irr

z

o0
(1. 8. 3) -1 () P—lL)mSLl 0.
0

(IL 8. 4) D“E‘z) - ;;1 Q \(SL —Z-_lfo) hm) irr

where the index irr.means that only terms such that all intermediate
states are different from the vacuum of correlations “Ot)must be taken
into account, This condition means that all propagators in \‘I(z) and

1)

D (z) are different from z.

With these operators (II.8.2) may now easily be written as :

fo(t) = -(1/2 W 1) [C dz f(:) [% ‘VZ) ] “{fo(m

n=
(I1.8.5)

-izt

s 2 ,
VTR MO)}

Differentiating with respect to time , we obtain :

0

D o(t) -iz B
_f_= (1/21!')‘ dz e Z[%*(Z)] {fo(o)

M C n=0
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+1i {%—Q‘ D‘li‘(z) r’,lﬁi(O)}

~izt o0 n
: (1/21r)f iz ) -’—7[1 <z>] (0)
c 4 * n=0 z‘r {fo
v 2o, )y )
MEHRENE }
+(1/2W) j dz e’mr (0) + (1/2Ww )‘ dz e
C ° C

l_ oo Phej”

(11.8.6)  {ix}#{0} {5‘

-izt

The second term vanishes because its integrand has no singulari-
ties, As to the remaining terms, let us perform the =z integration.
Introducing time dependent operators ) and 51) ) which are respec-

tively the inverse Laplace transforms of s.\l and D{k§z):

(11.8.7) G(t) = - (1/2W i) f dz e-th *’(Z)
C

(IL. £ 8) :‘D{ki(t) =-(1/21r1)‘ dz e D’k‘(z)

C

and using the convolution theorem as well as (II.8.5), we obtain:

’bpo(t) t
Y =!0 dT G(t- ‘l')fo(t)
(11.8.9)
; fik (0)

k)
fi t#M ’
This generalized "master equation", which has been obtained in a

straightforward way from a rearrangement of the terms in the formal so-
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lution of the Liouville equation describes the exact behavior of the ve-
locity distribution function for any time. It may seem much more com-
plicated than the original Liouville equation. However, asit will appear
below, it has the great advantage that for a very wide class of initial
states, it has simple properties in the long time limit,

Let us first notice that we have decomposed the time variation
of fo(t) in two contributions of a very different kind. First of all,
we have a non-markovian contribution which is expressed in terms of
PO only ; this contribution describes scattering processes; the inte-
gration over the past corresponds to the physical fact that the scattering
processes have a finite duration (collision time) . On contrast with the
first term, the second term in the rhs of (Il.8.9) does not depend
on Fo but on the initial correlations present in the system. This

term describes the destruction of these initial correlations,

1,9 - Kinetic equation,

Let us now consider the case of systems interacting through
short range forces and such that the initial correlations are over a mo-
lecular range ., For such systems, the duration of a collision is very short
and many simplifying features appear if we consider the asymptotic beha-
vior of the system, i.,e, its behavior for times t such that

(11. 9.1) t>T
coll

Generalizing our discussion of § 7 , we shall assume that

the operators \}/(z) and Z, D
LY

1. they are analytical functions of 2z in the whole complex plane except

z 0 have the followin
it Pricy® :
properties :
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for a finite discontinuity along the real axis . These operators are ana-
lytical in S+ and can be continued analytically in the lower half pla-
ne,

These properties are consequences of the definition of these operators
provided perturbation calculus converges, They have been verified in

detail for the lowest order contribution to \r(z) and Z: D k‘z )f‘k‘(z)

in §7 ;  there it has been shown that both these contributions are Cau-
chy integrals, A detailled discussion of the operator \{l(z) at higher
orders has been recently done for the problem of anharmonic solids and
some quantum field theory problems %) .
2. The singularities of the analytical continuation in S are poles at a
finite distance from the real axis., This assumptinn must be conside-
red as a sufficient condition for the validity of the kimetic equation we
shall derive, We have seen how it can be realized for a simple type of
interaction potential and a simple initial condition in §7_ For more
complicated interactions or initial conditions, singularities other than po-
les could appear and the following proofs mustbe amended but we shall
not consider such cases here,

With these properties of the diagonal and destruction operator in
the z plane, our results of § 7 can be easily generalized for the di-
scussion of the twokinds of contributions in (II.8.9).

Let us first consider the destruction term. Using (II.8.8) , we
obtain :

lim ﬁ'_‘ SK(t) ﬂk\w‘ o

>>
t rcoll

'
e
%
)

o z: . -izt
m ZR s[ D *()e ﬁﬁ((’)]g:z

coll j 13 1k
(I1.9. 2) =9

where the (,'S are the poles in the lower half plane of the function
J
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Z D, (2) (0) . (I1.9.2) corresponds to our result of 7 that the lo-
i e figy i

west order destruction contribution to the evolution Off (t) is asym-
0
ptotically constant; upon time differentiation, we obtain zero, Therefore,
once (1I.9.1) 1is fulfilled and the initial correlations are short range,
the master equation becomes :
9

0 t
(I1. 9. 3) i—=x——=1lim dTG(t-T)e (T)
ot t>>T fo
coll Jo

while (II.8.5) reduces to

i e-izt oot 1 n] — (o)
ro(t) = Res | — e l;Y(Z)) o fo(o) + fo

(I 9. 4) i_o: R of & pta]
= (1/p- @Y (-it) { [ (Z)] (0) (9)
p=0 q=0 dzP Y Pl + o

z=0

where the function *)(z) which has to be used for z -0 is the analy-
tical continuation of the function defined in S+ . 2

It can be shown ,through some lengthy algebraic manipulations

that this gives rise to the kinetic equation:

. ')Po(t)
(I1.9.5) T 2 (0) f)o(t)

where Q 1is a complicated functional of \l.l and its derivatives for

z =0

o0
(I1.9. 6) e-=2" q
‘:D.
(I1,9.7) Qs 1
(11 9. 8) 94=h‘m Q. (2) d>1
z30 o

T) p_(0)isa modified initial creation and is given by the expression between
0
in the rhs of (11, 8.5)
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The Q‘ (z) are given by a recursion formula :

o-1 2
(11.9. 8) Qu(z) =(1/d) Z {W Qu o _P(Z)Y(z)} Q

p-o
The operator 2 takes into account the finite duration of the collision.
We shall not give this derivation here but rather use some simple
considerations which will emphasize the meaning of both the operator \‘J
and Q

The operator \Il has the dimension of the inverse of a time

(see 1I.8.3) . As this operator describes the collisions occuring in the
system, this time is of the order of the relaxation time. (for instance, in
dilute gases (Boltzmann equation), the relaxation time is connected with
binary collisions, 1i.e, those terms in \ywhich involve only two particles).
Derivation with respect to z of +' increases by one the power of one
of the unperturbed propagators, In our simple example of § 7, we have
seen that this amounts to bring an extra factor tcoll' Therefore, any
contribution to rhe rhs of (II.9.4) corresponding to a given value of
p and q is of the order :
P )q

(IL 9. 9) /T (Teon' © rel

rel

re
instantaneous events. Then, we may restrict ourselves in (II.9.4) to the

Let us first neglect tcoll/t pi-e. let us consider the collisions as

term ¢ =0 and we obtain:

(II. 9. 10) r (t) 'Z (1/pY) (-itg () P T O (T, o1t/ Cret

This leads us to
0

- T

(IL.9.11) iy p M FO(T /T )
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This equation is a very simple generalization of Boltzmann's equation;
besides two-body collisions, it includes collisions between an arbitra-
ry number of particles. However, if we do not neglect collisions betwe-
en more than two particles ,it is not consistent. Indeed, for a dilute
gas of hard spheres for instance, where we can restrict ourselves to
two-body collisions, it can be shown that the relaxation time is given

by :

-1 2"
(I1.9.12) T CCav

where a is the diameter of the particles and v their average velocity,
3
As the only dimensionless parameter we have is a C, we must expect
that, when we take into account higher order collision processes, we
shall have an expansion analogous to the virial expansion
-1 L 2- 3.2
(1L 9. 13) T Ca’y [1 rda’CH ﬁ(a c)” + ]

Now, we also have :

(119, 14) T =a/v
coll
and thus
.3
(I1.9. 15) T/ Tpe “0@0

Therefore, the procedure we have followed is certainly not consistent:

we cannot keep higher order collision processes (i.e, corrections of

coll/trel n
the rhs of (I1.9.4) . In order to understand the general evolution equa-

order a3C in trel) and neglect terms of the order of T

tion (II.9.5) , let us keep in (II.9.4) the first correction, that which

is proportional to /T (i.e. the contribution q =1) ., Then we ha-
P tcoll rel

ve !

[+0]
Pl = T (l/p.‘)(-itqa(onpfo(O)
p=0
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00 0
v+ 2o 2 (et y-it Y () )p\|/'(0)(-it1-'(0))qfo(0)

p=0 q=0
II. 9. 16)
( 2
* 0'(":.colllrrel)

Upon differentiation with respect to t, it is easy to show that one ob-

tains :

V () 2
(1L.9.17) '-,%0?—= i \r'(O)) Y(O)ro(t) ¥ 0(‘ccoll/-l:rel)

The operator \}I'(O) , which takes into account, in first order , the fi-
nite duration of the collision, is precisely identical to the operator Q )

in (I1.9.6) .

1I.10-Evolution of the correlations in an homogeneous

system,

As all derivations are very similar to the derivation of the gene-
ralized master equation for the velocity distribution function, we shall
only indicate how they proceed and what are the final results .

The most general diagram contributing to the evolution of a given
correlation contains all three types of regions defined in § 5. We shall

now write :

(IL.10.3) Prcy @7 Pag® " Fgiy

where, by definition :

ﬂl‘;t (t) contains all diagrams without creation region
ﬂii (t) contains all diagrams which end by a creation region
This decom;osition is performed in detail for all second order diagrams

contributing to the evolution of rk -k in fig;I1.10. 1.
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— =0 2f

Second order contributions to 1’; K

Second order contributions to the

evolution of the binary correlation fk )
Fig.I1.10.1

To discuss the evolution of fll (t), one decomposes the relevant
diagrams into those which are diagonal and those which contain a destru-
ction region (see fig.I1.10.1) . In this way, one verifies easily that these
functions obey an evolution equation very similar to the general master

equation for the velocity distribution function :

’)ﬁ;&‘t) t
iT = L dfG‘k‘(t -r)f'li\(r)

(I1. 10, 2) + %%‘&.‘ {t, ftk' (0) )

where G K (t) is the inverse Laplace transform of the diagonal operator:
- 1
(1. 10.3) ﬁk (z) = ZGE“U" (z—-T;L)n“iD irr
~ n=1 0

while (t, (0)) is the inverse Laplace transform of the
s Pre'

destruction operator :

dest.

(1L 10, 4) D’M,(z) Pcy®” 2 (ik\\(SL —) |\k'}> ﬁk,'w)

The dash on the summation over {l(" in (IL, 10, 2) means that only those

states “}g»which are such that the transitionlk\(—{l&' ‘ describes a
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destruction of correlations must be taken into account.

The evolution of Pl'l,li (t) is due to the dissipation of the ini-
tial correlations through the collision processes. For long times, a pseu-
domarkovian equation similar to (II.9.5) can also be derived from
(11,10, 2) .

As to the evolution of P’i.lﬁ (t), the main point is to notice that
if we have at the left a given creation diagram, corresponding to a
transition {k\(—-‘k'\ , we may have at the right of this creation diagram
any of the diagramswhich contribute to the evolution of P{k'\(t)
(Tf{k'k iO} , we may have all the diagrams which contribute to the
evolution of the velocity distribution function), if < is the time corre-
sponding to the first creation vertex. This remark makes it possible to

show rigorously that one has:

l

- t - 1
(11.10.5) Ph\() ik't[ C‘k\‘h'i(t r)?i!i'\(t) dt

where the dash on the summation over ‘K'tmeans that only tho-
se stateshi‘ ‘)corresponding to a lower state of correlations than H}g}
must be taken into account.

C{ k“ﬁ"‘t) is the inverse Laplace transform of the creation

operator :
(010.6)  Cpppnl®) = ;1(\9&)&\ l‘k'D

Equation (II.10.5) describes the continuous creation of fresh correla-

tions by direct mechanical interactions from less excited states,
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II,11 - Approach to equilibrium of the velocity

distribution function,

For weakly coupled or dilute systems, the approach to equili-
brium is usually discussed by means of an }e-theorem. More precise-

ly , one shows that the quantity

(I1. 11.1) P =S{dR\N‘>oln ro

decreases monotonically in time and that the stationary solution (which
is unique) corresponds to the equilibrium distribution.

Unfortunately, this theorem cannot be completely generalized
when higher order contributions are taken intc account. We shall only
consider the case of systems where there exists a parameter such that a
perturbation expansion in powers of that parameter has a meaning (cou-
pling constant )\ for weakly coupled systems, concentration C for dilute
systems) . As an example, we shall consider the case where an expansion

in powers of >\ has a meaning . Then , with the following expansions :

(I.11,2) Po(t) =P(Z) (t) +\‘>c()l)(t) + XZ f(i) (t) +...
(1. 11. 3) Y(O) = \2«}’2(0) +\ \{'3(0) + \4'-,/4(0) +...

(1. 11. 4) Q - 1+\2\fl2' (0)+...

the kinetic equation (II.9.5) gives us a set of equations:

dp0)

o (0)
e O o o
2,

. (1) , (0)
II,11.6 _— - (0) (t) - iy, (0) (t)
( ) AN iy, f 0 Ys f 0

(1. 11.5)
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2¢?
(IL 11.7) _é_= -i YZ(O) P (t) - IYB 0) P - iY4(0) P(g) (t)
- iy 04,0 p') )

ete...
Thex -theorem for the lowest order approximation (for wea-
0
kly coupled systems, see chapter III,§§2 and 3) shows us that r(o)(t)

decreases monotonically towards its equilibrium value :
(0) (0)

II.11.8 t =f H

(IL.11.8) Po (1) (H)

For times much longer than the relaxation time for f(o)(t) , the next
0

approximation is then given by :

mf’ (0)
(IL.11.9) ——— = -1\\/2(0)‘9 (t) - 14,0 7 (H )

X
The interesting feature is now that one can show that :

(1. 11. 10) \‘IH(O) gH) =

where g is an arbitrary function of the unperturbed hamiltonian, A
general method to verify this property can be found in 3) . This method
is based on the discussion of an integrél equation and rather formal,

1) 6)

A more cumbersome method consists in the splitting of each \lln
in a number of operators according to the number of particles which

appear in the diagram . For instance, in the operator N|/3(0) , we have

¥This is valid for gases where the interaction is velocity independent, For anha-
rmonic solids for instance, the situationis more complicated because of the ac-
tion dependence of the potential and this property is not valid, This makes it very
difficult to study the approach to equilibrium at higher orders than Xl 1)5)7)
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two diagrams (fig.II.11,1) : one with three particles (a) which we call
Y(g) , the next one (b) with two particles which we call*(g) .

<5<£>®

Contributions to \rs

Fig. II.11.1
One then shows that :
(IL 11.11) «{/ " (o) g = 0
As an example, let us verify this for n=3 ,¥ =3 (diagram a, fig.I.11,1)
We have :
Y(B)(O) gH )< lim ) Z(O\SL Lkl kr-k)

z90 ijl k

@11, 12)(15-k k. k\ = l~1~~—-k k <k k. —-k‘SL‘k =k, k --k)
o oot o | [k ) o ke B o) )

Using (II.1,1) ,(11.2.12) and (IL. 3.11) as well as :

(I1. 11, 13) lim - = -
23 0 a/ (z - a) 1
we easily obtain :
3 I
(0)g(H)~11m deV Vk e
Y z30  ijl ‘ \ R 'DR
(II.11.14)

k(roy) %)

z-k.(v -v ) 2
~ (~1 ~] gHo
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Now, let : i=3j, j=di, k=) 'li and take half sum of the rhs of
(II. 11, 14) and the term obtained through this interchange of dummy
variables, We obtain :
2 Sg(H)
3 2
(IL 11. 15) ‘3’ (0) g(H ) ~ lim Z\d vl v By =3
230 ijl 1™ VH
=0
because tte integrand is an odd function of k
Let us now go back to the discussion of the set of equations
(II.11.5), (II.11.6), (II.11.7), etc... for long times, Using (II.11.10),
we notice that (II.11.9) reduces to :
1
W'
0 _ (1)
(IL. 11. 16) — =-uy2(0)fo (t)
Wt
As only the lowest order operator remains in this equation , we again

obtain the result :

(1)

1)
(1111, 17) fo

(H

(t9 ) = f
o]

It is then trivial , wusing again (II.11.10) to show by a recurrence pro-

cedure that :

(n)

(IL 11.18) fo ty ) = 1 m)

0

Therefore, we obtain:

(I 11. 19) fo(t = ) = 1(H)

which is the equilibrium distribution . The function f(H ) is arbitrary
[¢]

(normalized to unity) as far as this proof is concerned but is comple-

1))'

tely determined from the initial condition (see ref,
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Let us stress the fact that this generalized x-theorem is
not so powerful as the x-theorem for the lowest order approximation.
Indeed, the x -theorem for the lowest order approximation actually
amounts to proof that all eigenvalues of the hermitian operator - ifz
are either negative or zero and that there is a unique eigenfunction
(the equilibrium distribution) corresponding to the eigenvalue zero. In the
case of stronger coupling, what we have actually done here is to verify
that there exists one zero eigenvalue for the complete evolution operator,
with the equilibrium distribution as eigenfunction. A true x-theorem
would require a proof that the eigenvalue zero is unique and that all
other eigenvalues are negative, This is of course very likely, at least
for systems where a perturbation expansion has a meaning, i.e. when the
lowest order terms give the dominant features of the behaviour of the

system.

11.12 - Approach to equilibrium of the correlations

in an homogeneous system,

The asymptotic solution for the equation (II,10,2) for the part
P'{ k\Of the correlation can be discussed in a way similar to the above
discussion for the equation for the velocity distribution function. The main

result is :
(I1.12. 1) Hk\ (tdw) = 0

As a result, in the equation for f“{k\(t)’ we only keep those creation

fragments which start from the vacuum of correlations :

t
.12, n = dTtC -
(I1.12. 2) P{ k\(t) IO T *KﬁiQ\(t T) fo ()
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These results mean that the initial correlations tend to dissipate, In
the long time limit, only the fresh correlations which are continuous-
ly created from the velocity distribution function remain.
For times such that the velocity distribution function has reached
its equilibrium value, we have ;

t
11,12.3 = o" = dt C f(H
W23 P = P f oy 1)

or, using the Laplace transform of the creation operator (see II.10.6):

t .
ﬁﬁ\(thf"\&{t) =.(1/21r)l0 d-:/c dz e o C{K“QE(Z) f(HO)

(IL. 12, 4)

= (1/2Wi) ‘ dz (e'i”- 1) 2t (z) f(H )
C (o]

{ :HY
Now , as in our discussion of § 7, we take into account the
fact that we shall always be interested in average values of dynamical
quantities, i,e. in expressions which involve a sum over the wave vector.
In such quantities, the oper:;tor C‘ K440 t(z) is replaced by an operator
r(z) which is a Cauchy integral (sge Tor instance I1.7.21) . We then

have :

(l/mi){dz AR

(IL. 12.5) c . .
T
j j

where the g'J s are the poles in S of r(z) .

For long times, this becomes :

(II.12,6)  lim. Z res {(e-iZt - 1) z-lr(1J=- Zres (z-.1 r(z) )
ty o ] 28 5j=2
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This result allows us take
P B3l T ot @ D
(I1.12.7) m
=1im )| 22 (ZIL 3L) lo)ux )
z=3 0 m=1 )

If we denote hy

(11.12. 8) F‘(‘;\ = lim {{k\\( o)f(H)
~ z-’

the set of all to kz,contributions involving m vertices we have:

m
= )

where V is the intermolecular potential (see (IL.1.1)). (II.12,9) can

R
(I1.12.9) (m) (M\ (0)

be proven , using a recurrence procedure. For m =1, we have, using

(I1.3.9) :

- x| LS| 0 f(H )

(Eli)zk"l% RN TR L
3 1 0]
= (8W/Q) 21310 Z'E'(Ki'lj) " .(3—5 -%R;—)f(HO)
(IL. 12. 10) ] (81‘_3/9) . '.)f(HO)
kM
(H )

¥ Some care has always to he taken in the use of (II,12,7). The use of such
an expression does not lead to difficulties when one is interested in average quan
tities which are linear functionals of the correlations. When non linear functio
nals must be considered, one must ﬁo back to (II. 12, 4) as has been shown in
receni work on anharmonic solids
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Assuming (II%12.9) to hold for a given value of m, we have:

SRR \(;{;&)m“ Loy )

~

=lim Tdiy| 8 Lhk'i)h

< 04k

(I1. 12, 11) m
—hin) Z{m] L 5L\\k‘ﬁ)(ik'i\ - Yns 19)
= lim { - 9 v
Z.a 0 ‘ ~ Z-LO m

Now, if iiicontains ¥ non vanishing wave vectors kl'“Ev’ we obtain :

(m+1) 1 v M
| slim e — —= o>
~17TTRY 230 z - k.,.v © DH
i1 1
=-i(81|'3/9-)N+1 lim —1;———— x
z=9 0 zZ - lz::'i ‘kv1 Y
A N m 3y f(H )
X{dq‘N exp[-] E kq ZBX 3_ _\L. 3 o
=l ~ T Y ‘DE’I m 'bHI:
] N >
= i8N/ Q) lim 9 {d&} exp[-1 Zkl q,
z=30 ’- Z }i}i i=1
=g TP
m+]
X ZI\-T-_ AV lm‘a f(Ho)
o1 1o m oy Mt
=1(8n3/$z) lim ! X
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v m+1 m+1
N , N P 1 07 (M)
"]?“"U EXP[‘I ;1 l»f-i'gi] Z % Tag (et y g

=i(81|'3/9) ML im f,
0 1T &

(1. 12.12) v v 3 m+1 -)m+1 )

: N , ' 1 f(H,

X “di} exp [' ! Z‘ lii‘.'.ﬂi] Z R 24, (@t - o+
1=1 0

i=]

Integrating by parts over q,° one obtains easily (II.12.9) with m re-
placed by m+1 .
Combining (II.12.9) and (II.12.7) , we easily obtain:

) %mf(Ho) ™
N TP M (] R O)= Gk} i o
(0]

which is the correct value of the equilibrium correlation,

Therefore, once the velocity distribution function has reached
its equilibrium value, the fresh correlations which are continuously crea-
ted from fo are the equilibrium correlations. (II. 12.7) gives us a dynami-
cal description of the equilibrium correlations., A comparison with Mayer's

cluster formalism can be done but will not be oonsidered here.

11.13, Response to an external constraint,

As an example, let us consider a system of charged particles
which is at equilibrium at t=0: at.t=0, we switch on a spatially homogeneous

external electrical field E~ (t) .

To the hamiltonian (II,1.1) , we now have to add a term descri-

bing the effect of the external field :
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~i

(I1,13.1) Hp = Zl e E@®).q

th
where e is the the carge of the i particle.

i
The Lipuville operator corresponding to this problem is then:

(11, 13, 2) iL =iL +1i S L +iL
‘ 0 E
with
P
11.13.3 e P
e WLyt

As we have assumed the system to be at equilibrium at t=0,

the initial condition is:
exp [- (1 + 2v)/ur]
(0) =
f feq“ ;{deq‘ exp[ (H +)V)/kT]

(11 13. 4)

If the external field is sufficiently weak, we can restrict oursel-

ves to a linear theory in E; therefore, we have:
(I1. 13.5) PO = Poqu. * Af(t)
where Af is linear in E. Using

(IL. 13, 6) © +9L) P equ.

(I1.13.7) ‘bfequ/ ot = 0

the Liouville equation reduces to :

QAP g
(11, 13, 8) — =-i(L L)Ap - iL,
At 0+ )Af ' E requ
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2
when terms of order E and higher are neglected.

This equation can be solved formally very easily:

t
(I1. 13, 9) A l)(t) = - ‘ dt' exp [—i(LO+ SL)(t-t')] LE(t‘) fr equ.
0

This solution takes into account the initial condition(Il.13.9)) (Af(0)=0)'
Let us again expand the distribution function in a Fourier se-
ries of the position variables. Then, for the velocity distribution function
[Jo(t) (which is the only coefficient we require if we want for instance,to

compute the current in the system), we obtain:

(1L 13, 10) ro(t) - rgqu'(t) + Aro(t)

Taking into account the fact that E is spatially constant, we have:

(1. 13.11) A k“LE(t)“E"y gt 8{ kYik'}

and therefore :

t
Dp =-iL |
(11.13,12) fo i ] at' o ‘ exp[-l(Lo+ SL) (t-ﬂ)]"ﬂ) x
equ.
X ]
L) Py
Any time dependent field can be represented by a superposition

of oscillating fields with various frequencies. Therefore, we shall

restrict ourselves to the case of an external oscillating field :

(I 13. 12) Et)=E e W
~ ~0

Using the convolution theorem and (II.13.13) , we easily can write :



— 236 —

F. Henin

(1. 13. 14) Afo(t) = -(1/2W i) ) f dz e (O\R(ZH
C

14
equ.

"2561 o bg Piiy

where R(z) is the resolvent operator defined by (II.3.6) , in the
absence of external field, The matrix elements of this operator have
been discussed in detail in § 8, where we established the generalized
master equation for the evolution of the velocity distribution function in

the absence of external field, Using these results, we obtain :

-1zt
Afo(t)=-(1/2u'i){ dz & [ \‘1( )] _ Z¢ E __Pequ.

C I 1~0 3E
(II. 13, 15)

. — equ.
P Tt

where the operators \V(z} and D{k‘(z) are given by (1.8, 3)and
(II. 8.4) respectively.
Differentiating with respect to t and using (II.8.7), (I1I.8.8), we
obtain :
4 (t equ, t
_ar +uLE‘>O +i {ij . dv ﬂfk! (t-t)LE(t)fiq;‘
(II. 13. 6)

t
=I dT G(t- 'I:)Aro('t)

)
This transport equation is valid at any order in the cou-
pling constant and the concentration,

equ.
The term iLE f oq in the lhs is the usual flow term
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which describes the effect of the field on the unperturbed particles
(i. e. between successive collisions) .

As to the non markovian term in the lhs of (IL. 13.16) it descri-
bes the effect of the external field on the particles during the collisions.
To see this, let us consider the static case (w=0) . Then, for times long

with respect to the collision time, we have (see (II.8.8.))

equ, equ.
man L[ e d Z o, o

k E k k EY{k
5 R T i T e (14
As we have seen, the equilibrium correlations are created from the

equilibrium velocity distribution (see (II.12.7)) and we can write :

equ, equ,
Z 21 Mo %ﬁmmL i fo

- lim 2 Zof_ f(o‘(SL—-—-—) '{k\)L ({klx——ﬁl) l>efw

230 {k} m=1 n=1

(I1. 13.18)
5 (ol § P Lot Vg

= 1i — — L_ —— (oL —

lim 2 Z_: Z____(o\ L{Z‘_L L) — Ly~ —) L|0> x

230 {13 p=0 q=0 o o 0 0

equ.
Po

If we compare the operator n the rhs with the operator \‘/(z) given by
(11.8.3) , we notice that they differ  only through the replacement of one

the unperturbed propagator S 1/(z-LO) in *(z) by

1 1 1 1 2
= - + 0(E
z-L LE z-L z-L -L z-L (£7)
o 0 o E 0

(L. 13. 19)

In other words, the operator in the lhs of (II. 13.16) describes the corre-



— 238 —
F.Henin

ction to a collision process which.one obtains when one takes into ac-
count (to first order in E)the effect of the external field on one of the

intermediate state.

II.14 - Stationary transport equation in the static

case,

After a long time, we may expect that a system submitted to
an external, spatially homogeneous, constant, electrical field will reach

a stationary state :
st
(I 14, 1) A fo(t) —Ap

where AF Sot‘ is time independent. As the contributions to the rhs of

(II. 13, 16) come from times € such that:

11. 14, -
(1. 14.2) t tstcou

we also have, for t very long:
t.
(II. 14. 3) Afo(r) = A Pt = Arso

Taking also into account (II. 8.8), the general transport equation becomes :

. ) e [t t.
(IL. 14. 4) iLEfequ+ZD (0)1LEﬁq£=l1m{ er(t-r)Ari

" beael,
o equ. Z equ, st
II.14.5) iL D (0)iL = Sig(0)A
( )i EQO +i§\ 1kt )i Er&m 11/( ) fo

In chapter V, we shall use this equation as a starting pointhn a
discussion of brownian motion of a heavy charged particle submitted to the
action of an external constant electrical field and moving in a medium of

light particles,
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I1I, BROWNIAN MOTION IN AN HOMOGENEOQOUS , WEAKLY COUPLED
SYSTEM

III, 1 - Introduction

We shall consider here a weakly coupled gas, i.e. a system such

that the coupling constant is very small :

(I 1.1) PRET

-2
The relaxation time of such a system is proportional to X (see the Born

approximation) :

)‘-2
(1. 1. 2) T

We shall consider the evolution of such a system for times of the order

of the relaxation time, i,e. we shall take the following limit :

2
(II.1. 3) >\'30 , > o, Xt finite

As the collision time is independent of the strength of the interaction, we

clearly have :

< -
(IL.1.4) rcoll / rel 0

and the evolution of the system will be described by a markovian equa-
tion,

The weak coupling condition implies that we exclude all forceg
with  a strong repulsive core, Strictly speaking, there are no known
intermolecular forces for which the theory of weakly coupled systems may
be applied.

In all physical cases, the interaction becomes too strong at very short
distances to be handled in a weak coupling theory . Nevertheless, we shall

consider it here because it is the simplest example where the brownian
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motion problem can be discussed starting from a microscopic basis.

1)2
)2) and will

This model has been discussed by Prigogine and Balescu
already show up interesting features when compared with the phenomeno-
logical theory of chapter I, and in any ease , we can expect that it will
give us a good description of the effect of the collisions which are not
too close,

We shall first find the equation for the reduced distribution fun-
ction for one particle assuming that initially there are no long range cor-
relations. Then, we shall specialize to the problem of browhnian motion
where the particle moves in a fluid at equilibrium. The equation so obta-
ined for the one particle velocity distribution function will be of the
Fokker-Planck type. However, in contrast with the assumptions of the
stochastic theory, the friction coefficient will appear as velocity depen-

dent, In fact, this dependence will be important only for velocities equal to

or higher than the mean thermal velocity of the fluid.

I1I.2 - Equation of evolution of the velocity distri -

bution function for weakly ooupled systems,

From the discussion of chapter II, § 9 , it is quite clear
that if we take into account (III.1,4), we must neglect all non marko-

vian corrections to the kinetic equation, i,e. take

(1L, 2,1) Q=1
in (I11,9.5) .

When we do this, to be consistent, we must keep in the ope-
rator \y only the lowest order contribution, of order Xz . The only
diagram which we have therefore to keep in the operator \lJ is the

cycle (fig. II.6 1a) . The evolution equation then becomes :
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V. (t)
(11,2, 2) —fﬁ-— =-1 )\z*zfo(t)

ot

where \|/2 is the operator associated with the cycle. We have already
discussed this operator in ch, II, § 7, using the simple case of an ex-
ponential interaction law, If we do not make any special choice of the
potential, we have (see II.7.4) ;

. 3, .2 Z 2'_ )

-1 z = 8 Q 3

AR AL \\~aR )

(I1. 2. 3)
b ¢ __1—_ k(l ___0__) ~(ZES+)

We have now to find out the limiting value of \‘/2(2) when z -§0+, i,e
the analytical continuation of this operator when z approaches the

real axis, As we have already said this can be done easily, in the limit
of a large system , using the theory of Cauchy integrals, Indeed, when the
limit

(11.2.4) Now , Q-»w, N/Q =C finite

in taken , the spectrum of values of k becomes continuous and the sum-

mation over k in (IlI.2.3) becomes an integral :

(Il12, 5) (8 1\'3/9) Z.,s d3k
k

Then we have :

3 9

Sy o) = ey 2 (ol k(v |k ) x
Y i ‘ \ ag -’bgj
1 9

(111 2. 6) X —— 5-(——— "

2k (470) R, oy

If we take as one of the integration variable the variable :
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(IL.2.7) X = K'Qi-lj)
the dependence on z is of the form:
(IIL. 2. 8) F(z) = +“c>ix ) (zes")
) ‘ Z - X
-0

This is precisely a Cauchy integral, Its analytical continuation is :
+o0 +00
+
(II1. 2.9) F(0 )= g dx @(l/x)f(x) - 1‘ dx S(x) f(x)
-0 =00

The rhs of (III.2.6) is an even function of k . Therefore, the contri-
bution involving the principal part vanishes and we are left with the

following kinetic equation fer a weakly coupled gas :

P
f’ - e\ 2 ‘d k |vk\ ke -2 x

i< Bp bp

9 P
x & [k [~ v ~J 5(3_31_ _'b_g;)ro(t)

Let us notice that with this equation it is very easy to verify

(I11. 2, 10)

Boltzmann's X -theorem. Indeed, with Boltzmann's )C -quantity defined

as @

N
(IIL 2.11) % =‘{du fo In fo
the kinetic equation allows us to write :

ﬁ: e\ de|v\25p<< ~] ftt) x

t
? l(J

(IIL. 2. 12) . {k 22 P, ] <o

op, ')gJ

The function )C(which is related to the entropy) decreases monotonically
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to its equilibrium value, The rhs of (IIl. 2.12) vanishes once ro

has reached its equilibrium value :
(111. 2. 13) fo “=1(H)

The function f cannot be determined by (III. 2.12) but is determined by
the initial conditions. We shall see in the next paragraph that the
assumption of initial molecular chaos leads to the Maxwell-Boltzmann

distribution,

III.3 - Kinetic equation for the one particle velo-

city distribution function,.

Let us call Ys the reduced distribution function for s momenta:

(I1.3.1) ‘Fs(xl""xs’t) =IdBS+1...dRN Po py.t)

Integrating (III. 2, 10) with respect to all momenta except Y and taking

into account the fact that the distribution function vanishes at infinity,

we obtain :
’b\p (v..t)
1'~1
____a_t__. /Qm) Z‘dv sdklvk\ k. x
i3
(II. 3. 2) 2

l
Rl ) av “m Ty Y

This equation gives us the evolution of the one-particle velocity
distribution function in terms of the two-particle distribution function,
Therefore , it is not a closed equation and if we do not make any
further assumptions, we have actually to deal with an infinite hierarchy

of equations.
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According to our basic assumption (Ch, II. §9) we consi-
der a system where all correlations are of finite extension, Now, the
velocity distribution function is an average over the positions of all
particles of the complete distribution function. When we do this, if we
consider two given particles, it is quite clear that the contribution of
those configurations where the particles are correlated is much smailer
than that of those configurations where they are uncorrelated. This
allows us to neglect the effect of these correlations on the velocity
distribution function, i.e. to make the assumption of molecular chaos at

t=0:

(111, 3, 3) fo(t=0) = T;"fi(xj» t)

Once molecular chaos is taken as an initial condition, it can
be shown to persist for all times in the limit of infinite systems 2 ?f)
We shall not give the proof here.

With the initial condition (IIL.3.3), we may write in the rhs

of (II1.3.2)

(I11. 3. 4) ‘f)z Ly 1) "Fl ~1 ‘fl Xt

and we obtain :

b‘f“l st N/ m’ Zde ‘d k|v

'bt

(IIL. 3. 5)

P SR
xs[k v -V ] k.( -— v 1)@ (v .t
7, S BXJ)ﬂ(q ), (2
A similar equation can of course be easily obtained for the re-
duced distribution function of any particle of the system, Therefore, we

are now dealing with a closed set of equations.
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Let us now verify that the equilibrium distribution correspon-
ding to the initial condition (III.3.3) is indeed the Maxwell-Boltzmann
distribution, Using (III. 2.12) and the assumption of molecular chaos,

at equilibrium, we must have :

9 D)
(IIL. 3. 6) k. (.—DE - —B—RJ) tﬁ(zi,t) fl(gj,t) =0

whenever k is such that:

(IIL. 3.7) k.(v.-v)=0

~ '~] ~j
We verify easily that (III.3.6) implies :
1
VMnep, (v, 1) ] lne,(y 1)

1II.3.8 k. =0
( ) K (— 3L 3%, )
~ J
Whenever (III, 3.8) and (III.3.7) are simultaneously satisfied, we must
have :
RET AR ()
op. dp.
Ri = SIS o
E..i- Ro RJ - E,O
m; mj

where o and Ro are constants .,

Integratimg (II1. 3.9), we obtain

2
(III. 3. 10) 1“‘?1(11) ='((gi - p~0) /2mi+1nx

i
where x . 1s a constant .
i

This gives :

(III. 3. 11) ¢, =Y exp[d ’Ri'RoJZ/zmi]
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The normatlization condition requires :
3/2
(111, 3. 12) oo X = 4T (-m. o /27)
i

We also consider systems where the average velocity is zero ; hence

(1I1. 3.13) R, ° g
Defining the temperature through :

(I111. 3. 14) kT =<m;v2/2) = ‘dzi (viZ/Z)‘Pl(xi)mi

one obtains easily the usual Maxwell - Boltzmann law ;

3/2

(IMI. 3. 15) \fl(x) = 4 (m/2WkT) exp(-mv2/2 kT)

In this way, we have verified our statement at the end of the previous

paragraph.

1II.4 - Brownian motion in a fluid at equilibrium,

We shall now consider the simple case where the particle
1 moves in a fluid at equilibrium . We then have :
3/2 2
Kfl(x.,t) =4 (m /2W KkT) / exp(-m, v ,/2kT)
(4. ] 1
jfl
Then, equ.(IIl, 3.5) becomes (assuming the masses of all fluid particles
to be equal to m):
P
P, 0

= - (321!5 ch/mzl)(m/zn KT)3/2 deexp (-mv2/_2kT) x

1. 4.2
( ) 5

3 2 [ISLS!
% Sd k \Vk‘ k . 3115[15'(11-1)]5(3_)11+T P Y
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In this way, we have obtained a closed equation for YI(Kl’t) .
The k integration is easily performed in a reference frame where

the relative velocity
(1I1. 4. 3) g =v,-V

is along the z axis:

3 2 1 1
k o(k.g)b, =WB@a =b +a = b
a, {d k\Vk\ k. J,S(~ g) ; (aXg  te y)

y e
(IIL 4. 4) . .
"WB(a .o h-a.g5 g-b)
where g
0
3 2
(IIL. 4. 5) B=$ Kk |v |
. k

depends only on the intermolecular potential ,
The last expression in (IIl. 4.4) is valid in an arbitrary reference

frame . Using dimensionlessquantities :

m m
1. 4. V_ .
(L. 4.6) 2% L et &

we obtain :
Y. (u,t)
—ﬁs}— = (8 iz w2 )\2CB/m?) (m/kT)3/2 x
2
9 '(%'3)2 ) my ? (W -y)
(I14.7) X ‘,3—% ‘dvi e < (_aui +2—u) -ﬁ;‘d% e x
19 ™

LA (’buj N uj)}'ﬁ(li’t)

In a reference frame where u is along the =z axis, we have:
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2 ®©

dcos 8 e

+1
1 =’dw J~(¥-u) e w ’ -(whtu?-2wucos 6)
1 ~

(1/w) = 2“[
0 -1

0

(IIL. 4. 8) 2 2
- (‘l'/u)] dwie'(w'“) A ‘= (u3/2/u) ¢(v)

o

where u 5

(I11. 4.9) ¢(u) -2 /f® )‘ dx e ¥
0
is the error function .
We also have : 9
(w-u) -3 1

d ~~ =(1/2)a.l b-a. I

.b
u lg~)

(II1. 4. 10) X

-(1/2)(1 b-3a.u—p Lu.b)

'\.. u ~

0 +1
(w2 + g2
I = 21!] dw w’ dcos @ 00829 e (W + u® wucos 6)
o) -1

+
-(w2+u2) ﬁ_ [ ! deos 0 e2wucos 6
2

= (lr/zuz)’ dw w e
o

(I11. 4. 11) 2 i d2 -(W2+u2 +1 2wucos6 -u2
= (W/2u )ﬁ dwj— we ) dcos 6 e + 2e
-1

0 dw

w32 {u'z ci)' () -u (1-u2)¢(u)}
where

(L.4.12) ¢'(u)- e SR -2/l e

dw -1

Introducing (IIl. 4.8) and (III. 4. 10) into (III.4.7) , one can finally write
(IIL.4.7) as :

'B\f (u,t) '32

L3 - 0l

’;t v AN [(u '?u )2 "%,
d i

u,
1
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m m
(IIL. 4. 13) -2(1 -—El)[u-3¢(u) -u-z*' (u)]ui% +4 —n-ll-b'(u)}-fl(g’t) ‘
1

where
(IIL 4. 14) a(u) = W+ (20 - 1)?(11)]
(1114, 15) b(u) = 't %

and where T has the dimension of a time:

(I11. 4. 16) Tl s2ntc W/ m?) (m/2kT)3/2

III.5. Link with stochastic theory .

Equation (III, 4.13) can be easily written in the form of the ge-

neral Fokker - Planck equation (I.5.7) :

')"P ) (Aui\ ) 2 (Auuu)
'a_t?tf{ At ‘f]+§ 'aui'auj[ ?

(IIL.5. 1)
with
Bud Y, i -1
(IIL. 5. 2) X T4 (1) gu)T
(Au Bu )
(II1.5. 3) { rg(u - —4)(“)] -—Sl J[?(u) - g(u]}
u
where

1 -1f -
(IIL. 5.4) glu) = 5 u [u 1{>(u) ~1"(U)]

This equation has been obtained from first principles as an asym-
ptotic equation describing the motion of a particle of mass m ] in a gas

at thermal equilibrium , with the assumption of weak coupling. The avera-
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rage values (A ui),(AuiA uJ) are such that the velocity distribu-
tion function reaches monotonically the Maxwell-Boltzmann distribution
after a long time, No other assumption than the hypothesis of initial
molecular chaos has been necessary to obtain this result,

The relaxation time, i.e; the characteristic time for the evolu-

tion of gf(g, t) is given by (IIL 4. 16) :

-1 3/2

(IIL.5.5) T ..

= (32W 6)\ZBC) /mf)(m/ZkT)

As expected, it decreases when the concentration increases.
It is also a functign of the temperature and the intermolecular forces
(see III. 4.5 for B) ; it depends upon the ratio of the interaction energy
and the mean thermal energy of the particles of the fluid, It decreases
whenever this ratio increases,

If we compare (III.5.2) with the corresponding expression derived
from the Langevin equation, we notice that the microscopic theory

introduces a coefficient of dynamical friction 1’ which is velocity

dependent :
m

gyl 1) 8(u)
(IIL 5. 6) M-4t (1+ m) ;
Let us introduce the following dimensionless quantities :

1/2

(II1.5.7) Y- (m/m )
(I11.5. 8) x = (m, /2kT) = u/y

Y is the ratio of the masses of the fluid particle and the brownian
particle ; x is the ratio of the velocity of the brownian particle and

its thermal velocity. With these quantities, we have:
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-1
. 2y gYx) T
(II1, 5.9) ') -(4(1+y ) oF 5
For x <1, (andxs 1) we have
2

(IIL 5. 10) N> (8/3 fw ) (1+ Yz)t-ly ’

In this case, the dynamical friction coefficient is approximately constant:
If XX >>1,i,e, if the particle has a high velocity, the dynamical fric-

tion coefficient is very small :

- -1
(Ls.az) M 4(1+x2}Tl3—t'1 2 —%-1—:3-
X X

/
M

= x‘b e U"/\ll_‘.

Dependence of dynamical friction
coefficient on velocity

Fig. 1II.5.1

For XX <<'1, we also have:

Au Au
(1I1.5.13) ( i J) =$ (8/3 ﬁ )1’-1
<at) L]
For‘«l and x :l’i.e. for a heavy particle moving with thermal ve-
locity in a medium of light particles at equilibrium , the .Fokker
Planck equation takes the simple form :

L, 2 2
(III.6.14)—,{'{P— = (4/3%m) (1/~cY2)—,3—Xi(,')—xi +2x) (f
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analogous to (I.5.11) .

The expressions (III, 5., 2) and (III, 5. 3) for the average value
of the velocity and square of the velocity have been obtained first by
Chandrasekhar 1) .
In an analysis of tine dynamical friction in systems of stars, Chandrasekhar
first considered single stellar encounters idealized as two-body problems,
If a star of mass m, and velocity Kl collides with a star of
mass m and velocity v, the intrements parallel (sxl”)and
perpendicular (8 xl_L) to its direction of motion can be easily writ-
ten. The net increments A'Klll and A VoL due to a large number
of successive encounters with field stars during a time interval At

such that Y, does not change appreciably, are easily computed. Assu-

ming the velocity distribution for field stars to be a gaussian, one

obtains :
(I11. 6. 15) A Yyt 1) v)
(111, 6. 1B) Av = 0

~11

(for more details, see Prof. Ferraro's notes in this volume)

JII.6. Application.

These results have been used to discuss transport processas
in fully ionized gases. A good account of this can be found in Spitzer's

5)

book ' . However, the application is not straightforward. Indeed , the

interaction law in this case is the Coulomb potential :

(II1. 6. 1) V(r) = ez/r

which Fourier transform is :
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(II1. 6. 2) v, = e2/21|’2 K

Therefore the coefficient B which appears in the Fokker-Planck equa-
tion is:

0
(111 6. 3) B-= (e4/41\'4) dk(1/k)

We notice that B diverges logarithmically both at the upper and lower li-
mits of integration, This is due to the fact that the Coulomb potential

has an infinite repulsive core at small distances (hence the upper limit
divergence) and has a long range (hence the lower limit divergence) .
The long distance divergence is well known and appears also in the equi-
librium properties. In fact, because of the long range of the potential , the
interactions in such a medium have a collective character : configurations
involving many particles play a dominant role, Both in equilibrium

618) and non equilibrium properties, this problem can be settled by
a summation over a well defined class of diagrams. The result of this
summation is to introduce a screening effect : in simple cases, the

effective interaction vanishes exponentially for distances greater than the

Debye radius K-I :

(IIL. 6. 4) V=€ e [r
with
(111, 6.5) K2 = 41|'e2C/kT‘

One way to take into account these effects semi-empirically is
to introduce a cut-off at both limits of integration :
1/a
(II1. 6. 6) B-= (e4/41'|‘4) dk(1/k)
K
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The lower cut-off K takes into account the screening effect whi-
le the upper one eliminates the effect of the very clese collisions.
The theory of weakly coupled gases may then be used.

However, this approach is not very satisfactory and the true
way to solve this problem, although we shall not discuss it here, is,
within a perturbation theory, to sum first all relevant contributions.
From (III,6.4) , it is quite apparent that the adequate procedure is not
to limit ourselves to first power in the coupling constant 92 or the con-
centration C, but to retain all terms proportional to any power of K,
i.e, of e2C, in the expansions. This summation introduces a dynamical
screening effect, i.e. a screening which depends on the velocity of the
brownian particleg, However, if the velocity of the particle is such that
(kT/m )1/%(|,the dynamical effects may be neglected and the Debye po-
tential is a good approximation. For more rapid particles, one can still
write a Fokker-Planck equation but there appears a further velocity de-
pendence of the coefficients due to the collective effects (excitation of pla-

sma oscillations) .

III.7 - Brownian motion in a fluid which is not at equilibrium.

In this case, we must relax assumption (III.4.1) and use equation
(III3.5) . The main feature is that, whereas, in the equilibrium case,
we have a single closed equation for the distribution function of the
brownian particle, in the non equilibrium case, we have a whole set of
equations for the velocity distribution functions of the Brownian particle
and the fluid particles.

Following the same procedure as above for the integration over
the wave vector, we easily obtain :

) (Z. , 1)
‘Pl’atl = (8‘\\'5 XZ CB/mf)sdx{

o —

2
2’8}
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(IIL.7. 1)

0, 1 ? (] vt .
TR L S TR T £ (RS e
~1 g 1
This second order differential equation can be easily recast in the form

of a generalized Fokker-Planck equation :

DY (D 1 2
Y ={1V1 (-Avli/At)+'2' _'BVI—’AVI_(MI.AVI./At)}x
(IIL.7.2) i ' o

x ‘f‘ (‘-’:ut)

where the transition moments are given by:
MW(v.,t)
5 2 - "\" -
Av /Ot -sw A CB/mz) dv gl ——-2g¢ 3 (v.,t)
L T W S

3 *

- gigjg ’QVJ.

(II1.7.3)  =- (16W5)‘2C3/mf) idz g g'3 ;f(x,t)
—_— 5\ 2 2 -3 -1
(IL7;4) A vliAvlj/At=—(161l )Y CB/ml)idx{gigjg -Sijg }‘f(!,t)

The transition moments are now functionals of the state of the fluid .
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IV. MICROSCOPIC THEORY OF BROWNIAN MOTIONOF A HEAVY PAR-
TICLE IN THE ABSENCE OF EXTERNAL FORCES,

IV.1 - Introduction

In the preceding chapter, we- have discussed the brownian motion
of a particle which is weakly coupled to a fluid at thermal equilibrium,
However, as we have seen, there are no known intermolecular forces cor-
responding to the weak coupling approximation, Therefore, that problem
was rather academic and we shall now consider a more realistic situation,
The discussion which will follow will be valid for all cases where the
forces are of short range (Coulomb forces can also be included provided
the screening effects are taken into account in a phenomenological way).
The case of long range forces with no screening (gravitational forces)
will be dealt with in chapter VII,

For this model we can use as a starting point the kinetic equation
(11.9.3) or (I1.9.5) . We shall consider the case where the brownian par-
ticle is much heavier than the fluid pzrticles. For the case of a brownian
particle moving with thermal velocity in a fluid at equilibrium at tem-
perature T, we shall show that an equation of the Fokker -Planck type
is indeed obtained for the velocity distribution function of that particle
if one retains only the lowest order terms in the expansion of the kinetic
equation in the ratio of the masses of the light and heavy particles .
The method we shall follow enables us also to compute the corrections
to the Fokker-Planck equation. However , we shall not consider this
problem here but we shall rather discuss it in the next chapter where we
consider the same problem but with an external force acting on the

particle .
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IV.2 - Equation for the reduced velocity distribu-

tion function of the brownian particle.

Let us start with the kinetic equation in the form (IL.9.3).

Assuming the fluid to be at equilibrium, we have

Pl = QTP ) eau.
N

= ’f(‘i’ t) TT ew kT/m)3/24zre

i=1

(Iv.2;1) -mviz/ZkT

where V is the velocity of the brownian particle (mass:M) while Xi
is the velocity of the ith fluid particle (all fluid particles have the sa-
me mass m) .

Integrating both sides of (IV.2,1) with respect to the velocities
of all the fluid particles, we readily obtain an equation for the redu-

ced velocity distribution function \f(V~, t) of the browhnian particle :

P
T =

t
2

(1V.2.2) dtsxdx\ Y 6pt-1) 'f(‘i’t ) (fo equ.

