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Abstract. Fuzzy number approximation by trapezoidal fuzzy numbers which pre-
serves the expected interval is discussed. New algorithms for calculating the proper
approximations are proposed. It is shown that the adequate approximation operator
is chosen with respect both to the global spread of a fuzzy number and the size of
possible asymmetry between the spread of the left-hand and right-hand part of a
fuzzy number.
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1 Introduction

Trapezoidal approximation of fuzzy numbers was considered by many authors (see,
e.g. [1]– [4], [7], [14]– [18], [22]– [25]). In [16] a list of criteria which trapezoidal ap-
proximation operators should possess was formulated and a new approach to trape-
zoidal approximation that lead to, so-called, the nearest trapezoidal approximation
operator preserving the expected interval was suggested. Then in [17] a corrected
version of that operator was given but the ultimate shape of that approximation op-
erator was presented in [4] and [23]. It appears that the form of the nearest trapezoidal
approximation operator preserving the expected interval depends on the particular
shape of a fuzzy number to be approximated. Actually, a given fuzzy number might
be approximated by one of the four admissible approximation operators. Which one
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should be used depends on parameters that characterize the location and spread of a
fuzzy number, i.e. on its value, weighted expected value, ambiguity and width, re-
spectively. These conditions together with natural algorithms for computing the near-
est trapezoidal approximation preserving the expected interval were given in [14].

One may ask why the preservation of the expected interval is so exposed. There
are many reasons to do so starting from the important properties of the expected in-
terval itself (see, e.g. [10,20]). But there are also some other interesting properties of
fuzzy numbers which remain invariant under approximation provided the expected
interval remains unchanged (see [16]).

In the present paper we suggest modified conditions for choosing the proper ap-
proximation operator. They are both simpler than discussed previously and they
have more natural interpretation. One of the suggested algorithms indicates that the
adequate approximation operator is chosen with respect both to the global spread
of a fuzzy number and the size of possible asymmetry between the spread of the
left-hand and right-hand part of a fuzzy number. Moreover, another mathematical
formulae for the operators under discussion are proposed.

2 Concepts and Notations

Let A denote a fuzzy number, i.e. such fuzzy subset A of the real line R with mem-
bership function μA : R → [0,1] which is (see [9]):

• normal (i.e. there exist an element x0 such that μA(x0) = 1),
• fuzzy convex (i.e. μA(λ x1 + (1− λ )x2) ≥ μA(x1)∧ μA(x2), ∀x1,x2 ∈ R, ∀λ ∈

[0,1]),
• μA is upper semicontinuous,
• suppA is bounded, where suppA = cl({x ∈ R : μA(x) > 0}), and cl is the closure

operator.

A space of all fuzzy numbers will be denoted by F(R).
Moreover, let Aα = {x ∈ R : μA(x) ≥ α}, α ∈ (0,1], denote an α-cut of a fuzzy

number A. As it is known, every α-cut of a fuzzy number is a closed interval, i.e.
Aα = [AL(α),AU (α)], where

AL(α) = inf{x ∈ R : μA(x) ≥ α} (1)

AU(α) = sup{x ∈ R : μA(x) ≥ α}. (2)

The expected interval EI(A) of a fuzzy number A is given by (see [10], [20])

EI(A) =
[∫ 1

0
AL(α)dα,

∫ 1

0
AU(α)dα

]
. (3)

The middle point of the expected interval given by

EV (A) =
1
2

(∫ 1

0
AL(α)dα +

∫ 1

0
AU(α)dα

)
(4)
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is called the expected value of a fuzzy number and it represents the typical value of
the fuzzy number A (see [10], [20]). Sometimes its generalization, called weighted
expected value, might be interesting. It is defined by

EVq(A) = (1−q)
∫ 1

0
AL(α)dα + q

∫ 1

0
AU(α)dα, (5)

where q ∈ [0,1] (see [11]).
Another useful parameter characterizing the nonspecifity of a fuzzy number is

called the width of a fuzzy number (see [6]) and is defined by

w(A) =
∫ ∞

−∞
μA(x)dx (6)

=
∫ 1

0
(AU(α)−AL(α))dα.

