Algorithms for Trapezoidal Approximations
of Fuzzy Numbers Preserving the Expected
Interval

Przemystaw Grzegorzewski

Abstract. Fuzzy number approximation by trapezoidal fuzzy numbers which pre-
serves the expected interval is discussed. New algorithms for calculating the proper
approximations are proposed. It is shown that the adequate approximation operator
is chosen with respect both to the global spread of a fuzzy number and the size of
possible asymmetry between the spread of the left-hand and right-hand part of a
fuzzy number.
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1 Introduction

Trapezoidal approximation of fuzzy numbers was considered by many authors (see,
e.g. [ (4, [7), (14— (18], [22]]- [23])). In [16]] a list of criteria which trapezoidal ap-
proximation operators should possess was formulated and a new approach to trape-
zoidal approximation that lead to, so-called, the nearest trapezoidal approximation
operator preserving the expected interval was suggested. Then in a corrected
version of that operator was given but the ultimate shape of that approximation op-
erator was presented in [4]] and [23]. It appears that the form of the nearest trapezoidal
approximation operator preserving the expected interval depends on the particular
shape of a fuzzy number to be approximated. Actually, a given fuzzy number might
be approximated by one of the four admissible approximation operators. Which one
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should be used depends on parameters that characterize the location and spread of a
fuzzy number, i.e. on its value, weighted expected value, ambiguity and width, re-
spectively. These conditions together with natural algorithms for computing the near-
est trapezoidal approximation preserving the expected interval were given in .

One may ask why the preservation of the expected interval is so exposed. There
are many reasons to do so starting from the important properties of the expected in-
terval itself (see, e.g. [10,20]). But there are also some other interesting properties of
fuzzy numbers which remain invariant under approximation provided the expected
interval remains unchanged (see [16]).

In the present paper we suggest modified conditions for choosing the proper ap-
proximation operator. They are both simpler than discussed previously and they
have more natural interpretation. One of the suggested algorithms indicates that the
adequate approximation operator is chosen with respect both to the global spread
of a fuzzy number and the size of possible asymmetry between the spread of the
left-hand and right-hand part of a fuzzy number. Moreover, another mathematical
formulae for the operators under discussion are proposed.

2 Concepts and Notations

Let A denote a fuzzy number, i.e. such fuzzy subset A of the real line R with mem-
bership function s : R — [0, 1] which is (see [9]):

e normal (i.e. there exist an element x( such that u, (xp) = 1),

o fuzzy convex (i.e. Ua(Ax; + (1 —A)x2) > ta(x1) A pa(x2), Vxi,x0 € R, VA €
0,1)),

e [, is upper semicontinuous,

e suppA is bounded, where suppA = c/({x € R: ua(x) > 0}), and ¢! is the closure
operator.

A space of all fuzzy numbers will be denoted by F(R).

Moreover, let Ay, = {x € R: a(x) > o}, o € (0, 1], denote an ct-cut of a fuzzy
number A. As it is known, every a-cut of a fuzzy number is a closed interval, i.e.
Ay =[AL(@),Ay ()], where

Ap(a) = inf{x e R: pus(x) > a} (1)
Ay(o) = sup{x € R: pa(x) > a}. (2)

The expected interval EI(A) of a fuzzy number A is given by (see [10], [20])

EI(A) = [ /0 'AL@)da, /0 IAU(oc)da} . 3)

The middle point of the expected interval given by

EV(A) = ; ( /0 'A(@)do+ /0 IAU(a)doc> @)
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is called the expected value of a fuzzy number and it represents the typical value of
the fuzzy number A (see [10], [20]). Sometimes its generalization, called weighted
expected value, might be interesting. It is defined by

BV ()= (1-q) [ Au@da+q [ Au(@)da, )

where g € [0, 1] (see [[LT])).
Another useful parameter characterizing the nonspecifity of a fuzzy number is
called the width of a fuzzy number (see [[6]]) and is defined by

Ww(A) = L i 1A (x)dx ©6)

- /OI(AU(oc) — Au(a))do.