0
which is valid only asymptotically,

Let us introduce the operator .
(IV.2.3) -1 - ‘dv‘N G- T) (p)
~ f o'equ,

This operator is of course a differential operator with respect to the

velocity V of the brownian particle. (IV.2.2) now becomes :

DYV, 1)t
(Iv.2.4) L: dtnt-t) (V.,T)
At o Y ~

From thevery definition of G(t) and (IV.2.3) , the Laplace transform of
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the operator r (t) is obviously :

(IV. 2.5) (i?(Z) : ‘{ dﬂN‘{’(z) (fi) equ.

Following the same procedure as that used to go from (IL. 9.3) to
(I1.9.5) , the equation (IV,2,4) may be written in the pseudomarkovian

form :

RIS
(IV. 2. 6) _iat_ :-ivé(o)\f(\i,t)

where the operator ® is given in terms of ¢(0) and its de-

rivatives #'(0) by the same relation that holds between € and Y
(see (I1.9.6) to (IL.9.8) ):

W.2.n) T =1+ ¢0)+(1/2) 1; (M(O) +{q'(0)]2+...

The equation (IV.2.6) will be our basic equation for a dynamical
study of brownian motion, We shall now show how it reduces to an
equation of the Fokker-Planck type when only the lowest order terms

in the mass ratio m/M are retained .

IV.3 - Expansion in powers of the mass ratio.

As the fluid is at equilibrium at temperature T, we have:

1
(IV.3.1) (vi) = (2kT/m) /2
: 1/2
= (2mk
(IV.3.2) (pi) (2mkT)
If the brownian particle moves with thermal velocity , we have:
(Iv.3.3) V= 0(2kT/M)1/2 = oq(vi))

(iv.3.4) P = 0(2MkT)1/2 = O(x'1 v, ))
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with
1/2
(IV. 3.5) K=(m/M) 12 4
The unperturbed and perturbed Liouville operators may be written in

a way which exhibits their dependence on ¥ . We have:

f A
=L+
(IV. 3. 6) Lol YL,

f
where LO is the unperturbed Liouville operator for the fluid :

N
(IV.3.7) -z C

: V..
o i%f1 ~i" Jr,
L.

A
while XLO is that for the brownian particle A:

(IV.3.8) xLAO=\L.—?—R
Similarily, we may write :
(1V.3.9) L-9Lf +¥SLA
with
S - T Wilz ) 9 g
bos r AT
i<y Y Ri  9R;
(IV. 3.10) i
53 Wil RD 9
i ey o
Wl -R))
A Atb~i ~ 0]
(IV.3.11) XSL -2;. AT =

With these expressions, we can easily expand the rhs of (IV,2,6)

in powers of 8 . Using (1I.8.7) , we have

(IV.3.12) (1)(2) =g{d1§N QL) zof} (ih)n IO)irr(fi dequ.
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f
Taking into account the fact that SL is a differential operator with

respect to the velocities of the fluid particles, we have:

do- fie " ol (80f ) B 80 Bt
(1V.3.13) =yi§Ni Z o0t fxx —-K)‘{dv K, 51--1(')0_3; L
~ n=1 o]

( fo)equ.

Using (IV,3.6) and (IV.3.9) , we then immediately obtain the expansion:

(IV. 3. 14) cp(z) - ¥<{>1(z)+xz¢2(z)+

with

n=0 z-L z-Li m=0 z-L0
(1V.3. 16); .
Z({)‘SL [k =K, K)hdv}(k K2 __Lllt_st)n x
i=1 K n=0 0
1 A -
X — L 2 " 1o )m. fo equ.

z-L m=0 z-L
o)

In principle, in the first term in the rhs of (IV,3.16), the sum over
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m shuld go from 1 to infinity instead of from zero to infinity, Ho-
wever, taking into account the fact that Li has no non diagonal
elements and irreducible contributions only have to be kept (no inter-
mediate state equal to the vacuum of correlations), we may add the
term m=0.

To the expansion (IV.3,14) of +(z) corresponds the following
expansion of the operator < as given by (IV.2.7):

(IV.3.17)  w(z)=1+ X'P; (2) +!2[f;(z) +2l¢';’(2)4’1(2) * H’;(Z)} 2]

+...
Hence, if we do not retain terms of higher order than xz, we have:

QQ(V t)

(IV.3,18) —— = - 1x§1(0)tf(v t)-iY [4) (0)4) (0) +§ (0)]({;(\7 t)

We shall now discuss in details the various terms which appear in
the rhs of (IV.3.18) and show how this equation reduces to a Fokker-

Planck equation,

IV.4 - Study of the operator 4)1(0)

This operator is the analytic continuation of the operator +1(z)
given by (IV.3.1) for z-)0 . Using (IL 12.14), for the canonical

distribution for the fluid, we have :

,lim, Z'_({ K\(——f—SLfml)(foequ

0
SKR
av.a.1) =W /@) |ar X “21_1’“6 §='1 G -'iikuz_llj fo)m ‘O)Yi)
¢}

equ,
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- (8T /9) ‘dri e KR

equ,
Pl
~1
where flk is the Fourier coefficient of the complete equilibrium

dlstr1but1on funct1on for the fluid:

fiqufexr)[-ﬁi 5t Z Vi; (.t il +ZV1A(|R r ‘ }]
-1
(IV.4.2) ]{drdR\ exp[ ———IZ( v/ )+ Z V. (|r .-r D*ZV ‘£1 R} )}]]

i< o1jit~io~j

oo [ it et o kT(z__ )

(Iv.4.3) r‘ i{dr\ exp ['1 Z 51 I~'1] fequ

Introducing (IV.4.1) into (IV.3,6) for z-30, we obtain:

Vo~ T Zhat Gl | -5 k)
i=1 K

-iK.R _equ,
x Idg e ,lii=-K

(IV. 4. 4)

Now, we have :

OIS k=& K)Sdz TES PR

~i
(IV.4.5) ) Kr f
= ——1\d ~° T~ ~'~i
V )y R e ’1d € 1fequ
Taking into account the fact that VK is the Fourier transform of ViA’
we have :
. A, (|R-r.))
(IV. 4.6) Yv, ok B 1A~ T
K &7 CRY

Therefore, we obtain:
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ALV, (IR -1x.1)
4’(0)~ dvdr"N dR it N
A¢l & By Pea 3P
(IV.4.7) ’ahdvdr\ P
I R TP

and the equation of evolution for the velocity distribution function of

the brownian particle (IV.3.19) takes the simple form :

(IV.4.8) 1"’;,(;%— = - ixchz(o) o.f(y,t)

The first non vanishing effects are proportional to the mass ratio

m/M .

IV.5 - Study of the operator 4)2(0)

From (IV.3.1) and (IV.4.2), we obtain:

Now, using

(IV.5.2;1§ o KNR rz‘i‘}g et x| ps[oy o™ x

o0
n
(IV.5.3)% & ( fXLf) 1f= fl .
n=0 z-L_ z-L z-LO-SL

and performing the summations over{g"}, K', K, we obtain

x2¢2(0) =¥2%f.’;’ S.\dr dRPL I‘dv —_ﬁz
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IV.5.4 vt e SLh) ot
(Iv.5.4) 0 ) fequ.

A A
Using the explicit forms of LO andSL this becomes :

Zv, 0k 1) 9

- N
x2¢2(0) =@ zli_f,no“di\ dR \) Y " 3P
S\dl\ f [ "R P wary- "9P -]req“'
2L, St R £

Using the explicit form of f(fequ (see IV ,2.2) , we obtain easily:
'BT-VA (R-r. 1)

§2 0 2 him s\d" 28 P
(IV.5.6)

] 1 3? Viall Bz, 0) '«)

“"} L_st 2R ST kT ~fequ

Let us introducing the diffusion coefficient :

N
p, -0 ffaar} B TEAZD X
(IV.5.7) N -
1
X li ———F(R )
A T )

where

R AAUEENY
(1V.5.8) PR L)) A\

R,

is the total force exerted by the fluid on the Brownian particle; the

operator ?2(0) becomes :

2 . 0 1
(IV.5.9) x {;2(0)-Dij 2%, (ij o vj)

The evolution equation (IV.4.8) may thus be written :
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RAVAA) 209

(1V.5. 10) oF =D, T ('DPJ. +

T P

This is indeed an equation of the Fokker-Planck type. An explicit
expression in terms of microscopic quantities is now obtained for the

diffusion coefficient,

IV.6 - Diffusion coefficient,

Taking into account :

0
- 4 ot f
(Iv.6.1) -1 Zl_l’rrb 'zl.;"b ‘0 dt exp [- L+ L -z)t]

z-Lf- SLf
o

the diffusion coefficient may be written as :

. -1 N
Dij =Zl-1,m0 \°° dt () ‘\didﬂ dR Fi (5,\“) x

(IV.6.2)

X exp [-i (L(I; LS50, t]F(R \ b fequ

Taking into account :

(IV.6.3) L f‘? - (L, feSLh ': -0
equ,
and the fact that the integrand is a function of relative distances only,
we obtain :
0
D = lim dv dr F @,‘r ) %
dfl z-30 \ ‘ 'I f equ. ‘
S |
(IV.6.4) x exp|-i (L -z)t] FP (B,{i})

= lim ‘: dt <Fd (R.{r}) exp [—i (Lf-z) t] Fp(g, \3\))

z4 0

The diffusion coefficient is thus the average value over the fluid equili-



— 268 —.
F. Henin

brium distribution of the time autocorrelation function of the force ac-
ting on the brownian particle for a fixed position of the brownian par-
ticle,

As an example, let us compute this coefficient in the case of

a weakly coupled system, Then we have :

(IV.6.5) Lf—)Li
2

mvl -N

f 3N
(4w exp { 2KT

(IV.6.6) f’equ. = (m/2WkT) 3N/2

Expanding the interaction potential in a Fourier series, we obtain:

N o
2 =N . N 3N/2
D, =-\ (2 lim I dt Iidrdv (m/2WkT)

“p Fl Aol "

3N 2 3 {3 . ik.(r -R)
(IV.6.7) (4m ) eXp[.- 71:mv1/2kT“d k(d k' v Vklkdk/se i

f
-i(L - ik'.(r.-R
e i( o z)t el'li Qj ~)

Now, we have :

£
-1 ik! ik! -
(IV.6.8) e R R L
With :
ik
(IV.6.9) [dii el g 8(3)

we verify easily that the only terms which contribute are those for
which 1i=j . This result is of course quite obvious . Indeed, the only
contributions to the evolution equation are those of diagonal diagrams,
in which each particle must appear at least at two vertices, In the

weakly coupled case, we only have to consider the cycle and have the-
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refore only one fluid particle involved.

i(k+k'), r . 3
Therefore, with gdsi el(lf. <) i ) 5(‘1&+1‘Q) (IV.w. 10)

we have : ®
4\2 3/2 2
D,p=32W >Cm/21tkT 1i dt Ydv exp (-mv /2kT) X
up ( ) Z-émoL ‘ v ( / 2kT)

(IV.6. 11)
3 2 ik.vt izt
xgdklvk\ kdk{se~ e

We also have :
© i(k.v + z)t
(IV. 6. 12) lim ‘ dt e KX wS(k.v)+i P(1/k.v)
z=501Jo
As the remaining part of the integrand in (IV.6.11) is an even fun-
ction of k, the contribution involving the principal part vanishes and
we are left with :

2 3/2 2
[‘?‘P= 32“5X C(m/2WkT) / ‘dx exp (-mv’ [2kT) ’d3k \vk \2 k‘k/! x

(IV.6.13)
x S(}S.x)
One verifies easily that one has:
(L.v)?
3 2 - 8 ~-~
(IV.6.14) sd k ‘Vk\ k, kpS(g.sL) “Yp (1|'B/v)[1 - g

where 1 =(1,1,1)is the unit vector and B 1is given by (III.4.5) .
~ X y z

Performing the v integration, one obtains

(IV.6.15) D =§" 3218 W/ 2er) V2 4/3 )

One verifies easily that with this value of the diffusion coefficient, the
evolution equation (IV.5.10) is indeed jdentical with the particular
Fokker-Planck equation (III. 6.14) we obtained for a heavy particle moving

with thermal velocity and weakly coupled to the fluid.
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V. BROWNIAN MOTION OF A HEAVY PARTICLE IN AN EXTERNAL
FIELD

V.l - Introduction .

We shall again consider the problem of a heavy particle moving
in a fluid at thermal equilibrium. However, now we shall assume that
the brownian particle is charged and that at t =0, we switch on an
external constant electrical field. The fluid particles are neutral and are
not influenced by that field, After a long time, we shall reach a statio-
nary state for the velocity distribution function of the brownian particle,
corresponding to a balance between the effect of the external acceleration
and the scattering by the fluid particles,

Our starting point for the discussion of this stationary state will
be the transport equation (II.14.5)., Here again, we shall show that,
when only lowest order terms in the mass ratio are kept, the equation
for the stationary state is in agreément with that of the stochastic
theory. The calculations which have been performed originally by Rési-
bois and Davisl) will be closely parallel to that of the preceding
chapter and we shall go over them very briefly and rather concentrate
ourselves on a discussion of higher order corrections. First, we have cor-
rections to the collision terms which are independent of the external
field and introduce fourth order differential operators in the equation of
evolution, Then , we also have corrections which take into account the
effect of the field during a collision, We shall show that these correc-
tions may formally be incorporated in the Fokker-Planck collision
operator.

Theseresults are in agreement with those obtained through a rather
different method by Lebowitz and Rubin 2) . In order to make connection

with this work , we shall show how the transport equation for this parti-
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cular problem can be recast in another form, which is precisely that
used as a starting point for the m/M expansion in Lebowitz and Rubin.
This point has been discussed in great detail in a paper by Lebowitz

and Résibois3) .

V.2 -~ Steady state equation for the velocity di-

stribution function of the brownian particle,

In chapter II,é 14, we have obtained the linearized steady state
equation (II.14.5) for the velocity distribution function of a system of
charged particles submitied to the action of an external electrical field.
We have assumed that at t=0 the system was in equilibrium and that
the field was switched on only at t=0, Keeping only terms linear in E

and restricting ourselves to the static case, we obtain:

st
(v.2.1) iL Z D (0) iLg c (0) Y- ig0)D
where we have used (II.13,18) to rewrite the second term in the
lhs of (II.14.5) as an operator acting on ?0

As the brownian particle is the only charged particle we have

here :
?

. iLp =eE |
(V.2.2) iLp E )

iy

instead of (11.13.3).
In(V.2.1), ?zq“

the whole system :fluid and brownian particle

is the velocity equilibrium distribution for

] N
(V.2.3) S N IRAL
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(V.2.4) \feq“(xi) - amm/2wkn) 2 exp (-mviz/BkT)
?
equ, . _ 3/2 2
(V.2.5) 'f (V) = 4W(M/2WkT)™" " exp (-MV"/2kT)

e
APSt is the linear ( in E) correction to p a
) )

. As previously, we
assume molecular chaos for the velocity distribution function, Therefore,

we have :
N equ
g2 BT
+ S‘f( )TF'Qeq(v)xg )

(V.2.6)

Therefore, (V.2.1) becomes :

N
n.fequ(xi) eE_ﬁL_ ZD {0)11, ‘k‘(o) Tl'? (xi).fequ

oz i!si
(V.8.7)

= 10 d4(v) Tl'\f (v)+ syw)&f( )TW Py

Integrating this equation, first over the velocities of all the fluid particles,
secondly over the velocity of the brownian particle and the velocities of

all but one of the fluid particles, one obtains easily a set of coupled equa-
tions for the twol;mknown functions %\9(!) and S‘f(-‘i i) . However, it

can be proved that, once terms of order 1/N are neglected the
velocity distribution function of a fluid particle remains at equilibrium in

the stationary case :

(V.2.8) W(X-i) = 0(1/N) 30

We shall not prove this here but it is a consequence of the fact that

the probability of a given particle to interact with the single heavy par-
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cle is quite negligible in the limit of an infinite system, This allows

us to neglect all vertices involving A and a fluid particle in the ope-

rators D{k\ ga Vo ¥y *
The equation for g? (v )then simplifies a great deal and using argu-

nd \{J once we integrate over  V,v

ments similar to those whlch allowed us to establish the')‘ -theorem in
chapter II, é 11 it is easy to show that (V.2.8)is its only
solution.

Taking into account (V.2.8) , the evolution equation (V.2.7)

becomes :
N equ ')fequ!u)
Te we2—37
(V.2.9) + L p (0) eE. 2 (O)T\' iy (g W
PRI C R T T

_1\‘/(0 S\Y(V) TT\fequ

After integration over the velocities of the fluid particles, we

obtain :

WY equ
(V. 2.10) B+ O g (V) = i§lo)dy()
where

N
N
(V.2.11) 4)(0) - hdﬁ .‘40) T!'.feq“(xl)

(V.2.12) (= (0) Z!{dv* {k}(O)eE gp {40)

equ

The operator*(ﬂ) is identical to the operator +(0) given by (IV.2.5)
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V.3 - Expansion in the mass ratio .

Here again, we write:

. A
(V.3.1) L, =L, YL
(V.3.2) oL = 9L +x§LA
v.3.3 B vy
(V.3.3) eE. ,)E—x .

fef
where the fluid operators LO,SL are given by (IV.3.7) and (IV.3.10)
A A
respectively while the particle operators YLO and xSL are given
by (IV.3.8) and (IV.3.11).

We also expand the operators ¢(0) and E'_‘ (0) :

(V.3.4) ¢(0) =Y#1)(0) n xz 4) (2)

(v.3.5) Co-ys o e

0 . .
The zero order term (x ) of 4) vanishes as we have seen in

chapter IV, The zero order term of E‘(O) vanishes because this

operator involves the external field operator which is of order X .

Up to order X ‘*, we therefore obtain the following equation of evolu-

tion :
iLE‘?equ(K) + [XB(I)(O) +y2 :_1_' Y3 ~ (3)
+X (0)] My [Y¢(” 0) + x2¢(2) (0) +
VORI A R +x4¢(4’ (0)]81’(\1)
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In chapter IV,§§4 and 5, we have shown :
(V.3.7) #(1)(0) =0
(@), I C S U
(V.3.8) H ¢ Dy 'aP Y J+kT v

where the diffusion coefficient is given by (IV.5.7) . An alternative ex-
pression in terms of the average autocorrelation function of the force ex-
erted by the fluid over the fixed brownian particle is given in (IV.6.4) .
As to the interference term between the flow and the collision, it is again

easy to show that :

o

(V.3.9) = ()

0) = =, (0)=0

Indeed the term of order X in the rhs of (V.2,12)is

(V.3. 10)x

N
0
‘ki s{dJ D 0 1LE C;£)§(0) Tl\' ‘?equ
where D 0) ) and C( )

1 1k}

ction and creation operators :

(V.3.11) {2{)‘ nZ <0| z-Llf )l{g})

(0) are the terms independent of Y of the destru-

o)

(V.3.12)

‘k\ r.<m|[

Taking into account :
(V.3.13) ‘\duN i =0

we easily verify (V.3.9) for the operator E‘ @) .
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(2
As to the operator .;,( )(0) , we have:

2 l""(2 N (1) (0) equ
X ) 0) X‘Zk__\[(dz D{M(O) iL C{k‘(()) “"Q

(V.3.14) oo
+Y Zgi v} iﬁ"m iLg !k}(o’ Tl'\( e
(0)

Using the same argument as ahove on the structure of D k‘(0) , it is
easy to show that the second term in the rhs vanishes ~ As to the

first term, we have :

Yoo - Z st

(V.3.15)

7 -

lf(“f iy e
+i t(o\(SLf ) (8L +LA) 5 (SL—Lf Iikj)

n=1 m=0 z- L

Again the second term giveg a vanishing contribution when we integrate

over the velocities. Therefore, we have :

2M2) 2 e= o . y
Yooy L gﬂd\ (o) 81 Lf

n=0 m=1

(V.3.16)

x (SL ) l{M)lLE M\ {——fSLf] IO)IT iy

Now, using (IV.4.1) , (IV.5.2)and (IV.5.3) , we easily obtain:
1 f .
(V.3.17) x ‘__' ‘.\dv‘ (0\& -Li-fof equ Y iLg

From (IV,3.11), (IV.6.3) and (IV.4.2) , we easily obtain:
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)IV Allz;-RY)
2 2
(V.3.18) x B @ (z) = (1/2}‘{ drdv‘ 2R "J_g?equ
=0

(see (IV.4.7)).
Therefore, if we restrict ourselves to terms of order m/M , we easily
recover the stationary Fokker-Planck equation in presence of an exter-

nal field acting on the heavy particle :

? i
(V319 eE.=5p (V=D =5 o ,)P S?(V)

The diffusion coefficient is not affected by the presence of the external

field.

V.4—Higher order corrections to the collision

operator.Role of the irreducibility condition.

The X‘s and x4 contributions are respectively :

3 4(3 , 3 S R 2 N A
V40 myt BEE [l 15

t A g A
(V.41) — ( L z_Lf) + 34 —_lLf)(SL Pl Lt

z-L z-L
(o)

(o]

1 f g equ
(:_-—-LfSL) |9)... The o)

VB & ) = Jip oy r = fOZwZ’{dQN(OHLA

Lo L) A+ 8h 2 (SL
z-L z=L ° z-Lo

) o 1-8'.‘) b
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1
(V.4.2) X (dut - 0) X
z-L z-L z- irr

The first point we want to discuss here is the role played
by the irreducibility condition, To do this, we will need a theorem
first established by Balescu 1),
If we hcve a succession of diagonal fragments, the only contributions
to the reduced distribution function of particle & which do not vanish
at the limit of an infinite system are those where the diagonal fragments
are semi-connected, i.e, where they have a single particle in common
with the preceding diagonal fragments,

We shall not prove this theorem in full generality but illustrate
it on an example ., Let us consider a succession of two cycles:

we have three cases (see fig. V.4.1)

<>®

S om <°‘><'> )
< d

oo

Possible connections in a succession of two cycles,
Fig, V.4.1
1) they are disconnected : no particle in common (a)

2) they are semi-connected : one particle in common (b), (b').

3) they have two particles in common (c) .
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Because of the integration over the velocities of all particles but & , f must

necessarily appear at the first vertex on the left, We obtain :
(a) = z‘jdv OlSqujk«, =k Xk, ,k,=-kd|,(L°(1] 0>
(V.4.1) i1 J
L7 [k =30 ey = §L7] 02f 0
Now, the integrations over v and ) commute with the first two matrix ele-
~J ~
ments, Therefore, we have : 1
@ ~ Jagan &7 e
This argument may easily be generalized to more complicated fragments and
successions of more than two fragments; whenever there is at least two discon-
nected fragments, the contribution to the reduced distribution function vanishes,
Let us now consider the case of the semi-connected diagrams (b) and

(b') . We have:

- Z[dv N-I(O\JLinkF-kd X7

Ly ==k o 00 201617 e =
(v.4.3 &;,k;-k'.léL J( 0> +£0] 6L°”f£',‘ KT Ky?

(kL k=K L o

It is easily vemfled that none of these contributions vanishes;indeed, in the first
case, the integral over % does no longer commute with the first two matrix
elements; in the second case the contribution proportional to d /dv 4 of $1¥ J
in the third matrix element is non vanishing,As we have already seen ((II. 6, 6)),
the contribution of each cycle is proportional to Q-l;because of the double
summation over i and j, we obtain a contribution proportional to Cz.Such diagrams
correspond indeed to those described by the above theorem,

As to (c), we may repeat the arguments for (b) or (b'); each cycle is
proportional to 9-1; however, we only have one summation over i;hence we obtain

a contribution proportional to C/§, which vanishes for Q@ —sw ,
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Let us now suppress the irreducibility condition in the operator
4)(0) and discuss the error introduced in this way. We consider a

given contribution to ¢ (0) with m vertices :
A m
sty 0 =foe) "R e 07 oy, TRy
o i

and suppress the irreducibility condition on a given intermediate state
m)
(say after r vertices). In this way, we add to ¢( " the following con-

tribution :

o =X“dK\N(O\8LA(j In™ | o) o X

Qo) 1), T )

As we have seen such a contribution will be different from zero in the

(V.4.5)

limit of a large system only if the two diagonal fragments are semi-conne-
cted. We have two cases :

a) the semi-connection is through one fluid particle; but then , A does

not appear in the last fragment on the right and we have:

(0\( L sty 1) “quu(vi)

z-L
0

(V.4.6)

-0} =3 8L 1oy TV g*¥g =0

z-L0
if we take into account (II.11.10),
b) the semi connection is through particle A, Then , all the fluid parti-
cles in the first fragment are different from those in the last and becau-
se of the integration over the velocities of the fluid particles, the first

vertex in the second fragment must necessarily involve A ; hence :
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N

2 X\\d,zsN‘%o\sLA(ﬁo S\,
T e 8t e B e, T

if ‘{dv* ’dv v, , Where il...is are the fluid particles involved
in the second fragments . W e easily recognize that the second contribu-
tion is a contribution to the operator ¢ given by (IV.3.13) . As we have

2
seen, the first non-vanishing contribution is of order x and we have:

o =¥s‘dz\ N"S(O\S e (;_—i— 3 L)m_r\o)irr [‘(equ(x)‘N’s
TR ey ol o S0 ) 0 W)

With the same kind of arguments, it is again easy to convince oneself

x

2 .
that the fragement on the left is also of order y at least, Thus, if we supress
the irreducibility condition in the operator q (0) , we add a contribution
of at least order four in x . The contribution of order x 4 which we

add is:

zL?)m X

|‘L —(SL ) ¥

(V.4.9)x(§LA+LOA)—1— f
z-

irr

irr

x (Su? +ij {——- SL) Io) equ(vi)

As a conclusion, we may suppress the irreducibility condition in ¢( )
If we suppress it (Whlch will appear convenient below) in ¢( ) (0) , we
have to subtract the contribution (V.4.9). Because of the factor 1/z ,

we easily notice that this contribution will diverge at the limit z=30.
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This is easy to understand. Indeed, a product of two irreducible dia-
2 .
gonal fragments brings a factor t in the formal solution of the

Liouville equation as compared with the single t factor brought by one
irreducible fragment, In the long time limit, the
first one diverges. The role of the irreducibility condition in Y(z)

is precisely to suppress such contributions, This is wellsknown in the
discussion of the three-body problem %) . The operator \‘J (z) brings

in the evolution equation only the contributions of genuine three-body col-
lisions, i.e. of those collisions where the three particles interact almost
simultaneously (i e, on a time scale of the order of the binary colli-
sion time) . The suppression of the irreducibility condition would amount
to the inclusion of those three body processes which are a succession

of 2 two binary collisions and would introduce a divergence, However, it

is often convenient to write \Y(z) as a difference between the reduci-
ble contribution (which includes all three-body processes, whatever

the time ordering of events) and the reducible term (which describe tho-
se processes which are the result of succession of collisions). Both terms

diverge but the difference is finite ; the cancellation occurs only for the

diverging parts. We shall see an example of this procedure below,.

V.5 - Higher order corrections to the collision operator.

Explicit evaluation,

The above discussion shows us that we may forget the irreduci-
bility condition in the third order operator ; it is then a simple matter,
with the arguments we used in chapter IV, é 5 to compute ¢(3)(0).

We obtain :
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3¢(3)(0)= hm I{dv <O‘SL < SL +LA) X

X —L (SLA+ LA) f 0
z-Li -SLf ° Pequ ‘ 7
L+3L -2t -to)

1 ® k A

= Q@ lim ‘ dt [1 dt Iidvdq dROL e ° x

1
z->0 o

3 ) -i(Li+5Lf-z)t2
(V.5.1) x[y "R +E~3£]e [ _i'ﬁ ~ ’.)P]?equ

-i(L0+ Loy oty

)
) t
1 N P
= 1im dt dt_Wdvdry F (Rir})— e
z-)O‘o 1‘0 2‘ ~~‘ 1~‘~ 'DPl

o N -1(]_,0 + SL—z) 9 £
x[vj ’D_Rj +FRAD %Pj\e FRAD) Pegu ¥

? 1
X 1
l:ap *%T Vl]

where the force F acting on the fixed brownian particle is given by
(1v.5.8).

As the potential is spherically symmetric, one verifies easily that all
contributions to the rhs of (V.5.1) vanish for symmetry reasons, There-

fore :

(V.5.2) 4)‘3)(0) =0

Let us now consider the fourth order contribution. If we denote by ¢( )
the operator ¢ 4) in which we suppress the irreducibility condition, we

obtain :

~
(V.5.3) ' 44)“’ (0) =x4 4)‘4)(0) -
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where @ is given by (V.4.9).

2 3
Following the same procedure as that used to compute ¢( ) and ¢( ),
we have :

~ ®© t t

44(4) 4 1 2 N 3

B il af; sfetteod
(o]

X e

f o1
Si(L+ QLz)(t, -t,) 2 2
[Vj A RE
(V.5.4)

Lof g f
-1(L0+§L -z)(tz-tS)[ ? «

X e 1 R

ot oot
<t +8Lap
o 3 £ ? 1
X e FRALYPeqy Fﬁk T Vk]

This is a fourth order differential operator with respect to the veloci-
ty of the brownian particle . It diverges as can be easily verified if
one keeps only lowest order terms in the coupling constant.

As to the operator Pk , we easily obtain :

0 2]

ooyt T2 eyt A st »
z90 p=0 qg=0 z-L ~dL

(V 5. 5)

) 0>1r 1<0\§L f(§L+LA)‘——JL’ [0S »

xTI\f

which we can easily rewrite as:

irr

1
o - x lim ;\dv <0|SL —L—:-s-ljf(SL +L0 )—:_SL—‘ 0 .
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(V.5. Gan (v )“dv* (0181“ LA+LS)?£qu \O>irr

-L-SL

Using

f _ equ
Pl - kZ%w,zgxm, KlpS 10y

(V.5.7) D
iy, KXk, KpS 10 + |4 Tleq“
BTl GACAR A
we have :
Z K equ
{kt’K' « b Kl Lf flo)n
(V.5.8)= Z:—_—.(ugg,ﬂ
LK A0y z- L

Z:. («\k ' .l Pfequ \07irr

&'}K' £ Ao - z-Li-SLf

3 fequ )

Therefore, we obtain:
(V.5.9) o{=ol1+°l
with

L ot

o, =x4 th‘dv\ (O\SL st ——@L +LA)-— oqu [o 0

(V.5.10)
" ]idx&N@lSL “‘f_g“f et 0o 197
o e O s
(V.5.11)

ﬁdv‘ <0‘SL —_Ef (SL +L0A)efequ|0>irr
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Using (IV.6.1) and the convolution theorem we easily obtain :

o o0 'c1 ’c2 N 2
o Zl;rr:) Io dtl‘o dtzgo dt3$§dzd£\ F(RAz) X
£ogf
A ditgy -t 3
o 1 2 1 f
X e Fj@'{ii” ‘ij+kT V) Pequ X

(V.5.12) I
Si(L +8L -zt
X S‘ dzd;;‘N F| (E,{l)) % e ° 3 9

1

1
AR e i ¥

K Peqy
Again this is a fourth order differential operator with diverging coeffi-
cients (this is again easily verified if one takes into account only lowest
order terms in the coupling constant ) .
In the contribution & Y because of the irreducibility condition
in the diagonal fragment on the left,none of the propagators is identi-
cal to z and this contribution is perfectly finite at the limit z -0 .

Introducing the operator :

21(2), . 2; N oISt L A A1

(z) = v oL” ————— (3L
{ ¢ ¥ jedh < z-Lfo-SLf Oz-Li-SLf
(V.5.13)

xfequw) irr
we have -

4 4(2) (2)
(V.5.14) of =- (0)" (0)
e op

if we take into account (IV.5.6)
4 .
The irreducible operator ¢( ), which does not diverge at the
limit z<%0, may thus be written (see (V.5.3)):

(V.5.15) (P“) (0) =P‘4) XL
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~
4
The infinite parts in ¢( )and o(l cancel each other. Introducing

the fourth order differential operator :

T4 T4
¢ - ¢Yo v,
-i(Li+8Lf-z)(t1-t

By 'Ll t2 N ")
=11m‘ dtl' dtZL dt3{£d£d¥'} Fi(B’{ﬂ)'.)—Pie b'Y

z301o 0

f e f
3 A . -.1(LO+SL -2)(t,t,) ., _?_+
R, I~ P 1 3R
-i(Lf+SLf-z)t3 9 .

9
Az 55 | FRASY P o, 57 F T

(V.5.16)

s f f_ . £
_S{drdv\ F (B U) 1(L0+XL z) (t)-ty) FJ.(E, {g;)fequ

f f
? N R IR )
+—V d R —_
Ar, ’({di 4 RS R YA F Rz
-— V
X fequ ( ’)P k ) }
we see that the fourth order correction to the collision operator 18

a sum of two finite terms:
4 ng T2 2

wsm §U0dw Foigur §Y0 ¢ i

The advantage of this form will appear once we calculate the corrections

to the flow term, Then shall see thatthese exactly compensate the effect

of the contribution o 9
4
One verifies easily that the operator 4>( )(0) may be written :
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—_ 2
4)(4)(0)=3 a_ _9 +b,. —?—-——V ‘e, V—E—-
"aPi ijkl }Pj'a?l ijkl '3PJ 1 ijkl 1 'aPJ

(V.5.18) + v 2 s Ly
g 1V P, KT k
where

o t t, -i(L£+3Lf-z)(tl-t2)
=i dt at_ | %t 4(F
%k lmg 1‘ z(o 3k- e Fx

z-y0Jo 0 . !
(V.5.19 ;
-i(L}+ 3L -2)(t, -t,) St LAy
X e ) 2 3 F. e o BF
1 k
-i(L£+ SLf-z)(tl-tz) TR YR

o} 3
.(Fi e FJ)(Fle Fk) }
oo f
t t (L + QL -z)(t, -t.)

b = lim |7 dtl‘ L gt (2 dt3<F, e © 12 p x
g z-» 010 o 2 o ! J
(V.5.20)

f £ f e f

(L + L' -zt - -i L.
i, oL 2)(t,ty) 9 i(L_+d 2t

e F
R1 k

X e

o)

. f f
+ - -
0t ( 4L oL 2t 9
C"kl = lim dt1 dt2 dt3 (F e ——R— X
1] 230 o) o 1 ) 1

RN Lf e f
-i(L_+dL -2)(t,"t,) (L o+ SL -2ty

(v.5.21) % e F.e F
AL Sy -

] . k
£ ¢ f
t) (L + 8Lzt
1 2 - o 3
-(Fi e F (kT) )@je Flb}

£ oo f
@ b ~i(L +8L-z)(t.-t2) x
d. = lim [ dtl‘ dt ‘ dt, CF; e °
J 2-30 o] 2 1
(V.5.22) .
f £ ¢ f

-i(L- +dL'- - -i(L" +oL'-

R iy il gyt o (L, +8L

e e F
RJ. R, k

X

o



— 289 —
F, Henin

where
(V.5.23) <A)= {drdv!,N ap!
.5, rdv fequ
The form (V.5.18) may be compared to the results of Lebowitz and

Rubin ; it is in complete agreement with their only correction to the

lowest order Fokker-Planck equation,

V.6 - Higher order corrections to the flow term,

The first correction due to the effect of the field during a colli-

sion is given by :

372%3) (0)
Y EN o - fery” il Poleuf ™

equ

(1) f
(V.6.1)  +¥ hd } {Zk\D o)L C{k‘(o)(fo)equ\‘ (v)

+B l‘dv z mopL coy (fo)equ Y

The third term vanishes because of the integration over the velocities
of the fluid particles.

As to the second term, one verifies easily that one has :

(1), f A . A 1
(0) (p.) = Qi (L + S ——
(ik\ fo eq“‘f ‘Iz L b z-LZ‘SLf

equ
(V.6.2) ! O)lrr o equ\f ()
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In the flrst term, we take into account the fact that L commutes

with ? . We then obtain easily :

(BE'.(B)(O)'-(equ(z) TH I <0{5L ———(SL ) X
O

L

1 ) f equ
(v.6.5) X _Zf__st_f g Pequ ‘0>irrY oy

Z-

- x 3%‘2)(0) L t"equ(\i)

if we take (V.5,13) into account,

The fourth order correction vanishes for symmetry reasons.

V.7 - Stationary transport equation up to order Yy
[4

Summarizing the results of the previous paragraphs, we have:

(V.7.1) E(O)quu(!) =33$(2)(0) iLElfequ(y)
(V.7.2) @o) 124’(2)(0) *X4$(4)“’3 +X4 ‘MO) $90)

where the Fokker-Planik operator ¢(2)(0) is given by (V.3.8) while the
operators $(4)(0) and ¢(2)(0) are given by (V.5.18) and (V.5.13) respe-
ctively.

Therefore , up to order x4, the stationary transport equation

becomes :

5[1 +x 4) ] equ(‘i) 125*Uz$(2)<°)]¢(2)(0)sf(2')
V.(.3) x 1) er
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Expanding %\?(Y') in powers of x , we have:

v S =y Pgw], +yPew]

which leads to:

(V.7.5) iLE\tequ(l/') = (}(2)(0)[5?(\1)]0
vae 0= ew], +§(4)(°)[xf‘i’]o

which we may rewrite as:

(V.7.7) iLE\?equ(Y) =[¥24>(2)(0) +X4 &74)(0)]SY(V)

which shows that the corrections due to the action of the field during

a collision can be formally incorporated in a modification of the colli-
sion operator, The corrections to the lowest order Fokker-Planck
equation are thus entirely given by the operator .&(4)(0) . Part of the-
se corrections may of course be incorporated in a modification of the
diffusion coefficient D which appears in the lowest order equation. Equa-

tion (V.7.7) agrees exactly with the transport equation derived by Lebo-

witz and Rubin,

V.8 - Alternative form of the transport equation

for the brownian motion problem,

Through a rather different method, Lebowitz and Rubin have obtai-
ned the following transport equation for the velocity distribution function

of the heavy particle :

V1)
(V.8.1) —%T—-

t
+ iL E'feq“(y) ‘ dt]((t-'c)S?(Y,t)

[¢]
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The collision operator’}c is given hy :

(V.8.2) 'J((t) -ewi) Idz e 2% ()

. Ne A 1 f
(V.8.3) K(z)=-1xyd£d\d $L PR L)(1-6’)(LO+8L)requ
where@is a projection operator :

(V.8.4) Pequs{dr dv

The remarkable feature is that, except for the trivial flow term, all
the dynamics of the problem has been incorporated in the collision ope-
rator?( ; at first sight this seems to be in contradiction with our ge-
neral result of chapter II. However, we have already seen that, up to
fourth order inx , in this brownian motion problem, the corrections to
the flow term in (V.2.,9) can indeed be taken formally as a modification
of the collision operator,

We shall not give here the original derivation of (V.8.1) which

2)

can be found in ref, , but rather concentrate ourselves on the equiva-
lence between the two transport equations for this problem,
First of all, we shall show that the solutionsof (V. 8.1) are iden-
tical to the solutions of the following equation :
Y Q.1

t
equ NN, equ
—T.—.+ iL, W) +[0 dr A t-¢ )1LE‘f (V)

(V.8.5) t 5
= ary-T)d¢Q (V. T)
| oeeidg

where {\ (t) andX(t) are the inverse Laplace transforms of the operators:
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— , Ne A 1 f
(V.S,S)X(Z) = -1[{d£dx‘* SL Z-(T)(—L?_S_L-)- (1-1)(L0+SL)I fequ

n N¢. A f
(V-8-7>A<Z>=hdadﬂ oL —_(T_I_)(ITI_SE) 1DP equ
(o]

where I is a projection operator :

(v.8.8) (f)o equ‘idrdv

(I involves the fluid velocity equilibrium distribution function while 6)
involves the complete fluid equilibrium distribution function for a fixed
position of the brownian particle) .

Using Laplace transforms, one easily obtains the formal solutions of
(v.8.1):

equ

(V.8.9) %«f(z) - [ iz- K(z)] i(zt) E.V¢ W
and of (V.8.5):
(V.8.10) {.}(z [1z-x z)] [—1+A i) B VW)

(We consider here the case of an oscillating field as given by (II.13,

12) )
In order to establish the identity of these two functions, we have

to show that the rhs are identical, or equivalently,that we have :

(V.8.11) [i(z)-izK(z)]f(X)=[l +K(z)]K(z) 5(V)

where f(V) is an arbitrary function of V;

Now , using the identity, valid for an arbitrary function

MY A} fep)
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f
(G'I)A(X’{,ﬂ AT =[Pequ )’ (fo equ S‘d
(V.8.12)
=(1-1) fiqu‘{dndx\ A
as well as :

1 1
z-(1- 6’)(L FSL)  z-(1-I)(L +3L)+d‘-1) L +5L

1 §1+ (G’-I)L +§L‘ 1 ‘

i z-(1-I)(L_*3L) S(I-(L_F SL)H@-D(L_*8L)

(V.8.13)

_ 1 f N 1
’ z-(l-I)(L;&L){l o CEIORE (PRTE I 3 }

- 1 f N_A A 1
we easily obtain:
> N¢ A 1
1+ A )|KE@)HY) =-i “didl vt — (1-6") x
[ ] x * z-(1-1)(LO+$L)

f
* (L * SL)fequ (V)

(V.8,14)

1 LA
iy ‘{drdv\ si.h PRIBIRT§ (1- I)fequ oox

N 1 f
*flozee g 00 30 By, 0

Now, if :

) 1 1
v.s.15 [ = ZREE TR (1-(?)(LO+SL)[>equ

we dlso have :
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(V.8.16) {z-0-@) @ +SLAf=-CyL + SL)fiqu

Applying the operator G‘ to both sides , we have:

(V.8.17) s zriqu81d£dﬂNl‘= 0

which shows us that the second term in the rhs of (V.8,14) vanishes,

Hence ,
- Ne. A
tl +A(z)]K(z)f(lf) = -iﬁ‘d£dz\ SL m (l-@) x
0

(V.8.18) f
X (L 8Lp (V)

The lhs of (V.8.11) can be written , with the definitions (V.8.6) and
(V.8.7) :

— I o N¢ A 1

[X(z) -iz (z)] f(V) = -wdidxk L _—z-(l-l)(Lo+5L) (1-1) %
(V.8.19) ¢
x iz +(L +SL)I“>equ £(V)
In order to prove identity (V.8.11) , we thus have to show that the quan-
tity & given by :

Ne¢ A 1
« - [1dxd£\ L ST reE) {0 @ ran

(v.8.20) _ (1..1‘,)(L0+$L) I- Z(I-I)}()iqu f(V)
vanishes .
Now, using again (V.8.12), we have:

{(1-@ L, 3L)-(1-1)(L0+ S L)I—z(l-I)}riqu 1(V) =

(V.8.21) ;
(1-h {(Lo+ 8L)(I-I)fiqu ) riqu “d{dx‘N(LJSL) fiqu-zrequ‘f(z)
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We also have :

flozach " e S1p ., 1 flazack Nfiqu Ao 51 peg,
(V.8.22)
A.
-y tfpmay Metp
(V.8.23) xLA f(v) = 0
o L
If we combine (V.8.20),(V.8.21),(V.8.22) and (V.8.23), we obtain

Ne A f Ne A 1
* [ o} 8 a-np, g, feary” S 2 (I(E_3L) -

(V.8.24) . (I-I)?uns\didﬁNSLAfiqu] fv)
Now, we have :

’id’EdX‘NéLAfiqu (V) =0
(see 1V.4,7)

and:

(V.8.25) “d{dx‘N SLA Iriqu =‘&d£d1}N5LA(fi) equ(n)‘N =0

Therefore, we indeed obtain :

(V.8.26) o =0

and the identity of the solutions of (V.8.1) and (V.8.5) is thus established.
Equation (V.8.5) has the same structure as the transport equation we

obtained in Chapter II, é 13, In the steady state, we obtain :

- equ A equ by
+ = V
(V.8.27) 1LEOY W)+ A 1LELf (V) X(O) SQP(N)
To establish the equivalence with (V.2.10), we have to show :

equ( -

~

(v.8.28) A (0)iL equ(y)=ZD (0) iL_C, (0
2 PURLY R B 1
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(V.8.29) i (0)8\9(2)=ﬁ>(0) S\Y(Y)

Let us first consider the lhs of (V.8.29) . We have:

X g0 -flee " ol81* ——L {1 v

_LO-(l-I)(LO +3L)

(V.8.30)
DI Do PPT)

if we take into account :

V(8.31) ILf) =0
-N
(V.8.32) ‘fiquxf‘“ - Q (Pf)) equ&f([)
Through a straightforward expansion, we obtain:
X z)X\f(V) = Z:’{d"} (olSL {[1 -9 L-IL ]—— } X

(V.8.33)
X {L + (1)L +§L)H0) (F

0 equ

However, we have :

<.' } K\I(L +8L)Hk" K')F({ \ V)sl'.k+K Ostk""K' 0

~] o~ ~

Jrg e ew [ Tier [ R N, flmary [l 0
1

+$L(R v, {r" {v'}]exp[ Zk' r']e""~ Fqv'} V)SZk +K, 0 X

T Ri
(V.8.34) 8
szK'

f N A
LSRR ‘fo)equf ey oy (O SLOLALY)
i
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e, ) Q' 0
. . . . . A
As a consequence all irreducible contributions involving ILo or
ISL in (V.8.33) vanish (see the product of Kronecker's deltas in the

rhs of (V.8.34)).

Let us now consider a reducible contribution made of a product of two

irreducible contributions :

P s{dv\ (olSL — i[1 L -1L ] ‘ o) x
" igzonﬁ HOL-IL, ] = ‘ iL H1-I)(L +3L)No) Py equ&r(V)

(V.8.34) shows us that we may drop the operator I every where in the second
fragment except at the left. (combine the Kronecker's deltas in (V. 8. 34) and
the irreducibility condition). Let us first consider the case q=0 . Then , using
(V.8.34), we have :

+ + dg(v) -
(V.8. 36) (oIL a-net +oL)| 0) (fo e P = 0

If q is different from zero, we have :
q
(0[{[(1-1)3L-1L‘:]—Z%‘ {L£+(1-I)(L£+3L)H ). (fo e f )
DR {fa-ndL-iL “k} Ky K\(—S ) l 0). r(ff))e . ¥
{3k Aoy e

(V.8.37)

q
(OISL (_—SL) lO) H‘l‘ 0 equ Y( )

- Pequfiie} "CISL G 8110, () g, S0

and we obtain :
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P = hdxiN <0|5LA ;_ITO‘[(l-I)SL-ILOA] ;_LL)plo)(o[SL(-z_—IlJo sy’

t
lo)irr (Po)equs‘r(!)
(V.8.38)
’(dv‘ b = {[-ndr-n ] sp 0)(r0)equ X

X hdx‘N<0‘8L (z-L SL) lo)lrr (fo equ 'f ~

If no fluid particle is common to both fragments, the rhs vani-
shes trivially; now, in our discussion of the role of the irreducibility
condition, we have seen that when such a product of fragments has a
single semi-connection, it is through particle A; if we have more than
a semiconnection, we obtain a contribution of order N-l. Therefore, at

the limit of a large system :

(V.8.39) [5 =0
This means that all reducible contributions to (V. 8.33) vanish, Taking also

into account the remark following (V.8.34), we obtain:

m+1
X 8gen - gs‘dK}N(o\SLA (—Z_I—LOSL) \°>irr(|’fo’ eqn X

(V.8.40)

x390) =t{>(z)57<z)

which establishes (V.8,29) .

(V.8.28) can be established in a similar way, if one takes into account:
Ay Kfa-np fopig =0 i WEY. K)= o)
f .
A K (i
equ

iLE({'li" [Slfiqu I 0>

(V.8.41)
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) iLEC{kpg(f(fa)equ ik, K9 £10)

This completes the proof of the equivalente between our starting point
and that of Lebowitz and Rubin, This equivalence shows us that quite
generally all corrections dueto the effect of the field during a collision
can, in this brownian motion problem, be incorporated formally in a mo-

dification of the collision operator (*-)'K) .
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V1, BROWNIAN MOTION IN AN EXTERNAL FIELD,
QUANTUM CASE

VI, - Introduction

We shall now consider the problem of brownian motion of
of a heavy particle in a quantum system. Our starting point for a
microscopic discussion of the evolution equation of quantum systems
will be the Von Neuman equation for the density matrix. As we shall
see, provided we choose suitable variables, this equation can be‘written
in a form which is very similar to the Liouville equation. The main
difference will be the replacement of differential operators by displace-
ment operators, This corresponds to the physical fact that energy trans-
fers are infinitesimal in the classical case while they are finite in the
quantum case, The similarity between the quantum equation for the den-
sity matrix and the Liouville equation for the distribution function ena-
bles us to extend the whole formalism very easily to quantum systems.

However, the problem of brownian motion in quantum systems
presents features which are quite different from those of the classical
problem, In the classical case, we performed an expansion in powers
of the mass ratio and showed that, to lowest order, the velocity distri-
bution function of the heavy particle obeysa Fokker-Planck equation.
At first sight, we might expect this to be true also for the quantum
case, the quantum effects appearing in the diffusion coefficient,
However, if we go back for a while to the classical problem, we easi-
ly notice that, what we did, was to assume that we were dealing with
a particle moving with thermal velocity (i.e. a velocity of the order of

its equilibrium velocity) in a fluid at equilibrium. We then had:

(VL.1.1) &Y /P ol m/m)' /2 - o(y) <1
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Our expansion in a power series of x was actually an expansion
in {p}) /P.

It is easy to convince oneself that (VI. 1.1.) does not neces-
sarily hold in the quantum case, Let us for instance consider the case
of a heavy particle noving in a weakly coupled Fermi fluid. At very
low temperature, the particle collides with fermions whose energy is

very close to the Fermi energy £F' Then we have:

{py /P = O meF/MkT)l/2 = 0(x§) (VL 1. 2.)
where

§=(eFmTﬂ“ (VL 3. 3)

and we may expect to find a Fokker-plank equation only in the region

where

X§<<1 (VL 1.4)

This condition is much more restrictive than the condition we met in
the classical problem.

With this example, one might think that such difficulties will
appear only if we consider fermions, because of the exclusion prin-
ciple and the existence of the Fermi energy. However, we shall see
that it is not the case and that the difficulty is more general. At very
low temperatures, we must always expect that the Fokker-Planck equation
will not be valid.

We shall first show how the Von Neumann equation may be written
in a form very similar to the Liouville equationl) . Then assuming that
an expansion in {p) /P is valid, we shall easily obtain a Fokker-Planck

equation. We shall discuss the quantum corrections to the diffusion
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2)3
coefficient in some simple cases )3) and compare briefly the theoreti-

cal results with the results obtained in experiments on heavy ions mo-
ving in liquid helium, Finally , we shall discuss on somewhat more ge-

4
neral grounds than above the validity of expansions in powers of(p)/P. )

VL, 2- Von Neumann - Liouville equation,

Let us consider one heavy charged particle acted upon by a con-
stant external field moving in a fluid of light neutral particles. If we
use a second quantization representation for free fluid particles and a
plane wave representation for the heavy particle, the hamiltonian opera-

tor is (we take 4 = 1):
=H + +
(VL.2.1) H=H \v H

The unperturbed hamiltonian is a sum over the kinetic energies of the

fluid particles and the brownian particles :

2
(V1.2.2) H = Z (k2/2m) at 5 +K'/2M
° k%

+
where ::1k ak are the creation and destruction operators for a fluid par-

ticle of ?nome;tum k .
As in the classical case, the interaction is a sum of two terms : one
which describes the interactions of the fluid particles among themselves

and a second one which describes the interactions of the heavy particle

with the fluid particles :

+ 4 S
Va(M 2Q) Z: v(k,1,p,r) a a. a a
Klpr LRRY) k'lpr kilpr

~ ~ ~
~Ancauas

(V1.2.3)
HN/R) L uk-1) e DR g, @
K x A

~
~e~
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The contribution due to the action of the external field on the heavy

particle is:

(V1.2,4) Hp = eE.