To simplify the representation of fuzzy numbers Delgado et al. [7] suggested two
parameters – value and ambiguity – which represent some basic features of fuzzy
numbers and hence they were called a canonical representation of fuzzy numbers.
The first notion

Val(A) =
∫ 1

0
α(AL(α)+ AU(α))dα (7)

is called the value of fuzzy number A and might be seen as a point that corresponds
to the typical value of the magnitude that the fuzzy number A represents. The next
index, called the ambiguity is given by

Amb(A) =
∫ 1

0
α(AU(α)−AL(α))dα, (8)

and it characterizes the global spread of the membership function and hence is a
measure of vagueness of fuzzy number A.

For two arbitrary fuzzy numbers A and B with α-cuts [AL(α),AU(α)] and
[BL(α),BU (α)], respectively, the quantity

d(A,B) =

√∫ 1

0
(AL(α)−BL(α))2dα +

∫ 1

0
(AU(α)−BU(α))2dα (9)

is the distance between A and B (for more details we refer the reader to [11]). There
are, of course, some other measures of the distance between fuzzy numbers (e.g.
[5]), however (9) is not only very popular but it seems to be especially useful in
relation with the expected interval (see [12]).

3 Trapezoidal Approximation

Suppose we want to substitute a fuzzy number A by a “suitable” trapezoidal fuzzy
number T (A), i.e. by a fuzzy number with linear sides and the membership function
having the following form
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μT (A)(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 if x < t1,
x−t1
t2−t1

if t1 ≤ x < t2,
1 if t2 ≤ x ≤ t3,
t4−x
t4−t3

if t3 < x ≤ t4,
0 if t4 < x.

(10)

A family of all trapezoidal fuzzy number will be denoted by F
T (R).

Here one may ask a natural question: Why are we interested in trapezoidal ap-
proximation of fuzzy numbers?

Besides the immediate answer that it is a quite interesting mathematical prob-
lem there are, of course, many practical reasons for such approximations. The most
important motivation is to simplify the representation of fuzzy numbers which

• makes calculations easier
• simplifies computer applications
• gives more intuitive and more natural interpretation
• enables the first step of the defuzzification process, i.e.

A ∈ F(R) ⇒ T (A) ∈ F
T (R) ⇒C(T (A)) ∈ P(R) ⇒W (C(T (A))) ∈ R (11)

where P(R) is a family of all intervals, while C and W denote an operator that
produces an interval approximation and defuzzification operator, respectively.

If we agree that such trapezoidal approximation is worth of trouble, then the
following important question arises: How to construct an optimal trapezoidal ap-
proximation of a fuzzy number? And here one can suggest many possible solutions.
However, as it was motivated in [16], a suitable operator should possess some de-
sired properties and should fulfill some necessary and minimal requirement. For
the broad list of such postulated characteristics we refer the reader to [16]. More-
over, in this paper and in some further ones (see, e.g., [17, 4, 23]) is was shown
that the approximation operator which guarantees many desired properties can be
obtained as the operator T which produces a trapezoidal fuzzy number T (A) that
is the closest with respect to distance (9) to given original fuzzy number A among
all trapezoidal fuzzy numbers having identical expected interval as the original one.
More precisely, we get the following problem.

Problem:
Find such operator T : F(R) → F

T (R), which minimizes

d(A,T (A)) =

√∫ 1

0
(AL

α −TL
α (A))2dα +

∫ 1

0
(AU

α −TU
α (A))2dα (12)

and preserves the expected interval of a fuzzy number, i.e. fulfills
the following condition:

EI(T (A)) = EI(A). (13)
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However, since a trapezoidal fuzzy number is completely described by four real
numbers that are borders of its support and core, our goal reduces to finding such
real numbers t1 ≤ t2 ≤ t3 ≤ t4 that characterize T (A) = T (t1, t2, t3, t4). Such operator
is called the nearest trapezoidal approximation operator preserving the expected
interval (actually, T is d-nearest trapezoidal approximation operator, where D is
given by (9), however further on we call it, in brief, just the nearest one).