To simplify the representation of fuzzy numbers Delgado et al. [7] suggested two
parameters — value and ambiguity — which represent some basic features of fuzzy
numbers and hence they were called a canonical representation of fuzzy numbers.
The first notion

Val(A) = /0 AL (@) + v (@) do 7

is called the value of fuzzy number A and might be seen as a point that corresponds
to the typical value of the magnitude that the fuzzy number A represents. The next
index, called the ambiguity is given by

Amb(A) = /0 oAy (o) — Ay (0))dar, ®)

and it characterizes the global spread of the membership function and hence is a
measure of vagueness of fuzzy number A.

For two arbitrary fuzzy numbers A and B with o-cuts [AL(o),Ay(e)] and
[BL(ox), By ()], respectively, the quantity

1 1
d(A,B):\/ /0 (AL(e) — By (a) 2o+ /0 (Ay(a) —By(a)2da. (9)

is the distance between A and B (for more details we refer the reader to [[11]]). There
are, of course, some other measures of the distance between fuzzy numbers (e.g.
[3]), however @) is not only very popular but it seems to be especially useful in
relation with the expected interval (see [[12]]).

3 Trapezoidal Approximation
Suppose we want to substitute a fuzzy number A by a “suitable” trapezoidal fuzzy

number T (A), i.e. by a fuzzy number with linear sides and the membership function
having the following form
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0 if x<t,
;:zll if 11<x<t,
Uy (a)(x) = 1, if n<x<t, (10)
4—X :
ta—ts if 3 <x<ty,
0 if 1 <x.

A family of all trapezoidal fuzzy number will be denoted by F” (R).

Here one may ask a natural question: Why are we interested in trapezoidal ap-
proximation of fuzzy numbers?

Besides the immediate answer that it is a quite interesting mathematical prob-
lem there are, of course, many practical reasons for such approximations. The most
important motivation is to simplify the representation of fuzzy numbers which

e makes calculations easier

e simplifies computer applications

e gives more intuitive and more natural interpretation

e cnables the first step of the defuzzification process, i.e.

A€F(R) = T(A) e F'(R) = C(T(A)) e P(R) = W(C(T(A))) eR (11)

where P(R) is a family of all intervals, while C and W denote an operator that
produces an interval approximation and defuzzification operator, respectively.

If we agree that such trapezoidal approximation is worth of trouble, then the
following important question arises: How fo construct an optimal trapezoidal ap-
proximation of a fuzzy number? And here one can suggest many possible solutions.
However, as it was motivated in [16], a suitable operator should possess some de-
sired properties and should fulfill some necessary and minimal requirement. For
the broad list of such postulated characteristics we refer the reader to [16]. More-
over, in this paper and in some further ones (see, e.g., [17,4,23]]) is was shown
that the approximation operator which guarantees many desired properties can be
obtained as the operator T which produces a trapezoidal fuzzy number 7'(A) that
is the closest with respect to distance @) to given original fuzzy number A among
all trapezoidal fuzzy numbers having identical expected interval as the original one.
More precisely, we get the following problem.

Problem:
Find such operator 7 : F(R) — F”(R), which minimizes

1 1
d(A,T<A>>=\/ | - th@pdas @l -1 @pde a2

and preserves the expected interval of a fuzzy number, i.e. fulfills
the following condition:

EI(T(A)) =EI(A). (13)
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However, since a trapezoidal fuzzy number is completely described by four real
numbers that are borders of its support and core, our goal reduces to finding such
real numbers 1] < 1, <13 <14 that characterize T (A) = T (,12,t3,24). Such operator
is called the nearest trapezoidal approximation operator preserving the expected
interval (actually, T is d-nearest trapezoidal approximation operator, where D is
given by (9), however further on we call it, in brief, just the nearest one).