3=

L. the mixed representation \ K ,{n\) of the eigenstates of Ho

(.2 Z 2
(V1. 2.4) Ho\g,{rlh -&K [2M + A (k /2m)n£\\g ,\n\>
the Von Neumann equation for the density matrix is :

VK Antlpl KL A0t

(V.2.5) i ~ (kAR | K )

where [H, F] is the commutator of the two operators H and f

Let us now perform the following change of variables: for the

heavy particle :

'R

KoK

(V1. 2.6)
P - (K+K)/2

for the fluid particles :

= -n!
Vi Tt
(VL.2.7) N, = (o, +nt)/2

We also write any matrix element of an operator A in the following
form :
(K nfafxr . An'i)= AL K- n"( (K+KY/2, {n+n')/2})
(VI.2.8)
(P, ‘N})
£ A
To tle operator A, we associate an operator cf , which we define through

the relation :
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% T, -x
e s ie 4] % vty - § "ﬁ"‘ Ay i (BINDS

(VL. 2.9) -Zv A

A S |
x/’) -'§ | —‘.Vh A*'\V&(E.‘an 7®

where theg and 1) 's are displacement operators acting on the varia-

bles P and N respectively :

® D ¥
(V1.2.10) §’ "(P) = exp[ )P] ) =R+ )
v

~ 2
(V1.2.11) ") 3 £({N)) = exp [iiz Z N ]f(\N\) =f({nv+ 3}
k
One can then easily write the Von Neumann equation as:
VP vy BAND
i b # - Z:(&,MP((E ANy )hﬁ_'\y'}> X
ot ®rivih
VI.2.12
( ) X r!“¢“g,{N})

which is formally analogous to the classical Liouville equation. The Von

Neumann-Liouville operator % can be split into three terms :
(VI.2.13) x =)‘o' +W+x

The unperturbed operator )‘0 is given by :

<?5 ""\pto| ’.‘J ’\"‘) ; SL‘ %! TJS" v X

k4
¥ .p
~ ~ 2
(VL. 2.14) X + 2 (k"/2m) ¥
M : k
k
The interaction operator is given by :

PP - T im0 g

klpr
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'y-(“L vy v 1. .1 TR B

-Y «¥Y¥ -V -Y _Vi_vl_vl_vl

X’Y) k 1 pr_’)kl rp[(N+_)(N+_)

1 4 +v1 tv +y

)]1/2 k P r}%,Vk-lg §

1,V'1
Yo

(V.z,ls)xv"v+1 R ” xv v, g,
X pp

ifklpr i

T

v'tv! l‘ 1/2
e T w18 [ov, + b x
k

X EE Y e ) x
. lgfr v vl' v H e, x

lﬁlh 1 1

The external hamiltonian is given by :

Q8 AN vy < e o

P
(V.2.16) X ‘w T”

~t

The algebra which leads to these results is very simple, We give exam-
ples in Appendix VI, 1,

The equation (VI.2,12) can be treated in the same way as the
Liouville equation, Whenever we had a matrix element of the classical
Liouville opefa'tor, we must now replace it by a matrix element of the

Von Neumann Liouville operator . If we compare those matrix elements,
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we notice that the main difference between quantum and classical ma-
trix elements is the appearance of displacements operators in the
former while we had differential operators in the latter. This is specia-
1ly striking for the operators acting on the heavy particle variables:

the classical operator 'D/'DP is now replaced by the displacement
operator g‘! ~ ; this is due to the fact that we used a plane wave repre-
sentation in the quantum case which is the analog of the Fourier expan-
sion in the position variables in the cldssical case. For the fluid particles,
the similarity is also very striking when one compares the quantum
equation to the Liouville equation for a system of oscillators in action
(J) - angle (& ) variables). The displacement operators acting on the N
variables are the analog of the differential operators acting on the action

5)8)

variables in the classical problem (for more details see ).

VI.3 - Stationary transport equation,

The quantum analog of the stationary transport equation (II. 14,5)

in a static field will be:

(VL. 3.1) i)‘E Yegu(P, Anp +i 2 p

% "\"\
(V.3.1)
- i\‘/(O)A fo(g AN

Here ?O(P, {N}) represents the diagonal elements of the Von

O ¢ £ Cpn® feiu (P.AN)

Neumann matrix, At equilibrium, we have in the “n} K)representation:
-(H_ +\V)/kT
(ot 59 ot €) =Gy x| e ot )

(V1. 3.2) -(H + )V)/kT
[‘Z ({n'} K" e ° {n' K'»]

'}K
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Because of the non commutativity of Ho and V, this expression is

much less simple, if all orders in X\ are kept, than the correspon-
ding classical expression. It is only in the weak coupling case, whe-
re we can neglect the interaction that we obtain:

Anyx | e;glo“n‘,l{)= eXp%-[ —k—z n + ?KME]/k T i X

~

(VL.3.3) X Z_ expi [Z 2m k / \
v}

{nyK

S

P e I 9 9 -1
P
M k|3 el N, /“T}\
\Ny P X S
This will play an important role in our discussion of the validity of

the Fokker-Planck equation in the quantum case .

The collision operator\\l is given by :

(V1. 3.5) Y(O) I;rn (0[1{2:(_%;‘111 |0) o
z=30 0

while for the operators of creation or destruction of correlations we

have :

(VL. 3.7) D

(VL. 3.6) C*'"\(O) =Z1_i)m0(:,llvi=zl (Z—)T:‘)n lo)irr
'vat = llm(o‘z

®ivy
2=30 'n=1 \l >1rr

The index irr means that only irreducible contributions have to be kept,

i, e, contributions such that no intermediate state is identical to the

vacuum of correlations (diagonal elements of the Von Neumann matrix).
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As in the classical problem , we assume molecular chaos ; hence:
f

(VI.3.8) fe(lu (E "\N}) s Requ (E)§Yo (N)} equ

(V1.3.9) Afo (PANY) = S\Y(E B ¢ Z(N)‘ equ

if we take into account the fact that the modification of the density ma-
-1 ’
trix of a fluid particle is of order N ", hence negligible in the limit

of a large system,

VI.4 - Expansion in the mass ratio,.

Whenever the ratio (p)/P satisfies the relation
1/2
(VL.4.1)  {p)/P =0 (m/M) / = oy

we easily obtain an expansion in the mass ratio if we follow the same

procedure as in the classical case. We decompose the unperturbed ope-

ratorxo
RY 2 A
(VI.4.2) xo —)CO +¥Xo

with (V1.4.3 (M"]xf \'\")—Z %) 2m)" ]Tsvk "k ,‘ %'

Al o 1y ,
(V144 (ot %] Y)co\;v,,g)- ®.P)/M T}S.ﬂ,}yvl£ S'S.’i'
Similarily :
(VL. 4.5) \'W' = waYU‘f‘ +x2'lr}; +
where

(VL 4.6) W Y +v‘i

where .Y represents the fluid-fluid interaction (first term in the rhs
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A
of (VI. 2. 15) U is the fluid-particle interaction (second term al the
*

rhs of (VI.2,15), If one expands the displacement operators g in a
. A
power series, one easily obtains an expansion of ‘U in a power se-

A
ries ofx . For instance, ‘U.o is obtained by the mere replacement of

the displacementoperators by unity :

»® no% Z;_(V;‘vh)
(s 2O Che ) 5 Ty V-5 92
(VL. 4.7) (v
Ay vy Fe i e
while Y
b g ey - v Tyt x

/2 -y -v¥ -v! 1/2
*FN sL(N +1)] m &l k ~[}Nk+%)(N1+1§)] x

"] ~ l} Svl‘{ ,vk-ls\q,vlﬂ H sv'. ,v.gg-L,t,s-E,' x
(VI.4.8)
x 1 ¢-%) i
5 )

]
Lo

~ ~

P
x 1
A2 Slolte 3 15
(v, -v))
% }E. }E}l xr-‘

v . ' v * )
P R 1 [ _:>~ = 2
The external field contribution is, as in the classical case, of order:
Y . The main difference with the classical case is the appearance of

A
higher order terms in the expansion of V . However, one verifies easily

again , that, to, lowest order in Y , the equation may be written ;
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equ -1 x -z
VO - ey s R

(VL. 4.9) R
x (U7 +200,,, (Mg

where

(VL 4. 10) . =)Li+ W

Moreover, at this order, we can restrictourselves to the lowest order
equ . L Y .
term oq (P) in the equilibrium distribution function.

Hence , we have:
JO g™ @ - nmﬂ o TGV x
7= 0

Xy Ny4v
(VL4 ot
A A f
x e U ¥l E) P )oqu WD

where . f
) ‘g}j e"E'B(iN +v/2}|e'H /kT“N- v/2t)
(V1. 4,12) (‘) e e
RIS BP0 | S )
ANy
where
H - H? + Y

is the fluid hamiltonian operator

VI.5 - Fokker-Planck equation.

Let us consider the rhs of (VI.4.11) at t=0 (the calculation of
the contribution involving tw1ce“ at a time t different from zero is
given in appendix VI.2). For the contr1but1on involving twice \f
we have':

$ o LT ) VR iy dan U P X

{N ‘ vi|v') % %'
(VL.5.1) ({N\)]
X [? w' Ay equ

When no confusion is possible , we do no longer use a special notation
for vectors.
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Using (VI.4.8) , we obtain:

PPN i )

equ

= (\/Q) Z “(k")ﬂ(NkJr"L/z) (N1+1 + vl'/z)} 1/2 X

Pyl - ' ' (4N}, N -1 N+1) +(N+1-u 2) X
(v152x[h‘v LLwiHl % et ANY ] lj

\ 1/ 2 f '
x -y | V¥p v+ 0 L 1) x

(1/2)(1-k) -%—P'

Going back to the occupation number-plane wave representation we

obtain :

Z(*xvnvﬂuvt)h, Y

equ

(v1.5.3) 2 Z(\N+ v/z}] F (K) Px e F(K)“N-v/z\)-—

'X, y,z

where the force operator is given by :

_ +
(VL.5.4) F (K) = Zk uK) K a a,

Therefore, we have :

o - ‘Z_.‘ ?-i Z(O\UA\’HV\)Z Z({N+V/2“F (K) Q ® -K
v

. ?f,‘ LF -y /2})(1/2) 57,
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] ﬁ_‘ 21; ZZ{QNﬂU\{N Vb evilE ey o E(H)\\Ni)

r@-v %[O G F 0 Pl kT B (K)\{N_‘E’\)} X

132
X (1/4) ————— ¥,
P, ’BP]. ]
(V1.5.5)
f + f
%\ ;J.tZK Clfoom 0By 100 PP 9

2
f + f + 1 ?
FE P )0+ TR Toofid)g P, 9P,

Taking into account the fact that we can interchange XK and i and j,
and that the trace of a product of operators the invariance for cyclic
permutations of the operators , as well asthe hermiticity properties

o f the operators, we obtain :

o€ - L ZZ({N\lF (K) F%) Pt 2

INyij K% ')P gP

(VL.5.6) 52
) (Fi F, PP,

As in the classical case, we see that we have here the average over

the fluid equilibrium distribution of the tensor operator FF,
As to the second term, at t=0, we have:

- T Z L (oI e ] [,

%NH

(VI.5.7

{Z]%z.({nﬂrﬂ (“”‘jfi +a¢jff‘ F:'(x)l{Ni);)T (Py/ M)
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Now we have ,performing an integration by parts in the second step,
f
-H/kT
sl pioty fon g ot oty
f -1
X [Z(in\\e AT 1)

. , _ _ f
(VL.5.8) ZM{Z SdR Ty P (k)4 fer) o™ “Tlny) x
Ak

[\ns e e ‘HQ

] %qn'ﬂFj (k')rlfwk'\‘no

and therefore :

(VL 5.9) %}(O\UA )CA f 10)- <F F) 2%, (Pj/kTM)

equ

Therefore, at t =0, the integrand in the rhs of (VI.4.11) becomes :

+ () ? 1 ]
(VL.5.10) <Fi FD-—?pi{ P, T b

In appendix VI.2, we show that the first term, at a time t different

from zero, is identical to (VI.5.6) but with Fi replaced by Fi(t)

where Fi(t) is the Heisenberg representation of the force operator:
ook, ok

(VL 5.11) F (1) = eI F, ol

A similar proof can be given for the second term and we obtain finally

the Fokker-Planck form of (VI.4.11):

(VL5.12) x(o\x lo)\?eq“( ) f [ +Mk1T le (P)
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where the diffusion coefficient in terms of microscopic quantities is gi-

ven by

(VL 5.13) gij - r at (F. (1 FJ+>
o]

As it canalso be shown that, to first order in bl , we have*:

equ

(V1.5.14) (P) = (M/Z‘l‘kT)3/24‘\T' exp(-Pz/ZMkT)

o}
we have :

, ]
(VL.5.15)  -(1/MKT) E.P ‘fe%u(P“ i 2? ["iP ' MiT Php)
i i

This completes our outline of the derivation of the Fokker-Planck equa-

tion in the quantum case. Let us stress that this equation is valid

whenever the condition :

(VL 5. 16) (P)/P «< 1

is satisfied.

VI.6 - Diffusion coefficient for a heavy ion in a

slightly imperfect Bose fluid,.

In a weakly coupled Bose gas, the condition (VI.5.16) for the
validity of the Fokker-Planck equation would always be fulfilled. When
strong interactions are present, the zero point motion of both kind of par-
ticles starts to play a role and it is difficult to make general assertions,

We shall assume that the interaction between the fluid and the

. . equ |
One can for instance use an expansion of q 4 in powers of x . As we

must have : cP(O)(fequ =0, we have 4)(2)(0) 'fe?)u

2
just seen, 4?‘ )(0) is the Fokker - Planck operator : hence cfe(lu must

= 0. But as we have

be the Boltzmann distribution.
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heavy ion is very weak and that we can neglect it in Hf . We shall
also restrict ourselves to a slightly imperfect Bose fluid and assume
that the temperature is sufficiently low to insure that the Bose-Ein-
stein condensation has already occurred to a large extend. Then most of

the bosons are in the ground state and we have :

(VL.6.1) N >N

where n, is the number of particles in the ground state. Then we

can apply the well-known assumption

(VL.6.2) a_ ~ al ~ (n)

(VL.6.3)

-1 +
+ kY
o' 2 k ulkya’ a

while , if we use a pseudopotential (see ref. 4))with u ~ 4w a/m

(a: radius of the particles ):

+ +
ve/eey(al +2m Y 2" a +a'a )
o o 2P PP
pFo
(VL. 6.4) s
+n Z (aa +ata )}
o o5 PP B P

We shall use the Bogoliubov transformation to phonons operators bk

+
and b, . (see for instance ref 4):

k
VI.6.5 =gb +f b
(VL.6.5) 4 "Bk T Nk Pk
V1.6.6 b 4t
(V1.6.6) & T8 TNk
(V1.6.7) g *(1 -dz)l/z
-0 k k
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(VL17.8) fod(1-d )'1/
(VL. 6.9) oA =1+ < - x(x2+2)
(VL 6. 10) $ = 1 2/8wan_= K2/ 2

This transformation does not change the commutation rules and we

have

+ -
(VL.6.11) b, \nk\,J n 1 n41y 5 b iy =n (o -1
f +
(VL 6.12) H - B+ gwkbk b,

(V1.6.13) W, = (k/2M) (k2 +16Wan_ Q )1/2

Similarly, the force operator can be written in the phonon represen-
tation bk bk In this representation, it is a matter of algebra to
compute the diffusion coefficient (see an example of computation in the

2
next paragraph for Fermi systems) . One obtains ), if one restricts
oneself to small wave numbers (i.e. to the linear term in the dispersion

relation (VI.6.13)):
- Z k 0. ° 4
; /) & (llk glglk) my (g
(VL 6. 14) B(11-K] -1
m;) is the distribution function in a slightly imperfect Bose gas in the
limit of small momentum :

(VL. 6. 15) m;) = lexp (4 /KT) - 1]'1 =[exp (cl/kT) - 1] )

The integrations can be performed and one obtains , if one reintroduces
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explicitly Planck's constant :

(VL.6.16) §= 23/ 45(kT)° 2t ot

3),

The mobility of a heavy ion is given by
(V1. 6,18) r‘ = eD/kT

where D is the diffusion coefficient in ordinary space. As we have

seen in chapter I, we have:
2 22
(VL. 6. 19) D= (kT/MP) = (kT/M) (M/kTp ) =(kT/M)" (M /g)
(note that D is the coefficient appearing in the diffusion equation in
-1
ordinary space, (M/kT ‘3) that appearing in the Fokker-Planck equa-
tion in velocity space . g that appearing in the Fokker-Planck equation

in momentum space) .

Therefore we obtain :
(V1.6.20) = @s/2d)e 80 * a7 ikt ~ 77

+
In a measure of the static mobility of (He )n in liquid He4 at low

temperature, Meyer and Reif 5) have found :
(VL 6. 21) P~ ™ with k =- 3.3 +0.3

which is in good agreement with the above result if one takes into

account the fact that our model is quite rough .

VI.7 - Diffusion of a heavy ion in a weakly cou-

pled Fermi fluid.

We have seen in the introduction that in a Fermi fluid, at low
temperature, the Fokker-Planck equation is valid only if the condition
(VI.1.4) is satisfied. We shall discuss again this problem in the next

1

paragraph but presently we consider a situation where this condition is



2319 —

F.Henin

satisfied and compute the diffusion coefficient, assuming the fluid to
be weakly coupled,
As well known, in a Fermi system, the creation and destruc-

tion operators anticommute

(VI.7.1) [a; ,ak.‘ , 7!

and the only possible values of the occupation numbers are :
(VI.7.2) nk =0 or 1

In order to avoid difficulties with the subsidiary condition
(VI.7.2) an =N

we shall consider the grand canonical ensemble . Then the equilibrium

distribution for a weakly coupled system is given by :

G“ilfi_xl\n'i) TII S"k’“i{ exp[-zk nk(k2/2m-€F)/kT] x

(VL.7.4

) X Tl!'{1 + exp [- (k2/2m -SF)/kT]l-lj‘x,K

where € F is the Fermi energy .

Thus, going back to the occupation number representation we

For)-LL L Z 2 ZZ7 | x
) {n‘{n'i {n"Hn"”{n““) k1 1

X kikj (\MI exp ['i % (k2/2m) a;; akt]kn'D({n'”alak_l Hn"}) X

have :
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(VL.17.5) X(*n"}lexp [i E (kz/2m)a;akt]“n"'\)({n'"}laka;_ll l{n""’) x

xGamlp! ot

Using

+
(VL.7.6) a |ny=ln+1) Xnk 0
(VL.7.7) ak|n}>= -1 Sn .

k)
one easily verifies that one must have :
(V1.7.8) 1 =1

and one obtains :

(romy N Z L w8 S, o x

Ang k 1 k k-1
2 2 2
X -idk -(k-1 - Ln(x%2m -€ )/kT| K
exp [ 1{k (k-1) tt/Zm] exp[ g k( /2 P ]
X 11{1 exp [- (k2/2m-EF) /an'1

(VL.7.9)
- W) T Z o ;e[ 6" - 'y /2m] x
k k!

X ex [_ (k2/2m ) tF)/kTHI + exp [_ (k2/zm - tF)/kT]}-l x

2 -1

X il + exp [-(k/2m -EF)/kT]}
At the limit of a large system, the summations over k and 1 become
integrals. If we also perform the asymptotic time integration in (VL5.
13) , we obtain

2(3 (.3 2 2 2 B
= ] k! -
§ij am TN [d k(d k' u(i)| kikjS(k k )expl_+ (2m (F)/kT]X

(VI'7';0){1 +exp [(kZ/ om - tF)/kT_]}'1 {1 +exp [(k'z/ 2m - £)/ kT]; !
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One easily verifies that this tensor is diagonal and that one has :

(VL7.11) 5 -1 €

with
3 0
€ -uew m/3)§

o

(VL7.12) expt(k,z/m i EF)/kT]{l + exp[(kZ/zm -iF)/kT]}-l

o0
ki’ s dk'k'zlu(k)‘zp(k-k')-i-8(k+k')] X
(]

-1
x§.1 + exp[(k'z/zm-z )/k'f“
F
We integrate over k' and approximate the potential by a constant; we

then have :

5

n

2 2
(128/3)T° kT)3m4u2‘ ae 2f°5) {1+ KCRLY) }
(0]

(VI.7.13) 128/31\' mu(kT) ( ag €2 ilue‘ § i

~(256/3)Wom (k1) 2( dst[1+ e(‘-g |
(o}

where

(VL7.14) |- £ L /KT) 1/2
At sufficiently low T, we have :
(VL.17.15) § >

and we may write :

0 2 1 (o
so age |1 +el® -5 )] =g§2 dy (y+§2)(1+ ey)’1
0 A
§ s (1Y) 1+‘ , dyy +2V> dy y(14e¥)”

[¢]

(VI.7,16)
- ‘ dyy(1+ey) !
2

§
3 §4/2 + nz/s
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where we have neglected exponentially decreasing contributions in the
first integral as well as the last one whose integrand is exponentially
small,

Therefore, we obtain:

(VI.7.17) §=(123/3)1\'3 m? kT u2§£2 +(112/3)(kT)2}

F

From this, we easily obtain the mobility (see VI.6,18), Introducing f
and the collision cross section @ in the Born approximation (@ =
=2m 1w u2) , we obtain:
3w efl3
2 (2 2 2
8m r\tF +(w’/3) (k1) }
1)

(VI.7.18) rx =
Davis and Dagonnier ' compared this result with the experimental mo-
bility for a heavy ion in liquid He3 at 1. 2% measured by Meyer and
al. 6) . However, the comparison is not very easy because of the lack
of information about the collision cross section (radius of the ion) and

the effective mass of the ion. With reasonable estimates for these

quantities, they find a good agreement.

VI.8 - Validity of the Fokker-Planck equation for brownian

motion in quantum systems.

Let us first consider again the case of motion in a weakly
coupled Fermi fluid. We may distinguish three temperature regions:
a) the temperature is so high that both the fluid and theparticle behave

classically, Then, if the particle moves with thermal velocity, we have:

(V1.8.1) (p)/P =0(m/M)1/2 = O(X)

and the classical Fokker-Planck equation is valid.
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At lower temperature, quantum effects become important
for the fluid. Only those fluid particles near the Fermi surface interact

with the particle and we obtain :
. /2
(VL8.2y  (pY /P -0(maF/MHD -O(Xg)

We may now distinguish two cases :

b) an intermediate temperature range where the more restrictive condi-
tion :

(V. 8.3) x};« 1

is satisfied and the quantum Fokker-Planck equation (VI.4.11) is valid .

c) the case of very low temperature where

xg > 1
and where the Fokker-Planck description does no longer hold.

In a discussion of the possibility of convergence of the (p)/P
development presented here, Résibois and Dagonnier 3)8) have shown
that, in general, one must not expect this convergence to be
realized at very low temperature, whatever the statistics. A very sim-
ple argument is the fact that at very low temperature, the average mo-
mentum P is independent of the mass ratio, It is essentially determined
by the interactions with the fluid molecules and momentum transfers
can become very large; the Fokker-Planck description is then no longer
valid,

Let us show briefly how this conclusion about the independence of
the average momentum at very low temperature can be obtained. For

simplicity, we consider the case of Boltzmann statistics. The equilibrium

distribution function for the brownian particle is :
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Tr
equ fluid | equ
1? (P) = Peq
Tr f
fluid, A | equ
(VI.8.5) E_ foPey +
Ty o P +H +v 0]
f A ]
- +H + V+
tr‘ﬂuid,A exp[p(Ho Ho v+
where
(VI.8.6) [5= kT)"!

Let us write :

(VI.8.7) f(p) - e-pHW(p) P

Then:

(V1.8.8) U(p) - exp.[P(H(f) + H‘z)] exp [- P(H‘ﬁ+ Hi +V+ U)]

One verifies easily that this quentity satisfies the Bloch equation :

(V1.8.9) %—%’é@ ={exp[p(Hi ¥ HP; |7+ 0 exp [-p(Hfz + Hf))]] W (p)

Taking into account the commutation relations

-%Hﬁ
(VI. 8.10) [V, e ] =0
A
(VI.8.11) [Hf , H ]: 0
) o
and introducing
~ £ f
(V1. 8.12) V = exp (ﬁ H)) Vexp( -ﬂHO)
(VL. 8.13) U = exp (pr) U exp (-pr)
0 0

this equation can be rewritten:

(VL. 8. 14) —(DT“;)@ ={\7 +exp(pr)ﬁ exp | /}Hf)}&)(p)

Expanding the rhs in powers of HoA , we obtain:
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(VL. 8.15) 2’:”4‘5&) v +TJ+[5[H‘2 L T) ¥ [Hf,[l{,ﬁ]]t..}k)(p)
B)

After a rather lengthy calculation ', one can finally obtain the xz

equ
(=m/M) correction to the maxwellian ‘roq (P):

(VL. 8. 16) aeequ(P) =|f§qu(P) + xz EPz/szT)(kTQ/kT) +4]?zq“(P)+ 0 (Y4)

. e
where of is a factor which guarantees the normalization of tf au to

unity, T, is a characteristic quantum temperature which expression

Q

is quite compicated but can be shown to have the following properties:

(V1.8.17) lim TQ(‘h', T) = constant
T30
(VL. 8.18) " 1—1;110 TQ | T)=0
Ted 0

From the above equilibrium distribution, we obtain easily

(VL. 8.19) <P2> = 3m X—ZEkT +xszQ)+ 0 (x4il

At sufficiently high temperature, we have

(VL. 8.19) KT »x 2 KT,

2 3m
~ —k
(VL. 8, 20) (P )_ Xz T
However, at sufficiently low temperature, we may reach a regime where:
(V1.8.21) 26T JxT )1
.8, X KT %
In that case:
2
(VI.8.22) (P) ~ 3m kT

does no longer dependen Y
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A more rigorous mathematical analysis is of course quite diffi-
cult in general because of the complexity of dense systems. A more
3
elaborate discussion can be found in ) .

Appendix VI.1 - Examples of the algebra leading

to the Von Neumann - Liouville equation (VI.,2,12)

In the mixed occupation numbers-plane wave representation the

Von Neumann equation is

cnslpl oy -2 Ty nplr K" K" \n"yK’ 4n'y)
11: Kll ‘n"s

(AVI 1.1)

-(K ‘ n“ﬂ K" \n"})(K"{n"HH\K' ‘m*) }
Let us consider in the first term in the rhs one contribution to the

fluid-fluid interaction :

(AVI.1.2) & = z Z(K‘nt\-\;lK"{n"fXK"{n"}lr\ K! {n't)

Kll \nll‘

with
+ o+

a. a a

(AV1,1.3) v =v(k,1,p,r)$k+l_p_r’0 a, a2 a

We perform the following change of variables:

K-K' = R =
K ® n, hk \)k
AVI, 1.4 "K' = ! Non! = Y1
(AV ) K"-K X nf-n', v .
KiK' o ey x
2 2 - k

Then, we haye
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A = ZZ(P +- {N+i“v —P- g {N-— v })x

%! {v 2

Sl %Rt 8 Ay

Using the notation (VI.2,8) , this becomes :

%! v
%= %wk‘ ¥-% v - v'\(P+T’{N+ 2})
(AVL 1.6) x X' 2N A
xft'\v'\(P' 2 T2 AN 7 T3 1)

Introducing the displacement operators defined by (VI.2.10) and (VI.2,11)

we may write :

x Ty -,‘.Tv
«-ZT CnfVk g .
ot o T geyyP G " x
(AVL.1.7)

X fur 41

(the displacement operators act on everything that stands at their
right.)
Now, using again (VI.2.8) and (AVI.1.3), we have:

oy N kl >
Vt-x',‘w— v i PANp) = P )Skﬂ-P-l‘,O
x<P+""" N+v-vk +a+aalp_\¢-)c' N+v-v'i>
2 { 2 kM % 2 { 2
_ T §
(AVL 1.8) V(l’lp’r)gk'ﬂ-p-r,os‘, ! Sv , vy -1 X

ifklpr Yi' Ti 'k’ k

A v by ad,y o [N v X
1 1 p P rr

1/2
X (Np+1/2)(Nr + 1/2)]
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If we combine (AVI.1.7) and (AVI. 1.8), we readily obtain the first term
in the rhs of (VI.2.12) .

As another example, let us consider the external field term,
One can also very easily obtain the following contribution to the Von

Neumann - Liouville equation :

T Lok, W'“)f,‘. yory (B AN

* & } I"k

% )c \('\V vl‘ ‘N}Y ’)

. vk
6 ! Hi-t'.\v-v'i‘P“Nhg")E e o AN

0 [ _'!' v -y
: = v! ——‘l P+ A
by ‘v',{exp (2 ’iP) exp zk N < \ 2

- v - o °
EE P - Zx ,{N- > v! ))exp (-l;- -,-a-l;)exp [-%{vkﬁkl
(AVI.1.9) 5 .
X! _ .
-eXP(-T ’)—P)EXp[-%Zkvll 'BNk‘<P+*2‘ ,{N+v2y}\
AR v v! 1 2
) X
ER \P 2 t)exp ,aP)exp[zgk‘aNk-u
X f’ P,{N})
-z Z T\' 5, ‘dR Bp, pl(®'-%)-R
%' kv‘} k k’vk A~
X'-x
?
E\Zv:'s-‘l:rs AL )
“w \v t(P ' le 2 iy} g‘ \v'} (F- x v

1
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Z Z. WJ V *I % Y‘I‘VI,(P {N’

‘l ‘vls k Vk
which agrees with (VI, 2. 16)

Appendix VI, 2 - Equivalence between (VI.4.11) and (VL 5, 6)

A
Let us discuss the contribution involving twice U‘l

L2 ) ) il x

ANJAVER potpaet qvepae

(AVL 2. )X (3% | exp [ - i N4 )|y ieav |\ff|u."sv"v) x

f N
X e ‘" ‘V"‘(‘ ‘)

Using (VI.5.6) , we have (see ¢ 5) :

Z 2 G, {t"\v"s)rf % gy AND)

"’ x“
(AVIL. 2.2) -§ 2;:‘ (&N + —2—” i(K) f‘f_K+ ﬁ,f_k' F R)RN - é“)%l
TG el rwog” ¢ rmlii -5

where the force operator is given by (VI.5. 4). Hence , we obtain:

o =ZXL 2 2 (O\UA\\"") X

i K N} ivyae Avihw'

(AVL 2. 3P exp (- kT [vix) (v + % } ,)C'lFi(K)rf

f ' ?
+p FEN - 3} € =¥,

Now, let us differentiate with respect to t the quantity :
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/5\, % -K (ANf. 1) = Z Z(\vtx[eXp (-i% t)“th) x

ls*l

(AVL.2. 4) y
A +—“F ) “N - —2—} KD
with
avizs) B, (ANE O - (g + L4 (x) H{N -1k
hence
(AVI. 2. 6) ’3(0) - Fi(K)?f
We have :
AN} )
(AVL 2.7) Py --1ZZ<W|" ) Y’v x ANE.t)

2t My

or , going back to the oeccupation numbers-plane wave representation;

W Spfpol - 35,

g A, o)

? t
(AVI. 2. 8) v
s T
where
f
= +
(AVI. 2.9) Hf Ho \%

(To obtain this result, we take into account the fact that, in the

A
term involving U , we have:

deﬂ 'I(K"‘H'w) R ‘dR' e YRR Al b

(AVL. 2. 10) de IXR ei(k'l)'R{Sf(R,t) JKR =<glei(k-1).RﬂflK>

Therefore, we have
_ 'Hft

f £ £
_ -iH't iHt -i iHy f £
(AVL2.11) B(t)=e Brye " =e F (K e P -Fi(l(,t)f’

where Fi (K,t) is the force operator in Heisenberg representation.
1

Therefore :
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«y LT YT Z__(O\U? [Aviay(aqn + "T}IFi(K,t) [,f

i K {Npivx
(AVIL, 2,12)
f v D
+ - = Ky
fFi(K’t)“N 2 l >‘3Pi
From now, on , the derivation goes on as in the text and leads to

the second order differential contribution in (VI, 6. 12) .,
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VII, GRAVITATIONAL PLASMAS.

VII.1 - Introduction,

In all the preceding chapters on brownian motion, we have used
the kinetic equation (II.9,5) as the starting point . However, when we
derived this equation, we stressed the importance of time scales, This
equation fails to describe correctly the asymptotic behavior of a system
where there is no net separation between the collision time and the rela-
xation time, or where the initial correlations are over long distances.
Now, long collision times or long range correlations must obviously be
expected in systems interacting through long range forces. As examples
of such systems, we have immediatly in mind, on the one hand, systems
interacting through electrostatic forces and, on the other hand, systems
interacting through gravitational forces. In both cases, the interaction
between two particles is inversely proportional to their relative distance.

A great deal of effort has been done to understand the situation
in the case of electrostatic forces. If we consider a charged test particle
moving in a plasma, it polarizes the medium : the charge ‘distribution
around the particle is no longer uniform, The medium screens the interac-
tion between two particles and we are no longer dealing with a pure
Coulomb force. This idea, in its simplest form leads to the Debye
Huckel theory. Out of equilibrium, it has been shown that, if one sums
in the operator Y all contributions proportional to (ezc)m, the result
of this summation is to introduce a dynamical screening. This scree-

ning introduces a short time scale :

- 2 ,1/2 -1
(VIL1.1) t, = (m/e” ©) -t V)
and a long time scale
1 _ 1 )
(VIL1.2) t = et o) lm /2(kT)3/2 <!



— 333 —

F.Henin

We are again in the conditions where an asymptotic kinetic equation may
be written (Balescu-Lenard equation),

What is now the situation with gravitational forces? The essential
feature is that the interaction is now purely, attractive, whereas when
we deal with electrostatic forces we have a mixture of attractive and
repulsive forces (with a condition of overall neutrality). In a discussion
of equilibrium properties in the framework of Mayer's cluster integrals,
one notices very easily the importance of this difference. Indeed, there
it appears clearly that the most divergent contributions can be eliminated
because of the electroneutrality condition; the next dominant terms (which
diverge also) can then be summed and lead to the screening, This pro-
blem arises always as soon as one computes average quantities, but, in
the derivation of the Balescu-Lenard equation, one can restrict oneself
to an electron plasma with a positive background; one notices then that
the background plays no role in the derivation. In this case , we are
dealing with purely repulsive forces. The first idea is then to perform
in the case of purely attractive gravitational forces, the same summation
that worked for purely electrostatic repulsive forces, or for a mixture
of both attractive and repulsive electrostatic forces, In simple models,

which leads for electrostatic potentials to the Debye potential :

r

(VIL1.3) vD = e "r/
one obtains, for gravitational systems an effective potential of the
form :

iKr

(VIL 1.4) = r

A
G
This partial summation does not lead to a screening; the "effective

interaction " has the same range as the gravitational interaction.

The intuitive ideas which lead to the Debye potential for an elec-
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trostatic plasma can obviously not be extended to the gravitational
systems, As we have seen, more elaborate techniques did not succeed
to bring anything which ressembles whatsoever to an effective short
range interaction, In view of the failure of all those attemps to
justify the use of the kinetic equatinn for such systems, one may try to
use a completely different starting point . If we cannot use the kinetic
equation, we must go back to the exact equation, the generalized ma-
ster equation (II.8.9) . One can then try to discuss the new features
introduced by the long range character of the interaction. This is what
Prigogine and Severne 2 attempted very recently. T hey considered a very
idealized model of a gravitational system: a weakly coupled, homogeneous
system, with no correlations at t=0. Although the first condition can
be justified with the conditions prevailing at present in our galaxy 1)2),
the other conditions of the model are certainly not realistic. A real gra-
vitational system is an inhomogeneous system.However, the finding
of a proper treatment for this idealized model , which is the simplest
model of a gravitational system one can find, is certainly the first ob-
vious step one has to take if one wants to achieve an understanding of
the much more complex actual systems (or at least of realistic simplifi-
catiors of the actual systems) .

We shall first show on a very simplified collision operator what
is the basic difference between systems with a very short collision time
(as compared to the relaxation time ) and systems where the collision
time is infinite . This will enable wus to convince ourselves that, even
if we require only an understanding of the asymptotic behavior of the
latter systems, it is necessary to start with the generalized master equa-

tion ., We shall then discuss the characteristics of the long time evolu-
t

tion as described by this equation in the limit of infinite collision times,
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More details as well as general considerations about the following di-

1)

scussion can be found in the paper by Prigogine and Severne ’ as

5)

well as in a paper by Prigogine

VII.,2 - Simple model for the collision operator.

In order to see what are the difficulties which arise when one

deals with long range forces, i.e. long collision times, let us investigate

3)4) |

a simple model for the collision operator

(VI1, 2. 1) o.l;(z) - " (u,ﬂ 20
z +i

-1
The collision time in this model is given by P.s while the relaxation
-1
time is given by & '3
The non markovian equation for this case , if we do not take

into account the destruction term, is :

2 t
—:ﬁ-‘)— [ deGit-T) p (0

o]
(VIL2.2)

t
-1 -iz(t- =)
=(2wi) ; de (dz e ()
o ¢ (Z)‘aO T

Provided that we can neglect terms of the form exp(-t/<C an ex-

coll) ’

pansion of (VII,2.3) in powers of ('Cc /Tt )=GF2 , leads to the

oll' "rel
pseudo-markovian equation (see chapter II, § 9):

2
gfi 120§ 0 py) -1 L) oo +[yomo

(VIL 2.3) + Y’Z(OM'(O) +...h>o(t)
- ‘1 +.\(3'2+2 (¢{5"2) 2+...}(4 /P )fo(t)
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This expansion has a simple meaning for small values of tcoll/rrel'
On the other hand, if we take the extreme case of infinite collision
times (p -» 0), it is meaningless; the operator 1/(0) is no longer de-
fined. However, in any case the non markovian equation predicts a well
defined behavior of the distribution function.I ndeed, from (VII.2.1) and
(VII.2.2) we have
) t
0 -P(t-
(VIL 2. 4) l{' c.al are BT )?0(1:)
3 0
and we easily obtain the second order differential equation :
2
P} ?
(VIL 2.5) P, p Po
—_— + = 0
2 ot « fo
o
The solution of this equation is very simple and perfectly well defined

whatever P (note that [ﬁfo/ ? t]t=0 = 0):

fo(t) =(1/2)r0(0)[1 i sz_m;l/z]exp{_ (§B+ (322_4.‘ 1/2’ t]

(VIL 2. 6) m T
gl ppa o £

When

(viL2.n Teott /T rel 4P

we have a monotonic decay of Po(t) . .
-2 -t/ € -
If dp <<1, neglecting terms proportional to e [Teon (e P t),

we obtain :
(vIL 2.8) o= PO e (- 4B 1)

which is the behavior that is given by the pseudomarkovian equation if

we restrict ourselves to the first term in the rhs of (VII. 2.3)
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For
-2
(VIL 2.9) Afy™ >4

i,e. for large collision times, we obtain damped oscillations . In the
extreme case of infinite collision time, we obtain a purely oscillating

behavior :

BE MR T
+ e

(VIL 2. 10) fo(t) = (1/2) PO(O)(e )

In other words, for long range interactions (small P ), the corrections

due to the non markovian character of the equation are quite impor-

tant,
VII.3 - Non markovian equation in the weak coupling
approximation,
Let us consider a gravitational plasma :
N
2 -1
(VIL.3.1) H:= L (1/2)mvi +\ Z ‘ri—g_.
i=1 i<j J
where
(VIL 3.2) X = - sz

where G is the constant of gravitation .
The characteristic parameters of such a system are (numerical

values correspond to conditions prevailing now in our galaxy and in the

2)):

vicinity of the sun

G=6,17. 10-8 cgs (constant of gravitation)

m = 1033 g (average mass)

(VIL. 3.3) T3 108 cm/sec (mean star velocity)

57

C=3,4. 10 cm-3 (number density)
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With these parameters we can form one non dimensional quantity pro-

portional to G:
3 -2 "1 "6
(VIL. 3.4) r-c/ Mm% = 0(107)

The smallness of this parameter justifies a weak coupling appro-
ximation,

In our discussion in chapter III, § 6, we have seen that the
asymptotic weak coupling operator \‘/(0) for a potential in 1/r
presents a double divergence, We shall show here that the non-mar-
kovian corrections, even in the weak coupling approximation pepmits to
remove the long distance divergence, The short distance divergence, due
to the close collisions cannot be removed in this way; however as clo-
se encounters are not very frequent, we shall neglect them in the evo-
lution equation; in other words, we shall cut-off the potential at some
short distance R,

In the following analysis, we shall find-two time scales: :

the "nominal" relaxation time :

(VIL 3.5) T - ol )\'2 5 - C'I/BF'ZV'I ~1. 10'® years
the duration of close encounters :

(VIL 3. 6) T, - POIRRLY ~ . 1072 years

if one takes for R the distance corresponding to a mean 90° deflection
in the two body scattering problem,

We shall, as usual , consider the limiting case

(VIL. 3.7) N o, 2«9, C finite



339 —

F.Henin

We shall also neglect all time variations occuring on the close collisions
time scale t'c .

We shall assume that we are dealing with an homogeneous system
in which there are no spatial correlations at t=0, Ben , the destruction
term in the non markovian equation vanishes identically and this equation
has the form (VII.2.2) .

In the weak coupling approximation, the collision operator s{/(z)

is given by (see II[2.3):

a3 N2. 2 [ 3 2 (J C 1
Yo - @iw Nc/m )gd V) ke o VY, 312)5'(K1'12)'Z "
(VIL 3.8)
X k. 2” - 2v )
~1 ~2

In order to treat in a proper way the divergence, we shall consider the

gravific potential as the limit of a screened potential:

(VIL3.9) V =lim (zwz)'l(k2+xz)'1
K=30

Following the technique of chapter III, §4 , one obtains easily :

9 9

3\2., 2
(VIL 3. 10) \.Y(z)‘= (320 ®° X\ °C/m?) %, Trs’jgs
with
(VIL 3.11) T T grgsg—z + T_L(gzsmS - grgs)g'z
where
(VIL 3. 12) =Y,V

is the relative velocity. Tl and T.L are the parallel and transver-

se components :

. 2.-1 K * ‘
.3 Tpy= 1 iw —_— . —
(VIL.3.13) il Kglo ( ) ; z+iKg z+1rg
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z+iKg 1 1 1 }
2

2.-1¢i
(VIL.3.14) T,= lim (4w ) {—ln - -
g z+1'~g t‘-RZ ztipa g

'LK-so

where R is the short distance cut-off and

-2 1/2
(VII. 3. 15) r- =(R + K2) /
For instance, in a reference frame where the z axis is along g,
using cylindrical coordinates, we have:

= @F)7 lim & dkzs dkey ky K (k) +IZHK) (K g2) !
K30 0

=00
(VIL 3. 16) ) +0 ) ) o
= (41(2) ! lim s dk k2 (k g-z) 1{(kzﬂ{z) 1-(k2+K2+R 2) 1}
Z Z Z A z
K20}-0
The last integration is easily performed by the method of residues
+
(z€ S) and leads to (VIL.3.13).
Also :
+o0 R
3.-1 3 2 2 2.-2 -1
= 1 + + -
T.L (4mw) lim s dkz‘ dk.l.k-l-(kz k_‘. K") (kzg 1)
K= 0 0
VIL. 3. 17 + k2 + @2
(VIL.3.17) 3.1 ™ S 1 -1
= (8% ) lim dk In 7 3 5 % zg-z)'
K30)-0 * kKT R(CHP

The second term is easily computed, using, the method of resi-

-0

dues and gives the second contribution in the rhs of (VII.3.14). As
to the first contribution, we complete the real axis with a half circle
at infinity in S  and avoid the two branch points at -i r. and

-iK ‘by making a cut.(see fig. VII.3.1)
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3
Re 2

Integration contour for log, term in (VII. 3, 17)

Fig, VIL3.1

One can then easily obtain the first contribution in the rhs of (VIL 3. 14).
The most important feature of the operator %(z) is that, at
the limit K —~>0 , the transverse part T.L has a logarithmic singu-

larity at z = 0 , The collision operator may be rewritten :

A
z+1Kg
(VIL 2.18) - 1‘{’(2 #( z) ‘{21 K ‘Z”rg 5l Zhl“g * ‘V

with

- 2., 2 9 82T ko p ?
(VII.3.19)Q(Z) = (8'\ C/m )?E ?E{mk—g-;:ii—g ,‘—g-s

2
2 9 £ sr,_s g8 9

'B g3 Ve,

if one takes into account the fact that any function of g commutes with

A
(VIL3.20) Y = (BRNC/m?)

the differential operator :P .

We have singularities both at z = -iKg and z = -ir g. The singula-
rities at z = -i rg are related to the close collisions and are at a
finite distance from the real axis. As the time scale for the close colli-
sions is much shorter than any time scale we shall meet, we treat the
close collisions as instantaneous. This means that we consider values of

z such that:

(VIL 3. 21) z{{ -ipe

We then obtain the approximate form
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(VIL3.22) -1 §(2) 92+ {R—z- Fln (o + )]:l;
0 2};2 ‘~ 1rg

2., 2 9 88Tk 10
(VIL 3. 23) *(z)=(81lx c/m),agr 3 e %

Now, in the case of electrostatic plasmas , K 1is finite and if we ne-

glect effects proportional to (Kgt) , we obtain the asymptotic form :

1 KA ~
(VIL.3.24) -ig(0) = - +1n ]
Y [2(1+K232) (1+K2R2)1/ 2 Y

R 3 2 2.2
(VIL 3. 24) = dkk~ (k" +K") ‘{/

o
which is easily verified to be identical to (III.3.5) when one takes as the

interaction the screened Coulomb potential, However, in the limit

K = 0, this procedure is meaningless and we obtain :

(VIL 3, 25) - (2) =*>-{(1/2) + In (-izRg'l)}¢

with

g8 7
(VIL 3. 26) - 6¥Noc/m?) 0 &%

3
‘}gr p 'Dgs

The solution of the non markovian equation (VII, 2,2) may be written
(see 1I1.9.4):
0
ey -1 -izt 1 n
Pl -@w Idz L {Y(z)] rO(O)

(VIL 3.27)

soewit ‘dz oIt ;—q:(—z) ro(o)
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VII.4 - Time evolution of the velocity distribution

function.

~
The operators \r and 4) do not commute; hence they do not

have a common set of eigenfunctions and the analysis of the time evolu-
tion is not very easy, However, the problem will be considerably sim-
plified if one of the contributions turns out to be dominant. Let us first
investigate the type of behavior determined by the second term,

The characteristic time involved in ,\P is thﬁ\nominal relaxa-
tion time t’r given by (VIL. 3.5) . The operator - i\'/ , as we have
already seen (see the discussion of the bﬂ -theorem, chapter III, § 2)
has real, negative or zero eigenvalues which define a spectrum of rela-

xation times. We may in a qualitative discussion introduce the following

approximation :

(VIL 4. 1) - i:{)ro = - fo/tr

-1
Also , we replace Rg = by its average value, the collision time for

close encounters 'cc . Then , we obtain:

-1 -izt -1
VIL 4.2 SR ; ] °
( ) Polt) == 2D {dz e [ X p, ()
where

-1

(VI 4.3) X(z) - - *(1/2) + In(+iz/ T) &(i‘cr)
In order to understand the evolution of Fo(t) , we have to discuss
the singularities of the integrand; i,e. find out the roots of the equa-
tion :
(VII.4.4) z-X(z) =0
Let us introduce :

(VII. 4.5) z= -w - i¥
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Then (VIIL 4.4) and (VII. 4.4) give us:
(VIL 4. 6) —xHy = (1/2) +1n @ " (-x+iy)
with
18
(VIL.4,7) x=dT y=uT T-t /T =10
r r r c

A detailed discussion of the dispersion equation (VIL. 4. 6) can be found
in ref.l) . The main point is that the equation can be very much sim-
plified if one takes into account the largeness of ¢ . A whole spec-
trum of solutions is found . For consistency, the range of the spectrum

is restricted to frequencies such that:

-1
(VIL 4.8) W << W =T
max [

-1
The frequencies Wy 2re essentially the odd harmonics of w0='Cr

(VIL 4.9) b= (2nt)W /T r

-2
In the useful part of the spectrum (frequencies less than 10 w ),
max

the damping is such that:

-1

(V1L 4. 10) un)4 T.
In fact, in the major part of the spectrum, the damping is found to be

of order:

-1 -3 -1
=T =
(VIL 4. 11) & =T i 40T

The time scale for the oscillations is of the order of the nominal rela-
xation time T r-l while for the damping it is much shorter (at least

by a factor 4). The essential feature is that we have now an oscillato-
ry relaxation qf PO(t) on a time scale much shorter than the nominal

relaxation time and given by :
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(VIL 4.12) t ol 'cr/In(‘rr/rc)

The consideration of the complete spectrum of eigenfunctions and eigen-
values of \y , avoided in the approximation ( VII.4.1), would only
lead to further complications of detail,

However, we still have to examine the effect of the operator ¢
which appears in the complete equation (VII.3.27) . The time scale for
the effects due to 4) is again the nominal relaxation time T,
while the term involving \‘J has a much shorter time scale trel'
Therefore, the system will first reach a quasiequilibrium distribution,
which will be further modified by the action of the Cb contribution .
One verifies easily that, if the :.P contribution conserves the kinetic

energy, this is not true for the*contribution .One obtains easily for

the variation of the kinetic energy per star:

E N
ki -1 N 2
__?1_’1 =N ‘{dx\ E_ (mvi/2) (‘Dfo/at)

re(d .-lN-l d NZN 2/2 d -izt
)N ey Z (] oo Rty

(VIL 4. 13) g Ny )
se2®i) N fdv} 2 (mv /2) (t)
=1 ! 1, fo
= awhem’! ’dgdvi g} fo(zl'xz;t) >0
where
(VIL 4.14) £°Y, "V,
(VIL 4, 15) w = (v1+v2)/2

are respectively the relative and center of mass velocities,

Therefore, the ? contribution plays the role of a source term
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and leads to a continuous increase of the kinetic energy. In other words,
we have the following picture of the time evolution of ro: first , a qua-
siequilibrium distribution will be reached on a time scale trel; the
aged system then remains in the quasiequilibrium state but with a time

dependent temperature,

VII. 5 - Role of the initial correlations

In this whole discussion, we have assumed that there were no
initial correlations. Then, we have seen that there is a continuous in-
crease of kinetic energy. Because of total energy conservation, we have
at the same time a decrease of potential energy (the complete energy
balance can be verified in detail but requires the evaluation of binary
correlation Fourier coefficient and will not be considered here) ., This
continuous exchange between kinetic and potential energy of course occurs
for any system when the non markovian description is retained . The
particularity of the gravitational plasma is that it occurs at lowest order,
which finally is due to the fact that there exists no approximation corre-
sponding to instantaneous collisions, However, we may wonder whether
this picture could not be affected if initial correlations were present, As
we are dealing with long range forces, once initial correlations are
present, there is no mechanism by which the system can loose the me-
mory of these conditions in a short time as it happens for systems inte=
rvacting through short range forces. The fact that the true collision ti-
me for such a system is very long on the time scale over which we
discuss the behavior of the system, has the consequence that neither can
we consider the collisions as complete not can we assume that the
system has for'gotten its initial conditions. Therefore, we have to retain

both the non markovian character of the collisim term and the destruc-
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tion term in the master equation.
We can easily see that the presence of initial correlations will
indeed modify our results, Let us take as the initial condition a func-

tion of the hamiltonian :

(VIL5.1) f(O) = 1(H)

If one adds to (VIL.2.2), the destruction term and computes it
for this initial situation with the same assumptions as the collision term,
one verifies easily that the increase of the kinetic energy which results
from the ? contribution is completely cancelled by the destruction
contribution,

This example clearly shows us the important role played by the
initial correlations in the description of systems interacting tkrough
long range forces, It would therefore be of great importance to have rea-

listic models of non equilibrium correlations.
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RESOLUTION PERTURBATIONNELLES ITERACTIVES ET VARIATION-
NELLES .

par

T.KAHAN

Avant d'aborder la théorie mathématique de 1'équation de tran-
sport qui régit 1'évolution des phénomeénes neutroniques dans un
réacteur nucléaire, il me parait indispensable de définir et de préciser

un certain nombre de notions majeures en physique nucléaire .