The solution of the above mentioned problem was suggested firstly in [16] and
later it was improved in [17]. Although operators given in these papers generally
produce proper approximations, one can construct such fuzzy number that they do
not work correctly and the output is not a trapezoidal fuzzy number. Therefore,
Ban [4] and Yeh [23] removed this gap and proposed a final solution containing
four possible operators Ti(A) = Ti(t1, t2, t3, t4), i = 1, . . . ,4:

(a) If

−
∫ 1

0
AL(α)dα +

∫ 1

0
AU(α)dα + 3

∫ 1

0
αAL (α) dα −3

∫ 1

0
αAU (α) dα ≤ 0

(14)

then the solution T1(A) = T1(t1, t2, t3, t4) is given by

t1 = 4
∫ 1

0
AL (α) dα −6

∫ 1

0
αAL (α) dα (15)

t2 = −2
∫ 1

0
AL (α) dα + 6

∫ 1

0
αAL (α) dα (16)

t3 = −2
∫ 1

0
AU (α) dα + 6

∫ 1

0
αAU (α) dα (17)

t4 = 4
∫ 1

0
AU (α) dα −6

∫ 1

0
αAU (α) dα (18)

(b) If

−
∫ 1

0
AL(α)dα +

∫ 1

0
AU(α)dα + 3

∫ 1

0
αAL (α) dα −3

∫ 1

0
αAU (α) dα > 0

(19)

and

2
∫ 1

0
AL(α)dα +

∫ 1

0
AU(α)dα −3

∫ 1

0
αAL (α) dα −3

∫ 1

0
αAU (α) dα ≤ 0

(20)

−
∫ 1

0
AL(α)dα −2

∫ 1

0
AU(α)dα + 3

∫ 1

0
αAL (α) dα + 3

∫ 1

0
αAU (α) dα ≤ 0

(21)
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then we get T2(A) = T2(t1,t2,t3,t4), where

t1 = 3
∫ 1

0
AL(α)dα +

∫ 1

0
AU(α)dα −3

∫ 1

0
αAL (α) dα (22)

−3
∫ 1

0
αAU (α) dα

t2 = −
∫ 1

0
AL(α)dα −

∫ 1

0
AU(α)dα + 3

∫ 1

0
αAL (α) dα (23)

+3
∫ 1

0
αAU (α) dα

t3 = t2 (24)

t4 =
∫ 1

0
AL(α)dα + 3

∫ 1

0
AU(α)dα −3

∫ 1

0
αAL (α) dα (25)

−3
∫ 1

0
αAU (α) dα

(c) If

2
∫ 1

0
AL(α)dα +

∫ 1

0
AU(α)dα −3

∫ 1

0
αAL (α) dα −3

∫ 1

0
αAU (α) dα > 0

(26)
then we get T3(A) = T3(t1,t2,t3,t4) given by

t1 = t2 = t3 =
∫ 1

0
AL(α)dα (27)

t4 = 2
∫ 1

0
AU(α)dα −

∫ 1

0
AL(α)dα (28)

(d) If

−
∫ 1

0
AL(α)dα −2

∫ 1

0
AU(α)dα + 3

∫ 1

0
αAL (α) dα + 3

∫ 1

0
αAU (α) dα > 0

(29)

then we obtain T4(A) = T4(t1,t2,t3,t4) such that

t1 = 2
∫ 1

0
AL(α)dα −

∫ 1

0
AU(α)dα (30)

t2 = t3 = t4 =
∫ 1

0
AU(α)dα. (31)

Therefore, we have received four different operators providing the nearest trape-
zoidal fuzzy number that preserves the expected value of the original fuzzy number,
where T1 leads to trapezoidal (but not triangular) fuzzy number, T2 stands for the
operator that leads to triangular fuzzy number with two sides, while T3 and T4 pro-
duce triangular fuzzy numbers with the right side only or with the left side only,
respectively (note, that in [17] operators T1 and T2 were given only).
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Which operator should be used in a particular situation depends on a given fuzzy
number, i.e. it depends on conditions (14), (19)–(21), (26) or (29) that seem to be
very artificial and technical. Hence there was a great need for some further consid-
erations to make these conditions more clear and to find their better interpretation. It
was done by Grzegorzewski [14] who simplified the requirements for choosing the
proper approximation operators. According to [14] we get the following algorithm for
computing the nearest trapezoidal approximation preserving the expected interval.

Algorithm 1

Step 1. If Amb(A) ≥ 1
3 w(A) then apply operator T1 given by (15)-(18), else

Step 2. if EV1
3
(A)≤Val(A)≤EV2

3
(A) then apply operator T2 given by (22)-

(25), else
Step 3. if Val(A) < EV1

3
(A) then apply operator T3 given by (27)-(28), else

Step 4. apply operator T4 given by (30)-(31).

As it is seen we approximate a fuzzy number A by the trapezoidal approximation
operator T1 provided ambiguity of this fuzzy number is greater than one third of its
width. Otherwise, we approximate A by a triangular number. It means that for less
vague fuzzy numbers the solution is always a triangular fuzzy number.