The solution of the above mentioned problem was suggested firstly in [16] and
later it was improved in [[17]. Although operators given in these papers generally
produce proper approximations, one can construct such fuzzy number that they do
not work correctly and the output is not a trapezoidal fuzzy number. Therefore,
Ban [4] and Yeh removed this gap and proposed a final solution containing
four possible operators T;(A) = T;(t1,12,13,14), i = 1,...,4:

(@ If

1 1 1 1
—/ AL(a)doH-/ AU(a)da+3/ oA (o) da—3/ oAy (o) do <0
0 0 0 0

(14)
then the solution 71 (A) = T\ (1, 5,13,14) is given by
1 |
- 4/ Ar(a) da—6/ aAL () da (15)
0 0
1 1
f = —2/ A () doc+6/ oAL (o) da (16)
0 0
| 1
3 = —2/ Ay (o) da+6/ oAy (o) do (17)
0 0
1 1
ty = 4/ Ay (@) da—6/ oAy (o) do (18)
0 0

(b) If

1 1 1 1
—/ AL(a)doH-/ AU(a)da+3/ oA (o) da—3/ oAy (a)do >0
0 0 0 0 (19

and

1 1 1 1
2/0 AL(a)da+/0 AU(a)da—3/0 oA () da—3/0 oAy (o) do g((;o)

1 1 1 1
—/ AL(a)da—Z/ AU(a)da+3/ oA () da+3/ aAy (o) do < 0
0 0 0 0 (21)
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then we get Tz(A) = T2(l1 ,tz,t3,t4), where

= 3/OIAL(OC)dOC+/01AU(OC)dOC—3/OI oA (a)da (22)
1
—3/0 oAy (o) do
fh = —/()IAL(a)da—/OlAU(oc)da+3/01 oAL (o) da (23)

1
+3/ oAy (o) do
0
3 =10 24

1 1 1
Iy = /0 Ar(o)da+3 /0 Ay(o)do -3 /0 AL (o) dot (25)
—3/1aA (o) do
0 U
(c) If

1 1 1 1
2/ AL(a)da+/ AU(a)da—S/ AL (o) doc—3/ oAy (o) do >0
0 0 0 0

(26)
then we get T3(A) = Ts(t1,5,13,14) given by
1
H=mnh=1n8 :/ AL(OC)dOt 27)
0
1 1
ty = 2/ AU(a)da—/ Ap(a)do (28)
0 0

d If

1 1 1 1
—/ AL(a)da—Z/ AU(a)da+3/ AL (o) da+3/ oAy (o) do >0
0 0 0 0

(29)
then we obtain T4(A) = Ty(1,1,13,14) such that
1 1
h=2 / Ap(o)do— / Ay()dor (30)
0 0
1
hh =13=14 :/ AU(a)da. 31)
0

Therefore, we have received four different operators providing the nearest trape-
zoidal fuzzy number that preserves the expected value of the original fuzzy number,
where T leads to trapezoidal (but not triangular) fuzzy number, 75 stands for the
operator that leads to triangular fuzzy number with two sides, while 73 and T pro-
duce triangular fuzzy numbers with the right side only or with the left side only,
respectively (note, that in operators 77 and 7> were given only).
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Which operator should be used in a particular situation depends on a given fuzzy
number, i.e. it depends on conditions (I4), (TO)-CI), Z6&) or 29) that seem to be
very artificial and technical. Hence there was a great need for some further consid-
erations to make these conditions more clear and to find their better interpretation. It
was done by Grzegorzewski [14] who simplified the requirements for choosing the
proper approximation operators. According to [14] we get the following algorithm for
computing the nearest trapezoidal approximation preserving the expected interval.

Algorithm 1

Step 1. If Amb(A) > Lw(A) then apply operator 7 given by (I3)-(IS), else
Step2. ifE V% (A)<Val(A)<E V% (A) then apply operator 75 given by 22)-

23D, else
Step 3. ifVal(A) <E V% (A) then apply operator T3 given by (2Z7)-(28), else

Step 4. apply operator 7, given by (30)-@1).