Introduction. physique.

On admet en physique atomique que chaque atome est constitué
par un centre ounoyau positivement: chargé, contenant a lui seul pres-
que toute la masse de l'atome, autour duquel gravitent un certain nombre

d'électrons négati's(ou négatons) .

¢
"u’aut ronique
®

Dans un atome neutre, la charge positive du noyau est égale et
de signe contraire a ]Ja somme des charges négatives des négatons : c'est
un multiple autre Ze¢ de la charge e.l e nombre Z est appelé le
'nombre atomique' de l'atome . (Z =1,2,3,...)

Tous les noyaux se composent de Z protons (noyau de l'ato-
me d’ H)et de N néutrons : particules de charge dlectric,

que . Le nombre

A=Z+N
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est le nombre de masse du noyau, Ainsi les nombres de masse du proton
et du néutron sont 1'un et 1'autre égal & A = 1, Ces deux particules élémen-
taires de masse & peu prés égale, représentent, au fond, deux états quan-
tiques différents d'une seule et memeparticule fondamentale, dite nucléon,

Une réaction nucléaire est un processus qui a -lieu lorsqu'une par-
ticule nucléaire - nucléon noyau, photon, - entre en choc avec une autre

particule ., Considérons une réacteur du type

a+ C—»R + b

qu'on écrit aussi
Cla, b)R .

Cette notation signifié¢ qu'une particule a frappé le noyau cible C et produit

le noyau résiduel R et une particule émergente b

o—
®

Ainsi par exemple un neutron (n)frappe le noyau de base st
pour donner lieu & un noyau de lillium avec émission d'une particulea
10 7

+ B — _ L +4d,set .
nt, >3 ; ' B(n,vl.)Li

Le terme fission signifie rupture d'un noyau lourd en deux
(plus rarement en plus de deux) fragments sensiblement egayx . (legt
un phénomeéne exo énergétique , c'est 4 direun réaction accompagnée d'une

énorme libératioh d'énergie A E(suivant la relation d'Einstein

Am = c2 AR
(dimnvkion Jctmuse (Energic Liberee)

dv myau)
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La premi2re fission découverte fut celle dell'isotope 236 de
l'uranium obtenu én  bombardant 1'isotope rare (0,7 ¥, ) 235 de celui-ci
avec des neutrons thermiques ( c'est a direavec des neutrons animés
de lavitesse d'agitation thermique (E =0,025 ev 4 T = 3000K) } suivant

la réaction :

235 #236

n+U —= U ——S F +F_neutronst rayons @ trayor
(instable) 1 +énerg
! . 137 et
en F1 et F2 etant deux fragments nucléaires tels que 59 Te

40Z297 qui sont desnuclides instables qui se desintégrent en chaine

jusqu'd ce qu'un nuclide stable soit atteint selon le schéma

suivant
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&zg‘insublc

@

;

Fait tres imputant , il apparait qu'un petit nombre de neutrong

3

(en moyenne 2,5 neutron) sont émis par les fragments de fission apreés

que la fission a eu lieu ; ce on les néutrons prompts ; €n tres

petit nombre de neutrons (N 1% flits retardés sont émis par les
1

fragments au bout d'un temps relativément long apres la fission (Fraction
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de seconde a 55 se) Ces neutrons retardés jouent un rle majeur

dans les reéacteurs atomiques .

Réaction en chaine . Le fait qu'un neutron capturé par le

U!35 . .
noyau provoque 1'¢mission d'environ 3 neutron (2,5 en moyenne )
avec une t’energie cinétique de quelques Me v au total, entraine la

possibilité que ces nouveaux neutrons aillent en dégager par la suite

7 .

Sy o{ YO+

A AT

puis

3% =27, -

la chaine continuant ainsi €1 | principe, jusqu'a 1'épuisement des
noyaux fissiles , 4 condition que chacun de ces neutrons induise de

nouvelles fissions. En cinquante générations, on aurait de la sorte

350 . 1025
neutrons présents dans le systtme . Il se produit ainsi une chaine de
réactions oll e neutron initial agit comme une allumette appliquée & un
corps combustible : la chaleur dégagée par la flamme de 1'allumette
met le feu 4 une partie du corps et la chaleur résultante provoque la
combustion de proche en proche d'autres portions jusqu'a ce que

le tout soit consumé et son enérgie chimique libereé

Faisons quelques ordres de grandeur . Il se dégage environ

200 Mev au cours d'une seule fission par un seul neutron du 0,03ev

Ceci est equivalent &
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~ 3,2, 10-11 watt, sec

La fission compléte de 13 d'u  liberedonc 1'énorme quanti-

té d' €nergie de
7
8,2 . 10 kw.sec.

Comme chaque atome d'y posséde & la température, ordinaire
une enérgie thermique de v 0, 0 3 ev onvoit que 1'énergie dégagée
autour de la fission est d’énviron:

200 Hev <

9
fois
0,03 ey 7. 10

plus  grande que l'energie calorifique de 1'U . Si le temps nécessai-
re par la fission est supposé étre de 10-8 sec, la 50o genération
on 10 neutrons auront été, serait atteinte en moins d'une micro-
Sewonde > bombeatomique . En realité, une potion des neutrons est
absorbée par desprocessus de capture autres que la fission et une
autre partie s'évade du gysteme Néanmoins si la perte des neutrons
n'est pas €XCeSSIVe 1y pogsgibilité d'une réaction en chaine et d'une explo-
sion subsiste, Si d'autre part , on parta maitriser la cadence

de liberation de cette enérgie et i la plier & une utilisation contrdla-

ble dans le temps, on obtient un réacteur nucléaire (qu pile atomique) .

Réacteurs nucléaires,Le réacteur nucléaire est un dispositif compre-

nant une matiere fissile en quantité suffisante, disposée de fagon a
pouvoir entretenir  une réaction en chaine contralde En principe, une
telle machine est possible, car elle exige seulement que la vitesse de
production geg ngutrons par fission ayant lieu dans le réacteur soit

égale 4 la vitesse de disparition des neutrons due & toutes les cau-

ses de parte.
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Cette condition minimale se traduit en disant que, pour chaque
noyau subissant la fission, il faut qu'il se produise en moyenne au moins
un neutron qui induise la fission dans un autre noyau. Cette conditio:
s'exprime par un facteur de reproduction ou de multiplication k du

reacteur defini comme la

nombre de neutrons d'une génération quelcpnque

C =
rnombre de neutrons de la génération immédiatement préce-

dente,

Si C est rigoreusement égal 4 1 ou quelque peu supérieur
a 1 , la réaction en chaine pourra s'amorcer, mais si C & 1,
la chaine ne pourra pas S'entretenir ,Si C6 >1 il suffit d'un petit
nombre de neutrons pour amorcer une chaine divergente de fissions.
Pour empécher qu'une telle chaine échappe au contrdle, on peut
introduire un absorbeur de neutrons., Si C <1, la chaine, au lieu de
se propager , finirait par se désamorcer. ,

Ceci étant, les neutrons libérés par fission possédent des ener-
gies cinétiques de l'ordre de 100 & 200 Mev .Bien que de tels neu-
trons rapides puissent induire la fission alla fois dans l'U238 (abondan-
ce normale 99, 3 ’/p ) et dans l'U235 (abondance 0,7%), les pro-
balités de fission (qu section efficace defission) sont bien plus petites par

les neutrons rapides (energie 4 a 200 MeV) que par les neutrons thermi.

ques (énergie ~ 0,03 e v) Il est donc indispensable de ramener 1'énergie
de ces neutrons rapides & des énergies thermiques (v.thermique ~200m/sec)
. (n est ainsi conduit &2 placer dans le réacteur un matériel

dit modérateur qui sera d'autant meilleur qu'il amenera les neutrons

rapides au prix du  nombre minimal de chaos élastiques au riveau
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thermique . L'hydrogéne serait idéal, n'était la réaction de capture

H' (n,%y )2H, c.ad.

1 2 )
n+H —» H + photon . (dom. neviron perdy JcFu”hiHV(Mthl’)

On utilisé avec succes le carboné sous forme de graphite pur, leau lourde

ete,
'

el
Une autre difficulté tient & ce que 1'U est un fort absorant
de neutrong , dans la région dite de résonance, d environ E =100e V

ahsorption
G captores)

joo ev

Un telle capture donne pas lieu & la fission, Si les neutrons rapides sont
ralentis, leur énergie passera obligatoirement par cette région, Cette
difficulté peut tre tournée en plagant l'uranum, par exemple, sous forme

de barres au sein du modérateur, au lieu de le mélanger intimement,

Les neutrons qui naissent prés de parois de réacteur peuvent s'en

échapper et etre perdus ainsi pour la réaction Tamifi€e .comme cette fuite

des neutrons est un phénomeéne de surface et que la production des neu-
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trons est un effet de volume, on peut rendre le rapport d'espaceyolume

aussi petit qu'on veut en augmentant la masse du réacteur., On entoure

aussi le réacteur d'une enveloppe protectrice de materiau, dit réflecteur

ayant un grande section efficace pour la diffusion des neutrons et une

faible section efficace pour la capture et qui réfléchit les

1'interieur du réacteur .
en oxide de
. . .. 235
tion. schématique de la fission d'U

23
1'u 8 dans un Réacteur nucléaire

neutrons vers

Ce réflecteur peut étre construit en graphite,

beryllium, etc, La figure suivante donne une représenta-

et de la capture des neutrons par

fragment
de Flesion

. Reflexion

~ Fha-‘mhk
N, de fisglion
Rd Flexion N )
potut{ ol
%
2 “‘Okgﬁgnt’i

N 9

L Hedénateur

o
e

&

Mevknons Lents

}




— 360 —

T.Kahan

Chapt. I

L'equation du reéacteur et les équationsde transport cinétiques

L'état dynamique d'un réacteur est déterminé avant tout par son
bilan ou pudget neutronique, Le point de départ d'une analyse cinétique
est par conséquent une relation mathématique qui exprime 1'évolution
de ce bilan au coursdu temps. Cette relation mathématique ponte.

le nom d'équation du réaction ,

La prototype de 1'équation du réacteur est 1'équation intégro - dif-
ferentielle de transport de Boltzmann qui formule le bilan du nombre
de molécules dans un élément de volume de I'espace des phases

Soit  f( '-t?, \7’, t) la fonction de distribution d'un gaz- moléculaire,
Le nombre de molécules contenues dans 1'¢élément de volume de phase

dP 4% est POUr definition

(1) dn= (2, 7, €)dF &, avec n(¢ )=\l dv  n(v) étant

la densité numéfique des molécules 8azeuses,
Quelle est 1'équation qui régit 1'évolution de f au cours du temps
sous l'action de diversegcauses ? Pour 1'établir, analysons 1'évolution
de f.dans l'espace des phases.(?",?), Dans l'intervalle de temps 5 en l'absence de

-y =N .
chaos entre molécules , les coordonnees des molécules (@ ,7’) deviennent

-,
rl

"
al
+
<
Oon
Ll

- F i s
«(2) = v + ™ ‘t F = forme exterieure
L4
6 v, = E.
6t m
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m =mmasse des molécules. Au bout de St, les molécules initialemen’t dans

d ¥ d v, se retrouveront dans 1'élément de phase (n+ vé t, V + Y s t)
m

molecwles qui @ fa

Sujte de chocs sent

diffusdes -

hovs de 4T dlv. Element deph

2
.VI af inttant b4
—0
] %
AN 4 \
L 2, !
A / )
X
2%
Volome Jc Phage , ) -}
> B . o . = Holetufer qus & a fuike
dv 4V a Oinstant 2y 6‘,\, de thoes Qonk enbrees de
J'?,ol\?
Par developpement en serie de Taylor
F
(3) (R +6 2, ¥+ ;—nSt, + 8=
af Fioar e
=%, Y, t)+2 v +g 2 —+—t-§c
P Bax ™oy 9
df
= f+— §t
t+- 6
La variation totale le long des lignes deflux sera ainsi
- s
df _of | S %F F_3f
— = — + vVze=VF +-—‘-_VF
(4) Tl s V'Si" m 3P v

Admettons maintenant que St soit beaucoup plus grand que la
durée de choc. Alors plusieurs chocs auront lieu dans l'intervalle §t dont
quelques uns vont faire entrer quelques molécules dans 1'élément dF d¥, et

dont d'autres vont sortir des molécules hors de dF av (voir fig. pag.22).
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Si nous désignons la variation par unité de temps de f a la suite des

chocs pour
8t
d) (£ ’
( ét chocs
1'équa, (3) prend la forme
(6) R+ 81 VH VLt -(R L) :(%)&
chot,

Soit - ;

A 2l F o2l 41
(M at v r " m 7 (5t )

chocs

C'est 1a 1'équation générale de Boltzmann .,
Le premier nombre de (7) n'est autre chose que la dérivée totale
de f 1le long de la trajectoire (2) , Reste 2a établir la forme fonctionnel-

le du gsecond membre de (7) & savoir

(

lon

ch,

Dans le budget neutronique d'un réacteur les forces extériéures

F, contrairement & ce qui se passent dans les gaz traités par Boltzmann ne
jouent aucun rdle .Car pour les neutrons seule enfrerait en ligne de
compte la pesanteur dont 1l'effet, pour des vitesses moyennes des neutrons
thermiques de 2200 m/ scc et deslibres parcours moyens de quelques

centimetres, est cependant négligeable .
De m@me, choc néutron-néutron est un événement fort rare:meéme dans

2

le cas d'un flux neutronique de 10“/ em o scc. il ne se trouve que

. 22
4,5.108neutrons dans un centimetre cube comparéd 10 = molécules ga-

zeuses,
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D'autre part, le sort d'un nlu‘ron au cours du choc contre les
matériaux du réacteur tels que modérateur, matiere fissile, matériaux
de structure, réfrigerant, poisons , etc. est trés varié . Les Chocs
(’elastiques et inélastiques laissent le nombre de neutrons inchangé alors
que la fission et les processusde capture provoquent un changement du
nombre departicules et dont 1'4quation de Boltzmann ne tient pas compte.

Depuis la création de la physique neutronique on a formulé des é-
quation des transport d'un degré de généralité variable pour la diffusion
des neutrons.

Dans notre exposé, forcément limité, nous allons, établir une for-
mulation mathématiquement aussi g€nérale que possible mise sous une
forme indépendante du temps et tenant compte des neutrons retardés.

Aprés avoir précisé quelquesconcepts de physique nucléaire je
présenterai 1'équation générale des réacteurs sous une formulation de
transport .

Avant de procéder & 1'établissement de 1'équation des réacteurs, il
est indispensable de préciser un certain nombre de concepts atomiques

que nous avons introduits deéja .

Rappel de physique nucléaire.

Soit un faisceau e neutrons monometrique de vitesse

L Faisceav
v qui penétre dars une couche de substance e
nevbrons

contenant n particule , par cm3 (cf . fig. 1) - S"Ir

Ces neutrons subiront des chogs de diversea 4 i
sortes. /

Soit P(} ) la probabilité de g¢jour des neu- ,

(O - ¥

trons dans le corps & la distance z. La

d
perte de neutrons par absorption dans le \_/\z/.\/

28
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faisceau incident peut étre mise sous la forme (S =Surface du corps)

n6Sd z

(1) -dP(z)=P(z)X% 3

=P(z) nedz

oll & désigne la section efficace microscopique du noyau individuel absor-

bant qui est définie de la fagon suivante, Soit N le nombre de neutrons
par cm3 voyageant dans la direction z  dans notre faisceau et qui
viennent frapper une couche mince substance ( cible). Le nombre de
processus OU de réactions OU de choCS observés sera proportionnel

au nombre de neutrons f venant frapper la cible et au nombre de noyaux

par unité d'aire de la ciblé,

Nombre de réactions (chocs) _ G x. nombre de noyaux cibles
cm?2

(2)

2
cm . see

neutrons
X Nv——

2
cm . se€

Nv ,le flux, est le nombre de neutrons venant frapper une surface unité
de la cible par seconde. La constante de proportionalite’ 6 est précisément

la section efficace microscopique pour 1'événement donné,
L'équation (2) montre que & a la dimension d'une surface. Beaucoup de sec-
-27
tions efficases de réactions nucléaires sont conprises entre 10 et

2
1024 cm . Les sections efficaces sont souvent jndiquées en "barns"au

lieu de cm2

1 barn = 10“24 cm2

Il résulte de (2)

fraction de noyaux cibles réagissant pat sec.

Nv

]
ce qui peut g'interpréteren attribuant a chaque noyau cible une surface é
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perpendiculaire A la direction de mouvement du neutron incident . Si
le neutron incident arrive 2 frapper cette surface, il réagira avec le
noyau: cible correspondant.
G dépend bien entendu de la vitesse (ou de 1'¢nergie E = ww&/i)
du neutron incident et du produit de la réaction . Ainsi G(E)
sera différent pour la réaction (n,¥ ) et (n, p). L'un des objectifs
majeurs de la théorie nucléaire est de donner une expression pour la
grandeur de G,
Revenons maintenant & (1) dont l'intégration conduit a
-né
(2) P(z) = e “
compte tenude la prelation de normalisation
(3) f P(z)dz = 1,

(o]

L'equ. (2) permet de définir un libre parcours moyen
(4) A -S zP(z)dz=-E.[§ncm]
o

ce qui conduit a son  tour & l'introduction de la section efficace ma-

croscopique
(%) S:=n6 [m]

. . 3
c'est la surface efficace non pas par noyau mais par cm ., Definissons

encore le nombre de chocs moyens  d'un neutron par seconde par i

(6) Y = i = vz(seed)

Si le réacteur renferme un mélange homogene de diverses espéces

de noyaux , l'on a la régle de melange
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) y=):yi=v2n,6i=vffi
i i i

1

n_étant la densité du i-&me constituant du réacteur,
1
Les considérations précédentes se rapportaient a des processus d'ab-
sorption, mais les mémes raisonnements valent pour touts les autres phéno-

menes nucléaires. Ainsi on parle de section efficace pour la diffusion (ou chocs)

élastique (Gea) , pour la diffusion (choc) inélastique) (6'i) pour la fission (gf),

pour la capture de neutrons (6c'), et pour l'absorption (6a= 6C+df) . Tous

les concepts introduits jusqu'a présent s'appliquent aux processus précédents: il
suffit de mettre 1'indice approprié correspondant,

En divisant grosse modo la bande d'énergie E des neutrons en trois
régions

1) la région de résonance comprise entre 0 et lﬂk ev,

2) la region de vitesse moyenne de 10 M ev a 0,5 Mev, et 3) la région
des neutrons rapides de E > 0,5 Mev, on obtient 1'allure suivante de la sec-

tion efficace de capture o o fonction de E = m v2/2

AT %E/W\.

10 K&V 4.5Ml.nr E
Le réacteur au sein duquel les neutrons évoluent posséde une structure
dont la composition et la densité varient d'un point & l'autre . En passant de la
zone de fission au réflecteur, etc. En outre, il se produit au cours due temps
des changements tels que :
- combustion, rechauffement, intervention des bazzes de régulation du
Fluc neutronique etc. c'est pourquoi les sections efficaces et les fréquences

de choc sont fonctions & la fois de la position (r") ) et du temps, A fin de ne
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pas surcharger 1'écriture, ces variables r et t seront impicitement supposé
dans nos formules sauf avis contraire.

Les divers processus de diffusion affichent des dépendances de 1'énergie
et de la direction (angle de diffusion, C'est pourquoi il est indispensable de pré-
ciser avec soin la nature du processus de diffusion, Pour dresser de fagon sim-
ple le bilan neutronique, nous allons, & titre de convention, compter tout neutron
(neutron dit primaire)qui participe & une réaction nucléaire comme absorbé par le

noyau choqué . A sa place, un certain nombre ns de neutrons secondaires vont

appaitre:
neutron primaire V)
0 ) o neutrons secondaires
0

Ce nombre n est nul (np = 0) dans le cas de 1'absorption, np = 1 pour la
diffusion et ng =) pour la fission .

Ceci posé, envisageons un neutron d'énergie cinétique E', se déplacant
dans la direction duvecteur unité ?2 vers le noyau supposé d'abord ou repos . La
Meécanique quantique des processus nucléaires nous donne la probabilité.

2 3 -
QE, Q- EQ dEdQ/ 4T
pour que le neutron secondaire engendré soit émis avec une énergie comprise

»
entre E et E + d E dans un cdne d Q autour de 3 (fig....)

af

neutron primaire Oneutron secondaire

Fig...

On peut ainsi définir pour le processus envisagé un nombre de chocs

différentiel
2 >
(8) (E', Q',»> E, 5) dE d@

. 2
Y@, 50 awaEad
1 » 4 2
=vE(E) 5 NEL QE, QdEdQ

Comme probabilité, est normé a
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(9) #fj?dEd Q=1

Le nombre de chocs total, défini par, (6) est donc

(10) ‘(=ﬂr’dE aQ =v2 (B
Dans ce séns
(11 T.P/a -ne D | 4

est la section efficace differentielle pour la diffusion dans l'angle solide
d @ autour de _S? et dans la bande d'énergie d E autourde E ,

S'il s'agit d'une capture réelle de neutron , alors @ ne peut étre
différent de zéro que si E=0, c'est & dire que si aucun neutron n'est
émis, On doit donc poser

-
(12) I‘c dE dQ=v' Zc (E').*‘ﬁT $(E) dEd Q

jcid est la fonction de Dirac.

Par intégration
~>
(13) Y - SJF dEd Q =v' 2 (E')
c c c

La diffusion élastique est associée a une cession d'énergie par

le neutron incident au noyau cible:@n peut alors écrire
- 1 (- -7
= y! 1 — (' ]
(14) [, dEdQ =v Zd E) e 6 E-E-AE)]x dEd@

La valeur de la perte d'énergie AR (qui dépend de 1'angie de
diffusion resp.de son cosinus 0=Q, Q') se calcule par la mécanique du
choe,

Pour la fission,On peut admettre une distribution uniforme des neu-

trons de fission sous toutes les directions spatiales, En outre , le spec-
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tre d'énergie de ces néutrons f(E) est,dans une large mesure, indépen-

dant de 1'énergie des neutrons,causes de la fission, de sorte que

- 1 ->
= y! 1 ——
(15) f‘f dE dQ =v Zf (E') = f(E) dE d@

Comme & = 2 l'on a pour le nombre de chocs total par seconde pour
tous les processus mis en jeu
(16) Y: Vi =V(Zd+zc- +Zf-)

et pour le nombre des neutrons secondaires produits par ces processus

par seconde

-7

- - —
(17 [(E, Q' —> E, Q)dEdQ>=(i"d+\)|;'l)dEdQ

on Y(E) est le nombre d'accroissement de neutronspar fission.

L'intégration de (17) donne
(18) grdEdﬁ’w' (& +9'Zf')

Problémes majeurs en théorie de transport neutronique

Nous voila maintenant €n possession des concepts les plus impor-

tants pour l'établissement de 1'équation des réacteurs

Avant d'aborder l'analyse mathématique du transport et de la migra-
tion des neutrons, je vais brosser un tableau rapide des probléemes majeurs
dont la solution incombe a la théorie du transport.

En considérant la variation avec le temps du nombre total des

(*)

neutrons N dans un systéme réattif , on voit que

(#)

Sans tenir compte de la (n, 2n)
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(a) Production par des sources indépendantes + Production par fission
- capture - ’eva}sioNn hors du‘systéme} :Nrc)_tN .

oli le terme == s'il est positif (ﬂ >0 ) représente 1'accroisse-
ment par unité de temps de la population en neutrons du réacteur;

s'il est négatif ( g—% <0), est la diminution par unité de temps, prise
avec le signe négatif

"Production par fission" signifie 1'éxces du n ombre de néutrons
liberés par fission sur le nombre de neutrons absorbés en produisant
la fission,

Des sources indépendantes telles que les neutrons, dis aux rayons
cosmiques, sont toujours présentes dans un réacteur mais elles sont nor-
malement negligeables comparées aux sources artificielles introduites ou
3 1a production par fission, Ainsi en l'absence de gources artificielles,
le premitr membre de (1) se réduit & la productibn par fission .

Supposomma"ntenant que les dimensions linéaires R du systéme
soient augmentées dans le rapport * =R'/ R en devenant R'=nR,
la composition chimique et la densité
demeurant les mémes.

La production de neutrons sera sensi-
blement proportionnelle au yolume occu-
pé pour la matitre fisstle et variera
ainsi par un facteur r3

La capture va changer aussi par un
facteur r3, et comme elle est néces-

sairement inférieure a la production,

elle représentera une fonction constante
- / .

de cette derniere . L'evasion de neu-

trons hors du' réacteur , sera toute-

fois sensiblement proportionnelle & la
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surface frontidre, et croitra , ainsi par un facteur rz. L'équ. (1) fournit alors

(b) —’-D—ﬂ = N\-:F . Crs.-EI'Z] = N\:/;} 1‘3-E1"2.J

ot
ot figure aussi le facteur N, €8T 1la production par fission, la capture
et 1'¢évasion, seront toutes proportionnelles a la population netitronique exis-
tante. F ,C, Eet A sont des quantités sensiblement constantes.
L'équ- (b ) montre immédiatement qu'il existe une valeur de 4

soit 4:0 , telle que par

N 3

. 2 -
a_t— est négatif ( Ar - Ero < O)/ A, = E/ﬁ
en 1'absence de sources indépendantes, la densit€  neutronique diminue-

ra €xponentiellement #)

N=N(’--t/T T?O

(0]

Pour r°> n , toutefois ,
[o}

— est positif
ot

et la population neutronique va croitreexponentiellement

Newe U7 T 7o

% Dans les problemes dépendant du témps , cette décroissance peut n'etre
quj’\approximativement exponentielle ;puisque A et E peuvent dépendre eux
memes du temps pur, exemple gi des fractions de la population neutronique

les diverses portions du réacteur avec le temps.
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Si r= ro , le réacteur est dit critique , et si r est une dimension
linéaire caractéristique, 7'0 porte le nom de valeur critique de cette
dimention, Pour r >'T en effet la population croit indéfiniment et & moins
que 1'état du réacteur varie avec le temps,le résulta risque de solder
par une catastrophe.

La détermination de la dimension critique est le probléme le plus im-
portant de la théorie du transport neutronique . Il arrive aussi qu'on soit
confronté,soit avec des problémes fonctions.du t&€mps, soit avec des pro-

blémes OU 1'gxistence de sources, indépendante de neutrons entre en jeu .

Forme générale de 1'équation des réacteurs(Bilan neutronique)

La grandeur fondamentale de la théorie de transport est la densité

- - v - -3
(19) N(T, t,E, Q) [d[E d/Q/ (enem °);
- -
c'est la densité des électrons au point r , al'instant t , dont les
-
vitesses v =Vie E/m sont dans le cbone d'ouverture d Q autour de

3 et adont les /energies sont dans la bande d Eautour deE
dont les vitesses sont dans la bande d v autour de v) . Le nombre pro-

bable de neutrons dans une élément de volume

- -
(20) dv =dE ,dQ .dV (v=vQ)
de 1l'espace des phases 4~ est alors N(F’, t, E, .6) d v ., Le bilan

pour cet élément se met sous la forme:

(a1) dw % = gains - pertes

Commengons par le calcul des pertes neutroniques . Définissons le flux

de vecteurs. par

- e -
v . N(TLE Q) =V, N.

Ry Y

>
(22) Q



— 373 —

T.Kahan

Pour conséquent, la perte nette par fuite hors de 1'élément spa-

tial d V se traduira pas

o A~ N
(23) VYawz-div 3 av =YV N. dv

En cutre, d'apres notre convention de p. 33, chaque ndutron qui aura subi
un choc quelconjue sera tout d'abqrd compté comme }er'e, Par (16), l'on

a pour la ‘'perte par chot"
(24) -YNdV

Venons-en maintenant aux EE‘}BE . Les neutrons secondaires dus aux pro-
cessus nucléaires qui ont lieu dans dv’ =d VdE'd I—Z? peuvent par-
venir dans (dv = dVdE dEZ)) . Le nombre de neutrons dans 1'é¢lement

d o' est

£

-
(25) N(©t, E, Q) dE'dQ d V. Par (17),

it faudra comptabiliser un gain de

5 pcd r = pd
(26) dv { N (£,t E'\ Q)1 (E', Q5 E,Q)dE'd Q'.
(s Q

. >
Enfin , i1 a lieu de tenir compte de sources extérieures S(r , t, E,.Q.)d"’f
. Le bilan (21) prendra donc avec (22) & (26), la forme
-
(27) -;)‘)—F =-QV.VN-YN+7 gN'rdE'dQH-S,
0

qui est en principe, 1'équation des réacteurs , ol nous n'avons pas tenu

compte des neutrons retardés ,

Dans la fission il se crée entre autres des fragments avec exces

&)

de neutrons “ 'qui sont des €léments négatogenes. Le noyau créé par

$) Pour la stabilite d'un noyau, i1 ne faut pas que le nombre de neutrons
N = A-Z exdde une certaine limitea. Pour les noyaux légers N zz
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fission peut etre assez excité pour émettre un neutron immédiatement
aprés sa naissance, Le fragment de fission en question, noyau mere du
néutron, a une vie moyenne, déterminée , C'est pourquoi le neutron sera
émie en moyenne avec un certain retard aprés la naissance du fragment
de fissionau cours de la fission, Les neutrons retardés ergéndrés de cette
fagony se distinguent ainsi des neutrons dits prompts, nés lors de le fis-
sion en moins d'énviron 10-14 sec. On distingue actuellement § groupes
différentsde neutrons retardés .

Comment tenir compte de ces neutrons retardés dans 1'équation
des réacteurs? Revenons pour cela & l'equ. (15)

—>-| 1 1 2
(15) rf dE dQ —vZf(E) i+ {B) dEdQ

La fraction fl -ﬂ (E')J de ces neutrons sera émise p_l.qmpteme .
la fonction /J1 (E') de maniére rétardées ., L'on aura /- zﬁ’i oix ﬂi
désigne le nombre des neutrons retardés du 4-éme groupe irapporté a
1 neutron prompt . Le spectre de fission fO(E) des neutrons prompts

est représentable entre de larges limites, par la formule

(28) £ (E) = 0,48 e® sh{2E (E en Mev )

avec la condition de normalisation

=4
(29) [) f (E)dE = 1

Le nombre de secondaires nés par seconded la suite des divérs proces-

sus envisagés Sera des lors, au lieu de (17)

/

> - > - -
(30) I (E', Q-—)E,Q)dEdQ=(Fd+Fi ') dE do

of - [ )
(80-4) SngEds;:V'(szrz'i i Z;)'
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)
D'aprés (30) , on peut separer le gain par entrée dans d#

(31) 4w Sp f N2, t E', Q) (r‘d+ri)dE'd_S;'
o Q

du gain par fission

- -

0
(32) d% f yN({? t, E', Q)v(E) fé dE da
(0]

La densité de probabilité Pf définie par (15) a pour expression

compléte
(33) M=o @) = i[l -AEn] 1 (E) +

+ ZAE) fi(E)}
i

Pour le nombre des neutrons prompts,l'on tire de (32), avec

(33),
2 >
(33-1) 4—' 2 f \_1 - E'JQ(E' (Ev) v! N('z d, E', Q"

X dE'dQ‘

En portant le second terme du second membre de (33) pour M dans (32),
on obtient les neutrons retardés, Il convient, toutefois, d'observger que les
neutrons retardés;engendrés & l'instant t, sont dus aux noyaux meres
qui sont nés des fissions ayanteu lieu & un instant antérieur t' <t.
Envisageons, 2 titre d'exemple le i-éme groupe de noyaux meres,ayant la
constante radioactive Ai . Leur concentration a pour expression

5 ; - (tt)
(34) G(TY= G (¥, 1) e

En admettant que les fragments de fission qui résultent de fissions

ayant lieu dans d V , demeurent dans d V, le nombre d Ci(;” thd v
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de noyaux meéres engendrés pendant l'intervalle de temps dt'dans d V
/
est determiné par le nombre total de fissions dans d V dt' il faut met-
-
tre dans (32) t 'a la place det et intégrer sur E et Q . Il vient

avec (30-1)
- 0
(38) dcEnd v =dvar j fﬁi(E'H (EY) Zy(E)
o Q

- = =
X v NI t, E' 9)dE' dQ,

Dans l'intervalle dt , il se produit
dG. A

L ) T e 1
at y G (nth)e

(36) (t-t)

des intégrations par sec dont chacune conduit & un neutron retardé, Par consé-
quent, le nombre de neutrons rétardés) nés a l'instant t dans 1'élé-

ment de volume dV par seconde, sera au total

t At-t)
(37) dv.)i I e f fﬂ(E') Zf(E')
- o !

= =
X' N(R t', E, Q) dE' d' dt"

Comme les neutrons retardés naissent avec la distribution d#énergie

fi(E) , et que leur distril:ution angulaire peut passer pour isotrope, c'est

la fraction fi(E) dEdQ/ 47 qui pénetre dans 1'é1ément de 1'espace des
phases . On obtient ainsi comme contribution de m groupes de neutrons

retardés .

v o t o -A (ttY o
6y = 2N qm (et [ Lamnen
i=1

- - -
xéq(E') v N(T,t,E', Q) dE' dQ' dt’

Des lors,1'équ. (27) se mettra par (31), (33-1)et (38), sous la forme.
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i

<

2

1

=<

=z

+
o~—~8

SN' (f;+r)dE'dQ'
Q

_1_ 1§ NS’ oy ! 1 ‘>:
) oo fO(E)jo f2(1-/5)\,2fv N' dE'd Q

A t-t) @
SﬂiﬁfvtNl(tl)
Q

(o]
->
X dE'd Q' dt

que j appelerai équation générale des réacteurs . Pour simplifier 1'écri-
ture, j'ai indiqué par des primes (’) dans N,2, etc, les variables
sur lesquelles il faut intégrer .

Si le re’acteur contient divers matériaux fissiles, k=1,2,...r, il
faut poser dans (39) \)k,ﬁ;k s Aik, fi et Z:z. et sommes par rapport
a k.

/
I.Cas particuliers : Une seule matiére fissile. et o /5/9 £ zo

Supposons maintenant 1y qu'il y a essentiellement ure seule matidre
235

fissile pour entretenir la chaine de neutrons par exemple U ;
2() Si, en outre , les fissions sont dues pour une part prépondérante
4 des neutrons d'une petited.inde d'énergie (réacteur a neutrons thermi-

ques respe réacteur & neutrons rapides), alors la contribution /3’1 des

fragments de fission peut &tre supposée comme étant largement indépen-
8 AE)
JE! R

Pour la contribution des neutrons retardés dans (39) au nombre de

dante de la distribution énergétique des neutrons. (

neutrons contenus dans 1'élément considéré de l'espace des phasesj on peut
poser en outre d'une fagon abrégée

m
1

(40) o 2 t (). ci(,:’1 t)

i=1
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15
olt Ci(t ,t) est la densité des noyaux meres correspondants . La
dérivation de (37) par rapport au temps, fournit alors un systéme de mn
équations intégro-diffe’rentielles qui. sont & joindre a (39):

oC,
(41)9——--)c +/3 ngXN'dEdQ' (i=1,2,3,...m)

\
L'équ. (39) se met, des lors,sous la forme

= « JARPON
(42) %Ii=-v>.VN-TN+£§ N(F T dEd @i+ 6
' g1 2
f @ o [ SvEnam e e

Elle porte aussi le nom d'équation du transport ou d'équation de Boltz-
mann en théorie de transport des neutrons.
Pour abréger, on peut introduire l'opérateur de pertes et de

)

diffusion par

2 : - -4
(43) f{ =V?.V+Y - ff dE dQ>' (["d +l"i) en see,
o Q

/
et 1' operateur de production .

A 1 7 - ) -1
44) Ky = —-—= f,(E) ! dE'dQ' V' &, V'  en sec.
T fn g

ol il convient de poser L 0 pour les neutrons prompts et £= i=1,2,----m,
pour les retardés, Des lors, les équations(41) et (42) prennent
la forme
Y 5
=(1- KN HN +—-— f C +
(45) (0)3—— (1-43) = MEC
oac,
by f —2 = A K N - .C

1 oA
0 Les opérateurs sont indiquspar un chapeau A ) parexp K
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Les e’quations(39) respt. (45) delterminent univoquement la densi-
té N( -'[3, t, E, 5>) , compte tenu des conditions initiales et aux frontiéres
données ;L'-.’S:ur une frontiére délimitant le vide (*'i>= ’?f) il ne peut pas
y avoir de flux de neutrons venant du vide pour p'ene’trer dans 1'intérieur

du réacteur (direction Qi) .

(46) N(ap,t, E, ) =0
/ i
II. En outre, dans le cas dépendant du temps, il faut se donner les gran-
deurs .
(47) N(mt=0, E, Q) et oK 2%t =0 YIL Enfin, N doit étre

d'aprés son sens physique, au sein du réacteur partout continu, fini et
positif
Si le réacteur est stationnaire (critique) les derivées temporelles

sont nulles dans (45)

o %

St S 5T O
En portant (45 b ) dans (45-a) il Vient alors

A A A A A~
(48) (K-HN+S=0 soit LN=-5 avec LEK-H

L'opérateur ﬁ doit ,d'aprés (44) étre formé alors a la place de
/7
f(E) avec le spectre f(E) global defini pour ﬂi= const, par

n 0
(49) f(E) = (l‘ﬂ) f0 + 2 f ﬂi , avec f f(E) dE = t
i=1 * o
Il.Cas général : plusieurs matieres fissiles
Dans les équations qui précgdent,j'ai suppose , d'une part que les
neutrons retardés dans le réacteur ne proviennent que de la fission d'une-

seule matitre fissile et que d'autre part, lafraction /’i avec laquelle les
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neutrons retardés du groupe A apparaissent parmi les neutrons de fission
est indépendante de 1'énérgie des neutrons de fission . La premiére hypo-
thése tombe en défaut lorsque le réacteur contient plusieurs matieres fis-
siles en quantités comparables. Dans ce dernier cas, il faut, ainsi que
je 1'ai indiqué, mettre des indices de substance X; dans l'intégrale de
fission et sommer par rapport aux divérses matitres fissiles. Dans le
réacteur thermique a haute concéntraction de substances "breedes" ou
sur régéneration il est dans certaines circonstances nécBssaire d'ajouter
une inégrale de fission aussi pour ces substances fertiles .

Au cas ou'dans un réacteur tel que celui dont il vien d'étre que-
stion, les fissionsaussi,bien thermiques que rapides,jouent un rdlg, les
valeurs des /3'1 sont & prendre pour l'énergie correspondante . Dans le pas-
sage de (39) (p.32)a (45) (p.36) il n'est plus légitime alors de faire sortir

/'3 et ﬂl de l'intégrale de fission, Si l'indice 'é sert & désigner les
divérses matieres " il faut remplacer dans (45) (p.31) les opérateurs

l-ﬂ)ketﬂkpar

T ub T h) @ &)
50 K -11:%— . 5‘)!; dE' dg |1 A E"]
‘)’ (b)
(B) Z, (E)v -
5
k (o]
t
) 1D ¢ > k)
(51) K =355 fi (E) Sng'dn'/i (E"

oQ

 o® (E.,z;“(E., E 50

Les équations (45) prennent alors la forme
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7 A ) m
(52) -’b—N =J|"'lr - I/i\ N+—1- z ))(.,;)f,(z)é',“ts,
[ L) 41 S 1 i i
ol
fF&)_l = 4T ﬁ,(’b N - X?’) f,(hc,d")
it i i
L'équation génerale des réacteurs (39) (p.30) peut alors se mettre

/
sousla forme abregée ;
& @

m =t A ~
(53) CLS ﬁvﬁ’r N+ > 2 f e ! K.(&%\I'(t') ar -H NS
9t . '2’ - 1

L'équation (48) (p.32) pour le réacteur stationnaire s'écrit alors

sous cette forme plus exacte
A
(54) KB m N +s =0,

ou

A A t ~ kok
(55) kP kPR E R

K .
© ;=4 1

Pour une seule matire fissile et pour des ﬁi constants, on retombe &

partir de (54, avec (49), de nouveau sur (48) (p. 32)

Réduction de 1'équation des réacteurs fonction 4y temps & 1'équa-

tion indépendante du temps ou équation stationnaire,

L'équation des réacteurs (45) (p 24 ) peut se ramener 3 l'onde d'une
transformation de Laplace 3 une forme analogue 3 celle de l'équation
(48) (p32. ) & condition que les sections efficaces Z soient indépendantes
du temps et pourvu qu'aucun changement dans le temps D€ se produise dans
le milieu réactionnel . Pour cela goumettons, le systeéme (45) (pd{) a

une transformation de Laplace en posant
o

o t
(56) [ i X-(t)} = gx M) e® dt= X @)

(o]
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Comme l'on a par ailleurs
dx Y
(57) [{T} = -X(©) +pX (p) .
il vient
v AW AN
-N +p N = (1-A)K N - HN +
o 0
m N
1 o
+ — At +
(58) e 12‘1 £oco+s,
_— n VAl N
fl-c + = 4T e
iL o TP S ﬂiKiN % G
S > -
ot NO=N(m,t=0,E,Q) et N=N (<, p, E, Q)
S
G =Ci('7- , t=0) Ci =Ci(w, p).

A [
En eliminant Ci ,eu égard 2 (49) (p 32) , l'on a

+ g):D

m
A m ~ ie ~ D
P 1 >
- ~_ - + + (N +—
(59) [:(K %l p+7\i ﬂi Ki) (H+p) N (No 4T i+1 px; fic}‘-°

7
ou ¢ncote en designant les grandeurs entre parentheése par

(60) X-H %+ -0,

c'est une équation du type de (48) (p.32) avec p comme paramétre

(valeur propre) .

La fonction d'influence ou d'importance (importance fonctio

Chapter II

1. Compte tenu des conditions aux  limites et des conditions initial
correspendant:s , les solutions de 1'équation générale des réacteurs (39) p.3e

ou (45) (p.31) décrivent la distribution de la densite néutronique
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N(r,t,E, Q)
comme fonction de la postion #, du temps t, de 1'énergie cinétique E et
de la direction de , vol 52’ Clest 13 la description différentielle par des
équations aux derivées partielles du budget neutronique. Or,en théorie
cinétique, des réacteurs dont la mission est de livrer les fondements théo-
rique pour la commande, le contrdle et la régulation de réacteurs, on ne
s'intéresse gudre 2 la répartition neutronique en detail. Ce qui importe da-
vantage ce sont des relations intégrales qui decrivent le comportement du ré-

acteur dans son ensemble, Un grandeur de ce genre qui caractérise cette allu-

re globale serait par exemple le nombre de fission, par seconde rapporté
au réacteur entiér.

Si le réacteur est homogéne et nu (c'est a dire sans réflecteur),
il est possible d'établir une cinématique simple des réacteury en admet-
tant simplement que 1'allure de N en un endroit donné du réacteur, tel
que le centre (oucoeur ) du réacteur, est reprlesentatif pour l'ensemble de

I'allure du réacteur tout entidr .

En effet 1'égalisation (ou le retour & 1'équilibre)de perturbations de
densité se fait si rapidement dans le sein du réacteur que la forme de la
distribution du flux dans le réacteur reste presque inaltérée dans la plu. -
part des cas pratiques tandis que sa grandeur ol sou intensité¢ subit de for-
tes variations. De ce point de v¢¢, on peut imaginer la densité neutronique
du réacteur comme composée d'un facteur dépendant du temps et d'umn

facteur indépendant de t.
~> - - -2
N(»°,t, E, Q)=T(t). F(z, E, Q).

On peut alors prendre la fonction T(t) pour mesure rclative pour le
comporttment du réacteur qui sevait par exemple proportionnelle a la

puissance du réacteur,
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d'indiquer n'est pas approprie. Il en est plus particuliérement ainsi pour
les réacteurs a reflecteursdans lesquels le budget dans le réflecteur dif-
fére sénsiblement de celui qui régne dans le coeur du rt’aacteur. Dans cet-
te conception plus large de la cinétique des réacteurs la fonction d'influ-
ence (ou importante fonction des Anglo-Saxons) joue un role éminent

et delcisif.

2. Définition de la fonction d'influence

Le réacteur contient un certain nombre de matériaux dows de diver-
ses propriétés nucléaires, Leur répartition est sujette entre autres a des
variations temporelles qui se font sentir en partie pendant des periodes
brevés(régulation, démarrage, arret ), en partie sur des intervalles de temps
plus longs ( épuisement des matieres fissiles), accumulation des poisons,
breeding). A cela viennent s'ajouter le rdle joué par les grandeurs d'état
telles que la température ,la pression, et la densité, Les diverses zones
du réacteur jouent dans la réaction ramifiée,des réles distincts. Des
neutrons qui se trouvent dans les zones frontiéres se perdent plus aise-
ment par évasion vers l'extérieur sans provoquer de fission, que les
neutrons évoluant dans le coeur. En outre, 1'effet d'une zone déterminéesur
les neutrons varie avec 1'énergie de ceux-ci cap 1«- rendement réaction-
nel dépend des noyaux éui s'y trouvent ainsi que de 1'énergie des neutrons

En principe, on peut décrire 1'importance d'un élément de volume
déterminé dans le réacteur en donnant sa position, les matieéres présentes
et les grandeurs d'état. Il est toutefois, physiquement plus raisonnable
d'exprimer cette importance par le budget neutronique, On peut caractéri-
ser 1'endroit évisagé par exemple par le role d'un neutron qui sy trou-
ve, et ayant une vitesse (  énergie E) et une direction déterminée

S - ' L . ’ . ~
v=Qv = 3 L€ fm , en consideration des reactions en chaine a ve-
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nir , On parvient de la sorte 4 une fonction définie pour tout le volume
du réacteur, de la position , du temps, de 1'énérgie et de la direction,
fonction qui porte le nom de fonction d'influence (importance fonction
des Anglo-Saxons), Il est & souligner des maintenant que cette fonction
d'influence n'a pas pour mission de caracteriser la distribution de neu-
trons régnant momentanément dans le réacteur qui dépend en effet des
conditions initiales données ,a mais plutot 1'état du réacteur tant géomé-
trique que matériel (nature, etc. des matériaux)

La fonction d'importance a /regy  ce nom parce que le nombre
total de neutrons " filles" qu'un neutron initialement introduit fournira
au total au réacteur en chaine est une mesure de 1'"importance" qu'a le
neutron initial pour entretenir la réaction ramifiée, Un neutron introduit
sur la frontiere d'un réacteur n'a pas beaucoup de chance de laisser beau. -

coup de descendants dans le réacteur parce que lui et saprogéniture
risquent de d'évader . C'estprécisementce que la fonction  d'influen-
ce prévoit ; sur la frontiére du réacteur le flux et par suite l'importance
est tres petite.

Il est utile pour les raisonnements suivants, de raisonner sur un
réacteur critique , et cependant exempt de neutrons , Cette conception
abstraite. permet de se faire une représéntation concréte car l'on
n'est pas obligé, de la sorte, de distinguer dans le réacteur divers grou-
pes de neutrons comme étant constantement distincts . Cette introduction
des réacteurs initialement exemptde neutrons ne restreint pas la généra-
lité: de nos raisonnements et peut s'étendre aisément aussi a des réacteurs
critique ayant un nouveau neutronique arbitraire, A vrai dire, cette friction

est rendve possible par le fait que les neutrons présents dans le
réacteur ne se g@nent pas lesuns les autres en raison meme de leur

)
faible densité et qu'on peut negliger les chors entre neutrons.
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Afin de préciser le cocept d'influence , plagons par la pensée, dans le
. -
réacteur critique excemptde neutrons au point T S0 neutrons au total

qui appartiennent au princeau (EO, 60):

>

> 3
r-r
o

-> - DD
I S(f, B, Q)78 -§r-r ) & (E-Eo)é(n -9)

Notons que la fonction d'influence se rapporte & un neutron .
Nous considérons pour l'instant un nombre Qo suffisamment grand pour
ne pas avoir & tenir compte des fluctuations. Je procederai par la suite
a la normalisation 2 un neutron)

Ces neutrons se. répartissent par diffusion & travers le réacteur et
au bout d'une période assez longue seront consommés par evasion et par
absorption, En mémetemps un certain pourcentage des absorptions est pro-
ductif et il se produit un niveau de puissance déterminé, différént de
zéro dans le réacteur. Ce niveau va dépendre de la position, de l'éner-
gie et de la direction des neutrons de‘\démarrage”(l) et il définit la fonc-
tion d'influence (5 uneconstante de normalisation pres),

Suivons , pour préciser les idées, le destin des neutrons de
démarrage introduits dans notre réacteur. Initialement le réacteur etait
exempt de neutrons et 1'équation du réacteur stationnaire 1-48) p.9% , asa-
voir

A A~
(1-(48) (K - H N+ S =0
était satisfaite en vertu de N =0, Démarrons alors & l'instant t=0 avec
(2-1) et désignons la densité de ces électrons par N0 (F?t,E,B) avec

- -
N(T/t =0) E =8

Abstraction faite des neutrons retardés, cette distribution obéit , par

(1-45) (de pag. 31)

II-2 o_
(11-2) T KNO
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Comme je n'envisagerai jusqu'ici que des neutrons de démarrage, le terme
de fission est supprimé de méme S =0pour t>0)., Au bout d'un temps
suffisamment long , ces neutrons seront consommés par évasion et par

absorption :
NT t. =0, E,Q) =0

Intégrons (II-2) par rapport & t et définissons par

A 02 _
(IL 3) A J N dt = N
0

/
une probabilite de séjour des neutrons de source (a la normalisation
prgs) , en désignatit par { la'vie moyenne' des neutrons, En intégrant
(I1-2) d'aprés (II-3) par rapport au temps, il vien{ compte tenu des va-
leurs de N pourt =0et t=ow,

(9] 3N -

f —2dt =N (0)-N(0)=-S=-HN ./

ot o o ¢

soit

A~ o
(11-4) S=H Noﬁ,

Cette relation peut s'interprét de la fagon suivante, La répartition
ﬁo se trouve en quelque sorte "rassemblée" par 1'opérateur + I/Z de
sorte qu'il résulte une distribution finale pronctuelle S, La signification
de la relation (II-4) ressort plus particulidrement en intégrant (Ir-4)
sur le volume du réacteur ainsi que par rapport & toutes les énergies

et A toutes les directions ]'_(’par (7). (23) et (10))
(IL.5) gSJSdEdﬁdV jffﬁ ¥ {aEdad Vv
(0]

= s - [SﬁdE agav [v.vw-Zde'dQ'(f'dWi) ]
NOQ N
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4 db(da '})'d? +
(I1.5) S, = j 5( o GEVH foorption
et -
l’ + N dEdQdV
WezaT,
Cette équation de bilan montre que les neutrons introduits,en partie s'éva-

dent , & travers la frontiere F du réacteur, en partie sont absorbés, Il

- ’
resulte (II. 4) que N0 est une fonction des conditions de demarrage
>u d'ignition”,

- - 5 -

N=N(r,E,Q,n,E,QO)

Intégrée sur E et 2, cette fonction permet d'indiquer le nombre des

. . d
absorptions ayant eu lieu en r°:

- -
(11-6) {a v((v(ze+2?) N dEdd

Une partie de cas absorptions est productive et 1'on a pour

la densité des neutrons de fission produits & 1'endrcit de leur naissance :

~ = - -2
(IL7) s ®.E 8, 7,E, Q)=
[0} 0 [0}

A
- B\Jf(E)f[v }'_'f ﬁodEd??