Thus, to sum up, the distinction between possible solutions - either trapezoidal
T1(A) or triangular T2(A) - depends on the relationship between two parameters of
the original fuzzy number that describe its dispersion. In other words, to approxi-
mate a fuzzy number A we apply operator T2 provided A has only slight ambiguity
and its typical value is located neither close to the left nor to the right border of its
support. However, a fuzzy number with its value Val located close to the left border
of its support would be approximated by a triangular fuzzy number with the right
side only, produced by operator T3, while a fuzzy number with its value Val located
close to the right border of its support would be approximated by a triangular fuzzy
number with the left side only, produced by operator T4.

We can also obtain an equivalent algorithm for choosing a proper approximation
operator using parameter y(A) called the y-coordinate of the centroid point of a
fuzzy number A. In [21] the authors showed that

y(A) =
∫ 1

0 α (AU (α)−AL (α))dα∫ 1
0 (AU (α)−AL (α))dα

. (32)

It is easily seen that

y(A) =
Amb(A)

w(A)
. (33)

Therefore, we get immediately that our condition (14) is equivalent to the following
one

y(A) ≥ 1
3
. (34)
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It means that we approximate a fuzzy number A by the trapezoidal approximation
operator T1 if the y-coordinate of the centroid point of A is not smaller than one third.
Otherwise, we apply operator T2 or T3 or T4. The consecutive steps for choosing a
suitable operator remains as before. Thus we get another algorithms (which are in
fact a conjunction of our Algorithm 1 and 2 and the algorithm given in [23]).

Algorithm 2

Step 1. If y(A) ≥ 1
3 then apply operator T1 given by (15)-(18), else

Step 2. if EV1
3
(A)≤Val(A)≤EV2

3
(A) then apply operator T2 given by (22)-

(25), else
Step 3. if Val(A) < EV1

3
(A) then apply operator T3 given by (27)-(28), else

Step 4. apply operator T4 given by (30)-(31).

4 Discussion and New Algorithms

Although the given above explanation of the conditions that delimits situations cor-
responding to different approximation operators is correct, yet it sounds slightly in-
sufficient. Especially conditions related to the location parameters do not have clear
interpretation. However, it appears that we can propose equivalent conditions which
seem to be more satisfactory and more natural.

Since by (5)

EV2
3
(A) =

1
3

∫ 1

0
AL(α)dα +

2
3

∫ 1

0
AU(α)dα

EV1
3
(A) =

2
3

∫ 1

0
AL(α)dα +

1
3

∫ 1

0
AU(α)dα

then according to (4) and (6) we get

EV2
3
(A)+ EV1

3
(A) =

∫ 1

0
AL(α)dα +

∫ 1

0
AU(α)dα = 2EV(A)

and

EV2
3
(A)−EV1

3
(A) =

1
3

∫ 1

0
AU(α)dα − 1

3

∫ 1

0
AL(α)dα =

1
3

w(A).

Hence

EV2
3
(A) = EV (A)+

1
6

w(A)

and

EV1
3
(A) = EV (A)− 1

6
w(A).
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Thus conditions (20)-(21) is equivalent to

|EV (A)−Val(A)| ≤ 1
6

w(A). (35)

Similarly, requirement (26) might be replaced by

Val(A) < EV (A)− 1
6

w(A), (36)

while (29) is equivalent to

Val(A) > EV (A)+
1
6

w(A). (37)

Thus we get another algorithm.

Algorithm 3

Step 1. If Amb(A) ≥ 1
3 w(A) then apply operator T1 given by (15)-(18), else

Step 2. if |EV (A)−Val(A)| ≤ 1
6 w(A) then apply operator T2 given by (22)-

(25), else
Step 3. if Val(A) > EV (A)+ 1

6 w(A) then apply operator T4 given by (30)-
(31), else

Step 4. apply operator T3 given by (27)-(28).

As it is seen now to find a proper approximation using Algorithm 2 we have to
calculate at most 4 parameters, while in previous Algorithm 1 we had 5 parameters.

To emphasize much more that the distinction among operators T2, T3 and T4 is
based on the asymmetry of spread of the membership function let us introduce the
following notions.