As it is seen we approximate a fuzzy number A by the trapezoidal approximation
operator 7 provided ambiguity of this fuzzy number is greater than one third of its
width. Otherwise, we approximate A by a triangular number. It means that for less
vague fuzzy numbers the solution is always a triangular fuzzy number.

Thus, to sum up, the distinction between possible solutions - either trapezoidal
Ti(A) or triangular 75(A) - depends on the relationship between two parameters of
the original fuzzy number that describe its dispersion. In other words, to approxi-
mate a fuzzy number A we apply operator 7> provided A has only slight ambiguity
and its typical value is located neither close to the left nor to the right border of its
support. However, a fuzzy number with its value Val located close to the left border
of its support would be approximated by a triangular fuzzy number with the right
side only, produced by operator 73, while a fuzzy number with its value Val located
close to the right border of its support would be approximated by a triangular fuzzy
number with the left side only, produced by operator 7.

We can also obtain an equivalent algorithm for choosing a proper approximation
operator using parameter y(A) called the y-coordinate of the centroid point of a
fuzzy number A. In [21] the authors showed that

_ Jo a(Au(a) —Ar(a))do

A) = (32)
Y= (o)~ A () de
It is easily seen that
_ Amb(A)

Therefore, we get immediately that our condition (T4)) is equivalent to the following
one

y(A) >

Z 5 (34)
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It means that we approximate a fuzzy number A by the trapezoidal approximation
operator 7 if the y-coordinate of the centroid point of A is not smaller than one third.
Otherwise, we apply operator 75 or 73 or T;. The consecutive steps for choosing a
suitable operator remains as before. Thus we get another algorithms (which are in
fact a conjunction of our Algorithm 1 and 2 and the algorithm given in [23]).

Algorithm 2

Step 1. If y(A) >} then apply operator 7} given by (I3)-(8), else
Step2. ifE V; (A)<Val(A)<E V% (A) then apply operator T, given by @2)-

3D, else
Step 3. if Val(A) < E V; (A) then apply operator T3 given by @7)-([28), else

Step 4.  apply operator T given by (30)-(31).

4 Discussion and New Algorithms

Although the given above explanation of the conditions that delimits situations cor-
responding to different approximation operators is correct, yet it sounds slightly in-
sufficient. Especially conditions related to the location parameters do not have clear
interpretation. However, it appears that we can propose equivalent conditions which
seem to be more satisfactory and more natural.

Since by ()

3

1 ! 2 !
EV:(A) = / A()do + / Ay (@)da
3 Jo 3Jo
2 1 1 /!
EV,(A) = / Ar()do + / Av(@)da
3 3.Jo 3Jo
then according to (@) and (€) we get

1 1
EV; (A) +EV) (4) = /0 Ap(@)do+ /0 Au(@)da = 2EV(A)

and
1 /! 1 /! 1
EV2(A)—EV, (4) = / Ay(or)do— / An(o)do = - w(A).
3 3 3.Jo 3Jo 3
Hence
1
EV3(A) = EV(4)+ w(A)
and

EV\(A) = EV(A)— w(A).

1
6
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Thus conditions 20)-(@1)) is equivalent to

L), (35)

EV(4) - Val(4)| <

Similarly, requirement (26) might be replaced by

Val(A) <EV(A)—  w(A), (36)

[

while (29) is equivalent to
1
Val(4) > EV(A) + w(A). 37)

Thus we get another algorithm.

Algorithm 3

Step 1. If Amb(A) > jw(A) then apply operator 7 given by (I3)-(IR), else

Step 2. if [EV(A) —Val(A)| < tw(A) then apply operator 75 given by (22)-
23D, else

Step 3. if Val(A) > EV(A) + éw(A) then apply operator Ty given by (0)-
31D, else

Step 4.  apply operator T3 given by (27)-(28).