Désignons la distribution de cette premiere génération par
=
Nl(r,t,E,Q ,n E,Q);

elle dépend aussi du temps car les fissions ont eu lieu & des instants dif-
férents et elle obéit a l'équatinn II-2 , L'intégration par rapport au temps
d'apres (II.3) conduit & une probabilité de présence I—\fl . Le nombre de
fissions produits par ces neutrons peut se calculer d'apres (IL 6) et finale-
ment on obtient de maniere analogue & (II-7) , la répartition de source de

la deuxieme génération 52 .
On peut procéder de proche en proche de cette maniére: A 1a distribu-
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tion extréme de source (II-1) se substitue une distribution interessant tovt
le réacteur au cours des générationsqui se relayent par egalisation de dif-
fusion . Cette distribution ne peut toutefois étre , lorsqu un nombre suf-
fisant de générations ne sont succédé qu'une distribution de neutrons sta-

tionnaire, compatible avec (I-4) & savoir .
A A
(1-48) (K-H) N+S=0

Cette équation est avec S =0, une équation homogene et par suite, par
un théortme classique, la distribution de neutrons stationnaire dans le réa-
cteur,n'est définie qu'a une constante prés qui caractérise leniveau de
puissance, Leniveau de puissance d'un réacteur critique est fonction: de
1' histoire antéridure, dans notre cas du processus de mise a feu ou
de démarrage.

Il résulte, de ce que je viens dire, la distribution asymptotique N(Jo
doit admettre la méme forme que les fonction.s propres du réacteur
stationnaire N(;? E, 57 . L'amplitude, par contre , est une fonction des

conditions de source seule
s >
A=A, E, Q).
o o o

On peut donc poser

1I-8 N A(n E Q ) N > E, Q
= = J ) r, s b
( ) [ ( o o o ( )
et 1'on obtient par intégration et division par S , une fonction sans di-

mension, normée a un neutron

(I1.9) N+(n, E, Q)-—JXN dEdQdV

. +
Cette fonction N  représente la teneur en neutrons du réacteur

critique qui s'établit aprés la mise a feu avec un neutron dans les

=2 s + )
conditions (r0 , E, QO) . Par definition, N peut donc se concevoir
o
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comme fonction. d'infludnce (on d'importance), mise i part une con-
stante de normalisation, Nous allons,dans un instant démontrer que cette
fonction d'influence est bien 1'adjointe de la densité neutronique N.
Jusqu'g présent nous n'avons analysé l'influence que pour le réa-
cteur exactement critique, exempt de neutrons . Si le reacteur critique

. 7 . . ’ .
posséde une puissance determinée , différente de zero , les raisonne-

ments se font d'une maniere complEtement analogues aux précédents. L'in-

troduction ge neutrons dans le réacteur, perturbe la distribution neutroni-

que régnante jusqu'a ce qu:.' aprés une période suffisamment longue, un

¢tat d'équilibre finisse de nouveau par s'établir, Il vade soi que le niveau
de puissance, en fonction des conditions, sous lesquelles

les neutrons furent introduits, va se trouver augmenté . Dans ce cas donc,

l'argumentation de puissance s'établissant asymptotiquement qui sert 3

definir la fonetion. d'influence .

2. Léquation d'influence fonction du temps

Une fois définie la fonction d'influence et mise en évidence sa si-
gnification physique, reste & rechercher 1'équation & lacuelle elle satisfait
Pour cela,on peut s'appuyer sur un théoréme de conservation pour
1'influence,

L'influence de toute génération individuelle doit étre égale & 1'influen-
ce des neutrons de démarrage.

Ce théoréme de démarrage résulte des raisonnements précédents
dans lesquels , nous avons poursuivi les générations de neutrons depuis
la mise & feu  jusqu'a l'état d'équilibre. Ou peut en effet interrompre
par la pensée le processus & une genération quelconque , Si donc on

fixe la distribution de cette génération et qu'on mette de nouveau 2 feu

’
le reacteur vide exactement avec cette distribution, le m8me résultat fi-

*
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nal asymptotique doit s¥tablir qu'en laissant se dérouler e processus
initial,

Insérons dans le réacteur vide, au point _i?, av total S0 neu-
trons appartenant au pinceau (E. ;;) . L'influence de chaque neutron est
d'aprés (II.9) proportionnelle &

>

e -
N (n, E, Q .

Parmi S0 neutrons, un nombre S:) égal a
(II. -10) s7=s (1-Z|d 7
o o
-
atteignent le point r +d z>, puisque, par (I.2)de p,
p(r)=nf. e "8 T & 2T
et par suite
>
P(r+dv):=2e =P(T (1-&(dr)

/
Ces SO neutrons portent avec eux une influence égale a (fig.a)

o = + = -
(I.11) S/N(F+dF B, T = S (1-Zdn) N (F+dF B, 9)

' .)/
RG )

Fig. 7
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Les neutrons d'énergie E qui partent du point )77, dans le pinceau

(E, 57 , sont diffusés hors de ce 'pinceau. sur le chemin qui mgme au
point voisin T +dr . Une partie d'entre eux se retrouve dans le pinceau
diffusé (E, 5)’
Sur le parcours dr s SO d & dr neutrons ont subi une colli-

sion, Chacun d'enire eux transporte avec lui une influence

+ - -
N (F+gdr, E', Q')
ol

0§

SEgt,

~
puisque la collision a ev lieu sur le parcours r et r+dr (flgz ).

nous faut encore la probamhte @(E Q_> E, Q') pour que l'un de ces

neutrons aboutisse dans le pinceau (E', Q ) . D'aprés(-‘f-T)-

de p. 20, , cette probabilité
D -— 1 -2 -
(. 8) OE, TE Y - EF(E, Q-E', Q) dE' d!

Au total, le pinceau initial perdra par collision; sur le parcours en

question, 1'influence
+ = = - D >
(1[(12) Sgsozdr N (F+Ed7 B, O @E Q5 E'QY
¢ - - + o >
= —VB dr-}fi“ (E, @»E', Q) N (r+&dr, E', Q') dt'dq’
0

D'apres le théoréme de conservation, il faut que 1l'influence emportée par
des chocs , argumentée de 1'influence parvenue au point T+ d ¥soit égale

+ = -
a l'influence totale des neutrons de source S0 N (r>, E Q) :

(L.13) S, N(TE B =S (1 €dr) N (F+d7, E, 9)

<:|om

' = LD 4= . => >
7 l" Q’_>E',Q') N T+ € dF ELQ') dEdQ
(o]



— 393 —

T.Kahan

Développons alors la fonction d'influence N au point (?>+ d?) en
série de Taylor, suivant les puissances de dr, divisons ensuite par
Sod r et passons & la limite dr->0. On obtient , de cette fagon 6 1'équa-
tion integro différentielle de la fonction d'influence ch.(I-Z? de

pag. &

+ +m) =
(I1, 14) 0=V 9N YN+ ? N [ dE'dQ' |
qui ! 101 de des opérateurs
[-
A4 " ->
(1L 15) H - -v’,v+~(-j§ dE' d Q' (r';+|"i’)
et 0%
‘0 7 y A
(IL. 16) K == V(E) . vZE) | ¢ aerdd 1)
47 0

0
et compte tenu de (I-30) (de pag. 27) ebde (I-15) (pag. 23, peut se met-

tre sous la forme
V.S
(I, 17) (K -H)N =0

Comme 1'indique la notation, ces opérateurs sont adjoints aux
opérateury  (I-43) (I-44) (de pag.51) , resp (I-48) de p. 31)
7
c'est-a-dire pour toute founctions v et(b qui sont definis a

S . ©oies
1'intéreur du réacteur, l'on a la relation définition des opérateurs adjoints

(11-18) iq/(K H)q)  VAdEdQ =

Réacteur

- f ffp(K-H)\f’.dVdEdn
Réacteur 0 Q

La fonction dinfluence N' est donc adjointe 2 la densit¢é N dans le
réacteur critique. Elleest univoquementdéterminée par (II-18) , compte tenu
d'une condition aux limites. Cette condition aux limites résulte de la consi-
dération que des neutrons sur les frontiéres du réacteur (f)= f;“h) n'ont

pas d'influence sur la réaction ramifiée si leur direction de vol pointe vers
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1'éxterieur (direction 5::xt ) . Cette partie du flux d'influence doit donc

s'annuler

+ -

11-19 N((©Q |,
( ) ( Faont.

+
En outre, N doit étre dans tout le volume du réacteur, continu, fini et

) =0

i)

ext

positif,

L'équ. (II.19) représente la condition aux limites pour la fonction gtinfluen-
ce, Son sens est justement 1'opposé de la condition aux limites (I-46)

(p. 32) pour la densité neutronique N :tandis que des neutrons s'évadent hors
du réacteur, l'influence entre dans le réacteur., Cette inversion trouve

- : . +
son expression dans signe contraire du terme flux de H ,

La fonction dtipfluence dépendant du temps

Reste & procéder & une généralisatien, D'aprés la définition donnée
jusqu'a présent , la fonction d'influence est déterminée pas (II-17) ot
les opérateur ?I-k et f(+ correspondent & 1l'état critique du réacteur. Modi-
fions maintenant Jt¢tat du réacteur par exemple , en retirant lentement
une barre de réglage (qui absorbe des neutrons) . Dans ce cas ﬁ+ et ?(+
vont renfermer le temps en tant que parametreet il sera nécessaire d'in-
troduire la fonction d'influence de’pendant du temps.

Si l'on fait abstraction des neutrons retardés et des sources
extérieures, J'équation des reéacteurs dependant du temps (I-39) (p.30) a

pour expression

oON A2

- — =(K-H) N,
(11-20) St C(K-H)
Formellement parlant, 1'équation adjointe a pour forme
on* AR
II.21 - = -
( ) T (K-H)N

Or la founction d'influence a une signification physique claire ; elle
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doit caractériser l'etat du réacteur) eu égard aux diverses réactions
ramifiées dont il peut 2tre le Si®ge lors du choix de divdrses conditions
initiales, Or 1'état du réacteur ne d_e‘pénd pas, de conditions initiales

de quelque genre qu'elles soient, pour la dénsité neutronique, mais peut
etre modifié par des interventions extériéures ou :a nouveau rétabli,

On peut ainsi , par exemple, modifier l'état du réacteur considéré com-
me Vide en retirant une barre de réglage et ramener le réacteur dans
son etat antériéur en renfor?ant la barre, Une fonction qui caractérise
le réacteur ne doit donc pas dépendre explicitement du temps comme le N+
défini par (IL 21)

In'a va pas de meéme pour la densite neutronique N. Si, par
exemple,un réacteur vide surcritique qui est caracterisé par une fonction
d'influence constante dans le temps, est démarré d'une fagon déterminée, la
densite' neutronique qui change trés rapidement dans le temps sera dé-
¢rite par (II-20) . Les conditions de mise & feu servent de condition ini-
tiale,

Il résulte des considératioins précedentes que (II-21) ne se préte
pas A une définition phisiquement admissible d'une fonctiom d'influence
variable dans le temps. Il est plusraisonnable de continuer définir la

fonction d'influence par 1'équation (II.17) m2me lorsque l'etat du

réacteur varie avec le temps ou n'est pas critique.

Chapter III , Les équations cinétiques des réacteurs

Les équationsdes réacteurs (I (39) (de p. 30 ) rapt. (L 4y ) (de p.
31) décrivent le comportement de la densité neutronique N(?? t, E, -3)
et caracterisent par conséquent 1'état différentiel du réacteur qui dépend
de la position de 1'énergie et de la direction & 1'instant t. Nous alions

établir maintenant des relations qui décrivent 1'allure intégrale du réacteur
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comme fonction du temps dans lesquelles les diverses positions, énergies
et directions dans le réacteur ne figurent plus, Pour les distinguer des
équations des réacteurs ces relations 2 établir ont regu lenom d'équationsci-
néti ques des réacteurs,

Il faut tout d'abord fairele choix d'une grandeur qui preunne la place
de N et qui puisse exprimer 1'état intégral du réacteur.On pourrai
choisir & cet effet 1la puissance du réacteur qui est proportionnelle au
nombre de fissions par seconde ayant bien dans tout le réacteur , Pour
obtenir la puissance du réacteur 1'ona 3 multiplier N par v Z ¢ et
4 intégrer sur le volume du réacteur, sur toutes les énergies et toutes

les directions
J‘ } f N VZI dVdEdD
R o Q
Entant que grandeur intégrale qui ne de’pend désormais que du temps,
la puissance se préte fort bien a caractériser les processus dynami-
queddont le réacteur est le sidge.
11 est toutefoisPlus utile de choisir une autre grandeur, apparentée
3 la puissance, 2 savoir la teneur en neutrons, pondérée oeu symbolique
n{t) . Pour parvenir & cette grandeur il faut multiplier N par la fonc.
tion d'influence NJr et intégrer ensuite sur le volume, les éne-gies et les
directions :

0
+ o~ - < Y -
(111, 1) n(t) = [J‘(N (Q>+ E, Q N(I‘>t_, E, Q X dVdEdQ
R ofL

= (N, N), avee (6, V)EJ j’fgdedEdf‘?
o Q

+
Quel est le sens physique de n (t) ? Comme la fonction N caractéri-
- +
se l'influence d'un neutron en (r’, t, E, Q) . Leproduit N. N dVdEdQ

' ->
mesure donc l'influence de tous les neutrons (E; Q) dans 1'élément de volu-
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me d V. L'intégrale (IIl. 1) mesure enfin 1'influence totale de tous
les neutrons se trouvant & l'instant t dans le réacteur, sur 1'évolution
uytérieure de la réaciion en chaine .
Le choix de (IiI-1) est fondé sur toute une serie de raisons

1) Tout d'abord il met en évidence la signification des diverses zones
de réacteur, ainsi que les 'energies et les directions neutroniques . 2)
En deuxiéme lieu, cette fonction n joue un rdle decisif en théorie
des perturbations. 3) Enfin, sous certaines conditions, n(t) admet la
méme variation avec le temps que la puissance du reéacteur,

Il en est ainsi lorsque nous n'avons a fajre appel qu'a la fonction
d'influence indépendante du temps et que N peut se séparer en une partie

fonctiom spatiale et une autre fonction du temps

Forme simplifiée des équations cinétiques

Pour parvenir 2 une équation diffe’rentielle valable pour n(t) , multi-
+ - ) -
plions 1'équation (I- 45) (p. 31) par N (r, t, E, Q) et intégrons surV, &

et Q , il vient

+ ON + o
(IIL. 2) (N,W)-(\—ﬂ) (N, K N) +
1 s + + + A
+‘;—F% Ai(N LA C)H(N, 8) - (NLHN)
et PINe
S O - 4Ny - +
(I1I-3) N5~ ) = 47731(N ,Ki) )i(N tC)

A A -
Les opéraleurs Het K contiennent le temps atitre de parametre

si 1'état du réacteur change au cours du temps, Comme alors dans (II. 2}
et (II-3) non seulement la densité mais aussi la ! fonction d'influence de-
pénd , en vertu de (II. 1¥#)p. 46) , du temps, ces réiations sont fort com-
pliguées de peu d'intérét pratique, On peut parvenir cependant a des

équations eseentiellement plus simples si l'ont tient compte du fait que dans
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les cas pratiquement intéressants , la foncton d'influence dépéndant
+
du temps ne différe que trés peu de sa valeur stationnaire N0

Si 1'on pose donc
+ - 2 + - +
(ms) N(5t B, 0) =N () E, Q) +AN (2 t, E, Q)

1'on aura AN+ & N:
et onpourra substituer N: AN dans (IL. 2) et (IlI-3) . Comme on doit ana-
lyser 1'état critique d'un réacteur avant de passer aux problémes cinétiques,
il faut supposer connues la distribution de densité critique M'(E? E, ﬁ)) et
par suite aussi, la fonction d'influence stationnaire.

Des lors, (IIl.2) prend la forme, en utilisant le spectre global
f(E) d'aprés (I.49) (de p. 32) et en rassemblant les neutrons produit au

~

total dans l'expression K N:

‘) +
(. 6) “% 0 N oEmeT L R N
ST TN L ENE(N] K N)
Y + o~ N s N+ N +
i/J'i(No VKON F iAi( o,ts C)F (N, 9) .
Ici, 1'influence des neutrons extérieurs est donnéepar
+
(. ) s(t) = (N, §);

la contribution des neutrons retardés est décrite par

21 +
(I11-8) ¢, (=g (N, 1.C)
En posant encore + A
(N, KN —
(111-9) z ; =—+—-7—1—— avec (3= Z‘Ziﬁi
(N, XK N) i
Pad
il vient a 1'aide de la production totale KN
X (N H N
N KN
o -2 -]_‘L__ AC +
(IIL. 10) 57{1-‘—- (1-24)-1| — n2 A G

(N, HN) (N, N) 4
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+ A
(N ) K N)
S ) représente icila production d'influence par seconde divise par
la operte d'influence ayant lieu dans le méme temps, D'apres (I-48) (p.32)

a (K-H) N=0 (KN =HN , ce rapport est égal & 1 pour le
réacteur critique et > 1 pour le réacteur hypercritique, Cette grandeur

peut etre comme comme un facteur de multiplication effectif généralisé
] (N(‘)", KN)
(HI. 11) (t) = —T\——

(N, HN)
N )

La quantité represénte la teneur en neutrons, divisée par le
. I(N ,HNA . .
perte-influence pour seconder . L'inverse de cette grandeur ayant la dimen-

sion d'un temps, indique donc combien de temps il prendait jusqu'a

’
ce que la teneur en neutrons soit epuisée par les pertes & partir de l'arrie
de la production ; elle revét donc la signification d'une durée de vie

généralisée l(t) des neutrons dans le réacteur fini . Nous poserons donc

(111, 12) Lty =
(N, HN)

Avec ces notions nouvelles, (III, 10) et (III-3) prennent leur forme

définitive
dn n . <
—_— = _z - P e +
(III, 13) " [k(l A) 1__| 7 )EAiLi s
i A 1
1 -
T + —_
dt i i Ziﬂ P K {

ol N est supposé ‘factorise’en un produit d'une fonction de t et d'une
fonction de r.

Les équation's (I1-13) portent le nom d'equations cinétiques
du réacteur et expriment son allure dans le temps en fonction de fb(t) et

[(t) . La discussion de ces équations constitue-le probléme centralé de
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la cinétique des réacteurs. L.es conditions de validité de ces équations
sont

1) Une seule matitre fissile;

2) les ﬂi indépendints ie 1'énergie

3) les opérateurs H et K sont voising de leur valeurs stationnai-

res.

Chapter 1V, Cinétique des réacteurs & 1l'approximation de la théorie de

la diffusion

Nous avons dévelonné dans ce qui precede (eh. I2 III)la théorie
du transport rigoureus . Or, déja la solution de problémes stationnaires
est, dans le cadre de la théorie du transport , fort délicate, liée & des
calculs fastid;eux et ne conduit a des résultats sous forme close
que dans des cas exceptionel¢ , Pour les probleémes cinétiques , ces dif-
ficulté's ne font que croitre . Force est donc de faire appel , pour l'ana-
lyse de ces problémes & une méthode d'approximation utilisable qui est
connue sous le nom de théorie de la diffusion , Cette théorie de la diffu-
sion, comme approximation & la théorie du transport , analyse la densité
neutronique sans égard 4 la distribution angulaire. Les résuliats s'accor-
deront donc d'autant mieux avec ceux de la théorie exacte que le mouve-
ment neutronique dépendra moins d'une direction privilégi¢e. L'approxima-
tion de la théorie de la diffusion fournird donc des résultats utiles pour |
des milieux homogeénes 5 condition de se restrindre a des domaines qui sont
¢loignds d'ay moins quelques longueurs de diffusion des frontidres, des

bords ou ces sources
Théorie de la diffusion

1) Rallentissement de neutrons de fission jusqu'aux energies thermiques
2) Ralentissement des neutrons de fission en tenant compte de la possi-

bilité de leur capture dans la région de résonance

3) Diffusion des neutrons thermiques
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Passage 4 lathéorie de la diffusion

Le passage de la théorie du transport 3 la théorie de la diffusion
peut s'effectuer trés simplement en supposant que la distributioﬁ de densité
N possede la symmeétrie sphérique , dansce cas N n'est fonction du rayon

-
L, Si l'on envisage la densité N(r, t, E, Q) des neutrons mobiles dans la
- \ . =
direction Q  (fig, IV-1) on voit que N A
4 - &
ne depénd pas de ‘é , mais de ou de

Jomcos 8
(,

»
Comme 1'¢lement d'angle solide s'écrit

d6=\/ﬂm9d?d\p[= dpdy
1'on a 9T
(IV-1) J Ne, t,E, Q) d . dp =21 sx(r, t,E,?z))

1"
<

= N(r tE pe ) dee
Partons de la premiére des equationyI-45) (p.3'1 ) en ne considérant qu'une
A
seule matiere fissile. Le terme pertes HN contient le terme

-

_ -
v.vN, (V>= Q V) or d'apres la fig. (IV.D)

son-vl 2N, & AN
(IV-2) ven=v(! iy 9 5) =
) NS D

-v(//‘ar + - D/a,

L'intégration de (I-45) par rapport &  , eu égard a (IV-2) et &
(I-14) (p.24) conduit 2

(I%3) ’?t (/* +—3f %—E—)-Yﬁ +Pir 43
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ol B est la contribution de diffusion (sans diffusion inélastique)
=]
1 >
V-4 - f dE! g Vs N
- D= 0 u,a vz

XS[E (E' - ,EfE']-
et F est la source de fission
w +1

f -
(IV-5) F?O— é _fl (L-py'E, vINE, L) BT
AN
2 ; iii

J
Afin de séparer la variation angulaire devéloppons le flux neutroni-

que Vv x N en une série de fonctions de Legendre Pn(/,)

- [
(IV-6) vN(r, t, Eu) =& 2“;1 Pn(/) .(Pn( r,t, E)
n=0

ou

1
(1V-T) d)n(r, t,E) /(1 vN(r,t, E, £ Py du

Comme PO(/,«) =1, le premier terme du développement est inde-
pendant de la direction. Si nous poussons cette S€rie jusqu'au deuxieme
terme L(? /,,) _/u] , nous n'obtenons qu'une approximation grossiere quant
ala dependance de Q . Cette approximation ne vaut,d'aprés ce que nous
avons dit en guise de préambule , que si les hypothéses consernant 1'ap-

plicatio@ de la théorie de la diffusion sont données,On posera donc ;
Itapproximation de la théorie de la diffusion

n=1

(1V-8) &N = L 2““ P(D -

oo | —

S

1 3
30,3

Po?*""g donc (IV-8) dans (IV-3) :



— 403 —

T.Kahan

12 1 3 21 3 9
ORI L AT VX ARECT VS LTI PR

14

3 1.1 3 4 v 4! )
Rl AR CURS V4 IR AL SR

¥ (% So +§/{*Sl)

Le flux de somme a ¢été développé dans (IV-9) de la méme fagon
que vN

On peut multiplier (IV-9) successivement par les lj’n(/&) et obtenir,
grace aux relations d'orthogonalites des Pn(ju) par intégration sur toutes
les dir&ctions, m systéme d'équationgdifférentielles pour (i)i . Multipljons

d'abord (IV-9) par Pog,u) =1 et intégrons sur d/,- de -1la+1,il

vient
1 oo _ N 2 1 it -
U N A IR (A AR S

Multiplions ¢nsvibe  par P2 (/o—) =m et intégrons :

128 1% il -
(IV-11) ;ﬁ--gm-—;\(cﬁl +§l/,, 2 +F) S,

Par (IV-4) et (IV-8) l'ona

+1

1 0. |
(1V-12) 5109 AR JO (1-3")v 'Zf cp'o dE'+zi_7pifi c, 5/,5 d 4= 0
-1

Le calcul des inte/grales de diffusion (IV-12) nécéssite 1'introduc-
tion d'hypotheses concernant les processus de choc. Nous supposerons icl
qu'il s'3git d'une diffusion purement classique des neutrons sur les noyaux
de 1a matizre du réacteur et que cette diffusion est isotrope dans le sy-
stéme du barycentre neutron-noyau, Si A est la masse du noyau, la

)
perte d'energie lors du choc neutron- A est
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1- o -

- 1= f)aa— (]- i
(IV-13) AE'-E 5 (L-p) , avec & A+1
ot E' 1'¢nérgie du neutron avant et E cette énergie apres la colli-
sion,

Je donne le résultat’ final
, +1 E /&
- 1 . L "' & 4r’
(=49 f"B‘}‘*' ‘C/ad oodE"iﬁ’”?“zg%dlqﬁdE

ol d0'= d (E'O) et d'l = dl(E') sont des :fonctions algébriques de E',
0

En portant enfin (IV-12) et (IV-14) dans (IV-10) et (IV-11), on obtient

1'approximation P pour le flux ¢(r t, E)

(IV-15) %.3.2‘2=-__+-__q> é'tp f/zq)odE'

0
1 / r
+ fofo 1A% 21, & +Zi7\,lFi c +s,

et son premier moment (1)1(r,t, E)
2 Elx s _
¢0 _i(t) + g Ay .Z_dﬂ E.Ei' +S
17 ) o d-4 BT

1
(IV-16) =

(Les quantités primee(’ ) dependant de E') . La seconde équation (I-45)
(de p.33ypeut s'intégrer elle aussi d'aprés (IV-1) . On peut en outre

A —
effectuer 1'intégration de Ki N par rapport é/l,u , aprés introduction

de (IV-8), et obtenir ainsi comme condition complémentaire

1

(IV-17) ELA C +°f° ’\7'54) dE!
2t i i oﬁi Elo :

EJ4 Dans (IV-15) et (IV-16) figurent des inte'grales de freinage
f e dont la signification physique est la suivante : elles indiquent
E

. 3
le nombre par c¢m et par seconde des neutrons qui par freinage ont

1
été portés a partir des bandes d'énérgie supérieures d E' , au cours
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d'un seul choe & 1'énérgie E, Ces intégrales

de freinage ne permettent pas en général la solu- £
tion simple du systéme (IV-15,16) d'équations
integro-différentielles couplées. En effet,

comme les deux limites d'intégration dépen- £ \

dent de E, il est impossible de les trans-

formesen équations différentielles par différen-
tiation et décowplage . Fopt exeption le frei-
nage en hydrogéne pur (¥ =0) ou dans un
diffuseur de grand poids atomique (A>>1)
ou on peut posergx 1.

Bien entendu, dans le cas gén'éral , le systéme précédent ne
peut étre résolu qu'approximativement, selon la situation existante , Je
ne puis aborderici que les cas les plus importants au point de vue

cine’tique, en procédant du plus simple vers le plus compliqué.

2. Cinétique des réacteurs monoe’nergétique.

a) Zone proche,

Pour les calculs d'orientation,on peut, en théorie cinétique, traiter
le réacteur thermique en approximation groggigre , comme monoénergéti-

que en supposant que tous les neutrons sont animés de la méme vites-

se. Dans ce modele fort primitif la prodtiction, la diffusion et l'absorption

)
des neutrons se font 4 la méme énergie . Avec hypothésesz ! d¢o E!
) .
et S dpl E' . Dans (IV-15 & 17) sont indépendant, de 1'énérgie et
on peut effectuer les intégrations, Le flux ne dépend plus alors, dans

]
1'équation ainsi obtenue que de r et t que nous designerons par

¢th (r,t) =¢(1‘, t) . Il vient
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9
1 D L2 — -
(IV-18) v ’ato i -(_3“1.'— +;)¢ -za‘boﬂ‘-/5 )“)z'f (po\) +z)ici+ So ’
Uy 1 W, < 1
1 %4
(1V-19) S aF 73 a:’ -)3¢ +S

aC, -
i
] 1AV -n C
(IV-20) o A, ZF({)O M ocC
Dans ces équations figurent la section d'absorption 0.:5_—..,% et
/
le parcours libre moyen de diffusion )D defini par
1 =S .5 ”
(IV-21) 5% -2.-/»02(1 ,
D
qui , pour une absorption négligeable, se transforme en le parcours libre

moyen de transport
1 -
=2 =2
A tr d~ ‘o
- - - bl ,
oll /4,:) =/“'cos 8 , 9 etant 1'angle de diffusion dans le barycentre,

(1V-22)

Pour simplifier les calculs, nous passons de la symétrie sphéri-
que & la sym/etrie par rapport & un plan ol (p ne dépendra que de
x et de t. en nous restreignant 3 des réacteurs homogeénes . Multiplions
alors (IV-19) par (-v) et dérivons ensuite par rapport a x , dérivons
de méme , (IV-18) par rapport & t. On obtient alors une équation pour

po de second ordre en t., De méme on obtient une équation pour 4?,

par €limination de CP .

Ici, les contributions des neutrons retardés et des sources exterieure<sont
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désignées de fagon abrégée par
9C S
(IV-21) Q= -va) (—t+ vz C)+v2(—a——1 -2 0S)
() ;1o 5 9x D ©
EE
[
Y gum—
at
sz ic. 2 ESO 2 38,
Q, = — &, tm = (= St v
173 L X 3 px ?-,9 Dt

En outre

(1V-22)
2,z szD[{ - (1) v ]

Le systeme (IV-20) n'est pas encore complétement de’couplé puisque
QO et Q1 dépendent encore de ¢0 par (IV-17)

Pour étudier la distribution neutronique dans levoisinageimme-
diat, dit "zone proche" d'une source variable dans le temps; il faut faire
appel au systéme (IV-20).

Zone lointaine - Pour l'analyse des phénomeénes dont les réacteurs
sont le siége , A une distance ' grande (comparée 3 la longueur du
transport : n Atr ) ( dite zone lointaine) on peut faire appel & 1'équa-
tion de diffusion ordinaire

Les équations différentielles (IV-20) se distinguent des équations de
la diffusion normalement utilisée par l'apparition de secondes dérivees
temporelles (92 /atz)La suppression de cesderivées secondes s'obtient en
faisant croitre la vitesse v indéfiniment (v50)  tout en mainte-
nant constant  Vv/F 2et 12, v.

Posons donc hatt = 0 dans la premiére équations (IV-20) et

étudions la fagon dont la seconde équation (IV-20) pour le premier mo-
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ment q>4 du flux se trouve modifie . Pour cela | retournons zy syste-
me (IV-18) et (IV-19) (p. 59 ). On Voit qu'on doit annuler le terme
3t dans (IV-18) pour que, apres élimination de (P | dans (IV-20) la

dérivée seconde ne figure pas. De 1l'équation (IV-19) ainsi abrégée,on tire

pour le premier moment du flux

o
(1V-23) (Pl = - —3-1§D ,3)0
Dto o

)
avec a— ‘)V¢7pour la symétrie spherique )
7

+3Ds

11 est alors tout indiqué d'introduire le vecteur de la densité de

B Yad
courant néutronique J)(r, t) par

(1V-24) ?(?, f) =- DVqSO(?, t) -D grad B @ ,¢)

Si 1'on supprime dans (IV-11) (p. 56)le terme @ ¢ . /at et qu'on

élimine avec ce qui reste, ¢1 de 1'équation (IV-10), il apparait 1'opéra-

D +—’,f.. 2 ’

)
qui se confond, dans le cas de symetrie spherique , avec le laplacien

teur

2
< sA. Sil'on g'affranchit de la symétirie spherique que nous avons uti-
lisée pour établir de manieére simple l'approximation, P1 , on obtient avec
(IV-10) et S1 =0, 1'équation de la diffusion monoénergetique indépendante

du temps pour Cp = (Do

0
(1V-25) % ;? =V-(DV¢)'§¢+“'/3)°Z‘:¢+ZPH C,*s,

Dans le terme source S0 nous avons supprimé la barre qui ré-
sultait de 1'intégration de (IV-1)p . 54 ). A cette équation il faut adjoin-
dre 1'équation des noyaux meres (IV-20) (de p59 )
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oC.
v 92,00, ¢

En partant de (IV-25) et (IV-26),i] est aisé de formuler les équations

cinétiques pour le réacteur mono€nergétique ,en posant .
A ~
(1V-27) K=\)EF et H=-V.(D v).,.ia ;
il vient
1 A ’~
= === (1- +ZA C +S -
v ot (lﬁ)K‘P iiCi 5, H¢
(IV-28) rYel

Comme 1'équation de la diffusion est autoadjointe, 1'on a ¢+= 4)

L'équation de la diffusion (IV-25) est une équation fort simplifiée
non seulement par rapport & l'équation du transport mais aussi par
rapport & l'approximation P1 sous la forme (IV-18) et (IV-19) (de p.59 )

La distribution de l’énergie dans le réacteurtj'ai montré , dans ce
qui precede que sur l'exemple du réacteur monoénergétique, qu'on peut
travailler dans la plupart des cas, avec une équation de diffusions qui
est de premi®r ordre dans le temps. L'Hypothese essentielle pour la
validité de ce procedé est de se limiter & la zone lointaine, respective-
ment & des instants dans lesquels la majorité écrasante des neutrons de
source ont deja subi des chocs .

Le passage de la forme générale de l'approximation P1 a 1'équation
de diffusion ordinaire a été effectué par la suppression de la dérivee
temporelle de ¢1 .

Le traitement monoénergétique du réacteur ne représente qu'une

approximation grossiére et n'est guére satisfaigante pour la plupart des
buts en vue.Cbst pourquoi on fait usage des équations dépendantes de

1'¢énergie (IV-15) et (IV-16) (de p. 57 ) ol 1l'on aura pose’a¢) 1/’a’c =0.
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Mais m#me sous cette forme simplifiée) ces équations (IV-15) (IV-16)
ne peuvent etredécooplées et intégrées sous forme close que dans des cas
tout & fait particuliers. Ici aussi des méthodes approchées sont de ri-
gueur, telles que par exemple la méthode de diffusion des groupes. Cette
méthode des groupes rassemble les neutrons ou divers groupes en fonc-
tion de leur énergie , & l'intelrieur desquels ils sont considérés comme
%tant monoénergétiques , On obtient ains1 un systéme d'équations du

type (IV-25) (IV-26) (de p. 61 ).

Méthode de diffusion & deux groupes

Appliquons cette méthode des groupes & deux groupes. Nous divisons
pour cela toute la bande d'énergie des neutrons en le "groupe rapide" qui
s'étend de 1'énérgie de fission maximale Eo‘ (~2 M e v) a 1'éngrgie,
mettons, Ea et en le "groupe thermique" qui va de Ea aE =0, Affec-
tons 1'indice 1 au groupe rapide, l'indice 2, an groupe thermique . On

obtient ainsi pour le groupe rapide 1'équation de diffusion.

1 ’b an
2 -Tove SR DULN

(1V-29)
FORNE g Byt 0B 0T
avec !
(1V-30) 9 (r t, E) = %d‘f' GE' E)d E'
E

(avec ?(‘1?, t, Eo) = 0) G (E'—>E) étant la probabilité que la collision con-
duise & uné énérgie inférieure & E. En outre , on a admis que tous les
neutrons de fission appartiennent au groupe rapide. Le facteur /} est
supposé constant dans le groupe rapide, respt. dans le groupe lent

Le flux "rapide" est donné par

(Iv-31) NG f(’{; () t, B)dE
B
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(olt ¢)1 est bien entendu dans cette section le flux rapide et non pas

le premiér moment du flux ' Les constantes du groupe sont définies

0

par
E (4]

3 £,
/v, = 0 (9 /vt)dE/£ b BT S‘Z;¢fde/§¢./df
4 Fo e

E‘ |
11 So DVP dE/jv?d B! etc.‘

(1V-32)

Pour le calcul/ on se sert de 1'hypothése d'un spectre d'énergie

indépendant (au moins par domaine ) de la position :

(1V-33) Ot E) = OF 1) . ZE)

De méme, 1'équation de diffusion pour le groupe thermique est

Bl
(IV-34) —2 ot = V.(0,V¢ ,) D q>2+q(rt E)+S,

Ici q(f?, t,0) =0 et il n'apparait pas pratiquement, de neutrons de
fission dotés d'énérgie thermique . Les constantes de groupe. doivent

etre formés de maniere analogue & (IV-32)

La condition complémentaire prend ici la forme suivante

oC.
(V-33) - LTI Zﬁp P Zf2 9,

Formulation matricielle

Eu égard & (IV-30),0n peut introduire dans (IV-29) et (IV-34) la dé-

finition
Y dl"
(IV-36) q(r, t, E, )=
)= by
avec
¢ B
(IV-37) 3 $ G(E'- E) dE!

0,!
Fow 4
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qui définit une section efficace de freinage . Pour limite supérieure

E‘M il faut mettre la plus petite valeur de E_ d E0 /&

A 11aide de (IV-36) , il est possible de mettre les équations (IV-

29) et (IV-39) sous une forme matricielle en posant 51

v = ¢l v -2 Cl \{ ;L 10
(1v-38) @ (. t) = (¢ ) C( TH=(g)i(Po 7 |
2 2
.9y 0
(IV-39) Matrice de perte et de diffusion : H % 3
- 1
4

A
avec J, = V(D) + T T
aA

I, =-V% 0,V g,

2
“ (l-fl)\)lzl (1-0/5'2)4\)2in>

(IV-40) Matrices de production K0=

o A i 22412)
1 o] 0

v
Ceci permet de rassembler, avec une matrice de source S constante de
maniére analogue , les équ- (IV-29), (IV-34) et (IV-35) en les équations
des réacteurs d'aprés la méthode de diffusion a deux groupes
Vv v

1 ab A AV v v

o = - + +

) 5 K O -6 z-_iai C +s,
(IV-41) BC_ v .

i

R ¢ 'Ai <
Pour passer aux équations cinétiques selon (III-13) (p. 52), il faut

~ . . ..
connaitre la fonction d'influence. Pour cela, formons les opérateurs adjoints

L[ R n. oz, °
-y om0 e kTS
2 Y2 & 2

Eh supposant pour simplifier ﬂli = ﬁzi =ﬁ ce qui entraine
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A

A A A
(I1V-43) K, =(1-A)K et K /31 K , avec

1
S: V9T
3 Ve f2>
o] (e] ]

lesquels appliqués 3 la fonction d'influence d)* liurent les équations dif-

K =
v

i . : ) .
ferentielles pour la fonction d'influence stationnaire

(IV-44) ® -mod* = o

Une fois résolu cette équation, on peut former les grandeurs
n, s, Ci’ ket 1 de maniére analogue aux grandeurs du ch III et établir

de ce chef les équations cinétiques d'apres la méthode des deux grou-

pes. Nous avons & définir en particuller

(1V-45) n(t) J ¢'ba Ve ) fd)c av;
s(t) J¢de b(t) = m

f? . f¢H v
J‘¢ dev'

Aulieu des T A dans (IF13) (p. 52),l'on a l'expression -

+ —_
(") X, ¢) ﬁ)l (/311V1§:f1¢1 +ﬂi2\)22f2¢2)dv

1t) =

{IV-46) T
<4 (07 0,2 0, *97; 40V
1 f 2
1
qui se confond avec ﬂ lorsque = ¢ ™ 0 (réacteur thermique) ou Zr0
(réacteur rapide) . ! f2

Faisons encore une remarque sur la relation entre densité neutroni-
que et flux, Le flux rapide et le flux lent sont reliés aux densités correspon-

dantes par les relations h

(IV-47) ‘1) V) N1 , ¢2 =V, N2 .
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A
(2) L ¢ = 0 (équation homogene)

rendent extrémales les fonctionnelles suivantes(L ﬁ = SL

(3) J=S'Q£'L\V1 A » SJ=0
En effet en posant
@) Y, -¢, +£q>1 ’ qJ2=¢J2+$¢>2 ’

ol 1)1 et Q) 5 sont deux solutions distinctes de 1'équ, (2) et en utili-

sant la propriété (1) l'on a en effet
§7-= J[¢i +8§6] - 30 9] =S( 0, 9 QZ)’L(% +S¢) de
.j‘% /i,(g"l dy =S¢2 jiﬁp,;. dt*jg A 14)1 dt +

J¢’ Y dt+Sg¢2 Lgcp dt = O[S@&” 8’[(§¢)]qu3
(59, «Mt

En d'autres termes , lorsqu'on commet une erreur “sur les solutions de
2y , la fonctmnnelle J ne subit qu'une variation du second orde
Ofer].
De méme, envisageons l'équation avec second nombre ou équation

inhomogene)

(5) L¢i = fi , (equation inhomogene)

€ étant toujours un opérateur lintaire symétrique, possédant vn jpverse

et ol les fi sont des fonctions ou sources données, . On peut alors

poser
'

_I‘-l
(6) (Pi—L f1'¢i

!
et les ¢i vérifient 1‘équation
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Il n'enva pas de meme .pour la fonction d'influence , l'lon a

au contraire
+ + + +

ce qui résulte de ce qui suit, Par (IV-39) et (IV-40), l'on peut en offet

mettre le flux et la densité stationnaires sous la forme

A
(y Zrl'Jl)d>1 92 fz‘b 2 - O

A
=0
.9, -9,0, -0,
(IV-49) soit
. N+ LN, =0
(‘)121 TN \‘)Lz'f yr Ny

Les équations adjoﬁntes correspondantes ont pour expression

A *
w, % 98, +Z. P, -0

2
.p A +
\)22}24)1 'szz =0,
(IV-50) R
. + .2
- NT +& 3
soit lef Jl) v1 i .

+
N =90
1 2

2
4

N%E v N LTv N =0
f2 2 1 22 4
Dans les deux dernitres équations (IV-50) , on peut diviser la premidre
par v, la seconde par v_, et on trouveé effectivement que les équations
+ +
différentielles pour N1 et N2 se ¢onfondent avec les deux premidres
i + +
équations pour 4)‘ et d)ﬂ .
Dans le cadre des hypoth2ses restrictives que nous avons introduites,

il est possible d'appliquer la cinétique des reacteurs en principe & des



— 416 —

T.Kahan

substances modératricesquelconques . La difficulté principale qui se présen-
te alors est la détermination des constantés de groupes, en particulier
pour les modérateurs contenant de l'hydrogene, Cette difficulté se trou-
ve réduite si 1'on fait appel & la théorie de 1'dge de Fermi pour

la description du processus de freinage. Cette théorie dont va nous en-
tretenir le Prof. Pignedoli conduit & une seule équation de diffusion, fort
simplifiée il est vrai , qui représente assez bien le comportement

de gros réacteurs thermiques pour certains buts,
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11 Partie

Méthodes variationnelles en cinétique des réacteurs

1. Introduction . - L'impossibilité oll 1'on se trouve habituellement de
résoudre de maniére rigoureuseles équations différentielles attachées
4 des problémes de diffusion, atomiques nucléaires OU autres, ont amené
divers auteurs, (Schurniger, Hulthen , Kohn , etc) & proposer des me)-
thodes de résolution approchées 3 l'aide de principes variationnels, d'a-

spect et de maniement trgs diffe’rents. Ces principes s'appliquant tous a
des problémes de meme nature, nous avons tenté de voir, dé&s 1951
T.K.et G,Rideau ,C,R. Acad. Sc, 233 1951, (1849), J.de Phys, 13 (1952) 326,
T.K.G.R.et P, Roussoupon pos des méthodes d'approdimations variationneles

dans la théorie des collisions atomiques et dans la physique des piles nucléai«

res, memorial des Sciences Mathématiques, 1956)'il n'existerait pas

un principe plus général englobant tous les autres & titre de cas particu-

liers, C'est ainsi que nous avons été amenés & proposer le principe qui

fait 1'objet des présentsexposéset qui a regu de nombreuses applications
principalement en théorie de la diffusion neutronique et en theorie des

réacteurs nucléaires

2, Formulation du principe général,

= ’ / . . A . ~ .
Considerons un operateur linéaire L s%métmque,c'est-a-dxre

(H

/
verifiant la relation suivante

(1) gkpi 6dde =Js Tyde
T
quelles que soient les fonctions (et 6.

Les solutions satisfaisantes a

(hc'est-é-dire Qﬂi[ 6)2 - 6‘L|‘f’> L=10 (T = brans pesé )
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VAl »~ |
= - = 0
(7) L 4>i L (Lt cpi)
Elle rendrons  extrémales une fonctionnelle du type (3)
g! J—f"i "ar=\ @t WL Y-y dr
(8 “)¥ LY ( 2 2 11

o . ]
=J(L‘ f,-§,) (L - L) dT -

(¢ -1 . A A ~ .
QL Lt -y, 1 - LT Ly Y, L({/l}dt

cont f oo E :
car i 1 f2 wl par (1)
sont des fonctions dérivées

=j{V2'L Y- Y LY fz} ae

J{E‘}z (ivl -t fz} ar

A=l
en omettant le terme F1L f2 dT qui est constant puisque f, et
sont des fonctions derivées conues ,

Les ¢, rendent donc extrémale la fonctionnelle suivante
1

o
(8) J=§}‘F2(L‘\Pl-f1)-q)l fz},gJ =0

Quand on substitue 4 ‘1.) 1 et \4}2 des solutions exactes de (5) , la

fonctionnelle (8) se reéduit a

- S(yl f2 der (ou bien avec y2_>q/1 a -S(yz fld"- )
et 1'on peut ainsi utiliser (8) pour le calcul approché de cette fonction-
nelle, -
Généralement , dans la conduite des calculs, il sera commode de
transformer (5) en une équation  intégrale, ce qui va nous amener 2

~ 7/
représenter L par un opérateur intégral dont le noyau sera symetrique
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-~
quand L est symetrique .

3. Application aux problémes de diffusion,

L'équation qui régit un probléme de diffusion (scattering) en Mé-

canique quantique peut se réduire & la forme suivante (dvedr 3d3r)

(9) (Pl('?) -0, (?)+5K(~?,33') V(2§ (7) de

ol le noyau K( T,i’) est généralement un noyau symétrique[K(f’,;{’) =

o o] 7 =
=K(R P et o cpl (7) represente l'onde incidente V(&) &tant

54 (7)

le potentiel du centre diffusion

14
De meme de nombreux problémes en theorie du transport des
neutrons , se posent sous la forme d'une équation intégrale du type de

Fredholm
(9 bis) (p(?) = (A +A 5K(72,£’)¢>(7z’) d
olt les limites sont données et le noyau K (77,2} est réel, symétrique

ou symétrisable et S( ¢ ) le terme source, est une fonction donnée.

Faisons, dans (9), le changement de fonction inconnue Ql :
1 e e @NVH i ¢ -8 @ v
(1)

¢t (9) prend alors la forme

Wpour cet operateur, j'utilise la notation L =fF(?,f‘")§ } aF
qui signifie /Lt?:jF (?, ?‘) i¢( 2 ')} 0



420 —

T.Kahan

Lw 0% @

LJ{SI‘;? vt K N V) }{} dr

En appliquant & d)(' notre principe variationnnel relatif & (8) et

(11)

en revenant au ?}1 initial , nous ohtenons l'expression suivante, sta-

tionaire V8-2-vis des solutions de (9) .
0 > (o] - Y
= - - +
Tyl S‘PZ ¢)1 V dr j‘wl(@szr 5\111 Vq)zdr

(12) -S%(fﬂ VK (7 ) VE) T, (o) dF dP

Quand LP; et TV-Z sont remplacées PAar des solutions (bl et “Pz

de (9) , l'expression (12) a pour valeur

(13) s(91- -jcpgcpl V d¥,

Seule quantité qui ait un intér?t physique en theorie des col-
lisions ou elle représente 1'amplitude de diffusion (cf, équ. (17))

L'opérateur ,I: , qui figure dans (11), doit avoir un inverse
lﬂ-l pour que les conclusions précédentes soient valables, Demontrons

qu'il est bien ainsi , Posons pour simplifier 1'écriture

(11-1) HMZ 2y VD K@ EWNvE

On cherche un noyau G(;? ?') tel que soit vérifiée 1'équation

(11-2) Jﬁ(f‘n jg-», Ko ’?')}d‘?«" §

I
= ) A A -
car g(l?-r') est le noyau de{l‘operateur unite I (I¢/(r?)

"‘u

= 8 (?-'i?’)d)(r') = d) 3 (11-2) fournit 1'équation intégrale suivante
pour %(?,?"),
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= =D g > D '/, 2un “>'
(11-3) Jg(r,r') = (r-r')+j?(?§r ) P , BN dET
La résolution en est immeédiate car en appelant r (?', ?‘)
le noyau résolvant .relatif an noyau (F, 7y, il vient

(11-4) 4&’,‘?') - g(?-'?') TR,

avec la forme bien connue du noyau résolvant

(IL. 5) [ (F, T = 7B, r')+j2{ # (r’, Ty +.

: . . . - =2
Ceci montre l'existence d'un inverse a gaucbe . Mais G(r, r') est

aussi un inverse a droite puisque 1'on vérifié

(IL, S)g g(? s WE ?'}Jg(z’ﬂ, 71y dr”

>

=gr-r)-7{(?,r') +F i e
%r 2T @0 oy a7 -
) d

§@-
D'apres la définition mémeFu noyau resolvant | (?, T ) .