Definition 1. The left-hand ambiguity of a fuzzy number A with α-cuts Aα =
[AL(α),AU (α)] is defined by

AmbL(A) =
∫ 1

0
α[EV (A)−AL(α)]dα, (38)

while the right-hand ambiguity of a fuzzy number A is given by

AmbU(A) =
∫ 1

0
α[AU(α)−EV (A)]dα. (39)

One may notice that our definition of the left-hand and right-hand ambiguity differs
from the definitions proposed in [8] where the center point of the core of a fuzzy
number is placed instead of EV (A). Assuming that the expected value of a fuzzy
number EV (A) characterizes its typical value the left-hand and right-hand ambigu-
ity describe the spread of the the left-hand and right-hand part of a fuzzy number,



94 P. Grzegorzewski

respectively. Moreover, as it is easily seen, both characteristics give the total spread
of a fuzzy number, i.e.

AmbL(A)+ AmbU(A) = Amb(A). (40)

For our further considerations the following notion would be useful.

Definition 2. The difference between the left-hand and right-hand ambiguity of a
fuzzy number A is defined by

ΔAmb(A) = AmbU(A)−AmbL(A) (41)

By (7) and (4) we get immediately that

ΔAmb(A) = Val(A)−EV(A). (42)

Therefore we get another condition equivalent both to (20)-(21) and (35), i.e.

|ΔAmb(A)| ≤ 1
6

w(A). (43)

Similarly, condition

ΔAmb(A) >
1
6

w(A) (44)

is equivalent to (29) and (37), while condition

ΔAmb(A) < −1
6

w(A), (45)

i.e.

AmbL(A)−AmbU(A) >
1
6

w(A) (46)

is equivalent to (26) and (36).
Using these requirements we obtain another algorithm for computing the nearest

trapezoidal approximation preserving the expected interval.

Algorithm 4

Step 1. If Amb(A) ≥ 1
3 w(A) then apply operator T1 given by (15)-(18), else

Step 2. if |ΔAmb(A)| ≤ 1
6 w(A) then apply operator T2 given by (22)-(25),

else
Step 3. if ΔAmb(A) > 1

6 w(A) then apply operator T4 given by (30)-(31),
else

Step 4. apply operator T3 given by (27)-(28).

It is worth noticing that Algorithm 4 utilizes 3 parameters only and a final deci-
sion for the proper choice of the approximation operator depends both on the global
spread of a fuzzy number and the size of possible asymmetry between the spread of
the left-hand and right-hand part of a fuzzy number.
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Last of all let us notice that we may express formulae describing operators T1−T4

using suitable parameters describing fuzzy numbers instead of relevant integrals
given in Section 3. In particular we obtain a very natural formulae especially for
operators T3 and T4, namely:

• T1(A) = T1(t1,t2,t3,t4), where

t1 = EV (A)−2w(A)+ 6AmbL(A) (47)

t2 = EV (A)+ w(A)−6AmbL(A) (48)

t3 = EV (A)−w(A)+ 6AmbU(A) (49)

t4 = EV (A)+ 2w(A)−6AmbU(A). (50)

• T2(A) = T2(t1,t2,t3,t4), where

t1 = EV (A)−w(A)−3ΔAmb(A) (51)

t2 = t3 = EV (A)−ΔAmb(A) (52)

t4 = EV (A)+ w(A)−3ΔAmb(A) (53)

• T3(A) = T3(t1,t2,t3,t4) is given by

t1 = t2 = t3 = EV (A)− 1
2

w(A) (54)

t4 = EV (A)+
3
2

w(A) (55)

• T4(A) = T4(t1,t2,t3,t4) is given by

t1 = EV(A)− 3
2

w(A) (56)

t2 = t3 = t4 = EV (A)+
1
2

w(A). (57)

As it is seen, in all cases the crucial point of the trapezoidal fuzzy number ob-
tained as the approximation is the expected value the original fuzzy number which
is invariant under approximation (see [14]). Then all points t1 − t4 that describe the
trapezoidal fuzzy number are obtained by adding or subtracting some multiplicities
of different measures of spread of the original fuzzy number.

5 Properties

Before we discuss the properties of our trapezoidal approximation operators let us
notice that we can consider the family F(R) of all fuzzy numbers as a union of four
subfamilies Fi(R) corresponding to different approximation operators to be used.
Namely, we may say that a fuzzy number A belongs to subfamily Fi(R) if and only
if Ti (i = 1, . . . ,4) is an appropriate operator that should be used for getting a proper
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trapezoidal approximation. Thus, according to the previous sections we can prove
the following lemmas (which are extended versions of those given in [14]).