As it is seen now to find a proper approximation using Algorithm 2 we have to
calculate at most 4 parameters, while in previous Algorithm 1 we had 5 parameters.

To emphasize much more that the distinction among operators 75, 73 and 7 is
based on the asymmetry of spread of the membership function let us introduce the
following notions.

Definition 1. The left-hand ambiguity of a fuzzy number A with o-cuts Ay =
[AL(0),Ay ()] is defined by

Amby(A) = /0 ' REV(A) - Ar(a)]da, (38)
while the right-hand ambiguity of a fuzzy number A is given by

Amby(A) = /0 A (@) — EV(A)lda. (39)

One may notice that our definition of the left-hand and right-hand ambiguity differs
from the definitions proposed in [8]] where the center point of the core of a fuzzy
number is placed instead of EV(A). Assuming that the expected value of a fuzzy
number EV (A) characterizes its typical value the left-hand and right-hand ambigu-
ity describe the spread of the the left-hand and right-hand part of a fuzzy number,
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respectively. Moreover, as it is easily seen, both characteristics give the total spread
of a fuzzy number, i.e.

Ambp(A) +Amby(A) = Amb(A). (40)
For our further considerations the following notion would be useful.

Definition 2. The difference between the left-hand and right-hand ambiguity of a
fuzzy number A is defined by

AAmb(A) = Amby (A) — Amby(A) (1)

By () and @) we get immediately that

AAmb(A) = Val(A) — EV(A). (42)
Therefore we get another condition equivalent both to Z0)-21) and (33), i.e.
|AAmb(A)| < éw(A). (43)
Similarly, condition
AAmb(A) > éw(A) (a4)
is equivalent to (29) and (37), while condition
AAmb(A) < — éw(A), (45)
ie.
Ambp(A) — Amby (A) > éw(A) (46)
is equivalent to (26) and (36).

Using these requirements we obtain another algorithm for computing the nearest
trapezoidal approximation preserving the expected interval.

Algorithm 4

Step 1. If Amb(A) > Jw(A) then apply operator Tj given by (I3)-(IR), else

Step 2. if |[AAmb(A)| < éw(A) then apply operator 7> given by @2)-23),
else

Step 3. if AAmb(A) > [w(A) then apply operator Ty given by (30)-(I),
else

Step 4.  apply operator 73 given by 27)-28).

It is worth noticing that Algorithm 4 utilizes 3 parameters only and a final deci-
sion for the proper choice of the approximation operator depends both on the global
spread of a fuzzy number and the size of possible asymmetry between the spread of
the left-hand and right-hand part of a fuzzy number.
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Last of all let us notice that we may express formulae describing operators 7] — T
using suitable parameters describing fuzzy numbers instead of relevant integrals
given in Section 3. In particular we obtain a very natural formulae especially for
operators 73 and Ty, namely:

o Ti(A) =T(t1,t2,13,14), where

t1 = EV(A) —2w(A) + 6Amb(A) @7
tp = EV(A) +w(A) — 6Amb(A) (48)
t3 = EV(A) —w(A) + 6Amby(A) (49)
ts = EV(A)+2w(A) — 6Amby(A). (50)
° Tz(A) = Tz(l‘] 72‘271‘372‘4), where

t1 = EV(A) —w(A) —3AAmb(A) (G20
th =t3 =EV(A)— AAmb(A) (52)
ts = EV(A)+w(A) — 3AAmb(A) (53)

o T3(A) = Tz(t1,12,13,14) is given by
H=nh=18 ZEV(A)—;W(A) 54)
ts = EV(A)+ ;W(A) (55)

o Ti(A) =Tu(t1,t2,13,14) is given by
11 =EV(A)— ;W(A) (56)
15 =t3=l‘4=EV(A)+;W(A). 57

As it is seen, in all cases the crucial point of the trapezoidal fuzzy number ob-
tained as the approximation is the expected value the original fuzzy number which
is invariant under approximation (see [14]]). Then all points ¢; — 74 that describe the
trapezoidal fuzzy number are obtained by adding or subtracting some multiplicities
of different measures of spread of the original fuzzy number.