4, Diffusion en Mécanique quantique ,

Nous allorg appliquer , d'abord a titre d'illustration, la théorie
générale qui précéde aux problemes de diffusion de la mécanique ondula-

toire , Dans ce cas nous avons & considérer 1'équation

(14) [vz 1 ovR]le P o, -
et la solution de celle-ci qui se réduit & l'onde plane 4) e ,

Ik } =k, en l'absence du potentiel diffuseur v (r) . On sait que cet-
te solution vérifie 1'équation intégrale (ci. L.l Broglie , de la Mécani-

que ondulatoire a la théorie du noyau , Hermann , t.IIIp. 35(55) et
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Mott and Massey , Theory of Atomic Collisions 2 ed. p. 116 (3) -
Kahan ,Revue de Physique Théorique Moderne, . 11 etc.
ii?l v (K| FF| .
o o _ V(T ry 47!
(15 ) =e 41r —&ll = VO ¢ (P oF

et admet la forme asymptotique

=

> 1 > D eikr
- e + Ky —
(16) 0,0 =, (0 <
-

2 D
ob  f(k_, k) est 1'amplitude de diffusion dans la directiun rb de

N
1'onde ipncidente suivant &1 , dont la valeur dans la direction -£2

est donnée par (cf, Mott et Massey cif p.114 (30)]

> ® K. ¥
1 2 = =
(17) f(K:l,- £2) = - Tnj e V(©) ¢, ) dar

el

'id ~
Cette expression f( zl,-kz) est , au facteur - 41/ pres, la

valeur stationnaire (V-S) . de la quantité

1k r -
(18) -4 J[v]= -4Trfyb1{ V.S. (e AR

2 -7
! 1 — D3
+§ ?)P,0 of
- )9 VTP dr
) . ek\?—r"l N
‘;59’2(?). V(®) 5 V(£ \Plfr') dr’ df

comme il résulte de nos formules (9) & (13) . La méthode variationnelle
fondée sur la formule (18) est une des formes que peut prendre le prin-
cipe variationnel défini par ( 8) .

Je vais indiquer maintenant la généralisation de notre méthode aux
bosons et aux fermions.

Généralement, 1'équation de diffusion (14) est écrite dans le barycen-
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tre de deux particules semhlables, On sait qu'alors ltindiscernabilité des
particules est responsable de phenoménes d'échange régis par la stati-
stique particuliére suive par les deux particules, phénoménes qui ont
pour effet de modifier la valeur des sections efficaces obtenges quand on
ne tient pas compte de cette indiscernabilité . Si le vecteur &1, qui
donne la direction des ondes inciden‘tbes, est pris pour axe des =z et si

->
6 désigne l'angle entre -kl et -Lz , la quantite' qu'il est intéressant

de connaitre est f(6) + f(1" -8) , avec le signe + on le signe -sui- L-Z-z

vant que l'on considere des bosons ou des fermions, ol l'on a posé
o bl
ih,, +’32) = 1(17-6)
. . (*) » . .
A partir de maintenant, nous noterons ‘P ) (r) la solution de 1'équation
=

intégrale suivante relative & une onde incidente suivant ’L 1 :

- @) Ty o KF-F .
(18-1) q)i (ry=e v -I—.rs:%Tl— V(r")

x o @ @,

-2
tandis que la solution relative & une onde incidente suivant - k ) sera notée

4)4(-) (?) et satisfera a 1'équation intégrale

o kT (R O -
(18-2) 4)1 ™) e "I ) TR V@, () &7

Quand le potentiel est uniquement founction de la distance | ¥/=r , on

vérifie aisément la relation
(18-3) O 3 -6 @

Si 1'on tient compte de la statistique (effet d'échange), la solution exac.e

du probleéme de diffusion s'écrit !




— 424 —

T. Kahan

1

<q> IRNE
(statistique de Bose-Einstein ),
(d): m - ¢1(-)

(statistique de Fermi- Dirac ),

(18-4) ]
2
et il. s'agit de tenir compte, dans le principe (18), de cet effet d'échan-
ge. Reprenons donc (18) terme a terme., A la fonction d'éssai Q ('r_'))

+) - =) -
que nous notons & partir de mainténant Vl( )(1?) , associons \114( )(x?)

+
relide 2 W(z) par

T () > >
(18-5) VOR - v ®
\ . (+) ) (=) =
En d'autres termes, les fornctions W, et Y (r sont
+
des valeurs approchéds des solutions exactes q)j (%) etq)A

On fait la meme convention pour la fodnction d'essai \\/é (rj . Il est donc

nécessaire d'introduire les combinaisons

- ( ) (=)

— Y . L +y
. + Yy m@_u?z Y, )
(suivant la statistique adoptée) dans une formulation variationnelle devant
tenir compte de 1'échange.

Puisque j'ai & calculer  £(6) + f(T7r -6), j'aurai respectivement 2
ajouter on retrancher les valeurs de (18) relatives & + ?2 et a - 1:;
Soit

V(n) Y(ﬂ @) dar +
iR T _ .

— 1k[r =l
- Ljv‘*’ () V(r) —'%—W V! )\y( (*") dr' dP
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> S
-1k2.r
e V(r) \|/1 dr +

j 11?1 r — () _)) 5
+]e Vir) Y, (r) dr -
(18-6) Yo

_W(f) V'\?z(-) =

) ) e1kr -r!
-—SW‘ ) V(r) T?;_—-fj;,—— V(r‘)\{f ' drdrt

D D

Etant donné la définition des founctions ,

-y (r) et 1{/ )(") on vérifié a1sement la sgute d'égalités
7
3“3 2 T v @ a? -
(18-7)

+ e
iR, 7 1[?.r -) _
=i5(e A )V(r)\l’; (F) dF =
keF KT
J(e 2 +e ) ()(”) +Y/ ) dF
¥

e V(r) (\_\7;+) ) i_\{72(') @) dr =
(18-8) =+Se'ik1'r vie) @) @ P @) e

) ikl? -fﬁlr
=?Se + e ) V(r) (‘/‘2 r) +\‘f( 7)) dr,

(18-9) =1ju71‘" B Ve B @ ) ) -
%S(\V( )(r) +\?‘ ) () V(r) (\Y( ) (r)+\7(+2) () dr ,
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1k\r-r'|
\'(+) = ‘(-) € r! ( ) | |_=
S% G2V, B oy WO VWY, ()
ik| ?- r']
1 e
(18-10) =§S\I’( 3 \V 7)) V(r) TP V(@) (V
+\|/(')(?'))d?d?' .
. R? R 7
La quantité L (e ! te ! ) représente 1'onde incidente
V3 Z
suivant la direction K, quand on tient compte de la statistique. De
20 R P -k 7
méme pour la quantité — (@ !  +e ! ). Donc, finalement, on

obtient les deux principes variationnels ci-dessous, directement applica-

bles , soit aux bosons » Soit aux fermions

£(6) + (1 -6) =
» g
elkz-r . c-1k2.r )
= V.S. vir) =, @) dr +
iR P -11?1‘[1?

1
e +e (+) Y
(18-11) t —— i) ™ @) dr -
V3 e
JeP @ e mPeae-
4
ik| ¥

() e ()3 2 42
41}-5“& (Z) V(r) W-[ V(r) EA (r)d?' dr}

f(6) - f(w-0) =
S

iR .¥F -ik.T
= V.S. {(f_z_e_z__ vy = O )(’) ar
2

ik_.r i21?2.f’

e 2, ©
+S Vi) =, B) df -
\E

(18-12)
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— (=) o -
A=y =Y @ -
2 2
- ~>‘ N

k\P-p'
L= ) ?) V(r) fi-—r; V()= (-) (?) dF dP"
4= 9 \?-?"[ — 4

+ -
™) et E‘( ) remplacent les quanti-

Dans lesformules précédentes, E
tés
\[1_ 7m0 o« @@ 7 @)
2 5

et représentent les gonotions'  ©Ssal qui doivent étre utilisées . On no-
tera qu'elles sont assujetties a 1la condition d'étre paires dans le cas
de la statistique de Bosge- Einstein' et & la condition d'ére inpaires
dans le cas de la statistique de Fermi - Dirac

Nous allons montrer maintenant comment (18) permet d'arriver aux
méthodes proposés par Kohn (Phys Rev. 74 (1948) 1763 - Hulthén , XO

Congrés des Mathématiciens scandinaves - Copenhagye 1946) .

5 Méthode de Kohn - A l'aide de la fonction g de Dirac, on peut
2

2
mettre 1'opérateur T =¥ +k sous forme d'opérateur intégral dont le
’ ’
noyau G(;', ) est evidemment symétrique . Ceci étant, 1'équation (14)
s'écrit

V(5 @ - S GF 7 d(»(i?') d
avec I=(VZ+ kz) = G(;'), ?’){---}d? ,

En posant

(20) o, P+ = ¢ @

(19)

) ’
on obtient, pour les ‘Pl (r) , 1'¢quation integrale suivante
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l_ = 1 - D 1 l__,
(21) O@D - @Dl == oF P b, (@) dr
! ! ) JV(r)

oll j'ai posé

(22) 0@ =V, @ .

’
En écrivant notre principe variationnelrelatif aux q’)l , on obtient une mé-

thode de ealcul approché pour la quantité
i("E1+1'? ) ?
(22) -S e
-»

2V dF- AT ich ohy)
. =
si bien qu'ep revenant aux (P initiaux, l'amplitude de diffusion f(ﬂl,-ig.z)

est , au facteur 47 prés, valeur stationnaire de la quantité

>
(23) 497 1 &1 , -Zfz) = V.S.Ug(?)[fw{v(?ﬂ

iK , .
_Je 2 [t sz{{—/I- (®) dr”
oll j'ai utilisé

(24) [vz + sz]: 5(}(:1‘-") [L} R .

Pour le calcul de la dernidre intégrale de (23), on utilise la formule de

Green :
S(fg“g - g%) ds =5(fvz g- g7 dt,
9 n
lrfl étant une fonction d'essai que l'on supposera avoir la forme asympto-
tique - _I_? .
) Ve o

On conduira le calcul de la fagon indiquée dans le memoire de Kohn
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(cor. cit. p. 1766) . pour retrouver exactement le principe variationnel
qu'il & proposé.

I a lieu de remarquer que le principe (18) que nous proposons,
bien que découlant de la méme méthode, fournit Néanmoins une preé -
cision supérieure a celle obtenue par la méthode de Kohn . En effet,
en prenant pour fonction d'dssai simplement i'approximation d'orde zéro
(onde plane), le principe de Kohn fournit la premigre approximation de
Born, tandis que notre principe (18) donne directement jusqu'a la seconde

approximation,

6. Méthode relative & 1'équation radicalede la diffusion.

Nous allons maintenant déduire les méthodes relatives & 1'équation
radicale del'équation de la diffusion directement de notre principe varia-
tionnel général. A cet effet, prengns pour les fonctions WI et ‘\Pz

qui figurent dans l'expression (18) un devtloppement de la forme

©
\T/I(?) = (2n+1) " P (cos 8 A ( rx"l ),
n=0 "

N\

(26) e N , .
Y, @) =Z (1)1 P (cos 'Kzn )AL,
[¢]

>
o /\n (r) a la forme asymptotique

in',
- e . nTl ' =
27 — ALILUEIN =
(27) /\n(lrl)r‘.)w —sin (kr -~ + a). Y m)
> -
la direction '&1 étant prise comme axe des =z et la direction { 9
ayant pour cordoonnés polaires { @ ,0) _)} 0 72?
4

Nous aurons également 2 utiliser le dévelop-

(
pement suivant ‘t)

(k) Mott-Sneddon, Wave mechanics and its application Oxford, 1948 p. 386
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K ]?-I?'l
e

1 £ ful) B

Taw VR o r,

(28) SL(Ar)zJ"ZdI,; iy (i)
2
ﬂ, \) { gk DEED T )

ainsi que l'expression

1
—— Pcos (@, 7
T co(,t

P (cos . P = F;(cos 6) P (cos 6') +

n {
(n-m). o m ,
+ 2 DE () P™ (cos 6 ) Pn (cos 6') cosm (P - )
(6 , ) étant les coordonnées polaires de , (8] ') celles de r' . Bien
entendu le potentiel V(r) , qui va intervenir ) ne dépend, par hypothese, que

de 1a distance 7 A l'origine ( symétriie spherique ).

Ceci étant, (18) se met sous la forme

[+]
417: (2n+1) -1)" P (cos §)

[ f @ € O () V(r) dr -

(30) ]
- {r e’ v ar
(o]

-;ljrn(r) V(r)f(k y )Sk r) Vir') [ () dr dr’],

ol j'ai posé
ro(r
Az =

Quand Vi et “72 sont des solutions exactes (Pl et (1)2 de 1'équation

d'onde , il est clair que Amdevient L (r) , solution de 1'équation
n
différentielle radicale,relative a la valeur n du moment cinétique . On

— . '
obtiendra des et differant peu les d) , et en prenant
1 2 « 2
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dans (26) des /\n différant peu des Ln(r) . La variation des \_}?2 et
Vz ainsi obtenue n'est pas la variation la/plus générale, mais c'est

la seule qui importe dans le cas de la symeétrie sphérique que nous
envisageons ici, La prémiére varfation de (30) qui résulte de cette varia-
tion radicale, doit ®tre nulle et, par suite de 1'orthogonalité des poly-
nomes de Legendre, la premiére variation de chacune des quantités entre
crochets de 30 est nulle, Quand (‘n (r) se confond avec Gn(r) =L (r),

n
cette quantité entre corchets devient égale &

2in,
e -1
2 ’

ik
@)

)
oll PL est le dephasa se habituel Done, l'expression entre crochets
[

provenant de (30):

2, o
e -1 2 i 1
- = V.8 = \Fﬁ:"* J oy (ke)l, (r) V(r) dr -
Zik2 k 50 2 ntft
o 2
(30) - f (T ) V() dr-

o)

1 [~
- ;ﬁn(r) vir) P (k r7);n(k r,)

X Vel (') dr drt
fournit une méthode variaticnnelle de calcdl approchée des déphasages En

meéme temps, (31) donne 1'équation intégrale que doit vérifier G (r), &
n

)Remarquons que la fonction G (r) introduite ici differe de celle que
1'on trouve dans Mott et Massez , cit, ch, Il et ch VII, en ce qu'ele a -

la forme asymptothique : in

C

n

-"‘*("&."--nﬁlz-!-'ﬂ ).
tn
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® savoir

] l\’il}it
(32) €E =\ Jn+1/2 (k1) -

%fﬁf(kr)}(kr)wr) (r" dr' .

Nous allons maintenant établi:' en détail les calculs conduisant &

la formule (30) . Procédons terme 3 terme .

a) Calcul du terme :

eikl?-?'l
1 — .)' o >
- ‘_gyfz () V(r) SN Vi), (F )\Vl(?') dv dr!
Nous effectuons d'abord l'intégration sur d?' en tenant compte du

fait que (Pl (?) ne deépend pas de ‘p'. Ce qui donne

1k‘? 17'
) T R 0

S = 1 n
-y X -5 (an'+1) @+ 1)i"B (cos 0)
n'=0 n=o
o P ( ke_) 3, (kre)
X fjon Vi' VA )
0 T e n
AT
‘ an,(cos 0') P_(cos 6) sin 6'd6 .

En utilisant les relations d'orthogonalité des polynomes de Legende

il vient

)

Valiron : Théorie des founctions (Masson ) p, 207

i)
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1kl
l_f-j_j_-’_'T V(rh \{.{1(13) dr =

o0
+
Y- M cos 6
n

n=o ‘ﬂ'

SOY—"—M m‘n)‘ "(ég\'(r')AM(r'z) dr' .
<

Nous devons maintenant effectuer l'intégration sur dr
P) et ainsi en effectuant d'abord 1'in-

(30-2) =

. La varia-

ble n'apparaitra que dans 1{/2(
tégration sur LP nous ferons disparaitre les termes de \}/Z(r qui con-

tiennent cos m\P et il reste

- 1k B-r ’
:11_’751/26?) V(r) —l—r-ﬁ—‘- v(r") q/ (r &7 drt = %
T o2 v (g' 7) (£\
2T %'_ S (ant1) (2n'+1) in+n' cos @ /\(") (")’_",;—:-

(S°,3> B} -_yz,_ n'=0 n=o

X V(r) A et drde
m

X Pn(cos 6) Pn‘ (cos B)sin 6d6 =

O Sy

(2n+1) (-1)" P (cos @ )

© (kr )3""'
x [ A V(r)gﬁ—’;)—zi—

(o]

H
1
ael_
oM

X V(x) A (r') r2 o' % g e

6 Calcul du terme
-J\K(?) V(r) T/;(I?) v .

-
v (r) V(r) ne contenant pas P, en effectuant d'abord l'intégration
A
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sur P ¢n  élimine les termes de \72(?) qui contiennent cos m4p,

et i1 reste

(30-4) - f’w’;(ﬂ V) Y ()

Mg

@nt1)2nrtn) i P, (cos ®)

0
:-271’2
n=o0 0]

n'

n n

X j'/\ (r) Vir)A 2 dr
(o]
)

2 2
x g (A ()" Vi) e dr,
Toujours en utilisant les relations d'orthogonalité des polyngmes

de Legendre,

Pour le calcul des deux termes restants, on doit utiliser le de-

veloppement bien connu #9
iR? > n .>/\.>
(30-5) = 2. (2n+1)i P (cos R.F)
n=o n

aCl
-— J
X \/Zkr n+1/2(kr) ’
et en employant le développement {29) des polynf;mes de Legendre , la

quantité S
. d ——
¢) gelk'r vy U @ a

L. de Broglie , loc. cit p, 20 ,
T.Kahan , Precis.. de Physique Theorique t.II (P.UF)



435 —

T. Kahan

devient, apreés élimination des termes contenant KID par intégration sur

5 1k2.
30- NP
(30:6) e V(r) \{/4(1‘) dr

2 nen
=21 S 2 (2ntl) (2n'+1) i P, (cos @ )
n:

T 2
. I\I-z—k; Jnﬂ/z(ki)vm A (1) x" dr

i .
y 50 P (cos 6) P, (cos 6) Sin6 d6-

18

= 43 (2nt1) (-1)" P (cos ®)
. — :
X 2\/’2% Jn+1/2(g’ 1) Vir) Au(r) T
Le calcul du terme

=
1ki r
d) e V(r) \Vz(a &
s'effectue de la méme fagon . La encore, les termes contenant k’J et pro-

venant du développement de \Vz(ﬂ slelimine 1t par intégration sur }? et

1'utilisation des relations d'orthogonalité des polynomes de Legendre don-

ne
iR.r _
(30-7) e ' V(r) VB ar” =

[+9]
= 4T § (20t (-1)" P_(cos ® )

n=o
[ = 2
I
X fo\/m Tavyy, ) V0 Ao etar,
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Si bien que l'expression (18) devient finalement

]
(30-8) vz (w1) (1) " P (cos O )
[—‘; f\{'\'kr nty, (kr)l (r) V(r)dr -
- f ()’ V() ar -
(e}

0
-é Q"n(r) V(r) _f(kr7)}(kr<) V(r") I"n(rl) dr dr! ]

7. Méthode de Schwinger déduite de notre principe général (3)

%

Nous allons montrer maintenant que la méthode de Schwinger " se
déduit de notre principe général (3) en donnant une forme convenable &

/ .
léquation intégrale (32) . A cet effet, introduisons une nouvelle fonction

\%(r) reliée A G(r) par ,
-
?‘n(r) 2kG (r) —

n cos
n

Cette nouvelle fomnction vérifi€ alors 1l'équation intégrale

A u kr .
(34) J (r) = J nt1/, ( kr)
L'_l..)n oo\/ T kr7
L, 2 Jn+1/2("r7)
T kr
d'olt 1'on tine; .
(e
(35) tgy = j 2 Jn,,,l/z (kr) V(r) -?n(r) dr

&)J.SChWinger Confér:é‘nces ine)dites, 1947, Blattand Jackson, Phys. Rev,
76 (1949) 21 .
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On peut alors écrire (34) sous la forme

(36) 4 (x) =f@<r,r') Ve 4 (e art

aprés avoir posé

- 1 T kr rk ! ,
(37) @(r, rf)z P JT Jn+1/2 (kr)l — Jn+1/2 (kr"y +

'11 KL T Kr
X \ 2 Jn+1/2 (kro) 2 J-n-1/2 (k rv) )

On symbdtrise finalement le noyau précédent en posant
(38) K ) -7 4,0,

et 1'équation prend la forme

A -
?;:)C f{{gr-r') R (r,r')\fV_(rT)-g‘...} dr'

En appliquant alors le principe (3), on conclut que l'expression

(40) cotg T, ° V.S.{Bz (r) V(r)dr -

1)

kr

Jn+1/ 9

Tk
X \{ _— / (kr>) V(z) ‘-f ydr dr' +
1 kr
+£— . %E Jn+1/2(kr) V(r) fn(r) dr:'

a une valeur stationnaire pour les solutions exactes du probléme de diffusion,

(40) fournit la méthode de calcul approché de cotg 7 n proposée par
)

Schwinger

(%) cf -, par exemple, Blatt-Jackson, loc. cit , p. 21, J, Schwinger Loc.
cit,
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'
8 Géneralisation(l) a4 des opérateurs non symétriques du principe va-

riationnel général

A

’ N ‘

Considerons un opérateur lineaire L et 1'équation homogeéne (sans
second membre )
(41) L¥ =0
avec sa transposée hermétique

A+

(42) L ¢p=0

Nous allons montrer en appliquant notre technique générale que la

quantité

(43) J=J¢i+ L Yar,

nulle quand (P' s v' viennent coincider avec le soutions @ et W de (41 et (42)
respectivement, ne différe de zéro que par des termes infiniment petits
du second ordre quand (P' et Q)—' different de (bet l? par des infi-

niment petits du premier ordre . Posons en offet,

9 -4+ 68 9 -0:39
Il vient alors

gJ =g¢'+l '\p'dt =
=S(¢+$¢>+ Lo(w+6y)de -

=§({¢)+ 1Yy at +S¢+i§4’ dt

La premiére intégrale est nulle par (41) . Quant & la seconde, elle peut
s'écrire
(I) P. Roussopoulos, C.R. Accad. Sc. Paris t. 236 (1953)1859) Kahan - Rideau~
Roussopoulos, loc. cit, 22
(2) A 2 e

l'opérateur adjoint L  adjoint & L est defini par

(43-1) (v L¢dr=jH+q/$¢>d%<WI1|¢> A
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Sqﬁi Op ac [ g‘f’ff dr]+ = 0

en appliquant la définition du transposé hermitique (adjoint) d'un opéra-
teur et l'équation (42) .
Le cas plus complique del'équation inhomogéne ou avec second mem-

bre ou Q et (P sont solutions de
A

(44) LV = f,
~ 4

(45) LY =g

~ /
se raméne au précedent en posant

1 ~ o]+

—_— = A
V=V-us Q=¢-u g,
—_ )
ol @ et 1) verifient maintenant des équationsdu type (41) et (42) .

11 vient alors

+ oA -1+

(46) J=j¢ LP de 5 -0 gLy av
ﬂ_& Lyl @7t -
S ey A7 L o] eV
=S[¢'i\p'—¢'f -cpiq)w(pf] dt
foTw o1t -ep e o]
Finalement , nous pouvons écrire
gg+’4) dt
(47) . N - V.S.U\p"’ tdv +S\y rgdv -
JPar—" (o -
' T Ly de =
o+ to+ + A
SUS 0y - e Lyl

M 24 iht

A -1+_('L-1+»+ 441 -1 -1

) =(L)
+ . + oA
En effet del=1 (1 L) )L, on tixe (L' 7y "5(L ) . Si L est her-

-
mitique (LH1 =171,
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La notation V.S, sighifiant comme précédement , que la quantité au pre-
mier nombre de (47) est la valeur stationnaire (ou extrémale) de la foi
ctionnelle du second membre.
Les formules précédentes se simplifient quand /I: est un opérateur
A

~+
hermitique (L =L) car nous aurons & considérer alors comme équa-

tions

A +
Ly = ipnly =Ly, = 6,

(47)s'écrivan‘c dans ce cas

X d )
+
(48) g 2 (Pl ———=V.8. S f dT+SU 1+ fl dt -

—
e {‘ri 2 2
SV{Z 5&‘;1?{“}

Remarquons que le principe variationnel (47) contient a titre de cas
particulier notre principe variationnel pour opérateur symetrique (8).

Ce principe s'écrirait

S\ﬁ fy dt A
- ! P ' - '

(49) —-vs. (% f,d ug%fz at S o' Ly, dr},

f o dt 2

\ ) N

= ! + () (!

VS ) ) -y, L)

V'l e’c\f"2 :etant des formes approchées de tyl,\yz solutions des équations

differentielles
, A~
50 = =
(50) Lyl f1 ) L \Vz f2 ,
A A A
L étant un opérateur symétrique tel queS'\P,' L 7y dt =§&Pz L, d < . Nous

montrerons aisément que (49) est identique & (47) en envisageant L

sous forme d'un opérateur intégral

(51) Lo ={r (x,xné(x) ot
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al
Si L. est la combinaison de dérivées de divers ordres il suffit alors de
les remplacer par des opérateurs intégraux dont les noyaux sont des
dérivées de divers ordres de la fonction S , de Dirac (cf. p. 7,11 ). Ce-

. . » / / ]
ci étant, on déduira aisement que le noyau propre au transpose hermiti-

gd" 'i } L (1),

et que le noyau d'un opérateur métrique sera lui-mémeune fonction

-~
que de L sera

symétrique de T et ', Des lors, la seconde équation ( 50) qui s'écrit

5i<'r ) Y, (1) 0T = 1) = (0L (2w
pourra se mettre sous la forme
gd~t'ty2(r')+i +(1:',1:) = f2(-:)+ )
ce qui permet de conclure que, dans le cas des opérateurs symétriques,

les deux équations

sont équivalentes .
Il suffit maintenant d'écrire le principe variationnel (47) en partant

du compte d'équation

+ .+ +
Ly =f . LY, =f

pour retrouver le principe variationnel (49).

On peut généraliser notre principie variationnel pour des systémes

d'équation. Envisageons par exemple le systdme homogéne
A
(52) L (g;) =0

les Lj étant des opérateurs différentielles ou linéaires. E notation vecto-

rielle , (52) peut s'écrire
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(53) K= o

qui est du type (41) . On peut alors montrer que l'expression

(53) J=J(?.1)$' a

est extrémale on verifi€ 1'¢quation adjointe & (53) .

Considérons ,a titre d'application,l'opérateur symétrique

(55) L — (@ ) te., Li=L23.m
i

. Iy .
ou les alJ et ¢ sont des fonctions des coordonnées xi et a‘] =331

N~
une fo nction telle que (56) L(f= 0 avec les conditions aux limites

(57) (a” )
dxj i S
C'est le cas simple op $= 0 dans (41) et (43) prend la forme
(58) J = _S\ﬁ,‘f;d - -Sv%{d— (aij Ed;{}:? )+ cxp] dt=
i i
d 2
- 5&;_ 1J _\L)dt.l.j 1J d\psﬁ dt - 5(_? de =
S —‘fn.dS+ aLlJ ik d\l’d'r f p dr
i
] dx

= 1] —‘P%-C}"Z]dz,
J

conpte tenu de la condition aux limites (57).
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Soit maintenant le systeme

d i df

(59) * @y w ) GaA 0
i ' i

oll
,j=1,23,....,n e &/1=1,23, ..., m,
et
ij _jo __ij’ -
(60) YaT A T M
avec les conditions aux limites

.. &
(61) @l 427y -0

dxi i’s
Dans ce cas , le principe variationnel & appliquer est du type (54).

Contentons -nous d'énoncer le principe sans le démontrer :

. A
(62) J=5la;73,, ay d—(f— -cmy‘kpﬂ] dr
j

dx,
i
(58) et (62) jouent un rdle important dans la méthode de 1'hypercycle lor-

sque la métrique n'est pas définie positive )

9 Principe variationel général, c mme extension du principe de

Ritz-Rayleigh

L'inconvénient des principes variationels de 1la forme (47) ou (48)
est de feurnir une approximat on dépendant de la normalisation particulie-
re adoptée pour les fonctions d'essai. De plus, appliquée, 4 la mécanique
quantique, ils fournisseat une méthode de calcul qui ne différe pas essen-

tiellement du calcul des perturbations . dont on sait, par ailleurs, les dif-

6K)cf. J.L. Synge, The Hypercycle in Mathematical Physics, p. 292 et

(Cambridge Unniversity Press, 1957)

L. Cairo et T. Kahan, Variational Techniques in Electromagnetique, p. 58
/ Bmacjoe Mp,dp,; 1965
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ficultés . Aussi donnerons-nous maintenant un principe variationnel géné-
ral; extension du principe Ritz-Rayleigh qui dans SO0  application & la
mécanique quantique , échappe aux objections précédentes. Un cas parti-
culier a déja été, étudié de fagon d'étaillée par Schwinger, Blatt et Jac-
kson (loc.cit,) et utilisé pour la détermination des dephasages dans un
champ de forces centrales V(Q).

Rappelonsd'abord bridvement ce qu'est le principe de Ritz-Rayleigh(l)
Nous allors » 1le déduire audemeurant par la suite (65) (83) de

notre principe variationnel géneral [ e probléme posé est celui de la déter-

mination de 15 plus petite valeur propre de
A A
AY =NBY,
A
oll A et B sont des opérateurs hermitiques définis positif . En uti-
lisant cette derniere hypotht;se, on peut poser

D- 3lay,

de sorte que nous sommes ramenés 2
1
. =
32 542808

7
le probldme de valeur propre la plus simple possible, On vérifie aisement

que 1 1

A ~
Aar=B2aB %,

)
est comme un operateur hermitique défini positif. On peut alors démontrer

que "
(63) M= v.s. (@29

’
(I)Pour les details cf. par exemple comant -Hilbert, Méthoden der mathe-
matischen Physik ,ou Schwinger Lect. Nots Haward j . 1947) .
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En effet

o, A1) _
S | - 56, Ard) +
(¢.°) (‘Pl‘))z (¢'¢) \.( o ¢)

+(9, A69) - (50,0 + (q>,5€>ﬂ (¢ ,’2\'¢>},

A
est en tenant compte de ce que A'¢ = A‘b donne

A - (0; AA'¢!
¢,

pour les solutions exactes q) , odn trouve’. aprés 1'utilisation de 1'hermiti-
cié, une premitre variation nulle, Notons que dans cette «démonstration,
aucun usage n'a ét€ fait du caractére d'opérateur défini positif de A'.
Ceci n'entre en jeu que
dans la suite desdémontrations permettant de conduire & la conver-
gence du procédé vers la plus bassevaleur propre d'opérateur.
Ceci rappelé, envisageons de nouveau des équations de la forme
A A+
(64) Ly =f L¢-= fz,
la quantité que nous voulons calculer étant
+ +
(65) Q =ff2 tvdﬁSflcv de
on peut alors r'écrire les équations (64) sous la forme
+ —_
f f 1 !
Jre 6 )9 dr
+ ) 1 1 i
{1, @ P(ende
1 +
-5 § v fePlen ar

A+ 1 +
- Q—+Sf2m )@ () dr

P
(66) LV-= 1

les opérateurs intégraux du second membre étant bien conjugués hermitiques
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d'aprés ce qui a éte dit plus Iaut.

Sous cette forme (66), la détermination de 1/Q est ramenée a la

’

resolution d'un probléme de valeurs propres généralisées ,

(68) Ty - Mg
LY =AM
avec 1'opérateur (69) AM = éSfI(T) f+(t')%. } dt’

probléme au quel on peut &idemment appliquer le principe de Ritz-Rayle-
igh , tout au moins d'w. point de vueformel , car le fait que lesopé-
rateurs intégraux dans (68) ne sont plus obligatoirement définis positifs
nous obligent Arenoncer aux développements classiques sur la convergence de
la  méthode,

Nous obtiendrons donc
- -
1 SOt Prde
= = VS,
Q S o a3 a
e ¢, )(jw , 49
qui pour le cas particulier ot L est hermitique s'écrit

ot O
(10) s ) S gee
Q ‘v'+ fl d#Z

A
car dans ce cas la seconde équation de (64) était L'P B fl on doit pren-

(69)

>

dre ¢'= qJ-' . C'est un principe de la forme (70) qu'ont utilise Schwringer
A
Blatt et Jackson dans le calcul des déphasages, l'opérateur L étant alors

un opérateur intégral symétrique réel , donc hermitique.

10, Unicité ou multiplicité des principes variationnels.

Nous avons p« associer a' méme type d'équations deux principes
variationnels (47) et (70) , sensiblement différents, par 1le calcul de la

meéme quantité . Aussi peut-on se demander si les principes (47) et (70)
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sont les deux seuls que l'on puisse associer & ces équations du type (44)
(45) , ou si, au contraire, il serait possible d'en trouver un plus
grand nombre, C'est cette seconde partie de l'alternative qui se trouve
réalisée,

En effet, posons
o+ ﬂ 'l+ /\;__ — +
(11) d=V fdr, =)Q Lly'dr,Y=Sq)'gdt,

et considérons une fonction analytique

F(oh /3,y )
& laquelle nous imposons d'2tre stationnaire vis - & vis des variations ¢ '
et (' autour des solutions exactes de (44) et (45) et de se réduire 3
la valeur correcte de X quand 4)' et P" coincident avec ces solu-

tions exactes .

11 suffit pour cela d'imposer la condition
Fla, d, &) = &
quel que soit ¢, mais ceci entraine

OF(r, 4,4) |, IF@F, ) 5/3/&4,%»-“—5%; 1
ap ot ,

PR

et en tenant compte de ‘Yﬁ = J & +gr , la condition de stationnarité

donne les variations S d |, S/ étant arbitraires,

§F@4,4) , IF(a,&,0) OF(ARd), IF(haA)

J ¢ LY ¢
d'ol résulte
(s, a.d)  IFad) OF(Ro,d)

Od a9 o

Mais F étant supposé analysique » il existe au moins une valeur d~0 de
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0’*4 ﬂﬁd, autour de laquelle elle est développable en gérie de Taylor

En portant les développements obtenues dans les derniéres équa-
tions écrites, on obtient des relations entre les divers coefficients de la
série telle qu'un arbitraire illimité subsiste dans le choixe de ces coef-
ficients,

Le résultat est {gut autre si nous cherchons un principe variation-
nel F(A ,/J s x) indépendant des normes particulitres des fodnctions
dessai v oet @'. Si en effet la norme de (' est multipliée par #-,
celle e {' par 4, o est changé en /;o(,x"}aj# ¢t/3 en /A-y’

L' indépendance  Vis-2-vis de la norme, entraine que soit véri-

fi¢e quels que soient 4~ et /.w'

Flacapp )/l p'V) = F(4,f0.)
1
choisissons en particulifr /r' =f ,/"-';1( , il vie;?t
Lo
Ar
et F (A / Y ) doit etre une fonction de la seule quantité Y/ et la
condition que F(A /I ,Y )= & quand & =ﬂ = ¥ conduit & prendre

F(a 4.7) = F(1,

.Y

Fldys.4) = S=

c'est & dire le principe (70),7.5‘3. On voit donc que ce principe se distin-
gue de 1'8nsemble de tous les autres possibles ce qui sans doute, a fait son

intéret et son succes,

11, Principes variationnels généraux de la théorie des collisions en

’o .
mecanique quantique.

En écrivant sous différentes formes, convenablement adaptées les
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equations fondamendales de 1la théorie de la diffusion (1), nous avons
pur deduire tout un ensemble de principes variationnels, appblicables
spécifiquement 4 la théorie des collisions (cf. aussi plus haut 54, p. 74
Ces principes ont déja été ¢énoncés par Schwinger(z) , Schwinger et

(3) (4)

Lippmann , Goldberger , mais aussi sans autre justification qu'une

simple vérification :(g¢a'colle")on trouvera dans notre Mémorial des Scien-
) ’

ces Mathématiquesla théorie detaillee et la justification rigoureuse de

ces diverses méthodes.

12. Opérateur linéaires particuliérs en physique des réacteursnucléaires

Les équations linéaires qui décrivent des systémes intéressants en
physique des réacteurs nucléaires peuvent toujours etre mises sous la

forme

A A A
(72) L¢=1f ,(L=K-H)
ol ¢ représente la distribution d'état inconnue , IL est un opérateur
linéaire et f’ est vecteur donné, (dt’ecrivant d'ordinaire unc<source exte-
rieure S si/':est relié & la conservation des neutrons ).

Le cas homogéne f=0 est inclus, pour vuque l'opérateur }Jf
implique un parametre indéterminée }) pour assurer l'existence d'une
solution ; ce cas peut ttre connu comme limite (singuliere) de 1'équa-
tion in_homogene lorsque f tend vers =zéro et le parametre s'approche

d'une valeur propre.

(1) T.Kahan G. Rideau, P. Roussoupoulos loc. cit. p.14 & 22, p. 28 a 49, etc.
(2) loc, cit.

(3) Phys. Rev. 79 (1950) 469)

) Phys. Rev. 84 (1951), 929 .
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Bien que la détermination de ¢ fournira toute 1'information sur
le systeéme d'écrit par (72), l'on s'intéresse d'ordinaire & la moyenne
pondérée

+ +

(73) (€. ¢ )":S g¢p dt
ol g+ est un certain vecteur donné, d'habitude une quantité du genre se-
ction efficace, plutat qu'un vecteur complet ¢ . Comme il est en général
possible de deviner  grossikrement la forme de la solution en s'appuly-
ant sur des raisons physiques , le probléme de calcul revient & convertir
cette information de médiocre qualité en une seule pigce déinformation
précise en ce qui concerne la valeur de (g+ ,@) .

Notre principe variationnelle permet de le Faine, Définissons le
vecteur adjoint ¢+ correspondant & ¢ comme solution de 1'équation

adjoiinte

(74) L ¢ =¢

et considérons yde nouveau, notre  fonctionnelle

+ + + + o4
(75) J[¢,cp'] N0 L9
+
ol les arguments ¢',¢ sont maintenant 3 regarder comme des

/ 14
reacteurs arbitraires indépendants . Si,soit @ , soit ¢ Ysoit l'un et

l'autre verifient (73) et (74) la fonctionnelle o - oot - ¢7]

se réduit a

+ +
(76) (¢ .n=( .9)
H+
Pour des variations petites des arguments ¢' ,0 autour des solu-

X +
tions exactes q) ®" , l'on a de nouveau:

(1) §1 =S+ €4, 1
-84, L) -9, 86 -0
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Il en re,sulte/une fois de plus, que des erreurs du premier ordre
dans les fonctions d'essai (I)'+ et @' (mettons de 1'ordre de 10-1)
n'éntrainent  que les erreurs du second ordre dans( g+, ¢') (donc
de l'ordre e (10-1)2 = 10-2 ) ; de plus, le meilleur choix parmi toute
une classe de fonctions d'essai peut se fonder sur la propriété de

statiorm::wit(—if de J . Remarquons que si la classe (2) -
, .
est en effet 1'équation differentielle inhomogene (7*)
A -
(a) Ly (x) =1(x) ,

liée c¢i & certainsconditions aux limites, Par inversion

~ o1
(b Y=L ).
ou
(c) f(x) =S f(x') §(x - x) dx'
d'olt , puis que‘i n'agit que sur les coordonnées non primées (X)
(d) P = T i) - "L‘lff(x') S (x1-x) dx' =
=5f(x') L -1 g(xhx) dx',
dif
(e) ?j"f(x') G(x', x) dx'
G(x, x') étant l1a fonction de Green de (a) , ave~
(9 G, x) % LS o)
d'oit
~-1
(g) L Gix', x) = X(X' - %)

~ 79 g
Si par exemple L =.a—x , on peut mettre @ (x'-x) sous la forme q'

une intégrale de Fourier

G Carir-Kahan loc.cit. D (Paris et Blanche (London)
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ik(x-x")
1
g(x'-x) S— ge dg‘ ’
27
alors ik
A1 ik e
T ik
ikx
A A-1 ik ik A e ik
(en effet L L et e =T ” =e1x)
11 vient alors pour la fonction de Green
. ik(x-x")
~oq 1(a-1 ikx-x') 1 (e
n = . =— S | rrrr——
G(x,x)=L7§ (x'-x) ZWSL e dk zng ——dk

permise de fonction, d'@ssai n'inclut pas la solution exacte, l'approxi-
mation "optimale" choisiepar le prinzipe variationnel sera relative &
la fonction de poids w(x) dans le produit scalaire, puisque w(x) définit
1'importance relative aux différents pointsde 1l'espace des phases (r'?, '\'1))
des écarts 2 la solution exact M .L'utilité de la fonctionnelle (75) ré-
side dans le fait qu :lle fournit une estimation variationnelle d'une mo-
yenne pondérée quelconque de la solution.

En particulier, si on choisit g+ successivement comme umsérie

de vecteur de base, ou peut évalyer les composante§ correspondantes
de ¢ et, par conséquant/ le vecteur solution complet,

En plus, notre principe comprend la plupart des principes variation-

( 1) Tout opérateur linéaire nous 1'avons vu, est représentable (moyennant des
fonctions S)s»ous forme d'un opérateur intégral (note surp bl - bis)

() b= Sw(r') H( r,r") @(r") dr'

+
ol w(r') est la fonction de peids , avec (b) H (r,r') = H(r',»)
La fonction de poinds peut étre éliminée , en posant

(b) ¢(r) = Jwr) ¢(r)
— |
(d) H(r,r") = Vw(r) H(r,r") w(r')
sans changer les symetrie du noyau H. Au demeyrant, la libdrté dans le choix

& le fonction d'essai peyt atre utilisée le cas échéant pour symétriser les
équations du systéme,
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nels utilisés pour les problemes lindaires, titre de cas particuliers. Si
At A +
1'opérateur est autp -adjoint (hermitique) L =L et g =f, alors

+
¢ =det (75)se réduit a :

(78) pf6] =2t .pn-n Lo

(1) (2)

fonctionnelle utilisée par Kourganoff et indépendament par Huang

pour lg solution du probléme de Hilne
..
Pour le cas homogéne, f=0, sil'on remplace L par
A~ - A A

A - L ot Isl est 1'opérateur unité , alors

A~
(19) Lol = @ Lo agndn
La condition que J2 est extrémale est justement la condition que
(q)f ﬁgp) soit extrémale assujettie A la condition supplémentaire que
(9, ¢ ) soit maintenu constant, (la valeur propre A apparaissant comme

multiplicateur de Lagrange ) et elle est équivalente au principe de

Ritz-Rayleigh que

a
(80) Iy E (—ﬁ(—éﬁ%l (dit quotient de Rayleigh)
soit stationnaire,

On peut aussi admettre des fonctions d'essai de la
forme c ¢' et cﬂl-(i)'+ ,ou ¢ et c+ sont des amplitudes scalaires

3)

. N : . . :
indépendantes a choisir de facon a rendre ] stationnaire

Enportant dans (75), il vient

(1) Kourganoff, V. Basic Methods in Transfer Problem, Oxford U. P (1952)
p. 141,
(2) Huang , S. Phys. Rev. 88(1952) 50

(3) Davison B, Neutron Transport Theory Oxford U,P. (1952) p.141,
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En portant dans (75), il vient

ey a0 ] g pnrcptn e (o,

+
En égalant & zéro les derivees de J par rapport & c et ¢ conduit

+
a4 ce qui suit comme choix optimal pour les amplitudes ¢ et ¢ (1)
I+
(52) (9 g o)
|+ ,
H¢ (6", fig

En portant (82) dans (81) conduit & une fonctionnelle jndépendan-

te de la normalisation

(83) [ ] L_fx_g_m

:+ % (quotient de Rayleigh géne’ralisé)

(2)

dans le calcul de diffusion, et par

1(4) a

(83) & été utilisé par Schwin ger
(3:

Francis , et al, dans des problémes neutroniques; Goertze

donné une autre démonstration de (83) . Il definit le scalaire )\ par

(84) X= 1 )

+
et il multipli& (72) cad. L@ = 1, pour 1= A(g,)pour obtenir

(85) T =ng, )

dont 1'équation adjointe s'écrit

“”""“5’i- €, ¢0-c @ fen-o,

c)"' 0' f)-c(@' s Hd}')=0
((2))Phys’ Rev; 78 (1950) 135, H. Levine et J. Schwimger, Phys Rev, 75(1949)1423
Francis , N, Stewart .J, Bohl, L, et Krieger T. , Seconde conferénce de
Gendve , Pager A conf, 15/ P/ 627  1947),
( )Goertzel, G. Discussion at the Gathriburg Conference on Neutron Thermali-
sation , may 1958,
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+

(86) IR YUt

Comme ces équations sont mises sous la forme avec 7\ comme valeur
propre, le quotient de Rayleigh généralisé (83) peut étre utilis¢ imé&dia-
tement pour fournir une estimation variationnelle dge /A =(g+,¢) . Nous
voyons dont que la démonstration indiquée par Goertzel en 1958, n'est
autre chose , formule par formule, que notre démonstration 68) & (70)

(p. 99) parye dg's ‘956 (1)
Si

Ho=1-(T-00-0-k0, $= Ko+,
g+=f et K+=K, alors (83) peut s'écrire
(@) o[ 6] @Le-(e R ¢)
4-)1

{puisqu'une fonctionnelle différente de zéro sera stationnaire si son inver-

(2)

~ A
=] - K, de sorte que les équations du systéme deviennent

=%

se l'est) ; c'est 12 le principe utilisé par Marshak pour le probléme

de Milne
~ ’
Pour le cas d'une équation aux valeurs avec H remplace
A + A+ -
par AI- L ,f =g =0,e H =H, etprenant c¢' comme fon -

ction d'essai, 1'on obtient
J[q)j= C2 (’), L ¢’ c2 i ¢,¢)
(88)
a‘L = 2 [(4) Hb) - M (b, ¢) ¢)] -

Comme 1'amplitude doit étre dlfférente de =zéro pour une solution non:

triviale , il en résulte

(1) Kahan - Rideau - Roussopoulos, loc, cit (1956) p. 24. 25
Cairo - Kahan Blackie, loc. cit. p. 53
@) Phys. Rev. 71 (1947) 688 .
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(9L ¢)
( q‘r¢ )

ce qui est le quotient de Rayleigh obtenu précédemmentcf. (80) ) .

)

13. Lagrangien et équations d'Euler.

L'analyse précédente (}) 12} présuppose que les équations linéaires
(i 9 =f)p. 102 et (74) (L+Q +=g+)(p. 103) sont données et on en conclut 1tallure
stationnaire de la fonctionnelle (75) (p.lo 3 )L E¢}¢]=(g BN+
+ d’+, f) ¢'+i @') La reciproque est aussi vraie et conduit a 1'interpré-
tation de J comme le lagrangien du syst®me 2a partir du_guel on peut
obtenir des équations de définition (équation d'Euler) ui appendice (—A I &.ﬁ.r,_)
Supposons en effet que la fonctionnelle (75) soit stationnaire pour de
faibles variations indépendantes §¢+ et 54; autour des solutions ¢+,
et¢p . Par l'équation (77)(r-|c3).

A A
(90) €-1'¢, 6¢)+ (S0t -Té)-0

s
Comme 64) et S¢ sont arbitraires, les composantes des facteurs re-
~
stants s'annulent dans. ioytes les directions; le car#ctére stationnai-

re d¢ J entraine dans les équations

+
(91) To=¢, 1o -¢ .

Par conséquent, étant donné les équations lintaires décrivant le systé-
me physique, on peut écrire immédiatement uneforme lagrangienne J de
la quelle les équations peuvent &tre déduites et qui fournird une

estimation pour toute fonctionnelle lintaire desirée de la solution,

9. Signification et importance de ]Ja fomnction adjointe

De nombreux travaux ont été consacrés ces dernidres années
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pour interpréter et utiliser la notion de fonction adjointe , en theorie
de la diffusion neutronique , en particulier en physique des réacteurs
nucleaires,

Nous allons , dans ce qui suit mettre en relief la significa-
tion de la fonction adjointe opour un systdme arbitraire. On obtient de la
sorte un point de vue plus général.

Pour le systéme réactif linéaire, nous avons vu que, dans 1'état

stationnaire (acp/'a t = 0), 1'équation prend la forme

(92) 0= ﬁq-)ﬁ% S

et s'interprgte comme une équation de continuité ou ? représente le
flux neutronique, S une gource extérieure, % un  opérateur de
production et ﬁ un opérateur de pertes (absorption et fuite)_
Le parameétre est une constante déterminant la multiplication (neu-
tronique) du systéme et sera pour l'instant supposé inférieure a la valeur
nécessaire pour la criticalité I\CL )\CXcila source extérieure ne
sera donc pas nulle partout.

L'équation inhomogene (92) a un terme de gomme (Szf). Comme
les conditions aux limites non nulles peuvent se traiter comme des
sources singulidres, notre équation (92) se mettra sous la forme gé-

nérale
A
(93) L=t

“ A A
avec L = 7§ K-H et =38, avec des conditions aux limites homo-

génes . La fonctionnelle duale

(94) ; =Sb ax [6F @ -n-g0]

a
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+
donne , par variation de ¢) et (p, l'équation (93) et 1'équation ad-
jointe
A+ o+ o+

(95) L ¢ e

A+ + A +  +
avec L defini par qp ,LP>=<L¢,;{)>

L'équation (93) est dite parfois 1'équation dy systeme, et¢ ,
la fonction du systéme

Remarquons que (94) peut se metire sous la forme
b N 2 + +-
(96) J=S dxlib[L b -8 ]
a

Lorsque (93) et (95) sont satisfaites la valeur de la fonction

nelle. J est donnée par 1'une des deux expressions

b
(97) - w g6 = - (2¢)
a

=J
b
(98) . j dx 1(x) ¢+<x> = -(f,qf)/
a

(omme en général le choix du terme inhomogeéne g+ dans 1'équa-
tion adjointe est dans une mesure trés large, arbitraire (en théorie
des réacteurs, on prend pour g+ la section efficace , correspondant
3 un certain processus physique donné) Nous disposons de beau-
coup de liberté pour choisir une grandeur intéressante J, reliéé

) . . -
au systeme , qu'on desire obtenir avec une précision du second ordre.
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Pour mettre en évidence la signification de la fonction adjointe

dans le cas général, considérons 1'&ffet d'une source unité
(99) i) = §x-x)
En portant dans (98) il vient
+
100 = -0 (x
(100) $x)

En rapprochant 1'équation (100) de 1'équation (98) , on voit que la
fonction adjointe est la contribution d'une source unité a la quantité in-
téressante J. Dans ce sens, la fonction adjointe est une fonction de Green
pour une certaine quantité reliée au systdéme (en l'occurence J), la quanti-

+
té étant determinée par le choix de l'inhomogén{eité adjointe g .
Lorsque 1'équation (93) ﬁ_,lp =f est un probléme de valeur initiale
. L A + 4+ + N
alors 1'équation adjointe (95) } L ¢ =g doit €tre un probléme de

valeur finale,

Soit par exemple 1'équation
A
(100-1) L (x, )y} =1{(x, t)
et la fonctionnelle

T b ‘s .
(100-2) J = g dt dx| ¢ (Lo -1)-g (x, )p(x 1)
0 ja [¢'@e ot

La vgleur de la fonctionnelle est chacune des deux suivantes

T b t
(100-3) J= -g dt g dx g+(x, t)c‘) (%, t) = -f dt < g‘;¢ >
[0 a (o]
T b N T N
(100-4) J= -5 dt j dx (%, ¢ (x, 1) =-S dt<ig >
(4] a (o]

Soit f la source unité
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(100-5) f(x, 1) =€ (t-t ) g(x-xo)

L'équation (100-4) devient alors

+
(100 - &) 1--¢ (x ) t) -

Dans un systéme physique, une source telle que (100-5) peut affec-
ter l'avenir , mais non pas le passé, Avec cette source (100-5) ,d) (x, t)
doit étre nul pour des temps precédents to (pour 'c<t0 , TP (x, t}y=0),
et 1'équation (100-3) devient

T b ‘
(100-7) J= i dt S dx g (x )¢ (% 1)
a

=0
La fonction adjointe est donc une contribution intégrée & la quantité

intéressante J pour l'intervalle de temps to < tg T. Sil'inhomogénéite

adjointe est une condition de valeur finale , alors
+ +
(100-8) g(x, )=¢ &t -T)
T
et 1'équation (100-7) devient

b
(100-9) J= -S x ¢ (%) ¢ (x T)
a T

et la fonction adjointe est la contribution & une certairne quantité telle que
J, & llinstant final T .