Lemma 1. The following conditions are equivalent:

(a) A ∈ F1(R),
(b) condition (14) holds,
(c) Amb(A)≥ 1

3 w(A),
(d) y(A) ≥ 1

3 .

Lemma 2. The following conditions are equivalent:

(a) A ∈ F2(R),
(b) conditions (19), (20) and (21) hold,
(c) Amb(A) < 1

3 w(A) and EV1
3
(A) ≤Val(A) ≤ EV2

3
(A),

(d) y(A) < 1
3 and EV1

3
(A) ≤Val(A) ≤ EV2

3
(A),

(e) Amb(A) < 1
3 w(A) and |EV(A)−Val(A)| ≤ 1

6 w(A),
(f) Amb(A) < 1

3 w(A) and |ΔAmb(A)| ≤ 1
6 w(A).

Lemma 3. The following conditions are equivalent:

(a) A ∈ F3(R),
(b) condition (26) holds,
(c) Val(A) < EV1

3
(A),

(d) Val(A) < EV (A)+ 1
6 w(A),

(e) ΔAmb(A) < 1
6 w(A).

Lemma 4. The following conditions are equivalent:

(a) A ∈ F4(R),
(b) condition (29) holds,
(c) Val(A) > EV2

3
(A),

(d) Val(A) > EV (A)+ 1
6 w(A),

(e) ΔAmb(A) > 1
6 w(A).

One may notice that subfamilies F1(R), . . . ,F4(R) form a partition of a family of all
fuzzy numbers F(R). Actually, by lemmas given above, we may conclude immedi-
ately that

F1(R)∪ . . .∪F4(R) = F(R) (58)

and
Fi(R)∩F j(R) = /0 for i �= j. (59)

Introducing this useful notation we can now turn back to properties of the trape-
zoidal approximation operators. It can be shown that for A ∈ Fi(R) the nearest
trapezoidal approximation operator Ti, i = 1, . . . ,4, preserving expected interval is
invariant to translations and scale invariant, is monotonic and fulfills identity crite-
rion, preserves the expected value and the weighted expected value and fulfills the



Algorithms for Trapezoidal Approximations 97

nearness criterion with respect to metric (9) in the subfamily of all trapezoidal fuzzy
numbers with fixed expected interval. Moreover, it is continuous and compatible
with the extension principle, is order invariant with respect to some preference fuzzy
relations, is correlation invariant and it preserves the width. For more details we refer
the reader to [4], [16] and [17]. It has been also shown ( [14]) that T1 and T2 preserve
the value of a fuzzy number, while Val(T3(A)) < Val(A) and Val(T4(A)) > Val(A).
However the ambiguity is preserved only by T1 and Amb(Ti(A)) > Amb(A) for
i = 2,3,4.

6 Conclusions

In the present contribution we have continued the discussion on the problem
of trapezoidal approximation of fuzzy numbers showing another algorithms for
computing the proper nearest trapezoidal approximation preserving the expected
interval. It seems that these new algorithms are simpler and have more clear inter-
pretation than the algorithms proposed before. Especially Algorithm 4 is the most
concise and shows that the choice of the adequate approximation operator depends
both on the global spread of a fuzzy number and the size of possible asymmetry be-
tween the spread of the left-hand and right-hand part of the original fuzzy number.

Trapezoidal approximation, of course, is not the only possible way for simplify-
ing the shape of the membership function of the fuzzy numbers under study. Even
greater simplification can be obtained through the interval approximation. The read-
ers interested in this approach are referred to [6,12,13]. On the other hand one may
need a nonlinear approximation. Such attempt was proposed in [19].