5 Properties

Before we discuss the properties of our trapezoidal approximation operators let us
notice that we can consider the family IF(R) of all fuzzy numbers as a union of four
subfamilies F;(IR) corresponding to different approximation operators to be used.
Namely, we may say that a fuzzy number A belongs to subfamily IF;(R) if and only
if T; (i=1,...,4) is an appropriate operator that should be used for getting a proper
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trapezoidal approximation. Thus, according to the previous sections we can prove
the following lemmas (which are extended versions of those given in [14]).

Lemma 1. The following conditions are equivalent:

(@) AcF(R),

(b) condltlon(ﬂ)holds,
(c) Amb(A)> 3W(A)
(d) yA)> 3.

Lemma 2. The following conditions are equivalent:

(a) A€ETF,(R),

(b) conditions (I9), 20) and (Z1) hold,

(c) Amb(A) < w(A ) and EV\(A) < Val(A) < EV (A),

(d) yA)< 3andEV1( A) < Val(A A) S EV>(A),
|

(e) Amb(A) < ( )and |EV(A) —Val(A )
f) Amb(A)< 3W(A) and |[AAmb(A )|<6w(A)

Lemma 3. The following conditions are equivalent:

(a) AcTF;3(R),
(b) condition 26)) holds,
(c) Val(A) < EV% (A),

(d) Val(A) <EV(A)+ (w(A),
(e) AAmb(A) < (w(A).

Lemma 4. The following conditions are equivalent:

(a) AcTy(R),
(b) condition (29) holds,
(c) Val(A)>EV(A),

(d) Val(A) > EV(A)+ ¢w(A),
(e) AAmb(A) > (w(A).

One may notice that subfamilies F (R),...,F4(R) form a partition of a family of all
fuzzy numbers F(R). Actually, by lemmas given above, we may conclude immedi-
ately that

Fi(R)U...UF4(R) =F(R) (58)

and
Fi(R)NF;(R) =0 for i+ j. (59)

Introducing this useful notation we can now turn back to properties of the trape-
zoidal approximation operators. It can be shown that for A € [F;(R) the nearest
trapezoidal approximation operator 7;, i = 1,...,4, preserving expected interval is
invariant to translations and scale invariant, is monotonic and fulfills identity crite-
rion, preserves the expected value and the weighted expected value and fulfills the
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nearness criterion with respect to metric ([@)) in the subfamily of all trapezoidal fuzzy
numbers with fixed expected interval. Moreover, it is continuous and compatible
with the extension principle, is order invariant with respect to some preference fuzzy
relations, is correlation invariant and it preserves the width. For more details we refer
the reader to [4]], [16] and [17]]. It has been also shown ( [14]]) that 77 and 75 preserve
the value of a fuzzy number, while Val(T3(A)) < Val(A) and Val(T4(A)) > Val(A).
However the ambiguity is preserved only by 7 and Amb(T;(A)) > Amb(A) for
i=2,3,4.

6 Conclusions

In the present contribution we have continued the discussion on the problem
of trapezoidal approximation of fuzzy numbers showing another algorithms for
computing the proper nearest trapezoidal approximation preserving the expected
interval. It seems that these new algorithms are simpler and have more clear inter-
pretation than the algorithms proposed before. Especially Algorithm 4 is the most
concise and shows that the choice of the adequate approximation operator depends
both on the global spread of a fuzzy number and the size of possible asymmetry be-
tween the spread of the left-hand and right-hand part of the original fuzzy number.

Trapezoidal approximation, of course, is not the only possible way for simplify-
ing the shape of the membership function of the fuzzy numbers under study. Even
greater simplification can be obtained through the interval approximation. The read-
ers interested in this approach are referred to [6,[12[13]. On the other hand one may
need a nonlinear approximation. Such attempt was proposed in [19].
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