Dans un sens, la fonction adjointe ¢+ peut étrecongye comme
offrant une description plus fondamentale du syst®me que la fonction du
systéme 4) . La fonction  nous dit comment le systéme (réacteur)
va se comporter pour une source extérieure particuliere donnée, La fonc-
tion adjointe, d'autre part , nous dit comment le réacteur répond 2

des sources en général .
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, 4
On peut presenter ce résultat sous une forme differente,
Tant que le systéme est sous critique ()\ <A ) , la solution for-
2%

melle de (92) peut s'écrire
A _
(101) $= L f=(H-XK f

Dans la repm{séntation coordonnée , on utilis€ les fonctions propres de
1'opérateur coordonné  x, dont chacune peut étre étiquetée par la va-
leur correspondante dv x (c.a.d q_)x) plutét que pour un indice
. . (1)
t .
entier n (c'est 4 dire 4)n) :
102 x! =§ x-x!
(102) ¢ (x) =0 (x-x')

On a alors pour vecteur arbitraire W :

(103) Lyx = gdx' 5(x-x') ¢ (x) =¢(x)

~ N
(104) Lxx' = dx'“((x-x’") dx" LY (xm, x“)C((x"—x')=L(x, x')
L(x, x") étant ici le noyau de l'opérateur/}... Clest dire que la represén-
tation d'opérateurs abstraits tels que i, et de vecteur abstraits tels
que \v sous la forme d'opérateurs intégraux et de fonctions inte’grales
peuvent tre considérée comme une représentation de composantes dans
laquelle des fonctions delta sont utilisées comme vecteur de base
(cf. 102) , Si la sommation dans ce cas intégration formelle sur des indi-

ces répétés est sous entendue , les équation$(93) et (95) peuvent s'écrire

=%
o

105 O N
(105) xx! x! x’  Tx! x',x-gx

puisque Lxx' = Lx'x

M ators pour | quelconque @ =F, C() -2 @+¢ )P
n'n n n
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D(;s lors (101) , s'écrit dans cette représéntation coordonnée

comme
A A -1
(106) ¢ = (H-MK) £,
x xx' X

Cette représentation en termes de source (f) du flux ‘Px au point

X ,dﬁ a4 une sgource externe au point x' (c.a. d g(x-x') ) fois la
; ~ -1

source exterieure présénte au point x' sommé sur x' ; (H -)\K)xx,
est just®ment la fonction de Green G(x, x') du systéme : (c.-?l.d ¢>x =
=5 f(x") G(x, x') dx') ., La solution adjointe de (95) s'écrit de la méme
fagon sous la forme

(107) ¢: - - K ) g

xx!

[(ﬁ/\ﬁ)'l++* 1-1 +
= - g _ - -
xxj x' (H -AK )x'x gx'
. At ]l A-1+
puisque (L) =(L )
A Aa ]t el oAt L A+-1 -1+

En effet, de 1 =(L17) =(L7) L onkee L) =L .

En faisant appel & la meme interprétation que tout & 1'heure,pour la fon-
+
ction de Green avec les arguments permutés, le flux adjoint ¢x est
/evidemment donné par le flux en x' d% A une source unité en x,
+
multiplié par la section efficace g en x' et sommé sur x' (c.;. d)
1)+ =5(x' x) * , dx')
b’ s %) & ) ,

C'est dire que le flux adjoint en x est précisement la vitesse
avec laquelle le processus physique, représenté par la section efficace
+
g se produit dans l'entier espace de phase du systéme lorsque’on
introduit une source unité en x, Il convient de faire observer que
toute quantité du genre section efficace peut &tre utilisée pour la sour-
ce adjointe et que chacune donnera ljeu & une solution adjointe distjncte.

La déduction précédente demeure valable seulement pour un systeé-
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me sous critique , Pour discuter le cas homogeéne avec f = o , nous allons
le considérer comme un cas limite lorsque la source extérieure
s'annuje tandis que le parametre }\ tend vers la plus basse valeur pro-
pre, Pour effectuer ce passage & la limite, introduisons les vecteurs pro-
pres du systéme homogene

A A + A
(108) H ¢n=)\n K(bn’ H+pn =%IIK +¢n+

A “
L'opérateur H - XK a pour résolution spectrale

A

(109) H-XK =3I (An-)\)?<¢n(¢; )

2 (1)
et son inverse s'écrit

e $n + 2l
(110) (H - )K) o 4 . K

comme le développement de Schmidt usuel pour I'opérateur résolvant. La

A A
solution de (92) (de p.110) c.a. d (92) Ht’)=)\K¢+f, peut s'écrire

+ A-1
@ K 1)
(93) $-2 ¢

—n'
A n
+ 2-1 . .
oll (¢ , K " f) est l'intégrale du flux qui engendrerait des neutrons a
n

A1
la méme vitesse que la source externe K  f, fois son importance par

(1) ) ?W=%§an¢n,avecw=§an¢n;
S H¢n=)‘n4>n’ (¢n’¢m)=gnm

p=E¢_® .y

fy- 120 (67 v)-Z T ¢ -
=Vznann(q)r+1 'W) , d'ou

TIZh @)
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rapport & la source adjointe,

On peut maintenant envigaser le cas ol A tend vers la valeur
propre la plus basse /\O correspondant a la solution de 1'état
permanent pour le systtme critique . Si nous faisons maintenant décrdi-
tre la source extérieure A la meme vitesse que Ao- )‘,.: alors tous

lestermes impliquant des modes supérieurs au premier mode s'annulle-

1
ront et la solution pourra s'écrire comme (1)
S |
@ - K1)
94 T —
(94) ¢ T

Physiquement, le réacteur se comporte de plus en plu comme un
systéme sans absorption pour les neutrons dans le mode le plus bas do
si bien qu'un neutron donné et ses descendants (ou sa prﬁgéniture ) dans ce
mode échappent aux pertes pendant une longue période, alors que des
neutrons dans les modes supérieurs sont pendussensiblement 3 la
me&me vitesse inde’pendanmment de la valeur de )h A la criticabilité,
il n'y a pas de perte nette de neutrons dans le mode le plus bas, et
son amplitude croitrait linéairement avec le tempsl si la source extérieu-
re ne s'était annulée elle aussi.

L'équation (94) devient exacte dans la mesure ol )\0 s'appro-
che de M. Il en résulte que la forme du flux prés de la criticabilite
sera celle du mode le plus bas, indépendant de la distribution de source
gui ne déterminera que 1'amplbtude relative . Par conséquent, la fonc-
tion d'influence (importance neutronique relative a4 n importe quel
processus physique qui peut se produire dans le réacteur sera la méme
fonction ¢: (x) & un facteur d'échelle Pprés, en d'autres termes, les
differentes fonctions d'influence correspondant & chuque processus phy-

sique dans le systéme sous-critique tendent tous A se confondre (aux

(1) En effet )50-) >0, f50avec) -) Fo,siifo.
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amplitudes relatives pres) lorsque le réacteur devient critique, Ceci est
raisonnable pour des raisons physiques car un réacteur critique ne peut
entretenir le mode le plus basdaps 1'état personnel ; & mesure que le sy-
stdme s'approche de 13 criticabilite,€s neutrons avec leur progéniture
persistent assez long temps pour oublier la distribution de source,L!"m-
portance" d'un neutron relativement aux différentespositions dans 1'espace
des phases d'un systeme critique peut donc se mesurer par n'importe
quel processus physique et pas seulement en termes de densité de fission

ou; de niveau de puissance ,

I A, Application des méthods variationnelles a 1'équation de diffusion

4 deux dimensions

Le formalisme qui vient d'etreprésenté peut étreutilisé , par exemple,
pour ramener de manidre systématique 1'équation de Boltzmann aux diver-
ses formes Simplifiées generalement mises en ouvre en physique des
réacteurs,en partant avec la dépendance complete vis - & vis de la position
de 1'énergie et de 1'angle de diffusion .

Au ljeu de proc@der ainsi, nous allons, avec Salengul, considérer
une application choisie de fagon & illustrer lesgenres d'approximations
qu'on peut utiliser pour réduire un lagrangien donné & une forme plus sim-
ple, bien que les résultats finaux présentent un certain intéret intrinséque.

Le motif et 1'intér&t principal qu'il y a a re)duire le lagrangien mul-
tivariant est d'établir un certain type de compromis entre les buts op-
posés, d'une part d'une simple description qui diminuera la quantité d'infor-
mation mise en jeu et par conséquent le temps consacré aux calculs,
et d'autre part, d'une précision suffisante pour représenter les traits phy-

siques essentiels du probléme .
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A titre de cette application, qui conduit au type d'approximation
la plus simple, considérons un probléme a deux dimensions dans lequel la
composition est une fonction arbitraire de deux coordonnées, Cette situa-
tion peut se présenter dans le probléme d'une répartition plus uniforme
de la puissance dans un réacteur en redistribuant le combustible ou en
changeant les propriétés du coeur (partie centrale) comme fonction de
la position ., L'effet sur la réactivité (1) et la distribution de puissance (en
particulier si le réflecteur entoure complétement le coeur ) se trouve com-

pliqué du fait de la non séparabilité de 1'équation de diffusion,

L'équation de diffusion & un groupe peut s'écrire
1
(95) V.V +2 O =V ¢,
a K f
(2)

ol k est la constante de multiplication du systeéme qui est introduit
comme un parametre commode & valeur propre. Si le systéme est ther-
mique et sensiblement homogeéne pour les neutrons rapides, ‘P peut &tre

considéré comme le flux thermique, & condition de faire le remplacement

-B
(96) VE 2P e toi
f f

2(3)

oll B est le facteur de forme géométrique et Z'. p et Tsont res-
pectivement le facteur local dit de fission rapide, la probabilité de ewite de
résonance et 1'fge neutronique . Comme (95) est auto e—adjointe, son
(—I)P_our-Tr—é_acteur infiniment grand R = C ( C = criticalité)

() 1a reactivité est la quantité 8C = C-1on écrit aussige =g'7£ , h =v§/ia
+ +a A - o
(k=(N' R N) (No, HN).K =op de production H = op de diffusion et de pertes
0
(3) Les Anglo-Saxons appellent B2 le "Bakling" de la distribution ?n
e
De 4 wn("?\+ Bi ‘{I’{T’)I ¢ il resulte Bg = - A.Pr/lyn a le second membre(flamvage)

est une mesure de la convexité de la surface v, (Xy,2)
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lagrangien peut s'écrire
(97) 1 [e] =5du [D (72T ¢%. %o}‘. 2]
a f

On a omis les termes provenant de 1'intégration par parties qui four-
nit le terme de fuite ; l'espace fonctionnel ne comporte que les fonc-
tions qui verifient des conditions aux limites, de sorte que des variations
de flux aux limites ne fournissent aucune contribution., Pour fixer les
les idées, supposons que le réacteur soit uniforme suivant la direction

des z et que sa sectiondroite soit dans le plan (x, y) soit rectangulaire

A

Pour approcher en détail la distribution de flux, choisissons un

produit de founctions dépendant separément de x et de y

(98) ¢(x, y) = 4)4 (%) 4§'(y) .

Comme 1'équation de diffusion est homogene, il sera commode de

normer les flux moyens dans les directions x et y de la fagon suivante

L Loy s
(99) b, (x)=1, gdyqbz ® =L
ou l'intégration s'étend sur le réacteur &ntier

Le lagrangien réduit est alors
ad, 2
- 2 2
(100) J [Ql,cp;l -gdedy{(bl Digy ) *
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d¢, 2
2 " 2 S 2 1,2 2
+6, D‘dxl) t 2P ‘Pl\):f‘Pz],
et les équations d'Euler correspondantessont
d2él 2 1
- + +D. B ==v2
(101) P 2 (zal DB "% f1¢1 ’
dx 1
d2 2 2 1 )
- + +D_ B = — V2
(102) DZ 2 (Z 2 Z)CPZ k f2¢2
dy a2 2
ol les coefficients sont donnés par
2 _ 2
(103) D)= dy ¢, ()D(x y), Dy =\dx4 (x) Dx,y),

2
oy T - jdy 6" TN T e [ex $l0Z (y)

105 ¥, =§dy By WS (% 3) 0k, ) =de¢f (W3 (x.3)
f f

J (d?iz g dg, 2

dy D(x,y) dx() D(x,y)

(106) Bf(x) —— . By s ——
decpz (y) D(x,y) x| () D(x,y)

Comme les deux équations sont couple’es par les moyennes des
2
sections efficaces, on peut admettre une valeur de 4)2(y) , calculer Bl(x),

puis admettre une valeur de (t)? et calculer B2 , recalculer ¢2 et

ainsi de suite. Pourvou que ce procédé¢ itératif cc>2nverge, il définira un
ensemble de flux self-consistants q>1(x) et th(y) qui fournira la meil-
leure approximation produit, 4’1 ¢2 pour le flux réel . Les facteursde
forme Bf et B:' donnent 1les fyites appropriées dans les directions
transverses correspondantes. Le procédé est 1'analogue exact de la mé-
thode de Hartree-Fock pour le calcul du champ self-constant en physique

atomique.
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Ayant obtenu des solutions self-consistantes des équations (10:)
et (102) , on détermine une valeur de 1la constante de multiplication du
systtme k par chacune d'elles. Pour établir 1'identité des deux valeurs
propres calculées de cette fagon, multiplions les deux équations respec-

tivement par ¢‘1 et q>2 et intégrons-des ; il vient

2
facgiv E

(107) k=

! de , 2 2
de Dyl deq’1 (247 *DyB))
2
de(pz" 2
(108) k= i,

2 2 2
de D, () +de4:2 €, * D,B)

En faisant usage des définitions (103) & (106), il vient k1 = k2 et que
les deux sont égaux 3 la valeur de k obtenue en posant

J[ch ‘<P2] ¢gal a zero :J=0 il stensuit que les valeurs calculées pour tout
ces équations sont cohérentes comme il se doit, La dérivation variationnelle ass
que la distribution de flux résultante est la meilleure solution (comme estimée p
1'effet des erreurs sur la valeur propre)a l'intérieur des limitations imposées

par la condition de séparabilité.

II, Applications du principe variationnel au probléme de Milne .

Nous avons vu que maint probléme de la theorie du transport
des neutrons se pose sous la forme d'une équation intégrale du type

de Fredholm

(1) o (%) - )jL (x,x) ¢ (x1) dx' + S(x)
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ol les limites sont données , et ol le noyau L(x,x')est réel symétri-
que ou symétrisable,

Si la solutien exacte de (1) est la plupart du temps inconnue, il
est relativement aisé de trouver des solutions approchées (pa(x) .

Si 1'on pose alors

(2) ORRRORETTIS

le probléme revient & trouver des valeurs raisonnablement correctes pour
Y(x) . Portant (2) dans(g), il vient

(3) \{)(x) = )‘jL (x, x')q)(x') dx' + f(x)

ol

(4) f(x) = )J L(x,x') G (') dx' - §_(x) + S(x)

Si d'autre part, G (x0 - x) est la fonction de  Green de (1)

c.a.d. {(}(x) =5G(x, xo)tb(xo) dx°3 1'on a

(4) G(x_,x) = A j L(x,x') Gx_, x') dx' + D L(x,x )
Al de notre opérateur intégrale
L (x-x") - L(x, x') ... dx ,

les équations (3) et (4) prennent la forme
1 = f s
(3" Lo (x) (x)
1 =
(4" L G(xo, x) L(x, xo)
Notre théoréme montre que les deux quantités

(xO)L(x, xo)dxo et f(xo)G(xo , X) dxo
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sont égales 24 la méme valeur stationnaire (S.V)
)g(g(x ) L(x, x )dx /(G'(x SX M(x )deSV(x JL(x, X )dx
(%) Ny.s..
gf(xo)G(x , xo)dxo/ SGi (x—axo)Ly (xo) dx0

oll G'(x,—xo) et \';‘(xo) sont des valeurs approchés pour Get y . Nous

savons par ailleurs que la fonctionnelle (5) garde sa PTrOpPriété gis.

tionnaire: indépendamment de la signification particuliere de \y(xo) s f(xo),
5 x et L .

G(x )xo, e (%, xo)

Un cas particulier important est 1'&stimation de

lim SL(X X )(')(x) dx

XD w
Si
lim L{x, x ) = 0 et lim S§(x)=0
XD o ° X o
l'on aura
(5 bis ) lim G(xo, x) = Mxo)

X > 0
ol /u est un facteur constant & déterminer dans chaque cas particu-

lier par des considérations physiques. Dans ces conditions

(6) lim ‘{}(x)Lx x ) dx /vjf(x x)dx
X->w

= /wjf(xo) (Pa(xo)dxo t 4 f(xo)\!)(xo) dx0

Le dernier terme de (6) peut étre évalué par exemple par notre

principe variationnel mig soug 1a forme particulitre de Schwinger

L )f(x )dx
(x )L w (x )dx

m ) pixg) o,
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Il ne nous a pas été possible de déterminer la direction de l'erreur
dans (5) (par exces Ou par défaut). Toutefois dans le cas de
l'e'quation (7), on a montré (1,2,3.4) que,sous des conditions particuli2-
res imposées 3 ?, et f(xo) , la fonctionnelle (7) est un maximum,
Nous notons aussi que notre fonctionnelle (5) nous fournit une
estimation de {/(x) pour chaque point dans l'intervalle d'intégration, en

contraste aux méthodes exposées dans (2), (3) et (4).

Le probléme de Milne,

Nous allons appliquer avec J. Devonght, la fonctionnelle (5)a
la détermination du flux de neutrons (ou de photons) dans un milieu
semi-infini diffusant de manidre isotrope et sans capture , qui est li-
mite par la vide et qui entretient un courant constant venant de
1'infini : c'est le probléme de Milne

La situation physique de ce probléme de Milne est assez bien re-
produite par la surface extérieure d'un réacteur nucléaire sans €écran

Il se pose aussi en astrophysique sous la forme du transfert du
rayonnement de l'intérieur du soleil vers sa surface,

Ce phénome\ne est essentiellement régi par les mémes équations
qui gouvernent le transport des neutrons dans les réacteurs

En réalité, c'est 2 propos des problémes soulevés par le transfert
radiatif au sein des étoiles que la plupart des recherches ont été

entre prises sur ce probléme majeur de Milne,

M) J. Devooght , Phys. Rev.]II (1958) 665
(2) J. Le Caine, Phys Rev. 72 (1947) 564
3) R.E. Marschak, Phys, Rev, (71) (1947) 694
(4) B.Davison, Phys. Rev, (71) (1947) 694
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. 1
Ici nous avons A = 1; S8{x) =0, L(x,x" = -2-1§‘(| x-x’ et
1'approximation de diffusion nous donne ¢a(x) =x , clest Adire
1
f(x) =3 E3(|x|) , ol

® -t|xl
En(|x1>=£ S 4t

t

Comme lim L(x, x') =0, on pourrait appliquer aussi bien (7) avec
>
(cf. (3)f

(8) (@ = lim S\L(x,x')q)(x') dx!
X._>00
puisque lim f(x) = 0
X -0
et obtenir
(9) Y () =/§ S: E (x) xdx +

0 2
[ _;_ S) E,(x) \ '(x) dx]
o0 1 00
g W'(x) dx[{v'(x)-i J El(\x~x',)y'(x')dx-

)
Des considerations physiques (cf (3) et B, Davison, Neutron Transport

+p V.S

Theory (Oxford U. Pr, New York, 1957, p.210) montrent que /L= 3. Notons
que la solution (9) n'est autre chose qu'une estimation variationnelle bien
connue de la longueur dite d'extrapolation en théorie du transport.

Si d'autre part, nous voulons déterminer 'Y(oo) par (5), nous pren-
drons LV'(x) = zo et en remplagant G(x, xo) par [cf. equ, (2)‘]
(2" ¢(Xo) = (Pa(xo) +p (xo) =x_*+z , nous obtenons
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® ) o
(x *z )= E_(x )dx -z E (|x-x\|)dx
) \,}(w)=vs o fo o 02 3o og 2 o 1\ o\ 0

ol | 1 I
s + — ! ' '
L (x0 zo) zo 5 X El(\x xol) z0 dx0 dxo

d'oll il résulte par intégration

3+z
7
Y (=) = 5%

Le résultat dépend de la normalisation choisie pour ¢ (x) [a -

Z
o]

travers ¢ (x)] mais si l'on prend une valeur compatible avec un sché-

mg itératif, il faut prendre z, = V(oo) ce qui donne immédiatement

Y( ) L .o rom

=\

qui differe de moins de 0,5%, de la valeur exacte 0,7104 .

Il rested déterminer \r(x) pour tout point du milieu & 1l'aide de
la fonctionnelle (5) . Comme la fonction de Green pour 1'approximation de
diffusion dans un demi-espace sans capture est

2T + -2 -
| x xol m|x xol s

nous choisirons 1la fonction de Green approchée suivante

(11) G'(x, x)= 2m \x + x| - 27 |x-x | +4THw)

qui jouit de la propriété suivante :

lim  G'(x, x) = 4¢[x° +y ()] ,

XD o

c'est-d-dire A= 401, cf (5bis )p.124) . L'association de l'équation
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(5) avec (3) conduit &

00
I(\)ﬁx | -fx-x g+ 2y (m)]_ E,(x )dxoj( -;-Elﬁx-xo| Jix_

o]

(12) (x)— - E (x)+
Y f \-‘x+x] |x-x |+ 2\|!(oo] E x)dx

Des intégrations directes mais longues conduisent au résultat
final :
1 12E (x) 6E (x)
13) =5 E,x) +q)(ao)[1 .2 )] 4W(oo)+3][ 3\}'(00)4'2] :

qui admet la forme @symptotique correcte

1 1
Y@ =y -3 Ez(x)] +s E3(x) .

La valeur sur la frontitre (interface libre )

7
/12 = 0,584

(o) =

difféere de 19/, de la valeur exacte 0,577
L'erreur n'excdde jamais 1,5/, en d'autres points . On peut
présumer que l'erreur plus grande prés de l'interface libre est due

34 la forme assez incorrecte de la fonction de Green 3 la frontidre x=0

Conclusions

Pour terminer , je voudraise souligner que le nouveau prin-
cipe variationnel (5) dont la précision parait suffisante pour la plu part
des objectifga atteindre , jouit de deux propriétés intéressantes

majeures ,

’
1. Nous n'avons fait aucune hypotheése sur le developpement dela
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fonction d'essai Y'(x) en série de fonctions, et néanmoins, nous oh-
tenons avec Devooght une précision satisfaisante avec la fonction d'es-
sai grossiérement approchée q)'(x) M

On pourrait obtenir une précision bien plus grande si 1'on avait
fait appel & un développement de lf;'(x) en une série de fonctions

E (x) avec des coefficients inconnus .
n

2 Nous n'avons pas & calculer un extrémum et nous sommes
dispensés de calculer les coefficients de En(x) , ce qui est long et
fastidiéux .

En général, la méthode qui vient d'étre exposée pourrait aussi
bien s'appliquer & des problémes en théorie du transport dont la solu-
tion exacte est inconnue, tel que le probléme de la basse o;f de la sphe-
re, contrairement aux méthodes classiques (cf. (2) & (4) et Weinberg et
Wigner , The Physical Theory of Neutron Chain Reactor ).

The University of Chicago 1958) valables pour des densités asyme -
totiques, Nous avons établi une détermination directe de WY (x) par (5)
et non pas par ly(eo) qui, au demeurant , serait impossible dans
le cas ol tous les points du milieu réactionnel sont & des distances fi-
nies. Les fonctions de Green approchées G'(x, xo) pourraint toujours
2tre prises sous forme de fonction de Green appartenant & 1'approxi-
mation de diffusion qui sont tout & fait faciles & construire pour un

grand nombre de problémes,

Signalons, pour terminer, un travail intéressant de Koshin et
Brooks, Journal for Mathematical Physics, sur la généralisation de nos

méthodes et ses applications 3 la th’eorie du transport des neutrons



— 477 —

T.Kahan

Signalons encore : M, D, Kostin et M. Brooks " generalization of the
variational method of Kahan, Rideau and Roussopoulos . II , A variactio-
nal Principle for linear operators and its application to Neutron -« Transport

theory" Journal of Mathematical Physics . Vol. 8 . n, 1. January 1967,
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APPENDICE 1

1 Rappel des notions fondamentales en calcul des variations.

L'objet du calcul des variations est de trouver des fonctions
y(x) qui rendent Stationnaires ou extrémales des fonctionnelles du ti-
pe JB(X)] d (y) . Une fonctionnelle JEyj est une variable qui revét
une valeur numérique particuliére pour chaque fonction y(x) qui y est
portée Example simple
b
(A.1) 1[5) = ywax.

a
Chaque fonction y(x) fournit une seule valeur numérique de la

fonctionnelle J [y] . Pour cette raison , une fonctionnelle est parfois
appelée "fonction d'une fonction" .

Soit donnée la fonctionnelle

(A.2) 7=3(y],

le probleme fondamental du calcul des variations est de trouver donc une
fonction y(x) telle que des accroissements du premier ordre § y(x)
dans cette fonction (y—= y +S y) induisent  seulement des accroisse-
ments du second ordre dans la fonctionnelle J (J = J#gz J );en

d'autres termes lorsque
(A.3) 0 S v+ S ym
(A.4) Iyl =>a3+0 [max 6y(X)]2

En portant (A.3) dans (A.2) et en imposant (A.4), on obtient
une équation déterminant y(x). Cette équation porte le nom d'équation
d'Euler du probleéme,, Dans la section suivante, nous établirons les

équations d'Euler pour plusieurs problémes,
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2. Probléme simple . Le cas ol la fonctionnelle est de la forme
bn
(A.5) J = l F(x, y, y') dx (y' = dy/dx)

est un des problémes les plus simples du calcul des variations, Fai-

sant varier y(x) comme dans A,3, on obtient, au premier ordre en

y .
b
) JF
(A.6) §s -L = gy % ,S " dx,
(car Sx= 0
ol
(A.T) gy'=

(1)

En intelgrant par parties il vient
b
OF d 9F DF [
A.8 J= dx dy +
(A.8) s [ (S5 "o 55 & OVt 30y l

/
Si la fonction y(x) est assujettie 2 verifier les conditions

(aux limites
(A.9) vay=y, . ¥yb =y .

\J
alors gy (a) et gy(b) ddfent étre nuls et les termes aux limites de

(1)

Q.)

. aF dby) , . oF
f S dx = fé‘;- —-a%z -B—;- ~g£— (3—:;—)Jy dx
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(A.8) sont nuls. Si non , y(x) doit satisfaire aux conditions aux limites

naturelles

Q_F =_A_F b - H _ /an,...
(A.10) 35 @) 737 (£ =0 (557®) = 3474

Comme ay(x) est arbitraire (sauf & satisfaire, le cas écheant

X=a

4 certaines conditions aux limites ), y(x) doit vérifier par (A.8)

1'équation

(A.11) =—-—2%= =0

pourl:’que la variation du premier ordre en J soit nulle. L'équation
(A.11) , équation diffe!rentielle ordinaire, est dite "équation d'Euler du
probléeme
Pour déterminer si cette valeur stationnaire ou extrémale est un
minimum, un maximum ou un "col", on peut étudier la variation second SZJ =£ (4J)
Si cette variation seconde est définie positive, définie négative, ou de signe indé
términé,alors la valeur extrémale est un minimum, maximum ou un col respecti~

vement,
3. L'effet des termes aux limites, Il est souvent intéressant d'obtenir

des équations avec des conditions aux limites autres que les équations
(A.9)ou (A, 10) . La fonctionnelle peut étre modifiée par 1'addition de ter-
mes de limite, conduisant ainsi & une équation d'Euler avec des con-
ditions aux limites differentes. Supposons par exemple que la fonction-

nelle (A. 5) . Soit modifiée ainsi:

b
(A.12) 1= Py ) ac-g [ vta)] ve v (b
a

Par le procédé précédent, on aboutit de nouveau & 1'équation
d'Euler (A.H ), mais les conditions aux limites naturelles sont modifi¢es

ainsi
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AF 08
A, 13 a) + a) = 0,
( ) 37 (a) 3y (a)

o8

(A.14) oF (b) +—2- (b)= 0

9y oy
4, Problémes avec plusieurs variables dépendantes .

Si la fonctionnelle dépend de plusieurs fonctions y (x) , Yoroo ¥y

sous la forme

b.
Al j = dx F(x, AT U A S 20N A I
(A.15) i L x F(x Y ¥ Yy Yy ynyn)

on obtient un systéme d'équations d'Euler simultané

OF d OF
(A, 16 — - = =0, i=1,2%..,n
) oy, & Qy'y ( seee B
avec les termes de limite .
b
(A.17) E,Sy =0 (i=1,2,3, ..., n)
@Y. i
i a
5. Problémes avec plusieurs variables indépendantes,

Si la fonctionnelle J est définie sur plusieurs dimensions sous

la forme
b b

1 b2 3 n
(A.18) J:Sz‘1 dx1 j dx2 ...Sa dxn F(xl,xz,...xn,

1 a2 n

y,yxl,yxz-. ) wa)
ol
< _@l -

(A.19) yxi 3% , (x=1,2, , ),
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alors l'équation d'Euler est- 1'équation aux dérivées partielles

QOF Y JF d_ F d_ IF _
(A.20) 3y -a Txl -‘Sx_zayng.”-m; 5y =0.

6. Fonctionnelle, avec des dérivés d'ordre supérieur .
Soit
P o @  m
(A.21) 1= de FY, ¥,y ey )
oll

S0 2 aly
3x

alors n intégrations rar parties seront nécessaires pour obtenir 1'é-

(A.22)

quation d'Euler qui sera

9F _d 9F " JF
(829 57 T ot SR o0
y ay
c'est 14, en général, une équation d'ordre 2n .
7, Problémes avec contraintes; multiplicateurs de Lagrange,
b
Supposons que 1'équation (A,5) ; J = dx F(x,y,y") soit & ren-

dre stationnaire assujettie & la contrainte

b
(A.24) g ix E (x,,y) -
a

Cette contrainte nous interdit de prendre des variations complé\-
tement arbitraires en y(x), de Sonte que (A.11) n'est pas

1'équation d'Euler pour ce probléme,
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Le procéde’: du multiplicateur de Lagrange revient & multiplier
1'équation (A, 24) par une constante arbitraire A et a ajouter le

terme résultant & la fonctionnelle J ; 1'on obtient alors
b

(A. 25) J- J’ dx [Fx, v, y) + ) E(x,y,y'):] .
a

En faisant varier y , l'on a

b - 9 by
d 9(F+ AE)
A.26 J=( dx L (F+t\ B -—L "2
(.26) 5 ( Sy L5 med by - -2
“a
Puisque A est un parametre arbitraire , il -peut etre

choisi de fagon & satisfaire a 1'équation

(A.27) %‘ (F+ A G)-d—i 3%‘ (F+AG) = 0.

On peut résoudre l'équation (A,27) pour y(x, A) et faire appel & (A.
24) pour résoudre pour 2 . Le paramétfe X choisi de cette fagon
est appelé "multiplicateur de Lagrange" . Un autre type de contrain-

te souvent appliquée a la fonctionnelle (A,5) est

(A.28) Vix, y,y)=0

Le procédé est similaire,;, sauf que le multiplicateur est une fonction de

x, L'équation d'Euler devient

o Flrm v 2 {F e g

Les équations (A.28) et (A.29) sont résolues simultanément pour y(x)

et A (x).
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FORMULE DI GREEN PER LA DIFFUSIONE DEL CAMPO MAGNETI-
CO IN UN FLUIDO ELETTRICAMENTE CONDUTTORE .

di
Cataldo Agostinelli
(Universitd - Torino )

1. E!' noto come in un mezzo elettricamente conduttore, di condu-
cibilitd finita, esoggetto a un campo magnetico , questo , col tempo, si
diffonde nel mezzo e il coefficiente di diffusivitd magnetica 7 , ana-
logo al coefficiente di condicibilita termica e alla viscosita cinematica
nei fluidi viscosi in movimento, e inversamente proporzionale alla con-
ducibilita elettrica,

Ora in questa lezione mi propongo di stabilite per la diffusio-
ne del campo magnetico in un fluido elettricamente conduttore, dotato
di un assegnato movimento, delle formule integrali che ganeralizzano
quelle ben note di Green.,

Queste formule, che sono cosi feconde nei diversi rami della
Fisica matematica, sono gia state come sisa impiegate da tempo nella
idrodinamica pura. In effetti H.A. Lorents aveva ottenuto dei risultati
interessanti nel caso dei moti permanenti e poi G,W,Oseen aveva de-
dicato un'ampia memoria nellosriluppo di una teoria generale del mo-
vimento dei fluidi viscosi mediante 1'applicazione delle formule generaliz-
zate di Green (1).
Recentemente , in una memoria in corso di stampa nella Rivistadella
Associazione Italiana di Meccanica Teorica e Applicata (A.I. M.E.T.A)
queste formule sono state da me estese al caso del movimento di

un: fluido viscoso incomprensibile, elettricamente conduttore, in cui si ge-

(I)G.W.Oseen, Sur les formules de Green generalisées qui se preséntent
dans 1'hydrodynamique et sur quelques-unes de leurs applications.
"Acta Mathematica", B.34, 1911, pp. 205-284, B. 35,1912, pp. 97-192,
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(2)

nera un campo magnetico ' ', mentre la Prof,ssa Maria Teresa Vacca
ne ha fatto l'applicazione al caso piano (3) .

Qui , come ho gid detto, mi limiterd a considerare soltanto
le formule generalizzate di Green per la diffusione del solo campo ma-

gnetico,

2. Nel caso in cui siano trascurabili la corrente di spostamento
e la corrente di convezione, le equazioni di Maxwell e l'equazione che
esprime la legge generalizzata di Ohm, risultano

-

— - (DH . -._
rotH = 1, rot —-[-l-;a—t—— ,\leH-O).

- Y >
I=C(E+ pm vAH)

Prendendo il rotore di ambo i membri della prima di queste equazio-

-
ni, eliminando quindi la densitd di corrente I e il campo elettrico

)
E, servendosi delle altre due, e osservando che

yud
~ -y g iy
rot rot H = ,div H-A2H=-A2H
si ha
A H')uG'rot (vAH)-uC’OH

Dividendo per (‘o" e ponendo 7 = /:‘-rl , con 7 coefficiente di diffusivi-

td magnetica, si ottiene

(Z)C.Agosiinelli, Sulle formule integrali di Green in Magnetoidrodinamica,

(3)M.T.Varra, Sui moti magnetoidrodinamici piani di un fluido viscoso incom-
prensibile elettricamente conduttore."Rendiconti del Seminario Matematico
dell'Universitd e del Politecnico di Torino", Vol. 25°, 1965-66.
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1 C KA -I.i-o—ﬁ’ =rot(l-{'\'\7
() 7 2 Nt Av),

che & l'equazione della diffusione del campo magnetico, con
-
(2) div H = 0.

Alle equazioni (1) e (2), dove il secondo membro della (1) lo

(4)

considereremo come noto, associeremo le equazioni aggiunte

~ AR ’
(3) " Azn et grad =
(4) divH' =0,
con la condizione
(5) A ZZ[' =0,

—
essendo il vettore H'e lo scalare U' delle incognite da determinare

Le equazioni (3), (4),(5) ammettono le solutioni :

- o] -
ﬁ'l = rot rot (y1i) = grad O—:—-dz\{,,l , 1 ) ('.7t 75\2‘{‘)

- Yegrad 2¥ _aw], w =2_?r

(6) H2 = rot rot (fj) = grad,D . Jz\(.J , U2 a5 (’.)t + 7d2'¥)
=y + ’) hd @ ’)
H:'3 = rot rot (Yk) = gradfrt - AZY‘ k, IPs:E(Q—t + t/Jzy) s

- #
dove i, j, k sono 1 versori di una terna di assi cartesiani orto-

i
gonali O xy z) di riferimento, con la condizione che la funzione y

4) o . . — . .
Si osservi che se si assumano come equazioni aggiunte, associate alle
(1) e (2) 1e -
7A rr"+ﬁ =0, div H*= 0 ,
e . o '
basta porre HY = H - grad/ U dt ,

per avere le equazioni (3) e (4) , con la condizione (5) .
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verifichi 1'equazione

/Dv )
(7) (7A~r 57) =0,

Considereremo di questa equazione una soluzione che dipende soltanto

l( 2 2 2

dalla distanza r =¥ (x - xo) + (y-yo) + (z-zo) di un punto P(xy z)
da un punto P (x y, 2 ), e dal tempo t

Se poniamo A N ? la (7) diventa

(7) 73,9 +5 =0,

Essendo é funzione soltanto di r e di t , si pud scirvere
’)2

®) Al (r¢)
r

Ora se F(r, t)e soluzione di questa equazione si riconosce fa-

+7/>—t‘r4’"

cilmente che @& anche soluzione la

v
A AR
Dalla teoria del calore si ha che @& soluzione della (8) la funzione
2
_r
F = 1 o ’(t -t)
rft -t
o
e pertanto avremo
2
17) 17
42"'5;/3:2(”')'; T Ar TF
da cui si deduce ®)
Ar =

e quindi
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2

1 T4y (4 -t
(9) Y (r, t) = ——— e 7 d;,
At -t
" r!
che & la soluzione errata della (7), dove r' @& una costante
arbitraria che assumeremo come raggio di una sferetta 50 con
1 to P . E & definit <t<t , ed
centro nel punto o (xo yO zo) ssa efinita per oLt t0 e
& per definizione identicamente nulla per t >'£O .
In base al valore (9) della funzione y , le componenti
H' , H ,H del vettore H', definito dall prima delle(6) , risul-
1x 1y 1z 1
tano :

2
,)2W /sz’ ! (x-xo) (x-xo) E
H = - (——+-—jea—[1-3 ](f-E)+ 1
1x Oya /)Zz r2 [ r2 I r ] 27(t0-t)
2 3(x-x )Ny-y ) (x=x_)(y-y )
(10) H'l ://:)J = . (il 0 (Y-E) - 0 > 0 > t]i:-t
y V¥)y . r (-t
. /D 20’ ] 3(x-x0)(z-zo) oy B - (g-xo)(z-zo) E
12/7@2 r* r2 27(to-t)
dove per semplicitd si e postzo
r
Toay -t)
(11) E(r,t) = ———— ,
t -t
o

e per la funzione scalare U'1 si ha il valore

ri(x-x )
(12) U —3—° E(r', t).
1o2v(t )

Le componenti degli altri due vettori H'2, H‘3, e i valori del-

le funzioni scalari corrispondenti U!, U ', si ottengono dalle (10)e

2" 73
(12) con opportuno scambio delle coordinate,
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Sulla sfera So,cioé perr =r', si ha ¥ =0, «le quantita

H'lb’ H'ly’ H'lz ) U'1 assumo;o i valori
(x-x
E(r' t
E(r', t) + j___L
My [1 1 w0 +[ 1= 29 (i 1)
3(x-x )y~ x-X Yy~ ,
T (x-x )y yo) - t)_( S yo) E(4, 1)
1y A RS TOR)
3(x-x )(z-z ) (x-x )(z~-2 ) .
HI—-.______%___O E(r’, t) . ()2 0 E(I‘ 3 t) ,
r! r! 2?(t0-t)
¥ E(r' 1)
(14 u- 2t -t
2r! 0
3. Cid premesso consideriamo, nel campo in cui si muove il fluido,

un dominio D (t) limitato da un superficie S(t), in generale variabile
col tempo, Sia P0 (xo, yo, zo) un punto interno a questo dominio, e
sia S0 una sferetta con centro in P0 e raggio r' sufficientemente
piccolo in modo che questa sfera nell'intervallo di tempo 0 < t & to
sia sempre tutta contenuta nel dominio D .

Formiamo ora mediante le equazioni (1) e (3), la seguente

combinazione
- - -
(15) y (4, il - o Hx il ,;—)t— (H x f')+ grad U'x T =rot (HAv)x i1,

ottenuta moltiplicando la (1) scalarmente per ﬁ' , la (3) scalarmen-
-

te per H, e sottraendo quindi membro a membro.
Integrando ambo i membri della (15) rispetto al dominio D'(t)

limitato dalla superficie S(t) e dalla sfera So’ abbiamo
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%)

(16) 7@, #x H-4 Hox ) d?-} ’)—t-(ﬁ x T) df+£ gradU’ % H dZ =
D'(t) Di(t) '(t)

> 4
=/ rot (HAv)x H'dZ .
D'(t)

Applichiamo ora le note formule di trasformazione degli integrali di

volume in integrali di superficie , osservando che
Y
grad U'xH =div (U'H) ,

e ricordando inbltre che se F(x,y,z,t)& una funzione derivabile, defini-
ta in una regione dello spazio contenente il dominio D(t) limitato da

()

una superficie S(t), variabile col tempo, sussiste la relazione

?%dt=§t— Fd‘t’+/ FV d85,
o D(t) sy "

dove Vn ¢ la componente, secondo la normale interna , della velocitd
con cui si spostano i punti di S(t).
Dalla (16) si ha allora

W ow Al s af s
dH XH =~—xH)dS-— HxH'dT-
: ARFF: an oyt
S(t) + S 1 ®)

-» - >, - -
- HxH.V +UHxB)dS = rot(HAV) x H' d .
S(t)+S,_ 1 D'(t)

Integrando ancora rispetto al tempo da o a to’ e osservando

-
che per t-» to ¢ H'=0, si ottiene

(3)
Cfr. E, Goursat, Course d'Analyse , t.1, p.666 (Paris,Gauthier-Villars,

1933) .
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t D2 o

dH dH' 3

(17) _Jodt/ (——xH'-—xH)+VHxH'+U'Hxn ds-
S(r)[") n dn ]

t
-
° dt[ ‘rot (HA-\;)X i
. D'

->
In questa equazione occorrerd sostituire al vettore H'e alla funzione

+
] d
C)
o
X
=
=
i
o
o
d
i

scalare U', succesivamente i vettori ?{'1,?{'2 ) 'ﬁé , € le funzinni scala-
ri U', U'z, U?:, definiti dalle (6) e..passixre al limite per r'+ o,

Riferiamocidal caso di H' =H£ e U =U'l, dove i wvalori del-
le componenti di H'1 e della funzione U'1 sono dati dalle relazioni
(10) e (12) .

Si riconosce intanto che

Y
(18) / 7—x H d5=0.

Si osservi per questo che

d H d Hy dH,
- + —LH + H!
" dn lx dn H ly dn 1z’

dH _ =2
i
dn

e che sulla sfera So risulta

dH [, x- DH y-y THH x-x
X H' °+ X 0, _X H! ecc
dn o Ay ' Dz pt X )

dove H' , H' , H' hanno i valori espressi dalle (13).
1x Y 1z

Scstituendo nell'integrale (18), e applicando il teorema della me-
dia sugli integrali, si vede subito che quell'integrale @& nullo,

Analogamente, poiche sulla sfera S @&
X=X y-y °
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si trova che
- -5
(19) V.HyH' dS=0,
S n 1
0
Per quanto riguarda il limite dell'integrale
t d‘ﬁ'
(20) 1=J° dtJ' (7———- v ) xH,ds,
0 0
osserviamo intanto che siha
dﬁ‘i - d H! d H) dH
H-u —1%4 Y 4
dnx x dn Hy dn Ha!‘ dn °’

-
U'l_Hxn =U'1\Hx cos nx +Hycos ’y +H’.cosn z)

e sulla sfera S risulta

dH! /)H it A +/)H'1x z-2

1x _ lx
= =3
dn 7x -t,' ",)y r' /)z r!

3[ % ’ -I}E(r' £ 4 7y [(x x°) 1]M- L [1 -

Y

t -t 4122_
_ (=2 ]E(r',t)
2 g &
r! (to-t)
d H' 9(x- = 3(x- - E(r',t =
: 1y _ (e W=y ) A (x=x )y :0) (r_t ) . (x-x )y-¥,) o Rr, t)
n r' 5 2 71.1 tO 4 7 r! (to-t)

dH! Sfex Mz-z ) 3(x-x )(z-2 )E( XN (% )2-2) gopr t:

29 rrd tyt 41 2p (t, -’C)

f.."*_ ' X=X y-y —
UIHXH-UI(HX 0+H o 0y,
r! y r' z r'

ax =5 E(r!, t)+

Si trova che
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lim Jt° j dH) d i o
Y + H B —= }ds 0
ra0 Jg dtS{Y(Hy dx 3 dn) U( y r tr' )
[0}

e pertanto il limite dell'integrale (20) si riduce a

lim 1 lim [ R
. -yt -
r'-+o r'»o[ dt/ (7 dn 1 r! H ds

t, (x- )2
lim
= = |3 -
E(r' t) . _1"_[1 - ]E rLY) . b xo) E(r' t)) d S=
- 1] Bt 4l r'2 Fagv® oy 4y
o]
-li e " '3E(2' K E( L t)
= Tm H(x,yz,t)l' +—’¢z’ d }dt=
r'so o X 0 37 (t _t)Z

t
. o
21
lim [H(X,y,z,t)-H(x,y,z t‘H n Egr t) .,
x 070" 0 x 070 0

rlao 37 (t, )2

t
% '3
L 2 J——lEr tjdtH(x Y )hmj {—M r ErLY,

'3 o folrpo 3 0 y?
¢}

3 t -t
0

!
+3§.r'Mj dt =

4 3
2% r''E(r',t) Er,t )y
? (t-t) + 3 3 t -t j

r'«¥oJo 37
Ma risulta
t .
lim 0 3 E(r',t) lim Ert
dt = 4 V JJ_I -
r'”j ) (t,"t) TIRY riaols at 2/;}’

(o]
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si ha percit infine

. t d H
(21 lim J" dt](7———-U' n)xHalS—-47r/;»7H (XY 20t )
o

r'so0
o

Consideriamo ora il

lim t li to
(22) r'_’oJ ©at U Hxn 48 - ol dt
sty !

3 -
0 (t) 200 ot
Posto N X-X
- 0
f(t) = HX n 3 dS
S(t) r
possiamo scrivere
t t
0 0
-,
dt Hxn.U'ds=1” oot gr—tldt +
S(t) 2 o

t
[[f(t)-ft)] Mdt ,

e passando al limite per ¥ » 0 , si oftiene

t t
. 3 !
lim J Odtf HXn Ut ds = % it )hmj 0 rEt(r-'it gt = Kr;f(t )
S(t) 0 °

r'« o ) or'so

cioe

. t X-X
]. -» -y
@) 0 | ° atf| Txn.uds =J7r7j Hx? —2dS.
r'es 0 1
0 S(t) S

I limiti degli integrali che figurano nella (17) estesi al dominio
D'(t), tendono agli stessi integrali estesi all'intero dominio D(t); cosi
pure i limiti dei rimanenti integrali estesi all superficie S(t), tendono

apli stessi integrali, dove perd le componenti Hl'x, Hl' , H'1Z del vettore
y
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-p
H'l vanno calcolate per r' =0, cio2 mediante le (10) , ove si ponga
£
-

1 4m(t -t

(24) y - / e 7Y at .
rft -t Jo

0

- >
Ltequazione (17), per H' =Hi zU’:U'1 , al limite per r'so0

porge quindi :

(29) 4"/"—7H(X:y»z/t)=j HxH) dr-ﬁ?f Het 2% as -
X 0"0 00 D{o) lt" ) R

=0 S(t
t -» °
o} dﬁ - dH'1 o - =
- dt [V(EIXH'I -—clrxH)'*'V-HXH'l]dS-
A ) n
t
o - .,
- dt rot (H/\V)xH'1 a7,
o D(t)

Due formule analoghe alla (25) si hanno per le componenti Hy, HZ del
campo magnetico,

Osserviamo che risulta

. -+ -+ -+ - - - >
H % H'1 = Hxrot rot (Y1) = div[ rot (¥ i)A H # rot{y i))(rot H=

-

s - -
= div[ H % grady . i - Hx grad‘rl-l- rot Hagrady x i,
e pertanto il primo integrale del secondo membro della (15)si

trasforma nel modo seguente

- dy
(26) (HxH) - dt= - (H x grady.cos nx - H — ds+
D(o) - S(o) * AR Tteo

+J (rot -};Agrad\}“ x —i’) ch',
D(o) t=o
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- -»
dove figura la corrente di conduzione I=rot H all'istante iniziale,

ed @
Uy E(r,t) 1 [F
= — grad- = 2 -
grad ¥ Ar & r [ - 5 E(;,L‘)JH grad r.
r (o]
Cosd pure, essendo
-+ -
rot (ﬁ/\?r) X ﬁ'l = div[ (ﬁl\ ;)AH'IJ + rot ﬁllx HA Y
si ha
{ i - 5 * -> > >,
(279 J rot (HAv)x H' dT = :j (HAV)AH'Xn d S +f rot HixHav d T,
D(t) P s Dy
dove @&
rot H'1 = - rot[A‘{’ 1) =14 grad A;’* Aﬂr—th rgrad r
47 (t -t)
)
4, Se il campo si estende a tutto lo spazio, sotto determinate

condizioni gli integrali di superficie tendono a zero e gli integrali
di volume risultano convergenti, In tal caso la formula (25), tenendo con-

to delle (26) e (27) , porge
“Oys [[(Tageaay x ) arx
(28) 4an ny Hx(xo,yo,to) = AgradYy X i), _ -

E 9
/][ rt 3 r grad r]xH/\Jd&'

47 (t -t)

e analogamente

amfry H(x .y ,g6to) -JJ (1A grady ¥ ]) dz-

dt_//j M r grad r}xﬁﬁ d
47 (t -t)
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(28")
47tﬁ7 Hz(xo’yo' Zo’to) =JU (1A grady x k) t=o ® -

_It‘ dtJIJIEA _E%r_,__t_)___z_ r grad r]x' ﬁAV d?t,
) 4 7 (to-t)
dove gli integrali tripli sono estesi a tutto lo spazio. Se inizialmente la
corrente di conduzione -f ¢ assegnata in un dominio limitato D0 s
i primi integrali dei secondi membri delle formule precedenti saranno
estesi al dominio Do .

Le formule (28) e (28') si possono ovviamente conglobare nell'u-

nica formula vettoriale

t
- 0 [
Y Hx Ly et ) m (agrady) 4% j dtMM— r gradan
00 o0 o t=0 2 2
0 47 (to-t)

->
AHAV ) dT,

-
che & un'equazione integrale che definigce il campo magnetico H in
ogni punto P (X ,y ,z ,t ).ein ogni istantet , per meezo dei valori

0000 0 0 - 0

della corrente di conduzione I all'istante iniziale in un dato dominio

4dei valori della velocitd del mezzo fluido che occupa tutto lo spazio.
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TRANSFORMATIONAL METHODS APPLIED TO SOME ONE-DIMEN-
SIONAL PROBLEMS CONCERNING THE EQUATIONS OF THE NEUTRON
TRANSPORT THEORY
by

Antonio PIGNEDOLI (Universita - Bologna)

1. Introductory remarks,

There is a very great bibliography concerning the mathematical
theory of slowing down and diffusion of the neutrons within the modera-
ting medium of an atomic fission pile. The methods used for such study
must allow for the differences in the reactivity that take place in the
reactors chiefly during the starting and because of the sinking and the
prising of the control bars, so doing a quantitative scheme of the behaviour
of the fast neutrons produced in the nuclear fission, to reach, by slowing
in the moderating medium, the thermal energy.