References

1. Abbasbandy, S., Asady, B.: The nearest approximation of a fuzzy quantity in parametric
form. Applied Mathematics and Computation 172, 624–632 (2006)

2. Abbasbandy, S., Amirfakhrian, M.: The nearest trapezoidal form of a generalized LR
fuzzy number. International Journal of Approximate Reasoning 43, 166–178 (2006)

3. Allahviranloo, T., Firozja, M.A.: Note on trapezoidal approximations of fuzzy numbers.
Fuzzy Sets and Systems 158, 755–756 (2007)

4. Ban, A.: Approximation of fuzzy numbers by trapezoidal fuzzy numbers preserving the
expected interval. Fuzzy Sets and Systems 159, 1327–1344 (2008)

5. Bertoluzza, C., Corral, N., Salas, A.: On a new class of distances between fuzzy numbers.
Mathware and Soft Computing 2, 71–84 (1995)

6. Chanas, S.: On the interval approximation of a fuzzy number. Fuzzy Sets and Sys-
tems 122, 353–356 (2001)

7. Delgado, M., Vila, M.A., Voxman, W.: On a canonical representation of a fuzzy number.
Fuzzy Sets and Systems 93, 125–135 (1998)

8. Delgado, M., Vila, M.A., Voxman, W.: A fuzziness measure for fuzzy number: applica-
tions. Fuzzy Sets and Systems 94, 205–216 (1998)

9. Dubois, D., Prade, H.: Operations on fuzzy numbers. Int. J. Syst. Sci. 9, 613–626 (1978)
10. Dubois, D., Prade, H.: The mean value of a fuzzy number. Fuzzy Sets and Systems 24,

279–300 (1987)



98 P. Grzegorzewski

11. Grzegorzewski, P.: Metrics and orders in space of fuzzy numbers. Fuzzy Sets and Sys-
tems 97, 83–94 (1998)

12. Grzegorzewski, P.: Nearest interval approximation of a fuzzy number. Fuzzy Sets and
Systems 130, 321–330 (2002)

13. Grzegorzewski, P.: Approximation of a Fuzzy Number Preserving Entropy-Like Non-
specifity. Operations Research and Decisions 4, 49–59 (2003)

14. Grzegorzewski, P.: Trapezoidal approximations of fuzzy numbers preserving the ex-
pected interval - algorithms and properties. Fuzzy Sets and Systems 159, 1354–1364
(2008)

15. Grzegorzewski, P.: New algorithms for trapezoidal approximation of fuzzy numbers
preserving the expected interval. In: Magdalena, L., Ojeda-Aciego, M., Verdegay, J.L.
(eds.) Proceedings of the Twelfth International Conference on Information Processing
and Management of Uncertainty in Knowledge-Based Systems, IPMU 2008, Spain, Tor-
remolinos, Málaga, June 22-27, pp. 117–123 (2008)

16. Grzegorzewski, P., Mrówka, E.: Trapezoidal approximations of fuzzy numbers. Fuzzy
Sets and Systems 153, 115–135 (2005)

17. Grzegorzewski, P., Mrówka, E.: Trapezoidal approximations of fuzzy numbers - revis-
ited. Fuzzy Sets and Systems 158, 757–768 (2007)

18. Grzegorzewski, P., Pasternak-Winiarska, K.: Weighted trapezoidal approximations of
fuzzy numbers. In: Proceedings of IFSA World congress and Eusflat Conference
IFSA/Eusflat 2009, Lisbon, Portugal, July 20-24, pp. 1531–1534 (2009)

19. Grzegorzewski, P., Stefanini, L.: Non-linear shaped approximation of fuzzy numbers. In:
Proceedings of IFSA World congress and Eusflat Conference IFSA/Eusflat 2009, Lisbon,
Portugal, July 20-24, pp. 1535–1540 (2009)

20. Heilpern, S.: The expected value of a fuzzy number. Fuzzy Sets and Systems 47, 81–86
(1992)

21. Wang, Y.M., Yang, J.B., Xu, D.L., Chin, K.S.: On the centroids of fuzzy numbers. Fuzzy
Sets and Systems 157, 919–926 (2006)

22. Yeh, C.T.: A note on trapezoidal approximations of fuzzy numbers. Fuzzy Sets and Sys-
tems 158, 747–754 (2007)

23. Yeh, C.T.: Trapezoidal and triangular approximations preserving the expected interval.
Fuzzy Sets and Systems 159, 1345–1353 (2008)

24. Yeh, C.T.: On improving trapezoidal and triangular approximations of fuzzy numbers.
International Journal of Approximate Reasoning 48, 297–313 (2008)

25. Zeng, W., Li, H.: Weighted triangular approximation of fuzzy numbers. International
Journal of Approximate Reasoning 46, 137–150 (2007)


	Algorithms for Trapezoidal Approximations of Fuzzy Numbers Preserving the Expected Interval
	Introduction
	Concepts and Notations
	Trapezoidal Approximation
	Discussion and New Algorithms
	Properties
	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