The neutrons, endowed with such energy, are "trapped" m turn, by the
uranium nuclei producing new nuclear fissions, and so on, by the well
known chain reaction.

The methods used for the study of the neutron diffusion in a moderator
recall or upon the research, in opportune conditions , of the solution of
the Maxwell-Boltzmann integro-differential equation of the transport
theory , or on the research of opportune supplementary conditions of
solutions of the partial differential equations, of diffusion, derived from
the application of these so called "phenomenological theory",

This lecture is concerning the transport theory point of view and, in parti-
cular, the application of transformational methods to some one-dimensio-
nal problems.

As well known, a neutron is a heavy uncharged elementary particle,

Of the forces which act upon it the nuclear forces are by far the most
important and they are only one that need be taken into a account under

the conditions in which one is interested in the diffusion of neutrons.
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Since these forces have an extremely short range , it follows that:

1) the motion of a neutron can be described in terms of it collisions

with atomic nuclei and with other freely moving neutrons;
2) these collisions are well-defined events;

3) between such collisions a neutron moves with a constant velocity,

that is in a straight line with a constant speed;

4) the mutual collisions of freely moving neutrons may safely be neglec-
ted and only the collision. of neutron with atomic nuclei with a surroun-

ding medium need be taken into account;

5) for a neutron travelling at a given speed through a given medium the

probability of neutron collision per unit path lenght is a constant;

6) the neutron or neutrons emerging from a collision do so at the point
of space where the collision took place.

We will indicate with N the neutron density in a medium (the neutron
density N in a medium is a function of the position, denoted by the
vector T, the direction of the neutron ) , its velocity v and the
time t).

Let Z (v) be the total macroscopic cross section for all processes; £ (v)
is the inverse mean free path., Let c(v) be the mean number of secondary
neutrons produced per collision, The quantity c(v) &L(v) is the mean
number of secondary of unit path, Let c¢(v') f (v, 9] v, 5) dv dQ be
the mean number of neutrons produced in the velocity range dv and cone
df2 when a neutron of velocity v' and direction 3 undergoes

a collision with a stationary nucleus. Let S(? ,V, 5 t) be the source

strenght of neutrons in the particular volume element. The rate of change
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of N(?,v, 5, t) with time is equal to the number of neutrons scatte-
red to the velocity v and direction 8 from other directions and ve-
locity less the loss due to leakage and scattering out of v and )

The transport equation is therefore :

INE v, ¢ >
1) Jr—’v’at—'L=-vchrad N-v Z(v) N +
+ ggv'c(v') T (v, D= v, @) NGF. v, &, t)dv'do +

+S@E v, 01,

The physical meaning of this equation is the following , The rate of
change -53;[-1-\1 is equal to the neutrons scattering to v and ] plus
sources minus the leakage and the scattering out of v and a8
In the case of the isotropic scattering, the density of the neutrons at
-,
r is

N (F, v) = SN(F LB vy dat,
and the following integral equation is obtained

exp(- pL)
(2) vN (7 ,v)= ———2— [S @, V,t-g)*‘
° amp v

+ Sv' Zs (VY (v V), NO(F',v',t- %)dv'] dv

(dV = volume element) .

If the neutron distribution does not vary with time, then
N ,v, §) satisfies the equation :
(3) v .gradN +v Z(v) N =

=SSv‘(c(v') L) f(v!, Q=ev, Y NE ,v', D) dv' d' + SFE G,V .
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This equation does not have, generally,.a solution and the following mo-
dified equation is considered :
(4) vl .grad N + (x+vE& ) N-=
- - -
= ggv'c(v') T (v!) f(v', B v, Q) N (F ,v', @) dv'dQ',
(e 1is a constant) .

This equation has solutions for certain eigenvalues o, . The eigen-

functions of the equation satisfy to the following conditions :
a) Continuity at the boundary between two media ;
b) Ni =0 at the free surface for all incoming directions.

A general solution of (1) is
(5) N ,v, 3,t)= Zai NE, v, D) e (a)
i

(We assume that the Ni are a complete set ).

For large t, it is

(6) NE 8, vt - N (F v, ) exp (a),

where «, is the maximum of the Ol'i s.
( elo <0 ) subcritical system, q0=0 critical system,
O(O > 0 supercritical system) .

The coefficients a, of the series are determined from the boundary

conditions which may be specified at some particular time.
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2, The one group theory .

Consider the time-dependent equation (1) . If all neutrons have the sa-

me velocity Vo then it is:

3

NE®, D, v t) - S(v-vo) NE, 1,

(1) f(v!, B'ep v, Q) = S(V'-vo)f(h"_. ),
ST G, v, t) = S(v-vo) ST, 9, t).

Let :
NE B = | NE B v by,
-l -
(8) (== § o, Tr—v,8)av,
SE G, ) =jS(F,~§, v, t) dv

Integrating the transport equation over v, results in the following one

velocity group equation :

-
ON(F, Q,t e D )
(9) Py von .grad N - v LN +

+v e ) Z(vo) gN(F VoG, ) (@ —8) do + ST 8, 1)

-

[VON = y(r, §,t) = angular distribution of the neutron flux,
If we assume :
A) time independence of N ;
B) No variation of Z and c with neutron velocity ;

C) f (5' —» (}) independent of v; and integrate (1) without the term

ON

—— , we obtain
ot
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(100 Q.grad v@ 8 + Zy@F O-

=c XS\V(F LB (@) dar + SF, ),

where
v, 9 - ij (v, Q) dv,
(1) SE, &) = IS(?, v, §)dv.

3. Solution of the one group transport equation in an infinite uniform

medium in the case of the time-independence and with a plane source

at x=0,

We consider now the one group time indipendent transport equation for an
infinite uniform medium with a plane source at x =0,

That is the equation:

(1) Jxa_‘ﬂ.;_;&)_ +£\|r(xf.)=-c2J Y (x, p) ¢.j/,‘+é_l,

where s(x) is the Dirac "Delta distribution " .
We apply to this equation the method of the Fourier transform. We

indicate with (¢, u) the Fourier transformation of v (x, p) , that

is we put:

too
‘l'f(t',f) = S \lf(x,j;.) exp (-1t x)dx

S

We have

. L ¢ 1
(2)1?)}. “(‘t‘,J;.)'*' Zﬁ(‘t,jl.) T ‘t'.);)d.)a.i- -—_
-1

Now we indicate with 110(1') the M indipendent quantity at the second

member of (2) ; and we have
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(3) M(T, p)=T (€) [(EHTp).

Substituting back in the equation (2) we have :

+1 170(17)

, Mo(t) _1
@+itw) Fage 78] FR R

1
() (- T —
4"[1 - arctg —Z—'

T

From the Fourier inversion fourmula we obtain :

L (* ivx -1 cZ | Z#iv 7t
6 Yrp) s —5 S e priy " [1- 5 le (e] dv
8 ) o
The total flux is obtained by integration over M
+1
$(x) = 2 S Y p)dp,
sl
that is
6 1 1SR ) cl \ Z-it\]-l
(6) ¢ x) T X ¢ [-Zit %8 (Fig)
=00
RS | T, +it
(it) " log ( T )dt .

The integral can be evaluated by the method of residues .
The integrand has a simple pole where the term in the denominator

vanishes , i.e, where:

THY
(7) c L log Toit =2it
If ¢ <1the poles are at T =¢ i K, where K is given by
K
(8) KIZ = teh (T3 )-

(The principal rooth of this equation is real). An examination of the
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integrand reveals a singularity at ¥ =+i Y . This is of the form
log z for z — 0. To avoid this singularity the plane is cut and
the deformed contour is taken along the imaginary axis to iL and

back again ., We have:

I) an asymptotic part of the solution : that is arising from the residue

at t=i¥

II) a transient part which is only important near to the source; that

arises from the contributions of the integral around the cut (fig. 1).

Deformed

@ 1=K

original path

Fig. 1
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For x <0, the integral can be evaluated by taking a path of inte-
gration in the lower half of the complex plane. A contribution then
arises from the pole T =-ikK,

We have therefore a first part of the solution, that is:

2 2
$ Sl T oK

(9) .
1 c K2_ Zz(l-c)

K
2105 exp (-K |x|).

This part dominates in <I> at large values of x,

A second part of the solution corresponds to ¢ >1, that is

(10) . - r 222('1 texp [+ Z1x1] dn .
2 12 222
22 (1+1) -c T 1og 297 +1]" + iz

When x is small , the major contribution to the integral comes from

large values of n i.e, the integral is given approximately by :

(11)

[+
exp (-(q+1) |x] Z )dq _1
) 2+ ) z (2D

0
This is important near the source x =0 and decreases rapidly

as exp (-Z. x) when x tends to

4, Solution of the time-dependent transport equation without sources in

a semi-infinite medium,

Now we consider the time-dependent Boltzmann integro-differential
equation for the case of the neutron transport in a semi-infinite me-
dium without sources and for the one-group theory with non-isotropic
collisions , That is we consider the integro-differential equation :
(1) 1 aN(x,m, t) +J“3N(x,)a.,t)

v ot x

+1 . .
chs Sl Nex, ') ﬁ-g—P&-&d),.' - (o b o )N 1) s
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where T[ = number per unit of volume of collision centers for the

neutron ;
Ce = cross section of capture of the neutron ;
0y = cross section of scattering.
P = constant

and

-

(3 —» Q) - (43P u)/2 .
Putting

-1 4
Tl,o' =A ,‘U'n_O"=T )

we obtain the equation :

) aN(xs;t«.. ) - 3N(x5); 4L (-x+ %) N(x, 1) +

+1

v 43P p
+ A S N(x,j.l', t) 3 d)g’, (A, v,t, P constants)
-1

We have the following boundary condition:

98] N(X,)A.,t)=0 for x=0, M <0,
We put now :
v 1 v
3 = — 4= z -
(3) wEatE Y, A
Writing

(4) N, p,t) =exp (-ut) Fix, 1),

we obtain :
IF(x, u,t oF
(5) (Xa.it )+v),~ (_>;.x».t)
g1 . 1+3Pu
o Uo S F(x,)A.,t) 2 df*' ,

-1



— 515 —
A. Pignedoli

with
F(x,);,t)=0 for x =0, )A-<0,

We apply a I. tp ’tx q (double ‘C -transformation) and we put :
+00
)= | e (e FOpya,
=00
0

yiap = | e (@) Nop,0) ax,

-
+o0

0
¢ (pa p) = £t pﬁx q[N(X.JL, t)]= ge“ dx S e P'N(x .,)J.,t)dt)
KA )

We obtain the integral equation :

© -¥iaw+pd0.am+vp [eeap - oPira ] -
+

1
1+3Puu

= ) __)-L&

( § gy 3 oy
with
(M LP(p,ﬂ.) =0 forj&(O.
One considers F(O,‘}J.,t) as a given function and ¢ (p,‘);) is a known
function, The function y(q, );,) is dependent from the initial values of

F(x, u,t) and will be determined when the function ¢ is given.

In order to solve the integral equation (6) we write :

N @ YW
® 9= =, 9 oy —=
m=1 P é n=1 q
© (w)
(18) q5 =) mr:])‘n

and we observe that we shall have :
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(11) ﬂfm(Jx) =0 forJA-< 0, (m=1,2,3,...... ).

Substituting in the integral equation (6), we obtain:

Therefore we have necessarily :

“3)‘1’1:“"1‘” (m=1,2,3,...... )

m

(14) @m "YW, =125, )

(19) @mﬂ,n (p) - vp ém,nﬁ-l ()

The equations (13) give the coefficients Cpml of the double series cb in
h . Th i i i ,
terms of the q>m e equation (15) is recurrent and gives ém,z

¢m3"""¢mn""' in terms of the q?m

When we have ch ,» We have also @m, and the equation (14) gives
the functions \Vn in terms of the functions tpm
Applying the theorems on the ot-transformation of the series, we

obtain , after the calculations :

0 m-1 n-1
- t (-x)
(16) @(p’q’ﬁ) ) It,p"["x,q IZ mném'n(}t) (m-1% ° (n-1)! }’
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that is (unicity of the L-transformation):
0 n-1
! t (=x)
(17) Fx, pst) _; mn 4)mn (p) (m-1)! *(n-1)!
One demonstrates immediately that it is

F(x,j&,t)=ﬁ for x=0, <0,

It is easily possible to demostrate also that for F(x,),x ,1) exists an

exponential majorant series %
wo w(t-;)
H(1+3P—)e

Finally we obtain the density function :

For JA.> 0:
0 m-1 £ ¢ (}4.) n
- + -
(18)  N(x, . 1) — Z_ t—' mrn x)
(m-1)! n n!
m=]1 m=0 (v M)
i am#2n-2,2n-2 x20
* 3Pu, 2n-1 (Zn-1)!
m=1 v
For M<0:
0 m-1 2n-1
-wt *m+2n-2,2n-2 t X
(19) N=3Pu e ) T orm
mn=1 v (m-1) '
And it is

N(O,j;_,t)=0 for u<0

So our problem is solved .
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ON THE RIGOROUS ANALYSIS OF THE PROBLEM OF THE NEUTRON
TRANSPORT IN A SLAB GEOMETRY AND ON SOME OTHER RESULTS.
by

Antonio Pignedoli

1, Introduction,

This lecture is concerning the problem of the neutrons distribu-

(1)

tion in a slab geometry . The statement of the problem is the folle-

wing, The neutron density is satisfying the integro-differential Boltzmann

equation :
1 ON(x, . t) ON(x, M, t) e ‘ :
A T et IN@E Ly = Jl NEx, ' t)d

where the symbols are usual (see my first lecture in this Course) . The
physical conditions are the following :
a) the cross section Zis constant ;
b) the production of particles is isotropic ;
c) the slab is surrounded by a vacuum, so that no particle may
enter the slab from outside ;
d) at the time t = 0 a particle distribution f(x, j. ) exists inside
the slab,

The supplementary conditions of the problem are :
N(a, m,t) =0, M<0, t >0;
(2) N(-a , p,t) =0, m>0 , t >0;
N(X,)J.,U) = f(x,)&) ;-a< x< a, -1 5})\-51
We ask for the resulting time-dependent particle distribution. The equation

(1) may be simplified somewhat by writing

1
( )Important works in this direction have been done by :
J.Lehner and C. M, Wing, Communications on pure andapplied mathematics,
vol. 8, 1955,
idem Duke Mathem. Journal, 1956,

R.L.Bowden and C, D, Williams, Journal of mathematical Physics, vol, 11, 1964,
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N(x, p,t) = exp (-¢c Z t) F (x w.t)

and choosing, for convenience, v =1, 2 =1,

We have :
+1

Ax(x, m,t) _ XX, x,1) . , '
T t3 4 FE pLHd M

with the supplementary.conditions :

(3)

Flagpt) =0, p<o, t>0;
(4) ]g(—a,/b, t)=0, m>0, t>0;
}‘(X,/l, 0) = f(x:/u), -a< x<a, -1 S}ug 1.
In order to obtain a formal solution, we can write the equation (3) in the

form :

(5) .a_(&:afﬂ =Af(x'}*’t)'

where A is the time-independent operator :
+1
(6) A'=_u,.3__+£ S
2
A formal application of the Laplace transformation with respect to t
gives :
™) AT -t fl)=a%,

where

(8) j“jc(x,fu, k)= S e (x,Ju,t) dt =

o

Obviously the equation (7) can be written :

(9) (&-A)f=f.

If [-A were now just a complex-valued function, the solution to (9)

would be simply :
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(10) ]-r= L-a7b

But A is actually an operator, and it remains the problem of

finding (K -A)-1 when it exists and determining its properties.

Let us for a moment press the formalism still further . Applying the
inverse transform operator to (10) yields:

b+icw

- i1 -1 At
(1) Fe et =@ W) gb_iw [lear™ o] o4t ax.

The evaluation or estimation of (11) depends on a knowledge of the
behavior of (A‘ -A)_l f . The singularities of this function are of particu-
lar importance, Thus we must study the operator ( A-A)-1 ; this implies
we must investigate the spect.rum of the operator A. Let us-suppose
that (K -A)-lf is a "well-behaved" function of A except for certain
values /( where the operator A fails to exist. This latter event

will happen when there are functions '\Vj(x, Ju.) such that :

12 A-ay=A y-ay. -0,

(12) ( ] )VJ 1 Li,J YJ

that is when -\.Y:] is an eigenfunction of A belonging to an eigenvalue
A

i
If there were infinitely many /< i’ then we should have a formal ex-

pansion as the following :
i '<j t
(13) (x, m,t)= e g.x, w).
f ‘}J. ]-'—1 J v

But there is not an infinite number of eigenvalues ,(j, and one demon-
strates that the solution (13) must be replaced by :

At
€ ! gJ(x :J*) + g(xlj‘ut):

Mo

Com
"
—

(14) ]C(x, ).A.,t) =
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where S(X,)&,t) is, in a sense, small compared to the other terms

of (14) . There is, of course, always at least an eigenvalue /(1 belon-
b 4t

ging to the operator A. Therefore the sum Z e

g.(X, p) is never
empty and the sum contributes the dominantj=1 term for large t.
Thus one can determinate the asymptotic time behavior of ]c by assu-
ming f= e At g(x );) and then finding the value of K of largest
real part for which this expression satisfies the equation

+1

O e '
(15) -——L - P . 5 _51 f(x,‘}.x',.t)'djn .

But we shall expose a rigorous analysis of the problem , on which there

is an important literature .

2. The rigorous analysis of the problem,

The action of the operator A is defined by the equation

9
1 —L = A .
M At )
Now we choose the Hilbert space H of complex valued functions
g(x, ju) , defined and square integrable in the Lebesgue sense over the
rectangle |x < a,|p|<L:

+a

+1 .
2) S i S lexp) |© dx <t
21

We define the usual inner product of two functions g and h in H :
+1 +a

@ @m= [ g | empbep dx,
51 A

and the usual norm :
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+1 +a
4 leil= Vee - S dp j‘ g(X.)*)g(x,)L)dX/
1 -a

Write :
3 1 +1
= D+ = —_— J. == . 1 .
(5) A=-DtcJ, D.= M Y 2 Sl d)¢

Let d?b the domain of the operator D be the set of functions g,
g€ H absolutely continuous in x  for each in| u] <1
and such that Dge H . Call dJ the domain of the operator J,
the set of all geH such that Jg exists for each % in |1[§ a
and Jg e H

Finally define d‘A as the linear manifold of all functions g belonging to

both db and dJ and such that

g(a,j;)=0, -1< u< 0,
(6) g(-a,f)=0, 0< < 1,
Hence A is an operator from the Hilbert space H into itself
with domain d A
Concerning the spectrum of the operator A , one can first demonstrate
that there are no eigenvalues in the left half of the lambda plane, We
have the following :
Theorem 1,
There is no function VY € dA satisfying the equation Av.l; = :(xl,r
for some ,( with Re ()<0.

In order to establish if there exist eigenvalues of A with Re(A)>0,
Im (K )+0 , we consider the function :

+1

1) $ix) = S Yl ph) At i Lyaa),
4
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and we demonstrate the following theorems :

Theorem 2,
Suppose Y (X,)J.) € dA satisfies A\Y=/»\|f with Re(A) > 0, £ #0.

Then the function & (x) satisfies :

+a
(8) cI) (x) =% j E(A |x-x'| ) & (x') dx',
Y
where
" 1
E(u )=f exp (-ut)=dt, Re(u)> 0, ufo.
1 ¢ -
Theorem 3.

There is no function \l/e dA satisfying A\Y =/\\’rwith Re (4A) 20,
Im(A) #0
It remains to examine the possibility of A real non-negative, We shall

write A=> when A is real . The case (5= 0 is easy. The equation

Ay- Ay
becomes 9
Ay = -JL% +-§\y =0,

which yields :

X
©) W ) - ‘\’“a'ﬂ“ﬁ:‘zﬁ(x')dx" x| <a .

Choose x such that the right side of (9) is not zero,X =X, ,

-a < X < a. Because of the L factor, the right side is then not in-
tegrable over }L s I/M}E 1. But the left side of (9) is integrable over
M since 1|1'&d.A . Hence {5=0 is not an eigenvalue, Suppose now

p >0 . By theorem 2, every solution of Ax‘.r = Ay yields a function q;

satisfying (8) .
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Conversely if & € L, satisfies (8), then the corresponding y is a
solution of Ay=Ay.
We have the following :

Theorem 4

A npecessary and sufficient condition that v (x, j.q.) be a solution of
A\y' = A\if corresponding to (>=0 is that there be an L, -
solution @ to

+a

b9 =3 [ BABxDP)ax,

-a
for that [5 value,

We have also the following :
Theorem V.

The point spectrum Pg A of A consists of a finite but nonempty

set of points ﬁl > /52 >, >ﬁm all lying on the positive A -axis.
Theorem VI,

The eigenvalues of the operator A are of finite multiplicity . Now
we consider the adjoint A" of A @) .
It is a matter of relatively easy computation to prove that the operator

A adjoint to A is given by:
+1

fl .d‘).x'.

»

3
A. =)*E—.+

nle

2
( )cfr. F.Riesz-B.Sz. Nagy, Functional Analysis, F. Nugar, New York, 1954
M. H. Stone, Linear transformation in Hilbert Space and their applica-
tions to Analysis, Amer. Mathem. Society Colloquium pub-
blication n. 15, New York, 1932

A.E, Taylor, An introduction to functional analysis, J.Wiley, New
York, 1958
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. . . » .
The domain dA‘ ¢ H consists of those functions Y(X,}L) belonging
to both d and dJ and such that

\.}f(a,ﬁ)=0,)x>0;\y(-a,);)=0,}.¢<0.

Clearly the operator A is not self-adjoint (this fact compicates consi-

derably the problem).

If y(x, p) is an eigenfunction of A, with eigenvalue A , then
\V-"( x,);) =Yy(-x,M) is an eigenfunction of A" with eigenvalue A .

The converse is also true.

Theorem 1

The residual spectrum ReAof A is empty .

Theorem 2.

The continuous spectrum of A contains the half-plane Re (AY £ 0.
Let f be the set of points in the right half of the A -plane exclusive
of the points of PoA. The points of f are either in Co'A (const, spec-
trum) or o A (restr. Spectrum) and hence (A -A)-1 exists and its
domain d'A is dense in H . One demonstrates the following :
Theorem .

The resolvent set of A contains r . The resolvent set is : Re (A 1>0
deleted by the point spectrum,

Summary theorem,

The linear operator A of A i
Y-rY

a) is non self-adjoint ;

b) decomposes the spectral plane as follows :

Point spectrum : a finite nonempty point set lying on £ > 0;

Residual spectrum : empty ;

Continuous spectrum : Re(A ) 0;

Resolvent set Re(A) >0 deleted by the point spectrum
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3. An integral representation of the solution of

the transport equation.

Considering the integro-differential equation :

T O R o
(1) T ans e B B VSR

whit the supplementary conditions :

]:(a,);.,t)=O,JA<O , t>0;
(2) f(-a,)a.,t)=0,)4>0, t>0;

):(x,);,())= fep), -a<x<a; -1,
and having determined how the operator A decomposes the spectral
plane , we are in condition to return to our original problem, that is

the solution of the aforesaid problem, We write :

(3) Pt = T £, )
Symbolically we have :
T(t) = exp (At) ;

more properly T(t), t>01is a semigroup of operators generated
by A. Such a semigroup exists provided : A is closed; d.A is dense in
H; IR < (,(-K)-l,,(>‘Kforsome K>0.

Effectively the operator A -generates a semigroup T(t) of bounded
operators for t 0.

(3)

1t follows from known theorems that the solution ]( is unique in H,

3
(3) E. Hille, Functional Analysis and Semi-groups, Amer Math,Soc, coll.
publ, V1, 31, New York , 1948

R.F.Phillips, Perturbation Theory for semi-groups of linear operators,
trans, of the Amer, Mathem, Soc., Vol. 74, 1933 .
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that
(4) lim "]((x,ju,t) -1x, ) || =0,
t —0
and that
1 b+iw At
(5) ]c(x,/,\,t)= im 5 . e’ R fdf, t>0,b>h . € dA
W ~» 00 -1

The integral is to be considered the strong limit of Riemann sums,
It converges uniformly for 0<t £t < tls o so that X is continu-
ous in t for fixed (%, pm) . If we fix (x,/u.) then R/\f is a complex
valued continuous function of A on the integration path so that the in-
tegral may be considered as an ordinary Riemann integral. We now wish
to move the line of integration in (5) to the left so as to pick up
the contributions from the singularities at /3:3 (j=12,..., m). To
accomplish this we must study the behavior of Ry f.
We restrict f to d'A . Then, for fixed x and).; , R f is an
analytic function of A for Re (£)>0 except at the points

/3j,(j =1,2,..., m).
Let /31 be an eigenvalue of multiplicity s, with linearly independent
eigenfunctions w—j, x Vj, 9 "Yj, g
Let the adjoint functions be \lfj',k ( xp) =\Uj'k (-x ,p0)i=L2,...,m
k=1,2,..., 8.

One demonstrates that it is

1 o g
(6) f(x,y,t)=w£mw ErE j e Ry fdA +
mo i ;
i AA ) .
+J§1 : k=1 ('Vlzk)\';j:k(x)” 0< <ﬁm

(one shifts the line of integration to the left of /?)m but not as far as the
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imaginary axis , picking up the residues at /Bj ,1=1,2,3,...,m,

And estimating the integral, one obtains:

S,
J

m [Ajt .

() Flxp,t) =Z e Z (£, ¥ " \Vj (o) S(x,)m)
=1 k=1 ’ ’

where for almost all (x,ﬂ) s “5\ is dominated as follows (setting 8=%)2

\;(x,);,,t)l < D(x,,)).)tz 1og2t,

where D depends on { and is finite for almost all (x, u):

4, Some other results on the transport theory.

From the somewhat practical viewpoint, it is desirable to obtain
more information about the eigenvalues of the operator A,
Results in this direction have been obtained by S .Schlesinger (4). But
we will not consider this direction of research in this lecture . We con-
sider some other results in the transport theory .

5
( )has studied the multienergy state time -dependent slab pro-

G, Pimbley
blem . This is especially important from a physicist's viewpoint because
practical calculations of particle behavior (e.g. of neutron behavior in rea-

ctors) generally rely on replacing the continuous energy dependence by

4 o . . : .
( )S.Schlesinger,Approx1matmg eigenvalues and eigenfunctions of symmetric

kernels, Juurnal of the Society of industrial and applied mathematics,
vol, 5, 1957,

idem , Some eigenvalue problems in the theory of neutrons, Los Alamos
scientific laboratory reports, LA 1908 , 1955,

()

G. Pimbley , Solution of an initial value problem for the multi-velocity neu-
tron transport equation with a slab geometry, Journal of Mathem,
and Mech., vol. 8, 1959,
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a discrete dependence ,

Pimbley considered the equations :

9N (x, u,t) N n +1
1 A ) ! . .
®) e tA N L ¢ | N pLhdm
i dt j=1 |
i=1,2,3,...,n
with

N-i(a,Ju, ty=0, M< 0 ;
(9) Ni(-a,),!.,t) =0 > 0;
N_l(x,jA ,0) = fi(x,jA,) .

It was discovered that, while some results carried over quite comple-
tely, it was required in other cases to considerably restrict the matrix
cij in order to preserve the analogy .

For the time-dependent transport problem for bounded geometries, some
very general results have been obtained by K. JOrgers (6).

Let @ and U be bounded measurable sets in position space (xl,xz,xs)
and velocity space (VI’VZ’V3) respectively. Let U be bounded away
from zero (the particle velocity cannot become arbitrarily small, and
"trapping" is avoided) . The transport equation can be written in such a

general case in the form :

3
(10)—aﬁ=zj

Let NEH, the spa fsquare integrable functions onD»V and 1et£(x v) be

Z(x, v) v2 +v _+

2 2
A N+KN=AN (x= xl,xz,x3)
non-negative, bounded and measurable onPsV; In Jorgens analysis K is a qui-

te general bounded linear operator on H, In must cases K in an integral ope-

rater:

8) K.Jorgens , An asymptotic expansion in the theory of neutron transport,
Comm, in pure and applied mathem,, vol, 11, 1958,
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(10') KN = f k(x,v,v') N (x, v', t) dv'

v

which describes the scattering of particles of velocity (v'l,v ',v!)into

273

velocity (vl,v . It is further assumed that no particles can enter

23

fb from outside .
Under the conditions stated, the problem
oN

T = AN ) N(x: v, 0) = f(X,'U’)

has a unique solution
At
N(x,v,t) = e f(x,v) = T(t) f(x,v) .

(Z(x,v) =Z(x1,x2,x3, ViV v3)etc. ).

With certain additional restrictions, the operator T(t)is completely con-

tinuous for t> 5to where t; is the maximum length of time that a par-
ticle takes in crossing &) . This is true, for example, in the n velocity

group theory.

It is also true when WV is a three-dimensional set K is the form

(%) and kK is bounded and integrable over Dx vx v, At
When T(t) is completely continuous it has a discrete spectrum e )

(plus possibly the point zero) where the Aj are the eigenvalues of A,
The spectrum of A may be empty .
(M

The spectrum is certain nonempty for the sphere problem

The formal series expansion of the solution function N is complicated.

(7) R. Van Norton, New York Univ, Report, 1960

J. Lehner, Comm.on pure and appl. mathem , 1962 .
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>roblem of the convergence of this series, in the case that the spec-

is infinite, remains insolved. Asymptotic results holding for large
8
‘e been obtained by J8rgens (8)

5. Researchs using the method of distributions
sense of L,

in
Schwartz.

Consider the simple time-indep. transport operator :
In +1

M o + N =£2— L N(x,),;') d},«.' , = const (% =1 for convenience),

ssume :

N(x, ja) = g(x) h(p)

ituting in (1) we have readily :

Nt ) = exp (5) & ()
+1

M c .
(-5 (=3 L ], (p) dp

V is a yet arbitrary . Let us require that:

+1

j ¢()}.’)d)*'=l.
-1

J8rgens , An asymptotic expansion in the theory of neutron tran-

sport , Communic, in pure and appl. Mathem, vol. 11,
1958 .,

Grosswald, Neutron transport in spherically simmetric systems,
Journal of Mathem. and Mechanics, 1961, vol. 10 .
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Then manipulating we have :
_ o cw
‘P\,(}*) T2V om

+1 +1

: . YV am -11
6) 1- j Qwraprs | S ve TG,

-1 -1

The equation (5) has two roots + \)o. For ¢>1, \?o is pure imagina-

ry; for 0<e<1, \90 >1. K. M, Case(g) has observed that other solutions

may be obtained assuming that i’v(f") is a distribution in the sense of
10

L. Schwartz (10)
Using this idea we can write :

C

v
(6) (=3 P v"“.,ﬁF“’)‘s(r‘V)
where P ind, that the Cauchy princ. value is to be taken whenever an
integral  involving @v(ﬂ) occurs-
For v not in (- 1,+1)the procedure leads again to two roots + \’O.

However for -1<V <1 ( ) gives

+1

d
ij QA +F (v)
i YM

1=

[T Ne}

from which F(v ) may be found .,
Thus for any v in (-1,+1) there is a solution of the type (6).

Case has also examined some time-dipendent cases in this way .

9
( )K.M. Case, Elementary solutions of the transport equation and their
applications  Annals of Physics, vol. 9., 1960 .

¥
(IO)L. Schwartz , Theorie des distributions, vol. I, Hermann, Paris, 1950
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(

P.P. Abbati Marescotti 1) has studied the problem of the slab in the

multigroup theory and in the case of non isotropic scattering, that is the

non-stationary problem

of.
i . .
(8) -at—- = A f.1 , in the rectangle R: \le a,\/u.lg 1, (i=12,...,n),

05 t <+w;
fi(x,);,O) = I{J‘i(x,‘/v.); fi(a,ju,t) =0, /v\<0;

fi(-a ,/\A,t) = 0,ju>0 .
It is solved the problem of determining fie LZ(R)
One gives here a summary of the results :
a) Using the theory of the semi-groups, one demonstrates a theorem of e-
xistence and uniqueness ;
b) The determination of the resolvent R(A,A)is reduced to a solution of
a system of integral equations of Fredholm of the second kind ;

c) One finds the solution in the form of a Neumann series :
5 (r)
= - - +
(9)  f0xm.t) = exp ( Zivit) £ (x-v, rt /M,O) Zo F Y ),

where the first term at the second member represents the neutrons of the

i1 group without interactions in the time interval 0~—t and the se-

cond term the number of neutrons with r+l interactions in the same ti-

me interval,

2)

1
Abbati Marescotti( has also solved the problem of the transport in a ho=

mogeneous sphere in stationary conditions, with spherical simmetry, iso-

tropic scattering and with unknown source term S(r) : that is the problem:

(11) see P, P, Abbati-Marescotti, Atti Acc. Scienze di Bologna, 1962,
(12)

P.P. Abbati-Marescotti, Atti Scienze di Torino, 1962 - 63.
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ot 148 1 A o
(10) M= +-—I{‘-‘- -aa-;+0'f= % [_1 f(r,),q,)d/\.'*-ﬁ(r),

0 <r< ro ( rc radius of the sphere),

f(ro,/u) =0, p< 0; f(ro,)A.) = gm,pm> 0.

The function g( /u) is assumed absolutely continuous in the interval
0 == 1, The problem of determining f(r,/u) and S(r) is reduced with a

unique unknown function

+1

(11) i) =§ X f(r ,/;C)d/u'~+ S(r) .

-1
This function is determined by solving an integral equation of Volter-
ra of the first kind. One studies also the dependence between f and S,

(13)

Finally we shall say that the author has studied the approximate solu-
tion of the problem in a spherical medium with c =c(r) ¢ Bv ,

- Z(r)GB v (the symbols are usual ) without regular assumptions concer-

ning g .
The problem is reduced to determmning f(r, /u) and S(r) satisfying the
conditions
N "
(12) [ r“lfro )] dr dm <t e, r|S(r)| dr <+ o ;
-1 JO /\' /“ o

(the quantity of matter or radiation is finite). One determines necessary
and sufficient conditions for g; in the case of Z= const in every part in
which the interval is divided , one solves a chain of integral equations; in ge-
neral one constructs an approximate solution, demonstrating the convergence

of the method.

13
( )P.P.Abbati-Marescotti , Atti della Acc. delle Scienze di Bologna, 1964.
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PRINCIPI DI MASSIMO PER LE SOLUZIONI DI EQUAZIONI
PARABOLICHE
di
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(Universita-Firenze)

Introduzione,

Questo seminario ha l'unico scopo di richiamare l'attenzione sull'impor-
tanza dei cosi detti "principi di massimo" nella risoluzione di problemi al
contorno per 1l'equazioni paraboliche , ad es. della diffusione, qualunque
sia la questione fisica che ha condotto a quel problema e il tipo di gran-
dezza caratteristica del processo considerato.

E' ben noto che, dopo aver superato le notevoli difficoltd di tra-
durre in equazioni un problema fisico , troppo spesso anche a spese del
suo stesso significato fisico, si presenta la- questione della risoluzione del
problema matematico cui si & giunti, Questa risoluzione, specialmente se
si tratta di problema non lineare, si rivela spesso cosi difficile da prefe-
rire una valutazione approssimata della soluzione, in modo da potere con-
trollare, attraverso al confronto con dati sperimentali, fino a che punto il
problema matematico resti aderente al problema fisico considerato.

In ogni caso, almeno in un primo tempo, si cerca di assicurare
1'esistenza e 1l'unicita della soluzione del problema analitico in esame,
seguendo di regola una via che permette anche 1'istituzione di un algorit-
mo costruttivo della ricercata soluzione, appartenente ad una fissata clas-
se di funzioni, Due metodi assai usati sono quello delle approssimazioni
successive, generalmente applicato dopo aver trasformato il problema da
differenziale in integrale o integro-differenziale, oppure quello proprio
dell'analisi funzionale che conduce a considerare una conveniente trasfor-
mazione di un opportuno spazio funzionale in sé, alla quale si possa appli-
care il teorema del punto unito.

In tali metodi, sia per dimostrare la convergenza del processo ite-

rativo, sia per assicurare l'esistenza del punto unito per la trasformazione
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funzionale individuata, & di fondamentale interesse il conoscere "a priori"
valutazioni approssimate della ricercata soluzione,

I principi di massimo danno un foncamentale aiuto a questo ordine di
problemi, Di rilevante interesse & poiil loro impiego nella dimostrazione
di teoremi di unicita,

Sulla scorta degli studiatissimi problemi di tipo ellittico e, in par-
ticolare delle proprietd di massimo delle funzioni armoniche, molti studi
sono stati fatti per giungere a stabilire anche per le soluzioni di equazioni
di tipo parabolico analoghi teoremi, atti a caratterizzare le proprieta di
speciali classi di soluzioni di problemi al contorno di questo tipo.

Conviene subito osservare che se anche tali classi di soluzioni
possono sembrare assai ristrette dal punto di vista analitico, esse tutta-
via sono del tutto soddisfacenti a descrivere vaste categorie di fenomeni
fisici del tipo di quello classico della diffusione del calore,

I primi risultati ottenuti riguardavano, come & ben naturale, le
soluzioni di particolari problemi lineari, Successivamente sono state rile-
vale analoghe proprieta anche per classi piu generali di soluzioni di pro-
blem!i parabolici anche quasi lineari, Per i problemi al contorno non linea-
ri, a quanto ne so, moltissimo resta ancora da fare. In cid sta il carat-
tere di "seminario" di questa lezione,

Per una sistematica, ampia e moderna trattazione delle equazioni
paraboliche, accompagnata da una ricca bibliografia, & molto utile ed inte-

ressante la lettura del recente libro di A, FRIEDMAN [1] " .

I " principi di massimo" .

Seguendo L. NIRENBERG [2], i "principi di massimo" si distin-

guono :in "deboli" e in “forti" .

(') I numeri in parentesi quadra si riferiscono alla bibliografia posta la ter-
mine della relazione,
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I principi deboli affermano che la soluzione di un problema pa-
rabolico , in un conveniente dominio e appartenente ad una certa classe
di funzioni , ha i suoi massimi sul contorno del campo di definizione.
Quelli forti affermano che se una soluzione di un problema parabo-
lico, in un certo dominio e appartenente ad una certa classe, ha un massimo
interno al campo di definizione, essa & costante,
E' evidente che questo secondo tipo include i principi deboli come imme-
diata conseguenza.
E' quasi superfluo accennare che principi analoghi valgono per 1 minimi .
In generale le dimostrazioni di tali principi vengono date nel caso di due
variabili, ed io, nell'esporne alcuni, mi atterrd alla regola, essendo imme-
diatamente estendibili ad eqiazioni paraboliche in un numero qualsivoglia
di variabili, Del resto dal punto di vista fisico-matematico le equazioni in
due variabili coprono una vasta classe di problemi non stazionari (quando
una delle due variabili sia il tempo) nei quali la dipendenza dal posto del-
la grandezza caratfer‘istica ricercata & affidata ad una sola variabile, cosa
che si verifica tutte le volte che si ha a che fare con campi dotati di sim-
metria (problemi piani, cilindrici o sferici}, nei quali la coordinata spazia-
le pud interpretarsi come distanza del generico punto, in cui si cerca il
valore della grandezza ad un certo istante, da un piano o da una retta o

da un punto,

11 "principio di massimo™.di M. GEVREY (1913)

M. GEVREY [3J , che con E.E, LEVI [4] pud considerarsi il fondatore
dello studio sistematico dei problemi di tipo parabolico, ha stabilito che,

assegnata l'equazione parabolica lineare :

<)
N

[
al
®

1 + +b Z+ = Z =
M 2 Halny) 2 b y) Zhel,y) 20 ,
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con a(x,y), b(x,y), c(x,y) funzioni continue di x ed y in una regione
finita R del piano x,y, ogni soluzione regolare di (1) (cio# continua con
le derivate che compaiono in (1)), non pud avere in R né massimi posi-
tivi n& minimi negativi, quando sia ¢ <0 .

Infatti le necessarie condizioni per l'esistenza ad es, di un massi-
mo positivo in un punto POE (xo,yo)eR:

z <0, (z)  =(2) =0, ¢ <0,
; oY VXY

rendono insoddisfatta la (1) .

Nel caso in cui sia b <0 (che & il caso dell'equazione della dif-
fusione ), qualunque sia il segno di ¢ (se & ¢ > 0 basta operare in(1)il
cambiamento di funzione incognita Z =TU exp ky e scegliere la costante in
modc¢ che risulti kb +c¢ <0) resta facilmente provato che per ogni campo
R!interno ad un contorno regolare 0 {nel senso di essere continuo, sem-
plice e tale da formare con una caratteristica che lo incontri uno o pil
contorni privi di punti doppi) il valore assunto da Z in un punto P€& R' ri-
sulta compreso tra il massimo positivo e il minimo negativo dei valori che
la Z assume sulla parte di §’ al di sotto della caratteristica per P,

Da questa proprietd discende subito, nelle condizioni specificate,

il teorema di unicita per la soluzione di (1) con assegnate condizioni al con-

torno,
Il "principio di massimo" di M. PICONE (1929) .
Un altro principio debole si deve a M., PICONE [5] . Si consideri

l'equazione di tipo parabolico :

—
(2) E(Z) = Z;k 2 (P) zXh . + Z; b_(P) th -2, +c(P) = 1(P) ,
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con % ahk )\h)\k forma quadratica definita positiva, per >\i reali,

essendo a , = akh funzioni continue di P E(xl, b ST xn, t) €R, dove R

hk 27"
¢ un qualunque dominio limitato e connesso di uno spazio euclideo En+

ad n¥ dimensioni, 1
Si indichi con FR la frontiera di R e con F-tR la parte di FR,
se esiste, per i cui punti esiste la normale interna ad R avente verso op-
posto a quello dell'asse della variabile t e tale che un intorno circolare
convenientemente piccolo, di un suo punto P appartiene a F-tR (un domi-
nio sferico non ha evidentemente F_tR; un dominio parallellepipedo, con
gli spigoli laterali paralleli all'asse della variabile t, ha come F-tR la

base superiore) . Nell'ipotesi che anche b , ¢, f siano funzioni continue

di PER e Z (P) soluzione regolare (nel S:Iito senso) di (2) , si ha il se-
guente teorema; se f(P)<C (>0)ed & Z(P)>0(<0)per P€ FR-F~tR,
allora & Z(P) >0 (<0 )per PER,

Discendono immediatamente , come corollari del teorema, la unicitd del-
la soluzione di (2), nelle ipotesi dichiarate, che prende assegnati valori
su FR-F_tR e, nel caso dell'equazione omogénea (f=0), se ¢ <0 il seguen-
te principio di massimo debole : nelle ipotesi dichiarate, ogni soluzione
regolare di E(Z) = 0 raggiunge il massimo dei valori del suo modulo su
FR-F_tR .

11 criterio di massimo viene poi esteso al caso di campi illimitati,
facendo alcune ipotesi sul campo e sul comportamento della ricercata solu-
zione per Paow .

L'elegante dimostrazione del teorema si basa essenzialmente su

di un Lemma di algebra {teor. di Moutard) che ci limitiamo a ricordare:

Siano %_T_{, apy /\th, 1ZJC'LIJ % % due forme quadratiche definite
o semidefinite (positive o negative) . La somma

%{ ahk o(hk
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& non negativa o non positiva secondo che le due forme, se non son nulle,

hanno lo stesso segno o segno opposto.

Il "principio -forte di massimo" di L. NIRENBERG (1953) [2] .

Sia Z(xl,x t ..,tm) una funzione di n+m variabili

2,...,xn; 1,t2,.
in un dominio D ad n+m dimensioni e consideriamo l'operatore differenzia-
le :

.
5Dy a 7. +)q.z +omz +OBZ
) L(Z) ®hk “x x Z.‘.qu bt h“x Z’f t
hk h h ij ij h h i i

ellittico nelle variabili xh e parabolico nelle variabili ti’ cioé tale che
la forma quadratica Z ahk /\th ¢ definita positiva, mentre la for-
ma quadratica X ? %lk ¢ soltanto semidefinita positiva per /\h e %

, ij ij "1 !
reali.

Supposti i coefficienti bh , /’Zi funzioni continue di PgED e

e Bk Xy
Z(P) & C, si ha il seguente teorema : Se Z & tale che rislulti L(Z) >0
e in un punto POET la Z raggiunge il suo valore massimo, allora @
Z(P) = Z(Po) in tutta la parte di iperpiano ti = costante, passante per P0
e appartenente a T,

Accenneremo alle linee della dimostrazione nel caso di due va-

riabili e cioé per 1l'operatore :
LY(Z)y=AZ +B Z +aZ +bZ , A>0, B> 0,
XX tt X t

Si dimostra da prima che, se in P0 (xo, to) €T la Z assume il suo valo-
re massimo M ,allora & ancora Z = M in ogni punto della caratteristica
t = to, appartenente a T,

Questo teorema & una quasi immediata conseguenza del seguente

Lemma: se Z assume il valore massimo in punto P'della circonferenza di
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un cerchio appartenente a T, 1'ascissa x'di P' coincide con quella del cen-

tro del cerchio,

La proprietd vale anche per un contorno ellittico, avente gli assi
paralleli agli assi x e t.

Ci riferiremo ora al caso B=0e b =-1, cioé al caso che interes-

sa i problemi di diffusione, Quanto ora ricordato implica che se in T &:

nzy = + - >
(4) Lz) = AZ +aZ - Z >0

e in POG T la Z(Po) raggiunge il suo valore massimo, allora si ha Z(P)=

Z(PO) , per ogni P appartenente alla caratteristica t = to passante per
Po e appartenente a T .,

Premesso questo si indichi, per ogni P & T, con S(P)1'insieme
dei punti QE€T, che possono essere
collegati con P mediante curve semplici,
appartenenti a T, sulle quali, nel senso

daQ a P, la t ¢ non decrescente . Eb-

bene se per Poé T 2 Z(Po) massima ,

allora si ha Z(P) = Z(PO)EEE PéS(PO) :

in questa affermazione, valida naturalmen-

te anche per l'operatore 1,(Z) definito

0 > in (3), sta il principio forte di massimo.

Ne segue in particolare che la soluzione
regolare della equazione L"(Z) =0 pud raggiungere i suoi valori massimi
(o minimi) sul contorno del campo di definizione e da cid la possibilitd
di limitazioni " a priori" della cercata soluzione per un particolare pro-
blema al contorno associato all'equazione L" (Z) = 0 o ad altra pili genera-

le dei tipi considerati (L(Z)=0, L'(Z)=0).
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Generalizzazione di T, KUSANO (1953).

Di questo molto importante "principio forte di massimo" si hanno
generalizzazioni di A, FRIEDMAN (6] e di T. KUSANO [7]. Accennere-

mo soltanto a quella di KUSANO , perche riguarda una equazione quasili-

neare e ciod del tipo :

(5) (P, 1,2, grad 2)Z_ - Z= f(P, 1, Z,grad Z),

a
hk hk n ¥k

con ahk ed f funzioni definite in un dominio D'EL(P, t)eD, IZ\ < w,

lgrad z|l < oo] e limitate in ciascun sottoinsieme compatto di D!,

Il principio forte di massimo per la (5), la cui dimostrazione ricalca pas-

so a passo quella del criterio di NIREMBERG, & il seguente :

se esiste una funzione semicontinua, positiva H(P,t, Z, gradZ)

tale che:

Dva LA 2 .
~ A Mn Ny 2 H")L“ , per ogni )\h reale
e Q (P, t, Z, grad Z)€D'; se inoltre la f(P, t,Z, grad Z) & lipschitziana:

rispetto a Z e gradZ e si ha f(P,t,Z,0)> Oper Z>0, allora, se inun

punto POQD la Z(Po) ¢ Inassima , si ha Z(P)= Z(Po) per P& S(Po),

essendo S(P) l'insieme appartenente a ‘D, gid definito.

Conclusione,

Questa una rapida e molto sommaria scorsa sui cosidetti "princi-
pi di massimo" per le equazioni di tipo parabolico e un rapidissimo cen-
no sul loro utile impiego nella risoluzione di problemi al contorno origi-
nati da questioni fisico-matematiche, ad es, del tipo di quelle che hanno
formato oggetto di studio n questo Corso. Il fatto che tra il principio di
GEVREY e quello di KUSANO intercorrano cinquanta anni giusti, avvalora

1'importanza e l'attualitd della questione,e, a mio avviso, giustifica 1'aver-
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ne fatto oggetto di un seminario,
BIBLIOGRAFIA .
1 A _FRIEDMAN, Partial differential equations of parabolic type,

Prentice-Hall Inc, , Englewood Cliffs N, J, 1964 ,

2, L.NIRENBERG , A strong maximum principle for parabolic equa-

tions , Comm, Pure Appl. Math. 6, 167-177 (1953).

3 M. GEVREY , Equations aux dérivées partielles du tipe paraboli-

w,J. Math. Pures Appl. , (6) 9,306 - 471, 1913 .

4, E.E.LEVI, Sull'equazione del calore, Ann. Mat. Pura Appl. (3),

14, 187-264 , 1907 .

5 M, PICONE , Sul problema della propagazione del calore in un mez-

zo privo di frontiera , conduttore, isotropo omogeneo, Math, Ann.

101,701-712, 1929.

6. A,FRIEDMAN, Remarks on the maximum principle for parabolic

equations and its applications, Pacific J, Math, 8, 201-211, 1958.

7. T.KUSANO, On the maximum principle for quasi-linear parabolic e-

quations, Proc . Japan Acad., 39, 211-216, 1963,



Stampa: Editoriale Grafica - Roma - Tel. 5880154



	Some Aspects of Diffusion Theory
	Copyright
	Content
	DIFFUSION OF IONS IN A PLASMAWITH APPLICA TIONS TO THE IONOSPHERE
	ON THE DIFFUSION IN THE ATMOSPHERE AND IONOSPHERE
	KINETIC EQUATIONS AND BROWNIAN MOTION
	THEORIE DES REACTEUHS NUCLEAIRES METHODES DERESOLUTION PERTURBATIONNELLES, ITERACTIVES ET VARIATION.NELLES
	FORMULE DI GREEN PER LA DIFFUSIONE DEL CAMPO MAGNETICOIN UN FLUIDO ELETTRICAMENTE CONDUTTORE
	TRANSFORMATIONAL METHODS APPLIED TO SOME ONE-DIMENSIONALPROBLEMS CONCERNING THE EQUATIONS OF THE NEUTRON TRANSPORTTHEORy
	ON THE RIGOROUS ANALYSIS OF THE PROBLEM OF THE NEUTRONTRANSPORT IN A SLAB GEOMETRY AND ON SOME OTHER RESULTS
	PRINCIPI DI MASSIMO PER LE SOLUZIONI DI EQUAZIONIPARABOLICHE


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




